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OPTIMAL REGULARITY FOR VARIATIONAL SOLUTIONS OF FREE
TRANSMISSION PROBLEMS.

DIEGO MOREIRA* AND HARISH SHRIVASTAVAT

ABSTRACT. In this article we study functionals of the type considered in [43], i.e.
J(v) = / Az, w)|Vul? + flz, u)u + Q(z)\(u) de
By

here A(x,u) = A+(£)X{u>0} + A*($)X{u<0}v f(x,u) = f+(x)x{u>0} + f*(x)x{u<0} and >\($,u) =
At (m)x{u>0} + A= (x)x{ugo}. We prove the optimal C?1" regularity of minimizers of the functional
indicated above (with precise Holder estimates) when the coefficients A4+ are continuous functions and
n< Ay < % for some 0 < p < 1, with f € L™V (B1) and Q bounded. We do this by presenting a new
compactness argument and approximation theory similar to the one developed by L. Caffarelli in [10]
to treat the regularity theory for solutions to fully nonlinear PDEs. Moreover, we introduce the 7 ;
operator that allows one to transfer minimizers from the transmission problems to the Alt-Caffarelli-
Friedman type functionals, in small scales, allowing this way the study of the regularity theory of
minimizers of Bernoulli type free transmission problems.
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1. INTRODUCTION

As nicely pointed out in [12], M. Picone introduced transmission problems in theory of elasticity in
1954 ([39]) and the theory was further developed by Lions [34], Stampaccia [44] and Campanato [13].
The non-divergence case was treated by Schechter in 1960 ([41]). For further details, we refer to [12],
from where we learn about the history of those developments.

Mathematical models involving composite materials have gained significant attention in recent years
as we can see, for instance, from the works of [12], [19], [23], [15], [40], [47] (see also a slightly older
and interesting article [14]). Tt is a challenging task to model the electromagnetic or heat conduction
properties of certain materials, particularly when they are close to threshold points which lead to abrupt
changes in the nature of the material. The same issue arises when one tries to model properties of
composite mixtures. Applications and results that deal with such class of models can be found in [7],
[1] and others. Interesting discussions related to those models in the applied sciences are also present in
(6], [45], [5].

In a very rough way, the models discussed above can be represented by the PDE

div A(x, u, Vu) = f(x,u) (1.1)
where A(x,u, Vu) and f(z,u) have jump discontinuities with respect to the variable u. These jump
discontinuities model the change in the diffusion coefficients as soon as u crosses a threshold value or

else, the phase of the material changes. Few examples of phenomenas that can be modelled through
1
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2 DIEGO MOREIRA* AND HARISH SHRIVASTAVA

transmission problems are mixture of different chemicals, conductivity (electric and thermal) of com-
posite materials or a material operating close to thresholds like triple point, melting point or breakdown
potential.

Transmission problems can also be posed in variational formulations where configurations of least
energy are of interest. This means that one is led to study minimizers of functionals of the following

type
/ H(z,u,Vu)dx (1.2)
Q

where H(x,u, Vu) has a jump discontinuity with respect to its variables. Some results related to the
above mentioned variational formulation (1.2) can be found in [43], [4]. Moreover, the form (1.1) is also
studied in [29], [28].

In this work, we study the optimal regularity result for variational solutions to transmission problems
of Bernoulli type. In fact, in our context here, we have a free transmission problem in the sense that
there is no a priori knowledge on position, geometry or regularity of the separating interface. More
precisely, we focus on (local) minimizers of functionals of the form

Ja,r.0(v;Br) = / Az, )| Vo> + flz,v)v + Q(z)A\(v) dz (1.3)
By
where for v € H'(B;) we set
Az, v) = A (T)X{v>0y + A= ()X {v<0}s
f(@,v) = [ (@)X os0p + f-(T)X{v<0}
A(v) = A4 X{v>0} T A= X{v<0}-
In a way, our transmission problem is a inhomogeneous version of the classical two phase free boundary
problem studied by H. Alt, L. Caffarelli and A. Friedman in 1984 (c.f. [3]) where now the leading gradient
term on the functional has jump discontinuities across the free boundary and also a inhomogeneity term
(which is not present in [3]). In our context here, the following assumptions are enforced throughout
the paper
(G1) (Continuity) AL are continuous in By, the open unit ball in RY.
(G2) fre LN(By).
(G3) (Ellipticity) There exists u € (0, 1) such that

for every o € By we have p < Ay (z) <

==

(G4) A:=Xp —A_>0.
(G5) 0<Q(x) < g2 < o for every x € By. Without loss of generality, we assume go > 1.

Here, unlike [3] (also [29] for the non-variational setting), local minimizers are not locally Lipschitz

continuous. In fact, we show here that they are CIOO’; (with precise estimates) and this is the optimal
regularity. As a matter of fact, this optimal regularity is already manifested at the PDE level as it is
proven in [27] (see Remark 2.5 below).

Our strategy in this paper can be divided in two macro parts. In the first one, we obtain the optimal
growth rate for local minimizers in balls centered on the zero level set. In the second part, we prove
the optimal regularity of minimizers by using the Euler-Lagrange equations that are satisfied in both
phases. We then match those regularities by using Harnack type arguments to obtain the final optimal
regularity (see for instance, Proposition 7.4).

In order to implement the second part pointed out above, we also need analogous estimates for weak
solutions of PDEs of the form (4.1) (c.f. Theorem 2.4). We were unable to find such results in the
literature showing how precisely the constants depend on the data of the problem as well as results that
hold in any dimension N > 2. This is done in Section 4 of the paper.

For the optimal growth rate of minimizers along the zero level set, we implement an approximation
theory similar to the one developed by L. Caffarelli in the seminal paper [10] to treat regularity theory
for solutions to fully non-linear PDEs. There are essentially two main steps. The first one is to prove
the proximity of local minimizers to regular profiles by compactness argument (c.f Theorem 6.3 and
Proposition 6.4). In our case, the regular profiles inherit regularity from (local) minimizers of functionals
of Alt-Caffarelli-Friedman type (as in [3]) via T, operator discussed in the sequel. The second one is
to reduce the problem to a so called “small regime configuration” (c.f. Proposition 7.2) via the scaling
invariance of the problem under the appropriate regularity assumptions of the data.
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We observe that compactness here appears to be subtler than the analogous situation for viscosity
solutions in the theory PDEs, as stability properties of minimizers (by which we mean minimality
property being kept under limits) are in general more delicate to assure. Moreover, in the context of
nonlinear variational Bernoulli free boundary type problems, local Lipschitz regularity (unavailable in
our case here) appears to be an effective auxiliary instrument to prove stability (at least in the level of
blow-up of minimizers) as one can see in the works of D. Danielli and A. Petrosyan (Lemma 5.3 in [16]),
S. Martinez and N. Wolanski (Lemma 7.2 in [36]) and H. Alt, L. Caffarelli, A. Friedman themselves
(Lemma 3.3 in [3]).

Here, we follow a different route inspired on the ideas due to H. Alt and L. Caffarelli present in [2,
Lemma 5.4] (for blow-ups of minimizers) that account for careful perturbations of minimizers to create
suitable admissible competitors for energy comparison. Furthermore, these ideas (in [2]) also account for
smart cancelations driven by the weak convergence, showing somehow a dependence on the quadratic
structure of the functional.

In our case, although we do not deal with blow-ups (of minimizers), we still need a careful construction
in the spirit of the proof of [2, Lemma 5.4] in order to produce suitable competitors for minimizers. The
construction is more involved since our problem is a nonlinear one (it is a transmission problem instead
of a pure free boundary one of Bernoulli type). Moreover, the competitors need to be constructed in
such a way that the Llloc convergence of positivity sets holds, recovering this way some kind of upper
semi-continuity of the phase transition part of the functional, namely, [ Q(z)A(v)dz '. We close the
compactness argument using the Widman’s hole filling technique (Proposition 6.4).

Finally, we highlight that to handle the transmission problem per se, we introduce a new tool, namely,
the 7, operator. The idea is that this operator “bridges” minimizers of transmission functionals of
the form (2.3) with minimizers of functionals of Alt-Caffarelli-Friedman type in [3] (c.f Lemma 3.10).
This permits a perturbation theory to be carried out (like in [10]) by passing from one functional to
the other in small scales, recovering this way the regularity theory for the original minimizers. We
choose to present the results pertaining to the 7, ; operator in Section 3 for general value of p > 1, i.e,
transmission functionals involving p—energy, as it can be of independent interest and of use in other
transmission problems. At this point, we do not know how to implement the compactness argument for
the case where p € [1,00) and p # 2 since the cancellation effect yielded by the weak convergence (see
for instance, the proof of (EIV) in Theorem 6.3) seems to be delicate to reproduce in the case p # 2.

Our results extend the ones in [4] and [43] in the particular case where matrix coefficients Ay are
variable multiples of the identity matrix. Indeed, in those papers the authors prove that minimizers
become more and more regular as the “jump” distance between the phase coefficients A and A_ tends
to zero. Here, as pointed out before, we show that any minimizer of (1.3) is locally C%!  regular with
precise corresponding Holder estimates, independent of the “jump” distance between A, and A_ across
the phases. This paper is essentially self contained and it has detailed proofs.

Outline of the paper: In Section 2, we list the main definitions and results. In Section 3 we
introduce the 7, operator which converts a functional of the form (2.3) into a functional of Alt-Caffrelli-
Friedman type. We show that the 7, ; operator preserves the regularity of minimizers of the original
functional with constant coefficients (c.f. Proposition 3.13). Then in Section 4, we prove the interior
CY%1" regularity estimates for weak solutions to the PDE of the form (4.1) (c.f. Theorem 2.4). In Section
6, we make use of ideas from [2] and show that under the small regime, minimizers of (1.3) are close
to minimizers of functional of the form (2.3), whose regularity estimates are well understood thanks to
Section 3. Finally, in Section 7 and 8 we prove the main result via rescaling arguments, namely Theorem
2.3.

2. MAIN DEFINITIONS AND RESULTS

In this paper, we study the regularity of minimizers of the energy functional (1.3), under the as-
sumptions (G1)-(G5). For the coming sections, we simplify the notation as needed by dropping some
subscripts whenever no ambiguity is present. For instance, Ja,r,¢o(+, B1) can be denoted only by J when
definitions of A, f,Q and B; are clear from the context. We will note F as

F o= |fol+ 1. (2.1)

IThis is reflected, for instance, in equations (6.20) and (6.33) in the proof of Theorem 6.3.



4 DIEGO MOREIRA* AND HARISH SHRIVASTAVA

Let D C RY be a bounded, Lipschitz and open set. Then for all ¢ € WP(D)
WiP(D) = {v eWP(D) : v—¢e WD)

= {U € WhP(D) : Trop(v) = TraD(¢)}-

When p = 2, W2(D) is denoted by H'(D) and analogously we define Hj(D). We say that a function
v € WHP(D) takes the boundary value ¢ on 9D whenever v € W(;’p(D). In order to study the traces,

we use the notation LP(9D) for LP(dD,dHN1).
Existence of a minimizer for Ja 5 o(-, B1) in (1.3) follows from [43, Theorem 2.1]. For the analysis
that we carry out in later sections, we define the following notation (2.3) for o € D C By

(2.2)

T, (3 D) ;:/ A (20) Vot 2 + A (20)|Vo™ 2 + Q(ao)A(v) da. (2.3)
D
Definition 2.1. Given a functional J(;Q) : WHP(Q) — R, a function u € WHP(Q) is an absolute
minimizer of J(-; Q) if for every v € WYP(Q) such that u —v € Wy'P(Q) we have
J(u; Q) < J(v; Q).

A function u € WHP(Q) is a local minimizer of J(-;Q) if for every open Lipschitz subset D CC Q and
for every v € WHP(D) such that Trop(v) = u we have

J(u; D) < J(v; D).

In fact, absolute minimizers of functionals of the form (1.3) and (2.3) are also local minimizers (c.f.
Lemma 3.11). In order to better state our results, we define the modulus of continuity of continuous
function A : Q — R as follows

Definition 2.2. A modulus of continuity is a function w : [0,00) — R such that w is non-negative,
non-decreasing, and lim;_,ow(t) = 0. In particular if A : Q — R is continuous and D CC Q. We define
wA,p as
sup (|A(z) —A(y)| : x,y € D such that |z —y| < t) t < diam(D)
wa,p(t) := ' .
wa,p(diam(D)) t > diam(D).
Then wa p is a modulus of continuity (we call wa p as the modulus of continuity of A in D).

We denote C(Q)N >N as the set of N x N matrices with entries as continuous functions on Q.

Main results: We now state the main results in this paper.

Theorem 2.3 (Optimal regularity for absolute minimizers). Let u € H'(B) be a bounded absolute
minimizer of Ja. ;.o(-, B1) given in (1.3) and satisfying (G1)-(G5). Thenwu € C2t (By) with estimates.

More precisely, for any 0 < a < 1 and B, CC By, we have that u € C%(B,.) with the following estimate

C(N’ Q, [y g2, )‘+a WAL, B,« )
(L—=r)

is the mazxzimum of modulus of continuity of Ay and A_ in By«.

lullces,) < L+ lullzoe sy + 1 llvs,)) - (2.4)

147
2

Here r* = . The function wa, B

.

In the process of proving the main result, we obtain optimal PDE regularity result which seems to us
to be unavailable in the literature in that form (where there is a precise constant dependence and the
result holding in every dimension N > 2)

Theorem 2.4 (Optimal regularity of bounded weak solutions). Let u € H(B;) be a bounded weak
solution to

div (A(z)Vu) = f in B,
where A € C(B1)N*N and there exists 0 < p < 1 such that p|¢|* < (A(z)€,€) < i|§|2 a.e. in By for
all ¢ € RN, f € LN(By). Then u € LS (By) and for any 0 < a < 1 and B, CC By, we have that

loc

u € CY%(B,.) with the following estimate

C(Na Q5 by WA B, .« )
(1—r)~

. The function wa,g,. s the modulus of continuity of A in B-.

lullce(s,) < (lull ez + 1 fl v () - (2.5)
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Remark 2.5. The regularity provided in Theorem 2.4 and Theorem 2.3 are sharp even in the case where
right hand side f is equal to zero. For this, we refer to [27]. For recent developments in the subject, we
refer to [38].

3. PRELIMINARY TOOL: THE 7, ; OPERATOR

In this section D is a bounded, open and Lipschitz subset on RY. We start by considering the
following functionals

J(v; D) = /D (ap|Vv+|p + bP|Vo~ |P 4+ /\(v)) dx and F(v; D) := /D (|Vv|p + )x(v)) dzx,

where p € (1,00) and a,b > 0. We make the observation that when u is a minimizer of the energy
functional J (-;; D), then, this very function carry the regularity properties available for a minimizer of
the classical functional F(-; D). The purpose of this section is to develop the ingredients that prove the
above remark. For that, we introduce the 7, ,-operator.

Definition 3.1. Let a,b > 0, p € [1,00) and D be an open Lipschitz set, we define Tap : WHP(D) —
WLP(D) as follows
Tap(v) = avt — bv~.

)

Remark 3.2 (Definition of T, p-operator on dD). In the coming sections, we deal with the action of the
Tap-operator on functions in W1?(D) and also keep track of their traces. For this reason, in order to
maintain compatibility of notations, we define the 7, ;-operator also on the boundary level acting on
L?(0D) to be ’7;%3 : LP(0D) — LP(0D) given by

TEP(¢) = ap™ — by~

Remark 3.3. In the sequel, we use the following simple fact from the basic theory of topological spaces.
Consider (X, 1) to be a Hausdorff topological space and let vy be a sequence in X and v € X. Suppose
that for every subsequence vy, we can extract yet another subsequence Uk;, SO that vy, — v in (X,7)
as I — oo. Then v = v in (X, 7) as k — oo.

Remark 3.4. We recall the following decomposition for any a € R. There exists unique numbers p,
and n, such that a = p, — ng and ps,n, > 0 and p, - n, = 0. Clearly, p, = max (a,0) =: a™ and
ng = —min (a,0) =:a".

This decomposition also applies to functions. For w € LP(D), T p(v) = [Tap(v)]T — [Tap(v)]” a.e. in
D and from the above mentioned uniqueness of decomosition

[771,17(7))]-’_ =av” = (av)" a.e. in D

_ _ _ . (3.1)
[Tap(0)]” =bv™ = (bv)” a.e. in D.
Similarly, (3.1) hold for every w € LP(D) HN~1 a.e. on D. Moreover,
X{v>0} = X{Ta,(v)>0} and X{v<o} = X{T, ,(v)<0} @-€. in D.
In particular, we have
A(v) = MTap(v)) ace. in D. (3.2)

We also note the following observation
Remark 3.5. For every w € W1P(D), we observe that
lwh £w™ [P = [w" £ w” Pxusop + W' £ w” [PX <o)
— |(w+ + w_)x{w>0}‘p + ‘(w"' + w_)x{w§0}|p (3.3)
= [wF P+ w”[".
Also,
[Vw" £ Vw™ P = [Vuwt £ Vo~ |PXusop + [V £ Vuw™ [Pxiu<oy
= |(Vw" £ Vu )xqwsor|” + [(Vw' £ Vo )xqw<oy|” (3.4)
= |[Vwt|P + [Vw™ |7
The above two computations imply that
lwllTs(py = lw® £w™ 17, py = 0" ooy + 1w 170p) (3.5)

IVl py = IVwt + Vw1, ) = Vo Loy + V™ 150 (3.6)
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The above remarks lead to the following important corollary

Corollary 3.6. Let p € (1,00) then, the Tq, operator splits as follows
(a) For every w € LP(D)
| Tapw|? = a?|wt|P + bP|lw™ P a.e. in D (3.7)
in particular
[ Tas@)70py = a” w170 py + B llw™ 175 p)-
(b) (3.7) also holds for ¢ € LP(OD) replacing the Lebesgue measure by Hﬁ;l
(c) For every w € WHP(D)
|VTas(w)|P = aP|Vwt|P + b |Vw™ [P a.e. in D (3.8)
i particular
19e(0) 1200 = a2V [y + DIV [,
(d) we WEP(Q) if and only if T, p(w) € WHP(Q).

Proof. The claims (a), (b) and (c) follow readily by applying (3.3), (3.4), (3.5) and (3.6) for 7, ,(w) and
then using (3.1). (d) readily follows from (a) and (c). O

We show that the 7, operator is sequentially continuous in weak and strong W17 (D) topologies
and commutes with the trace operator. Moreover, it preserves the pointwise convergence of sequence of
functions. The proofs of these facts are inspired by the ideas from [35] and [30].

Proposition 3.7. The following properties hold
(1) Assume vy — v (weakly) in WHP(D). Then
(1a) vif — v* (weakly) in WP (D).
(1b) Tap(v) — Tap(v) (weakly) in WHP(D).

(1c) The maps v — |v| and Tap operator are sequentially weakly continuous in WHP(D).

(2) Assume v, — v (strongly) in WY(D). Then

(2a) viE — vF (strongly) in WP (D).

(2b) Tap(vr) = Tap(v) (strongly) in WHP(D).

(2¢c) The maps v — |v| and T, operator are continuous in WhP(D).
(3) Assume v, — v in LP(D). Then

(3a) vif — v* in LP(D).

(3b) Tap(vi) = Tap(v) in LP(D).
(4) Assume v € WHP(D). Then

(4a) Tr(vt) = (Tr(v))™ HY! a.e. on OD.

(4b) Tr(Tap(v)) = T0 (Tr(v)) HN~' a.e. on OD.

(5) (1a), (1b), (2a) and (2b) also hold when W'P(D) is replaced by Wy* (D).

(6) Assume v, — v pointwise almost everywhere in D. Then Tqp(vi) — Tap(v) pointwise almost
everywhere in D. Moreover, if v € C(D), then |v|,T,u(v) € C(D).

Remark 3.8. Although in (1c) we showed the sequential weakly continuity of 7, p-operator in W1P(D),
we in fact, can prove that 7, ;-operator is weakly continuous. For that we need to repeat the same
arguments replacing the sequences by nets.
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Proof. In order to prove (1) we observe that from the assumptions that vy € W1P(D) is a bounded
sequence in W1?(D). Moreover,

[ wtpis < [ julds

D D

/|Vv;flpdf”:/ IVUk[PX o >0y do < / Vol dr.
D D D

Hence, v}l is also a bounded sequence in W1?(D). Therefore there exists w € W1P(D) such that up to

a subsequence which we still denote as v,‘:

v — w weakly in WHP(D) and
v = w in LP(D).

From compact embedding of WP(D) in LP(D), we know that vy — v in LP(D). Furthermore, we
observe that

/ |v,f—vi|pdz§/ lvgp —v|Pdx — 0 as k — oc. (3.9)

D D
From (3.9), we conclude v;7 — v™ in LP(D). Therefore, from Remark 3.3 we have v;7 — vT = w in
LP(D). So,
v = vt weakly in WP(D).

Similarly, we can prove that v;, — v~ weakly in W'?(D). This proves (1a), (1b) and (1c) follow
readily. In order to prove (2), from (3.6) and [24, Lemma 7.6, Lemma 7.7] we observe that for every

weWw 1””(D),
w ‘P ‘ w w ‘P
/D‘ (w 2) /D < 2 2

\*
S P
<2) /|Vw| dx

p ) 1\? »
dx:khm 5 /|V1}k| dx
—> 00 D
1 p
= (—) / |Vu|p dx (311)
2) Jp
_ + .Y ‘p
—/D‘V (v F 2) dx.

(v 3) = (v 75) weakly in WD),

From weak convergence and covergence of norms (3.11) by [18, Chapter 6, Proposition 9.1, pp. 259]
(Radon’s theorem), we obtain
(vgE F %C) — (vi F g) strongly in W1P(D).

Therefore, vi¥ — v* in W?(D). This proves (2a), (2b) and (2c) follow readily. Moreover, the
argument in (3.9) also proves (3a) and also (3b).

Now, let us discuss the proof of (4a) and (4b). Let v € WP(D). From [22, Theorem 4.3] there
exists a sequence vy € C(D) N WHP(D) such that vy — v in WHP(D). Then from [22, Theorem 4.6],
we have

(3.10)

Since vy — v in WHP(D), we have

. Uk
tiw [V (0 %)
Jim [ 9 (s =5

From (1a) we know that

Tr(vif) = vif|ap= Tr(vy)T on dD. (3.12)
From (2a), we know that vif — v* in W'?(D) and then
Tr(vif) — Tr(v*) in LP(OD). (3.13)

Also, by continuity of trace operator Tr(vy) — Tr(v) in LP(0D). Now by (3.12) and from the argument
(3.9) with Lebesgue measure replaced by dH~ ~! restricted to 9D we obtain

Tr(v)™ — Tr(v)* in LP(9D). (3.14)
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Combining the equations (3.12), (3.13) and (3.14) we conclude

Tr(v)* + (314 kh Tr(vg)* ¢.12) klim Tr(vi) (1% Tr(v¥) HN~' ae. on dD.
— 00

Commutation of the Trace operator Tr and 7, s-operator (i.e. (4b)) follows directly from (4a).

In order to see (5) we note that since v, € Wy?(D), Tr(vg) = 0 by [21, Section 5.5, Theorem 2].
From (4a) Tr(v) = 0 and thus v¥ € Wy?(D) by [21, Section 5.5, Theorem 2]. Now, (5) follows from
the fact that W, *(D) is closed and weakly closed in W'?(D) [9, Theorem 3.7.

Finally we have (6) by observing that

v — v ae in D = U;‘L —ovtae inD = Tab(vr) = Tap(v) ace. in D.

Proposition 3.9. Regarding the operator T,p, : WIP(D) — W1P(D). We have
(1) Top: WHP(D) — WHP(D) is a homeomorphism and
7] =Ty
(2) 7;‘?,? : LP(OD) — LP(0D) is a homeomorphism and

-1
D D
[Tﬁb } - 161-

a?

(3) Top and T, » are bounded maps in WP (D) and LP(D) with the following estimates,

min(a,b) - [wlLr(py < [|7ab(w)llLr(p) < max(a,b) - [lw||Ls(p)
min(a,b) - |Vl e (p)y < [[VTap(w)||1r(p) < max(a,b) - |[Vwl|pepy Yw € WHP(D).
Furthermore, Tab and (7;‘?1?)_1 are bounded maps in LP(0D) with the following estimates,
min(a, b) - |wl|Lrop) < ||7716,l?(w)||LP(6D) < max(a,b) - ||w|[zr@ap)y Yw € LP(ID).

(4) Let ¢ € WHP(D). Then, the image of W(;’p(D) under the operator T, is W (¢)( ). More-
over, the map

Tap: WP (D) = WP (D)
is a homeomorphism.

Proof. In order to prove (1), it is enough to show that

Ti (Tap) = Tap (T%,%) = Id in WHP(D). (3.15)
Let v € WLP(D), then for any a, 3 >
1 + 1 -
o)~ S]]
’ | p (3.16)
*E(OZ )*E(ﬂv )=v
The last identity follows from (3.1). The claim (3.15) readily follows by putting the pairs («, ) = (a,b)

and then (o, 8) = (£, 1) in (3.16).
—1
Since the operators 7, and [7;11,} = 71 1 are continuous in WP (D) (Proposition 3.7-(2)) then

a’b
Tap-operator is a homeomorphism. The proof of (2) follows similarly. The proof of (3) follows from
Corollary 3.6.
In order to prove (4), we take ¢ € W1P(D). We only need to show that

Tas (ngp(D)) = WP (D). (3.17)

Let o, f > 0 and w € W(;’p(D). Clearly, T,.5(w) € WHP(D). Now, we compute the trace of T, ,(w). By
Proposition 3.7-(4b), we have

Tt(Tap(w)) = Ta§ (Tr(w)) = T5 (Tr(6)) = Tr(Ta,5(0)).
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From this, we conclude that

Tas (W;vP(D)) CWE (D). (3.18)

Therefore by taking the pair (a, §) = (a,b) we arrive to
Ta (W(;’p(D)) CW (D) (3.19)
From Proposition 3.9-(1) there exists a unique ¢ € WP(D) such that
Ti1(¥) =0 (3.20)
Then plugging («, 8) = (%, %) and replacing ¢ by v in (3.18)

T1

i1
a’b

1, 1,
(Wi (D)) Wr (D)

applying the 7T, y-operator on both sides of set inclusion above, using (3.20) we arrive at
1, 1, 1, 1,
WD) = Top (Tay (WEP(D))) € Tap <WTf%(¢>(D>) =T (WD), (321)

Recalling definition of ¢ in (3.20) and from (3.21) we obtain

WP (D) € T (W37(D)) . (3.22)
Finally, combining (3.19) and (3.22) we obtain (3.17). 0

Lemma 3.10. Consider the two functionals defined in WP (D), p € (1,00)
F(v; D) ::/ [VolP + Aw)dz, J(v;D):= / a?| Vot [P+ bP|Vo~ [P + A(v) dz.
D D
Then ug € WHP(D) is an absolute minimizer of J(-; D) if and only if Tap(uo) is an absolute minimizer
of F(-; D).
Proof. Minimality of T 5 (uo) for F(-; D) can be written as

/ 9T (w0) |+ A(Tap () e < / VP + Aw) da
D D

for every v € WP (D) such that v — T, (ug) € Wy (D) or v € WP (D). From Proposition 3.9-(4)

a,b(uo)

and Proposition 3.7-(4), if w runs over W.L:?(D) if and only if 7 5(w) runs over W;’pb(u[)) (D). Replacing
v by Tap(w) in the inequality above, we obtain

/ 19T, (w0)[? + A(Tap(t0)) i < / VT s (@) P + AT (w)) da
D D

for every w € W;:P(D). Now, using (3.8) and recalling the equation (3.2) A(7a,(uo)) = A(uo) and
AMTap(w)) = A(w), the proof of Proposition 3.10 is finished. O

We call the functionals of the type (1.3), (2.3) or F and J defined in the beginning of this section
as ”integral functionals”. More precisely, for any j :  x R x RY — R the funtional .J for the following
form

J(v; Q) ::/j(z,v,Vv)d:c
Q

is called an integral functional. In order to proceed with the proof of the next lemma, we require
the integral functional J(-; D) and J(;Q\ D) to be finite for every compact set D CC Q for every
v e WLrP(Q).

Lemma 3.11. Assume 2 be an open, bounded and Lipschitz subset in RN and u € W1P(Q) is an
absolute minimizer of an integral functional J(-;2) such that J(v; D) < oo for every v € WHP(Q) and
D ccC Q. Then, u is a local minimizer of J(-;2).

Remark 3.12. Lemma 3.11 applies to the functionals of the form (1.3), (2.3). Indeed, assume €2 be an
open and bounded subset of RY. We can easily see that for any D CC Q, 7o € D and v € H'(D)

max (1./4.1,(v: D) [y (03 D). [ @03 2\ D) [ (v 2\ D)) < o

For more precise details, we refer to the computations in (6.30) and (6.31).
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Proof of Lemma 8.11. In order to prove that u is a local minimizer of J(+; ), we take D CC €2 an open
Lipschitz subset. Let v € W1P(D) such that Tryp(v) = u. We now set w as

v in D
w =

u in Q\ D.
Since D is a Lipschitz domain and Trpp(v) = u, from [17, Theorem 3.44] w € WhHP(Q). (Although
[17, Theorem 3.44] is stated for C' domains, the same proof applies to Lipschitz domains by using the
trace theorem [22, Theorem 4.6]). Moreover, by the definition of w and local properties of traces [22,
Theorem 5.7], Trgo(w) = w. Thus from the assumption we have

J(u; Q) < J(w; Q).
Now,
J(u; D) + J(u;Q\ D) < J(w; D) + J(w; 2\ D).

From the definition of w, w = » in Q\ D and from Remark 3.12 we cancel the second terms on both

sides. We obtain
J(u; D) < J(v; D).

This proves that u is a local minimizer of J(-;<2). O
Proposition 3.13. Forp € (1,00), assume ug € WHP(D)NL>(D) is an absolute minimizer of J(+; D)
where
J(v; D) = / aP| Vot [P + 0P |Vo~ [P + A(v) da.
D
Then, ug € C' (D) with estimates.

loc

More precisely, for every 0 < a <1 and D' CC D we have the following estimates

[7;71,(’&0)]00,@([)) S C(N,a,)\+,dist(D’,8D), HUOHL“(D)) (323)

luollco.a(pry <

min(a, b) min(a, b)

Proof. From Lemma 3.10 we know that 7, (ug) is an absolute minimizer of the F(-; D) defined in
Lemma 3.10. This means

[ 19 Testun) P do 4 ATanlw)do < [ V0P da Moydo Vo e WIE (D),
D D !

From Lemma 3.11 7, 5(uo) is a local minimizer of F(-; D) as in Lemma 3.10. Hence, from [8, Theorem
5.1] we know that T, 4(uo) € C2! (D) with the following estimates.

loc
[Tas(wo)]ce(pry < C(N, p, Ay, o, dist (D', OD), [|uol| Lo (1))
(One phase version of [8, Theorem 5.1] can be found in [36, Theorem 4.1]). This implies that ug also
belongs to C’ZOO’{ (D) with estimates

1

min(a, b)

[UO]CO((D/) < C(N, )\+,a,dist(D',6D),HuOHLm(D)). (324)

Indeed, let x,y € D’ CC D. Then for any given 0 < o < 1, we have
|Tap (o) () — Tap(uo) (W) < [Tap(uo)lcoeplz —yl®. (3.25)

From Proposition 3.7-(6), we know that 7, p-operator preserves continuity. We rewrite the above in-
equality in different regions of the domain D’. It is easy to see that

771 u o ’ _ _
o 7 {up>0}, 7€ {up >0} = |up(z) — up(y)] < Lottlevewnz _ ga

7—a U aply | — _
o 2 {up<0},7 € fuo <0} = |uo(z) — uo(y)| < T=™Netewn gz o
_ _ _ _ [E,b(uo)]co,a(D/) _ _a
o 7€ {uy >0}, 7€ {u <0} = |uo(®) —uo(y)| < Wﬁf —y|*.

To check the last inequality we observe that if Z € {ug > 0}, § € {ug < 0} then
min(a, b)|uo(Z) — uo(¥)| < (auo(Z) — buo(y)) (since the term inside is non-negative and ug() < 0)
= |aug () = b(—ug (2))|

= |Taptio(Z) — Tapt(H)| < [Tap(uo)lcoe(pn|Z — g|*.
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Then we combine the above inequality with (3.25). O

We present a basic lemma useful in upcoming proofs. The weak convergence in Lebesgue spaces
preserve pointwise almost everywhere inequality.

Lemma 3.14. Let U C RY be a Lebesque measurable set of finite measure and fi, and gi be two
sequences of functions in LP(U) with p € [1,00) such that

fe — f and gx — g weakly in LP(U) and fr < g a.e. in U for all k € N.

Then
f<gae inU.

Proof. For any E C U Lebesgue measurable, xg € L”/(U ). Then by the weak convergence

/fXde: lim / frxedr < lim/gkXEdJC:/gXEd:E-

Therefore, [}, fdx < [, gdx for every Lebesgue measurable set £ C U. Hence f < g a.e in U. O

4. REGULARITY OF SOLUTIONS OF PDES WITH CONTINUOUS COEFFICIENTS

In this section we set A(x) € CN*N (D) and f € L™ (B;). We are concerned about the regularity of
(weak) solutions to the following PDE in B
div(A(z)Vu) = f. (4.1)
Our setup condition regarding the above equation in this paper are

e (Ellipticity) There exists 0 < p < 1 such that for almost every x € By and for all £ € RY we
have

%m? < (A(2)6,€) < ule].

e (Continuity) A; ; € C(By) for every 1 <i,j < N.
o f S LN (Bl)
We remind the reader on the definition of weak solution to (4.1).

Definition 4.1. v € H'(By) is a weak solution to (4.1) in By if for all ¢ € H}(B1) we have

/ (A(z)Vu : Vga) de = — f(@)p(z) dx (4.2)
By By
Remark 4.2. Let h € H} (B1) N L*(By2) such that h weak solution to the following PDE in Bj
div(A(0)Vh) = 0. (4.3)
Then h satisfies the following classical interior gradient estimate
VAl oo (By,4) < C(Ns [Pl Lo (3, 2) - (4.4)

Remark 4.3. Let the function u € H\ .(Be (o)) be a weak solution to the PDE (4.1) in Bg(x), we set
w as follows
w(y) = du(Oy + x0) + ¥, y € Bs.
It is easy to check by scaling and change of variables, w € H} (B;) and w is a weak solution to the
following PDE
div(A(x)Vw) = f in By
where A and f are defined as follows for z € B;

A(x) := A(zo + Ox)

f(z) := ®0%f(xo + Ox).
Proposition 4.4. Assumeu € Hl(Bl/g)ﬁLoo(Bl) be a weak solution to (4.1) in By /o with HUHLGO(BI/Z) <
1, ||VUHL2(31/2) <M and f € LN(Bl/Q). Then for every € > 0 there exists (e, M, N, ) > 0 such that
if

max (||A(2) = A5y, 1 1v(5,)) < 6
then
Hu - h||L°°(Bl/4) <,

for some h € H'(By)2) such that ||h||p=p,,,) < 1 and h is a weak solution to div(A(0)Vh) = 0 in
Bl/2'

Bys
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Proof. Let us suppose for the sake of contradiction that the statement of Proposition 4.4 is not true.
This implies that there exists €9 > 0 and sequences Ay, fx such that Ay € C(By ;) and fi € LN(Bl/Q)
satisfying [| Ay — A(0)|| L= (B, ,») < 1, [ fellov (B, ,0) < +. So that the corresponding weak solutions uy, of
the following PDE

diV(Ak (x)Vuk) = fk(l') in Bl/2 (45)
are such that || Vug|[12s, ,,) <M and [lugl[L>~(s,,,) < 1 and for any h satisfying the following PDE
div (A(0)Vh) =0 (4.6)
we have
luk = Bl Lo (B, ,4) > €0 (4.7)

Now, we see that uj are uniformly equicontinuous since they satisfy a uniform interior Holder estimates.
Indeed, from [26, Corollary 4.18] we know that there exists Sy := So(u, N) € (0,1) and Cy := Cop(p, N) >
0 so that for every k € N, uy, satisfy the following uniform estimate

jur(2) — ue(®)] < Cole = gl {unllzcmym + 1 Felleveo,m b Vow€Bia  (48)
Since (|ukllr2(B,,,) < CN) - ukllL=(B,,,) < CN) and || fellLy (B, ) < + <1, we can write
ukll oo,y < C1 (N, ).
By Arzela Ascoli theorem, there exists ug € €07 (By/4) such that
ug, — up in L>(By/4) up to a subsequence. (4.9)
Since [|Vug| 2B, ,,) < M and [[ukl|r2(B,,,) < C(N)|ukllLe(s,,,) < C(N) for every k, we conclude that
uy is a bounded sequence in H'(By5). That is to say
HukHHl(Bl/z) < C(M,N).
Therefore, uy, converges weakly to ug € H'(B; /2) (up to a subsequence)
up — ug weakly in H'(By3).

We claim that wug is a weak solution to div(A(0)Vug) = 0, this gives us a contradiction and hence
proves the Proposition 4.4. Indeed, we know that [|Vuol| 25, ,) < M from lower semicontinuity of H*
norm and |[uo|| g~ (B, ,,) < 1 from Lemma 3.14. Once uy are weak solutions of (4.5), we have for every
e Hy(B /2)

/ (Ap(z)Vuy, - V®) do = — fr®dx (4.10)
Bys By/2
Therefore
/ ((Ak(z) — A(0)) Vuy, - vq>) dz + / (A(0)Vug - V@) dz = — fr®dx (4.11)
By By /2 By /2

Since Ag,+ — A+ (0) uniformly in By, we obtain

/ ((Ak(x) — A(0)) Vuy, - vq>) dr < || Ay — A(O)||Lm(31/2)/ |Vuy, - VO| da
By /2 By
1
= IVukll2(B,,) IVl L2(B, ,2) — 0.

Moreover if N > 2 then 2*' = ]\2[—12 < N. So by Sobolev embedding we arrive at

| 1@0@Ide < el ¥l 5,
1/2

~—

C felley By ) 19l L2 (5, 1)
C(N

TWPHHI(BU?) — 0.

In the case where if N =2 we have H*(By,5) < LY (Bj2), therefore

| 15@e@de < im0 s,
1/2

_ o)
=k

~—

<
<

||(I)||H1(B1/2) — 0.
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Therefore, the first and third terms in (4.11) tend to zero as k — oo. We obtain that for every

lim (A(0)Vuy, - V@) dw = / (A(0)Vug - V®) dz = 0. (4.12)
k=00 Bys By 2
This proves ug € H'(By2) is a weak solution to div(A(0)Vug) =0 in By s. O

We employ Widman’s hole filling technique in the proceeding proposition. The following classical
lemma is useful

Lemma 4.5. (c.f. [25, Lemma 6.1]) Let Z(t) be a bounded non negative function defined in [p,r]. And
assume that we have for p < s <t<r

A
Z(s) <0Z(t) + ——
(s) < ()+|S_t|2+c

for some 0 <0 <1 and A,C > 0. Then we have
A
Z(p) < CO)] —2— + c}.
0 =cof
Proposition 4.6. Let u € H'(By) N L>(By) be a weak solution of (4.1) such that ||u||p=p,) < 1.
Then for every € > 0 there exists 0 < 6(e, N, ) < & such that if

max (|14 = AO) | o) I Flla sy ) <9
then
flu — hHLDO(BIM) <e
for some h € H'(By ) such that [AllLo(B,,y) <1 and h is a weak solution to div(A(0)Vh) = 0 in Bys.

Proof. We start off by claiming that ||Vul[2s, ,) < M(N, ).
Indeed, let s,¢ > 0 be such that 1/2 < s <t <1 and n € C§°(By) such that 0 <17 <1 and

(@) 1 z € B;

:I: ==

K 0 z€ B\ B
we can assume that

C(N)

Vnl <
|77|_|S_t|

Now, consider ¢ = nu € Hg(B1) a test function and from the definition of weak solutions in (4.2) we
have

in By. (4.13)

/ (A(z)Vu . V(nu)) de = — f(z)(nu) d.
Bl Bl
We expand the integral on the LHS, after rearranging the terms and from ellipticity of A we obtain

;L/ [Vu|”de < /Bt n(A(z)Vu - Vu) do = — 5 f(z)(nu) de — /Bt u(A(z)Vu - Vn) dz. (4.14)

s

We observe that since Vi = 0 in By

/ |u(A(z)Vu - V)| de = / |u(A(z)Vu - V)| dx
B . (4.15)

1
< ;HVUHH(&\BS) Vil z2(s,)-
Moreover, since |||~ (5, < . [llz=(p,) < 1 and Jullp~(p,) < 1
| F@) ) da| < CN) | fllLvim,) < COV). (4.16)

By
using the (4.15), (4.16) on the third and fourth term of (4.14), for some 0 < 7 < 1, we arrive to

1
p [ 19 do < 2 ulzmm | Vil + | [ f@)m do
s t

< G

- 272

IVull2g, 5.y + 2721Vl 720y + C(N).
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By taking 7 = 3 and using (4.14) we obtain

N
[wias<ci [ wupe+ 220
B, B/ \Bs |s — |

+C(N). (4.17)

Now, we use the Widman’s hole filling procedure. Adding the term Ci(u) [ |[Vul? dz on both sides of
(4.17) and we arrive at

Ch Cy - (Cl + 1)_1 C(N)
2d <—/ 2d 4.1
/Bs|vu| TS G Bt|w| T + P o (4.18)

Now, from Lemma 4.5 with Z(t) := [, [Vu[? dz we have

/ |Vul? de < C3(N, ). (4.19)
By/2

Once u satisfies (4.1) in By we can apply Proposition 4.4. This way, for a given £ > 0, we choose
§(g, M, pu,N) > 0 in Proposition 4.4 which corresponds to M = C3(N, u)'/?. Therefore obtain § :=
d(e, p, N) satisfying the required properties. O
Proposition 4.7 (Key lemma for PDE). Let u € H'(B1)NL>(B1) be a weak solution to the PDE (4.1)
in By with ||ul|pe~(p,)y < 1. Then, for every 0 < a < 1, there exists 6(N, u, ) > 0 and ro(N, p, o) < 1/4
such that if
max ([|A(z) = A(0)l|z=(sy), | fllv(s)) <0

Then

Proof. Let € > 0 that will be suitably chosen later. By Proposition 4.6 there exists d(e, N, u) > 0 such
that

HuthLoo(BlM) <eg, (4.20)
Where h is a weak solution to div (A(0)Vh) = 0 in By and [|h|p~ (s, ,) < 1. By classical elliptic
regularity theory, h satisfies the interior gradient estimates (4.4). Hence

VAl Lo (B,,.) < C(N, p). (4.21)
Fix f = (1 + a)/2 < 1, we claim the following
sup |h — h(0)| < C(N, p)r? vr < 1/4. (4.22)
B

Indeed, h—h(0) is a weak solution to the same PDE div (A(0)Vh) = 0 and [[h —h(0)[| LB, ,,) < 2 from
Proposition 4.6. By mean value theorem and internal gradient estimates (4.4), if x € B, and r < 1/4
we have

[h(a) = h(0)] < |V (h(62) — h(0))|-al, (0 <6 <1)
< 20(N, )| Pl Lo, )7 < C(N, w)r”
Combining equations (4.20) and (4.22) we get for r < 1/4

sup [u(e) — u(0)] < sup (Ju(x) = h(@)| + [A(z) = AO)] +[1(0) — u(0)])
B, B, (4.23)

<2z + C(N, M)rﬁ.
We select ro(N, p, &) < 1/4 such that

Bys

C(N, g < %0
that is
( 1 )l/ﬂ—a< ( 1 )2/1—&
RERTe[ 0 ~ \3C(N, ) '
Now, we choose (N, 1, ) in such a way that
g
< —.
R
We see that the choice of § depends on € and since € depends on N, p and « therefore § is actually
chosen depending on N, p and «. From (4.23) we get

sup |u — u(0)] < rf.

70
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O

Proposition 4.8. Suppose u € H'(B1) N L>(By) is a weak solution to the the PDE (4.1) in By with
lull Lo (By) < 1. Then, for every 0 < o < 1, there exists §(N, p, o) > 0 and C(N, p, o) > 0 such that if

max (|| A(z) = A0)[| o (B,), 1 fllLr(s,)) <6
Then

sup |u — u(0)] < C(N, p, a)r® Vr < ro,
B

where ¢ s as in Proposition 4.7. Precisely speaking, we have C'(N, u, o) = rg ~.
Proof. We argue by scaling and claim that for all k € N
sup |u — u(0)] < rke. (4.24)

k

"0

It follows readily from Proposition 4.7 that (4.24) holds for £ = 1. Let us suppose it also holds up to
ko € N. We prove that (4.24) holds also for k = kg + 1. In order to do that, we define the following
rescaled function

i) = sz (s0b9) —u)  y e By (4.25)
From Remark 4.3, we see that @ satisfies the following PDE
div(A(y)Va) = f in B (4.26)
where A and f are given by
Aly) = A(rg"y)
fly) =g fr57).

Now, we verify that the PDE (4.26) and its solution u satisfy the assumptions of Proposition 4.7. Indeed,
from (4.24) for k = ko and (4.25), we have

sup || = rg " sup |u — u(0)] < 1.

By
reo

Moreover, for § > 0 as in Proposition 4.7 we see that

sup |A — A(0)] = sup |A — A(0)] < 4.
By

ko
"o

Additionally

= ko(l—a
IFlvmy = e N fllen (s o) < 0.
"o

So we can apply the Proposition 4.7 for A, f and @. Hence we obtain
sup|u| < rg.
70
Rescaling back to u we arrive at

sup |u— u(0)] < rioHe,

B
ko1

So the claim (4.24) is proven for all £ € N. To finish the proof of Proposition 4.8, let r € (0,7¢) be given
then we can find k € N such that v <7 < rf. From (4.24), we see that

al .
sup [u — u(0)| < sup Ju — u(0)] < rE~ = r(()k+1) — <1 re. (4.27)
r B To
0
Finally we can take C(N, u, ) = %ﬂ Then Proposition 4.8 is proven. (]
0

In the sequel, we remove the small regime condition on the previous results. As a matter of fact we
prove the main result of this section.
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Proposition 4.9. Suppose u € H*(By) N L>=(By) be a weak solution to (4.1) in By. Then for any
0 <a<1, wehave u € C*(By ) with the following estimates

[Wloe (B, ) < CN, s w50 (lull ey + 1 Fllvsy) - (4.28)

Here WA B, is uniform the modulus of continuity of A in Bs,y (c.f. Definition 2.2). In particular, we
have
lullca(s, ) < CON, o mwy 557 (lull sy + 1f v sy) - (4.29)

Proof. Since A € CN*N(By), then the coefficient matrix A is uniformly continuous in Bs /4. Hence,
there exists so 1= so(w4 Byy1 N, p, «) such that 0 < so < 1/4 and for every 29 € By, we have

sup A~ Alzo)] < 6N, ) (4:30)
BSU(IU)

for §(N, p1, ) > 0 as in Porposition 4.8. We fix now xg € By /2 and define the following rescaled function

w(y) = u(Zo + soy) . yE DB (4.31)

(lullzoe (s + F1f v (sy)

By Remark 4.3, we can easily verify that the function w € W1?(By) satisfies the following PDE

div(A(y)Vv) = f in By. (4.32)
Where A and f are defined as follows
A(y) = Alwo + soy)
z 53 - f (w0 + s0y)

f(y): s a:‘JEBl-
([l Loo By + 2N v (By))

From (4.31), we can see that
[wll Lo (my) < 1. (4.33)
We rewrite (4.30) as follows

sup |4~ Azo)| = |4~ AO)l|z~(5,) < 5N, 1, ). (4.34)

By (z0)
Moreover, from the definition of f, we see that

S0 - T
0 Ifllzx (8., (o)) < 5(N, 1, ). (4.35)

1z~ By = .
PO (full ooy + 221 F v (51)))

From (4.33), (4.32), (4.34) and (4.35) we see that w, A and f satisfy the assumptions of Proposition 4.8,
and therefore from Proposition 4.8 we have

1
sup [w — w(0)| < —r®, Vr < ro(N, p, )
B, To

Rescaling back to u, we obtain for every xo € By /o

u— u(xo)

(lullzoe sy + FF v s,))

sup <Cr% r<rg.

2€Bsyr(T0)

Therefore

sup |u — u(zg)| <

1 ( S0
UL + f N(B: ) roz, Vr < s070- 4.36
B (x0) resg [ull Lo (Byy + 5 1wz (4.36)

Let x,y € Bys. If [z — y| < soro, then we replace x by x¢ and take r = |z — y| in the above equation
and we have

1 S0 a
fu(e) = u)| < —— (Il + Sl ) lo = yl°.
To S0
Otherwise, if |x — y| > soro then ‘"(‘z):;&y)‘ < 2||u!§:oa(3”. In other words,
0°0
2||ullpe(s:) N
lu(@) —u(y)| < —— 5|z —y|™

Qg X
5070
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Finally combining the two estimates above we have for all z,y € By /s

C S0 a
jut@) = u(w)| £ —— (Nuleo + 220 lm)) 1= vl
o0 (4.37)
C(1+3) o
< ———=% (llullpoesyy + 1 f v sy l2 —yl*
To S0
This proves Proposition 4.9. (]

Remark 4.10. The dependence of constant at right hand side of (4.28) and (4.29) on the modulus of
continuity w AT, can be removed as long as we are under the smallness condition on the oscillations
of the coefficient A. That is if we have

|A—AQ)||ze(B,) <6 (4.38)
for (N, p, ) as in Lemma 4.8. Then under this condition we have
lullca(s, o) < CV p0) ([l + 1 f v ) - (4.39)

To see this, we observe that in (4.37), the dependence on w AT is coming from sg. This positive

number sg is chosen so small that ||A — A(0)|| L~z
assume (4.38).

) < 6. This step is not required if we already

so(zo)

Proposition 4.9 is scaled version of the regularity estimates for weak solution to the PDE (4.1). From
the classical rescaling argument, we can also prove the following result for any general domain 2.

Corollary 4.11. Let u € H'(B,(x0)) N L>=(B,(z0)) be a weak solution to
div (A(z)Vu) = f in B,(z0)

0 < p <1 we have
C(NvﬂaaawA,B )

3p (w0)
4

lullcoe (s, @) < (el oo (5, () + AUl LN (5, (20))) - (4.40)

poz
Here e is the uniform modulus of continuity of the coefficient A in BSTP (x0). Furthermore, the

dependence on w , g—=— can be dropped under the smallness assumption
, %3(10)

A — A(xo)|| Lo (B, (z0)) <0 (4.41)
for (8 as in Lemma 4.8 ). Then if 0 < p <1
C(N,p, )
”u”CO’O‘(Bg(mo)) < R (l[ull oo (B, (w0)) + LU Ln (B, (20))) - (4.42)

Proof. The proof of Corollary 4.11 follows readily by scaling. In fact, we just consider the function
defined as v(y) := M and apply Proposition 4.9 together with Remark 4.10. Indeed, from Remark
4.3, v € H'(By) N L>(By) is a weak solution to the PDE div(A(y)Vv) = f in B;. Where A and f are
given by

A(y) = Azo + py), fy) = pf(xo + py).
We can obtain the estimates from Proposition 4.9 on v and by translating information back to u. [

We prove the main result of this section

5. PROOF OF THEOREM 2.4

Proof of Theorem 2.4. Let D CC B;. We observe that D CC By CC B; where d = 1 — w.
Since A € C(B;)NV*N, then the matrix A is uniformly continuous in By. Thus, there exists a modulus
of continuity w, 5 (c.f. Definition 2.2) given by

wy 5 (1) = <suplz—y|ﬁf |A(z) — A(y)|> t<2d

z,y€ By
wA,E(Qd) t > 2d.
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We set tg as

to := tO(‘*’A,Ev& = sup {t ’ WA,E(t) < 5}

. dist(D,08 . . . .
as well as so := min (to, W). Since w, 5 is a non-decreasing function we have w , E(SO) <.

Now since
Dc |J Bs(x) CBa
€D
we have
BsuF) |A— A(z)] Sw, 5;(s0) <6, Yz € D. (5.1)
o (@

We note that w is also an absolute minimizer of J(+; By, (x)), by (5.1) and (4.42) in Corollary 4.11 we
have for all y € By, /2(x) N D

C(N,a,u o
() ~u@)) <SS () 4 0l L) o — 1™ (5.2
0

Now, if z,y € D are such that |z — y| > s¢/2, then

a ull Lo (B o
fu() = u(y)| < 2+ E g (5.3)
0

By combining (5.2) and (5.3), we arrive to (since 50 < diSt(a’aBl) < diani(Bl) =1< 1)

C(N,a, )
ooy < BB (e iy 4 v (5.4
0

We observe from the definition of sy that
C(N,a, ) dist(D.0B,
% (lull ooy + I f I En (B1)) if to < %
[U]Ca(D) < 4%.C(N,a,p) (5.5)

: dist(D,0B1
tmor e (lullze) + 1 flve,)) if fo > dstD2BY)

In order to control the first term in the equation above by a universal multiple of dist(D,dBy) ™%,
we observe that once ¢y > 0 depends only on the modulus of continuity w, 5, and 0, there exists a

ng := no(wAde, 8) = no(N, u, oz,wA,de) € N depending only on ty such that n_20 < tg. Hence

i i & c Na 5 Gy B,
dist(D, dBy) - diam(By) _ 2 s Lo _ (' [, o wA7Bd). (5.6)
no no no tg dlSt(l)7 8B1)0‘ dlSt(D, 831)0‘
Now, (5.5) becomes
C(NvavﬂawAi B_)
[u]ca(py < dist(D, 0B, ) < (HUHLw(Bl) + HfHLN(Bl)) . (5.7)

To finish we observe that Theorem 2.4 follows from (5.7) by taking D as B, for any r < 1, once
dist(D, 0B;)® = dist(B,,0B1)* = (1 —r)* and d = 4=, O

6. APPROXIMATION LEMMA VIA COMPACTNESS

Our strategy is to make use of regularity theory of limiting functional and prove regularity of mini-
mizers. We were inspired from the method used in [2, Lemma 5.4]. First we show that if the functions
A, and A_ are very close to different constants, the regularity of a minimizer is close to C%! .

Remark 6.1. Although elementary, we make a systematic use of limsup and liminf properties (especially
* and *x) in our proof of compactness. For the reader’s convenience, we record them here. For any
bounded sequences of real numbers aj and by, the following properties hold (for the proofs check for
instance [20, Theorem 3.127])

(Z1) limsup;,_, o (—ar) = —liminfy_, o (ax) and liminfy_, o (—ax) = — limsupy_, . (ax).
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(Z2) Also we have
lim inf aj, + lim inf by, % lim inf(ay, + by)
k— o0 k— o0 k— o0
< limsup ay + lim inf by
k—00 k—o0
< limsup(ay + bx)

k—o00

*k
< limsup ay + lim sup by.
k— o0 k— o0

Remark 6.2. In the forthcoming proofs, we consider the functional J(-;B1) := Ja fo(-; B1), where
Bl = Bl(O) and
J(3B1) == Ja (v By) = / A, w)|Vul? + f(z,uw)u+ Q@)A(v) de.
By

Up to rescaling, B; represents a small ball contained inside a general domain 2. We already know that
local minimizers of J(+;2) are locally bounded in €2 c.f. [25, Theorem 7.3], [43, Theorem 2.3]. Therefore
it is reasonable to assume that for a minimizer u € H'(B1) of Ja f,q(u; By) < 0o and ||ul|p(p,) < 1.
These assumptions do not compromise any generality.

We now approximate minimizers by regular ones under the small regime scenario.

Theorem 6.3. Let u € H'(By3) be an absolute minimizer of J(-, By/2) such that J(-; Bys) satisfies
structural conditions (G1)-(G5). Assume also that ||Vulr2(p,,,) < M and
HUHLOC(Bl/Z) < 1. Then for any € > 0 there exists 6(s, M, p1, g2, \y-, N) > 0 such that if

max ([ 4z = A (O)ll (s, 0 1 fillLr(s, 05 10 = QO) (s, ) ) <6

then
lu—"hllge(s,,.) <€

where h is an absolute minimizer of

Jo(v; By 2) 5:/

(A(O,v)|Vv|2 + Q(O))\(v)) dz.
By /2

Moreover, ||k LB, ) < 1.
Proof. Let us suppose for the sake of contradiction that the statement of Theorem 6.3 is not true. This
implies that there exists an eg > 0 and sequences Ay, fi, Qr such that Ay x € C(By)2), Qr € L>(By2)
and fi, € LN (Byg) with [| A = A+ (0)[| oo, ) < £ If£kllLn (s, ) < £ and [|Qk—=Q(0) || o5, ,,) < %
as well as corresponding absolute minimizers uy € H'(Bj2) of the functional Ji(; By/2) (defined in
(6.2) below) such that || Vug|[Ls(s,,,) < M and [lug| L=, ,) < 1 also satisfy

|uk = BllLo(B,,4) > €0 (6.1)
for aH h S Hl(Bl/Q) OLOO(Bl/Q) Wlth HhHLao(
type

Bi2) that are absolute minimizers of the functional of the

Jo(v; By ja) = / (A0 0)I VP +QOAW)) d.

By/2
The functional Ji(-; By 2) is given by

Ji(v; By 2) 5:/

(Ak(:c, 0)|[Vol? + filz, v)v + Qk(x)x(w) dz. (6.2)
By /2
We recall that A(s) = Ay X{s>0y + A= X{s<o} and

Ap(z,v) = A k(@)X (>0 + A k(@)X <oy, fre(@,v) = frr(@)Xqosoy + f-x(T)X{v<0}- (6.3)
From (G1)-(Gb5), it follows that the functional Jy(-; By/2) and its integrand satisfy the structural

condition in [25, equation 7.2] uniformly in k. Therefore, from [25, Theorem 7.6] it follows the existence
of By := Bo(p, g2, A+, N) € (0,1) and Cp := Co(pu, g2, A1, N) > 0 such that for every k € N we have

HukHcﬁo(31/4) < Co.
By Arzela Ascoli theorem, there exists ug € €07 (By/4) such that

up, — up in L>°(By/4) up to a subsequence. (6.4)
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Since [|Vug| 25, ,) < M and [Juk|r2(B,,,) < C(N) - [lukllL=(B,,,) < C(N) for every k, ux is a bounded
sequence in H'(Bj /). That is
HukHHl(Bl/2) S C(M, N) (65)

Therefore, uj converges weakly to ug (up to a subsequence)
up — ug weakly in H'(By 3).
From (6.5) and weak lower semicontinuity of H*(Bj /) norm, this implies
[uoll 2 (,) < C(M, N). (6.6)

Also [[uo|| L= (B, ,) < 1 from Lemma 3.14. In order to simplify the steps to come, we introduce Gi(+; By /2)
as follows

Gr(v; By o) := / ((Ak(x,v) — A(0,0)|Vv|]? + fe(z,v)v + (Qr(z) — Q(O)))\(U)) dz.
Byo
We observe that for any function v € H(B; /2), we have the following splitting
Ji(v; B1y2) = Jo(v; Biy2) + Gr(v; By 2). (6.7)
Now we make a claim
Claim: wu is an absolute minimizer of Jo(-; By/2). (M)

Proving the claim (M) will lead us to a contradiction to (6.1) and thus to the proof of Theorem 6.3.
In order to prove the claim (M), let us take a function v € Hl(Bl/Q) be such that v —ug € Hg (B1)2)-
To ease the notation, we relabel the constants A4 (0) as follows

A+(0) = 0/2
A_(0) =: b*.
We observe that u < a?,b? < i (c.f. (G3)). For r € (0, 3) we set 1, € C°(R™) so that
ne=1inBy .  supp(n,)C By, [Vp| < S (6.8)

Now, we consider vy, € H'(Bj2) such that
Tap(Vk,r) = Tap(v) + (1 = 10)(Tap(ur) — Tap(uo))- (6.9)
The function v, € Hl(Bl/g) above is well defined due to the fact that the 7, ,-operator is a bijective
map in Hl(Bl/Q) (c.f. Lemma 3.9-(1)).
Let us verify that vy, is an admissible competitor for the minimality of u; for the functional
Ji(:; By1/2). Indeed, we observe that since 7, € C°(By/2) C H&(Bl/z) then
Tr (0r (Tap(ur) — Tap(uo))) = 0 on OBy /s.

Now, we have

Tr (Ta.p(vkr)) = Tr(Tap(v)) + Tr (1= 10) (Tap(ur) = Tap(uo)))

Tr (Tap(0)) + Tr (Tap(ur) = Tap(uo)) = Tr (e (Tap(ur) = Tap(uo)))

Tr (Tap(0)) + Tr (Tap(ur) = Tap(uo)) = Tr (Ta,p(v) + Tr (Ta,p(ur)) — Tr (Ta,p(uo)) -
Using Proposition 3.7-(4b), and the fact that Tr(uo) = Tr(v) on B/, we arrive at

T (Tr(vnr) = Tog V2 (Te(@)) + Ty (Tr(un)) — Toy /2 (Tr(uo)) = Toy /2 (Tr(ur)).

a

Since ’Tffl” is a bijective map (c.f. Proposition 3.9-(2)), we conclude

Tr(vg,r) = Tr(ug) on OBy ;. (6.10)
Therefore, by minimality of uy, for Ji(-; By /2)
Ji(ur; Biy2) < Ji(vkr; Bij2)- (6.11)
From the splitting in (6.7), we can write
Jo(ur; Bry2) + Gr(ur; Bry2) < Jo(vk,r; B1y2) + Gr(vk,r; Bij2)- (6.12)

In order to further ease the notation, we relabel Ty 4(vi.r), Tab(vV), Tap(wo), Tap(ug) as follows

)

Tap(Wkr) = Vir, Tap(v) =2V, Tap(uo) =: U, Tap(ur) =: Uk. (6.13)
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We can rewrite the definition of vy, in (6.9) as
Vir =V + (1 =) (Ux — Up). (6.14)
Next, we show that [[vgr| (s, ,,) and [|[Virllgi(s,,,) are bounded sequences independent of k. First

we observe that from Proposition 3.9-(8), (6.5) and (6.6) we have

1
||UkHH1(Bl/2) S max(a,b) . ||uk||H1(Bl/2) S —MC(N,M>

N

1
”UOHHl(Bl/z) < max(a,b) ’ ||u0||H1(Bl/2) < _MC(N7M> (615)

7

1
ﬁH”HHl(Bl/z)-

In order to bound ‘fBl/z |Vk.r|? dz we observe that from (6.15) we have

HVHHI(Bl/z) S ma’X(a”b) : ||UHH1(31/2) S

/ |Vkm|2d:c:/ |V+(1—77T)(Uk—U0)}2dz
Bys Bys
< 2/ (IVI? + |ULP? + |Uo?) da
By /2
1
< (Wl e, ) + OO, M) = O M, ) (ol s, ) +1)-
Now, we estimate fBl/2 |VVir|? dz. Again using (6.15) and (6.8) we have

/ |VVk1T|2d:C:/ |V(V+(17UT)(Uk7U0))‘2d:C
By /2

Bys
C(N
<o [ wvpas SR [ vt [ 9@ -voP
By/2 r By o By/2

[ C(N
<4 / (|VV|2+|VU0|2+|VUk|2) dz + (2 )/ (|U0|2+|Uk|2) dz| (6.16)
| Y Bi/2 r B2

1, 1 1
<4 ;||UHH1(BI/2) + ;C(N7M> + mC(NvM)

C'-(N, M)
< =z (W, +1) = O 1) (Il 5, ) + 1)

r

Thus, 7 > 0 we have a bound on ||Vi,,| (s, ,) independent of k. Again from Proposition 3.9-(3) we
have

1

Wil myy) < M) (0, + 1) (6.17)
(min(a, b))
Since u — ug weakly in H'(Bj3), Lemma 3.7-(1b) gives U, — Uy weakly in H'(B;2). From the
properties of weak convergence in H'(B; /2) and Sobolev embeddings, we can verify that the following
convergences hold up to a subsequence

(C1) Vuy — Vug and VU, — VUy weakly in Hj(By2) (c.f. Proposition 3.7-(1b)).

(C2) up — ug and Uy, — Uy strongly in L?(By2) (c.f. Proposition 3.7-(3b)).

(C3) wup — ug and Ux — Up pointwise almost everywhere in B/, (c.f. Proposition 3.7-(6)).

HUICJ‘H%P(BI/Q) <

In order to proceed with the proof, we need some auxiliary estimates which are listed below
(EI) For every w € H'(B;,2) we have

C(N, A
gk(’LU;Bl/Q) < %(Hwﬂfp(&ﬂ) +1) (618)
(EII) For Uy = Tap(uo) we have
QO)A(Up) dx < likm inf QO)A(Uy) dz. (6.19)

By Byo
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(EIII) For Vi, := Tab(vkr),

lim sup | lim sup QO)N(Vog)dx | < QO)A(V) d. (6.20)
r—0 k—o0 By By/2
(EIV) For Uy := Top(ur) and V := T, p(v) we have for every k € N
liminf/ (IVU]> = |V Vi, [?) da > / (IVUo|* — |[VV ) da. (6.21)
k—oo Bys Bys

Before delving into the proofs of (EI), (EII), (EIII) and (EIV), we assume for the moment that all
of them hold and prove minimality of ug for Jo(-; B1/2). We come back to their proofs after that.
First, we recall that for any w € H'(B;,2) we have (c.f. (3.2) and (3.8))

Jo(w; B ja) = / (V|2 + Vo |2 + QO)Aw)) de
Pz (6.22)
= [ (9Tasw)? + QOA(Tas(w)) do
1/2

From Lemma 3.10, we observe that to prove that ug is an absolute minimizer of Jo(:; By/2), it is
equivalent to show that Uy = Tq5(uo) is an absolute minimizer of Fo(-; By /2) which is given by

Fo(W; Byjz) = /B (VW2 4+ Q(0)A(W)) d.
1/2

So, our task is reduced to prove that Uy is an absolute minimizer of Fy(+; By /2). We make the following
claim

Claim: Uy is an absolute minimizer of Fo(-; By 2). (M)
From (6.11), (6.12) and (6.22), we have

/ (|VUk|2 + Q(O))\(Uk)) dz + Gi(ug) < /
By s

By /2

(|VVk,T|2 + Q(O))‘(Vk,r)) dz + Gi(vg ).

We rearrange the terms in the inequality above and take liminfy_, ., on the both sides to arrive to

k—o0

lim inf l/Bl/2 (|VU1€|2 - |VVk,T|2) dx + Q(O)()‘(Uk) - )‘(Vk,r)) dw] < liminf (Gk (vr,r) — Gr(ur))-

Byo
(6.23)
From (6.5), (6.17) and (EI) we have
lim gk(v;m;Bl/Q) = lim Qk(uk;Bl/Q) =0. (624)
k—o00 k—o00

Thus, from (6.23) we conclude

lim inf l/ <|VUk|2 - |VVk,r|2) dr +

k—oo 1/2 Bys

Q(O)(AWk) = A(Vk.r)) dz] <0.  (6.25)

Moreover, from (6.15) and (6.16) the first integral in the estimates above is bounded independent of k,
i.e. for every k € N

[ (190 = 190 ) de] < €V (1ol s, )+ 1)-
1/2

Furthermore,

QUO)YA(UL) = A(Vir)) do| < 2C(N)gz)s-
By /2

Therefore, we are entitled to use the (Z2)* in (6.25) to obtain

liminf/ (|VUk|2 - |vv,w|2) dz + lim inf
Bi/s k—o00

k— o0

Q(0) (A(UK) = A(Vi,r) ) d < 0.

Byo
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Now rearranging the terms and from (Z1)* and (Z1)** together with (EIV) we have

/ (VU > = |VV|?) dz < 1iminf/ (|VUk|2 _ |VV;W|2) du
By /2 k—oo Jp

1/2

<limsup [ QO)(A(Vir) = A(Up) ) da

k— o0 B1/2

< limsup Q(O)A(Vir) dz + lim Sup/ —Q(0)A(Uy) dx
By/2

k—oo B1/2 k—oo

(6.26)

= lim sup Q(0)(A(Vi,r) dz — lim inf Q(O)AN(Uy) da.

k— o0 Bl/2 k—o0 BI/Z

Taking lim sup,_,, on both sides of the inequality above and using (EII) and (EIII), we arrive at

/ (|VUo|* — |[VV|?)dz < limsup (hmsup Q(0)A(Vi,r) dz — lim inf Q0N (Uy) dx)
Bys

r—0 k—oo J By k—oo By/2

< lim sup (Hm sup Q(O)A (Vi) dm) — lim inf QO)A(Uy) dx

r—0 k—oo J By, k—o0 B2

< [ QO3 = Awy)) d
v (6.27)

Hence, we find
[vup v s [ Qaw) - A .
By Byo
This proves Uy is an absolute minimizer of Fo(-; By/2), i.e. Claim M’ is proven. In order to finish the
proof of Theorem 6.3, Now, let us prove (EI)-(EIV). To prove (EI), we observe that since ||Ay —
A:I:(O)HL“’(BI/Q) < %, then

[ (420 = 4 )IVoP) do < [ 40(0) ~ Asalinp,n [ Vol ds
Bys

Bz (6.28)
IVollZz s, ,) _ 1011 (B, )
= k Y
Moreover, since ||Qr — Q(0)||L=(B, ,,) < 1, we have
C(N)A
[ @ Q@ s < COAQs = QO s, < TEE (6.29)
1/2

Let Fy := |fyx| +|f— k|- In the case N > 2, we have 2% = ]\2[—_];[2 < N. So, by Sobolev embedding,
Young’s inequality and (6.3) we find

[ intold< [ (1fad +l)elde = [ el ds
Bi/2 Bi/2 B2

”FkHLZ*’(Bl/Z)HUHLZ*(BUZ) (6.30)

C(N) CIN) (12
< 2 ol ) < o (10000 ) + 1)

IN

If N =2, we know that H'(B, 5) embeds in LY (B, ) and therefore

/B el de < / Uf el + 1fo i)l da = / \Fillo] de

By/2 By/2
< HFkHLN(Bl/2)HU||LN’(31/2) (6.31)
_ o) ()

<= vl E1 (B, . < T(H”H%{l(&ﬂ) +1).
From (6.28), (6.29) and (6.30) or (6.31) the claim (EI) is proven. To prove (EII) we observe that

)\(UQ) = )\+X{U0>O} + )\7X{U0§0} < 11}€Igg.}f (A+X{U;€>O} + A,X{ngo}) = thAl)g.}f )\(Uk) a.e. in B1/2
(6.32)
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Indeed, since A < Ay, we have A\ < liminfz 00 (A X (v, >0} + A-X{v,<0})- Hence (6.32) holds in the
set {Up = 0}. From (C3) we have Uy — Up pointwise almost everywhere in By /5. Suppose g € {Up > 0}
is such that Uy(x0) — Ugp(zo). Then, for k sufficiently large we have zo € {U, > 0}. Hence (6.32) holds
almost everywhere in {Up > 0}. Similarly we can show the same for the set {Uy < 0}. This proves
the claim (6.32). Since Q(0)A(Ux) < ga2Ay for all k. By (6.32) and since Q(0) > 0 we have by Fatou’s
lemma

Q(0)N(Uy) dx < Q(0) liminf A(U) dz < lim inf Q(O)A(Uy) dz.
Bi/s Bi/s k— o0 k— o0 Bi)s
This proves (EII). Now we prove (EIIT). The integral in the LHS of (EIII) can be written as
QOAVi) dz = QO) (e {Ver > 0} 11 Byjal + A= {Ver <011 Byjal)-
By/2
In order to prove (EIII), we first observe

lin}) (Hmsup {Vi,r >0} N Bl/2|) = |{V >0}NBy,| and
r—r

horee (6.33)
lim (Hmsup {Vi,r <0} N Bl/2|> = |{V <0}N Byl
r—0 k—o00

Indeed, let us set R, := By /5 \ Bi_,. Now, since n, = 1 in By s \R, = Bi_
definition of Vj, , in (6.14) we observe that

Vk,r = V in B1/2 \ RT.

(c.f. (6.8)), recalling the

T

With this in mind we have
{Vik > 030 Byyo| = [({Vek > 03 0 Byy2) \ Re| + {Ver > 0} N R, |

— [({V > 0} 0 Bija) \ Rl + [{Ves > 0} 1R, (6.34)
=|{V >0} N Byl — R N{V > 0} 4+ {Vor > 0} N R,

From above computations we have

HV >0} N Byjo| — R N AV >0} < {Vik >0} N Byjg| < {V >0} N By + [{Vier > 0} DR,
and therefore
HV >0} N Byjo| = [Re| < {Vik > 03 N Byjo| < {V > 0} N By o] + Ry |

Now, taking limsup,,_,.. and limsup,._,q in the inequality above we find
{V >0} Bujol = lim (I{V > 0} 0 Bujal = [R,)

< lim sup (Hmsup {Vir >0}N B1/2|)

r—0 k— o0
< limsup (|{v > 0} N By o + |7zr|) — [{V >0} N By o).

r—0

We can proceed similarly by replacing {Vj, > 0} by {V4, < 0} in (6.34) to arrive to
lim sup (limsup {Vir <0}N B1/2|) =|{V <0}N Byl
r—0 k—o0

This proves (6.33). Since the sequences |[{V,, > 0}| and [{V4, < 0}| are bounded in %k and r, we can
use (Z2)** twice (first in & then in r) and (6.33) to obtain

lim sup (Hm sup QO)A(Vr k) dm)

r—0 k—oo J By

— Q(0) limsup (Hmsup ()\+|{V;W > 0} N By o] + A_[{Vi, <0} N Bl/2|)>
k—o0

r—0

< Q(0) limsup (Hm sup A+ [{V,» >0} N Bl/2|> + Q(0) lim sup (Hm sup A_[{Vi, <0} N Bl/g|)
r—0

r—0 k— o0 k—o0

= Q0)(A+H{V > 0} N Byja| + A-[{V <0} N By o)

= Q(0)A(v) da.

Byjo
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This shows (EIII). Finally, we prove (EIV). We start by observing that

/ (IVUR|? = |VVi, |?) dz = / (V(Uk = Vi) - V(Ui + Vi) da.
1/2 Bys
Now we plug in the definition of V4, (c.f. (6.14)) into the previous equation and arrive to
V(Uk - VkJ) = V(Uk -V - (1 — nr)(Uk — Uo))
= V(UO -V+ T]T(Uk - Uo))
and
V(Ui + Vi) = V(U +V + (1 = 0,)(Ur, — Uy))
=V({Uo+V +(2—=n)Uk — Uo)).
From (6.35) and (6.36) we write
V(Ui = Vi) V(Ui + Vi) de = V(U —V)-V(Uy+V)dx + Ty + TE + Th.
By/2 Byjs
where

TL = V(Uo—V)-V((2 =) Uy — Up)) da

Byo

T2 ;:/ V(0 (U — Uo)) - V(Up + V) da
By s

TS .= / V(1 (Ux — Uo)) - V((2 = 1) (Ux, — Up)) dev.
Byo

Let us study each term separately. First, we see that

25

(6.35)

(6.36)

(6.37)

(6.38)

TL = / V(U — V) - V(2 =) (U — Up)) du = / (2= 0,V (Uy — V) - V(Uy, — Up) dz
Bis B

1/2

- /B ((Ux = Uo)V(Uo = V) - Vi) dat.

In the identity above, the first term on the right hand side tends to zero as k — oo since from (C1),
V(Ui — Up) goes to zero weakly in L?(By/3). Also, the second term on the right hand side tends to zero

as k — 0o because from (C2), Uy converges to Uy strongly in L?(Bj). Therefore

lim Tf = lim V(U —V)-V((2 —n.)(Ux — Up)) dx = 0.

k—o00 k—o0 Bi/s

Now, let us look at the following term

T2 = / V(0 (Us — Uo)) - V(Uo + V) da = / V(U + V) - V(Us — Uy) dr
Bi)s B

1/2

+ / (Ux — Uo)Vigy - V(U + V) da.
By /2

Thus, by similar arguments as those in (6.39), we obtain that

Jim. T2 = lim V(0. (Ug —Up)) - V(Up + V) dx = 0.

k—o00 Bi)s
Now, we estimate Ty. We write T as follows
TS =SE + T3
where

S3 .= / nr(2 = 0,) |V (Uy, — Up)|? da
By /2

and

(6.39)

(6.40)

(6.41)

Ty = / ((2 =) (U = Uo)V(Ug — Up) - Vg — 1 (Up, — Up)V(Ug — Up) - Vi — |Uy, — U0|2|V77r|2) d.
By /2

From (C2) and (C3) we have
lim T§" = 0.

k—o00

(6.42)
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Since 0 < 7, <1 we have for every k € N
S% — / (2 =m0 V(U ~ Vo)) dr > 0. (6.43)
By

Therefore from (6.43) T§ > T3$" for all k. From (6.41) and (6.42) we obtain
lim inf T > liminf T§" = 0. (6.44)
k— o0 k—o0

Now, by using (6.39), (6.40), (6.44) and obtain

liminf/ (VU2 = [VVi,|?) do = lim inf (/
k— o0

(VU2 = |VV|?) do + TL + T2 + Tﬁ)
k—oo Bys Bys

z/ (UO—V)-V(UO—H/)dx:/ (VU2 — |VV|?) da.
Bi/2 B

1/2

This shows (EIV) and this finally proves ug is an absolute minimizer of Jo(-; By /). This is a contra-
diction to the assumption (6.1). Thus, we finish the proof of Theorem 6.3. (]

Now, we prove that the value of 6 > 0 in the Lemma 6.3 is dependent only on L bounds of absolute
minimizer u and other universal constants related to the problem. For this we use the Widman’s hole
filling technique by following ideas from [25, Chapter 7] (see also [46]).

Proposition 6.4. Let u € HY(By) N L>(By) be an absolute minimizer of J(-; By) such that
llullLoe () < 1. Then for every € > 0 there exists 0 < (e, 1, g2, Ay, N) < 1 such that if

max (|| 4z = A=(O) =5, [1Flev s 1Q = QO)le(n,)) <6

then

lw—hllLe=(s,,,) <€

Here h € H'(By)5) N L>(By3) is such that ||hl|p~(p, ,) <1 and h is also an absolute minimizer of

Jo(v; By )s) ;z/ (A0 2)| VP +QOIA®)) d.

By/2

Proof. We observe that |f(x,s)| < F = (|f+] + |f=]) and [Q(z)A(s)| < g2A4+. Hence, we can easily
verify that the integrand of the functional J(-; By) satisfies the following for almost every = € By and
for all ¢ € RN, s € R.

Pl = Fls| — a2hy < Az, s)IE]” + f(,5)s + Q(x)A(s) < %I«El2 + Fls| + g2y (6.45)

where F := |fy|+[f-|. Let r,s > 0 be such that 1/2 < r < s < 3. Since, u is an absolute minimizer
of J(+; By), so it is of J(:; Bs) (c.f. Lemma 3.11). This means that for every v € H'(B;) such that
v—u € H}(Bs), we have J(u; Bs) < J(v; Bs). In other words

/B (A(x,u)|Vu|2 ¥ fla,u)u+ Q(z))\(u)) de < / (A(:r, V)|Vl + fla,v)v + Q(z))\(v)) dz. (6.46)

B

Therefore, from (6.45) we can write

1
/ (1| Vul]® = Flu| — g2A4) dz < / (;|Vv|2 + Flv| + qg)\+) dx (6.47)

s s

for every v € H'(B;) such that v — u € H{(Bs). Let n € C§°(By) be such that

1 x€ B,

1~ < 3
0 zeBi\ B, (recallQ_T<s_4)

0<n<l, 77(@{

We can assume that |Vn| < C;(Ap in By. Now, we consider the test function v = w(l — 7). Since,

v—u=—nu € H}(Bs), the function v € H!(B;) is an admissible function for the inequality (6.47).
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Since || F|l 1~ g,y <26 <2 and ||(Ju] + u(l — n)')HLN/(BS) < 2C(N)s¥ =2C(N)s¥~1. By plugging
v=1u(l —n) in to (6.47) and rearranging the terms accordingly we obtain,

1
| wvipac< [ (;IV(U(l77))|2+FIU(177)|+q2A+) dot [ (Flul+a2As) do
B B

Bs

1 2
< [ 20—V = uVaf o 1Pl Nl + e =Dl s,y + O gAY

s

2
< p/ ((1 —n)?|Vul® + |V77|2|u|2) dx +4C(N)sN =1 + O(N, g2, Ay )sV
Bs

<) [ (0= IVu + 9P da + CV. o, A

C(N)
ls—r]

Since |[upo(p,) < 1, s € (0,1), |[Vn| < in By and n =1 in B, we have

[ Ivulde < &) [ (0= nP Va4 [VaPu) do + O e, 1)
Bs By

_ C(N
<c)| [ wupde SO [ ae) + 00 a0
B.\B, |s — | B.
_ C(N
< C(p) / |Vul|* dz + ( )25N + C(N, i1y g2, A1).
B\B, |s — 7|

Since r < s and s € (0,1) we can write

_ C(N
[ owapins [varar<ci [ wupar+ SRR 00 ),
B, B, B.\B, s =7

We now add C(u) I, |Vu|? on LHS and RHS sides of the inequality above to obtain
C(u) / 2, C'(N.p)

Vul? de < =——/— Vul? dx + —— + C'(N, 11, g2, A\y).

[ e < g [ vu e+ TR 4O )
Now, from Lemma 4.5 with Z(t) := [, [Vu|? dz we conclude that

/ Vul? < Co(N, g2, M), (6.48)
By /2

Once we have a universal estimate for the energy in B;,;, we can apply Theorem 6.3. Since u is
an absolute minimizer of J(-; By), so it is of J(-; By/2). Moreover, ||U||LOO(BI/2) < ullpeepyy < 1.

Now, Theorem 6.3 with M = Cy(u, g2, Ay, N)'/? > 0 provides a § := 6(e, t, g2, Ay, N) > 0 for which
Proposition 7.2 holds. This finishes the proof. O
7. OPTIMAL REGULARITY OF MINIMIZERS

We recall that in this section J4 ro(+; B1) satisfy the structural conditions (G1)-(G5).
Remark 7.1. Let u € H'(Beg (o)) be an absolute minimizer of J(-; Be(z0)). We define w as follows
w(x) = du(zg + Ox).

We can verify that w is an absolute minimizer the following functional

J(v) ::/ (A(z,0)|Vo|* = f(z,0)v+ Q(z)A(v)) dz
B/

where A, f and Q are defined in B, s as follows
A(z,s) = A(zo + Oz, 5)
f(z,s) = ®O? f(xo + Ox)
Q(z) = ®?0%Q(z + Ox).

We now prove the key lemma analogous to Proposition 4.4 in the context of minimizers of J4 7o (+; B1).
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Proposition 7.2 (Key lemma for minimizers). Let u € H'(By) N L>(By) be an absolute minimizer of
J(+; B1) satisfying the structural condition (G1)-(G5) with u(0) =0 and

llull Lo (By) < 1. Then for any 0 < o < 1, there exists 0(N, 1, g2, Ay, ) > 0 and 0 < Ro(N, i1, g2, Ay, ) <
1/4 such that if

max([|A+ — A+ (0)|| L (my), | felloy By, 1Q — Q(O)z(By)) <6
then we have
sup |u| < Rg. (7.1)

BRO
Proof. Let € > 0 which will be suitably chosen later. We know that for 6(¢) > 0 and h as in Lemma 6.3
we have
H’LL - h||L°°(Bl/2) <e. (72)
Fix g = HTO‘ from Proposition 3.13 we have

1
sup |h — h(0)| < C(N, p, g2, Ay, )P, r < T (7.3)

B
By (7.2) and (7.3) we get for all r < 1/4
sup [u(z) — u(0)] < sup (Ju(x) = h(@)| + [A(z) ~ AO)] +1(0) — u(0)])
B, B, (7.4)
<2+ C(N, pt, g2, A+, a)r?.
We can select Ry (N, pt, g2, Ay, @) < 1/4 such that

[e3

R,
C(Na M, q2)\+) a)Rg S _O

3
This means that
R < ( 1 )2/(1*04)
’=\30 ‘
Now, we can make our choice of e. Choose (N, p, g2, Ay, ) > 0 in such a way that
0
< —.
73

We see that the choice of § depends on e and since € depends on N, i, g2, Ay and « so does §. Since
u(0) =0 and C(N, u, g2, A4, a)Rg and ¢ are bounded by RS /3. We obtain from (7.4)

sup |u| < R§.

Brg

O

We now have the ingredients to show the C%! regularity estimates for an absolute minimizer u
around the points in the zero level set.

Proposition 7.3. Let u € HY(B;) N L>(By) be an absolute minimizer of J(-; B1) with u(0) = 0 and
llull LB,y < 1. Then for every 0 < a < 1, there exists a 5(N, p, g2, Ay, ) > 0 and C(N, jt, g2, Ay, ) >0
such that if

max (|| 4z = A=(O)|z=(5,), [1Flev s 1Q = QO)lx(s,)) <6
then for Ro(N, i, g2, A4, @) as in Proposition 7.2 we have

sup |u(x)| < C(N, u, g2, A, @) - r* Vr < Ry. (7.5)

Precisely speaking, we have C(N, i, g2, A, ) = Ry <.
Proof. We argue by scaling and claim that for all k € N
sup |u(z)| < REY. (7.6)
i
It follows readily from Proposition 7.2 that (7.6) holds for k = 1. Now, let us assume it holds up to

ko € N. We prove that (7.6) also holds for k = ko + 1. In order to do that, we set the following scaled
function

) -
u(y) = WU(ROOM-
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By Remark 7.1 we see that @ minimizes the functional .J given by
W= [ A o)VoP - Fw. v+ Q) ds
By

where A, f and Q are defined as follows for y € By
Aly, s) = A(Ryy, 5)
F(y,8) = RGP0 (REry, 5)
Q) = R"VQry).

We observe that J and @ satisfy the assumptions of Proposition 7.2. Indeed, by induction hypothesis

(from (7.6) for k = ko) we have
sup @] = Ry ™ sup |u| < 1.
By BRkO
0

Also, for § > 0 as in Proposition 7.2, we can see that

SEPMJ[ — A4(0)] = sup [Ax — A£(0)[ <6

rko
and
sup|Q — Q(0)] = R sup [Q - QO)| <4, Q] < qo.
By Rko
Furthermore,

Rkol Ot

£l v () = 1B,y < 0.

Moreover #(0) = 0. By applying Proposition 7.2 to the pair (J, @), we see from (7.1) that

sup ] < RS
Ro
Rescaling back to u, we obtain
sup |u| < R(()k“H)a.

B
o+l
Ro

This finishes the proof by induction and proves the claim (7.6) for all k¥ € N. To prove Proposition 7.3
let us take 7 € (0, Ry) and k such that RET! <7 < RE. From (7.6), we see that

R(kJrl)a 1 1

sup |u| < sup |u| < RE™ — < —r®
B RE RO RO
Now, we just take C(N, u, g2, Ay, ) = %. This finishes the proof of Proposition 7.3. O
0

Now we claim that only the smallness in oscillations of coefficients Ay is sufficient to show the
regularity estimates for an absolute minimizer u of J(-; B1). We prove this result in the following
rescaled version of previous lemma.

Proposition 7.4. Suppose u € H'(B,(x0)) N L>(B,(x0)) is an absolute minimizer of J(-; B,(xo))
(p < 1) and u(zg) = 0. Then for all 0 < a < 1, there exists C(N, p, g2, Ax, @) > 0 such that if

AL — Ax (@0l Lo (B, (20)) <O (7.7)
for 6(N, u, g2, Ay, ) > 0, then for Ro(N, p, g2, A1, ) as in Proposition 7.3 we have

N A
sup |U(.’L‘)| < C( 7Maqa25 Jrva)(

BT(CE())

P+ HUHL“(BP(IO)) + p”FHLN(Bp(zo))) r® Vr < pRo. (78)
Remark 7.5. In fact, C(N, u, g2, Ay, «) in Proposition 7.4 can be taken as

1
C(N7M5q2aq2A+aO‘) = %C(Na,uquAJraa)(l + \/q_Q)

where § and C(N, i, g2, Ay, @) is as in Proposition 7.3.
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Proof. We define the following rescaled function

u(xo + py)
w(y) = , yEDB
Y o |7 )
s P Lo2(By(w0)) T I IILN (B, (20))
where F' = |fi| 4 |f-|. We can easily verify that
lwl|poo(my) < 1. (7.9)

From Remark 7.1 we check that w is an absolute minimizer of the following functional
Tim [ (A ) Ful - Flyw)w + QuAw)) dy (7.10)
B1

where A, f+ and Q are defined as follows

Ay (y) = Ax(zo + py),
. p° - fi(zo + py)

frly) ==
2q2
(\/% o Nl o) + §|F||LN<BP<M>>)

2.
Qy) = 290 + p3) 5, Y € By

<\/2% o Nl o) + §||F|LN<BP<IU>>>

We observe that the pair (J, w) satisfies the assumptions of Proposition 7.3. Indeed, we see from (7.7)
that

3

Az — AL (0)|| L (By) = 1A+ — Ax(20)|l Lo (B, (20)) < 0. (7.11)
Also,
P I f£llLy (B, (xo))

1 fxll~ By = <. (7.12)
2
(V2 o+l o + §1FLvis, o)
and for the term @, since [|Q — Q(0)|| L (B, (s0)) < 2¢2 we have
2
~ A P 1Q — Qxo)lL=(B,(
1Q = Q)| (B,) = (B, (#0)) <. (7.13)

2
(VR -0+ Wl + 81000

Also we can easily see that

~ )
Therefore from Proposition 7.3 we have
Sug lw(z)] < C(N, 1, g2, Ay, )r* Vr < R (7.15)
xeB,

and on plugging in the definition of w in (7.15) we obtain for all r» < Ry

sup  |u(2)| = sup |u(zo + py)|
2€B,r(x0) yEB,

2(]2 o
< C(N, py g2, Ay, @) (\/ 5 “p+ull Lo (B, (x0)) + p|f|LN(BP(Io))> LS

By replacing pr by s in (7.16), we obtain Vs < pRy

C(N,,U/,QQ,)\ ,CY) 2q2 o
sup fu()] < . = Pl s, @ + Al lLn B, @0 | 5

(7.16)

B.(z0) p*
C N7 , q a>\ , & o
< 2( Mp; +9) (1 + \/Q2) (P +llull Lo (B, (20)) + prHLN(BP(zO))) s
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Remark 7.6. We have obtained a local asymptotic C%® regularity estimates on absolute minimizers u
in the balls centred at the zero level sets. Now suppose g € {u > 0} N B;. Since we know that u is a
continuous function in By, therefore the set {u > 0} is an open set.

Suppose B,(z9) CC {u > 0} N By. For any ¢ € C°(B,(x0)) we observe that

infy (. 3infg (o
mip,( o)(u) — uttp> ntp,( 0)(u>
4@l Lo (B, (z0)) 4

Hence B,(z9) CC {u+tp > 0} provided ¢ € R is as in (7.17).
We know that u is an absolute minimizer of J(-; By), so is of J(-; B,(z0)) (c.f. Lemma 3.11). Therefore

J(u; Bp(wo)) < J(u+ tp; Bp(fﬂo))-

[t] < > 0. (7.17)

ming, (z4) (v)

Aflell Lo (B, (20))

(AL @IV + ) + f4 (u+tp)) de,

Since B,(x¢) CC {u > 0} and B,(zo) CC {u+te > 0} for any ¢ such that [t| < we have

/B o (A+(x)|Vu|2 +f+u) dz g/

By (z0)

In other words, for any ¢ € C°(B,(z0))

%‘t:O/B o) (A+(9U)|V(u +to)|* + fo(u+ t(p)) dx = 0.

Elaborating the above identity
i‘ /
dt lt=0 B

Therefore, u is a weak solution to the following Euler-Lagrange PDE

(A+(:c)|V(u +to)* + fo(u+ t<p)) d:c} = /B (244 (2)Vu - Vo + fro) dx

p(xq)

=0.

p(xg)

. 1 .
div (A4 (x)Vu) = —§f+(:c) in B,(xo). (7.18)
Furthermore whenever B, (zg) CC {u < 0} N By, proceeding similarly we obtain
1
div (A_(z)Vu) = —§f_ (x) in Bp(zo). (7.19)
In summary, the following PDEs are true in weak sense

div(A4 (2)Vu) = =1 f4 in {u>0}N5B
div(A_(2)Vu) = -1 f_ in {u <0} N B;.

Proposition 7.7. Let u € H'(B1) be a bounded absolute minimizer of J(-; B1). Then for every 0 <
a <1 and for 6(N, p, g2, Ay, ) > 0 as in Proposition 7.3, we have

0
||14i - Ai(O)HL“’(Bl) S 5 = ||u||C“(B1/2) S C (1 + HUHLOO(Bl) + HFHLN(B1)) (720)
where C := C(N, p, g2, A4, @).

Proof. In this proof, Ry is as in Proposition 7.4. For the sake of this proof we introduce the following
function in the set {u # 0} N By

d(z) = dist(z, {u < 0}) if u(z) >0
e dist(z, {u > 0}) if u(z) < 0.

We start by proving the following auxiliary estimates
(e-1) For any y € By, and x € {u = 0} N B;/5 we have

u(e) — u(®)] = ()] < Co(V.pt g0 A0) (14 [ullimqany + IFlliva )z -9l (7.21)
(e-2) For any = € By
lu(z)| < Cl(N,%Oé,fIz,)\Jr)(l + llull poe(By) + ||FHLN(BI))d(=T>a- (7.22)
(e-3) For any = € ({u >0tU{u < 0}) N By s such that d = d(z) < e

Co(N, pi, )
fullonnzaysten < 2L (ua) 4 a) s s,)). (7.23)
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(e-4) For any = € ({u >0t U{u< 0}) N By such that d = d(z) < e

ullcoe (B, @) < C3(N, p1, g2, /\+,04)(1 + llullpeesy) + HFHLN(Bl))- (7.24)
Before delving into the proofs of (e-1)-(e-4). We start by observing that for any = € By we have
§y o
1A+ = A (@)l Lo o)) < A2 = A (Ol Loe (o)) +[4£(0) = Ax(2)[ < 5 + 5 = 0. (7.25)

In order to prove (e-1), we observe that By 4(x) CC By. Once u is an absolute minimizer of J(-; By),
so it is of J(-; B1/4(x)). We now divide the proof of (e-1) in two cases

Case el.A : y € By, * € Byjg and |v —y| < fo,

In this case, since (7.25) holds, the choice of p = i, r = |z —y| and z¢p = x is an admissible choice in
Proposition 7.4. Tt readily follows that for some constant Cy := Co(N, i, g2, Ay, @)

u(a) — u(w)| = fu(w)| < Co(N. 1,02, M @) (14 full ey + [FlLovs )z — ol

Case el.B: y € By, © € Bsg and |z —y| > fe.

4% 2l ull Loy o
fu(2) —u(y)] € e |x —y|".
0
Now, from the Case el.A and Case el.B, for y € By, and 2 € {u = 0} N B; 5 we have

2.4~

|u(z) — u(y)| < max (C’l, R—S‘

) (14l + IFllLv s, ) 2 = vl

This proves (e-1) with C; = max (Co, 2 ).
0
In order to prove (e-2), let us take € {u = 0} be such that d = d(z) = |z — Z|. We again divide
the proof in two cases

Case e2.A: Assume d(z) < £o.
We observe that T € Bs;s N {u = 0}, indeed,

1 Ry 5
7| < —F <<
7l <ol +lo -7l < 5+ 2 < 5

Also, we can easily verify that By /4(7) CC By. Hence using (e-1) with € {u = 0} N Bj /g, we have
[u(2) = u(@)| = lu(@)| < Coo(N, 42, A4, @) (1 + [[ull o5,y + [Py, ) o = 3l

= Coo(N, 1,02 A+, 0) (1 [[ull e () + [ F Ly ) A

Case e2.B: Assume that d > %. In this case

8% - [lull Lo (s,

) a
(@) <~ @)

Thus, Case e2.A and Case e2.B prove (e-2) with Co = max (C’OO, é—z).
0

For the proof of (e-3), it is enough to consider only the case where x € By N {u > 0}, since the case
where & € By, N {u < 0} can be treated similarly. From (7.18) in Remark 7.6, u is a weak solution of
the following PDE

1
div (A+(x)Vu) = 3f+ in Buya(a). (7.26)
From the non-homogenous Moser-Harnack inequality [42, Theorem 1], we have
sup < O ( pint | utdl o oo
Bg/s(z)

Baya(a) (7.27)

< C(N, p) (Bdi/nf( Jut dIIFILN<Bd/4<z>>) :
s(z
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Moreover from (7.25) and (4.42) in Corollary 4.11 with B,(z¢) = Bg/4(x) and recalling that u > 0 in
Bgya(z) we have

C(N, p, ) (

HUHCO'“(Bd/s(I)) < e sup(u) +d|F||LN(B,i/4(z))> . (728)

Bgja

Using (7.27) and (7.28) we arrive at

C(N,p,0) (.
lellcoe sy < = R L VAT e

C(N,p,«
< % (U(x) + d||FHLN(Bd/4(x))) :

This concludes the proof of (e-3). In order to prove (e-4), we again treat only the case z € {u >
0} N By /. From (e-2)

u(z) = u(a)] < OV, 1,02, 3 0) (14 [l ey + 1 vy ) )
Plugging the above estimates in (e-3) we obtain

[ullco(Bay @y < C1C2 (L4l sy + IF L (s)) + Crd@) = [ Fllox s,

(7.29)
< C3(N, 11,2, A4, 0) (1 + [l Lo (my) + 1F v (my)) -

Now, under the possession of (e-1)-(e-4), we now finish the proof of Proposition 7.7.
We again divide the proof in cases.

Case I. Let x,y € By /5 are such that u(z) - u(y) = 0.

We can assume without loosing generality that u(z) = 0. Then, it follows readily from (e-1) that

fue) = uly)| = [u(y)] < Cr(N a2, A @) (14l ooy + 1F oy ) o = 1.
Case II. Let 2,y € By, such that u(x) - u(y) # 0.
Without loss of generality, we can assume the
d(y) < d().
Once more, splitting the proof in cases

Case IL.1. If |z — y| < @. We now study the two subcases

Case IL.1.A. If d(z) < fe.
In this case, y € By)/8(7). Then it readily follows from (e-4) that

lu(z) — u(y)| < [ulco By s@)lT —yl* < Cs (1 + llull Lo (By) + ||FHLN(B1))|ZE -yl
where C3 := C5(N, uga, Ay, o).

Case II.1.B. If d(z) > %.
Since div (A4 (z)Vu) = 1 f1 in Bys(z) in weak sense, we apply (4.42) in Corollary 4.11 on
u in the ball By g(x). This leads to

[u(z) — u(y)| < [ulca By, s @) =yl
C(N,p,a) N
S =g (Nl (s + AIFllLaes,) o =yl
C4(N,;L,Oé> o
< 2 (1t ull s + I F sy )l = ol
0

d(z)
Case IL1.2. If [z — y| > =~
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By (e-2) and the assumption d(z) > d(y) we obtain
lu(z) = u(y)| = [u(@)| + |u(y)|
< CLN, @2 A4 0) (14 [l ooy + 1 F s, ) (@(2)° + d(y)°)

. (7.30)
< 2C1(N, i1, g2, )\+a04)(1 + |ull Lo (By) + ||FHLN(Bl))d($)
< C’s(N,MQQ,)\JmOZ)(l + |ull oo (By) + ||FHLN(BI))|5E —y|*.
This proves Proposition 7.7. O

Now we present a scaled version of Proposition 7.7.

Corollary 7.8. Let u € H*(B,(x0)) be a bounded absolute minimizer of J(-; B,(z0)) and p < 1. Then
for every 0 < a < 1 and for §(N, u, g2, A1, &) > 0 as in Proposition 7.3, we have

1) o
14+ = Ax(z0)ll (B, o)) < 5 = llulloa(Bg(me) < = (p+ lull LB, o)) + PIFI LY (B, (o)) (7-31)
where C := C(N, p, g2, Ay, @).

Proof. We reduce the Corollary 7.8 to Proposition 7.7 by using the following rescaling
1
w(y) = ;U(xo + py).

From Remark 7.1, w is an absolute minimizer of .J (+; By) given by

J(v; By) = /B (A(x,v)|Vv|2 + fz,0)v + Qz)\(v) ) dz
1
where
Ay(y) = As(zo + py)
fi(y) = pfx(zo + py)
Q(y) = Qzo + py).
We observe that w satisfies assumptions of the Proposition 7.7. The final estimates are obtained by

rescaling back to u. (]

And now, we present the proof of the Theorem 2.3.

8. PROOF OF THE MAIN RESULT (THEOREM 2.3).

Proof of Theorem 2.3. Let D CC B;. We observe that D CC By CC By where d = 1 — w.
Since Ay € C(By), then AL are uniformly continuous in By. Thus, we define wy ..B, as the following
modulus of continuity (c.f. Definition 2.2). We define w,, 5, to be

wy, gy(t) :==max | sup [A4(z) - Ar(y)[, sup [A_(z) - A_(y)|] for t <2d
’ lz—y|<t |lz—y|<t
z,yGB_d m,yEB_d

and we define w,  5(t) == w,, 5;(2d) for t > 2d. We set to as

to := tO(wAi,de5) = sup {t ’ wAi,E(t) < 5}
as well as
dist(D, 0By) )
— )

Since w,, 7 is a non-decreasing function we have w,, 5-(s0) < J. Now since

So := min (to,

Dc | J By(x) C By
€D
we have

su%)) |AL — Ax(20)| Swy, 5,(s0) <6, Vo € D. (8.1)
BSU x
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By Lemma 3.11 u is also an absolute minimizer of J(-; Bs,(x)), we have from Corollary 7.8 that for all
Yy e BSO/Q((E) ND

C(Nvﬂana AJraO‘a)
50

Now, if 2,y € D are such that |z — y| > s¢/2, then

lu(z) —u(y)] < (s0 + llulloe(my) + soll fll v (sy)) lo = yl* (8.2)

u| oo
) —uly)] < 2+ B e (8.3)
0
By combining (8.2) and (8.3), we arrive to (since 50 < diSt(a’aBl) < diani(Bl) =1< 1)
C(Na «, U, 42, )‘"r)
[ulce(p) < - (1 + llullzoe sy + 11l Lx(s)) - (8.4)
We observe from the definition of sg that
C(N,pyqz A 4 0 . dist(D,dB,
A2 200) (14 [lul| oo ) + 1 v (51)) if o < SO
[u]ce(py < 4 O(N gah ) . dist(D,0B1)
dist(D,0B1) (1 + HUHLw(Bl) + ”f”LN(Bl)) if tg > ———.

In order to control the first term in the equation above by a universal multiple of dist(D,0B1)~¢,
we observe that once ty > 0 depends only on the modulus of continuity w 4. B, and 0, there exists a

ng := no(wAi,de,é) =no(N, 1, v, go, /\+,wAi,de) € N such that n% < tg. Hence

dis(D,0B)) _ diam(B1) _ 2. s Lo i _ C(N,uiqz,AJr,a,wAin—d)
ng no no ty — dist(D,dBy)” dist(D,0B;)*
Now, (8.4) becomes
C(N,,U/,QQ,)\J,.,CY,LUA B_)
o < +,5d
o= o) = dist(D, 9B;)*
To finish we observe that Theorem 2.3 follows from (8.5) by taking D as B, for any r < 1, once
dist(D, 0B;)* = dist(B,,0B1)* = (1 —r)® and d = 4=,

(1 lullzoe sy + 1 llrcs)) - (8.5)

O
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