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I. NEURAL NETWORK ARCHITECTURE
A. Linear attention layers as continuous convolutions

We consider input data in a point cloud format of density values with coordinates r;, density values n; = n(r;)
and quadrature weights w; where ¢ = 1,..., N, indexes the cloud in arbitrary order. Functional inputs in this form
are general and can be readily extracted from modern quantum chemistry software packages. This enables us to
approximate integrals of sufficiently well-behaved functions as:
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Global density approximations rely on the linear attention [1] mechanism for propagating information between local
density values. In purely mathematical terms, the linear self-attention operation used in this work can be seen as a
discretization of an integral transform with a learnable kernel K:
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where I has been parameterized in factorized form in order to exploit the kernel trick.

In Eq. 2, we define the so-called queries, keys, and values @, K,V € R¢ as learnable local linear transformations of
the input field ¢(r) € R%:

Q(r) =W9%(r), K(r) =W¥¢(r) and V(r)=W"g(r). 3)

The functional form of Eq. 2 should be contrasted with an equivalent definition of the standard softmax nonlinear
attention [2, 3] kernel head

, eQ(r) K(r')
Ksm(rv r ) = f d3y/ eQ(r)~K(r/) (4)
where a similar kernel trick cannot be exploited.

Large integration grids of N, > 105 points are not uncommon in modern DFT calculations. Therefore, the naive
softmax self-attention operation between all grid points with asymptotic scaling O(N, 92) is prohibitively numerically
expensive. For large point cloud datasets like densities n(r) on Becke grids, this is necessary to avoid materializing
the full Ny x Ny kernel matrix K(r;,r;), incurring prohibitively large memory requirements. Instead, in Eq. 2, we
first contract K (r) and V(r’), then perform the integral and, finally, multiply by Q(r).
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FIG. 1. Diagrammatic representations of internal connectivities of GDA sub-components. Left: The linear attention module
enabling the nonlocal behavior of resulting functionals. Right: The field embedding module lifting the local field representations
to a high-dimentional space.
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Additionally, we apply custom grid normalization, to field projections of the input field ¢ defined in Eq. 3 before
performing the attention operation in Eq. 2. Grid normalization amounts to normalizing keys K and queries @ in the
following way:
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in an component-wise way for multi-component fields. We note that the choice of leaving values V' unnormalized has
been called Fourier linear attention as opposed to Galerkin linear attention where keys and values are normalized.

Furthermore, in order to ensure that the resulting kernel K(r —r’) = Q(r) - K(r) is purely a function of the relative
coordinate, we employ rotary positional encoding (RoPE) [4, 5|. The RoPE mechanism relies on the composition
propery of representations D of the rotation group SO(2) in two dimensions: D(a)D(a’) = D(a + o) for angles «
and o'

We generalize the RoPE mechanism to three spatial dimensions by setting a = k - r for an input at point r € R?
and include k € R? in the learnable parameters of the model. Therefore, we have

Dk -r)D(~k-v)=Dk-r)D ' (k-v') =Dk (r—1)). (6)

To construct an orthogonal representation D operating on the input field components ¢;(r) and exploit Eq. 6, we first
note that a trivial representation of SU(2) on R? is given by simple rotation matrices

cosa  Sina
—sina cos a] ’ (7)

Dg2(a) = [

Therefore, a multi-component input field ¢(r) with an even number of components, we define the 3D RoPE as a
trivially reducible orthogonal representation ¢(r) — Dpgzn(k - r) ¢(r) with

cos(ky -r) sin(k; -r)
—sin(ky - r) cos(k; - 1)

Dpen(ky - T,... Ky 1) = 8
ren (o ) cos(k, -r) sin(k, -r) ®)
—sin(k,, -r) cos(ky, - r)

depending on n rotation angles defined by trainable parameters K = {ky,...,k,}. The block-diagonal structure in
Eq. 8 mixes adjacent components of the input field in a way that reflects the target SO(2) multiplication property.



In that case, the query-key product in Eq. 2

K(r,r') =Q(r) - K(r') =

[DK - r)W(x)] T [DK - v )W (r)] =
¢(r)T (W) 'DT(K -r)D(K - v')WH ¢(r) =
¢(r)T (W) DT (K- (r =))W HK¢(r) =
=K(r —r’)

reduces the linear attention integral to a learnable continuous convolution, if we apply the 3D RoPE transformation
as a final step just before integration.

Finally, after the attention layer has been updated, the output field ¢ is transformed by a component-wise gated
multi-layer perceptron [6]:

¢(r) = Wz ((Wig(r) +b1) © o(Wao(r) + bz)) + bs (9)

with SiLU activations [7] o(z) = 7i=.
indicates element-wise multiplication.
In summary, the steps comprising one GDA block are:

Weights W; and biases b; are included in trainable parameters and ®

1. Evaluate raw queries, keys and values by linear projections in Eq. 3.
. Normalize queries and keys using grid normalization in Eq. 5.
. Apply the 3D RoPE transformation in Eq. 8 to queries and keys.

. Evaluate the final linear attention integral in Eq. 2 using the kernel trick. Add a skip connection.

T = W N

. Normalize [8] and apply the gated MLP in Eq. 9. Add a skip connection.

Internal connectivity of sub-layers can be found in Fig. 1.

B. Field embedding

The field embedding layer is used in the GDA architecture to ensure correct symmetry properties of the learned
model. Since the model is explicitly coordinate-dependent, we fix a coordinate system to perform the computation
with comparable values of resulting computational coordinates. We choose the coordinate system in which the mean
value (electronic dipole moment)

1
H= /d3rn(r)r (10)
vanishes and the covariance matrix
1
Sy = [ Ernte) (= ) (5 - ) (1)

is diagonal. After fixing translations and rotations, individual coordinates r; are independently embedded into a
d-dimensional space as

r s E(r) = %[Cos (Kor) || sin(Kor)] ", (12)

where || denotes vector concatenation and Ky € R2*3 is a trainable matrix randomly initialized with values sam-
pled from the normal distribution N'(0,c~2). This random Fourier feature (RFF) encoding has effectively been used
to encode high-frequency maps of continuous coordinates in kernel learning [12], and has been shown to measur-
ably increase expressivity of various architectures in geometric deep learning [13-15], including in combination with
transformers [16].

The mapping r — £(r) in Eq. 12 is designed to take advantage of the (approximate) kernel trick described in the
main text, in a related way to to the RoPE mechanism described in Eq. 8. However, we emphasize that it is often
used outside the kernel context, as a featurization layer (called positional encoding) for coordinate-dependent neural



Symbol| Name | Value |Domain | Description
L Number of blocks 3 N GDA block count
d Field embedding 128 N Dimension of internal field
dimension representations within the model
Gaussian scale used to
o RFF kernel scale 1 R+ initialize the RFF embedding layer
n Learning rate 9 % losffeiuéei 10-5 R+ (R)Adam optimizer learning rate [9, 10]
B Batch size 288 N Number of gloleculgs us.ed for cost
gradient estimation
Ne Number of epochs 4000 N Number iterations over the entire dataset
. . Constant mutiplier for the potential
A Relative cost weight 1 R+ matrix penalty in the main text
3 . Weight decay regularizer
A Weight decay 0.01 Ry for the network parameters [11]
Relative increase in the number of
o Enhancement 2 R+ features in the middle MLP layer.
¢ Learning rate Ne/3 N Epoch at which the learning
! annealing start k rate annealing starts (see Fig. 2)
Learning rate Epoch at which the learning
t2 annealing end 0.95 Ne N rate annealing ends (see Fig. 2)

TABLE I. The list of relevant hyperparameter choices used in this work.

network inputs. Suppose that a convolution integral with a kernel K needs evaluation. Denoting Fourier transforms
with hats and employing the convolution theorem in combination with Monte Carlo integration, we have:

3 A A . A~ .
[ k=) = [ R ) e S et (13

for Ny samples k; ~ I@, assuming the the kernel K is a positive distribution on both sides of the Fourier transform.
Therefore, the spread of the distribution in determines the initialization of Ky and it is, in turn, determined by the
inverse of the spread of C in real space, constrained by the uncertainty relation. If we choose to initialize the kernel
as a Gaussian N, we have k; ~ exp(—10%k?) oc N'(0,072).

Local density field values are embedded into a d-dimensional space as well with learnable linear projections of
normalized values. We take local field information in the form of n(r) and v(r) = |Vn(r)|> and construct

() = Inn(r) — (Inn(r)) and Tny(r) = In~vy(r) — (In~(r)) (14)

V{(lnn(r) — (nn(r))?) VI (r) = Iy (r)))?)

where we use the density average (-) = % [ d®r’ n(r)(-), normalized to unity. In practice, we initialize

_ In(n(r) + €)
o) = [ )

with € = 1074, instead of bare logarithms for numerical stability and W¥ € R%*? are trainable parameters represented
by trainable unit vectors in the main text. After input fields and coordinates have been independently processed, we
combine them using learnable weights W and biases b

B(r) = W (p(r) © o(WSE(r) +b%)) + 0 . (16)

to produce final density embeddings. We use o = SiLU as an element-wise nonlinear activation function [7]. A list of
all relevant hyperparameters used in this work can be found in table I B. A diagram of the overall connectivuty of the
embedding layer can be found in the right panel of Fig. 1.
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FIG. 2. The learning rate scheduling used to optimize the full GDA model.

II. OPTIMIZATION AND CONVERGENCE
A. Neural-network training

As noted in the main text, the GDA neural network was trained with L = 3 blocks, internal field embedding
dimension d = 128, totaling 645000 parameters. The rectified Adam [9] (RAdam) [10] optimizer was used for
N, = 4000 epochs with learning rate decreasing from 7; = 2 x 107 to ny =5 x 107° using a customized cosine
annealing schedule defined as

Nis ift <ty
m = < g+ (n; — ny) cos? (gtj_ttll) , ift <t <ty (17)
nfs if t > to

for epoch t. The schedule is shown in Fig. 2. We find that decreasing the learning rate during the course of training
helps fine-tune the model in the later epochs when the loss landscape changes at smaller scales. We set t; = N,./3
and to = 0.95N,.

B. Self-consistent field optimization from first principles

We use PySCF [17, 18] for first-principles optimizations of molecular densities, where the default method is the
standard SCF Pulay mixing or direct inversion in the iterative subspace (DIIS) [19]. Using that method, we optimize
a random molecule from the training dataset a total of six times — three times with library [20] versions of targeted
meta-GGA functionals [21-23] and three times with the GDA substitution 7 — 75. Results can be seen in the left
panel of Fig. 3.

We note that r2SCAN and TPSS converge in a similar number of mixing iterations to the original functionals,
while SCAN (included for comparison) appears to be more sensitive to numerical errors associated with the GDA
approximation. We report that this trend persists in most of the other molecules that we examined more closely.

III. NUMERICAL PERFORMANCE BENCHMARKS

In this subsection, we state some numerical heuristics when comparing the efficiency of the GDA approximation
when compared to the parent meta-GGA functional. We note that, like many computational benchmarks, it is difficult
to control all variables contributing to practical wall-clock times. That is especially true for the case of DFT within
the context of parametrized models. Such modern AT models are accelerated using graphical processing units (GPUs),
offering speedups coming massive parallelism for some operations (e.g. matrix multiplication).

Therefore, any fair comparison between efficient implementations of traditional and machine-learned density and
orbital functionals will almost certainly be apples-to-oranges to some degree. Results change with different (and rapidly
evolving) hardware, suffer from CPU-GPU communication overhead, just to name a few factors. Additionally, desired
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FIG. 3. Convergence and numerical performance properties of the GDA functionals. Top left: Convergence properties of the
DIIS [19] optimization used in PySCF [17, 18], on an example of a random molecule from the test dataset. Top right: Total
wall clock time required for SCF convergence as a function of the number of electrons N. We observe scaling consistent with
the expected O(N?) in the large-N limit. Bottom left: Relative speedups defined in Eq. 18 for individual SCF iterations. We
observe that the GDA approximation offers up to 50% faster SCF iterations while still not being as efficient as the representative
pure-density functional (PBE). Bottom right: Relative speedups for total wall clock times. We see that, within our hardware
constraints, the GDA approximation offers minor speedups at best. We note that these results are extremely hardware and
software dependent. Additionally, we expect that the more fine-tuned models trained on specialized data sets will improve in
performance as well as benefit from more optimizations in the GDA code under development.

convergence accuracy and target precision may play an important role in determining the outcomes of such comparisons
because modern GPU hardware tends to be heavily optimized for single-precision floating point operations.

Our testing setup reflects a workstation setup with an AMD Ryzen Threadripper 7970X 32-core CPU, Nvidia
RTX 4500 (Ada Generation) GPU. Numerical run-time data was collected from independent calculations on 10% of
the total QM7 [24, 25] dataset discussed in the main text. Heuristics on relative runtime speedups, data on SCF
convergence, and individual iteration efficiency can be found in Fig. 3.

To quantify the performance difference, we define the relative speedup as

r = tX - tref (18)
Lref

for a DFT calculation taking tx time using the GDA functional X, compared against a reference calculation .. In
Fig. 3, we compare the performance of GDA approximations against target meta-GGAs as well as PBE [26] as a
representative of the pure-density functional (GGA) family.

Within the scope of our tests, we observe that GDA models are more efficient than their parent functionals on
average, based on timings of individual SCF iterations. In the case of TPSS, we observe a more consistent performance



boost (up to 50%), in addition to the results presented in the main text. In terms of total (wall clock) times, we see
that GDA approximations offer moderate speedups for the QM7 training set by requiring a few extra SCF iterations
than reference functionals. Heuristically, we observe that this can be controlled by changing the gradient penalty
term coupling A in the cost function presented in the main text. We expect that the transferability of GDA models
allows fine-tuning on more specific datasets where additional performance gains can be accessed.

Within the available hardware constraints, we observe that the overall performance gain of GDA approximation
puts them somewhere between traditional meta-GGA and GGA functionals, with overall scaling still consistent with
the expected asymptotic O(N?).

IV. DENSITY FUNCTIONAL THEORY
A. Kohn-Sham density functional theory

As set up in the main text, we consider isolated molecular systems. A DFT calculation [27] outputs an approximation
to the ground state density ng minimizing the total energy: ng(r) = argmin,, F[n] where

Efn] = T[n] + Eext[n] + Er[n] + Exc[n] (19)

Known terms in the total energy functional E[n] given in Eq. 19 are the external contribution Feyt[n]

Boxe|n] = / &Pr 12(r) Voo (1) (20)

capturing the effects of the atomic Coulomb interaction vex(r) and the direct Hartree component capturing the
classical electronic Coulomb interaction:

Eyln] = %/d?’r/d?’r’ Tm . (21)

Kohn-Sham DFT [28] framework assumes that the density ng comes from an effective system of non-interacting
electrons with orbitals ¥ = {¢(r) |k = 1,..., N} where N is the number of electrons in the system. In that case,
the kinetic term in Eq. 19 evaluates to

T[n] — Tksn] = Zna/d?’r Pr(r) (—;V2> Pa(r) = %Zna/d?’ﬂvwa(rﬂ2 . (22)

After the desired kinetic and XC functional has been specified, the constrained minimization of the total energy
functional given in Eq. 19 can proceed, enforcing orbital normalization with Lagrange multipliers €,:

£ = B+ 3 [ ) = Tl + U+ Yo [ @ i) 23)

where we choose to trivially rewrite all density functionals as orbital functionals and collect all of the different kinds
of potential energy into U[¥] = Eex [¥] + Eu|[¥] + Ex.[¥]. Trivial functional differentiation yields:

0L[Y]
615 (r)
known as the Kohn-Sham (KS) equation. Mathematically speaking, the KS Eq. 24 is a non-linear partial differential
equation for the unknown orbitals W. The source of non-linearity, other than the classical Coulomb term, comes from

exchange and correlation effects built into the approximate functional Fy. that gives rise to the effective one-electron
potential

(A ) ) ) = (2 vl vale) = cavate), (24)

’Ueff(I‘) (25)

SU[n] 3, n(r)  0E[n]
(r) —|—/d r + .

- on(r) = Vet |r — 1’| dn(r)

The last term in Eq. 25 is sometimes labeled as the XC potential v (r) and in it highlights the importance of being
able to calculate functional derivatives of the XC functional efficiently.

Numerically, Eq. 24 is usually solved in a self-consistent (SCF) manner, ensuring that n(r) = > n4|¢a(r)[?. The
SCF procedure takes the form of fixed-point iteration of the following two steps, starting from the initial guess for

n(r):



e Update orbital estimates ¥ by solving Eq. 24 for a fixed density.
e Update density estimate through n(r) = Y, naltq(r)|?.

The loop is terminated after successive density and energy estimates stop changing beyond a given tolerance.

B. Calculations in the basis of atomic orbitals

For isolated molecular systems, Gaussian basis sets are a common approach of representing atomic orbitals used
in density expansions. In this subsection, we derive all of the expressions used during training to evaluate the GDA
effective one-particle Hamiltonian

2

Hog = % + vege[n] (r) (26)

from the neural-network functional using automatic differentiation, with p being the one-particle momentum operator.
With the definition of Eq. 26, the KS equations simply read Heg [10q) = €4 [tVa)-

In the following, we use Greek indices {u, v, ...} for the fixed atomic orbital (AO) basis and latin {a,b,...} indices
for the molecular orbital (MO) basis. The two bases are related by the LCAO (linear combination of atomic orbitals)
coefficients C as [¢q) = 3_, Cpa [xu). The density matrix I' is usually defined in the AO basis through

n(r) =Y Tuxur)xu(r) . (27)

The full effective Hamiltonian matrix in the AO basis decomposes as:
oF

Fu = <XM‘ Hegt [xv) = T

:T;LV+V;LV+JMU+X}LU y (28)
T,

where T', V', J, and X are kinetic, nuclear, Coulomb and XC matrices, respectively. These quantities are readily
available in quantum chemistry software packages and we save T as a part of the training dataset. The Kohn-Sham
kinetic energy functional is of special interest in this work. Employing partial integration, we get

2
Tl =37 ma (bal 2 [0a) =
:Z”/ dry;(r) (‘§VQ) Palr) = ;Z"/ Pr [Vifa(r)|? =
=y (Z nacwcm> X % / d*r Vxu(r) - Vxu(r) = > Ty T, = Tr (IT) |

pv

where we identify the kinetic energy matrix 7}, that goes into the cost function defined in the main text. Other
similar matrices in the AO basis work out to be:

1 .
Ty = 3 /d3r Vxu(r) - Vxu(r), V,.= /d‘3r Vext ()X (r)xw(r) and

T = T, &B3r [ a3 Xpu (1) Xw (T) Xa (') x5 (r') .
Xt [ |

r — /|

(29)

The XC matrix X is the only component we need to evaluate using from the GDA functional in order to regularize
the training loop. We only need to evaluate the derivative of the total XC energy with respect to the input density
matrix because:

= gfﬂ _ / Py OB Onlr) _ / dPr (1) X (1) X0 (1) - (30)

where we put hats on quantities estimated using the GDA functional approximation. These derivatives can be
calculated efficiently using automatic differentiation at the cost of evaluating the functional itself.
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