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Density functional theory (DFT) offers a desirable balance between quantitative accuracy and computational
efficiency in practical many-electron calculations. Its central component, the exchange-correlation energy func-
tional, has been approximated with increasing levels of complexity ranging from strictly local approximations to
nonlocal and orbital dependent expressions with many tuned parameters. In this paper, we formulate a general
way of rewriting complex density functionals using deep neural networks in a way that allows for simplified
computation of Kohn-Sham potentials as well as higher functional derivatives through automatic differentiation,
enabling access to highly nonlinear response functions and forces. These goals are achieved by using a recently
developed class of robust neural network models capable of modeling functionals, as opposed to functions,
with explicitly enforced spatial symmetries. Functionals treated in this way are then called global density
approximations and can be seamlessly integrated with existing DFT workflows. Tests are performed for a dataset
featuring a large variety of molecular structures and popular meta—generalized gradient approximation density
functionals, where we successfully eliminate orbital dependencies coming from the kinetic energy density, and
discover a high degree of transferability to a variety of physical systems. The presented framework is general and
could be extended to more complex orbital and energy dependent functionals as well as refined with specialized

datasets.
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I. INTRODUCTION

The many-electron problem has been central to quantum
physics for decades. With exact solutions out of reach in
most cases, different approximate methods have been used in
their place, offering controlled trade-offs between efficiency,
accuracy, and applicability. Density functional theory (DFT)
[1-5] should be contrasted with the accuracy of wave-function
methods such as full configuration interaction (FCI) [6],
coupled cluster [7,8], quantum Monte Carlo (QMC) [9-12],
and Green’s function methods such as dynamical mean-field
theory (DMFT) [13-18] due to its considerably lower compu-
tational cost while still capturing the essential physics in most
cases. This feature often makes DFT the only method that can
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access many-electron physics at large scales becoming the
method of choice in solid state physics, quantum chemistry,
and material science [19].

While the existence of the exact energy functional mapping
from the electron densities to energies has been proven [1],
its explicit form remains unknown. Approximate forms of
the exchange-correlation (XC) energy functional have been
constructed at varying levels of complexity [2,20-28]. More
recently, expressive machine learning methods have been used
to build representations of XC functionals from data [29-41],
showing that achieving chemically accurate, efficient, and
transferable functionals is feasible, at least within a targeted
domain.

In this paper, we propose a method of constructing fully
machine-learned nonlocal XC functionals based on neural
networks, accurately reproducing known functionals. There
are two benefits of constructing a neural network copy of
known functionals. First, for meta—generalized gradient ap-
proximation (meta-GGA) functionals, we eliminate the orbital
dependence of the kinetic contribution to the XC energy by
directly controlling data generation and neural network inputs
during training. Second, higher-order functional derivatives
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of the resulting XC functionals can easily be evaluated us-
ing automatic differentiation (AD) tools [42,43]. We call this
method the global density approximation (GDA).

The neural network model used in this work is built around
recent progress in transformer models that have recently rev-
olutionized natural language and image processing [44,45].
We employ the linear version of the underlying attention
mechanism [46—48] to customize the network architecture for
functional learning while respecting underlying spatial sym-
metries.

The GDA scheme results in an approximate but pure
density functional. The main contribution of this work is
the regularized training scheme allowing us to construct the
GDA functional using only density-energy pairs as a part
of the training dataset. As a direct result, GDA approxima-
tions are generalizable between molecules and can be used in
independent self-consistent field (SCF) calculations without
retraining.

II. METHODS
A. The global functional distillation

Consider an isolated molecule with N electrons in an ex-
ternal potential vey(r). We limit the discussion to isolated
molecules in this paper but the discussion is equally applicable
to ensembles of molecules and other quantum systems. A
standard DFT calculation [3,4,49] outputs an approximation
to the ground state density ny minimizing the total energy:
no(r) = argmin,E[n]. The total energy functional E[n] is
commonly written as

E[n] = T[n] + Eex[n] + Enln] + Exc[n], ey

where the external contribution Eey[n] captures the effects
of the external nuclear potential vey and the direct Hartree
component Ey is directly computable given the density n(r).
We use atomic units throughout.

A successful evaluation of Eq. (1) depends on approxi-
mating the unknown kinetic and exchange-correlation (XC)
functionals, T'[n] and E,.[n].. The Kohn-Sham (KS) DFT [2]
framework approximates the ground state density as induced
by an effective system of noninteracting electrons, n(r) =
> na|¥a(r)|?, where n, is the occupation of the single-
particle orbital v, (r) with energies ¢,. Crucially, orbitals also
allow for an approximate treatment of the kinetic energy con-
tribution as 7 = [ d®rz(r) with the kinetic energy density t
given by

1
() = 2 3 nal VP, 2)

For an overview of KS-DFT, we refer the readers to the Sup-
plemental Material [50] and Refs. [3,4,49,51,52].

After the desired XC functional has been specified, the
constrained minimization of the total energy functional given
in Eq. (1) can proceed, yielding Kohn-Sham equations [2] out-
lined in the Supplemental Material [50]. These equations have
to be solved in a self-consistent (SCF) manner, ensuring that
n(r) = Y, na¥.(r)|* holds at all times.

The exact energy functional is unknown. However, ap-
proximations with increasing levels of complexity have been

ordered into the so-called Jacob’s ladder [20]. Higher rungs
capture more details of local density neighborhoods at in-
creased computational cost, starting with the local density
approximation (LDA) which approximates electron XC ef-
fects as a uniform gas of interacting electrons of density n(r)
[53]. While providing a good approximation for systems with
slowly varying densities, it often lacks accuracy for molecular
systems. This motivated the development of the second rung,
the generalized gradient approximation (GGA) [24,54], which
includes local gradients Vn(r) and V2n(r) as a local variable,
offering better accuracy for a wider range of chemical sys-
tems.

Even higher rungs host the meta-GGA functionals [28,55—
64], which capture more complex electronic interactions and
offer improved accuracy for diverse systems, especially in
terms of chemical reactivity and band gaps. These benefits
come from including new local variables such as 7(r) and its
orbital dependence via Eq. (2).

Mathematically, the capacity to numerically solve the KS
equations and access observables relies on our ability to ap-
proximate functional derivatives of the total energy in Eq. (1)
during the SCF loop. In this paper, we propose an approxima-
tion to efficiently estimate functional derivatives of common
meta-GGA density functionals by systematically removing
orbital dependence. We do this by fitting them to expres-
sive parametrized neural network models with restricted input
variables. After capturing the target functional to a satis-
factory degree, derivatives of the model can be efficiently
calculated using automatic differentiation tools [42,43,65].

We rewrite the kinetic energy density as 7 =~ ty[n], a
nonlocal functional captured by an expressive deep neural
network [66—68] with 6 indicating a set of all free parameters
in neural network subcomponents (see Supplemental Material
[50] for details). This approximation allows us to trivially
rewrite any meta-GGA functional as

ESPA[n] = / d*ra(r)e(n(r), Va(r), nlr)), (3)

turning it into a nonlocal density functional.

B. The neural network model

In Eq. (3), we parametrize the kinetic energy density y[n]
as a deep neural network, capable of approximating function-
als in a controlled way while respecting the underlying spatial
symmetries. Additionally, to satisfy known exact scaling laws,
we model the local dimensionless enhancement factor with a
parametrized form ¢y [n](r), such that

7(r) = T (r) 4+ ¢ (7y (r) + 7 7 (1)) “

is represented by a neural network with parameters 6 € R”,
based on a dimensionless kinetic energy indicator variable
used in Ref. [62]. In Eq. (4), 7y = 2 (372)7*n”" is the uniform
electron gas kinetic energy, and Ty = |Vn|?/8n is the von
Weizsicker [69] kinetic functional. The regularization param-
eter was set to 7 = 1073, as defined in Ref. [62] and informed
by normalization heuristics [70,71] based on exact values of
7(r) in the dataset.

Parameterizing only dimensionless enhancement factors in
Eq. (4) allows us to recover the correct scaling laws for the
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FIG. 1. A schematic representation of the global density approximation scheme. Left: The approximation scheme in which the kinetic
energy density 7 is directly inferred from the density, eliminating the orbital dependence in all resulting functionals. Right: A diagrammatic
representation of the internal connectivity of the GDA model. We use L = 3 blocks and d = 128 as the dimension of the internal field

representation.

output 74(r). Therefore, the GDA approximation inherits all
scaling properties from parent meta-GGA functionals, such
as the uniform scaling of the exchange functional.

Our architecture is similar to an encoder-only transformer
[44] with linear attention modules [46,47]. Attention lay-
ers were chosen because of the permutation equivariance
property—permuting input values on the grid also permutes
outputs in the same way, making this architecture well suited
for functional learning on grids.

We highlight two main differences in internal component
design: a flexible density embedding layer, lifting the density
into a high-dimensional representation while respecting un-
derlying symmetries, and specialized linear attention layers to
directly operate on DFT grids equipped with custom normal-
ization subcomponents.

Local molecular densities can vary several orders of mag-
nitude, depending on proximity to nuclei. To normalize
density variations, we construct the following dimensionless
d-component input field,

¢(r) =Inn(r)e, + In|Vn(r)|? e,, 5)

where e,, e, € R? are trainable vectors and m indicates
subtracting the mean and dividing by the standard deviation
of f(r) with respect to the distribution n(r)/N. Input ¢ values
are updated by subsequent network layers.

To make ¢y invariant with respect to translations and
rotations of input coordinates we use a symmetry-aware po-
sitional encoding sublayer. All computations are performed in
a coordinate system where the mean value (dipole moment)
of the density distribution n(r)/N vanishes and the covari-
ance matrix is diagonal. This choice eliminates the special
Euclidean symmetries in SE(3), determining the resulting
computational coordinate values up to molecular point-group
symmetries.

The coordinates are then lifted to a d-dimensional rep-
resentation using random Fourier features (RFFs) [72-74]
combined with the density embedding of Eq. (5) using a

gating mechanism described in Ref. [75]. The lifted density
representation is then processed by a sequence of L blocks.
One GDA block is defined as a stack of self-attention (SA)
and gated multilayer perceptron (MLP) layers [75] with SiLU
activations [76]. After L blocks, one final projection layer
consisting of an element-wise gated MLP is applied, project-
ing the pointwise embeddings into a single real number per
coordinate r, which we then interpret as the final value of the
field ¢ = ¢y[n](r) in Eq. (4). We refer the reader to Fig. 1 for
an overview of the internal connectivity and the Supplemental
Material [50] for numerical and technical details.

The nonlocality in the GDA model is captured by the linear
attention layer [46,47]. The input field ¢ is transformed as

¢'(r) = f d*r'n(r')(Q(r) - K(x)V (1), (©)

where Q;(r), K;(r), Vi(r) are the query, key, and value
parametrized local projections of the input field:
> Wl.,?”(’vm (r). Furthermore, we employ rotary positional
encoding (RoPE) [47,48] independently for each block to
ensure that the product Q(r)- K(r') = K(r —r’) depends
only on the relative coordinate, parametrizing a flexible
continuous convolutional kernel.

Apart from facilitating translational invariance, we empha-
size that the linear attention mechanism used in this work
sidesteps the unfavorable quadratic scaling of simple func-
tional evaluations. As a consequence, using the transformer
architecture does not spoil asymptotic scaling properties of the
SCF loop. Further details about the model used in this work
are given in the Supplemental Material [50].

The GDA model ¢y is trained using gradient-based opti-
mization of parameters 6 using the RAdam optimizer [77-79]
and the gradients [80] of the scalar cost function

_ 2 _ 2
() = ll¢s qiollc 17 7§)||F
ligollG 7ol

consisting of two terms. The first term is the scaled mean-
squared error (MSE) for ¢ itself where the unweighted grid

@)
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FIG. 2. Error distributions of observables obtained from first-principles calculations using the GDA approximation. The surrogate func-
tional was tested on 717 test molecular systems withheld during training, a random selection of 10% of the QM7 [84,85] dataset. Left: XC
energy values. Middle: HOMO-LUMO gap values. Right: Total dipole moments.

norm | f ||2G =>.f (r;)? is defined over all DFT grid points
{ry,..., 1y}, where ¢o(r) is evaluated from precalculated t
values in the dataset, by inverting Eq. (4). The second term in
Eq. (7) enforces the correct predicted kinetic energy matrix 7
in the KS orbital basis, which can be easily predicted from the
one-body electronic density matrix I" as

oT[n]

8
ol ®

7:1b = Zc;mcvb
v

by using standard AD routines and the linear combination
of atomic orbitals (LCAO) expansion coefficients C,, (see
Supplemental Material [50]). Reference values 7Ty can be
precalculated as 7o . = % f d*rVy, - Vi, from easily acces-
sible basis set integrals [81,82].

Including the second term in the cost function in Eq. (7)
ensures that the kinetic contribution to the overall KS effective
Hamiltonian Her = 2% is well approximated by the GDA sur-
rogate functional when solving the KS equation CT He C =
€. We find that including such a gradient cost term is key for
making the resulting neural network functional converge in a
practical DFT SCF calculation, allowing us to use it to obtain
energies, orbitals, densities, or observables from first princi-
ples, without ever referring to the parent functional. Similar
regularization methods have been proposed in Refs. [38,83].

III. RESULTS

We examine GDA approximations to two prominent meta-
GGA functionals: r2SCAN [28,60,62] and TPSS [55]. We
use a single neural network GDA model for evaluation of
all molecules for all three functionals. Each functional is
tested in both ground state KS-DFT and linear response time-
dependent density functional theory (TD-DFT) calculations.
The architecture outlined in Fig. 1 with L = 3 blocks and
the embedding dimension of d = 128 is used and optimized
using A = 1 in Eq. (7). Molecular geometries from the QM7
[84,85] dataset are used, consisting of 7165 organic molecules
of up to 23 atoms, and featuring a large variety of molecular
structures such as double and triple bonds, cycles, carboxy,
cyanide, amide, alcohol, and epoxy. Corresponding KS-DFT

calculations were done using the r>’SCAN functional to obtain
input densities and target T values.

We independently calculate and compare several phys-
ical observables: the total energy, the molecular dipole
moment, the KS highest occupied molecular orbital-lowest
unoccupied molecular crbital (HOMO-LUMO) gap, and the
self-consistent density itself. Error distributions are shown
in Fig. 2, demonstrating that the resulting surrogate GGA
functionals converge to physical results independently from
the source meta-GGA functional, using only density inputs as
shown in Eq. (3).

The GDA functional is able to accurately predict XC
energies and potentials over a large range of diverse test
molecules, eliminating orbital dependence from input func-
tionals. Gap values are predicted within 10% for TPSS with
higher errors in r>’SCAN calculations where GDA approxi-
mations tend to overestimate the gap. A similar trend persists
with dipole moments, demonstrating qualitative accuracy.
Since all of the results have been obtained with a single
transferable neural network model, the GDA approximation
scheme eliminates the need to train multiple models for deor-
bitalizing different XC functionals and can serve as a starting
point for more fine-tuned approximations. Furthermore, we
speculate that such broad generalization for larger models
trained on more diverse datasets can be used to train foun-
dation functionals to then fine tune on downstream problems
with limited data.

As a direct global divergence measure between two den-
sities, we consider the Kullback-Liebler (KL) divergence
[86] Dkr(n | i) = jlvfd3r n(r) In % commonly used in
statistical literature, where 7 is the density obtained by inde-
pendent SCF convergence using the GDA approximation of
the original functional. In addition, we also compare direct
mean absolute errors (MAEs) of density values defined as
Dyap(n, i) = %fd3r |[n(r) — a(r)|. In all cases the trained
model produces a good approximation to the ground state
density indicating good transferability, as can be seen in the
left panel of Fig. 3. We see that TPSS densities are reproduced
more accurately indicating that the generated dataset based on
QM7 is better suited to some typical densities encountered
with that functional. A more expansive dataset with more
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FIG. 3. Comparison of first-principles densities calculated using independent KS-DFT calculations and an example linear-response
calculation of dimethyl ether (CH;0CH3;) spectra using TD-DFT where the predicted KS gaps are indicated by vertical lines in the same
style as the corresponding spectra. We note that the spectral data are shown as a proof of principle, as an example of a calculation that can be
performed with more specialized GDA functionals using automatic differentiation.

diverse densities and geometries is likely to close the gap in
Fig. 3.

To showcase the performance of GDA approximations in
the excited-state regime, we present a qualitative demonstra-
tion in the right panel of Fig. 3. Here, we simulate absorption
spectra via linear response for a single test molecule. We com-
pare spectra generated using the GDA model with the parent
functionals accessed through the LIBXC [87,88] library. Calcu-
lations are carried out in the Casida TD-DFT [89] formalism
for 100 excited states, and we focus on a low-energy range
to highlight the ability of our model to replicate physically
meaningful features before the ionization threshold [90,91] in
a fashion similar to the original functional. Unsurprisingly, the
GDA scheme captures the behavior of TPSS. However, for
most test molecules in our dataset, the excited-state energy
values are qualitative. For example, in the case of r2SCAN,
we observe spectral shifts (on the order of ~1eV in Fig. 3)
but still capture the overall shape and widths of the affected
features. The GDA model has a higher error in r?’SCAN with
the expectation that the predictions can be improved by us-
ing larger GDA neural networks trained on more specialized
datasets. Therefore, the spectral data is shown as a proof
of principle, as an example of a linear response calculation
that can be performed with fine-tuned GDA functionals using
automatic differentiation.

IV. CONCLUSION AND OUTLOOK

We introduce another class of approximations, enabling
first-principles replacement of orbital dependent meta-GGA
functionals. Using these approximations, arbitrary derivatives
of source functionals can be constructed, enabling access to
different results and phenomena (e.g., highly nonlinear re-
sponses).

As a proof of principle, this approximation is accurate and
resource efficient with a high degree of transferability between
different functionals and molecular systems. Tests on periodic
systems are left for future research. In addition, our GDA
approximation scheme formally enables the use of orbital-free
DFT (OF-DFT) calculations at the meta-GGA level of theory.

However, robust OF-DFT solvers for Gaussian-type basis sets
are still an active area of research with experimental sup-
port for nonlocal functionals at best. Therefore, extending the
GDA approximation to OF-DFT is left for future research.

More general orbital dependent functionals have shown
great potential in overcoming the limitations of their pure
density functionals. Hybrid functionals, such as Becke three-
parameter Lee-Yang-Parr (B3LYP), Heyd-Scuseria-Ernzerhof
(HSE), and Perdew-Burke-Ernzerhof (PBEO) [25,92,93],
which combine GGA functionals with a fraction of orbital
dependent exact exchange, have achieved superior accuracy in
predicting molecular geometries, reaction barriers, and elec-
tronic properties. The GDA treatment of the Fock operator
is a topic of ongoing research. The GDA approach allows
reformulating orbital-dependent functionals as pure but non-
local density functionals, offering a promising direction to
bridge the gap between pure DFT and the quantum chemical
accuracy.
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All DFT simulations were performed using a custom
interface between the PYSCF [81,82] library and PYTORCH
[65,80], used for automatic generation of XC potentials for
KS-DFT calculations and kernels for linear-response TD-
DFT calculations. All calculations were performed using
the correlation-consistent polarized valence double zeta (cc-
pVDZ) basis set at grid level 1 in PySCF. Convergence
tolerance was set to 1076 Ha.
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