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ABSTRACT

We study the density modulation of an interacting Fermi gas caused by the uniform motion of an impurity at zero temperature.

For strong enough interaction among atoms, the modulation propagates thanks to the excitation of the collective zero sound mode

if the impurity speed is above the zero sound threshold. We are able to assess, via a semi-analytic evaluation, the extent of the zero

sound contribution to the density oscillation over and above the incoherent background of particle-hole excitations. Given the

strong dependence of the results on the features of the gas interaction potential, we also analyze how they vary depending on its

strength, range and shape.

1 | Introduction

One of the paradigmatic ways of probing the nature of a physical
system is that of observing the effects induced by a small object
traveling through it. Depending on the system under investigation
one observes: 1) ship waves when the body moves on the surface of
water [1], 2) Cherenkov radiation when a charged particle moves
through a dielectric medium [2, 3], 3) shock waves when a source
travels at supersonic speed [4]. The density modulation thus
produced can vary significantly based on the dispersion relation
of the collective modes of the medium excited by the moving
object [5].

A wake pattern is formed every time the speed of the impurity
matches the phase velocity of at least one collective mode. If
the excitation spectrum is of the acoustic type, a shock wave
is produced once the source speed becomes supersonic [4].
Conversely, on the surface of a deep liquid gravity waves are
always found whatever the speed of the floating object is [5].
In the case of an electron liquid the excitation spectrum is
predominantly made of plasma oscillations and a shock wave can
be excited if the speed of the perturbation is above the speed of

sound [6, 7]. The sound in question has little in common with
ordinary hydrodynamic (first) sound, as found in liquids and
gases, but rather it resembles a longitudinal wave propagating
in an elastic medium, as in a solid [8, 9]. Owing to the long
range nature of the Coulomb repulsion, the frequency of plasma
oscillations is much higher than the typical relaxation rates
to thermodynamic equilibrium of the electron fluid hence the
system remains in a collisionless (non-equilibrium) regime. This
is in fact reflected in the dispersion law of the plasmon w(k) =

\/@p + ¢ k2, where c; is not the hydrodynamic sound speed of
a Fermi gas (which, in first approximation, is s = U—F3 with vg

7
the Fermi velocity) but its elastic counterpart s = \/é vr [6, 9].
This effect is especially important in the context of plasmonic

nanostructures where non-local effects cannot be neglected [10,
1.

A phenomenon analogous to collisionless plasma oscillations
takes place in neutral quantum fluids when finite-ranged and
strong interactions are at play, and goes under the name of zero
sound [12-14]. If the frequency of an exciting perturbation w is
much higher than the inverse of the hydrodynamic equilibration
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time 7, the system is said to be in the collisionless regime and
responds with the propagation of a longitudinal wave thanks to
the presence of strong interactions between its constituents (such
role is played by the long-ranged electrostatic field in charged
Fermi fluids like plasma). This longitudinal wave is called zero
sound and it is generally detected at very low temperatures, where
atomic collisions are extremely rare events. In contrast, at higher
temperatures, where the hydrodynamic (collisional) regime holds
(w < 1/7), ordinary (first) sound is usually found.

The only Fermi liquid where zero sound has been observed
so far is 3He, originally by means of ultrasound attenuation
experiments [15], then measuring the dynamic structure factor
via inelastic neutron scattering [16-18] and more recently via
inelastic X-ray scattering [19]. In particular, in Ref. [15] a clear
crossover from first to zero sound was observed in the increasing
value of the sound speed as the temperature was lowered down
to the range of millidegrees Kelvin. It was then demonstrated
in terms of a viscoelastic effect that first sound shows viscous
behavior (typical of fluids) whereas zero sound manifests its
elastic counterpart (typical of solids) and the crossover between
the two speeds is epitomized by the relation ¢ =~ ¢} + -— w1th G

the shear modulus (null in a gas or liquid) and p the dens1ty [8, 20,
21]. As the temperature is lowered causing the collision rate 1/7
to decrease significantly, the response of the system transitions
from being liquid-like (with no shear modulus) to solid-like with a
finite shear modulus originating from the high-frequency regime
wt > 1[22].

On the theoretical front, zero sound has been initially mod-
eled by means of a generalized Random Phase Approximation
(RPA), where a polarization pseudo-potential replaces the bare
interaction potential and the effect of both single- and multi-
particle-hole (p-h) excitations is taken into account through
a phenomenological expression of the irreducible (screened)
polarization function appearing in the RPA density response [23].
However the RPA failure in reproducing the line-shape of the
dynamic structure factor [17] has prompted the inclusion into
the RPA model of a momentum-dependent effective mass thus
obtaining a good agreement with experiment [18]. The successive
observation in inelastic X-ray scattering of a well defined zero
sound mode up to large momentum transfers, where it is
supposed to be strongly damped due to the hybridization with the
p-h continuum, has opened a controversy on the actual location
of the p-h band within the full excitation spectrum [24, 25]. By
taking into account two particle-two hole excitations Krotscheck
et al. [26] have shown that these pair excitations reduce the
damping of the mode in comparison with the RPA response hence
contributing to the sharpening of the mode for momenta within
the p-h band.

The advent of ultracold atomic gases has introduced an exception-
ally versatile platform to simulate both quantum matter [27-30]
and quantum many-body theories [31, 32]. In particular, density
and spin response functions of a Fermi gas have been measured
via Bragg spectroscopy [33-36] thus constituting crucial testbeds
for quantum many-body calculations. Recently the renown Lind-
hard function was measured in a Fermi gas and the microscopic
basis of Landau’s Fermi liquid theory was investigated [37]. In the

hydrodynamic regime the emergence of first sound was observed
in agreement with Landau’s transport equation but when the
fluid was brought to the collisionless regime no crossover to the
zero sound mode was detected. The intrinsically weak and short-
ranged nature of the (repulsive) contact interaction in ultracold
Fermi gases makes the observability of the zero sound mode very
difficult owing to the proximity of its dispersion to the incoherent
p-h band, which in turn induces a strong Landau damping [37].

An alternative route to the observation of zero sound was
suggested within the context of ultracold dipolar gases [38]. It
was shown that, for a two-dimensional gas of polar molecules,
the coherent peak appearing in the dynamic structure factor
and representing the zero sound collective mode proves to be
sufficiently separated from the border of the p-h continuum
of incoherent excitations, even when the effective interaction
strength between dipoles is weak. Moreover, as the decay rate of
the zero sound turned out to be smaller than that of incoherent
p-h excitations, an actual observation of the mode as a distinct
density modulation was also predicted to be possible [38].

It is finally worth mentioning that the study of this collective
mode appears also in the context of high-density neutron mat-
ter, as it provides a much needed physical constraint on the
equation of state of nuclear matter and neutron stars [39].

In this work we consider a neutral Fermi liquid at zero temper-
ature in a three-dimensional homogeneous geometry and study
the density modulation produced by an impurity moving through
it at constant velocity. The collective mode expected to be excited
by the impurity above a certain critical velocity is the zero sound
mode, namely a coherent superposition of p-h excitations [13, 14].
By assuming the impurity to be a weak perturbation respect to the
interaction strength and Fermi energy of the gas, we adopt linear
response theory [9, 40] to obtain the density modulation induced
by the motion and analyze it by varying the different parameters
of the system, that is the magnitude of the impurity velocity, the
strength of the gas interaction and its functional form, albeit in
a simplified way respect to the more realistic paradigm set by
SHe.

The paper is organized as follows. In Section 2 we present the
linear response theory of the system under study, whereby we
adopt the RPA for the treatment of the medium density response,
and consider a specific choice of the interaction potential in
the medium inspired by the quantum liquid *He. In Section 3
we examine the nature of the dispersion relation of zero sound
and, based on it, we introduce a polar approximation for the
density response function. In Section 4.1 we take advantage
of the polar approximation to obtain a semi-analytic form of
the density modulation which allows us to single out the zero
sound contribution from that of the incoherent background of p-
h excitations. In Section 4.2 we present our numerical results,
compare them with the semi-analytical evaluation of the zero
sound contribution and examine how they vary when the differ-
ent parameters of the system are changed. In Section 5 possible
experimental realizations for the observation of zero sound are
suggested. Finally, in Section 6 we draw our conclusions and
briefly mention open issues to assess in future work.

2of11

Annalen der Physik, 2026

85U801 SUOWWIOD AITeID) 8|qe![dde 8y} Ag peusenob aJe So o1l O ‘8sN J0 S8|nJ o} Akeid18UljUO A8|IA UO (SUOTIPUOD-PUB-SWLB) W00 A8 1M Ale.d1|BulUo//:SAny) SUONIPUOD pue swie | 8y} 88 *[9202/20/7T] uo Ariqiauliuo Ae|im ‘elfeleueiyood Ag 8/1005202 dpue/zo0T OT/I0p/W0 A8 im Ateiq1jeul|uoy/sdny woiy pepeojumod ‘g ‘920z ‘688ETZST



2 | Linear Response Theory

We consider an impurity moving through an interacting Fermi
gas with constant velocity v and are interested in computing the
density modulation induced by it in the medium. The impurity
represents a small perturbation to the system that interacts
with itself via finite range repulsive forces. The perturbation is
approximated by the external potential

Uey(x,8) = Uy 8(x — Vi) @

whose Fourier transform is

U, ) = / drdt e 9Te U, (r, 1) @
- / dt e@-avr 1, ®)
=218(w—q-Vv)U,. 4

According to linear response theory [9, 13, 40], the density
modulation induced by the motion of the impurity has the
expression

d*q do . . ~
— iqr ,—iwt it
n(e.) = [ SL AL s g 0 41090,0(@0) ©)

d3q iq-(r—vt) F 0+
= (271_)3eq X(q,qV+lO )U()’ (6)

where y(q, w + i 0%) is the Fourier transform of the retarded den-
sity response function (or density susceptibility). Therefore, once
the strength of the external potential is fixed, the computation of
the induced density modulation boils down to that of the spatial
Fourier transform of y(q,q - v +i0%).

In analogy to the electron gas responding to a point-like test-
charge, the density response function represents the polarization
of the fermionic medium as a result of two simultaneous agents:
the external potential and the potential self-consistently gener-
ated by the induced density modulation. The resulting effective
potential reads in Fourier space,

U,;1(q, ) = U,i(q, @) + V(q) 57i(q, @)
= U,(q, @) + V(@) x(q, 0 +i0%) U, (q, )

=U,(q, @)1+ V(q) x(q,w +i07)] @)

where V(q) is the Fourier transform of the interaction potential
in the medium and &7i(q, ) is the Fourier transform defined
implicitly in Equation (5). We note that Equation (7) contains
the definition of the generalized dielectric function e(q,w)™ =
1+ V(q) x(q, ®).

Alternatively, one can introduce a density response (o polariza-
tion) function y(q, ) originating from the total effective potential

Ueff’ (q7 C())

& o i
9 4o qrp-iot 3(q, o +i09)0,(q,@), (8)

onr0= [ o e

thus obtaining the relation

Ueff(q’ CU) = cht(q’ CU) + V(‘]) )_((q’ W+ i 0+) Ueff(q’ CU) (9)

The special case where U,,,(q, ) = V(q) allows us to recognize
(without loss of generality) that the quantity y(q,w +i0%) is
the proper or irreducible density response function, namely it
includes all virtual (diagrammatic) processes which cannot be
separated in two parts by cutting a single potential line [6]. As
it is a diagrammatically involved quantity to compute, in this
work we consider the simplest possible approach of approxi-
mating y(q,w +i0%) with the density response function of a
non-interacting Fermi gas y,(q,w + i0*). This approach was
pioneered by Bohm and Pines [41] in the quantum treatment of
the collective excitations of the electron gas and given the name of
RPA. It is equivalent to treating the fermion-fermion interaction
at a dynamical mean-field level (time-dependent Hartee theory)
and to neglecting all remaining effects due to correlation and
exchange embedded in y(q, w).

By substitution of Equation (7) into Equation (8) and comparison

with Equation (5), one obtains the following relation between the
two response functions,

x(q, 0 +i0%)
= 3(q, @ +i0%) + 7(q, @ +i0%) V(q) x(q, +i0%),(10)

which can then be cast in the following familiar form [9, 13, 40]

c e X(@w+i0h)
X+ 0= T r@ @ + 109 @
Xo(q, @ +10%) )

T 1-V(@yxo(q @ +i0%)

where y,(q,w) is the density response function of the corre-
sponding non-interacting Fermi gas. The latter can be computed
analytically and reads

Xo(q’w +i 0+) = _NO fL(Z’u)’ (13)

with N, = mkg /7%, the total density of states per unit volume at
the Fermi level and f;(z, u) the Lindhard function [9, 40]

1 1-(z-u)? z—u+1 1-(z+u)?
== 1
fizw 2+ 8z ng—u—l 8z

z+u+1

X log ——— 14

B ru-1 (14)
. w+i0t q .

withu = and z = o with g = |q].
F

UFq

Concerning the Fermi gas interaction potential V(q), we consider
only finite-range forces and adopt a simple form of the interaction
potential directly in Fourier space,

[ q v, 7<i kar()> . 2V,
V —_ - — kp . V = —-—, 15
(kF) Noe 07 Ter 1)

where V, is the strength of the interaction in real space, r, plays
the role of the range of the interaction in real space and a simulate

Annalen der Physik, 2026

3of1l

85U801 SUOWWIOD AITeID) 8|qe![dde 8y} Ag peusenob aJe So o1l O ‘8sN J0 S8|nJ o} Akeid18UljUO A8|IA UO (SUOTIPUOD-PUB-SWLB) W00 A8 1M Ale.d1|BulUo//:SAny) SUONIPUOD pue swie | 8y} 88 *[9202/20/7T] uo Ariqiauliuo Ae|im ‘elfeleueiyood Ag 8/1005202 dpue/zo0T OT/I0p/W0 A8 im Ateiq1jeul|uoy/sdny woiy pepeojumod ‘g ‘920z ‘688ETZST



the sharpness of the potential in momentum space. Assuming the
interaction in real space to be of the form V(r) = V, v(r) y, with y
to be determined by the condition V(r = 0) = V, and v(r) a well-
behaved and decaying function of 7, the relation between V(r) and
V(q) is given by,

+o0 .
[ q e sin gr
VI=)= [ &reirrv(r =47r/ drr*V(r
(kp> / () i () T

Vo

><{r—»f:kFr,q—>q=q/kF}=47'[k—3
F

+oo - e ==

x)f/ dffzv<L) U
o ke ) "ar

-2k 7/+mdffzu T )singr
7T ep mkp " J, kg qr

V, /+°° L ( 7 > sin g7
= — dr v — —,
Noy o kg qr

which implicitly defines v(r) as

+oo = in A
- a S
e~ (@xkpro)” — y/ dr r? U(kL) ﬂ, (16)
0 F

namely by inverse Fourier transform

Ar d?
yo =2 [ =L

el aT g=(@xro) 17
ky J (@) i

and as a result

21(2)

ma(kprg)? ()

y=0(0) =

Throughout this work we consider the representative choice
of gas interaction parameters V, = 4, kpry = 1, « = 8, and then
examine the effect of changing their values. This choice is
inspired by the characteristics of the effective interaction at play in
SHe [18, 42, 43], where the strength V, is about 4-5 times the Fermi
energy €, and the decay of the interaction potential in momentum
space is close to a = 8 [43].

The strength of the impurity potential is given by the dimension-
less quantity U, = N, U, and is taken to be a weak perturbation.
Since it must be much smaller than the gas interaction strength
V,, we fix its value at U, = 0.1 throughout this work.

Finally we recast the expression of the density modulation (6) in
the following explicit form

f ( q q-v+i0+>
I\2ke”  oeq ~

. 0>
~ 5 V++10F
14 Vye-aro® fL(L, q_>
2kp URq

d? )
ontr.0= _/ ﬁ eld-(r=vo)

19)

where V, and U, represent the dimensionless strength of the gas
interaction and of the perturbation, respectively.

3 | Zero Sound

The imaginary part of y(q,w +i0*) is proportional to the
structure form factor, which provides the spectrum of density
excitations [13, 40]. The quantity Jy(q,w + i0")/N, is reported
in Figure la, whereby, in addition to a continuum of incoher-
ent p-h excitations, the sharp peaks (artificially broadened for
illustrative purposes) provide the dispersion of the undamped
collective mode, that is the zero sound [13].

In Figure 1b the zero sound dispersion Q(q) is shown for
increasing values of the gas interaction V, = 2,4,8. The slope of
the dotted line is the Fermi velocity vj. The speed of zero sound at

long wavelengths ¢, = lim,_,, 29 i strictly larger than the Fermi
q

velocity [40] and increases with the interaction strength. It is
evident that for weak interaction strength the mode is very close
to the continuum threshold, hence more subject to decay into
p-h pairs, whereas at larger strength the mode is well separated
from the p-h band and expected to be dominant over said band.
Contrary to ordinary sound, zero sound does not exist for all
wavelengths but rather it disappears by entering the continuum
and becoming (Landau) damped. The momentum at which it
disappears is determined by both the strength of the interaction
and the way the latter decays with momentum.

An impurity can act as a probe of this collective excitation if its
velocity v is larger than the zero sound velocity c,. In the present
study we consider only the regime of strong interaction of the
fermionic medium (V,, > €z). The intensity plot in Figure 1la
clearly shows that in this regime the dominant contribution to
the density excitations spectrum is represented by the zero sound
mode with respect to the incoherent p-h continuum. This allows
us to adopt the following polar form for the density response
function

1 1
w+i0t—Q(q) +i0*+Q(q)

x(q, 0 +i07)=W(q, Q(q))

s

(20)

where Q(q) is the positive branch of the zero sound dispersion
shown in Figure 1b and W(q, Q(q)) its spectral weight,

W(g, ) = — ffo(q, Q(q))
[1-V(@xo(g: @ +i0%)]

5 @=Q(q)

(2y)

Both Q(q) and W(q, Q(q)) are evaluated numerically and then
fitted to a cubic spline. In this way we are able to obtain a semi-
analytical expression for Equation (6), which not only represents
a benchmark for our numerical calculations but also singles
out the contribution of zero sound to the density modulation
from that of the incoherent band. This will be presented in the
next section.

4 | Induced Density Modulation
4.1 | Semi-Analytical Results

In the following we illustrate an approximate and semi-analytic
evaluation of Equation (6), valid when v = |v| > ¢,. Given the
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(b)

-0~ Vp=8

- Vyp=4

== Vo =2
\\‘ | q
20 25 ke

FIGURE 1 | (a)Dynamicstructure form factoratw > 0 showing the continuum of incoherent p-h excitations and the undamped collective excitation
of the zero sound mode (sharp peaks). Gas parameters: V = 4, kpry = 1, a = 8. (b) Zero sound dispersion relation for increasing values of V = 2,4, 8

(diamonds, triangles and circles respectively) and p-h continuum (gray region). Dotted line w = vrq in normalized units. The lower half of the spectrum

is omitted for symmetry reasons.

geometry of the problem, we introduce cylindrical coordinates
(g-q1) with g, along the polar axis v and g, perpendicular to it,
and adopt the shorthand notation R =r — v ¢ [6]. Equation (6)
thus takes the expanded form

+o0 +0o00 2
5H(R) = qldql % @ el dR+iqLRL cos6
0 2 J_, 27 J, 2&m

X X(\Iq”2+ql2, q||U+lo+) UO’ (22)

+oo +oco
_ Chd‘h dq” iq R
—/0 o Jo(quR)) [oo g e

xx(\/q”2+qf, qu+iO+> U,. (23)

where J,(x) is the zero order Bessel function of first kind, the
dependence of y on |q| rather than q has been made explicit and
R, =r, —[vlt, R, = r, are the spatial cylindrical coordinates in
the impurity reference frame with R)| (r)|) along the polar axis v.
In the following the dependence of R on ¢ is kept implicit in the
short hand notation ad implies that R, > 0 is the region ahead of
the impurity whereas R, < 0 is that behind it.

The integration on g;, in Equation (23) can be represented on the
(g, w) plane of Figure 1b by drawing, for each choice of q,, the
hyperbola of parametric equations

g=1/q°+a.’ (24a)

w=q,, (24b)

as illustrated in Figure 2a with a blue solid line for the specific
choice, g, = 0.3k, and v = 1.25c¢,.

As argued previously, we adopt the approximation that the
dominant contribution to the density susceptibility is provided
by the zero sound pole. This allows the evaluation of the

integral on g in Equation (23) analytically by extending it
to the complex domain Zg,- On this plane, the original two
poles z, = +Q(q) — i 0" of x(g, z) are remapped according to the

equations +Q (1 /(Z‘*IH)Z + qf) —i0t = Zg,V for a given gq,. In

the case of small g, one can approximate Q(q) =~ c,q and obtain
an analytical expression for the poles

c
P — J— | (25)

a -
\JVv2—c)

It is crucial to note that the two poles are always positioned in the
lower half 3z, < 0 owing to the positive infinitesimal i 0" [6].

Z

q

Therefore for R); > 0, that is ahead of the impurity, one must close
the integration contour on the upper half plane, ending up with
the vanishing of Equation (23). On the other hand, if R < 0, that
is behind the impurity, both poles are included in the integration
contour and one obtains

+m%ei‘1”RHx g’ +q.% qu+iot
o Var+acs q

*’Q *
=-20(-R)) sin (ql*l R”> M, (26)

where g, =Rz is a function of g, and gq" = 4 /qﬁ2+CIl2~

Figure 2(b) and (c) illustrate the behavior of the pole and its
spectral weight respectively, for a representative choice of the
gas parameters.

The remaining integration on q, is then performed numerically
with an upper cutoff dictated by the momentum ¢ at which the
zero sound mode enters the continuum band, thus yielding the
final expression

CIE d
n(r) = 20(-R) [ L quRy)
0

w(q*,Q(q") U @7
v o

X sin (ql"l R“>
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FIGURE 2 | (a)Integration path of the cylindrical coordinate q) on the (g, w) plane of Figure 1b. (b) Dependence of the pole ql*| on q, . (c) Spectral
weight W of the pole ql*I as a function of g, . Parameters: Vi = 4, kpry = 1, g, = 0.3kp, v = 1.25¢.

0.02
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FIGURE 3 | (a)Density modulationinduced by a mobile impurity along its line of motion (R, = 0) with velocity v = 1.25¢, and perturbing potential
strength U, = 0.1. The dashed line reports the zero sound contribution given by Equation (27). Gas interaction parameters: Vi, = 4, kpry = 1, a = 8. (b)

Same as (a) but including the dimension perpendicular to the line of motion (R; > 0).

In addition to representing a robust and controlled semi-analytic
benchmark of our numerical calculations, expression (27) allows
us to isolate the contribution of the zero sound mode to the
density modulation from that stemming from the incoherent p-h
excitation band.

4.2 | Numerical Results

The full numerical evaluation of the Fourier transform in
Equation (6) is performed by means of the software Wolfram
Mathematica [44].

In Figure 3 we show the density modulation computed for
an impurity moving through the gas at velocity v = 1.25¢, and
perturbing it with the strength U, = 0.1. The gas interaction
parameters are fixed at the values V, =4, kpro =1, a =8. In
Figure 3a we first consider the density modulation along the line
of motion R, = 0 (solid line), where the induced effect is larger:
we notice that beyond the immediate vicinity of the impurity
(kpR|| < —5) the contribution of the zero sound motion to the
density modulation is dominant over that of the incoherent p-h
background, as the benchmark of Equation (27) (black dashed
line) is gradually and fully reached.

Being mainly interested in the behavior of the modulation far
from the impurity where the approximation (27) is found to
capture the full density modulation, in Figure 3(b) we present
a plot of the density variation along both R, and R, generated by
Equation (27). The density modulation extends across the whole
space, in stark contrast to the case of plasma oscillations of the
electron gas or gravity waves on the surface of a liquid whereby
the Mach cone sin 6 = c/v defines the region of propagation of
the density modulations [5, 7]. However we notice that the wave
fronts in Figure 3(b) propagate at an angle tan® = R, /R, = v/c,
with (R, R, ) the coordinates of a point on the crest or trough of a
wave front. The fundamental difference with the aforementioned
systems is found in the limited momentum range of existence of
the zero sound dispersion.

It is also very interesting to analyze the density response of the
medium as the velocity of the impurity changes from below the
zero sound threshold, say v = 0.5¢, to above it, say v = 2¢,. This
evolution is reported in Figure 4. At subsonic speed we notice
that the density response is drastically damped and practically
disappears for kpR|; < —20. As the velocity increases, the range
of density modulation expands and when the velocity exceeds
that of the zero sound, a remarkable increase in the strength and
range of the response takes place. We thus find clear evidence of
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FIGURE 4 | Density modulation for varying impurity velocity from
below to above the zero sound threshold ¢,. Gas parameters: V=
4, kpro =1, a =8.

long range effects by which one is able to discriminate the two
regimes above and below c,. This effect increases with the velocity
of the impurity.

We now focus on the regime v = 1.25¢, of Figure 3 and
examine how these results change when varying the interaction
parameters, by computing the density modulation along the line
of motion, where the effect of the perturbation is larger. In
Figure 5a we show the evolution of dn as the gas interaction
strength is varied from V,, = 2 to V,, = 8, keeping all remaining
parameters as in Figure 3. We find a strong dependence on V,,
not only of the full density response but also of the zero sound
contribution. For the smallest coupling V, = 2 we also report the
approximated expression Equation (27) with a dotted black line as
arepresentative case where this approximation breaks down. This
can be ascribed to the characteristics of the zero sound dispersion
found in Figure 1b: for the lower coupling the dispersion is
extremely close to the continuum threshold thus experiencing
stronger damping than in the other two cases. As a consequence
the polar approximation adopted to obtain Equation (27) ceases
to be valid.

We also vary the exponent o to simulate the sharpness of the
interaction potential in momentum space (see Figure 5b). This

on(ke Ry)

feature is relevant because it impacts the damping of the mode
when it touches the continuum threshold and if the damping
interests an extended range of momenta then the approxima-
tion (27) is not valid any more. This is the case for the a = 4 curve
(dash-dotted line) which is seen to depart from the zero sound
benchmark (dotted black line) in contrast to the other two values
of a (benchmark not shown).

Finally we assess the dependence of the results on the interplay
between the range kyr, and the strength V,, of the interaction.
In Figure 6 the density modulation at V, = 4 and v = 1.25¢,
is shown for three different values of the interaction range: (a)
kpr, = 1.5, (b) kpry = 1.0 and (c) kpr, = 0.8 as a red solid line.
The black dashed line represents the semi-analytical estimation
of the zero-sound contribution given by Equation (27). We also
show in panels (a) and (b) the zero-sound contribution stemming
from the evaluation of Equation (19) for momenta 0 < q, <
q as red circles, thus representing the numerical counterpart
of Equation (27) (black dashed line), with which it is found
to agree optimally. For these two larger ranges (panels (a) and
(b)) we see that at long distances the only contribution to the
density modulation (solid red line) is that of zero sound (dashed
line and circles), whereas for the smaller range (panel (c)) this
contribution is lost at large distances, signaling the breakdown of
Equation (27) and a significant damping of the zero sound mode.

To clarify the rationale behind this behavior, we show in Figure 7a
the zero sound dispersion curves for the corresponding interac-
tion ranges along with the dispersion curve for a negligible value
of the range (kzr, ~ 0) in order to illustrate the intrinsic nature of
the zero sound mode: it is seen to enter the p-h continuum at g,
(yellow star) and for a wide range of momenta around this value
it remains very close to the continuum threshold, thus signifying
a strong damping in the propagation.

However the existence of a non-vanishing length scale r, asso-
ciated with the range of the interaction potential (shown as a
long-dashed line for kyr, =1 in Figure 7a) can significantly
reduce the damping of the mode if r, > 1/qy,. The threshold
momentum gy, is uniquely determined by the strength of the
potential, as shown in Figure 7b. Therefore for larger coupling
strengths the damping of the mode at large distances (far-field) is

onlke Ry)
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FIGURE 5 | (a)Density modulation for varying strength V, of the gas interaction. The black dotted line corresponds to Equation (27) for V, = 2.
(b) Density modulation for varying sharpness « of the gas potential V(q). The black dotted line corresponds to Equation (27) for « = 4. In both panels

all other parameters are as in Figure 3.
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FIGURE 6 | Density modulation for V =4 and v = 1.25¢, shown
as a red solid line for three different values of the interaction range,
(a) kprg = 1.5, (b) krprg = 1.0 and (c) krry = 0.8. The black dashed line
represents the zero-sound contribution given by Equation (27). In panels
(a) and (b) the zero-sound contribution stemming from the numerical
evaluation of Equation (19) for momenta 0 < q; < q{, is also reported
as red circles.

expected to take place only for proportionally smaller interaction
ranges kpr,. Numerically we find that if r, < 2/qy, the long range
behavior of the density modulation becomes strongly suppressed,
as displayed in panel (c) of Figure 6 where k;r, =0.8 <2/qy, =
1.0 at V, =4 (see also Figure 7b). We verify this empirical
prediction by computing the density modulation for a different
interaction strength V, = 6 (and v = 1.25¢,), which yields 2/qy, =
0.625. In Figure 8 density modulations for two values of kzr,
slightly below and slightly above k7, = 0.625, are shown in order
to illustrate the persistence of zero sound at large distances for
kpr, = 1.0 and its strong decay for kzr, = 0.5.

5 | Possible Routes to Experimental Realization

The creation of a density modulation by means of a moving
impurity in an ultracold atomic gas has interested a number
of experiments regarding the onset of dissipation in both Bose
and Fermi superfluids [3, 5, 45-48]. The Landau critical velocity
associated to the relative motion between a superfluid and
a disturbance [49, 50] represents the threshold above which
viscosity appears owing to density fluctuations (in the form of
sound or vortices) hence disrupting superfluidity.

In the present study the critical velocity above which a coherent
density modulation can propagate is the zero sound speed.
Given the current progress in the manipulation of the trapping
geometry and of impurities in ultracold atomic gases [45, 48],
one can envisage an annular trap whereby the fermionic fluid
is put into motion relative to a localized impurity, which in
turn is generated with a focused laser beam by a micro-mirror
device. Alternatively a dynamically movable impurity can be
implemented by a piezo-actuated mirror mount or an acousto-
optical deflector as suggested in the study of quantum wakes
in ultra-cold Fermi gases in optical lattices [51]. However, cur-
rent state-of-the-art developments on ultracold repulsive Fermi
gases does not allow to simulate strong interactions and the
coherent excitation of the zero sound becomes severely hin-
dered by its hybridization with the incoherent spectrum of p-h
excitations.

A promising system where the effect of damping is expected
to be reduced, even in the regime of weak interactions, is
the two-dimensional dipolar Fermi gas [38]. The combination
of the aforementioned technical advancements on trapping
geometry and impurity creation or manipulation, with the
detection of spatial density profiles via absorption imaging [3]
appears as a realistic path to observing the zero sound density
modulation.

It is finally worth mentioning the detection of wakes formed
behind charged objects in supersonic plasma flows [7, 52] or
laser-driven plasma wake fields [53] in relation to a recent
experiment [54] where a moving laser beam was driven onto a
thin black polymer plate and found to excite elastic waves on this
plate. As the excitation of zero sound triggers a solid-like response
of a Fermi fluid and it is in itself an elastic wave, it is then possible
to envisage a similar response on the surface of a film of liquid *He
and to view it by employing the same imaging technique used
for visualization of turbulent flow in the normal component of
superfluid *He [55].

6 | Conclusion

In this work, we have investigated the density modulation
generated by an impurity moving through an interacting Fermi
gas at zero temperature, thus weakly perturbing it. We have
found that if the interaction of the gas is large with respect
to its Fermi energy (as one would find in *He) and if the
impurity speed is above that of zero sound, the latter is excited
predominantly over the incoherent background of p-h pairs.
This effect causes the density modulation to develop behind the
impurity and to be of a very long-range nature. In contrast,
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FIGURE 7 | (a)Dispersion relations of zero sound for range values corresponding to Figure 6 along with the case of a zero-range (contact) potential.
The long-dashed line illustrates the interaction potential V(q) for kpry, = 1. The orange star identifies the momentum g, and energy at which the
dispersion enters the continuum band in the case of a vanishing range potential. (b) Correspondence between the threshold momentum gy, and the

interaction strength V.
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FIGURE 8 | Density modulation for Vi, = 6 and v = 1.25¢, shown as a red solid line for two different values of the interaction range, (a) kpry = 1.0

and (b) kgry = 0.5. The black dashed line represents the zero-sound contribution given by Equation (27). In panel (a) the zero-sound contribution

stemming from the numerical evaluation of Equation (19) for momenta 0 < g, < g, is also reported as red circles.

when the speed is below that of zero sound, only a localized
perturbance is found. We have also examined our results against
the modification of the strength and range of the gas interaction
and of its functional form, noticing that they are all crucial
for the onset of the Landau damping of the zero sound mode.
We consider the present investigation to be of a preliminary
nature. Recalling the specific features of the density excitation
spectrum of 3He [17-19, 42] we have not taken into account
the effective mass of the fermions, which works in favor of the
separation between the zero sound dispersion and the continuum
threshold hence reducing the Landau damping, neither we have
considered the attractive part of the *He pseudo-potential [42,
43] giving rise to a roton-like excitation spectrum [14, 43, 56].
Moreover, we considered only the effect of single p-h excita-
tions [26].

All the numerical data necessary to reproduce all figures in this
work are available online [57].
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