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Abstract

This study introduces an optimal polar wavelet transform for damage detection
in laminated composite circular plates. The core concept behind the proposed
method lies in strategically selecting the most informative polar detail signals to
extract damage-related information from vibration mode shapes. To guide this
selection process, a minimum energy ratio (MER) index is introduced as a
benchmark for identifying the most effective polar wavelet function by
evaluating the energy balance between the approximation signal and the various
detail signals. To generate reliable vibration data for the proposed damage
detection framework, the mathematical model for the circular plate has been
developed based on the first-order shear deformation theory (FSDT), neglecting
damping effects to simplify the analysis. By introducing central and non-central
finite elements, the solution is calculated using the finite element method
(FEM), and a convergence study is conducted to verify the accuracy of the
numerical model. The effects of different parameters such as location of
damage, level of damage, noise, number of layers, and lay-ups on detecting the
damages of laminated composite circular plates are considered numerically and
experimentally. Results show that the developed optimal wavelet transform can
more accurately predict the location of the damage compared to the traditional
polar wavelet transform.

Keywords: Polar wavelet transform; Damage detection; Laminated composite
circular plates; Experimental modal analysis.

1. Introduction

Structural health monitoring (SHM) plays a crucial role in reducing losses
caused by structural damage [1-6]. SHM can be implemented at various levels.
At the first level, SHM focuses on identifying the presence or absence of
damage by comparing current measurements with those obtained from the
healthy state of the structure. Once damage is detected, higher-level SHM



approaches can be employed to determine the location and severity of the
damage [7-13].

On the other hand, laminated composite structures have many applications in
various fields such as mechanical, civil, aerospace, and automotive engineering
[14]. This wide application of laminated composite structures is due to their
desired properties such as corrosion and fatigue resistances and high strength-
to-weight ratio [15-17]. Many laminated composite structures are used in high-
speed applications; as a result, they are exposed to potential damage [18-21].
Hence, applying SHM on these structures is vital [22].

Wavelet transforms are widely used for detecting damage in laminated
composite structures and are effective in SHM for capturing signals and locating
damage [23]. Numerous researchers have employed different versions of
wavelet transforms to monitor various types of laminated composites. For
example, Sohn et al. [24] used the one-dimensional continuous wavelet
transform (1D-CWT) to detect delamination damage in a laminated composite
plate with attached piezoelectric patches. The processed signal was Lamb
waves. Grabowska et al. [25] detect damage in composite rods using the 1D-
CWT. Wang et al. [26] detected delamination in cantilever beams. Deflection of
the beam was obtained using a high-precision laser sensor as the input signal of
the 1D-CWT. The Gabor wavelet was selected as the analyzing wavelet. The
approach effectively detected and located delamination within the beam
structures. Yang et al. [27] combined the 1D-CWT and Fourier transform for
detecting cracks in laminated composite beams. The signal analyzed in this
study was in vibration mode shapes. Their results showed that the proposed
approach effectively detected damage in noisy conditions, without knowing
prior knowledge about material properties and damage location.

These investigations utilized the one-dimensional continuous wavelet transform
(1D-CWT). While, another method, the one-dimensional discrete wavelet
transform (1D-DWT), offers the advantage of decomposing the signal into
detail and approximation sub-signals, allowing for the detection of structural
damage in the detail signal. Note that the 1D-CWT is not a decomposition-
based wavelet transform and for detecting damage, the higher scales of 1D-
CWT are redundant. Sung et al. [28] identified internal damage in composite
plates subjected to low-speed impacts using 1D-DWT.

Another most commonly used version of wavelet transform for structural
damage detection is two-dimensional discrete wavelet transform (2D-DWT).
Katunin et al. [29] introduced a new damage detection algorithm using 2D-
DWT to detect damage in a geometrically non-linear composite blade. This
algorithm outperformed other wavelet transforms, even under noisy conditions.
Katunin and Przystatka [30] developed a sensitive method for detecting damage
in composite plates using the fractional discrete wavelet transform (FDWT).
Various optimization algorithms were employed to determine the optimal
FDWT parameters. Their results showed that the optimized FDWT presented
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high-accuracy damage detection in composite structures. Knitter-Pigtkowska et
al. [31] employed 1D-DWT and 2D-DWT to detect cracks in composite plates,
which were subjected to static and dynamic loading to generate signals for
wavelet transform analysis. Finally, the two-dimensional continuous wavelet
transform (2D-CWT) is another type most commonly used for detecting damage
in laminated composite structures. For example, Fan et al. [32] applied the 2D-
CWT to detect damage in plate structures. The wavelet Dergauss2d analyzed
the original signal to obtain wavelet coefficients. The concept of Isosurfaces of
the 2D-CWT coefficients was suggested as a damage detection index. Results
showed that the proposed algorithm can effectively detect damage in plate-like
structures.

Most of the structures studied in previous research on the application of wavelet
transforms in structural damage detection had a rectangular-wise geometry.
Therefore, the data acquisition for processing had a linear arrangement.
However, sometimes, the structure under analysis is circular; thus, the signal
acquisition is performed based on the circular arrangement of the sensors. In
such cases, the polar wavelet transform can be used to detect damage in circular
structures. Trendafoilova et al. [33] noted that frequency-based methods have
limitations in detecting damage, making time-frequency methods essential for
identifying structural issues. They used large amplitude vibrations and nonlinear
time series analysis to detect damage in circular plates at low levels and noisy
conditions. Tufoi et al. [34] explored damage detection in circular plates
through vibration analysis by assessing mode shape characteristics. Pai et al.
[35] utilized scanning laser vibrometer data to identify defects, finding that
high-frequency operational deflection shapes are crucial for locating small
defects in circular plates. Rathod et al. [36] introduced a method for quickly
localizing corrosion damage using a circular array of piezoelectric wafer active
sensors to generate and receive ultrasonic Lamb waves, effectively identifying
corrosion pit locations relative to nearby sensors. Wang et al. [37] developed a
technique for rapid crack quantification with a circular sensor array for Lamb
wave transmission and reception, demonstrating the potential for significantly
enhancing crack assessment accuracy in plate-like structures. Giridhara et al.
|38] presented a new damage detection method for structures via a circular array
of piezoelectric wafer active sensors. Results showed that the proposed method
was a robust and efficient approach for damage assessment in plate structures
by effectively analyzing Lamb wave propagation patterns within a circular
sensor array.

As the only and closest study to this work, Katunin [39] studied damage
detection in circular glass-epoxy laminate composites using the polar discrete
wavelet transform (PDWT). The research modeled four types of damage: radial
cracks, circumferential cracks, voids, and delamination within a finite element
framework to evaluate detection accuracy. The algorithm focused on identifying
singularities in the axial displacements of the structure's natural vibration

3



modes. The results confirmed PDWT's effectiveness in precise identification
damage in circular composite structures, positioning it as a valuable tool for
structural diagnostics.

This paper proposes an index for selecting optimal polar wavelet functions to
enhance damage detection in laminated composite discs. The criterion focuses
on minimizing the ratio of approximation coefficient energy to the total energy
of radial, angular, and coupled details. In this way, the ratio of the energy of the
approximation signal to the radial details, the ratio of the energy of the
approximation signal to the angular details, and the ratio of the energy of the
approximation signal to the coupled details, known as the MER index, are
compared with each other for different wavelet functions and three different
types of detail signals to obtain the optimal details and wavelet function for the
polar wavelet transform. Then, using them, damage scenarios are investigated to
compare the performance of the proposed methodology with the conventional
polar wavelet transform method. Therefore, this paper presents a new method
for selecting the optimal detail signal and the optimal wavelet function to
increase the accuracy of damage detection and reduce the dependence of the
conventional polar wavelet transform on the selection of the wavelet function
based on trial-and-error simulations.

2. Mathematical Model

Consider a laminated composite circular plate, as shown in Fig. 1. As depicted,
the plate has the radius R and the thickness h. The coordinate system (7, 8, z) is
assumed to be centered at the center of the plate, and as shown in Fig. 1, the
deformation of the points on the plate is represented by the variables (u, v, w),
respectively. The plate consists of N layers, where the position of the top and
bottom of the k™ layer relative to the middle plane is specified by z;,; and z.

Z, W
R )
hl r,u 9,v E_“‘"-E
T Y .

Fig. 1: Schematic view of a laminated composite circular plate

Based on the FSDT, the displacement field in the plate is written as follows:
u(r,0,z,t) =uy(r,0,t) + zy,(r,0,t)

v(r,0,z,t) =vy(r,0,t) + zPy(r,06,t) (1)
w(r,8,z,t) = wy(r,0,t)

where t represents time. Using the strain-displacement relations, the non-zero
strains can be calculated as follows:

&=+ zk, (2)
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It is worth noting that in the above relations and the following relations, comma
denotes the derivative with respect to the parameter that appears after it. The
kinetic energy in the plate is written as follows:

1
T = Ef p(u'tz + v’tz + Wltz)dV
14

. 4)

R 2T E 5 ) 5
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where p is the density of the layers of the plate. By substituting the
displacement field (1) into Eq. (4), we will have:

1 R (21
T = > f J |1 (uo e + vor? + woe?) + 2L (Uor Yre + Vor Yor)
0 0

(5)
+ I(Yy° +Pg,>)]|dO rdr
where:
N Zk+1
oty = Y [ prLnzt) ds (©)
k=1"%k

in which p* is the density of the k™ layer. The stress-strain relation in the k™
layer is written as follows:

a0 _611 612 616 w g\
{09 } = @12 QZZ QZ6 { €0 } (7-a)
Tro Q16 Q26 Uss Vro

T (Q1s Qus = Yo 5
{T”} [ Qus QsJ {VTZ} (7-5)

where Q; j (i,j=126and 4,5) are the reduced stiffness coefficients. The
strain potential energy of the plate is also as follows:

U= > f (Grer + 0gEg + TrgY, g T TozVg, T Terrz)dV )
\%4



By substituting the strains from Eq. (2), the resultant forces and moments can be
defined as follows:

h
2
(Ny,Ng, Nyg, Qgz, Qrz) = J h(JrJ 00, Tr9,Toz Trz) AZ (9-a)
h
2
(MTI Mg, MTG) = J h(o-rl 09, TTG) zdz (9'b)

2
which are related to the strains as follows:
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in which:
N
Zk+1 _ k
(Aileij!Dij) = 2f Ql] (1,Z,Zz) dz (l,] = 1,2,6 and 4,5) (11)
k=1"%k

By substituting Eq. (9) into Eq. (8), the strain potential energy of the plate can
be written as follows:

1 R 21
sz_f_f (N el +Ngeg+ Nogyly + Mk, + Mg kg + Mg kg
o Jo
+ Qﬂzyez + Qrzyrz) dé rdr

By substituting Eqs. (3) and (10) into Eq. (12), the strain potential energy of the
circular plate can be obtained in terms of the displacement field variables as
follows:

(12)
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3. Solution Method

In the present work, the finite element method is used to calculate the response
of the system. Two types of elements are considered in this paper, as shown in
Fig. 2, one of which is central and the other is non-central. The central element
has 7 nodes, and the non-central element has 9 nodes (Fig. 2). Each node in both
elements has 5 degrees of freedom, including (ugy, v, Wy, ¥, Yg). The vector of
degrees of freedom for the elements is written as follows:

Central element:

{Ac} = {[61], 1821, [85], [84], [5], [66], [8713" (14)
Non-central element:

{8c} = {[61], 1821, [85]), [84], [85], [66], (871, [8s], [6o]3" (15)
where [J;] (i=1-9) represents the degrees of freedom of each node:

[6:] = [woi, Voi, Woi, Yris Yeil  (E=1-9) (16)



Non-Central Elements

Fig. 2: A schematic of the discretization process for a circular plate with central
and non-central elements

Subsequently, the relations will first be presented for the non-central element.
The following dimensionless variables are defined for the radial and angular

positions:
r—n -6
§ = , 0<é<1 - 1 o<n<1
rz _rl ( ) T’ 92 _ 91’ ( —_ 77 —_ ) (17)

Each component of the displacement field can be related to the degrees of
freedom of the nodes as follows:

9
MG = ) Ni(Em) Ay (18)

where A can be any of the displacement field variables (ug, vg, Wy, Yr, Yg).
Additionally, the Lagrange interpolation functions N;(&,7n) are calculated as
follows:

M=t(e-2)E-D(1-5)0-D  N=-8(¢-5)E-Dnm-D  M=4(¢-3)E-Dn(n->)

Ny =86 -1 (n-3) (=D Ns = 166(6 = Dn(n = 1 Ny =86~ Dn(n ) (19)
N =45(s-3)(n-3) -1 No =8¢ (£~ 2)ntr -1 Ny=1¢(e=2)n(n-3)

The displacement field is interpolated as follows within the element:

uy = [Ny [{Ac}

=[N; 000 0N, 00 OO .. Ngo O O 0 0]{A}
UOZleJ{Ae}

=[0 N, 0 00 0N, 0 0 0 .. 0 Ng 0 0 O]{A,}
WolewJ{Ae}

=[0 0NN 000 ON, 00 ..00 Ny O 0}{A,} (20)
Y, = leTJ{Ae}

=[0 0 0ON 00OON, 0 .. 00 0 Ny 0}{A,}
Yo = [Ny, [{Ac}

=[0 000N OO O0OON, .. 000 0 NoJ{A}

For the central element, the components of the displacement field can be related
to the degrees of freedom of the nodes as follows:
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The Lagrange interpolation functions are also calculated as follows:
M=2(t-3)E-1 Ny= -8 1) (n-2)@ -1 Ny =165~ Dty -1

N, = 866 - D (n—3) Ms=1(s-5)(1-3) -1 N =-8¢(s-3)nm- D (22)

- (e (o3

The displacement field is also interpolated as follows within the element:
Uy = [Ny]{Ac}

=[N, 00 00N, 00O0O .. NJ O 0 0 0]{a,}
UOZ[Nv]{Ae}

=[0 NN 000 0N, 000 .. 0N, 0 0 0]{a,}
wo = [Ny, ]{A.}

=0 0NN 00 O0ON 00 ..00 N, 0 O0{A} (23)
Y, = [Nlpr]{Ae}

=[0 00NN 0O OON 0 ..00 0 N, 0]{a,}

=[0 000N 0O 0 OO N, .. 00 0 0 NJ{a,}

By substituting the displacement field (20) or (23) into Egs. (5) and (13), it can
be written as:

T = {a) MI(A) (24-2)

U = (0TI A) (24-b)

where [M,] and [K,] are the element mass and stiffness matrices, respectively,
which are provided in Appendix A. Additionally, {Ae} is the element velocity
vector. It is worth mentioning that the integrals related to the mass and stiffness
matrices of the element have been calculated numerically, with the
corresponding details provided in Appendix A.

By assembling the mass and stiffness matrices of the different elements and
applying the boundary conditions, the governing equations are discretized and
written as follows:

[M){A} + [K]{a} = {0} (25)
where [M] is the global mass matrix, [K] is the global stiffness matrix, {A} is
the global acceleration vector, and {A} is the global degrees of freedom vector.
Assuming the response in the form {A} = {A,}e®t, where i is the imaginary
unit, w is the frequency of the structural oscillations, and {A,} is the mode
iwt

shape, and substituting this into Eq. (25) and eliminating the term ™", we will

have:

([K] — w?[MD{a} = {0} (26)
By solving this, the frequencies and mode shapes of the structure can be
calculated.



4. Polar Wavelet Transform

In polar coordinates, the signal acquisition is one-dimensional, but due to the
circular arrangement of the data acquisition points, the analyzed signal is two-
dimensional. Therefore, the polar wavelet transform is a two-dimensional
wavelet transform. One of its dimensions is in the direction r, and the other is in
the direction 8. Thus, we develop the mathematical relations for these two
directions and create a two-dimensional polar wavelet function by the tensor
product of them. For the directions r and 6, the wavelet functions | ()| and
Y(0) must have limited energy by nature, because they must perform the
convolution operation locally. Mathematically, this property is expressed as
follows:

f_ [Y(r)|dr < oo f_ Y (0)]| dO < oo 27)
Or in other expressions:

I < o IO <e (28)
Eypiry = (1), () = f ()2 dr < o (29)
Epe = ((0), Y(6)) = f (8|7 d6 < oo (30)

The Eqgs. (41) and (43) state that ¥(r) and ¥ (0) are absolutely integrable and
square integrable, respectively.

Admissibility condition states that the Fourier transform of a wavelet function
cannot contain a zero-frequency component (i.e., (w = 0) = 0):

~ 2

f+°° ()|
|w]

The wavelets must have zero mean to meet the conditions of admissibility.

Mathematically, this property is expressed as follows:

f +001/J(T) dr =0 f +ool/)(9) do =0 (32)

This condition induces the wavelet function to behave oscillating. In other
words, this condition forces the wavelet function to have at least one sign
change.

Each wavelet function has its own minimum vanishing moments. If a wavelet
function has the vanishing moment(s) n, the following moment equation is valid

[4] 400
M, = f r'y(r)dr=0,n=0,1,..,m (33)

dw < o0 (31)

— 00

+ 00
M, = f OMp(@)do =0,n=0,1,..,m (34)
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The filters used for 2D-DWT must be two-dimensional. These two-dimensional
filters are also called kernels or masks. The two-dimensional filters used in 2D-
DWT are obtained from the expansion of the one-dimensional scaling
function’s coefficients and one-dimensional wavelet function’s coefficients as
follows:

o(r,0) =p)e(6) (35)
Y (r,0) = Y() p(0) (36)
PO (r,60) = o(r)Y(b) (37)
YP(r,0) = Y() ¥(6) (33)

5. Optimal Polar Wavelet Selection

A two-dimensional discrete wavelet transform (2D-DWT) is established based
on multiresolution analysis for images. In multiresolution analysis for images,
we work on two-dimensional signals or images. Thus, singularities or faults in
images can have their own directions or forms. As mentioned, the
multiresolution analysis for one-dimensional signals follows the following rule:

f=A]+de (39)

In multiresolution analysis for a polar function f(r,6), we have four
subimages: Aj(r,6), the approximate sub-image; df,(r,6), the detail sub-

image in the angular direction; d;,, the detail sub-image in the radial direction;
and d$,, the detail sub-image in the coupled direction. Thus, two-dimensional
multiresolution analysis can be expressed as follows:

f(r,0) = A(r,6) + Z @ (v 0) + d, (r, 0) + d, (r, 6) (40)

Therefore, we can write for the first level of decomposition (Level 1):

f(r,0) =A(r,0) +di(r,0) +di(r,0) + di(r,0) (41)
As the decomposition level increases, more details of the signal will be
available. In addition, the level of approximation of the signal will be higher,
which means that the approximation is performed in larger sub-spaces; as a
result, the approximation will be less accurate.

Assuming the size of f(r,8) isn X m, the following relations are related to the

two-dimensional discrete wavelet transform:
n-1m-1

A (7, 9)—222f(r 6)27$(2-r —n, 2716 —m) (42)
r=0 6=0
n-1m-1

D7jnm(r,0) = %Z fr, e)z%w(z—fr -n,2776 —m) (43)
r=0 6=0
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n-1m-1

1 T .
DY m(r,0) == f(r,0)22yY(277r—n,2776 —m) (44)
DS, (1, 6) = %Z Z F(r0)22 W2 r —n,2770 —m) (45)

r=0 6=0
Minimum energy ratio for selecting the optimal polar wavelet criterion in three
directions r, 6, ¢ and are proposed as follows:

5 26| D™ L (0|

(MER™) = . (46)
Zr 29|A¢*1,m,n(r: 9)'
2
Do~ r, 0
(MERQ) — 21"29' 1,m,n( )lz (47)
Zr 29|A¢*1,m,n(rr 9)|
2
Do~ r, 6
(MERC) — ZrZB' 1,m,n( )lz (48)
Zr 29|A¢*1,m,n(r» 9)|
where:
1 n-1m-1 1
AP, 0) = 3 f(r,02z2¢*(2"r —n,2716 —m) (49)
r=0 6=0
n-1m-1
1 -1
D™ pon(r,6) = EZ F(r0)27 Y™ (27 — 1,270 — m) (50)
r=0 6=0
n-1m-1
D (1, 6) = %Z Z £l 0)27 90 (271 — n, 2710 —m) (51)
r=0 6=0
n-1m-1
D o, 6) = %z 2 £ 0) 229 (217 — n, 219 — m) (52)
r=0 6=0

where ¢*(r,0) is the optimal polar scaling wavelet function; also, Y *(r, 8),
Y9 (r,0), and Y (r,0) are the radial, angular, and coupled polar wavelet
functions optimized in terms of the minimum energy ratio (MER), respectively.
Therefore, Y7 (r,0), Yo*(r,0), and Y°*(r,0) lead to minimum ER in the
produced polar wavelet coefficients. In addition, A®*,,,.(r,8) is polar
approximation signal, D™, ,(r,8) is radial detail signal, De*l’m,n(r, 0) is
angular detail signal, and D", ,,, , (7, 6) is the coupled signal.

Fig. 3 shows flowchart of extracting the MER index vector from the vibration
mode shape using the polar wavelet transform. According to the proposed
method, the first mode shape of the laminated composite circular plate is
transformed into four signals: approximation signal ¢;(r, 8), radial detail signal
Y{ (r,0), angular detail signal Y{(r,0), and coupled radial-angular detail
signal { (7, 8). Then, to identify the damage, MER index vectors are calculated
for different wavelet functions and for each detail signal to determine which
detail signal (radial, angular, or coupled radial-angular) has the best ability to
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identify the damage. Finally, the MER index vector with the lowest value is
selected as MER};, 4, and its lowest value for a given wavelet function is the

criterion for determining the optimal wavelet selection. Fig. 3 illustrates the
procedure for extracting the MER index from the damaged mode shapes in the
radial, circumferential, and coupled radial-circumferential directions. The
optimal MER value obtained from each mode is then assembled into the MER
vector {MER; -+ MER; -+ MER}}T, where the superscript T denotes the
transpose.

Mode Shape Y,"(r,0) ¢ (6 ‘
MER;
wiﬂ.("‘,e) DiL " | M MER:
MER;,
.

Fig. 3: Flowchart of extracting the MER index vector from the vibration mode
shape using the polar wavelet transform

The minimum value of the MER index vector (i.c., MER;,4;) is chosen as the

criterion for optimal polar wavelet selection:
(MERI\

MER} ;o = min !MER & (53)
|
\MER )

6. Numerical Analysis

This section addresses numerical analysis in finite element modeling and
damage detection. It begins with a convergence study, followed by comparison
studies, and then proceeds with numerical damage detection using various
damage scenarios based on our proposed methodology. Lastly, experimental
damage detection is examined in a glass-epoxy laminated composite disc to
validate the method's effectiveness in practical applications.

6.1. Comparative Study
This section presents a convergence study to validate the accuracy of our
proposed finite element model. In this section and the following sections, the
material properties in the layers are considered as follows, unless explicitly
stated otherwise [40,41]:
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k
p = 1300m_%, E22 =10 GPa, E11 = 20E22l Vi = 025, (54)
G12 = G13 = 0.5E;;,  Gy3 = O’-lZEzz
The layups [0/90/90/0], == 0.1 and clamped boundary conditions have been

considered. Table 1 presents the results of the convergence study. The
: : : _ _wR? [p

frequencies are dimensionless, expressed as w = == Eﬁ. As can be seen, as
22

the number of elements increases, the responses converge. It is worth

mentioning that in the subsequent calculations, 15%15 element grid has been

used for discretizing the circular plate.

Table 1: Convergence test for the first three dimensionless natural frequencies of the
laminated composite circular plate with the layups [0/90/90/0] and the ratio % =0.1

Mode 5x5 7x7 9%x9 11x11 13x13 15x15 17x17
No.
W4 8.0925 8.0607 8.0448 8.0353 8.0290 8.0281 8.0281
W, 13.9540 13.8181 13.7479 13.7040 13.6738  13.6721 13.6721
W3 14.1164 13.9017 13.8019 13.7428 13.7033 13.7011 13.7011

6.2. Comparison Study

In this section, to verify the accuracy of the derived equations and the developed
computer programs, the present results are compared with those of others. In
Table 2, the results for the isotropic circular plate are compared with the results
from references [32] and [33]. For comparison, the frequencies are expressed as

h Eh3
= wR? |22 where D = ———,
D 12(1-v2)

S

Table 2: Comparison of the present dimensionless frequencies (@) with various references for
the isotropic circular plate

Boundary h Mode No.
Conditions R Method 1 2 3 4 5
Taher et al. [40] 4.8975 13.580 23.722 24.555 28.310
Hosseini-
0.1 Hashemi et al. 4.8938 13.5624 - 24.5018 28.240
[41]
Simply- Present 4.8973 13.5802 23.5739 24.0795 27.8637
supported Taher et al. [40] 4.6234 7.9234 11.721 16.553 19.452
Hosseini-
03 Hashemi et al. 4.604 - 11.6264 - 19.2193
[41]
Present 4.6218 - 11.6306 - 19.2260
Taher et al. [40] 9.9908 20.297 32.430 36.743 46.139
Hosseini-
0.1 Hashemi et al. 9.9408 20.1765 32.2048 36.4787 45.7730
Clamped [41]
Present 9.8727  20.1270 32.1540 36.2580 45.7612
03 Taher et al. [40] 8.4746 15.453 22.766 22.721 25.150
’ Hosseini- 8.3553 15.1926 22.2248 - 24.6358
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Hashemi et al.
[41]

Present 8.2962 153745 223723 223739  24.6856

The frequency results for the laminated composite plate are presented in Tables
3 and 4, and for the clamped boundary condition, they are compared with the
results from reference [42]. For the results in Table 3, the following physical

properties have been used:
k
p= 1600m—‘i, Ey, = 10 GPa,  Ey, = 20Ey,, vip = 0.25,

(55)
G12 = G13 = 0.6E22, 623 = 0.5E22

As can be seen, the results of the present paper align very well with those of
others.

Table 3: Comparison of the dimensionless frequencies (@) for laminated composite circular
plate with layups [0/90] and% =0.1

Mode No. 1 2 3 4 5 6 7 8

Zhal[ggﬁtal' 8139 12213 12213 18685 18.688 26812 26.830 28.406

Present 8.138 13.708 14.781 18.874 18.906 27.420 27.424 28.632

Table 4: Comparison of the fundamental frequency (Hz) for laminated composite circular
plate with different layups and various %

h
? Method  [15/15/15/15] [30/30/30/30] [45/45/45/45] [60/60/60/60]
Zhang et
0.005  al. [42] 20.382 17.923 15.787 13.606
Present 21.043 18.210 15.830 13.656
Zhang et
0.01 al. [42] 40.708 35.794 31.534 27.182
Present 41.120 36.031 31.684 27.191
Zhang et
0.02 | al, [42] 80.987 71.257 62.784 54.129
Present 81.110 71.362 62.945 54.985
Zhang et
003 al [42] 120.42 106.06 93.478 80.613
Present 120.844 106.356 93.895 80.951

6.3. Numerical Damage Detection

In this section, numerical investigation on the performance of the proposed
damage detection method is presented. For this purpose, six different damage
scenarios are evaluated according to Table 4.

Fig. 4 shows the damaged first mode shapes corresponding to the six considered
damage scenarios. Note that the boundary conditions in all numerical damage
scenarios are considered as the clamped boundary condition.
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One of the most basic arguments in the literature on damage detection and
structural health monitoring is that the presence of damage leads to asymmetry
in the geometry of the mode shape. Here again, the absence of perfectly
symmetrical contours indicates the presence of damage in the disk. Note that in
order to apply damages on the finite element model, before doing assembling
operation of the stiffness matrix, a constant called damage index a (0 < a < 1)
is multiplied by the element’s stiffness matrix[K€] [10]:

[Kel, = a[Ke] » D =Xe-Kela 100 = Kel=alkel o 100 = (1 - @) x100)  (56)

[Ke] [Ke]
where [K€],; is the stiffness matrix of a damaged element in the laminated
circular plate.

The goal of this section is to discover the wavelet function that minimizes the
MER vector when applying a two-dimensional discrete wavelet transform to a
signal. Therefore, according to Tables 5 to 7, the minimum energy ratio (MER)
index for damage scenarios 1 to 6 using three different families of wavelet
functions is calculated.

Table 5 shows the minimum energy ratio (MER) index for damage scenarios 1
and 2 using three different families of wavelet functions. Note that the indexes
MER?, MER", and MER® are the minimum energy ratio (MER) indices obtained
from the angular, radial, and coupled detail signals. According to Tables 5 and
7, the best detail signal for searching optimal wavelet function is related to the
minimum  energy ratio of the coupled detail signal (i.e.,
MER®).

Table 5. Minimum energy ratio (MER) index for damage scenarios 1 and 2 using three
different family of wavelet functions

Scenario 1 Scenario 2
Wavelet MER* MER" MER¢ Wavelet MER®* MER" MER¢
Haar 9.37% 10~° 0.0028 2.58% 1077 Haar 9.36x 107° 0.0028 2.57% 107
db2 2.77x 107 2.35E-04 3.86x 1078 db2 2.74x 1076 2.35%x107* 3.84x 1078
db3 1.05x107® 3.53x 1075 2.42x 1078 db3 1.03x 107° 3.53%x 107° 2.37x 1078
db4 5.68x 1077 436x107¢ 5.68x 1077 db4 5.92x 1077 4.34%x 107° 1.06x 108
db5s 7.77% 1077 8.73%x 10~° 1.97x 1078 db5 8.03x 1077 8.70x 10~° 1.67x 1078
sym2 2.77x 107 2.35E-04 3.86x 1078 sym2 2.74Ex 107 2.35%x 10™* 3.84x 1078
sym3 1.05x107® 3.53x 1075 2.42x 1078 sym3 1.03x 10~° 1.03x 10°® 2.37x 1078
sym4 1.52x 107  2.03x 1073 8.51x 1078 sym4 1.51x 107 2.02x 1075 8.30x 10~8
sym5 1.59x 107  1.59x 10™® 8.89x 1078 sym5 1.52x 107  4.72x 1075 8.90x 1078
coifl 447x 1075 2.56x107® 9.36x 1078 coifl 2.66x 107° 4.44%x 1075 8.88x 1078
coif2 1.31x107° 1.60x 105 6.09% 10~8 coif2 1.30x 107° 1.59% 105 6.08% 1078
coif3 1.12x10®  1.82x 1075 5.08x 1078 coif3 1.12x 10~° 1.81x 1075 5.08x 1078
coif4 1.05x 107 1.89x 107> 4.63x 10~8 coif4 1.05x 107 1.89x 107 4.62x 10~8
coif5 1.02x 107° 1.93x 1075  4.38x 1078 coif5 1.02x 1076 1.92x 1075 437x 1078

Table 6 indicates the minimum energy ratio (MER) index for damage scenarios
3 and 4 using three different family of wavelet functions.

Table 6. Minimum energy ratio (MER) index for damage scenarios 3 and 4 using three
different family of wavelet functions

Scenario 3 | Scenario 4
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Wavelet MER“* MER" MER® Wavelet MER“ MER" MER®
Haar 9.23x 107° 0.0028 2.55x 1077 Haar 9.44x 10°° 0.0028 2.57x 1077
db2 2.70x 107° 2.35x 1074 3.83x 1078 db2 2.74x 107 2.36x 107* 3.83x 1078
db3 1.00x 10— 3.52x 10~5 2.37x 1078 db3 1.03x 10~ 3.53x 1075 2.37x 1078
db4 5.38x 1077 4.32Ex 10° 1.03x 108 db4 5.57x 1077 4.34x 107 1.04x 108
db5 7.42x 1077 8.66x 10=° 1.57x 108 db5 9.03x 1077 8.69x 10~° 1.45x 108
sym2 2.70x 10~° 2.35x 10~* 3.83x 1078 sym2 2.74Ex 107 2.36x 10~* 3.83x 1078
sym3 1.00x 10— 3.52x 10~ 2.37x 1078 sym3 1.03x 10~ 3.53x 1075 2.37x 1078
sym4 1.45x 107 2.01x 1075 8.13x 1078 sym4 1.48x 107 2.02x 1075 8.16x 1078
sym5 1.50x 107° 4.70x 107° 8.83x 107® sym5 1.48x 10°° 2.02x 10~° 8.16x 107°
coifl 2.53x 107 4.44x 1075 8.63x 1078 coifl 2.63x 107° 4.44x 1075 8.65x 1078
coif2 1.25% 10=° 1.58x 10~° 5.64x 108 coif2 1.28x 10~° 1.59x 10~° 5.68x 108
coif3 1.06x 10~ 1.80x 10~5 4.71x 1078 coif3 1.08x 10~° 1.81x 1075 4.74x 1078
coif4 9.96x 1077 1.88x 107> 4.30x 1078 coif4 1.01x 10~ 1.88x 10~° 4.33x 1078
coif5 9.64x 1077 1.91x 10~5 4.08x 1078 coif5 9.75x 1077 1.92x 10~5 4.10x 1078

Table 7 denotes the minimum energy ratio (MER) index for damage scenarios 5
and 6 using three different family of wavelet functions.

Table 7. Minimum energy ratio (MER) index for damage scenarios 5 and 6 using three
different family of wavelet functions

Scenario 5 Scenario 6
Wavelet MER* MER" MER¢ Wavelet MER® MER" MER¢
Haar 9.08% 10~° 0.0028 2.79% 1077 Haar 9.76x 107° 0.0028 2.75% 107
db2 2.71x 107° 235x 10~ 3.84x 1078 db2 3.12x 107° 234x 107* 420% 1078
db3 1.07% 105 3.52x 1075 2.57% 1078 db3 1.27x 1075 3.51x10°° 2.47% 1078
db4 7.46x 1077 438%x 1077 230x 1078 db4 8.64x 1077 432x 107° 1.17x 1078
dbs 1.01x 1076 8.79% 10~° 4.93% 1078 db5 1.09x 1076 8.63x 10°° 1.65% 1078
sym2 2.71x 107° 235x 107 3.84x 107° sym2 3.12x 107° 234x 107* 420% 1078
sym3 1.07x 107° 3.52% 1075 2.57x 1078 sym3 127%x 106 3.51x 1075 247% 108
symd 1.69% 106 2.02x 1075 1.30% 107 symé 1.87x 107° 2.01x 1075 821x 1078
sym5 1.66x 107° 4.70% 1075 1.03x 1077 sym5 1.65% 105 4.69% 1075 9.06x 108
coifl 2.73x 107° 4.44% 1075 1.58%x 1077 coifl 3.35x 107° 4.43% 1075 8.94x 1078
coif2 1.51x 107° 1.59x 1075 1.07%x 107 coif2 1.67x 1076 1.58x 1075 5.70x 1078
coif3 1.29% 107° 1.80x 1075 8.85x 1078 coif3 1.33x 107° 1.79% 1075 477% 1078
coifd 1.20x 105 1.87x 1075 7.94% 1078 coif4 1.20x 105 1.87x 1075 437% 1078
coifs 1.15% 1075 1.90x 1075 7.40x 1078 coifs 1.14x 1076 1.90x 105 4.16x 1078
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According to Fig. 5 the db wavelet is considered the most optimal wavelet
family.

Table 8. Six considered numerical damage scenarios in polar coordinate system

Damage location

Scenario No. R 0 Damage level Optimal wavelet
1 8 150° 9% Db5
2 10 110° 5% Db4
3 2 0° 10% Db4
4 3 0° 15% Db4
5 8 110° 40% Db4
6 13 335° 70% Db4

Note that other wavelets from the db family or other families can be found to
perform damage detection with high accuracy. However, according to the
introduced MER index, the best detail signal for damage detection in the disk
under investigation is the coupled detail signal, and the best wavelet family is
the db wavelet family. According to Table 8, the optimal wavelet function is
db4.

Fig. 6 shows the results of using the conventional wavelet transform to identify
the damage of the scenarios presented in Table 8. In Fig. 6, the wavelet
functions, as well as one of the three horizontal, vertical, and coupled details are

randomly selected to evaluate the performance of the conventional wavelet
transform.
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Scenario 1: coupled detail, db2
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Fig. 6. Results of conventional wavelet transform using random wavelet
functions and random detail signals

As shown in Fig. 6, damage detection using conventional wavelet transform is
performed only using the detail signal. In addition, damage detection using
coupled signal is not very high accuracy, because the best wavelet function is
not used. Therefore, in order to overcome this weakness, the proposed method is
presented. Fig. 7 shows the performance of the proposed methodology in this
paper.

0 Wavelet coefficient

4 0B20E-4

3.349E-4

2618E-4
1.B87E-4
1.156E-4
270
4244E 5
“3.067E-5

-1.038E-4

-1.76%9E-4

-2.500E-4

180

Scenario 1
23



0 Wavelet coefficient

2 060E-4
162564
1.190E-&
7.550E-5
270 3.200E-5
1.150E-5
-5.500E-5

-5.850E-5

-1.420E-4

180

Scenario 2

0 Wavelet coefficient
30

4160E-4

3.340E-4

2.520E-4

1.700E-4

8.2800E-5

6.000E-6

-7.600E-5

-1.580E-4

-Z.400E-4

180

Scenario 3

24



0 Wavelet coefficient
30

3.420E-4

2735E-4

2.050E-4

1.385E-4

6.800E-5

-5.000E-7
-5.900E-5
-1.375E-4
-2.060E-4
180
Scenario 4
0 Wavelet coefficient

b 1.450E-4

-5B38E-5

-2 T7EBE-4

-4 806E-4

270

B -7.025E-4

914464

-0.001128

-0.001338

-0.001550

Scenario 5

25



0 Wavelet coefficient
30

2 150E-4

1.703E-4

1.255E-4

&.075E-5

3.600E-5

-8.750E-6

-5.350E-5

-8.825E-5

-1.430E-4

Scenario 6
Fig. 7: Results of damage detection using the proposed methodology

Fig. 7 demonstrates that the proposed methodology accurately identifies damage
locations across all scenarios. Note that the coupled detail signal and db5
wavelet function were found to be optimal within this methodology.

Also, to investigate the performance of the proposed methodology under noisy
conditions, two noise damage scenarios are examined. For this purpose,
scenarios 7 and 8 are considered. In scenario 7, the damage is located at a radius
of 8 and an angle of 150 degrees. In scenario 8, the damage is located at a radius
of 10 and an angle of 110 degrees. Also, the damage level in the seventh
scenario is 9% and in the eighth scenario, it is 5%. Fig. 8 shows the results
obtained from damage identification under noisy conditions. The noises
obtained from the sum of the mode shape with the Gaussian noise function were
obtained with levels of 0.001 and 0.002, respectively, in MATLAB software.
Results indicate that the higher the noise level leads to the harder the damage
identification, as expected. As the noise level increases, local disturbance
caused by damage may be located in the noise neighborhood and lose its
singularity in the mode shape signal.
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Fig. 8: The damaged first mode shapes corresponding to the four considered
noisy damage scenarios

6.4. Experimental Damage Detection

This section presents experimental results on damage detection to validate the
effectiveness of the proposed method for real-world applications. An eight-layer
glass-epoxy composite disk is fabricated using the vacuum infusion process
(VIP) using Epoxy resin, hardener and glass fabrics, as illustrated in Fig. 9.
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Glass fabrics provide cost-effective heat resistance, retaining approximately
50% of their room temperature tensile strength (around 3445 MPa),
compressive strength (around 1080 MPa), and elastic modulus (around 73 GPa)
[43].

g h i
Fig. 9: Fabrication of an eight-layer glass-epoxy laminated composite circular
plate using vacuum infusion process (VIP)

Figs. 9a-91 illustrate the fabrication process of an eight-layer glass—epoxy
laminated composite circular plate manufactured using the vacuum infusion
process. The procedure begins with cutting the glass fiber cloth into circular
shapes (Fig. 9a), followed by placing circular Dacron fabric layers on the glass
fibers (Fig. 9b). The flat mold bed and its boundary conditions are shown in Fig.
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9c. The application of vacuum and the removal of air from the mold chamber
are depicted in Fig. 9d. Figs. 9¢e-91 show the infusion of the epoxy resin—
hardener mixture and its permeation through the glass fiber layers under
vacuum assistance.

Fig. 10a presents the finite element mesh of the manufactured specimen. The
relative positioning of the shaker with respect to the specimen and the applied
excitation force are shown in Fig. 10b. Finally, Fig. 10c illustrates the
experimental setup used for the modal analysis.

c
Fig. 10: Dividing and modal test of eight-layer glass-epoxy laminated composite
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circular plate

Fig. 10 shows dividing and modal test of eight-layer glass-epoxy laminated
composite circular plate. The composite circular plate was suspended using a
soft elastic to facilitate testing. A laser vibrometer measured velocity by
scanning all points on the structure. A vibrating shaker, coupled with an
8200BK force gauge and a 2647A amplifier, applied force. With the composite
plate divided into 33 points (Fig. 10a), the shaker was fixed at point 18, and the
laser vibrometer measured the response at all points.

A groove measuring 20 mm in length and 3 mm in width was introduced into
the laminated composite circular plate at a radial distance of 50 mm from the
center and oriented at an angle of 105°, within the sector bounded by points 12,
13, 21, and 20 (Fig. 10a). Modal testing was conducted over the entire plate
using a shaker excitation applied at point 18, while the vibration response was
measured using a roving laser vibrometer. Frequency response functions (FRFs)
were obtained in the frequency range of 0—-800 Hz using a BK3560D analyzer in
conjunction with PULSE 8 software, based on measured force and acceleration
signals. The three FRF curves shown in Fig. 11 correspond to repeated
measurements performed under identical test conditions, demonstrating the
repeatability and reliability of the experimental data.

In modal analysis, mode shapes are extracted from the measured FRFs through
a curve-fitting procedure. Specifically, modal identification software such as
ICATS first determines the global modal parameters, including natural
frequencies and damping ratios, from the resonant peaks of the FRFs.
Subsequently, the relative motion between measurement points is obtained by
evaluating the residue (response amplitude) at each location. By assembling
these relative amplitudes into a modal vector, the structural deformation pattern
corresponding to each mode shape is reconstructed and visualized in animated
form.
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Fig. 11: Frequency response functions obtained from modal testing on damaged
laminated composite circular plate in the frequency range of 0 to 200 Hz.

Following the experiment, frequency response functions were analyzed using
ICATs software. This analysis yielded the sheet's natural frequencies, damping
coefficients, and mode shapes. Table 9 lists the natural frequencies and damping
coefficients, while Fig. 12 presents the mode shapes of the damaged laminated
composite circular plate.

Table 9. Natural frequencies and damping coefficients of the damaged
laminated composite circular plate sheet

Mode No. 1 2 3
Frequency (Hz) 100.43 143.78 172.84
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Fig. 12: Experimental mode shape of the constructed eight-layer glass-epoxy
laminated composite circular plate

Fig. 13 shows damage detection results on the eight-layer glass-epoxy laminated
composite circular plate using a random wavelet function with the coupled
detail signal and the coupled detail signal and dmey wavelet (with minimum
MER index 0.0160) are used for this experimental scenario.
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Fig. 13: Results of damage detection on the constructed eight-layer glass-epoxy
laminated composite circular plate using a random wavelet function (dmey)
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Fig. 14 shows the result of damage detection on the constructed eight-layer
glass-epoxy laminated composite circular plate using the proposed method. The
coupled detail signal and db4 wavelet (with minimum MER index 4.0410e-04)
are used for this experimental scenario.
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Fig. 14: Result of damage detection on the constructed eight-layer glass-epoxy
laminated composite circular plate using the proposed method

7. Conclusions

Circular structures often require sensors arranged circularly for signal
processing-based structural health monitoring and damage detection,
necessitating signal processing in polar coordinates. This study introduces an
optimal polar wavelet transform, based on the discrete two-dimensional wavelet
transform, for damage detection in laminated composite circular plates. The
transform utilizes wavelet functions in radial, angular, or combined radial-
angular directions, optimized using a new minimum Energy Ratio (MER)
criterion. The numerical results demonstrated the superior performance of the
proposed method (especially for damage below 10%) compared to conventional
polar wavelet transforms, as it leverages optimal detail signals and wavelet
functions instead of relying on trial-and-error simulations (the optimal detail
signal is obtained from the optimal wavelet function and reveals the best
information on damage in the structure). Experimental results further validate
the effectiveness of the proposed method. According to the findings of this
study, the coupled detail signal is the most sensitive polar detail signal to single
damage, and as expected, it yields the lowest MER index. Among the optimal
wavelet functions that yielded the lowest MER in the coupled detail signal, the
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db4 wavelet function was selected. A comparison of the results obtained from
the traditional polar wavelet transform (by choosing a random wavelet function)
showed that the proposed methodology significantly increases the accuracy of
damage detection in polar coordinates. These results were also valid for the
experimental findings. Also, according to the findings of this study, the
proposed methodology is somewhat robust to environmental noise.

For future work, the present study could be extended to consider damping
effects in the numerical model, which may influence the vibration response and
the accuracy of damage detection in laminated composite structures.
Additionally, the methodology could be adapted to account for delamination as
an interlaminar damage mechanism, enabling more comprehensive structural
health monitoring of layered composite plates.

Appendix A: Element Mass and Stiffness Matrices
Element Mass Matrix:
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As previously mentioned, due to the complexities involved in calculating the
analytical response of the integrals related to the element’s mass and stiffness
matrices, a numerical method has been used for their computation. To this end,
the radial and angular intervals of the element are divided into N and N,

[NW,GJTlNW'rJ + [NW,GJTIN%J

21
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segments, respectively. Therefore, in Egs. A.1 and A.2, d§ = A = Ni and dn =
¢

An = Nin can be written. For calculating the above integrals, & =i A (i =

1,2,..,Ng) and n;=j4n (j =1.2,..,Ny,) are substituted, and the computed
values at these points can be summed together.
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