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Abstract 
This study introduces an optimal polar wavelet transform for damage detection 
in laminated composite circular plates. The core concept behind the proposed 
method lies in strategically selecting the most informative polar detail signals to 
extract damage-related information from vibration mode shapes. To guide this 
selection process, a minimum energy ratio (MER) index is introduced as a 
benchmark for identifying the most effective polar wavelet function by 
evaluating the energy balance between the approximation signal and the various 
detail signals. To generate reliable vibration data for the proposed damage 
detection framework, the mathematical model for the circular plate has been 
developed based on the first-order shear deformation theory (FSDT), neglecting 
damping effects to simplify the analysis. By introducing central and non-central 
finite elements, the solution is calculated using the finite element method 
(FEM), and a convergence study is conducted to verify the accuracy of the 
numerical model. The effects of different parameters such as location of 
damage, level of damage, noise, number of layers, and lay-ups on detecting the 
damages of laminated composite circular plates are considered numerically and 
experimentally. Results show that the developed optimal wavelet transform can 
more accurately predict the location of the damage compared to the traditional 
polar wavelet transform. 
 
Keywords: Polar wavelet transform; Damage detection; Laminated composite 
circular plates; Experimental modal analysis. 
 
1. Introduction 
Structural health monitoring (SHM) plays a crucial role in reducing losses 
caused by structural damage [1–6]. SHM can be implemented at various levels. 
At the first level, SHM focuses on identifying the presence or absence of 
damage by comparing current measurements with those obtained from the 
healthy state of the structure. Once damage is detected, higher-level SHM 
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approaches can be employed to determine the location and severity of the 
damage [7–13]. 
On the other hand, laminated composite structures have many applications in 
various fields such as mechanical, civil, aerospace, and automotive engineering 
[14]. This wide application of laminated composite structures is due to their 
desired properties such as corrosion and fatigue resistances and high strength-
to-weight ratio [15-17]. Many laminated composite structures are used in high-
speed applications; as a result, they are exposed to potential damage [18-21]. 
Hence, applying SHM on these structures is vital [22]. 
Wavelet transforms are widely used for detecting damage in laminated 
composite structures and are effective in SHM for capturing signals and locating 
damage [23]. Numerous researchers have employed different versions of 
wavelet transforms to monitor various types of laminated composites. For 
example, Sohn et al. [24] used the one-dimensional continuous wavelet 
transform (1D-CWT) to detect delamination damage in a laminated composite 
plate with attached piezoelectric patches. The processed signal was Lamb 
waves. Grabowska et al. [25] detect damage in composite rods using the 1D-
CWT. Wang et al. [26] detected delamination in cantilever beams. Deflection of 
the beam was obtained using a high-precision laser sensor as the input signal of 
the 1D-CWT. The Gabor wavelet was selected as the analyzing wavelet. The 
approach effectively detected and located delamination within the beam 
structures. Yang et al. [27] combined the 1D-CWT and Fourier transform for 
detecting cracks in laminated composite beams. The signal analyzed in this 
study was in vibration mode shapes. Their results showed that the proposed 
approach effectively detected damage in noisy conditions, without knowing 
prior knowledge about material properties and damage location.  
These investigations utilized the one-dimensional continuous wavelet transform 
(1D-CWT). While, another method, the one-dimensional discrete wavelet 
transform (1D-DWT), offers the advantage of decomposing the signal into 
detail and approximation sub-signals, allowing for the detection of structural 
damage in the detail signal. Note that the 1D-CWT is not a decomposition-
based wavelet transform and for detecting damage, the higher scales of 1D-
CWT are redundant. Sung et al. [28] identified internal damage in composite 
plates subjected to low-speed impacts using 1D-DWT.  
Another most commonly used version of wavelet transform for structural 
damage detection is two-dimensional discrete wavelet transform (2D-DWT). 
Katunin et al. [29] introduced a new damage detection algorithm using 2D-
DWT to detect damage in a geometrically non-linear composite blade. This 
algorithm outperformed other wavelet transforms, even under noisy conditions. 
Katunin and Przystałka [30] developed a sensitive method for detecting damage 
in composite plates using the fractional discrete wavelet transform (FDWT). 
Various optimization algorithms were employed to determine the optimal 
FDWT parameters. Their results showed that the optimized FDWT presented 
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high-accuracy damage detection in composite structures. Knitter-Piątkowska et 
al. [31] employed 1D-DWT and 2D-DWT to detect cracks in composite plates, 
which were subjected to static and dynamic loading to generate signals for 
wavelet transform analysis. Finally, the two-dimensional continuous wavelet 
transform (2D-CWT) is another type most commonly used for detecting damage 
in laminated composite structures. For example, Fan et al. [32] applied the 2D-
CWT to detect damage in plate structures. The wavelet Dergauss2d analyzed 
the original signal to obtain wavelet coefficients. The concept of Isosurfaces of 
the 2D-CWT coefficients was suggested as a damage detection index. Results 
showed that the proposed algorithm can effectively detect damage in plate-like 
structures. 
Most of the structures studied in previous research on the application of wavelet 
transforms in structural damage detection had a rectangular-wise geometry. 
Therefore, the data acquisition for processing had a linear arrangement. 
However, sometimes, the structure under analysis is circular; thus, the signal 
acquisition is performed based on the circular arrangement of the sensors. In 
such cases, the polar wavelet transform can be used to detect damage in circular 
structures. Trendafoilova et al. [33] noted that frequency-based methods have 
limitations in detecting damage, making time-frequency methods essential for 
identifying structural issues. They used large amplitude vibrations and nonlinear 
time series analysis to detect damage in circular plates at low levels and noisy 
conditions. Tufoi et al. [34] explored damage detection in circular plates 
through vibration analysis by assessing mode shape characteristics. Pai et al. 
[35] utilized scanning laser vibrometer data to identify defects, finding that 
high-frequency operational deflection shapes are crucial for locating small 
defects in circular plates. Rathod et al. [36] introduced a method for quickly 
localizing corrosion damage using a circular array of piezoelectric wafer active 
sensors to generate and receive ultrasonic Lamb waves, effectively identifying 
corrosion pit locations relative to nearby sensors. Wang et al. [37] developed a 
technique for rapid crack quantification with a circular sensor array for Lamb 
wave transmission and reception, demonstrating the potential for significantly 
enhancing crack assessment accuracy in plate-like structures. Giridhara et al. 
[38] presented a new damage detection method for structures via a circular array 
of piezoelectric wafer active sensors. Results showed that the proposed method 
was a robust and efficient approach for damage assessment in plate structures 
by effectively analyzing Lamb wave propagation patterns within a circular 
sensor array.  
As the only and closest study to this work, Katunin [39] studied damage 
detection in circular glass-epoxy laminate composites using the polar discrete 
wavelet transform (PDWT). The research modeled four types of damage: radial 
cracks, circumferential cracks, voids, and delamination within a finite element 
framework to evaluate detection accuracy. The algorithm focused on identifying 
singularities in the axial displacements of the structure's natural vibration 
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modes. The results confirmed PDWT's effectiveness in precise identification 
damage in circular composite structures, positioning it as a valuable tool for 
structural diagnostics.  
This paper proposes an index for selecting optimal polar wavelet functions to 
enhance damage detection in laminated composite discs. The criterion focuses 
on minimizing the ratio of approximation coefficient energy to the total energy 
of radial, angular, and coupled details. In this way, the ratio of the energy of the 
approximation signal to the radial details, the ratio of the energy of the 
approximation signal to the angular details, and the ratio of the energy of the 
approximation signal to the coupled details, known as the MER index, are 
compared with each other for different wavelet functions and three different 
types of detail signals to obtain the optimal details and wavelet function for the 
polar wavelet transform. Then, using them, damage scenarios are investigated to 
compare the performance of the proposed methodology with the conventional 
polar wavelet transform method. Therefore, this paper presents a new method 
for selecting the optimal detail signal and the optimal wavelet function to 
increase the accuracy of damage detection and reduce the dependence of the 
conventional polar wavelet transform on the selection of the wavelet function 
based on trial-and-error simulations. 
 
2. Mathematical Model 
Consider a laminated composite circular plate, as shown in Fig. 1. As depicted, 
the plate has the radius 𝑅 and the thickness ℎ. The coordinate system (𝑟, 𝜃, 𝑧) is 
assumed to be centered at the center of the plate, and as shown in Fig. 1, the 
deformation of the points on the plate is represented by the variables (𝑢, 𝑣, 𝑤), 
respectively. The plate consists of 𝑁 layers, where the position of the top and 
bottom of the kth layer relative to the middle plane is specified by 𝑧௞ାଵ and 𝑧௞. 

 
Fig. 1: Schematic view of a laminated composite circular plate 

 
Based on the FSDT, the displacement field in the plate is written as follows: 

(1)  
𝑢(𝑟, 𝜃, 𝑧, 𝑡) = 𝑢଴(𝑟, 𝜃, 𝑡) + 𝑧 𝜓௥(𝑟, 𝜃, 𝑡) 
𝑣(𝑟, 𝜃, 𝑧, 𝑡) = 𝑣଴(𝑟, 𝜃, 𝑡) + 𝑧 𝜓ఏ(𝑟, 𝜃, 𝑡) 
𝑤(𝑟, 𝜃, 𝑧, 𝑡) = 𝑤଴(𝑟, 𝜃, 𝑡) 
where 𝑡 represents time. Using the strain-displacement relations, the non-zero 
strains can be calculated as follows: 

(2)  𝜀௥ = 𝜀௥
଴ + 𝑧 𝜅௥ 
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𝜀ఏ = 𝜀ఏ
଴ + 𝑧 𝜅ఏ 

𝛾௥ఏ = 𝛾௥ఏ
଴ + 𝑧 𝜅௥ఏ 

𝛾௥௭ = 𝑤଴,௥ + 𝜓௥ 

𝛾ఏ௭ =
𝑤଴,ఏ

𝑟
+ 𝜓ఏ 

in which: 

(3)  

𝜅௥ = 𝜓௥,௥ 𝜀௥
଴ = 𝑢଴,௥ , 

𝜅ఏ =
𝜓௥ + 𝜓ఏ,ఏ

𝑟
 𝜀ఏ

଴ =
𝑢଴ + 𝑣଴,ఏ

𝑟
, 

𝜅௥ఏ =
𝜓௥,ఏ − 𝜓ఏ

𝑟
+ 𝜓ఏ,௥ 𝛾௥ఏ

଴ =
𝑢଴,ఏ − 𝑣଴

𝑟
+ 𝑣଴,௥ , 

It is worth noting that in the above relations and the following relations, comma 
denotes the derivative with respect to the parameter that appears after it. The 
kinetic energy in the plate is written as follows: 

(4)  

𝑇 =
1

2
න 𝜌൫𝑢,௧

ଶ + 𝑣,௧
ଶ + 𝑤,௧

ଶ൯𝑑𝑉
⬚

௏

=
1

2
න ቌන ቌන 𝜌൫𝑢,௧

ଶ + 𝑣,௧
ଶ + 𝑤,௧

ଶ൯𝑑𝑧

௛
ଶ

ି
௛
ଶ

ቍ  𝑑𝜃
ଶగ

଴

ቍ  𝑟𝑑𝑟
ோ

଴

 

where 𝜌 is the density of the layers of the plate. By substituting the 
displacement field (1) into Eq. (4), we will have: 

(5)  
𝑇 =

1

2
න න ൣ𝐼ଵ൫𝑢଴,௧

ଶ + 𝑣଴,௧
ଶ + 𝑤଴,௧

ଶ൯ + 2𝐼ଶ൫𝑢଴,௧ 𝜓௥,௧ + 𝑣଴,௧  𝜓ఏ,௧൯
ଶగ

଴

ோ

଴

+ 𝐼ଷ൫𝜓௥,௧
ଶ + 𝜓ఏ,௧

ଶ
൯൧𝑑𝜃  𝑟𝑑𝑟 

where: 

(6)  (𝐼ଵ, 𝐼ଶ, 𝐼ଷ) = ෍ න 𝜌௞(1, 𝑧, 𝑧ଶ) 𝑑𝑧
௭ೖశభ

௭ೖ

ே

௞ୀଵ

 

in which 𝜌௞ is the density of the kth layer. The stress-strain relation in the kth 
layer is written as follows: 

(7-a)  ൝

𝜎௥

𝜎ఏ

𝜏௥ఏ

ൡ

(௞)

= ቎

𝑄തଵଵ 𝑄തଵଶ 𝑄തଵ଺

𝑄തଵଶ 𝑄തଶଶ 𝑄തଶ଺

𝑄തଵ଺ 𝑄തଶ଺ 𝑄ത଺଺

቏

(௞)

൝

𝜀௥

𝜀ఏ

𝛾௥ఏ

ൡ

(௞)

 

(7-b)  ቄ
𝜏ఏ௭

𝜏௥௭
ቅ

(௞)

= ቈ
𝑄തସସ 𝑄തସହ

𝑄തସହ 𝑄തହହ

቉

(௞)

ቄ
𝛾ఏ௭

𝛾௥௭
ቅ

(௞)

 

where 𝑄ത௜௝  (𝑖, 𝑗 = 1,2,6 𝑎𝑛𝑑 4,5) are the reduced stiffness coefficients. The 
strain potential energy of the plate is also as follows: 

(8)  𝑈 =
1

2
න ൫𝜎𝑟𝜀𝑟 + 𝜎𝜃𝜀𝜃 + 𝜏𝑟𝜃𝛾𝑟𝜃 + 𝜏𝜃𝑧𝛾𝜃𝑧 + 𝜏𝑟𝑧𝛾𝑟𝑧൯𝑑𝑉

⬚

௏
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By substituting the strains from Eq. (2), the resultant forces and moments can be 
defined as follows: 

(9-a)  (𝑁௥ , 𝑁ఏ, 𝑁௥ఏ, 𝑄ఏ௭ , 𝑄௥௭) = න (𝜎௥ , 𝜎ఏ , 𝜏௥ఏ , 𝜏ఏ௭ , 𝜏௥௭) 𝑑𝑧

௛
ଶ

ି
௛
ଶ

 

(9-b)  (𝑀௥, 𝑀ఏ, 𝑀௥ఏ) = න (𝜎௥ , 𝜎ఏ, 𝜏௥ఏ) 𝑧 𝑑𝑧

௛
ଶ

ି
௛
ଶ

 

which are related to the strains as follows: 

(10-a)  

⎩
⎪
⎨

⎪
⎧

𝑁௥

𝑁ఏ

𝑁௥ఏ

𝑀௥

𝑀ఏ

𝑀௥ఏ⎭
⎪
⎬

⎪
⎫

=

⎣
⎢
⎢
⎢
⎢
⎡
𝐴ଵଵ 𝐴ଵଶ 𝐴ଵ଺ 𝐵ଵଵ 𝐵ଵଶ 𝐵ଵ଺

𝐴ଵଶ 𝐴ଶଶ 𝐴ଶ଺ 𝐵ଵଶ 𝐵ଶଶ 𝐵ଶ଺

𝐴ଵ଺ 𝐴ଶ଺ 𝐴଺଺ 𝐵ଵ଺ 𝐵ଶ଺ 𝐵଺଺

𝐵ଵଵ 𝐵ଵଶ 𝐵ଵ଺ 𝐷ଵଵ 𝐷ଵଶ 𝐷ଵ଺

𝐵ଵଶ 𝐵ଶଶ 𝐵ଶ଺ 𝐷ଵଶ 𝐷ଶଶ 𝐷ଶ଺

𝐵ଵ଺ 𝐵ଶ଺ 𝐵଺଺ 𝐷ଵ଺ 𝐷ଶ଺ 𝐷଺଺⎦
⎥
⎥
⎥
⎥
⎤

⎩
⎪⎪
⎨

⎪⎪
⎧

𝜀௥
଴

𝜀ఏ
଴

𝛾௥ఏ
଴

𝜅௥

𝜅ఏ

𝜅௥ఏ⎭
⎪⎪
⎬

⎪⎪
⎫

 

(10-b)  ൜
𝑄ఏ௭

𝑄௥௭
ൠ = ൤

𝐴ସସ 𝐴ସହ

𝐴ସହ 𝐴ହହ
൨ ൜

𝛾𝜃𝑧
𝛾𝑟𝑧

ൠ 

in which: 

(11)  ൫𝐴௜௝ , 𝐵௜௝, 𝐷௜௝൯ = ෍ න 𝑄ഥ 𝑖𝑗

௞
(1, 𝑧, 𝑧ଶ) 𝑑𝑧

௭ೖశభ

௭ೖ

ே

௞ୀଵ

         (𝑖, 𝑗 = 1,2,6 𝑎𝑛𝑑 4,5) 

By substituting Eq. (9) into Eq. (8), the strain potential energy of the plate can 
be written as follows: 

(12)  
𝑈 =

1

2
න න ൫𝑁𝑟 𝜀௥

଴ + 𝑁𝜃 𝜀ఏ
଴ + 𝑁𝑟𝜃 𝛾௥ఏ

଴ + 𝑀𝑟 𝜅௥ + 𝑀𝜃 𝜅ఏ + 𝑀𝑟𝜃 𝜅௥ఏ

ଶగ

଴

ோ

଴

+ 𝑄𝜃𝑧𝛾𝜃𝑧 + 𝑄𝑟𝑧𝛾𝑟𝑧൯ 𝑑𝜃  𝑟 𝑑𝑟 

By substituting Eqs. (3) and (10) into Eq. (12), the strain potential energy of the 
circular plate can be obtained in terms of the displacement field variables as 
follows: 
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(13)  

𝑈 =
1

2
න න ቈ𝐴ଵଵ𝑢଴,௥

ଶ + 𝐴ଶଶ ൬
𝑢଴ + 𝑣଴,ఏ

𝑟
൰

ଶ

+ 𝐴଺଺ ቀ
𝑢଴,ఏ − 𝑣଴

𝑟
+ 𝑣଴,௥ቁ

ଶ

+ 𝐷ଵଵ𝜓௥,௥
ଶ

ଶగ

଴

ோ

଴

+ 𝐷ଶଶ ൬
𝜓௥ + 𝜓ఏ,ఏ

𝑟
൰

ଶ

+ 𝐷଺଺ ൬
𝜓௥,ఏ − 𝜓ఏ

𝑟
+ 𝜓ఏ,௥൰

ଶ

+ 2𝐴ଵଶ 𝑢଴,௥ ൬
𝑢଴ + 𝑣଴,ఏ

𝑟
൰ + 2𝐴ଵ଺𝑢଴,௥ ቀ

𝑢଴,ఏ − 𝑣଴

𝑟
+ 𝑣଴,௥ቁ

+ 2𝐵ଵଵ 𝑢଴,௥ 𝜓௥,௥ + 2𝐵ଵଶ𝑢଴,௥  ൬
𝜓௥ + 𝜓ఏ,ఏ

𝑟
൰

+ 2𝐵ଵ଺𝑢଴,௥ ൬
𝜓௥,ఏ − 𝜓ఏ

𝑟
+ 𝜓ఏ,௥൰

+ 2𝐴ଶ଺ ൬
𝑢଴ + 𝑣଴,ఏ

𝑟
൰ ቀ

𝑢଴,ఏ − 𝑣଴

𝑟
+ 𝑣଴,௥ቁ + 2𝐵ଵଶ ൬

𝑢଴ + 𝑣଴,ఏ

𝑟
൰ 𝜓௥,௥

+ 2𝐵ଶଶ ൬
𝑢଴ + 𝑣଴,ఏ

𝑟
൰ ൬

𝜓௥ + 𝜓ఏ,ఏ

𝑟
൰

+ 2𝐵ଶ଺ ൬
𝑢଴ + 𝑣଴,ఏ

𝑟
൰ ൬

𝜓௥,ఏ − 𝜓ఏ

𝑟
+ 𝜓ఏ,௥൰

+ 2𝐵ଵ଺𝜓௥,௥ ቀ
𝑢଴,ఏ − 𝑣଴

𝑟
+ 𝑣଴,௥ቁ

+ 2𝐵ଶ଺ ቀ
𝑢଴,ఏ − 𝑣଴

𝑟
+ 𝑣଴,௥ቁ ൬

𝜓௥ + 𝜓ఏ,ఏ

𝑟
൰

+ 2𝐵଺଺ ቀ
𝑢଴,ఏ − 𝑣଴

𝑟
+ 𝑣଴,௥ቁ ൬

𝜓௥,ఏ − 𝜓ఏ

𝑟
+ 𝜓ఏ,௥൰

+ 2𝐷ଵଶ𝜓௥,௥ ൬
𝜓௥ + 𝜓ఏ,ఏ

𝑟
൰ + 2𝐷ଵ଺𝜓௥,௥ ൬

𝜓௥,ఏ − 𝜓ఏ

𝑟
+ 𝜓ఏ,௥൰

+ 2𝐷ଶ଺ ൬
𝜓௥ + 𝜓ఏ,ఏ

𝑟
൰ ൬

𝜓௥,ఏ − 𝜓ఏ

𝑟
+ 𝜓ఏ,௥൰ + 𝐴ସସ ቀ

𝑤଴,ఏ

𝑟
+ 𝜓ఏቁ

ଶ

+ 𝐴ହହ൫𝑤଴,௥ + 𝜓௥൯
ଶ

+ 2𝐴ସହ ቀ
𝑤଴,ఏ

𝑟
+ 𝜓ఏቁ ൫𝑤଴,௥ + 𝜓௥൯቉ 𝑑𝜃  𝑟𝑑𝑟 

 
3. Solution Method 
In the present work, the finite element method is used to calculate the response 
of the system. Two types of elements are considered in this paper, as shown in 
Fig. 2, one of which is central and the other is non-central. The central element 
has 7 nodes, and the non-central element has 9 nodes (Fig. 2). Each node in both 
elements has 5 degrees of freedom, including (𝑢଴, 𝑣଴, 𝑤଴, 𝜓௥ , 𝜓ఏ). The vector of 
degrees of freedom for the elements is written as follows: 
Central element: 

(14)  {Δ௘} = {[𝛿ଵ], [𝛿ଶ], [𝛿ଷ], [𝛿ସ], [𝛿ହ], [𝛿଺], [𝛿଻]}் 
Non-central element: 

(15)  {Δ௘} = {[𝛿ଵ], [𝛿ଶ], [𝛿ଷ], [𝛿ସ], [𝛿ହ], [𝛿଺], [𝛿଻], [𝛿଼], [𝛿ଽ]}் 

where [𝛿௜] (i=1-9) represents the degrees of freedom of each node: 
(16)  [𝛿௜] = [𝑢଴௜ , 𝑣଴௜, 𝑤଴௜ , 𝜓௥௜ , 𝜓ఏ௜]       (𝑖 = 1 − 9) 
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Fig. 2: A schematic of the discretization process for a circular plate with central 

and non-central elements 
 
Subsequently, the relations will first be presented for the non-central element. 
The following dimensionless variables are defined for the radial and angular 
positions: 

(17)  𝜂 =
𝜃 − 𝜃ଵ

𝜃ଶ − 𝜃ଵ
,     (0 ≤ 𝜂 ≤ 1) 𝜉 =

𝑟 − 𝑟ଵ

𝑟ଶ − 𝑟ଵ
,       (0 ≤ 𝜉 ≤ 1) 

Each component of the displacement field can be related to the degrees of 
freedom of the nodes as follows: 

(18)  Λ(𝜉, 𝜂) = ෍ 𝑁௜(𝜉, 𝜂) Λ௜  

ଽ

௜ୀଵ

 

where Λ can be any of the displacement field variables (𝑢଴, 𝑣଴, 𝑤଴, 𝜓௥ , 𝜓ఏ). 
Additionally, the Lagrange interpolation functions 𝑁௜(𝜉, 𝜂) are calculated as 
follows: 

(19)  

𝑁ଷ = 4 ൬𝜉 −
1

2
൰ (𝜉 − 1)𝜂 ൬𝜂 −

1

2
൰ 𝑁ଶ = −8 ൬𝜉 −

1

2
൰ (𝜉 − 1)𝜂(𝜂 − 1) 𝑁ଵ = 4 ൬𝜉 −

1

2
൰ (𝜉 − 1) ൬𝜂 −

1

2
൰ (𝜂 − 1) 

𝑁଺ = −8𝜉(𝜉 − 1)𝜂 ൬𝜂 −
1

2
൰ 𝑁ହ = 16𝜉(𝜉 − 1)𝜂(𝜂 − 1) 𝑁ସ = −8𝜉(𝜉 − 1) ൬𝜂 −

1

2
൰ (𝜂 − 1) 

𝑁ଽ = 4𝜉 ൬𝜉 −
1

2
൰ 𝜂 ൬𝜂 −

1

2
൰ 𝑁଼ = −8𝜉 ൬𝜉 −

1

2
൰ 𝜂(𝜂 − 1) 𝑁଻ = 4𝜉 ൬𝜉 −

1

2
൰ ൬𝜂 −

1

2
൰ (𝜂 − 1) 

The displacement field is interpolated as follows within the element: 

(20)  

𝑢଴ = ⌊𝑁௨⌋{Δ௘} 
= [𝑁ଵ 0 0 0 0 𝑁ଶ 0 0 0 0 … 𝑁ଽ 0 0 0 0]{Δ௘} 

𝑣଴ = ⌊𝑁௩⌋{Δ௘} 
= [0 𝑁ଵ 0 0 0 0 𝑁ଶ 0 0 0 … 0 𝑁ଽ 0 0 0]{Δ௘} 

𝑤଴ = ⌊𝑁௪⌋{Δ௘} 
= [0 0 𝑁ଵ 0 0 0 0 𝑁ଶ 0 0 … 0 0 𝑁ଽ 0 0]{Δ௘} 

𝜓௥ = උ𝑁టೝ
ඏ{Δ௘} 

= [0 0 0 𝑁ଵ 0 0 0 0 𝑁ଶ 0 … 0 0 0 𝑁ଽ 0]{Δ௘} 
𝜓ఏ = උ𝑁టഇ

ඏ{Δ௘} 
= [0 0 0 0 𝑁ଵ 0 0 0 0 𝑁ଶ … 0 0 0 0 𝑁ଽ]{Δ௘} 

For the central element, the components of the displacement field can be related 
to the degrees of freedom of the nodes as follows: 
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(21)  Λ(𝜉, 𝜂) = ෍ 𝑁௜(𝜉, 𝜂) Λ௜  

଻

௜ୀଵ

 

The Lagrange interpolation functions are also calculated as follows: 

(22)  

𝑁ଷ = 16𝜉(𝜉 − 1)𝜂(𝜂 − 1) 𝑁ଶ = −8𝜉(𝜉 − 1) ൬𝜂 −
1

2
൰ (𝜂 − 1) 𝑁ଵ = 2 ൬𝜉 −

1

2
൰ (𝜉 − 1) 

𝑁଺ = −8𝜉 ൬𝜉 −
1

2
൰ 𝜂(𝜂 − 1) 𝑁ହ = 4𝜉 ൬𝜉 −

1

2
൰ ൬𝜂 −

1

2
൰ (𝜂 − 1) 𝑁ସ = −8𝜉(𝜉 − 1)𝜂 ൬𝜂 −

1

2
൰ 

  𝑁଻ = 4𝜉 ൬𝜉 −
1

2
൰ 𝜂 ൬𝜂 −

1

2
൰ 

The displacement field is also interpolated as follows within the element: 

(23)  

𝑢଴ = [𝑁௨]{Δ௘} 
= [𝑁ଵ 0 0 0 0 𝑁ଶ 0 0 0 0 … 𝑁଻ 0 0 0 0]{Δ௘} 

𝑣଴ = [𝑁௩]{Δ௘} 
= [0 𝑁ଵ 0 0 0 0 𝑁ଶ 0 0 0 … 0 𝑁଻ 0 0 0]{Δ௘} 

𝑤଴ = [𝑁௪]{Δ௘} 
= [0 0 𝑁ଵ 0 0 0 0 𝑁ଶ 0 0 … 0 0 𝑁଻ 0 0]{Δ௘} 

𝜓௥ = ൣ𝑁టೝ
൧{Δ௘} 

= [0 0 0 𝑁ଵ 0 0 0 0 𝑁ଶ 0 … 0 0 0 𝑁଻ 0]{Δ௘} 
𝜓ఏ = ൣ𝑁టഇ

൧{Δ௘} 
= [0 0 0 0 𝑁ଵ 0 0 0 0 𝑁ଶ … 0 0 0 0 𝑁଻]{Δ௘} 

By substituting the displacement field (20) or (23) into Eqs. (5) and (13), it can 
be written as: 

(24-a)  𝑇 =
1

2
൛Δ̇௘ൟ

்
[𝑀௘]൛Δ̇௘ൟ 

(24-b)  𝑈 =
1

2
{Δ௘}்[𝐾௘]{Δ௘} 

where [𝑀௘] and [𝐾௘] are the element mass and stiffness matrices, respectively, 
which are provided in Appendix A. Additionally, ൛Δ̇௘ൟ is the element velocity 
vector. It is worth mentioning that the integrals related to the mass and stiffness 
matrices of the element have been calculated numerically, with the 
corresponding details provided in Appendix A . 
By assembling the mass and stiffness matrices of the different elements and 
applying the boundary conditions, the governing equations are discretized and 
written as follows: 

(25)  [𝑀]൛Δ̈ൟ + [𝐾]{Δ} = {0} 
where [𝑀] is the global mass matrix, [𝐾] is the global stiffness matrix, ൛Δ̈ൟ is 

the global acceleration vector, and {Δ} is the global degrees of freedom vector. 
Assuming the response in the form {Δ} = {Δ0}𝑒௜ఠ௧, where 𝑖 is the imaginary 
unit, 𝜔 is the frequency of the structural oscillations, and {Δ0} is the mode 

shape, and substituting this into Eq. (25) and eliminating the term 𝑒௜ఠ௧, we will 
have: 

(26)  ([𝐾] − 𝜔ଶ[𝑀]){Δ0} = {0} 
By solving this, the frequencies and mode shapes of the structure can be 
calculated. 
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4. Polar Wavelet Transform 
In polar coordinates, the signal acquisition is one-dimensional, but due to the 
circular arrangement of the data acquisition points, the analyzed signal is two-
dimensional. Therefore, the polar wavelet transform is a two-dimensional 
wavelet transform. One of its dimensions is in the direction 𝑟, and the other is in 
the direction 𝜃. Thus, we develop the mathematical relations for these two 
directions and create a two-dimensional polar wavelet function by the tensor 
product of them. For the directions 𝑟 and 𝜃, the wavelet functions |𝜓(𝑟)| and 
𝜓(𝜃) must have limited energy by nature, because they must perform the 
convolution operation locally. Mathematically, this property is expressed as 
follows: 

න |𝜓(𝑟)|
ାஶ

ିஶ

𝑑𝑟 < ∞ න |𝜓(𝜃)|
ାஶ

ିஶ

𝑑𝜃 < ∞ (27) 

Or in other expressions: 
‖𝜓(𝑟)‖ଶ < ∞ ‖𝜓(𝜃)‖ଶ < ∞ (28) 

 𝐸ట(௥) = 〈𝜓(𝑟), 𝜓(𝑟)〉 = න |𝜓(𝑟)|ଶ
ାஶ

ିஶ

𝑑𝑟 < ∞ (29) 

 𝐸ట(ఏ) = 〈𝜓(𝜃), 𝜓(𝜃)〉 = න |𝜓(𝜃)|ଶ
ାஶ

ିஶ

𝑑𝜃 < ∞ (30) 

The Eqs. (41) and (43) state that 𝜓(𝑟) and 𝜓(𝜃) are absolutely integrable and 
square integrable, respectively.  
Admissibility condition states that the Fourier transform of a wavelet function 
cannot contain a zero-frequency component (i.e., 𝜓෠(𝜔 = 0) = 0): 

න
ห𝜓෠(𝜔)ห

ଶ

|𝜔|

ାஶ

ିஶ

𝑑𝜔 < ∞ (31) 

The wavelets must have zero mean to meet the conditions of admissibility. 
Mathematically, this property is expressed as follows: 

න 𝜓(𝑟)
ାஶ

ିஶ

𝑑𝑟 = 0 න 𝜓(𝜃)
ାஶ

ିஶ

𝑑𝜃 = 0 (32) 

This condition induces the wavelet function to behave oscillating. In other 
words, this condition forces the wavelet function to have at least one sign 
change. 
Each wavelet function has its own minimum vanishing moments. If a wavelet 
function has the vanishing moment(s) n, the following moment equation is valid 
[4]: 

𝑀௡ = න 𝑟௡𝜓(𝑟)
ାஶ

ିஶ

𝑑𝑟 = 0 , 𝑛 = 0,1, … , 𝑚 (33) 

𝑀௡ = න 𝜃௡𝜓(𝜃)
ାஶ

ିஶ

𝑑𝜃 = 0 , 𝑛 = 0, 1, … , 𝑚 (34) 
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The filters used for 2D-DWT must be two-dimensional. These two-dimensional 
filters are also called kernels or masks. The two-dimensional filters used in 2D-
DWT are obtained from the expansion of the one-dimensional scaling 
function’s coefficients and one-dimensional wavelet function’s coefficients as 
follows: 
𝜑(𝑟, 𝜃) = 𝜑(𝑟)𝜑(𝜃) (35) 
𝜓௥(𝑟, 𝜃) =  𝜓(𝑟) 𝜑(𝜃) (36) 
𝜓ఏ(𝑟, 𝜃) =  𝜑(𝑟)𝜓(𝜃) (37) 
𝜓௣(𝑟, 𝜃) =  𝜓(𝑟)  𝜓(𝜃) (38) 
 
5. Optimal Polar Wavelet Selection 
A two-dimensional discrete wavelet transform (2D-DWT) is established based 
on multiresolution analysis for images. In multiresolution analysis for images, 
we work on two-dimensional signals or images. Thus, singularities or faults in 
images can have their own directions or forms. As mentioned, the 
multiresolution analysis for one-dimensional signals follows the following rule: 

𝑓 = 𝐴୎ + ෍ 𝑑௠

௃

௠ୀଵ

 (39) 

In multiresolution analysis for a polar function 𝑓(𝑟, 𝜃), we have four 
subimages: 𝐴୎(𝑟, 𝜃), the approximate sub-image; 𝑑௠

௔ (𝑟, 𝜃), the detail sub-
image in the angular direction; 𝑑௠

௥ , the detail sub-image in the radial direction; 
and 𝑑௠

௖ , the detail sub-image in the coupled direction. Thus, two-dimensional 
multiresolution analysis can be expressed as follows: 

𝑓(𝑟, 𝜃) = 𝐴୎(𝑟, 𝜃) + ෍ 𝑑𝑚
𝑎 (𝑟, 𝜃) + 𝑑𝑚

𝑟 (𝑟, 𝜃) + 𝑑𝑚
𝑐 (𝑟, 𝜃)

௃

௠ୀଵ

 (40) 

Therefore, we can write for the first level of decomposition (Level 1): 
𝑓(𝑟, 𝜃) = 𝐴ଵ(𝑟, 𝜃) + 𝑑1

𝑎(𝑟, 𝜃) + 𝑑1
𝑟 (𝑟, 𝜃) + 𝑑1

𝑐 (𝑟, 𝜃) (41)  
As the decomposition level increases, more details of the signal will be 
available. In addition, the level of approximation of the signal will be higher, 
which means that the approximation is performed in larger sub-spaces; as a 
result, the approximation will be less accurate.  
Assuming the size of 𝑓(𝑟, 𝜃) is 𝑛 × 𝑚, the following relations are related to the 
two-dimensional discrete wavelet transform: 

𝐴థ
௝,௡,௠(𝑟, 𝜃) =

1

2
෍ ෍ 𝑓(𝑟, 𝜃)2

ି௝
ଶ 𝜙൫2ି௝𝑟 − 𝑛, 2ି௝𝜃 − 𝑚൯

௠ିଵ

ఏୀ଴

௡ିଵ

௥ୀ଴

 (42) 

𝐷௥
௝,௡,௠(𝑟, 𝜃) =

1

2
෍ ෍ 𝑓(𝑟, 𝜃)2

ି௝
ଶ 𝜓൫2ି௝𝑟 − 𝑛, 2ି௝𝜃 − 𝑚൯

௠ିଵ

ఏୀ଴

௡ିଵ

௥ୀ଴

 (43) 
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𝐷ఏ
௝,௡,௠(𝑟, 𝜃) =

1

2
෍ ෍ 𝑓(𝑟, 𝜃)2

ି௝
ଶ 𝜓(2ି௝𝑟 − 𝑛, 2ି௝𝜃 − 𝑚)

௠ିଵ

ఏୀ଴

௡ିଵ

௥ୀ଴

 (44) 

𝐷௖
௝,௡,௠(𝑟, 𝜃) =

1

2
෍ ෍ 𝑓(𝑟, 𝜃)2

ି௝
ଶ 𝜓(2ି௝𝑟 − 𝑛, 2ି௝𝜃 − 𝑚)

௠ିଵ

ఏୀ𝟎

௡ିଵ

௥ୀ଴

 (45) 

Minimum energy ratio for selecting the optimal polar wavelet criterion in three 
directions 𝑟, 𝜃, 𝑐 and are proposed as follows: 

(𝑀𝐸𝑅௥) =
∑ ∑ ห𝐷௥∗

ଵ,௠,௡(𝑟, 𝜃)ห
ଶ

ఏ𝒓

∑ ∑ ห𝐴థ∗
ଵ,௠,௡(𝑟, 𝜃)ห

ଶ
ఏ𝒓

 (46) 

(𝑀𝐸𝑅ఏ) =
∑ ∑ ห𝐷ఏ∗

ଵ,௠,௡(𝑟, 𝜃)ห
ଶ

ఏ𝒓

∑ ∑ ห𝐴థ∗
ଵ,௠,௡(𝑟, 𝜃)ห

ଶ
ఏ𝒓

 (47) 

(𝑀𝐸𝑅௖) =
∑ ∑ ห𝐷ఏ∗

ଵ,௠,௡(𝑟, 𝜃)ห
ଶ

ఏ𝒓

∑ ∑ ห𝐴థ∗
ଵ,௠,௡(𝑟, 𝜃)ห

ଶ
ఏ𝒓

 (48) 

where: 

𝐴థ∗
ଵ,௠,௡(𝑟, 𝜃) =

1

2
෍ ෍ 𝑓(𝑟, 𝜃)2

ିଵ
ଶ 𝜙∗(2ିଵ𝑟 − 𝑛, 2ିଵ𝜃 − 𝑚)

௠ିଵ

ఏୀ଴

௡ିଵ

௥ୀ଴

 (49) 

𝐷௥∗
ଵ,௠,௡(𝑟, 𝜃) =

1

2
෍ ෍ 𝑓(𝑟, 𝜃)2

ିଵ
ଶ 𝜓௥∗(2ିଵ𝑟 − 𝑛, 2ିଵ𝜃 − 𝑚)

௠ିଵ

ఏୀ଴

௡ିଵ

௥ୀ଴

 (50) 

𝐷ఏ∗
ଵ,௠,௡(𝑟, 𝜃) =

1

2
෍ ෍ 𝑓(𝑟, 𝜃)2

ିଵ
ଶ 𝜓ఏ∗(2ିଵ𝑟 − 𝑛, 2ିଵ𝜃 − 𝑚)

௠ିଵ

ఏୀ଴

௡ିଵ

௥ୀ଴

 (51) 

𝐷௖∗
ଵ,௠,௡(𝑟, 𝜃) =

1

2
෍ ෍ 𝑓(𝑟, 𝜃)2

ିଵ
ଶ 𝜓௖∗(2ିଵ𝑟 − 𝑛, 2ିଵ𝜃 − 𝑚)

௠ିଵ

ఏୀ𝟎

௡ିଵ

௥ୀ଴

 (52) 

where 𝜙∗(𝑟, 𝜃) is the optimal polar scaling wavelet function; also, 𝜓௥∗(𝑟, 𝜃), 
𝜓ఏ∗(𝑟, 𝜃), and 𝜓௖∗(𝑟, 𝜃) are the radial, angular, and coupled polar wavelet 
functions optimized in terms of the minimum energy ratio (MER), respectively.  
Therefore, 𝜓௥∗(𝑟, 𝜃), 𝜓ఏ∗(𝑟, 𝜃), and 𝜓௖∗(𝑟, 𝜃) lead to minimum ER in the 
produced polar wavelet coefficients. In addition, 𝐴థ∗

ଵ,௠,௡(𝑟, 𝜃) is polar 
approximation signal, 𝐷௥∗

ଵ,௠,௡(𝑟, 𝜃) is radial detail signal, 𝐷ఏ∗
ଵ,௠,௡(𝑟, 𝜃) is 

angular detail signal, and 𝐷௖∗
ଵ,௠,௡(𝑟, 𝜃) is the coupled signal. 

Fig. 3 shows flowchart of extracting the MER index vector from the vibration 
mode shape using the polar wavelet transform. According to the proposed 
method, the first mode shape of the laminated composite circular plate is 
transformed into four signals: approximation signal 𝜙௜(𝑟, 𝜃), radial detail signal 
𝜓௜

௥(𝑟, 𝜃), angular detail signal 𝜓௜
௔(𝑟, 𝜃),  and coupled radial-angular detail 

signal 𝜓௜
௖(𝑟, 𝜃). Then, to identify the damage, MER index vectors are calculated 

for different wavelet functions and for each detail signal to determine which 
detail signal (radial, angular, or coupled radial-angular) has the best ability to 
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identify the damage. Finally, the MER index vector with the lowest value is 
selected as 𝑀𝐸𝑅௙௜௡௔௟

∗ , and its lowest value for a given wavelet function is the 
criterion for determining the optimal wavelet selection. Fig. 3 illustrates the 
procedure for extracting the MER index from the damaged mode shapes in the 
radial, circumferential, and coupled radial–circumferential directions. The 
optimal MER value obtained from each mode is then assembled into the MER 
vector {𝑀𝐸𝑅ଵ

∗ ⋯ 𝑀𝐸𝑅௜
∗ ⋯ 𝑀𝐸𝑅௡

∗ }், where the superscript T denotes the 
transpose. 
 

 
Fig. 3: Flowchart of extracting the MER index vector from the vibration mode 

shape using the polar wavelet transform 
 
The minimum value of the MER index vector (i.e., 𝑀𝐸𝑅௙௜௡௔௟

∗ ) is chosen as the 
criterion for optimal polar wavelet selection: 

𝑀𝐸𝑅௙௜௡௔௟
∗ = 𝑚𝑖𝑛 

⎩
⎪
⎨

⎪
⎧

𝑀𝐸𝑅ଵ
∗

⋮
𝑀𝐸𝑅௜

∗

⋮
𝑀𝐸𝑅௡

∗
⎭
⎪
⎬

⎪
⎫

 (53) 

 
6. Numerical Analysis 
This section addresses numerical analysis in finite element modeling and 
damage detection. It begins with a convergence study, followed by comparison 
studies, and then proceeds with numerical damage detection using various 
damage scenarios based on our proposed methodology. Lastly, experimental 
damage detection is examined in a glass-epoxy laminated composite disc to 
validate the method's effectiveness in practical applications. 
 
6.1. Comparative Study 
This section presents a convergence study to validate the accuracy of our 
proposed finite element model. In this section and the following sections, the 
material properties in the layers are considered as follows, unless explicitly 
stated otherwise [40,41]: 
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𝜌 = 1300
𝑘𝑔

𝑚ଷ
,        𝐸ଶଶ = 10 𝐺𝑃𝑎,        𝐸ଵଵ = 20𝐸ଶଶ,    𝜈ଵଶ = 0.25, 

𝐺ଵଶ = 𝐺ଵଷ = 0.5𝐸ଶଶ,      𝐺ଶଷ = 0.2𝐸ଶଶ 
(54) 

The layups [0/90/90/0], 
௛

ோ
= 0.1 and clamped boundary conditions have been 

considered. Table 1 presents the results of the convergence study. The 

frequencies are dimensionless, expressed as 𝜔ഥ =
ఠோమ

௛
ට

ఘ

𝐸22

.  As can be seen, as 

the number of elements increases, the responses converge.  It is worth 
mentioning that in the subsequent calculations, 15×15 element grid has been 
used for discretizing the circular plate. 
 

Table 1: Convergence test for the first three dimensionless natural frequencies of the 

laminated composite circular plate with the layups [0/90/90/0] and the ratio 
௛

ோ
= 0.1 

Mode 
No. 

5×5 7×7 9×9 11×11 13×13 15×15 17×17 

𝜔ഥଵ 8.0925 8.0607 8.0448 8.0353 8.0290 8.0281 8.0281 
𝜔ഥଶ 13.9540 13.8181 13.7479 13.7040 13.6738 13.6721 13.6721 
𝜔ഥଷ 14.1164 13.9017 13.8019 13.7428 13.7033 13.7011 13.7011 

 
6.2. Comparison Study 
In this section, to verify the accuracy of the derived equations and the developed 
computer programs, the present results are compared with those of others. In 
Table 2, the results for the isotropic circular plate are compared with the results 
from references [32] and [33]. For comparison, the frequencies are expressed as 

𝜔ന = 𝜔𝑅ଶට
ఘ௛

𝐷
, where 𝐷 =

ா௛య

ଵଶ(ଵିఔమ)
. 

 
Table 2: Comparison of the present dimensionless frequencies (𝜔ന) with various references for 

the isotropic circular plate 
Mode No. 

Method 
ℎ

𝑅
 

Boundary 
Conditions 5 4 3 2 1 

28.310 24.555 23.722 13.580 4.8975 Taher et al. [40] 

0.1 

Simply-
supported 

28.240 24.5018 - 13.5624 4.8938 
Hosseini-

Hashemi et al. 
[41] 

27.8637 24.0795 23.5739 13.5802 4.8973 Present 

19.452 16.553 11.721 7.9234 4.6234 Taher et al. [40] 

0.3 19.2193 - 11.6264 - 4.604 
Hosseini-

Hashemi et al. 
[41] 

19.2260 - 11.6306 - 4.6218 Present 

46.139 36.743 32.430 20.297 9.9908 Taher et al. [40] 

0.1 
Clamped 

45.7730 36.4787 32.2048 20.1765 9.9408 
Hosseini-

Hashemi et al. 
[41] 

45.7612 36.2580 32.1540 20.1270 9.8727 Present 

25.150 22.721 22.766 15.453 8.4746 Taher et al. [40] 
0.3 

24.6358 - 22.2248 15.1926 8.3553 Hosseini-
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Hashemi et al. 
[41] 

24.6856 22.3739 22.3723 15.3745 8.2962 Present 

 
The frequency results for the laminated composite plate are presented in Tables 
3 and 4, and for the clamped boundary condition, they are compared with the 
results from reference [42]. For the results in Table 3, the following physical 
properties have been used: 

𝜌 = 1600
𝑘𝑔

𝑚ଷ
,   𝐸ଶଶ = 10 𝐺𝑃𝑎,        𝐸ଵଵ = 20𝐸ଶଶ,    𝜈ଵଶ = 0.25,  

𝐺ଵଶ = 𝐺ଵଷ = 0.6𝐸ଶଶ,   𝐺ଶଷ = 0.5𝐸ଶଶ 
(55) 

As can be seen, the results of the present paper align very well with those of 
others. 
 
Table 3: Comparison of the dimensionless frequencies (𝜔ഥ) for laminated composite circular 

plate with layups [0/90] and 
௛

ோ
= 0.1 

Mode No. 1 2 3 4 5 6 7 8 
Zhang et al. 

[34] 
8.139 12.213 12.213 18.685 18.688 26.812 26.830 28.406 

Present 8.138 13.708 14.781 18.874 18.906 27.420 27.424 28.632 
 
 

Table 4: Comparison of the fundamental frequency (Hz) for laminated composite circular 

plate with different layups and various  
௛

ோ
 

ℎ

𝑅
 Method [15/15/15/15] [30/30/30/30] [45/45/45/45] [60/60/60/60] 

0.005 
Zhang et 
al. [42] 

20.382 17.923 15.787 13.606 

Present 21.043 18.210 15.830 13.656 

0.01 
Zhang et 
al. [42] 

40.708 35.794 31.534 27.182 

Present 41.120 36.031 31.684 27.191 

0.02 
Zhang et 
al. [42] 

80.987 71.257 62.784 54.129 

Present 81.110 71.362 62.945 54.985 

0.03 
Zhang et 
al. [42] 

120.42 106.06 93.478 80.613 

Present 120.844 106.356 93.895 80.951 
 
6.3. Numerical Damage Detection 
In this section, numerical investigation on the performance of the proposed 
damage detection method is presented. For this purpose, six different damage 
scenarios are evaluated according to Table 4. 
Fig. 4 shows the damaged first mode shapes corresponding to the six considered 
damage scenarios. Note that the boundary conditions in all numerical damage 
scenarios are considered as the clamped boundary condition. 
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Scenario 1 Scenario 2 

 
Scenario 3 Scenario 4 

  
Scenario 5 Scenario 6 

Fig. 4: The damaged first mode shapes corresponding to the six considered 
damage scenarios 
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One of the most basic arguments in the literature on damage detection and 
structural health monitoring is that the presence of damage leads to asymmetry 
in the geometry of the mode shape. Here again, the absence of perfectly 
symmetrical contours indicates the presence of damage in the disk. Note that in 
order to apply damages on the finite element model, before doing assembling 
operation of the stiffness matrix, a constant called damage index α (0 < 𝛼 < 1) 
is multiplied by the element’s stiffness matrix[𝐾௘] [10]: 
[𝐾𝑒]ௗ = 𝛼[𝐾𝑒] →  𝐷 =

[௄௘]ି[௄௘]೏

[௄௘]
× 100 =

[௄௘]ିఈ[௄௘] 

[௄௘]
× 100 = (1 −  𝛼)  × 100)  (56) 

where [𝐾௘]ௗ is the stiffness matrix of a damaged element in the laminated 
circular plate. 
The goal of this section is to discover the wavelet function that minimizes the 
MER vector when applying a two-dimensional discrete wavelet transform to a 
signal. Therefore, according to Tables 5 to 7, the minimum energy ratio (MER) 
index for damage scenarios 1 to 6 using three different families of wavelet 
functions is calculated. 
Table 5 shows the minimum energy ratio (MER) index for damage scenarios 1 
and 2 using three different families of wavelet functions. Note that the indexes 
MER஑, MER௥, and MER௖ are the minimum energy ratio (MER) indices obtained 
from the angular, radial, and coupled detail signals. According to Tables 5 and 
7, the best detail signal for searching optimal wavelet function is related to the 
minimum energy ratio of the coupled detail signal (i.e.,  
MER௖). 
 

Table 5. Minimum energy ratio (MER) index for damage scenarios 1 and 2 using three 
different family of wavelet functions 

Scenario 1 Scenario 2 
Wavelet 𝐌𝐄𝐑𝛂 𝐌𝐄𝐑𝒓 𝐌𝐄𝐑𝒄 Wavelet 𝐌𝐄𝐑𝛂 𝐌𝐄𝐑𝒓 𝐌𝐄𝐑𝒄 

Haar 9.37× 10ି଺ 0.0028 2.58× 10ି଻ Haar 9.36× 10ି଺ 0.0028 2.57× 10ି଻ 
db2 2.77× 10ି଺ 2.35E-04 3.86× 10ି଼ db2 2.74× 10ି଺ 2.35× 10ିସ 3.84× 10ି଼ 
db3 1.05× 10ି଺ 3.53× 10ିହ 2.42× 10ି଼ db3 1.03× 10ି଺ 3.53× 10ିହ 2.37× 10ି଼ 
db4 5.68× 10ି଻ 4.36× 10ି଺ 5.68× 10ି଻ db4 5.92× 10ି଻ 4.34× 10ି଺ 1.06× 10ି଼ 
db5 7.77× 10ି଻ 8.73× 10ି଺ 1.97× 10ି଼ db5 8.03× 10ି଻ 8.70× 10ି଺ 1.67× 10ି଼ 

sym2 2.77× 10ି଺ 2.35E-04 3.86× 10ି଼ sym2 2.74E× 10ି଺ 2.35× 10ିସ 3.84× 10ି଼ 
sym3 1.05× 10ି଺ 3.53× 10ିହ 2.42× 10ି଼ sym3 1.03× 10ି଺ 1.03× 10ି଺ 2.37× 10ି଼ 
sym4 1.52× 10ି଺ 2.03× 10ିହ 8.51× 10ି଼ sym4 1.51× 10ି଺ 2.02× 10ିହ 8.30× 10ି଼ 
sym5 1.59× 10ି଺ 1.59× 10ି଺ 8.89× 10ି଼ sym5 1.52× 10ି଺ 4.72× 10ିହ 8.90× 10ି଼ 
coif1 4.47× 10ିହ 2.56× 10ି଺ 9.36× 10ି଼ coif1 2.66× 10ି଺ 4.44× 10ିହ 8.88× 10ି଼ 
coif2 1.31× 10ି଺ 1.60× 10ିହ 6.09× 10ି଼ coif2 1.30× 10ି଺ 1.59× 10ିହ 6.08× 10ି଼ 
coif3 1.12× 10ି଺ 1.82× 10ିହ 5.08× 10ି଼ coif3 1.12× 10ି଺ 1.81× 10ିହ 5.08× 10ି଼ 
coif4 1.05× 10ି଺ 1.89× 10ିହ 4.63× 10ି଼ coif4 1.05× 10ି଺ 1.89× 10ିହ 4.62× 10ି଼ 
coif5 1.02× 10ି଺ 1.93× 10ିହ 4.38× 10ି଼ coif5 1.02× 10ି଺ 1.92× 10ିହ 4.37× 10ି଼ 

 
Table 6 indicates the minimum energy ratio (MER) index for damage scenarios 
3 and 4 using three different family of wavelet functions. 
 

Table 6. Minimum energy ratio (MER) index for damage scenarios 3 and 4 using three 
different family of wavelet functions 

Scenario 3 Scenario 4 
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Wavelet 𝐌𝐄𝐑𝛂 𝐌𝐄𝐑𝒓 𝐌𝐄𝐑𝒄 Wavelet 𝐌𝐄𝐑𝛂  𝐌𝐄𝐑𝒓  𝐌𝐄𝐑𝒄 
Haar 9.23× 10ି଺ 0.0028 2.55× 10ି଻ Haar 9.44× 10ି଺ 0.0028 2.57× 10ି଻ 
db2 2.70× 10ି଺ 2.35× 10ିସ 3.83× 10ି଼ db2 2.74× 10ି଺ 2.36× 10ିସ 3.83× 10ି଼ 
db3 1.00× 10ି଺ 3.52× 10ିହ 2.37× 10ି଼ db3 1.03× 10ି଺ 3.53× 10ିହ 2.37× 10ି଼ 
db4 5.38× 10ି଻ 4.32E× 10ି଺ 1.03× 10ି଼ db4 5.57× 10ି଻ 4.34× 10ି଺ 1.04× 10ି଼ 
db5 7.42× 10ି଻ 8.66× 10ି଺ 1.57× 10ି଼ db5 9.03× 10ି଻ 8.69× 10ି଺ 1.45× 10ି଼ 

sym2 2.70× 10ି଺ 2.35× 10ିସ 3.83× 10ି଼ sym2 2.74E× 10ି଺ 2.36× 10ିସ 3.83× 10ି଼ 
sym3 1.00× 10ି଺ 3.52× 10ିହ 2.37× 10ି଼ sym3 1.03× 10ି଺ 3.53× 10ିହ 2.37× 10ି଼ 
sym4 1.45× 10ି଺ 2.01× 10ିହ 8.13× 10ି଼ sym4 1.48× 10ି଺ 2.02× 10ିହ 8.16× 10ି଼ 
sym5 1.50× 10ି଺ 4.70× 10ିହ 8.83× 10ି଼ sym5 1.48× 10ି଺ 2.02× 10ିହ 8.16× 10ି଼ 
coif1 2.53× 10ି଺ 4.44× 10ିହ 8.63× 10ି଼ coif1 2.63× 10ି଺ 4.44× 10ିହ 8.65× 10ି଼ 
coif2 1.25× 10ି଺ 1.58× 10ିହ 5.64× 10ି଼ coif2 1.28× 10ି଺ 1.59× 10ିହ 5.68× 10ି଼ 
coif3 1.06× 10ି଺ 1.80× 10ିହ 4.71× 10ି଼ coif3 1.08× 10ି଺ 1.81× 10ିହ 4.74× 10ି଼ 
coif4 9.96× 10ି଻ 1.88× 10ିହ 4.30× 10ି଼ coif4 1.01× 10ି଺ 1.88× 10ିହ 4.33× 10ି଼ 
coif5 9.64× 10ି଻ 1.91× 10ିହ 4.08× 10ି଼ coif5 9.75× 10ି଻ 1.92× 10ିହ 4.10× 10ି଼ 

 
Table 7 denotes the minimum energy ratio (MER) index for damage scenarios 5 
and 6 using three different family of wavelet functions. 
 

Table 7. Minimum energy ratio (MER) index for damage scenarios 5 and 6 using three 
different family of wavelet functions 

Scenario 5 Scenario 6 
Wavelet 𝐌𝐄𝐑𝛂 𝐌𝐄𝐑𝒓 𝐌𝐄𝐑𝒄 Wavelet 𝐌𝐄𝐑𝛂 𝐌𝐄𝐑𝒓 𝐌𝐄𝐑𝒄 

Haar 9.08× 10ି଺ 0.0028 2.79× 10ି଻ Haar 9.76× 10ି଺ 0.0028 2.75× 10ି଻ 

db2 2.71× 10ି଺ 2.35× 10ିସ 3.84× 10ି଼ db2 3.12× 10ି଺ 2.34× 10ିସ 4.20× 10ି଼ 

db3 1.07× 10ି଺ 3.52× 10ିହ 2.57× 10ି଼ db3 1.27× 10ି଺ 3.51× 10ିହ 2.47× 10ି଼ 

db4 7.46× 10ି଻ 4.38× 10ି଻ 2.30× 10ି଼ db4 8.64× 10ି଻ 4.32× 10ି଺ 1.17× 10ି଼ 

db5 1.01× 10ି଺ 8.79× 10ି଺ 4.93× 10ି଼ db5 1.09× 10ି଺ 8.63× 10ି଺ 1.65× 10ି଼ 

sym2 2.71× 10ି଺ 2.35× 10ିସ 3.84× 10ି଼ sym2 3.12× 10ି଺ 2.34× 10ିସ 4.20× 10ି଼ 

sym3 1.07× 10ି଺ 3.52× 10ିହ 2.57× 10ି଼ sym3 1.27× 10ି଺ 3.51× 10ିହ 2.47× 10ି଼ 

sym4 1.69× 10ି଺ 2.02× 10ିହ 1.30× 10ି଻ sym4 1.87× 10ି଺ 2.01× 10ିହ 8.21× 10ି଼ 

sym5 1.66× 10ି଺ 4.70× 10ିହ 1.03× 10ି଻ sym5 1.65× 10ି଺ 4.69× 10ିହ 9.06× 10ି଼ 

coif1 2.73× 10ି଺ 4.44× 10ିହ 1.58× 10ି଻ coif1 3.35× 10ି଺ 4.43× 10ିହ 8.94× 10ି଼ 

coif2 1.51× 10ି଺ 1.59× 10ିହ 1.07× 10ି଻ coif2 1.67× 10ି଺ 1.58× 10ିହ 5.70× 10ି଼ 

coif3 1.29× 10ି଺ 1.80× 10ିହ 8.85× 10ି଼ coif3 1.33× 10ି଺ 1.79× 10ିହ 4.77× 10ି଼ 

coif4 1.20× 10ି଺ 1.87× 10ିହ 7.94× 10ି଼ coif4 1.20× 10ି଺ 1.87× 10ିହ 4.37× 10ି଼ 

coif5 1.15× 10ି଺ 1.90× 10ିହ 7.40× 10ି଼ coif5 1.14× 10ି଺ 1.90× 10ିହ 4.16× 10ି଼ 
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Scenario 1 Scenario 2 

  
Scenario 3 Scenario 4 

  
Scenario 5 Scenario 6 

Fig. 5: Results of MER index for coupled details of the six considered damage 
scenarios 
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According to Fig. 5 the db wavelet is considered the most optimal wavelet 
family. 
 

Table 8. Six considered numerical damage scenarios in polar coordinate system 

Optimal wavelet Damage level 
Damage location 

Scenario No. 
𝜃 𝑅 

Db5 9% 150° 8 1 
Db4 5% 110° 10 2 
Db4 10% 0° 2 3 
Db4 15% 0° 3 4 
Db4 40% 110° 8 5 
Db4 70% 335° 13 6 

Note that other wavelets from the db family or other families can be found to 
perform damage detection with high accuracy. However, according to the 
introduced MER index, the best detail signal for damage detection in the disk 
under investigation is the coupled detail signal, and the best wavelet family is 
the db wavelet family. According to Table 8, the optimal wavelet function is 
db4. 
Fig. 6 shows the results of using the conventional wavelet transform to identify 
the damage of the scenarios presented in Table 8. In Fig. 6, the wavelet 
functions, as well as one of the three horizontal, vertical, and coupled details are 
randomly selected to evaluate the performance of the conventional wavelet 
transform. 

  

 
Scenario 1: coupled detail, db2 
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Scenario 2: radial detail, haar 

 
Scenario 3: coupled detail, dmey 
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Scenario 4: vertical detail, sym2 

 
Scenario 5: radial detail, coif2 
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Scenario 6: coupled detail, coif1 

Fig. 6. Results of conventional wavelet transform using random wavelet 
functions and random detail signals   

As shown in Fig. 6, damage detection using conventional wavelet transform is 
performed only using the detail signal. In addition, damage detection using 
coupled signal is not very high accuracy, because the best wavelet function is 
not used. Therefore, in order to overcome this weakness, the proposed method is 
presented. Fig. 7 shows the performance of the proposed methodology in this 
paper. 
 

 
Scenario 1 
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Scenario 2 

 
Scenario 3 
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Scenario 4 

 
Scenario 5 
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Scenario 6 

Fig. 7: Results of damage detection using the proposed methodology 
 
 
Fig. 7 demonstrates that the proposed methodology accurately identifies damage 
locations across all scenarios. Note that the coupled detail signal and db5 
wavelet function were found to be optimal within this methodology. 
Also, to investigate the performance of the proposed methodology under noisy 
conditions, two noise damage scenarios are examined. For this purpose, 
scenarios 7 and 8 are considered. In scenario 7, the damage is located at a radius 
of 8 and an angle of 150 degrees. In scenario 8, the damage is located at a radius 
of 10 and an angle of 110 degrees. Also, the damage level in the seventh 
scenario is 9% and in the eighth scenario, it is 5%. Fig. 8 shows the results 
obtained from damage identification under noisy conditions. The noises 
obtained from the sum of the mode shape with the Gaussian noise function were 
obtained with levels of 0.001 and 0.002, respectively, in MATLAB software. 
Results indicate that the higher the noise level leads to the harder the damage 
identification, as expected. As the noise level increases, local disturbance 
caused by damage may be located in the noise neighborhood and lose its 
singularity in the mode shape signal. 
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Scenario 7 

 
Scenario 8 

Fig. 8: The damaged first mode shapes corresponding to the four considered 
noisy damage scenarios 

 
 
6.4. Experimental Damage Detection 
This section presents experimental results on damage detection to validate the 
effectiveness of the proposed method for real-world applications. An eight-layer 
glass-epoxy composite disk is fabricated using the vacuum infusion process 
(VIP) using Epoxy resin, hardener and glass fabrics, as illustrated in Fig. 9. 
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Glass fabrics provide cost-effective heat resistance, retaining approximately 
50% of their room temperature tensile strength (around 3445 MPa), 
compressive strength (around 1080 MPa), and elastic modulus (around 73 GPa) 
[43]. 
 

   
a b c 

   
d e f 

   
g h i 

Fig. 9: Fabrication of an eight-layer glass-epoxy laminated composite circular 
plate using vacuum infusion process (VIP) 

 
Figs. 9a–9i illustrate the fabrication process of an eight-layer glass–epoxy 
laminated composite circular plate manufactured using the vacuum infusion 
process. The procedure begins with cutting the glass fiber cloth into circular 
shapes (Fig. 9a), followed by placing circular Dacron fabric layers on the glass 
fibers (Fig. 9b). The flat mold bed and its boundary conditions are shown in Fig. 
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9c. The application of vacuum and the removal of air from the mold chamber 
are depicted in Fig. 9d. Figs. 9e–9i show the infusion of the epoxy resin–
hardener mixture and its permeation through the glass fiber layers under 
vacuum assistance. 
Fig. 10a presents the finite element mesh of the manufactured specimen. The 
relative positioning of the shaker with respect to the specimen and the applied 
excitation force are shown in Fig. 10b. Finally, Fig. 10c illustrates the 
experimental setup used for the modal analysis. 
 

  
a b 

 
c 

Fig. 10: Dividing and modal test of eight-layer glass-epoxy laminated composite 
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circular plate 
Fig. 10 shows dividing and modal test of eight-layer glass-epoxy laminated 
composite circular plate. The composite circular plate was suspended using a 
soft elastic to facilitate testing. A laser vibrometer measured velocity by 
scanning all points on the structure. A vibrating shaker, coupled with an 
8200BK force gauge and a 2647A amplifier, applied force. With the composite 
plate divided into 33 points (Fig. 10a), the shaker was fixed at point 18, and the 
laser vibrometer measured the response at all points. 
A groove measuring 20 mm in length and 3 mm in width was introduced into 
the laminated composite circular plate at a radial distance of 50 mm from the 
center and oriented at an angle of 105°, within the sector bounded by points 12, 
13, 21, and 20 (Fig. 10a). Modal testing was conducted over the entire plate 
using a shaker excitation applied at point 18, while the vibration response was 
measured using a roving laser vibrometer. Frequency response functions (FRFs) 
were obtained in the frequency range of 0–800 Hz using a BK3560D analyzer in 
conjunction with PULSE 8 software, based on measured force and acceleration 
signals. The three FRF curves shown in Fig. 11 correspond to repeated 
measurements performed under identical test conditions, demonstrating the 
repeatability and reliability of the experimental data. 
In modal analysis, mode shapes are extracted from the measured FRFs through 
a curve-fitting procedure. Specifically, modal identification software such as 
ICATS first determines the global modal parameters, including natural 
frequencies and damping ratios, from the resonant peaks of the FRFs. 
Subsequently, the relative motion between measurement points is obtained by 
evaluating the residue (response amplitude) at each location. By assembling 
these relative amplitudes into a modal vector, the structural deformation pattern 
corresponding to each mode shape is reconstructed and visualized in animated 
form. 
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Fig. 11: Frequency response functions obtained from modal testing on damaged 

laminated composite circular plate in the frequency range of 0 to 200 Hz. 
 
Following the experiment, frequency response functions were analyzed using 
ICATs software. This analysis yielded the sheet's natural frequencies, damping 
coefficients, and mode shapes. Table 9 lists the natural frequencies and damping 
coefficients, while Fig. 12 presents the mode shapes of the damaged laminated 
composite circular plate. 
 

Table 9. Natural frequencies and damping coefficients of the damaged 
laminated composite circular plate sheet 

3 2  1  Mode No. 

172.84  143.78  100.43  Frequency (Hz)  
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Fig. 12: Experimental mode shape of the constructed eight-layer glass-epoxy 

laminated composite circular plate 
 
Fig. 13 shows damage detection results on the eight-layer glass-epoxy laminated 
composite circular plate using a random wavelet function with the coupled 
detail signal and the coupled detail signal and dmey wavelet (with minimum 
MER index 0.0160) are used for this experimental scenario. 

 
Fig. 13: Results of damage detection on the constructed eight-layer glass-epoxy 

laminated composite circular plate using a random wavelet function (dmey) 
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Fig. 14 shows the result of damage detection on the constructed eight-layer 
glass-epoxy laminated composite circular plate using the proposed method. The 
coupled detail signal and db4 wavelet (with minimum MER index 4.0410e-04) 
are used for this experimental scenario. 
 

 
Fig. 14: Result of damage detection on the constructed eight-layer glass-epoxy 

laminated composite circular plate using the proposed method 
 
 
7. Conclusions 
Circular structures often require sensors arranged circularly for signal 
processing-based structural health monitoring and damage detection, 
necessitating signal processing in polar coordinates. This study introduces an 
optimal polar wavelet transform, based on the discrete two-dimensional wavelet 
transform, for damage detection in laminated composite circular plates. The 
transform utilizes wavelet functions in radial, angular, or combined radial-
angular directions, optimized using a new minimum Energy Ratio (MER) 
criterion. The numerical results demonstrated the superior performance of the 
proposed method (especially for damage below 10%) compared to conventional 
polar wavelet transforms, as it leverages optimal detail signals and wavelet 
functions instead of relying on trial-and-error simulations (the optimal detail 
signal is obtained from the optimal wavelet function and reveals the best 
information on damage in the structure). Experimental results further validate 
the effectiveness of the proposed method. According to the findings of this 
study, the coupled detail signal is the most sensitive polar detail signal to single 
damage, and as expected, it yields the lowest MER index. Among the optimal 
wavelet functions that yielded the lowest MER in the coupled detail signal, the 
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db4 wavelet function was selected. A comparison of the results obtained from 
the traditional polar wavelet transform (by choosing a random wavelet function) 
showed that the proposed methodology significantly increases the accuracy of 
damage detection in polar coordinates. These results were also valid for the 
experimental findings. Also, according to the findings of this study, the 
proposed methodology is somewhat robust to environmental noise. 
For future work, the present study could be extended to consider damping 
effects in the numerical model, which may influence the vibration response and 
the accuracy of damage detection in laminated composite structures. 
Additionally, the methodology could be adapted to account for delamination as 
an interlaminar damage mechanism, enabling more comprehensive structural 
health monitoring of layered composite plates. 
 
Appendix A: Element Mass and Stiffness Matrices 
Element Mass Matrix: 

(A.1)  

[𝑀௘] = න න ൤𝐼ଵ(⌊𝑁𝑢⌋𝑇⌊𝑁𝑢⌋ + ⌊𝑁𝑣⌋𝑇⌊𝑁𝑣⌋ + ⌊𝑁𝑤⌋𝑇⌊𝑁𝑤⌋)
ଵ

଴

ଵ

଴

+ 𝐼ଶ ൬⌊𝑁𝑢⌋ 𝑇ቔ𝑁𝜓𝑟
ቕ + ቔ𝑁𝜓𝑟

ቕ
𝑇

⌊𝑁𝑢⌋ + ⌊𝑁𝑣⌋ 𝑇 ቔ𝑁𝜓𝜃
ቕ + ቔ𝑁𝜓𝜃

ቕ
𝑇

⌊𝑁𝑣⌋൰

+ 𝐼ଷ ൬ቔ𝑁𝜓𝑟
ቕ

𝑇

ቔ𝑁𝜓𝑟
ቕ + ቔ𝑁𝜓𝜃

ቕ
𝑇

ቔ𝑁𝜓𝜃
ቕ൰൨ 𝜃ଶଵ𝑑𝜂 (𝑟ଵ + 𝑟ଶଵ𝜉)𝑑𝜉 

in which 𝜃ଶଵ = 𝜃ଶ − 𝜃ଵ and 𝑟ଶଵ = 𝑟ଶ − 𝑟ଵ. 
Element Stiffness Matrix: 

(A.2)  
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2 උ𝑁𝑢,𝜉ඏ

𝑇
උ𝑁𝑢,𝜉ඏ

1

0

1

0

+
𝐴22

(𝑟ଵ + 𝑟ଶଵ𝜉)2
ቆ⌊𝑁𝑢⌋𝑇⌊𝑁𝑢⌋ +

1

𝜃21
2 උ𝑁𝑣,𝜂ඏ

𝑇
උ𝑁𝑣,𝜂ඏ +

1

𝜃21

⌊𝑁𝑢⌋𝑇උ𝑁𝑣,𝜂ඏ

+
1

𝜃21

උ𝑁𝑣,𝜂ඏ
𝑇
⌊𝑁𝑢⌋ቇ  

 

+𝐴଺଺ ቌ
1

𝜃ଶଵ
ଶ (𝑟1 + 𝑟21𝜉)

ଶ උ𝑁௨,ఎඏ
்

උ𝑁௨,ఎඏ +
1

(𝑟1 + 𝑟21𝜉)ଶ
⌊𝑁௩⌋்⌊𝑁௩⌋

−
1

𝜃ଶଵ(𝑟1 + 𝑟21𝜉)2 උ𝑁௨,ఎඏ
்

⌊𝑁௩⌋ −
1

𝜃ଶଵ(𝑟1 + 𝑟21𝜉)2
⌊𝑁௩⌋்උ𝑁௨,ఎඏ

+
1

𝑟ଶଵ
ଶ උ𝑁௩,కඏ

்
උ𝑁௩,కඏ

+
1

(𝑟1 + 𝑟21𝜉)𝑟21𝜃21
ቀඋ𝑁௨,ఎඏ

்
උ𝑁௩,కඏ + උ𝑁௩,కඏ

்
උ𝑁௨,ఎඏቁ

−
1

(𝑟1 + 𝑟21𝜉)𝑟21
ቀ⌊𝑁௩⌋்උ𝑁௩,కඏ + උ𝑁௩,కඏ

்
⌊𝑁௩⌋ቁቍ 
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+
𝐷ଵଵ

𝑟ଶଵ
ଶ උ𝑁టೝ,కඏ

்
උ𝑁టೝ,కඏ

+
𝐷ଶଶ

(𝑟1 + 𝑟21𝜉)
ଶ ቆඋ𝑁టೝ

ඏ
்

උ𝑁టೝ
ඏ +

1

𝜃ଶଵ
ଶ උ𝑁టഇ,ఎඏ

்
උ𝑁టഇ,ఎඏ

+
1

𝜃ଶଵ
උ𝑁టೝ

ඏ
்

උ𝑁టഇ,ఎඏ +
1

𝜃ଶଵ
උ𝑁టഇ,ఎඏ

்
උ𝑁టೝ

ඏቇ 

 

 

+𝐷଺଺ ቌ
1

𝜃ଶଵ
ଶ (𝑟1 + 𝑟21𝜉)

ଶ උ𝑁టೝ ,ఎඏ
்

උ𝑁టೝ,ఎඏ +
1

(𝑟1 + 𝑟21𝜉)ଶ උ𝑁టഇ
ඏ

்
උ𝑁టഇ

ඏ

−
1

𝜃ଶଵ(𝑟1 + 𝑟21𝜉)2 උ𝑁టೝ,ఎඏ
்

උ𝑁టഇ
ඏ −

1

𝜃ଶଵ(𝑟1 + 𝑟21𝜉)2 උ𝑁టഇ
ඏ

்
උ𝑁టೝ,ఎඏ

+
1

𝑟ଶଵ
ଶ උ𝑁టഇ,కඏ

்
උ𝑁టഇ,కඏ

+
1

(𝑟1 + 𝑟21𝜉)𝑟21𝜃21
ቀඋ𝑁టೝ ,ఎඏ

்
උ𝑁టഇ,కඏ + උ𝑁టഇ,కඏ

்
උ𝑁టೝ ,ఎඏቁ

−
1

(𝑟1 + 𝑟21𝜉)𝑟21
ቀඋ𝑁టഇ

ඏ
்

උ𝑁టഇ,కඏ + උ𝑁టഇ,కඏ
்

උ𝑁టഇ
ඏቁቍ 

 

 

+
𝐴ଵଶ

(𝑟1 + 𝑟21𝜉)𝑟21
ቀඋ𝑁௨,కඏ

்
⌊𝑁௨⌋ + ⌊𝑁௨⌋்උ𝑁௨,కඏቁ

+
𝐴ଵଶ

(𝑟1 + 𝑟21𝜉)𝑟21𝜃ଶଵ
ቀඋ𝑁௨,కඏ

்
උ𝑁௩,ఎඏ + උ𝑁௩,ఎඏ

்
උ𝑁௨,కඏቁ

+
𝐴ଵ଺

(𝑟1 + 𝑟21𝜉)𝑟21𝜃ଶଵ
ቀඋ𝑁௨,ఎඏ

்
උ𝑁௨,కඏ + උ𝑁௨,కඏ

்
උ𝑁௨,ఎඏቁ

−
𝐴ଵ଺

(𝑟1 + 𝑟21𝜉)𝑟21
ቀඋ𝑁௨,కඏ

்
⌊𝑁௩⌋ + ⌊𝑁௩⌋்උ𝑁௨,కඏቁ

+
𝐴ଵ଺

𝑟ଶଵ
ଶ ቀඋ𝑁௨,కඏ

்
උ𝑁௩,ఎඏ + උ𝑁௩,ఎඏ

்
උ𝑁௨,కඏቁ 

 

 

+
𝐵ଵଵ

𝑟ଶଵ
ଶ  ቀඋ𝑁௨,కඏ

்
උ𝑁టೝ,కඏ + උ𝑁టೝ,కඏ

்
උ𝑁௨,కඏቁ

+
𝐵ଵଶ

(𝑟1 + 𝑟21𝜉)𝑟21
ቀඋ𝑁௨,కඏ

்
උ𝑁టೝ

ඏ + උ𝑁టೝ
ඏ

்
උ𝑁௨,కඏቁ

+
𝐵ଵଶ

(𝑟1 + 𝑟21𝜉)𝑟21𝜃ଶଵ
ቀඋ𝑁௨,కඏ

்
උ𝑁టഇ,ఎඏ + උ𝑁టഇ,ఎඏ

்
උ𝑁௨,కඏቁ 

 

 

+
𝐵ଵ଺

𝑟21
൭

උ𝑁௨,కඏ
்

උ𝑁టೝ ,ఎඏ + උ𝑁టೝ ,ఎඏ
்

උ𝑁௨,కඏ

(𝑟1 + 𝑟21𝜉) 𝜃ଶଵ
−

උ𝑁௨,కඏ
்

උ𝑁టഇ
ඏ + උ𝑁టഇ

ඏ
்

උ𝑁௨,కඏ

(𝑟1 + 𝑟21𝜉) 𝑟21

+
උ𝑁௨,కඏ

்
උ𝑁టഇ,ఎඏ + උ𝑁టഇ,ఎඏ

்
උ𝑁௨,కඏ

𝑟21
൱

+
𝐴ଶ଺

(𝑟1 + 𝑟21𝜉)2 ൭
⌊𝑁௨⌋்උ𝑁௨,ఎඏ + උ𝑁௨,ఎඏ

்
⌊𝑁௨⌋

𝜃ଶଵ
− ⌊𝑁௨⌋்⌊𝑁௩⌋ − ⌊𝑁௩⌋்⌊𝑁௨⌋

+
උ𝑁௨,ఎඏ

்
උ𝑁௩,ఎඏ + උ𝑁௩,ఎඏ

்
උ𝑁௨,ఎඏ

𝜃ଶଵ
ଶ −

⌊𝑁௩⌋்උ𝑁௩,ఎඏ + උ𝑁௩,ఎඏ
்

⌊𝑁௩⌋

𝜃ଶଵ
൱

+
𝐴ଶ଺

(𝑟1 + 𝑟21𝜉)
൭

⌊𝑁௨⌋்උ𝑁௩,కඏ + උ𝑁௩,కඏ
்

⌊𝑁௨⌋

𝑟ଶଵ

+
උ𝑁௩,కඏ

்
උ𝑁௩,ఎඏ + උ𝑁௩,ఎඏ

்
උ𝑁௩,కඏ

𝑟ଶଵ 𝜃ଶଵ
൱ 
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+
𝐵ଵଶ

(𝑟1 + 𝑟21𝜉)𝑟21
൭⌊𝑁௨⌋்උ𝑁టೝ,కඏ + උ𝑁టೝ ,కඏ

்
⌊𝑁௨⌋ +

උ𝑁௩,ఎඏ
்

උ𝑁టೝ ,కඏ + උ𝑁టೝ ,కඏ
்

උ𝑁௩,ఎඏ

𝜃ଶଵ
൱

+
𝐵ଶଶ

(𝑟1 + 𝑟21𝜉)2 ൭⌊𝑁௨⌋்උ𝑁టೝ
ඏ + උ𝑁టೝ

ඏ
்

⌊𝑁௨⌋

+
⌊𝑁௨⌋்උ𝑁టഇ,ఎඏ + උ𝑁టഇ,ఎඏ

்
⌊𝑁௨⌋

𝜃ଶଵ
+

උ𝑁௩,ఎඏ
்

උ𝑁టೝ
ඏ + උ𝑁టೝ

ඏ
்

උ𝑁௩,ఎඏ

𝜃ଶଵ

+
උ𝑁௩,ఎඏ

்
උ𝑁టഇ,ఎඏ + උ𝑁టഇ,ఎඏ

்
උ𝑁௩,ఎඏ

𝜃ଶଵ
ଶ ൱ 

 

 

+
𝐵ଶ଺

(𝑟1 + 𝑟21𝜉)2 ൭
⌊𝑁௨⌋்උ𝑁టೝ,ఎඏ + උ𝑁టೝ,ఎඏ

்
⌊𝑁௨⌋

𝜃ଶଵ
− ⌊𝑁௨⌋்උ𝑁టഇ

ඏ − උ𝑁టഇ
ඏ

்
⌊𝑁௨⌋

+
උ𝑁௩,ఎඏ

்
උ𝑁టೝ ,ఎඏ + උ𝑁టೝ ,ఎඏ

்
උ𝑁௩,ఎඏ

𝜃ଶଵ
ଶ −

උ𝑁௩,ఎඏ
்

උ𝑁టഇ
ඏ + උ𝑁టഇ

ඏ
்

උ𝑁௩,ఎඏ

𝜃ଶଵ
൱

+
𝐵ଶ଺

(𝑟1 + 𝑟21𝜉)𝑟21
൭

⌊𝑁௨⌋்උ𝑁టഇ,కඏ + උ𝑁టഇ,కඏ
்

⌊𝑁௨⌋

𝑟ଶଵ

+
උ𝑁௩,ఎඏ

்
උ𝑁టഇ,కඏ + උ𝑁టഇ,కඏ

்
උ𝑁௩,ఎඏ

𝑟ଶଵ 𝜃ଶଵ
൱

+
𝐵ଵ଺

𝑟21
൭

උ𝑁௨,ఎඏ
்

උ𝑁టೝ,కඏ + උ𝑁టೝ ,కඏ
்

උ𝑁௨,ఎඏ

(𝑟1 + 𝑟21𝜉) 𝜃ଶଵ
−

⌊𝑁௩⌋்උ𝑁టೝ,కඏ + උ𝑁టೝ ,కඏ
்

⌊𝑁௩⌋

(𝑟1 + 𝑟21𝜉) 𝑟ଶଵ

+
උ𝑁௩,కඏ

்
උ𝑁టೝ ,కඏ + උ𝑁టೝ ,కඏ

்
උ𝑁௩,కඏ

𝑟21
൱ 
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+
𝐵ଶ଺

(𝑟1 + 𝑟21𝜉)2 ൭
උ𝑁௨,ఎඏ

்
උ𝑁టೝ

ඏ + උ𝑁టೝ
ඏ

்
උ𝑁௨,ఎඏ

𝜃ଶଵ
+

උ𝑁௨,ఎඏ
்

උ𝑁టഇ,ఎඏ + උ𝑁టഇ,ఎඏ
்

උ𝑁௨,ఎඏ

𝜃ଶଵ
ଶ

− ⌊𝑁௩⌋்උ𝑁టೝ
ඏ − උ𝑁టೝ

ඏ
்

⌊𝑁௩⌋ −
⌊𝑁௩⌋்උ𝑁టഇ,ఎඏ + උ𝑁టഇ,ఎඏ

்
⌊𝑁௩⌋

𝜃ଶଵ
൱

+
𝐵ଶ଺

(𝑟1 + 𝑟21𝜉)𝑟21
൭උ𝑁௩,ఎඏ

்
උ𝑁టೝ

ඏ + උ𝑁టೝ
ඏ

்
උ𝑁௩,ఎඏ

+
උ𝑁௩,ఎඏ

்
උ𝑁టഇ,ఎඏ + උ𝑁టഇ,ఎඏ

்
උ𝑁௩,ఎඏ

𝜃ଶଵ
൱

+
𝐵଺଺

(𝑟1 + 𝑟21𝜉)2 ൭
උ𝑁௨,ఎඏ

்
උ𝑁టೝ,ఎඏ + උ𝑁టೝ,ఎඏ

்
උ𝑁௨,ఎඏ

𝜃ଶଵ
ଶ

−
උ𝑁௨,ఎඏ

்
උ𝑁టഇ

ඏ + උ𝑁టഇ
ඏ

்
උ𝑁௨,ఎඏ

𝜃ଶଵ
−

⌊𝑁௩⌋்උ𝑁టೝ ,ఎඏ + උ𝑁టೝ,ఎඏ
்

⌊𝑁௩⌋

𝜃ଶଵ

+ ⌊𝑁௩⌋்උ𝑁టഇ
ඏ + උ𝑁టഇ

ඏ
்

⌊𝑁௩⌋൱

+
𝐵଺଺

(𝑟1 + 𝑟21𝜉)𝑟21
൭

උ𝑁௩,కඏ
்

උ𝑁టೝ ,ఎඏ + උ𝑁టೝ ,ఎඏ
்

උ𝑁௩,కඏ

𝜃ଶଵ
− උ𝑁௩,ఎඏ

்
උ𝑁టഇ

ඏ

− උ𝑁టഇ
ඏ

்
උ𝑁௩,ఎඏ +

උ𝑁௨,ఎඏ
்

උ𝑁టഇ,కඏ + උ𝑁టഇ,కඏ
்

උ𝑁௨,ఎඏ

𝜃ଶଵ
− ⌊𝑁௩⌋்උ𝑁టഇ,కඏ

− උ𝑁టഇ,కඏ
்

⌊𝑁௩⌋൱ 

 

 

+
𝐷ଵଶ

(𝑟1 + 𝑟21𝜉)𝑟ଶଵ
൭උ𝑁టೝ ,కඏ

்
උ𝑁టೝ

ඏ + උ𝑁టೝ
ඏ

்
උ𝑁టೝ,కඏ

+
උ𝑁టೝ,కඏ

்
උ𝑁టഇ,ఎඏ + උ𝑁టഇ,ఎඏ

்
උ𝑁టೝ,కඏ

𝜃ଶଵ
൱

+
𝐷ଵ଺

(𝑟1 + 𝑟21𝜉)𝑟21
൭

උ𝑁టೝ,కඏ
்

උ𝑁టೝ,ఎඏ + උ𝑁టೝ ,ఎඏ
்

උ𝑁టೝ,కඏ

𝜃ଶଵ
− උ𝑁టೝ,కඏ

்
උ𝑁టഇ

ඏ

− උ𝑁టഇ
ඏ

்
උ𝑁టೝ ,కඏ +

උ𝑁టೝ,కඏ
்

උ𝑁టഇ,కඏ + උ𝑁టഇ,కඏ
்

උ𝑁టೝ ,కඏ

𝑟21
൱ 
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+
𝐷ଶ଺

(𝑟1 + 𝑟21𝜉)2 ൭
උ𝑁టೝ ,ఎඏ

்
උ𝑁టೝ

ඏ + උ𝑁టೝ
ඏ

்
උ𝑁టೝ,ఎඏ

𝜃ଶଵ
− උ𝑁టೝ

ඏ
்

උ𝑁టഇ
ඏ − උ𝑁టഇ

ඏ
்

උ𝑁టೝ
ඏ

+
උ𝑁టೝ,ఎඏ

்
උ𝑁టഇ,ఎඏ + උ𝑁టഇ,ఎඏ

்
උ𝑁టೝ,ఎඏ

𝜃ଶଵ
ଶ

−
උ𝑁టഇ,ఎඏ

்
උ𝑁టഇ

ඏ + උ𝑁టഇ
ඏ

்
උ𝑁టഇ,ఎඏ

𝜃ଶଵ
൱

+
𝐷ଶ଺

(𝑟1 + 𝑟21𝜉)𝑟21
൭උ𝑁టೝ

ඏ
்

උ𝑁టഇ,కඏ + උ𝑁టഇ,కඏ
்

උ𝑁టೝ
ඏ

+
උ𝑁టഇ,ఎඏ

்
උ𝑁టഇ,కඏ + උ𝑁టഇ,కඏ

்
උ𝑁టഇ,ఎඏ

𝜃21
൱

+
𝐴ସସ

(𝑟1 + 𝑟21𝜉)
ଶ

 𝜃ଶଵ
ଶ

උ𝑁௪,ఎඏ
்

උ𝑁௪,ఎඏ + 𝐴ସସඋ𝑁టഇ
ඏ

்
උ𝑁టഇ

ඏ

+
𝐴ସସ

(𝑟1 + 𝑟21𝜉) 𝜃ଶଵ
ቀඋ𝑁௪,ఎඏ

்
උ𝑁టഇ

ඏ + උ𝑁టഇ
ඏ

்
උ𝑁௪,ఎඏቁ 

 

 

+𝐴55 ቌ
උ𝑁𝑤,𝜉ඏ

𝑇
උ𝑁𝑤,𝜉ඏ

𝑟21
2 + ቔ𝑁𝜓𝑟

ቕ
𝑇

ቔ𝑁𝜓𝑟
ቕ +

උ𝑁𝑤,𝜉ඏ
𝑇

ቔ𝑁𝜓𝑟
ቕ + ቔ𝑁𝜓𝑟

ቕ
𝑇

උ𝑁𝑤,𝜉ඏ

𝑟ଶଵ
ቍ

+
𝐴45

(𝑟ଵ + 𝑟ଶଵ𝜉) 𝜃ଶଵ
൭

උ𝑁𝑤,𝑟ඏ
𝑇
උ𝑁𝑤,𝜃ඏ + උ𝑁𝑤,𝜃ඏ

𝑇
උ𝑁𝑤,𝑟ඏ

𝑟ଶଵ
+ උ𝑁𝑤,𝜃ඏ

𝑇
ቔ𝑁𝜓𝑟

ቕ
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𝑇
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ቕ
𝑇
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ቕ
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𝑇
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ቕቍ቏ 𝜃ଶଵ𝑑𝜂  (𝑟ଵ + 𝑟ଶଵ𝜉)𝑑𝜉 

 

As previously mentioned, due to the complexities involved in calculating the 
analytical response of the integrals related to the element’s mass and stiffness 
matrices, a numerical method has been used for their computation. To this end, 
the radial and angular intervals of the element are divided into 𝑁క and 𝑁ఎ 

segments, respectively. Therefore, in Eqs. A.1 and A.2, 𝑑𝜉 ≈ ∆𝜉 =
ଵ

ே഍
 and 𝑑𝜂 ≈

∆𝜂 =
ଵ

ேആ
 can be written. For calculating the above integrals, 𝜉௜ = 𝑖 Δ𝜉 (𝑖 =

1,2, . . , 𝑁క) and 𝜂௝ = 𝑗 Δη (𝑗 = 1,2, . . , 𝑁ఎ) are substituted, and the computed 
values at these points can be summed together. 
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