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A B S T R A C T

This paper introduces Legendre wavelets as a novel wavelet type and explores their effectiveness in detecting 
damage in carbon-epoxy composite beams. These wavelets are generated by differentiating the first derivative of 
Legendre functions on a ten-digit grid using finite difference methods, resulting in three versions with seven, five, 
and three sampling points. The Legendre wavelet functions with five and three sampling points are computed. 
Carbon-epoxy laminated composite beam mode shapes serve as the input signal for a Legendre wavelet trans
form. Numerical and experimental studies validate the practical applicability of these wavelets for damage 
detection. Results demonstrate that all Legendre wavelet functions are suitable for damage detection in lami
nated composite beams. Especially, those derived from higher-degree Legendre polynomials exhibit superior 
performance.

1. Introduction

Early damage detection is crucial for extending structural lifespan 
and ensuring proper maintenance [1]. While various Structural Health 
Monitoring (SHM) methods exist, each with unique advantages and 
disadvantages, they generally fall into two categories: local methods, 
which monitor specific areas, and vibration-based methods, known as 
global methods, which assess the structure as a whole [2–5]. A suitable 
SHM method is to combine a vibration-based method with one or more 
other local methods [6]. Thus, the vibration-based method is a sup
portive method for local SHM methods [7–10].

Following structural health monitoring (SHM) to detect damage, 
damage detection methods locate and classify the damage to inform 
repair decisions. Vibration-based methods are a key approach among 
available damage detection techniques. Vibration-based damage 
detection methods use either natural frequencies or mode shapes to 
discover the location of damage in structures [11]. When natural fre
quencies are used to detect damage location, many natural frequencies 
corresponding to various damage locations are required [12–14]. 
Typically, damage location is estimated using optimization or machine 
learning techniques by inputting the natural frequencies of a damaged 
structure, often requiring prior knowledge of both intact and various 

damaged states [15–19]. However, acquiring such extensive frequency 
data is often impractical. In contrast, Mode shapes provide a practical 
and simplified approach to identifying vibration damage. Obtaining the 
structure’s mode shapes, which inherently contain damage information, 
is often sufficient [20]. If direct observation is inconclusive, signal 
processing techniques can be used to locate the damage [21].

Processing the mode shapes for detecting damage can be performed 
using various methods [22–25]. To date, multiple researchers have 
proposed different methods for mode shape-based damage detection. 
For example, Duvnjak et al. [26] investigated the Mode Shape Damage 
Index (MSDI) for detecting isolated damage in reinforced concrete (RC) 
slabs. Based on the difference in modified modal displacements between 
intact and damaged states, the method was evaluated through experi
mental modal analysis on an RC slab subjected to ten damage scenarios, 
varying in quantity, severity, and boundary conditions. The MSDI 
effectively detects the presence, location (single or multiple), and 
severity of single, isolated damage cases. Umar et al. [27] proposed a 
response surface modeling (RSM) method for structural damage detec
tion that utilizes both natural frequencies and mode shapes, addressing 
the shortcomings of traditional frequency-based methods. Numerical 
and experimental validation using a simply supported beam and a lab
oratory steel frame indicated the potential of RSM for damage detection.
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Wavelet transform, a signal processing method capable of trans
forming signals from the time or space domain to the time-frequency or 
space-frequency domain, is a popular technique for detecting structural 
damage using mode shape [28–29]. Its ability to identify local disrup
tions in signal frequency caused by damage at specific times or locations 
has made it widely adopted for this purpose [30]. Yang et al. [31] 
established the theoretical basis for the modal frequency curve method 
and demonstrated the extraction of defect and damage features from the 
frequency curve using wavelet decomposition. Building on this, a novel 
damage index, based on multimodal wavelet squares residuals, was 
presented along with a damage size estimator derived from its standard 
deviation. The proposed damage index offered more robust and clearer 
damage identification compared to existing methods. Saadatmorad et al. 
[32] presented a novel method to process mode shape signal using 
one-dimensional continuous wavelet transform (1D-CWT). They pro
posed a damage detection technique for reinforced laminate composite 
beams. The method used the covariance of mode shapes as the input 
signal of CWT to improve the accuracy of damage detection. Papana
boina et al. [33] improved delamination detection in CFRP using nu
merical modeling to optimize the zero-mode asymmetric guided wave. 
The defect location was estimated using the signal time of flight, with 
the continuous wavelet transform (CWT) outperforming the Hilbert 
transform in accuracy. Delamination depth was determined by 
analyzing signal strength across frequency ranges. The study suggested 
the inverse fast Fourier transform for wave reconstruction to enhance 
signal clarity and interpretation. The discrete wavelet transform (DWT) 
is widely used for structural damage detection because the continuous 
wavelet transform (CWT) suffers from redundancy at higher scales [34]. 
Ravanfar et al. [35] presented a vibration-based damage detection 
method for beam-like structures. Their method used entropy analysis of 
the wavelet packet energy (WPE) of vibration signals to identify the 
location and size of damage. They accurately located and measured 
minor damage in steel beams, proving robust to measurement noise with 
proper wavelet function and decomposition level selection, based on 
numerical and experimental results. This paper showed that varying 
wavelet functions affects the accuracy of damage localization. Jiang 
et al. [36] introduced a hybrid method for accurately detecting cracks in 
beam-like structures. By decomposing the beam's vibration mode shape 
using the wavelet transform and applying fractal dimension (FD) to the 
resulting signals, the method effectively identifies singularities indica
tive of cracks. This approach overcomes the limitations of traditional 
methods, enabling accurate detection of even small cracks in noisy en
vironments. The Daubechies 4 (Db4) wavelet function was used to 
obtain the wavelet coefficients from the mode shape. Nigam et al. [37] 
presented a cost-effective, vibration-based method for crack localization 
in beam structures. Their proposed method utilized DWT to analyze 
slope discontinuities in beam deflection caused by the crack. A low-cost 
digital imaging technique measured beam deflection, employing algo
rithms to remove noise and optimize edge detection (e.g., Canny oper
ator) for accurate signal input. Simulation and experimental results 
demonstrated the method's effectiveness in detecting cracks of varying 
depths, even under noisy conditions.

Researchers have employed CWT and DWT with various wavelet 
functions for damage detection in composite structures, and studies 
indicate that the choice of wavelet function influences detection accu
racy. According to the literature [38–42], some wavelet functions are 
weak at detecting damage when using the wavelet transform. This 
research develops a novel and efficient family of Legendre wavelet 
functions for damage detection in laminated composite beams. Thus, the 
novelty of this research is to design a family of new wavelet functions 
called Legendre wavelet functions to have better performance in 
detecting damage in laminated composite beam structures than con
ventional wavelet functions.

2. Legendre wavelet functions

Wavelet functions can be defined numerically or analytically. While 
many numerical wavelets lack closed-form expressions, even analytical 
wavelets require sampling for numerical implementation in wavelet 
transforms. In this study, we develop the Legendre wavelet functions, 
which are numerical wavelet functions inspired by the exact formulation 
of Legendre functions. For this, even-degree Legendre polynomials are 
sampled at 10 equally spaced points to have a grid of Legendre poly
nomial values with ten sampling points. Then, the Legendre wavelet 
functions using numerical differentiations of some Legendre poly
nomials are designed.

As well-known Legendre polynomials are orthogonal functions that 
can be analytically defined as follows [43]: 

Pn(x) =
1

2nn!
dn

dxn

(
x2 − 1

)n (1) 

a derivative recurrence relation for Legendre polynomials is expressed 
[44]: 
(
1 − x2)Pʹ

n(x) = n(Pn− 1(x) − xPn(x)) (2) 

Legendre wavelet functions are based on the first derivative of ten- 
sampled Legendre polynomials, subject to the condition that: 

Pʹ
n(x) =

n(Pn− 1(x) − xPn(x))
(1 − x2)

(3) 

where n = {2k + 1|k ∈ ↑Z, k ≥ 1}. In other words, we can design the 
Legendre wavelet functions using Pń(x) when n ∈ {3,5,7,9,11,13,…}.

On the other hand, for a function to be a wavelet function ψ(x), the 
following two conditions must be met simultaneously.

Zero-mean condition, which means the mean of wavelet function 
ψ(x) is zero [45]: 

∫+∞

− ∞

ψ(x)dx = 0 (4) 

and the finite energy condition for the wavelet functions [46]: 

∫+∞

− ∞

|ψ(x)|2dx < ∞ (5) 

This means that the wavelet function ψ(x) has to have a finite energy.
To numerically implement the Legendre polynomials on a discretized 

grid, we set P0(x) = 1 andP1(x) = x, and for other points, Bonnet's 
recursion formula is used as follows [47]: 

Pn(x) =
(2n − 1)xPn− 1(x) − (n − 1)Pn− 2(x)

n
, n ≥ 2 (6) 

For approximating Pʹ
n(x) =

dPn
dx on the grid, the finite difference 

method is used. By defining Δx = h = x1 − x2 as the step size, for the 
first point (left boundary), the forward difference formula is used as 
follows [48]: 

Pʹ
n(x1) ≈

Pn(x2) − Pn(x1)

h
(7) 

For the last point (right boundary), the backward difference formula 
is used as follows: 

Pʹ
n(xend) ≈

Pn(xend) − Pn(xend− 1)

h
(8) 

For the interior points, the central difference formula is used as 
follows: 

Pʹ
n(xend) ≈

Pn(xi+1) − Pn(xi− 1)

2h
(9) 
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Fig. 1 shows plots of Pn sampled at 10 equally spaced points in the 
interval [− 1 1] for n ∈ {3,5,7, 9} and their corresponding numerical 
derivatives. Table A1 (presented in Appendix A) indicates the values of 
dPn
dx when n ∈ {3,5,7,9,11,13,15,17}.

Functions can be wavelet functions that satisfy both the zero-mean 
and finite energy conditions. dPn

dx when n ∈ {3,5, 7, 9,11, 13,…} sat
isfies the finite energy condition, but according to Table A1, when the 
Legendre polynomials exist in a grid containing ten sampling points, 
they do not have zero mean. Therefore, the zero-mean condition is not 
satisfied for them. However, according to Tables A2 (presented in Ap
pendix A), Legendre wavelet functions are derived using the forward 
difference of q-order derivative from the numerical vectors presented in 
Table A1, if and only if q = 3,5,7 to have Legendre wavelet functions 
with seven, five, three sampling points, respectively.

Fig. 2 shows the Legendre wavelet functions from third degree to 
ninth degree.

Fig. 3 indicates the Legendre wavelet functions from eleventh degree 
to seventeenth degree.

Because ψ3 to ψ17 with sampling points 3,5,7, and 9 have the zero 
mean. To reduce edge effects in the wavelet transform, also two other 
versions of the Legendre wavelet functions are presented with three and 
five sampling points (Table A3).

Thus, in this study, in order to design Legendre wavelet functions, 
first, the Legendre polynomials Pn sampled at 10 equally spaced points 
in the interval [− 1 1] when n ∈ {3,5,7, 9,11,13,15,17} and their 
corresponding numerical derivative dPn

dx when n ∈ {3,5, 7,9, 11, 13,15,
17} were calculated. Then, the forward difference of q-order derivative, 
if and only if q = 3,5,7, is applied to dPn

dx to obtain Legendre wavelet 
functions with seven, five, three sampling points, respectively.

By denoting Legendre wavelet functions as ψL, the wavelet transform 
is defined as follows: 

Fig. 1. The first-order numerical differentiation of Legendre functions on a grid containing ten sampling points: a) the third-degree Legendre function sampled at 10 
points (P3(x)) and its numerical derivative (dP3

dx ), b) the fifth-degree Legendre function sampled at 10 points (P5(x)) and its numerical derivative (dP5
dx ), c) the seventh- 

degree Legendre function sampled at 10 points (P7(x)) and its numerical derivative (dP7
dx ), and), c) the ninth-degree Legendre function sampled at 10 points (P9(x)) and 

its numerical derivative (dP9
dx ).
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WT =
1
̅̅̅̅s0

√

∫+∞

− ∞

f(x)ψL

(
x − u

s0

)

dx (10) 

where f(x) is the original signal, u is shifting parameter, and s0 is a given 
scaling parameter. In this study, we set s0 = 1.

3. Methodology

This study uses a semi-analytical, closed-form solution derived from 
the governing differential equation for simply supported boundary 
conditions. The material is modeled using classical lamination theory 
(CLT) to calculate effective bending stiffness (D11) and mass properties. 
Classical beam theory (CBT), also known as Euler-Bernoulli beam the
ory, is employed, neglecting transverse shear deformation and rotary 
inertia by assuming plane cross-sections remain plane and perpendicular 
to the neutral axis after bending. For the solution method, the analytical 

closed-form solution is used. The paper utilizes the known analytical 
solution for the natural frequencies of a simply supported (SS) Euler- 
Bernoulli beam, modified to incorporate the composite stiffness (D11) 
and mass (m) determined by CLT. The CLT relates the resultant forces 
(N) and moments (M) to the mid-plane strains (ε0) and curvatures (κ) 
through the ABD matrix: 
⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

Nx

Ny

Nxy

Mx

My

Mxy

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

=

(
[A] [B]
[B] [D]

)

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

εx0

εy0

γxy0

κx

κy

κxy

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

(11) 

where [A] is the Extensional Stiffness Matrix. [B] is the Coupling Stiff

Fig. 2. Legendre wavelet functions from the third degree to the ninth degree.
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ness Matrix (linking extension to bending). [D] is the Bending Stiffness 
Matrix. The elements of these matrices are calculated by summing the 
contribution of each ply (k): 

[A] =
∑N

k=1
[Q]k(zk − zk− 1) (12) 

[B] =
1
2
∑N

k=1
[Q]k

(
zk

2 − zk− 1
2) (13) 

Fig. 3. Legendre wavelet functions from eleventh degree to seventeenth degree.

Table 1 
Material properties of the considered laminated composite beam considered in 
this study [49].

No. Property Symbol Value descriptions

2 Longitudinal 
Young's Modulus

E1 139 
GPa

Stiffness along the fiber 
direction.

3 Transverse 
Young's Modulus

E2 8 GPa Stiffness perpendicular to the 
fiber direction.

4 Shear Modulus G12 5 GPa Shear stiffness in the 1–2 plane.
5 Major Poisson's 

Ratio
ν12 0.3 Transverse strain in the 2-di

rection due to strain in the 1- 
direction

6 Density ρ 1760 
kg/m3

Mass density of the composite 
material.

Table 2 
Five damage scenarios considered in numerical investigations.

Scenario No. Location of damage Level of damage

1 40 0.5 %
2 20 0.1 %
3 70 0.2 %
4 60 0.15 %
5 90 0.1 %
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[D] =
1
3
∑N

k=1
[Q]k

(
zk

3 − zk− 1
3) (14) 

where [Q]k is the transformed reduced stiffness matrix for the kth ply, and 
zk and zk− 1 are the z-coordinates of the top and bottom surfaces of the 
ply, respectively. For an effective bending stiffness (D11), this study as
sumes pure bending vibration along the beam axis (x-direction) and uses 
the D11 term from the [D] matrix, while neglecting the coupling matrix 
[B] (meaning ε0 = 0). 

Mx = D11κx = − D11
∂2w
∂x2 (15) 

The value D11 is: 

D11 = D(1,1) (16) 

The mass of the beam per unit length (m) is calculated simply as: 

m = ρ.b.h (17) 

where ρ is the density, b is the width, and h is the total thickness. The 
equation of motion for the free vibration of a beam based on the Euler- 
Bernoulli assumption, incorporating the composite stiffness D11 and 
mass m, is: 

D11
∂4w(x, t)

∂x4 + m
∂2w(x, t)

∂t2 = 0 (18) 

where w(x, t) is the transverse deflection of the beam. By assuming a 
harmonic solution w(x,t) = W(x)cos(ωt), the spatial part of the equation 
becomes the Eigenvalue problem: 

D11
∂4W(x)

∂x4 − mω2W(x) = 0 (19) 

For a Simply Supported (SS) beam, the boundary conditions are zero 
deflection and zero moment at both ends: 

W(0) = 0,Wʹ́ (0) = 0 (20) 

W(L) = 0,Wʹ́ (L) = 0 (21) 

The closed-form solution for the mode shapes Wn(x) is sinusoidal, 
and the wave number λn is: 

Wn(x) = Cnsin
(nπx

L

)
(22) 

λn =
nπ
L
, n = 1,2, 3,… (23) 

Note that for damage detection, this study considers only flexural 
modes. The natural angular frequency (ωn) is directly derived from the 
eigenvalue problem using λn: 

ωn = λn
2

̅̅̅̅̅̅̅̅
D11

m

√

(24) 

ωn =
(nπ

L

)2
̅̅̅̅̅̅̅̅
D11

m

√ [
rad
s

]

(25) 

The final natural frequency (fn) in Hertz (Hz) used is as follows: 

fn =
ωn

2π =
1
2π

(nπ
L

)2
̅̅̅̅̅̅̅̅
D11

m

√

[Hz] (26) 

Thus, the wavelet transform expression based on the proposed 
method is stated as follows: 

WT =
1
̅̅̅̅s0

√

∫+∞

− ∞

Wn(x)ψL

(
x − u

s0

)

dx (27) 

4. Results

4.1. 1 Numerical investigation

Numerical simulations for free vibration of the carbon-epoxy lami
nated composite beam are performed based on the procedure presented 
in [32] for the analysis of vibration mode shapes. A MATLAB code is 
established to calculate the free vibration of a simply supported lami
nated composite beam, using The Classical Beam Theory (CBT). CBT 
determines the effective bending stiffness (Deff or D11) by: first, calcu
lating each ply's reduced stiffness matrix (Qlocal) from its material 

Fig. 4. Graphical representation of damage scenarios presented in Table 2.
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Fig. 5. Numerical mode shapes and results of damage scenarios using the wavelet transform with the proposed Legendre wavelet functions.

M. Saadatmorad et al.                                                                                                                                                                                                                         Composites Part C: Open Access 19 (2026) 100700 

7 



properties (E1, E2, ν12, G12); then, transforming Qlocal) into the global 
stiffness matrix (Q) based on ply orientation (θk). The D matrix is then 

computed by summing each ply's contribution of Qk) multiplied by the 
integral of z2

2 across its thickness (z3
k − z3

k− 1). Euler-Bernoulli Beam 
Theory is use to determine mode shapes of a simply supported laminated 
composite beam by solving a characteristic equation. The mode shape 

Wn (x) is given by the sinusoidal function Wn(x) = sin
(

nπx
L

)
. The beam is 

0.1 m long (L) and 0.05 m wide (b). The composite consists of plies with 
a single ply thickness (tply) of 0.125 × 10–3 m. We consider an eight-ply 
laminate with a stacking sequence (θ) of [0

◦

, 90
◦

, 0
◦

, 90
◦

, 0
◦

, 90
◦

, 0
◦

, 90
◦

] 
results in a total laminate thickness (h) of 1 × 10–3 m. Table 1 shows the 
material properties of the considered laminated composite beam 
considered in this study.

Fig. 6. Numerical results of damage scenarios using the wavelet transform with the conventional wavelet functions.
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Five numerical damage scenarios, detailed in Table 2 and Fig. 4, 
assess the performance and robustness of the Legendre wavelet trans
form for damage detection in laminated composite beams, with damage 
locations and levels (mostly under 0.2 %) varying across scenarios. To 
apply damage to the model, we increase the percentage of the deviation 
from the sampling point in the mode shape corresponding to each sce
nario. For example, in the first scenario, the amplitude of the mode 
shape at sampling point 40 is increased by 0.5 %.

Fig. 4 indicates the graphical representation of damage scenarios 
presented in Table 2.

Fig. 5 shows numerical mode shapes and results of damage scenarios 
using the wavelet transform with the proposed Legendre wavelet func
tion. We use the first mode shapes as fundamental mode shapes for 
damage detection. The Legendre wavelet function with seven sampling 
points is used for these scenarios.

Also, the Legendre wavelet function with five or three sampling 
points are developed in this study. However, the results presented in 
Fig. 5 show that the proposed wavelet function is efficient for damage 
detection in all considered scenarios. By comparing Table 2 and Fig. 4
with the results presented in Fig. 5, we find that in scenario 1 (Fig. 5a), 
the Legendre wavelet function constructed using the Legendre poly
nomial of degree 5 (P5) is the most effective wavelet function for 
damage detection. Fig. 5b shows the damage detection results of sce
nario 2. According to this figure, with the increase of the degree of the 
Legendre wavelet function, the accuracy of damage detection increases, 
and at the same time, edge effects also decrease. In this scenario, Leg
endre wavelet functions constructed using Legendre polynomials of 
degrees five and fifteen (i.e., P5 and P15) yield better results than the 
Legendre wavelet function of degree 3 (P3). Fig. 5c indicates the results 
of damage detection for scenario 3. Findings show that for this scenario, 
all of the Legendre wavelet functions (those constructed using poly
nomials of degrees 3, 5, 7 (P3, P5, and P7) can detect damage with high 
accuracy. Fig. 5d shows the results of damage detection for scenario 4. 
Results indicate that for this scenario, all of the Legendre wavelet 
functions (i.e., those created based on polynomials of degrees 3, 7, and 
15 (P3, P7, and P15) can detect damage with high accuracy, like in the 
previous scenario. Fig. 5e denotes the results of damage detection for 
scenario 5. Results indicate that Legendre wavelet functions constructed 
using Legendre polynomials of degrees five and fifteen (i.e., P5 and P15) 
yield better results than the Legendre wavelet function of degree 3 (P3).

Fig. 5 shows that damage detection using Legendre wavelet functions 
is most effective when the damage is located in the middle of the beam. 
Detection becomes more challenging as the damage approaches the 
beam's ends. The correlation with Legendre wavelet functions is affected 
by the mode shape's steeper slopes at the beam's center compared to its 
boundaries. In general, findings indicate that as the degree of the Leg
endre wavelet function increases, the accuracy of damage detection 
increases. Edge effects are inherent in wavelet transforms due to 
incomplete convolution. However, Legendre wavelet functions mitigate 
this issue; increasing the degree of the Legendre wavelet function re
duces the number of wavelet coefficients affected by edge effects. This, 
along with their exact expression and ease of implementation, distin
guishes Legendre wavelet functions from other numerical wavelet 
functions.

Fig. 5 indicates that scenario 5 is the most challenging damage 
detection case. This scenario was successfully detected using the pro
posed wavelet transform based on Legendre functions. Consequently, 
Fig. 6 presents results for scenario 5 using wavelet functions, allowing 
for a comparison between the proposed methodology and the conven
tional wavelet transform. In Fig. 6, the first and second mode shapes of 
scenario five were processed using three types of wavelet functions, 
namely Haar, Dmey, and Sym3. The Haar wavelet transform fails to 
detect damage in the first two mode shapes. Dmey wavelet functions 
introduce edge effects that reduce damage detection accuracy. The 
Sym3 wavelet function, when used with the first mode shape, also fails 
to detect damage. While the Sym3 wavelet function can detect damage 
location using the second mode shape, it suffers from significant edge 
effects. These results demonstrate the effectiveness of Legendre wavelet- 
based transforms for structural damage detection, as proposed in this 
paper.

4.2. 2 Experimental investigation

Experimental modal analysis is performed on a 60 cm long carbon- 
epoxy laminate beam with a crack at 25 cm along the beam length to 
validate the proposed methodology for practical engineering applica
tions. The beam (Fig. 7) consists of four carbon fiber layers oriented at 
[90

◦

/0
◦

/90
◦

0
◦

]. The experimental setup uses a TIRA-TV5220 vibration 
shaker, an 8200BK force gauge having a 2647A amplifier, and a Laser 
Doppler vh300 laser vibration meter connected to a 3560D analyzer. 

Fig. 7. Experimental modal analysis setup used in the current study location of damage in the considered laminated composite beam.
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Suspended by soft elastics, the beam's velocity response is measured at 
60 points using the laser vibrometer, while the shaker applies force at 
point 45. The analyzer processes the vibrometer and force gauge signals 
to determine Frequency Response Functions (or FRFs), from which 
experimental mode shapes are extracted.

Free-free boundary conditions are applied in the experimental modal 
analysis. Literature indicates that a change in boundary conditions does 
not compromise the accuracy of damage detection via wavelet trans
form, as this method is sensitive to abrupt, localized mode shape vari
ations. Furthermore, free-free boundary conditions, easily implemented 
in the lab, minimize extraneous effects on result accuracy. Therefore, we 
employed free-free conditions to acquire the experimental mode shape.

Fig. 8 presents the first experimental mode shape and damage 
detection results using the fifth, ninth, and nineteenth Legendre wavelet 
functions. Consistent with numerical findings, damage detection accu
racy improves with increasing Legendre wavelet degree and with a 
higher number of mode shape sampling points. The proposed Legendre 
wavelet method effectively detects damage in the laminated composite 
beam with acceptable accuracy, even with only 60 sampling points, 
particularly when employing higher-degree Legendre wavelets.

Note that Laboratory damage identification is more challenging than 
with numerical data due to fewer sampling points and signal noise, 
limitations arising from signal acquisition rather than the processing 

method itself.

4.3. Discussion

In this study, we design a new family of wavelet functions called 
Legendre wavelet functions to detect damage in laminated composite 
beam structures. Based on numerical findings, the designed Legendre 
wavelet functions can detect damage in all numerical damage scenarios. 
In other words, damages in different locations with different level or 
severity can accurately be detected when we use Legendre wavelet 
functions in the wavelet transform. Furthermore, the experimental in
vestigations are considered to evaluate the performance of the Legendre 
wavelet functions for the practical damage detection. In the numerical 
damage scenarios, there are 100 sampling points, but in the experi
mental damage scenario, there are 60 sampling points.

It is obvious and significant that the fewer the number of sampling 
points, the less smooth the signal and the more difficult and inaccurate 
the damage detection using the wavelet transform becomes. However, in 
the experimental results with fewer sampling points, the damage 
detection was performed with high accuracy. A major reason for such 
success is that the Legendre wavelet functions at a low number of 
samples (such as seven, five, and three sampling points) have sharp 
wavelets with steep slopes. This geometric feature in the Legendre 

Fig. 8. Experimental mode shape and results of damage scenarios using the wavelet transform with the proposed Legendre wavelet functions.
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wavelet functions designed in this research enables the wavelet trans
form to detect local subtle jumps in smooth signals with many sampling 
points. Therefore, such functions can be very promising for detecting 
signal singularities.

According to the findings of this research, it is difficult to detect 
damage near the boundaries using wavelet transform. This is due to the 
incomplete convolutional nature of the wavelet transform at the edges. 
Also, on the other hand, the boundary conditions introduce perturba
tions in the measured signals that can manifest as false damage in
dications close to the supports (e.g., locations 98 or 99). This effect poses 
a challenge for accurately detecting and localizing damage that occurs 
very close to the supports. We acknowledge this challenge and suggest it 
for future works aimed at improving damage detection accuracy near 
supports.

5. Conclusions

This research develops a new type of wavelet function, called the 
Legendre wavelet function, for structural damage identification in 
laminated composite beams. We assessed the proposed performance of 
the Legendre-based wavelet transform through numerical and experi
mental validation. Legendre wavelet functions are developed based on 
differentiating the first derivative of the explicit Legendre polynomial 
relations. On a ten-digit grid, Legendre wavelet functions with three 
types of sampling numbers (i.e., Legendre functions with seven sampling 
points, five plot points, and three plot points) are developed. Different 
damage scenarios are considered to evaluate the performance of these 
functions in the wavelet transform. Numerical and experimental results 
demonstrate the effectiveness of the proposed methodology for damage 
identification in laminated composite beams. The proposed method of
fers implementation simplicity and improves damage identification ac
curacy with a higher degree of Legendre wavelet function.

5.1. Suggestions for future studies

According to the findings of this research, it is difficult to detect 
damage near the boundaries using the wavelet transform. This is due to 
the incomplete convolutional nature of the wavelet transform at the 

edges. Also, on the other hand, the boundary conditions introduce 
perturbations in the measured signals that can manifest as false damage 
indications close to the supports (e.g., locations 98 or 99). This effect 
poses a challenge for accurately detecting and localizing damage that 
occurs very close to the supports. We acknowledge this challenge and 
suggest it for future works aimed at improving damage detection ac
curacy near supports.

Furthermore, according to the findings of this study, it is evident that 
the Legendre wavelet functions can detect subtle local variations in one- 
dimensional signals with a high number of smooth sampling points. 
Future studies should extend these one-dimensional functions to two- 
dimensional Legendre functions to explore their potential for detecting 
local singularities in two-dimensional signals for damage detection in 
composite structures like laminated plates.
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Appendix A

Table A1 
The values of the first four derivative Legendre functions on a grid with ten sampling points.

dP3

dx
4.45679 3.160494 0.938272 − 0.54321 − 1.28395 − 1.28395 − 0.54321 0.938272 3.160494 4.45679

dP5

dx
6.377229 2.344307 − 1.68861 − 0.53635 1.192044 1.192044 − 0.53635 − 1.68861 2.344307 6.377229

dP7

dx
5.173122 1.560918 0.036896 1.176831 − 0.86121 − 0.86121 1.176831 0.036896 1.560918 5.173122

dP9

dx
3.312788 2.650591 0.648362 − 0.90969 0.454348 0.454348 − 0.90969 0.648362 2.650591 3.312788

dP11

dx
3.509874 2.527073 0.115586 0.231672 − 0.12927 − 0.12927 0.231672 0.115586 2.527073 3.509874

dP13

dx
5.117095 1.717329 0.190765 0.043806 − 0.01045 − 0.01045 0.043806 0.190765 1.717329 5.117095

dP15

dx
5.593069 2.392668 − 0.94482 0.309076 − 0.05346 − 0.05346 0.309076 − 0.94482 2.392668 5.593069

dP17

dx
4.387112 2.615019 0.201099 − 0.76495 0.255278 0.255278 − 0.76495 0.201099 2.615019 4.387112
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Table A2 
Legendre wavelet functions with seven sampling points (ψ3 to ψ17).

ψ3: mean

1.666667 − 4.44 × 10–16 1.55 × 1015 − 6.66 × 1016 − 1.55 ×10–15 2.89 × 10–15 − 1.66667 0
ψ5:

5.185185 − 4.60905 − 2.30453 0 2.304527 4.609053 − 5.18519 0
ψ7:

0.575776 − 5.84193 5.216007 1.33 × 10–15 − 5.21601 5.841928 − 0.57578 ≈0.0
ψ9:

1.784206 2.477925 − 4.28614 − 1.78 × 10–15 4.286141 − 2.47793 − 1.78421 ≈0.0
ψ11:

3.956259 − 3.0046 0.837964 1.67 × 10–15 − 0.83796 3.004598 − 3.95626 ≈0.0
ψ13:

− 0.4936 − 1.2869 − 0.03845 − 3.75 × 10–16 0.038451 1.2869 0.493597 ≈0.0
ψ15:

4.728475 − 6.20782 1.978966 − 1.17 × 10–15 − 1.97897 6.207818 − 4.72848 0
ψ17:

2.089697 0.538408 − 3.00651 2.22 × 10–15 3.006508 − 0.53841 − 2.0897 ≈0.0

Table A3 
Legendre wavelet functions with three and five sampling points (ψ3 to ψ17).

ψ3:
1.666667 − 1.55 × 10–15 − 1.66667 ​ Mean: − 5.1810 × 10–16 ​
1.666667 − 4.22 × 10–15 1.33 × 10–15 5.33 × 10–15 − 1.66667 Mean: − 8.4377 × 10–16

ψ5:
12.09877 0 − 12.0988 ​ Mean: 0 ​
12.09877 1.78 × 10–15 0 − 1.78 × 10–15 − 12.0988 Mean: 0

ψ7:
50.02352 7.11 × 10–15 − 50.0235 ​ Mean: 2.3685 × 10–15 ​
17.47564 − 16.2739 − 3.55 × 10–15 16.27394 − 17.4756 Mean: 7.1054 × 10–16

ψ9:
− 29.5582 − 1.78 × 10–14 29.5582 ​ Mean: 3.5527 × 10–15 ​
− 7.45779 11.05021 5.33 × 10–15 − 11.0502 7.457786 Mean: − 7.1054e-16

ψ11:
20.16447 1.95 × 10–14 − 20.1645 ​ Mean: − 4.7370 × 10–15 ​
10.80342 − 4.68053 − 5.55 × 10–15 4.680526 − 10.8034 Mean: − 1.0658 × 10–15

ψ13:
4.461751 2.00 × 10–15 − 4.46175 ​ Mean: − 3.2567 × 10–15 ​
2.041753 − 1.21 3.05 × 10–16 1.209999 − 2.04175 Mean: − 8.8818e-16

ψ15:
39.45458 − 1.42 × 10–14 − 39.4546 ​ Mean: 4.7370 × 10–15 ​
19.12308 − 10.1658 4.00 × 10–15 10.16575 − 19.1231 Mean: − 1.4000 × 10–15

ψ17:
− 15.0965 1.07 × 10–14 15.09648 ​ Mean: 4.7370 × 10–15 ​
− 1.99363 6.551424 − 5.33 × 10–15 − 6.55142 1.993627 Mean: 2.1316 × 10–15
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Data will be made available on request.
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