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Abstract

The development of future smart cities has driven a new research field where different disciplines cope with the complexity of
modern cities: Science of Cities. In particular, urban mobility has become one of the most intensely studied topics, thanks to
data sets provided by new Information and Communication Technologies (ICT), which make it possible to relate microscopic
individual behavior to the statistical laws of urban mobility through the ubiquitous use of mobile phones. In the paper we cope
with the problems of pointing out the multilayer structure of an urban road network using a mobile phone GPS data set (the MDT
Tim data set) and of building data driven stochastic models for urban mobility using a Maximum Entropy Principle approach. We
show as the individual path reconstruction using the GPS data set allows to apply a clustering procedure that divides the urban
road network of Bologna city into four connected classes that are related to a hierarchical use of the road network by individuals
to perform the urban mobility, and explain the statistical laws on path length and path duration. These results gives possibility of
studying the universal properties of congestion formation in an urban road network by using by data driven Markov model that are
inferred applying the Maximum Entropy Principle approach of Statistical Mechanics. In this way one reduces the complexity of
models and control parameter number and it is possible to study control strategies to limit the congestion spreading.
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1. Introduction

Urban mobility has become one of the most fruitful research field in Complex Systems Physics, thanks to the large
georeferenced datasets provided by Information and Communication Technologies (ICT)[1], which allow to study the
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macroscopic statistical laws of urban mobility using the microscopic individual behavior. The challenge is to under-
stand if the methods of Statistical Mechanics apply to Complex Systems or if the peculiar complexity features require
a new Physics. The first problem is how to extract the relevant information from the large ICT data sets. In this paper
we use the MDT (Minimization of Drive Test) data set provides by TIM (one of the major italian telecommunica-
tion company) that give georeferenced, anonymized information on the displacements of ≃ 5% of mobile devices
in the metropolitan area of Bologna (an urban area in the North of Italy with ≃ 900, 000 inhabitants) , with a time
frequency of a few seconds (a typical time frequency is 5 seconds), when they’re connected to the telecommunication
network. More detailed on the data set can be found in[2]. The data quality is enough to reconstruct the individual
paths during the mobility on the road network, but the sample penetration is not sufficient for a direct study of the
urban mobility and the congestion problem in the road networks. The complex models for urban traffic (e.g. SUMO
(https://eclipse.dev/sumo/)) simulate the vehicle dynamics and require a great amount of information that is
not usually available. The main problem of urban mobility is the formation of congestion in the road network and its
spreading. A recent paper[4] use realistic simulations to suggest that the congestion formation in a road network is
a percolation phenomenon (i.e it has universal features)[5]. However the complexity of the models does not allow to
understand how the individuals take advantage from the structure of the urban road network to realize the mobility
paths and which are control parameters that could be modified to reduce the congestion effects.
To cope with this problem we propose a road map based on a theoretical frame work that uses the Maximum Entropy
Principle (MEP) to infer the transition rates of a class of non-linear random walks (NRW) on network which simulate
the congestion transition in a transport network. The application of entropy concept to urban systems has been pro-
posed for long time[6, 7] as key of lecture of the city structure. Here we tries to use the dynamical Entropy concept
to infer maximum entropy stochastic models for transport systems. Our idea is to generalize the Parry’s theorem[8]
that, starting from the connectivity matrix, computes the transition probabilities of a Markov process maximizing
the dynamical entropy of the realizations. We propose an extension of this result to the transition rates con contin-
uous processes that considers the application of the Minimum Entropy Production (MINEP) principle[13] to study
the Non-equilibrium Stationary Sates (NESS)[9]. The advantage of this approach is that the knowledge of a weighted
connectivity matrix for the transport network and of the average traffic loads and the average traffic flows allows build-
ing data driven models to study the congestion problem without detailed information on the Origin-Destination (OD)
mobility demand in the city. The application of master equation to the social systems has been widely discussed in
the literature[11]. The NRW models define queue dynamics models[12] able to simulate the traffic dynamics on road
network where the evolution considers the existence of a finite maximum flow rate at intersection points and a finite
road capacity. The apriori information on the road network structure is a key issue for the MEP application to infer
a Markov model able to correctly describe the evolution out of equilibrium and the phase transitions. We show that
the mobility paths reconstructed using the MDT data set, can be used to infer the transition probabilities at crossing
points. In particular we highlight the existence of a multilayer structure for the road network that affects the individual
behavior and allows to explain the empirical statistical distributions of urban mobility[3]. The study of the mobility
paths in the homogeneous road sub-networks[10] confirm the exponential behavior for the path length distributions
and support the application of the MEP to urban mobility.
The application of Markov processes to Statistical Mechanics requires has to interpret the relaxation process toward
NESS[9] using the MINEP principle[13]. In the paper we show that the presence average unbalanced traffic flows can
be included in the NRW models applying the MINEP principle without changing the stationary states. The reductionist
features of the NRW models allow to relate the geometrical structure of the road network and the congestion formation
through the spectral properties of the weighted connectivity matrix and suggest the control parameters of the transport
system that could be used to perform control strategies. The NRW on networks are scalable to simulate different
transport systems using a coarse grained description of the city. They define a theoretical framework that could help
the interpretation of the data analytic results on the large ICT data sets and offer the possibility to evaluate the their
predictive power using the validation procedures of Physics. The paper is organized as follows: in the second section
we describe the results of the MDT path analysis of the city of Bologna; in the third section we discuss our maximum
entropy approach applied to NRW on network to study the congestion formation in a transport systems: in last section
we discuss the perspectives of our approach and the future work.
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Fig. 1. (Left picture) The empirical distribution of travel speed of the roads belonging to the 4 classes: the continuous lines refers to an interpolation
with a Gaussian distribution. The inset show the dependence of the on the mean square value on the average value. (Left picture) Map of the
hierarchical multilayer structure of road network in Bologna as inferred using the MDT paths: each road class is denoted by a different color. The
spatial scale is shown in the lower right corner of the figure.

2. MDT mobility paths

The MDT TIM data set (see[2] for the detailed information on the data) provide the GPS position of a sample
(≃ 5%) of the mobile phone present in a large area when they are connected to the communication network. Specific
algorithms have been developed to reconstruct individual mobility paths on the Bologna metropolitan area during
several days(a detailed description of the algorithms can be found in[3]). The mobility paths give information on the
individual dynamical during his mobility and one can study how the the structure of the transport network influences
the individual behavior. We have analyzed the dynamic features of MDT paths to highlight the multilayer structure
of Bologna’s road network by applying a fuzzy clustering algorithm described in the paper[3] to define road sub-
networks associated with different mobility features. This analysis groups the roads with similar travel speeds and
traffic conditions identifying four mobility classes: the slow mobility (class 0), the traffic in the historical center (class
1), the traffic on the main urban roads (class 2), and highways traffic (class 3). In Fig. 1(left) we show the velocity
distribution of each class computed from the pass. The Gaussian shape of the travel speed distribution suggests an
homogeneous character of the road since the fluctuations could be explained as random effects. The variance of the
travel speeds distributions could be explained both by the heterogeneity of individual dynamics but to the effect of
vehicle interaction at different traffic load. Indeed in the inset of left plot in Fig. 1 we show the linear dependence
of the mean square value on the average velocity for each distribution for the classes 0,1,2 whereas the fourth class
(the highways) behaves in a different way. The linear dependence is a typical feature of the exponential probability
distribution that could be the consequence of a queue dynamics. The geometrical structure of the sub-networks is
shown in Fig. 1(right) where the roads belonging to different classes are denoted by different colors. The highways
and the main roads of the Bologna road networks are clearly recognisable in the map The MEP of Statistical Physics
implies that the distribution of an observable at equilibrium state is exponential[14]. The big data analysis of individual
trajectories proved that in a stationary condition the the individual path distribution is exponential[15] and the power
law distribution that has been initially proposed[16] can be explained by the multilayer structure of the transport
networks[3]. We checked this feature for the MDT reconstructed paths in the metropolitan area of Bologna. In Fig. 2
we plot the the path length and the path duration distribution[10]. The path length distribution can be interpolated by
an exponential law for all the days in the MDT data set, that suggests the existence of a typical length of l̄ = 3.8 km
for the urban mobility in Bologna that can be related to the spatial size of the distance of the historical center from the
periphery. The mobility between periphery and historical center seems at the base of the origin-destination mobility
demand in Bologna. Conversely the path duration distribution is better fitted by a power law that can be explained by
individual behaviors the use the different sub-networks to realize their OD mobility optimizing the travel time[10].
These results are consistent with a Maximum Entropy stationary state for the urban mobility, where the particles (i.e.
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Fig. 2. (Left picture) MDT path lengths daily distribution in a semilog scale: the points refer to the different days in the MDT data set and the
continuous line to an exponential interpolation with a characteristic length l̄ = 3.8 km. (Right picture
MDT path duration daily distribution: the points correspond to the different days in the MDT data set and the contin-
uous line to a power law interpolation p(t) ∝ t−α with α = −1.36.

the individuals) seem to move independently (i.e. minimizing their interactions) using the travel time as mobility
energy[17].

3. Markov models of urban mobility and Maximum Entropy Principle

The Markov processes has been introduced in Statistical Physics as models to study the evolution of systems
out of equilibrium[18]. The applicability of Markov processes to social systems has been widely discussed in the
literature[11]. From one hand the Markov models cannot take into account the complexity of the social systems, but
from the other hand the empirical stationary distributions are consistent with a MEP and the Markov processes can
describe the relaxation process toward maximum entropy states. Our point of view is that Markov processes can be
useful to study the dynamics of complex systems near maximum entropy stationary states and, in particular, the effect
of fluctuations in triggering phase transitions. We associate to a transport system a NRW on network where each
node represents an element of the transport system (e.g. a node can be a single road or a public mean station), and
the links model the existence of a transport facility among the nodes (e.g. in the case of a road network the links
simulate the dynamics at intersection points). We introduce a weight in the links to consider the different relevance of
the connections among the nodes. In our reductionist approach, the urban mobility is the realization of the dynamics
of many independent particles that perform a random walk on a transport network where the intersections has a
maximum flow rate and node has a finite capacity. The dynamics is realized by moving particles among the nodes
according to transition probability rates and the dynamical state of the system is given by the particle distribution
among the nodes. The connectivity weighted matrix wi j represents the relevance of the connection between the nodes
(i, j) in the transport system (e.g. wi j is greater if the nodes represents two main roads); we assume that the matrix wi j

is symmetric. To infer the weights wi j one takes advantage from the MDT data analysis that highlights the structure
of the road network (see Fig. 1).
The Parry ‘s theorem[8] states that if wi j is a principal matrix (i.e. the network is connected) and vi is the eigenvector
corresponding to the maximum eigenvalue λ then the stochastic matrix

πi j =
viwi j

λv j

defines a Markov process constrained by the connectivity matrix wi j, which maximizes the dynamical entropy[19],
whose stationary state is pi ∝ v2

i .
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We apply this result to time continuous Markov process in reverse way: if wi j is the weight of the link that connects
the nodes j→ i and pi is the stationary probability of an unknown Markov process, we define the transition rates

πdb
i j = τ

−1wi j

√
pi

p j
(1)

for the continuous Markov process that maximizes the information entropy according to the constraints: τ is the
evolution time scale. We observe that the definition (1) implies that the spectral properties of the matrix πi j are
the same as the symmetric weight matrix wi j: i.e. we not introduced any bias in the definition of the process. It is
straightforward to check that pi is the stationary solution of the process with transition rates (1) and that the process
satisfies the detailed balance (DB) condition: i.e. the average traffic flow between any couples of connected nodes is
the same in both directions when the system is in an equilibrium state. The DB condition implies that we can apply a
MEP to compute the equilibrium state without solving the dynamics[9].
However the restriction to Markov systems that satisfy the DB condition cannot simulate transport systems with net
stationary traffic flows among the nodes. This condition happens when we have the loops of the transport network
that circulate along a given direction. In this case the stationary states are called NESS and they cannot be explained
by a MEP[9]. In this case one can applying the MINEP principle by computing the entropy production of a Markov
process as a function of the stationary probability currents Js

i j and to modify the definition (1) applying the MINEP
principle[13]

πi j = π
db
i j +

Js
i j

2p j
(2)

The stationary probability currents Js
i j can be related to the stationary traffic flows in the network. Our conjecture is that

the final system (3) is the Markov model that simulates the traffic dynamics near the equilibrium states maximizing
the information entropy with the constrains given by the stationary state and the stationary flows.
The NRW model is defined by the master equation in the one step process approximation

∂ρ

∂t
(n⃗, t) =

∑
(i, j)

(
πi jθ

c
i (ni − 1)ϕ j(n j + 1)ρ(n⃗ − êi j, t) − π jiθ

c
j (n j)ϕi(ni)ρ(n⃗, t)

) ∑
i

ni = N (3)

where êi j = êi − ê j represents the exchange of one particle along the link j → i. The flow function ϕi(n) ≤ ϕmax
i

simulate the traffic flow outgoing form the node i and the capacity function θ c
i (n) introduces the maximum capacity of

the node i. These functions could be empirically computed using the dynamics at intersection points of the transport
network and the node geometrical dimension. We expect ϕi(n) = n at low traffic loads since all the particles can move
from the node i during a unit time, whereas its value saturates at ϕmax

i when the traffic load increases. The parameter
ϕmax

i depend on the transport capacity at the intersections and they turn out the control parameters of the system. The
capacity function θ c

i (n) = 1 at low traffic condition and it reduces rapidly to zero when n ≥ n max
i the maximum capacity

of the node. Therefore in the case of low traffic load the master equation (3) simplifies by substituting ϕi(ni)→ ni and
θci (ni) = 1 and it simulates the dynamics of N independent particles, so that the stationary distribution is a multinomial
distribution with average traffic loads n̄i = N pi. In this case we remark that if we maximize the information entropy
for the single particle dynamics, the information entropy is also maximized for the random walk (3).
The estimate of the connectivity weighted matrix is a key issue since it defines the spectral properties of the transition
rate matrix (1). In the case of an homogeneous road network wi j could coincide with the adjacency matrix of the
network. In the case of a multilayer network one could set the weight wi j proportionally to the product of average
travel velocities of the sub-networks containing the i and j roads normalized with respect the average velocity of the
network, but this definition should be validated. The equilibrium state pi is the average traffic load of the node i when
the transport network is not a congested state. Since congestion formation is usually limited in the rush hours, we plan
to use all the recorded MDT mobility paths to estimate the average traffic load on each road. Even if we have a small
sample respect the whole population, the average procedure can provide a good estimate of the average traffic load
and the transition rates (1) do not depend on the sample penetration. A similar procedure can be applied to estimate
the average traffic flows on a road by using the MDT mobility paths and the definition (2) is computed using the ration
between the average traffic flow and the average traffic load on each road.
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If one increases that traffic load we have the high traffic load regime in which all the nodes express their maximum
outgoing flow, but still we have not a congested states. The NRW dynamics (3) can be simplified by substituting
ϕi(ni)→ ϕmax

i and θci (ni) = 1. This simplified master equation can be used to analytically study the rise of congestion
(i.e. ni ≃ n max

i ) in the system. For example it can be proven that if the maximum flow rates ϕmax
i are proportional to

the equilibrium state pi∑
j

(
πi jϕ

max
j − π jiϕ

max
i

)
= 0 (4)

(we call this the balance condition), all the nodes are dynamically equivalent with respect the congestion formation
that depends on the traffic load fluctuations in the nodes. In such a case the congestion spreading is a percolation
phenomenon[5] in the transport network. The balance condition (4) is an optimal condition for the transport network
since there exist equilibrium states in which all the nodes woks at their maximum flow rates.
Conversely if the balance condition does not hold there are critical nodes in the network that will certainly be congested
and the congestion spreading will be triggered by these nodes. This result points out that the maximum flow rates ϕmax

i
are the control parameters of the NRW (3): e.g. the can be modulated by changing the traffic lights periods.

4. Discussion and Perspectives

The paper aim is to provide a theoretical framework to define maximum entropy NRW of networks to study the
onset of congestion and its spreading in urban transport networks. This result is achieved by generalizing the idea of
Parry’s theorem in the case of MINEP to consider the existence of NESS for the proposed Markov processes, where
the DB condition is violated and we have net stationary traffic flows among the nodes. The reductionist character of
the NRW on networks allows an analytical approach to the study of congestion formation highlighting its universal
properties and the control parameters of the system. Moreover the simulation results may provide a key of lecture of
the results of data analytic for the big ICT data sets to detect the effects of congestion in real cases. The NRW models
are scalable since one can describe the urban mobility at different scales and the nodes can represent a single roads or
an entire area of the city.
The application to real case assume the possibility to have information of the geometrical structure of the transport
network that are synthetized in the flow function that gives the dependence of the outgoing traffic flows on the traffic
load of a nodes and the capacity function that limit the incoming flows when the node is congested. The flow functions
depend on the dynamics at intersection points that it is the results of the urban traffic rules (e.g. the presence of traffic
light). The possibility to infer maximum entropy models requires to measure the stationary states of the transport
system using the available data. Our idea is to use the ICT data set that contain GPS data on individual mobility to
estimate the average traffic load of the node using a time averaging over a sufficiently long period. The analysis MDT
Tim data set for the Bologna metropolitan area (but the analogous data sets are available for other italian cities) allows
to reconstruct the mobility paths for a sample of mobile device (≃ 5% of the whole population), and it shows that
the empirical distributions of urban mobility are consistent with the existence of a maximum entropy equilibrium
state. Moreover it is possible to highlight the multilayer structure of the urban road network that affects the individual
behavior in the realization of the mobility paths and introduces a weighted connectivity matrix for the network. Then
we can propose a road map to realize an application of our approach to realistic cases and to perform a validation
procedure of the proposed models will be considered in future works. Finally, the simplicity of the models and the
reasonable number of control parameters that are the maximum outgoing flow rates of the nodes gives the possibility
of performing extensive simulations to implement optimizing control strategies which reduce the congestion impact.
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