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Abstract

This study presents the development of a spatially adaptive weighting strategy for Total
Variation regularization, aimed at addressing under-determined linear inverse problems. The
method relies on the rapid computation of an accurate approximation of the true image (or
its gradient magnitude) through a neural network. Our approach operates without requiring
prior knowledge of the noise intensity in the data and avoids the iterative recomputation
of weights. Additionally, the paper includes a theoretical analysis of the proposed method,
establishing its validity as a regularization approach. This framework integrates advanced
neural network capabilities within a regularization context, thereby making the results of the
networks interpretable. The results are promising as they enable high-quality reconstructions
from limited-view tomographic measurements.

Keywords Weighted Total Variation - Spatially Adaptive Regularization - Few-view
Tomography - Neural Networks
1 Introduction

In this work, we investigate an imaging application aimed at reconstructing medical images
from a limited number of tomographic measurements. This application is of particular interest
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due to the need to minimize radiation exposure, which poses health risks to patients, as well
as to reduce data acquisition times.
In a discrete framework, this problem can be formulated as a linear inverse problem of
the form:
¥ = KxT +e, |lell» <34, (1.1)

where x¢7 € X C R” is the (unknown) ground truth image (reshaped into a one-dimensional
array), K € R™*" is an under-sampled, i.e. m < n, linear projecting operator, y° € R
is the acquired noisy sinogram, and e € R™ is the noise, whose norm is bounded by §.
Note that, since m < n, the kernel of K is generally non-trivial, which implies that (1.1)
admits infinite solutions. Our investigation is specifically focused on the context of X-ray
fan beam Computed Tomography (CT). In this setting, the operator K is derived from the
discretization of the two-dimensional fan-beam Radon integral transform. Consequently, the
inverse problem (1.1) necessitates the application of regularization techniques to guarantee
a stable and reliable solution. Since medical images often contain critical information in
the form of low-contrast structures and boundaries between different anatomical tissues, a
widely used regularization function is the popular isotropic Total Variation (7'V') operator
[38], defined as:

TV(x) =Y J(Dhx)} + (Dyx)}. (1.2)
i=1

where Dy, D, € R"™" are discrete difference operators associated with the horizontal
and vertical derivatives, respectively. TV is particularly effective in preserving edges, as
it penalizes pixel intensity variations by promoting sparsity in the gradient domain, thereby
maintaining sharp transitions [9, 20, 30, 40]. By employing TV regularization, the recon-
structed image is obtained as the solution of the following minimization problem over a
suitable domain X C R”":

min J5(x) := |[Kx — y* |3 + ATV (x) (1.3)
xeX

where the scalar A > 0 controls the contribution of the regularization term over the least-
squares fidelity one, in the overall objective function Js(x).

In traditional regularized approaches, regularization is applied uniformly to the whole
image, i.e. its formulation equally weights the contributions across the pixels. We refer to
this case as global regularization. Global regularization is simple to implement and compu-
tationally low demanding; on the other hand, it treats the entire image as a homogeneous
entity, making the setting of the optimal weight A not trivial conceptually because a value
may not adapt well to varying characteristics within the image. For instance, a considerably
high value of A may effectively denoise the resulting image within flat regions, yet it could
excessively smooth it, potentially leading to the loss or blurring of crucial details in certain
areas. Conversely, a slightly lower value may effectively preserve fine details but might be
insufficient in adequately suppressing noise in homogeneous regions. A well-known draw-
back of considering the global TV regularization is the potential introduction of piecewise
constant artifacts, which could impact the subsequent medical interpretation. It is particu-
larly noticeable in regions with smooth intensity variations, as TV regularization tends to
oversimplify these areas, resulting in blocky or stairstep artifacts.

To improve the flexibility of regularization and achieve a more effective trade-off between
denoising and preserving fine details, a promising approach is space-variant regularization,
which involves weighting the regularization function pixel-wise. For this reason, this strategy
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is also referred to as adaptive weighted regularization. This approach, which adjusts the
regularization strength according to local image properties, enhances the preservation of fine
details and edges while sustaining effective noise reduction. However, a major challenge in the
implementation of space-variant regularization is the selection of suitable local regularization
parameters (also referred to as adaptive weights or space-variant parameters).
Contributions. In this study, we propose an adaptive weighted Total Variation algorithm for
tomographic image reconstruction. Unlike the more common approaches in the literature,
which are discussed in the next section, we do not update the coefficients throughout the
iterative process, but we determine and fix them from the outset. This strategy enables the
analysis of the convergence and of the regularization properties of the proposed model.
Indeed, we perform a theoretical analysis demonstrating that the proposed method qualifies
as a well-posed regularization approach, according to [39].

The space-variant coefficients are not computed based on a noise estimation. Instead, they
are determined using an intermediate image computed as a coarse and fast reconstruction. The
core of our proposal is a framework based on a neural network to compute this intermediate
image. The network can be trained employing two alternative loss functions, to match either
the image directly or the image of its gradient magnitude. Specifically, we demonstrate that if
the intermediate image (or the magnitude of its gradient) accurately approximates the exact
image (or the magnitude of its gradient, respectively), then the resulting adaptive weights
lead to a highly accurate final reconstruction.

Finally, extensive numerical simulations confirm the effectiveness of the proposed method,

even when compared to state-of-the-art approaches.
Structure of the paper. The structure of the paper is as follows: the bibliographic references
for the state-of-the-art methods are reported in Section 2, Section 3 introduces the proposed
weighted Total Variation model, details the selection of adaptive weights, presents a prelim-
inary experiment for validation and describes the proposed data driven approach to compute
the weights. Section 4 provides a theoretical analysis of the proposed method, Section 5
presents experimental results on both synthetic and real datasets and the conclusions are
summarized in Section 6. At last, Appendix A contains the proofs of the theorems discussed
in Section 4.

2 Weighted Regularization: State of the Art

The concept of local regularization parameters has been extensively explored in the literature.
Here, we highlight a few key references, directing readers to them for further insights.

In a recent review by [37], the authors demonstrate the efficacy of space-variant TV-
based regularization with weights derived from a Bayesian interpretation of the model. In
other studies, these weights are determined through various approaches, including estimating
the noise variance [4, 7, 14, 22, 26] or analyzing image scaling properties [10, 21]. More
recently, several data-driven strategies have been proposed to estimate these parameters for
a specific space-variant regularizer, or jointly with the regularizer itself, by training the
models in different modalities [5, 11, 27, 36]. We point out that our proposal shares some
similarities with the model presented in [27] but, at the same time contains several important
differences. Indeed, both of them employ a single neural network to derive the space-variant
weights map. In our framework the weights are computed using an explicit formula, inspired
by [6, 40], using the preliminary reconstruction obtained with a neural network, or more
generally another algorithm. On the opposite, the weights in [27] are obtained by means
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of a neural network, which is implicitly trained within the training of the unfolded model.
This latter strategy makes the maps estimation very sensible to some architectural choices,
such as the number of iteration considered for the unfolded model or the algorithm chosen
for the unfolding. On contrast, our proposal decouples the contribute of the network from
the optimization itself, by making the weights choice independent on the selection of the
optimization algorithm.

All the previous references employ regularization techniques to address denoising and
deblurring problems, wherein the observed image (datum) and the reconstructed image
(solution) belong to the same space. However, our application differs in that the data (sino-
gram) resides in a lower-dimensional space of the solution; thus, the noise present in the
sinogram differs significantly from the noise inherent in the reconstructed image. Indeed,
streaking artifacts also affect the reconstructions, originating from the sparsity of the views.
In this context, space-variant parameters are usually updated at each iteration of the iter-
ative method employed to solve the problem [23, 32, 40, 42]. This technique stems from
the iterative reweighted approach [6, 12], commonly employed to tackle problems involving
non-convex regularizers approximated by convex functions. However, to theoretically ensure
global convergence, the iterative reweighting strategy necessitates computing the weights at
each iteration via an additional nested minimization problem [28]. In practical applications,
particularly in tomography, this step is often omitted to reduce computational time, thereby
violating the assumptions needed for the convergence results.

Another approach is the one proposed in [15], where the authors adapt the SA-TV method
presented in [14] to the case of tomography. However, we emphasize that their algorithm
requires knowledge of information about the noise.

3 The Proposed Adaptive Weighted TV Model

In this section, we define the adaptive weighted TV model that we propose and investigate
in this paper. It is expressed as:

min [ Kx — y°[|3 + AT Vy(x) 3.1
xeX

where we consider X" as the non-negative subspace of R”. The weighted TV function TV, (x)

is defined as:
TVy(x) =Y wiy/(Dpx)] + (Dux)} = [|w © [Dx|[]1, (32)

i=1
with w = (wy,...,w,) € R" the vector of weights, and © the element-wise product.
Recalling the notation already introduced in equation (1.2), we denote as |[Dx| € R” the
gradient magnitude image of x, defined as:

(IDx)); =/ (Dpx)? + (Dyx)7, 3.3)

whereas the 2-dimensional discrete gradient operator D : R — R?" is set in the following
as:

| Dnx 2n
Dx = |:Dvxi| e R™". (3.4)

With a slight abuse of notation, from (3.4), it holds that (Dx); = (Dyx); fori =1,...,n,
while (Dx); = (Dyx)j—, fori =n+1,...,2n.
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To appropriately select the weights, we build upon the iterative reweighting £1-norm strat-
egy (IR¢y), which is widely employed for solving Total p-norm Variation (TpV) problems,
with 0 < p < 1 [6, 12]. As previously specified, in iterative reweighting techniques, the
parameters change at each iteration of the optimization solver. For instance, in [40], the
weights are chosen as:

wx®) = (3.5)

I=p
-
VP +px®p2)
where the non-negative parameter 7 prevents numerical instabilities, and k refers to the
current iteration number. Inspired by this rule, we suppose to have an image X obtained as
a coarse reconstruction from the data y® and we construct the weight matrix before running
the iterative process as:

1-p
wE) = ——m— ] . (3.6)
Vn? + |Dx|?
with a suitable parameter n > 0 and a fixed value of 0 < p < 1.

The following statements serve to elucidate the conceptual underpinnings of our weight
parameters, formally.

Proposition 1 For any n > 0, any p € (0, 1), and any ¥ € R", (w(x)); € (0,1], Vi =
1,...,n. Moreover, (w(x)); = 1l onapixeli € 1,...,n ifand only if (|Dx|); = 0.

Proof Note that (w(¥)); > 0 since it is the ratio of strictly positive quantities. In addition,
it can be observed that (w(¥)); is a decreasing function of (|DXx|); since p € (0, 1) and its
exponent is I — p > 0. This ensures that its maximum is 1 and it is attained for (| Dx|); = 0.

O

We observe that when (|DX|); = 0 (i.e., when ¥; lies within a flat region), it follows that
(w(x)); = 1, resulting in a local component of the TV being precisely weighted by A.
Conversely, when (| Dx1); > 0 (indicating that pixel i is located at an edge or corresponds
to a fine detail), (w(x)); < 1. This implies that the local contribute in the TV regularization
is reduced, thereby allowing the preservation of fine details. Figure 1 depicts the value of
(w(x)); as a function of (|Dx|);, for different values of n > 0. It is evident that for very
small values of 1, (w(x)); rapidly decreases to zero (i.e., the solution of the problem is
not regularized around pixel i). On the other side, for large values of 1, (w(X)); decreases
very slowly as a function of (| Dx|);, which implies that small details will be flattened out. It
should be noted that the n values depend on the specific image and noise under consideration,
whereas the overall behavior of the plots is consistent across all images. As the purpose of
this study is to efficiently estimate the weights w for a constant p, rather than to optimize the
value of p, we set a fixed value of p in the following.

To provide a more precise specification on how to derive % from y?, we consider ¥ :
R” — R” as a Lipschitz-continuous function that maps y° to an approximate reconstruction
% = ¥ (y®) of xG7 . In accordance with the nomenclature introduced in [18], we denote such
mappings as reconstructors, and we name as Rec,, , the set of such reconstructors.

In the following, we introduce a specific variant of (3.1) where the weights are chosen
according to (3.6) relying on the reconstruction ¥ = ¥ (y?). Formally, it reads:

X" =xy 5 € argmin Jy 5(x) = ||Kx = y* |3+ Mw@ ) O Dx[ . (37)

In the following we will denote the regularization term of (3.7) as Ry 5(x).
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Fig. 1 A plot of (w(x)); for different values of n, over (|Dx|);, for p = 0.3

To address the optimization problem (3.1), we employ the Primal-Dual Hybrid Gradient
(PDHG) method, also known as the Chambolle-Pock method [8], a widely used iterative
algorithm. This approach is used for solving TV-regularized inverse problems in few-view
CT reconstruction in [29, 30, 40]. In its original formulation, the PDHG method [8] was
introduced to minimize an objective function of the form:

min F(Mx) 4+ G(x), (3.9)
xeR"?

where both F' and G are real-valued, proper, convex, lower semi-continuous functions and
M is a linear operator from R” to R®. Note that there are no constraints on the smoothness
of either F' and G; therefore, the method can be applied to our problem by setting:

G(x) = 1x(x),

1 5112 8 (3.9
F(Mx) = Jy s5(x) = 5||[Kx — y°|[5 + A[lw(¥& (y°)) © | Dx|||1,

where ¢y (x) is the indicator function of the feasible set X'. As already stated, we consider X’
as the non-negative subspace of R”.

To apply the PDHG method to our problem, we define the linear operator M € R**" by
concatenating row-wise K and D, namely M = [K; D] and s = (m + 2n). The algorithm
considers the primal-dual formulation of (3.8), which reads:

min max z! Mx + G(x) — F*(z), (3.10)

xecRn zER’"JFZﬂ

where F* is the convex conjugate of F [1], defined as:

F*(z") := sup [sz* — F(z)] . (3.11)
zERm+2n
More details on the PDHG implementation can be found in [40]. Figure 2 illustrates the
proposed framework, highlighting that the weights are computed based on an intermediate
image, X.
We consider here different possible choices to define the reconstructor ¥ and subsequently
compute ¥ = ¥ (y®) from the undersampled sinogram y°. Dealing with tomographic imaging
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Fig. 2 Workflow of the considered scheme, where the reconstructor ¥ is used to achieve a useful image
x=y( ya) for solving the adaptive TV regularized problem by the Primal-Dual Hybrid Gradient method

from X-ray measurements, a simple yet fast reconstructor is the Filtered Back Projection
(FBP) algorithm [25]. As an analytical algorithm, it operates by applying a filter to the
back-projected data, disregarding the inverse problem formulation of the imaging task. Even
if the FBP may not address all reconstruction challenges, its speed and simplicity make
it a pragmatic choice for many medical imaging scenarios, particularly when balancing
computational resources and reconstruction quality is essential. We denote the resulting
method as PDHG(wrpp). A further option is setting ¥ as an early-stopped iterative scheme
which minimizes a variational problem. We still consider the global TV regularization (1.2)
and stop the iterative algorithm for the solution of the corresponding problem (1.3) after very
few iterations. We denote the resulting method as PDHG(wrv ).

3.1 Experiments on a Synthetic Image

To analyze the behavior of the proposed weighting scheme for different choices of X, we
conduct a simple experiment involving few-view CT reconstruction using the synthetic image
shown in Figure 3. We denote as x © 7 this synthetic ground truth which incorporates structures
commonly encountered in tomographic imaging: homogeneous regions with regular shapes
simulating tumoral masses, high-density areas representing bones or metallic implants, and
objects with extremely thin edges.

The corrupted measurement y® is then computed by simulating projections from the
ground truth image x¢7, according to the image formation model in Equation (1.1) using a
fan-beam scanning geometry with only 45 projections uniformly distributed over the angular
range [0, 180]. The noise e is obtained by sampling z ~ A/ (0, I') and computing:

l1yl2

=V ,
l1z[l2

where we indicated with y the noiseless sinogram. Note that this formulation is equivalent
to (1.1), with § = v||y||>. We performed two simulation experiments with different noise
levels, setting v = 0.005 and v = 0.02.

We set p = 0.3, providing a suitable balance between the edge-preserving behavior of
standard TV (p = 1) and the stronger sparsity enforcement obtained with smaller p — 0
values, resulting in visually sharper reconstructions.

The quality of the reconstructed images was assessed using standard metrics, such as the
Relative Error (RE), the Peak Signal to Noise Ratio (PSNR), and the Structural Similarity
Index (SSIM) defined in [41], computed with respect to the ground truth image. To evaluate the
effectiveness of the proposed spatially adaptive parameters, we compare the reconstructions
obtained with the PDGH method without space variant weights (denoted as PDGH(we5)
in the following) with the adaptive weighted TV models defined in (3.2).
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Table 1 Performance results on the synthetic image with different noise levels on the sinogram (v = 0.005
and v = 0.02)

*

X X
Methods RE PSNR SSIM RE PSNR SSIM
v = 0.005 PDHG(wgT) 0.0000 100.00 1.0000 0.0217 46.9881 0.9979
PDHG(wFrpPp) 0.5056 19.6281 0.1974 0.0373 42.2662 0.9953
PDHG(w7y) 0.2236 26.7167 0.7335 0.0621 37.8454 0.9920
PDHG(wones) - - - 0.1236 31.8657 0.9805
v =0.02 PDHG(wgT) 0.0000 100.00 1.0000 0.0398 41.7159 0.9968
PDHG(wrgp) 0.9694 13.9748 0.0524 0.1025 33.4928 0.9809
PDHG(wrv) 0.2435 25.9754 0.5968 0.0911 34.5162 0.9797
PDHG(wones) - - - 0.1249 31.7715 0.9787

In the first three columns, the metrics are relative to the image X, whereas they are relative to the output image
x* in the last three columns

Additionally, we included a reference configuration, i.e. PDHG(wgr) where X = xCT,

For all the experiments, we have chosen = 2- 107>, Regarding the global regularization
parameter A, we selected the value that minimizes the relative error of PDGH (w5 ) method
and used this same value in all the methods incorporating spatially adaptive weights, in order
to empirically assess whether the proposed spatially variant formulation can further improve
the reconstruction quality compared to the nona€“space-variant case.

Table 1 presents the metrics for the intermediate image ¥ and the final reconstructed image
x*. Overall, the analysis of the metrics demonstrates the effectiveness of the proposed adaptive
weights, as, first, the best performance is achieved when the intermediate reconstruction is
initialized as ¥ = x°7. In this case, in fact, the output is a near-optimal reconstruction
overperforming the PDHG(w .5 ) solution strongly. Second, because the PDHG(w rpp) and
the PDHG(wrvy ) deliver high-quality reconstructions, still overcoming that obtained with a
fixed regularization parameter.

We note that the synthetic image, characterized by a large uniform dark background and
small high-contrast structures, naturally leads to high SSIM values. Hence, RE and PSNR
provide more informative measure in this case, as they better reflect the algorithm ability to
suppress noise and preserve quality even in homogeneous regions.

In Figure 3 we show the reconstructions computed by the simulation with increased noise
(v = 0.02). The figure presents the ground truth image, the plot of the RE over the iterations
of the solvers and a cropped view of the reconstructed images considered in the lower part of
Table 1. As shown in the graph, using weights from ¥ = x¢7 (green curve) leads to a faster
and lower error convergence. This motivates the subsequent proposal to use a neural network
that generates an image X which approximates the ground truth as closely as possible. We
specify that the graphs display the executions carried out with 10000 iterations of the PDHG
method to analyze the behavior until convergence, whereas the images visually show no
further changes after a few hundred iterations. We observe that the PDHG(w,,s) method
consistently fails to reconstruct the thin cross. In addition, we note that the images obtained
with the wrpp and wry, showing small defects particularly in the reconstruction of the
crosses, do not have the same quality as the one reconstructed using X = xgr. In the next
section 3.2, we therefore present a method to obtain a ¥ image closer to x°, in order to
achieve even better reconstructions.
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Fig. 3 Results of the experiment on the synthetic image with higher noise (v = 0.02). In the first row: on
the left, the ground truth image, with a red square depicting the crop of interest; on the right, plot of the
Relative Error over the iterations. In the second row, from left to right: cropped zooms on the reconstructions
by PDHG(wgT), PDHG(wEp p), PDHG(wT YV ), PDHG(wones)

ﬂ such as

LLFBP

Fig.4 The reconstructor ¥ when it is constituted by two steps: a Filtered Back Projection and a neural network

3.2 Weights Computation Via a Neural Network

‘We now enhance our novel approach for weight computation by exploiting, as the interme-
diate image X, the output of a neural network trained in a supervised learning framework. In
our experiments, we adopt the well-known Residual U-Net architecture described in [17, 34].
Note that this choice also ensures that the model satisfies the Lipschitz continuity assump-
tion required by the definition of a reconstructor, as proven in [19]. The neural network is
trained in a supervised manner using the dataset (¥ ( yf), xiGT);V:D1 , where ¥ ( y?) is the FBP
algorithm applied to the synthetic sinogram y? computed as yf =K xiGT + e. Here, we
employ the same acquisition geometry used during inference, with a noise level § chosen to
approximate the noise expected in real data. Note that this requirement does not represent
a limitation in practical scenarios, as both the acquisition geometry and an estimated noise
level are typically known a priori for a given imaging device. All training procedures were
conducted over 50 epochs using the Adam optimizer with its default parameters.
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We consider here two distinct loss functions to train our network. The first one, named in
the following as image loss, approximates the ground truth images x¢7 , and the parameters

, J
®* are computed as:

Np

: G ) 2
o eargn;_;nzlnx,-r—%(v/(y,-nnz. (3.12)
j:

The choice of the second loss function is motivated by the idea of “learning” the image
gradients, as these are explicitly used in the computation of the weights, and for this reason it
is named gradient loss in the following. In section 4, this choice will also be justified through
theoretical results. In this case the parameters @* are computed as:

Np

O* : GT| _ S\y|112

© eargngnzlnwx,- | = DY (& (Y. (3.13)
j:

The computation of X by means of a neural network is illustrated in Figure 4. We name
FBP-Net the reconstructor where network is trained as (3.12) and FBP-GNet the case with
training as in (3.13).

4 On the Well-posedness of the Proposed Regularization Method

In this section, we establish the theoretical foundation of our proposed approach, as formu-
lated in (3.7), by demonstrating that it constitutes a well-posed regularization method. To this
end, following the analysis presented in [39], we demonstrate that it satisfies the following
properties:

— Existence: for any A > 0, any reconstructor ¥ € Recy, », and any § > 0, the objective
function Jy s(x) defined in (3.7) admits at least a minimizer x*‘py 5
— Uniqueness: for any A > 0, any ¥ € Recy,,,, and any § > 0, the minimizer xi;/.,; of
Jw 5(x) is unique,
— Noise Stability: given A > 0 and a reconstructor ¥ € Recy, ,, if § — 0, then x}, ; —
Xy o ’
— Reconstructor Stability: given A > 0 and § > 0, if ¥ ~ ¥* | then x*,‘,,’s — x"l;,*’s.
Unlike traditional approaches, where the regularization term depends solely on the variable
x, we propose a framework where it also depends on the noisy measurements y°. Addition-
ally, while the uniqueness of the minimizer under suitable conditions is well-established for
anisotropic Total Variation, we consider isotropic Total Variation-regularized inverse prob-
lems. This extension arises as a special case of our general uniqueness theorem, where the
weights are uniformly set to 1. Some of the topics discussed are introduced in [39] in very gen-
eral settings. They have been reformulated with natural assumptions tailored to the problem
considered in this paper.
The theorems that establish the previously stated four properties are presented in the
following, but their proofs and the lemmas necessary for the proofs are in Appendix A.
We remark that the majority of the theoretical results rely on the following assumption:

(A.1) ker(K) Nker(D) = {0}.

From now on, we will always assume (A.1) is satisfied.
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Theorem 1 (Existence) For any 8§ > 0 and any ¥ € Recy. ,, Jw s(x) admits at least a
minimizer x*q,‘s.

Proof Note that 7y 5(x) is convex as a function of x, as it is the sum of two convex functions
[|Kx — y‘5||% and Ry s(x). Moreover, by Lemma 2, Jy 5(x) is coercive. Therefore, it has
at least a minimizer xy, 4. O

Now we define the following set:

M= {xy s € X | x}y 5 is a minimizer of Ty 5(x)} 4.1

and, for any x € M, we define Ix)=1{i e{l,...,n}]| (|ﬁq,,5x|)_ = 0} as the set of
1

indices where | Dy x| is zero, and S(x) = {v € R” | (|i)q,,5v|). —0Viei(x)asthe
set of vectors whose gradient is zero wherever the gradient of x is zlero.

To prove the uniqueness, we need to derive the optimality conditions for Jy s(x). Let
dJw 5(x) be the subdifferential of Jy 5(x), computed in x. By the Fermat Theorem, if
X}, 5 is a minimizer of Jy s(x), then necessarily 0 € 0.7y 5(x}, 5). By the linearity of the
suBgradient, it straightforward to show that: ,

3 Tw 5(x) = {2KT(Kx N P aRq,,(;(x)} . 4.2)

The optimality conditions represent one of the two ingredients necessary to prove the
uniqueness of xy, 5. The next step is to derive some properties of the objective function
Jw s(x) on elements of M. Their proof is again obtained through a sequence of lemmas,
some of which are similar to results presented e.g. in [24].

The following theorem states the condition to have a unique solution of the considered
minimization problem.

Theorem 2 (Uniqueness) For any § > 0 and any ¥ € Recy, p, letxf,,’s € M be a minimizer
of Jw s(x). If:

1. ker(K) N S(xy 5) = {0},
2. g, defined as in Lemma 4, has c € (—1, 1),

then M = {x, s}, i.e. xy, 5 is the only minimizer of Jy s.
Proof The proof is in Appendix A. O

In the following, we indicate as x}, 5 the unique minimizer of Jy 5. The subsequent step
involves analyzing the stability of the solution in relation to the noise present in the data.
Indeed, differently from [39], where the regularizer is independent of the noise parameter,
in our approach, the regularizer Ry 5 also depends on 8. To the best of our knowledge, this
approach has only been theoretically analyzed in [3], which, however, addresses a slightly
different problem. We provide a full proof following the scheme of [39, Theorem 3.2].

Theorem 3 (Noise Stability) Let {8y }xen be any sequence of positive noise levels such that

S8 — 0 as k — oo. Then {xf},‘ak tken has a convergent subsequence, whose limit point
corresponds to xy, .
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Proof Note that, because xq, 5 is the minimizer of Jy 5, (x), for any X € X, it holds that
Jw 5, (X, 5k) < Jw 5 (X). By applylng Lemma 7 twice, once with §; = 0 and 8, = J;, and

then with §; = ; and 6, = 0, observing that ||y5’< -y || = §y, it follows that
Jwo(Xy 5,) < 2Jw 5, (xy 5,) + 28 + AeLyLy S| Dxy 4|
< 2T 5, (¥) + 287 + AcLy Ly 8| Dxy 4 | (4.3)
< 4Ty 0(%) + 48 kL LSy (|1 1Dxy 5| |1 + 211 [DE| |]1) -
Therefore:
Tw 0l 5) < 47w 0F) + 457 + 18 (Il 1Dxf g | |11 + 211 [DE 1) . (44)

Note that, by Lemma 8, the sequence {xi},’ 5k}k€N is bounded, and in particular,
[l |Dx’5,, 5k| |1 < C for a constant C > 0. Consequently, for any sufficiently small value of
8k, the sequence jq/,()(x:;,’ Sk) is bounded by:

M = 47y o (%) + 1, (4.5)
which implies that {x*u,’ ak}kEN is contained in the M-th level set of Jy o for any k > k. By
compactness of the level sets of Jy o, it follows that {x*u,’ 5 }ken has a convergent subsequence
{xy 5 } jen, converging to x* € X'. To conclude, note that for any x € A"
2Ok
Jw0(x*) = [[Kx* = y°|15 + Allw@ (") © |Dx*| |];
. Sk Sk
= lim ||Kx} 5 — ™ |3 +2w@ (™)) © Dxy 5 |l
J—>00 J J

. P 5 (4.6)
< 111350 [1Kx =y |l +Allw@(y™7)) © |Dx| |y
= [1Kx — Y115 + Mw @ (3") © IDx] |l1 = T 0(x),
which implies that x* is a minimizer of Jy o(x*) and x* = x’&,’o for the uniqueness
property, proved in Theorem 2. O

The following result constitutes the primary theoretical contribution of this paper. It
demonstrates that if the chosen reconstructor ¥, responsible for computing X, is sufficiently
accurate (in the sense that it closely approximates a target reconstructor ¥ *), then the solution
xf},‘ s Will closely approximate the solution obtained using the target reconstructor ¥*.

Theorem 4 (Reconstructor Stability) Let {Wy }ren be a sequence of reconstructors such that
¥, — W* ask — oo, meaning that SUP 5 ey 1P (¥®) —&* ()|l = 0ask — oo, where
W ={y? e R";infrex ||Kx —y2||2 < 8). Then {x*wk.s}ng has a convergent subsequence,
whose limit point is x:},*’a, i.e. the unique minimizer of Jw=s(x).

Proof The proof proceeds as in Theorem 3. By applying Lemma 9 twice we get:
T s (X 5) < Tu sy 8) + Mw @ (y") = w@* )1l 1Dxy, 5 | 1h
< a6 (®) + Mw @ (3") — w@* NI Dxy, 5 |
< T+ 5@) + Mlw @) — w@*(y*)|li
(I11DZ [ 11 + [ [Dx, 5 | 111)
< T 5(%) + ALy | % (Y*) —&* DI
S(IH1DE |11 + 11 1Dxy, 5 111) -

4.7
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where Ly, is the Lipschitz constant of w. Since {x},. s}ken is bounded due to Lemma 10, and

since [|Wr (%) — ¥*(»%)||1 — 0as k — oo by hypothesis, then for k > ko, the sequence
Jw*,s(xfpky,;) is bounded by M, defined as:

M = 4\7;1/*’5(}_?) + 1, (48)

which implies that {xf,,k s}ken is contained in the M-th level set of Jy+ s, and in particular it
has a convergent subsequence {xf},k/ 51jeN, converging to x* € X

Since, for any x € X,

Jwrs(x*) = [|Kx* — Y |13 + Allw@*(»°) © | Dx*| ||y
= lim [|Kx}, 5 — y°I13 + Mlw@, (5") ©|Dxy, 5L
j—00 J J

) 500 s 4.9)
< lim [I1Kx = y'I[3 4 2lw(¥; (0)) © 1Dx] )
= [|Kx — |3 + Allw@*(y*) © |Dx| [l1 = Tu~s(x),
then x* is a minimizers of Jy= 5(x), i.e. ™ = X 5. O

Interestingly, it is possible to formulate Theorem 4 with alternative hypothesis, shading
light to a property of our framework which will be explored in the experimental section.
Indeed, since our choice of w(¥ (y°)) only depends on the gradient of ¥ ( 9, stability holds
if we assume that || |[D¥ (y®)| — | D¥*(y%)| ||1 — 0 as k — oo.

Corollary 1 Let {Wy}ren be a sequence of reconstructors such that Wy, — W¥* as k — oo.
Then {x:;/k,é}kEN has a convergent subsequence, whose limit point is x".},*ya, i.e. the unique
minimizer of Jy= s(X).

Proof The proof proceeds as in Theorem 4, considering the inequality:
lw @ () = w@* NI < Lyl DW= PP L. (4.10)
where L/, is the Lipschitz constant of w('lf(y‘s)) with respect to |D!1/(y‘5) | ]

Corollary 2 Let y* = Kx + e be a fixed vector of observations. Let {W }ren be a sequence
of reconstructors such that one of the following holds:

L 1%(y®) = xT||y > 0ask — o
2. 1 1Dw (| — IDxCT| ||} = 0ask — oo.

Then {xz‘,,b s1keN has a convergent subsequence, whose limit point is x’éT’ s 1-e. the unique
minimizer of JgT ,5(X).

We emphasize that the two proposed loss functions (3.12) and 3.13 derive from Assump-
tions 1 and 2, respectively.
5 Numerical Results
In this section, we validate our proposal with numerical experiments for different tomographic

scenarios. All the experiments have been implemented with PyTorch 2.1.1 and exectued
on an NVIDIA A4000 GPU with 16Gb of VRAM. The code to replicate the experiments
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(a) COULE test image (b) Mayo test image

Fig. 5 Images used as ground truth in the numerical experiments with some zoom-ins remarking regions of
interest. On the left, the xOT coming from the test subset of COULE; on the right, the one from the Mayo
Clinic dataset

can be found on the official Github repository associated with this work, available at https://
github.com/devangelista2/SpaceVariantTpV.

We have built digital simulations based on two different datasets of images, providing
ground-truth samples. The first one is the COULE dataset! which contains 256 x 256 grayscale
images, with overlapping geometrical objects having uniform intensities simulating internal
organs and bones. We used Np = 400 images for training, and the test image we used as an
exemplary sample is depicted in Figure 5 with two zoomed crops focusing on objects with
very low gray contrasts. The second dataset comes from the real chest images of the Low
Dose CT Grand Challenge, by the Mayo Clinic [33]. They are downscaled to 256 x 256
pixel resolution. We used Np = 3305 images for training and other N; = 130 images
for inference. Figure 5 also depicts one inference image and a close-up of it, in a region
containing both high-contrast chest bones, low-contrast soft tissues, and thin details inside

the lung.
For both datasets, noisy projections were generated from the ground truth images XIG Ti=
1, ... N, as previously described in Section 3.1 for the synthetic image. In these experiments,

a tomographic angular range of 180 degrees was considered for the body scan, along with a
limited number N, of projection views (usually, an acquisition is considered complete when
the interval between the scan angles is less than 0.5 degrees). The geometric configuration
of the CT scanner is subsequently denoted as Gy, .

In all tests, we applied the methods previously evaluated on the synthetic image in Sec-
tion 3.1, namely PDHG(wgr), PDHG(wFpp), PDHG(wry), together with the methods
computed with X as output of the neural network. Depending on the loss function adopted
during network training, i.e. the image-based loss in (3.12) and the gradient-based loss in
(3.13), the reconstructions are referred to as PDHG(wggp-ner) and PDHG(wEgp-GNet),
respectively.

To compare our proposal with other state-of-art weighted TV approaches in the literature,
we consider two well-known methods from the class of Iterative Reweighted strategies for
the £; norm (IR£1). In this paper, we focus on those versions comparable to our approach, i.e.,
those applicable to CT reconstruction, where the noisy measurements do not lie in the same
domain of the image. In addition, we restrict our analysis to methods that utilize a single
n-dimensional adaptive weight vector, making them directly comparable to our approach
in terms of both computational cost and the significance of the weighting technique. In the
following, we denote by IR{1-A the method proposed in [40], based on the updating rule
defined in equation (3.5). We denote by /R{|-B a variant of IR¢1-A, where, inspired by [13],

! https://www.kaggle.com/datasets/loiboresearchgroup/coule-dataset.
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Table 2 Parameter values for the experiments on the COULE image

Gog with v = 0.03 Gys with v = 0.01 G5 with v = 0.01
Method A n A n A n
PDHG(wones) 2.0 - 1.2 - 0.5 -
PDHG(wy) 10.0 2.1073 5.0 1073 0.5 10~!
IR¢;-A 10.0 2.1073 5.0 103 0.7 101
IR¢;-B 120.0 2.1073 120.0 1073 5.0 10~!

we use the following iterative update rule:

D, x®) + (D, x®)?
(w(x(k)))' ‘= exp <_( hX )1 +( x )l ) 5.1

,72

Here, the superscript k denotes the k-th iteration of the iterative scheme, and n > 0 controls
the strength of the diffusive regularization applied during each iteration of the solver.
In all subsequent experiments, we set p = 0.3.

5.1 Experiments on COULE Synthetic Dataset

We first look at the results achieved on the test image of the COULE dataset, reported in
Figure 5. We highlight that this image is not part of the training subset. We have considered
different tomographic protocols Gy, , givenby N, = 90 sparse views with medium-high noise
perturbations on the sinograms (v = 0.03), and by N, = 45 and N, = 15 with moderate
noise (v = 0.01). We remark that the neural networks ¥ have been trained separately, for
each tomographic protocol and noise intensity.

Table 2 displays the values selected for the parameters A and 1 (when existing), for each
geometry and for the different considered methods, tuned on a set of COULE images to have
low values of RE on the final solutions. As can be seen from the table, we selected specific
regularization parameters for PDHG(w,yes), IR€1-A, and IR€{-B (i.e., our competitors),
whereas for the methods with adaptive weights we used the same values of A and v in order
to compare performance also in the case of non-optimal parameters (which are clearly not
optimal for all methods).

Table 3 reports the relative errors RE(x*, x&T') computed for the final solution images x*,
whereas we visualize (through zoomed crops) the solutions obtained within the case of Gog
geometry in Figure 6. As in section 3.1, we include here in the table the solution PDHG(wg7r)
for theoretical reference only, and it should not be conceived as a competitor because it
is not feasible for real applications. Overall, we observe that our PDHG(wrpp—_ner) and
PDHG(wFp p—Gner) always get the minimum errors, sensibly lower than the others (although
they are higher than the PDHG(wg7) ones). The results obtained with PDHG(wrpp) and
PDHG(wrvy) are very similar. Since the computational cost of FBP is much lower, in the
following we will use FBP as the reference method. Interestingly, the IR¢; strategies con-
sistently produce errors that do not approach the magnitude of ours, and the images reported
exhibit a lower quality in the reconstructions. On the IR¢{-A image, the low contrast ellipses
are slightly visible, whereas the boundaries of the structures are very degraded and noisy on
the IRZ;-B solution.
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Table 3 Performance results on a COULE image in the test set showing the relative errors RE(x*, xCT)

between the final solutions and the ground truth xCT for different geometries

Goo with v = 0.03 Gys with v = 0.01 G5 with v = 0.01
PDHG(wones) 0.1136 0.1189 0.1235
PDHG(wgT) 0.0249 0.0180 0.0343
PDHG(wrv) 0.0991 0.1002 0.1121
PDHG(wrpp) 0.0914 0.1039 0.1011
PDHG(WFBPp—_Net) 0.0636 0.0762 0.0891
PDHG(WFBpP—_GNet) 0.0555 0.0665 0.0811
IR¢1-A 0.0723 0.0808 0.1393
IR¢|-B 0.1241 0.1306 0.2432

When comparing PDHG(wrpp—_ner) and PDHG(wrpp—_Gner), We observe that the net-
work trained to approximate gradient images produces more effective spatially adaptive
weights than the one trained directly on image intensities.

In Table 4, we report the relative error values to validate Corollary 2, which states that
if ¥ ~ xCGT or if their gradients are sufficiently close, then PDHG(w3z) ~ PDHG(wgT).
Specifically, the table shows the relative errors of the X images with respect to the ground
truth image (in the first column), the errors between the corresponding gradient images (in the
second column), and the errors between the final solutions x* with respect to the PDHG(w¢g 1)
reference image (third column) (in the third column, for formatting purposes, the notation was
abbreviated as RE(x*, X), where x corresponds to the PDHG(w¢7) solution). By examining
the values of the first two columns, we observe the high accuracy of the ¥ images and their
respective gradients produced by the neural networks, regardless of the loss function used
during training, which are lower than the TV and FBP-based counterparts. As expected from
the corollary, lower values in the first two columns correspond to smaller ones in the third.

At last, we observe from the values on the second column, that the gradient images
produced by the network used in PDHG(wrpp—pner) is worse than the gradient images
directly learned by the network used in PDHG(w rp p—G ner ), thus validating the loss function
(3.13).

5.2 Experiments on Mayo Real Medical Image Dataset

We now present the numerical results obtained from the analysis of the real chest tomographic
image shown in Figure 5. We highlight that this image is not included in the training subset.
As visible, low-contrast regions and high-contrast tiny details in the lungs characterize the
image. Consequently, the gradient image is less sparse compared both to the synthetic image
in Section 3 and to the COULE image. The aim of the following experiments is twofold:
first, to assess the performance of the proposed methods on real image data; and second, to
analyze the robustness of the deep network-based reconstructions with respect to different
noise levels in the sinograms.

We consider 45 projections within the angular range [0, 180] degrees, introducing initially
noise to the measurements with a noise level of v = 0.005.

On this dataset, we perform a more detailed analysis concerning the choice of the param-
eters A and 7, and the dependence of the results on these parameters. In particular, we first

@ Springer



Journal of Scientific Computing (2026) 106:74 Page170f29 74

(a) PDHG(wrv)

i
(d) PDHG(wFBp,GNet) (e) IRél-A (f) IRfl—B

Fig. 6 Crops of the solution images computed in case Ggg and noise with v = 0.03. The depicted zooms
correspond to those reported in Figure 5

analyze how the masks change as n varies. In Figure 7, we show the images of the weights
w computed as as in (3.5), by setting n values of 107%,i = 1,...4, and with ¥ computed
with the FBP algorithm (first row), FBP-Net (second row), and FBP-GNet (third row). It is
evident from the figures that a too small value of 1 produces a weight mask with excessive
noise, while a too large value results in an too simplified mask with the loss of important
edges. In the neighborhood of the visually best value, we then performed fine-tuning and
finally selected the following values for the parameter n which we set for all subsequent
experiments: 0.08 for wrpp, 0.02 for wrpp_ner and 0.009 for wrpp_GNet-

The subsequent choice of A is made by analyzing the relative error of the final reconstruc-
tion with respect to the ground truth for the test image of the Mayo dataset. In the left part
of Figure 8, we plot the relative error as a function of the parameter X for the PDHG(wFpp)
(yellow line), PDHG(wrpp—ne:) (red line) and PDHG(w rp p—Gner) (green line).The plots
show that the trend of the curves is the same, which allows us to select the same lambda
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Table4 Performance results on a COULE image in the test set showing Relative Error values for our spatially
adaptive approaches, to assess numerically the theoretical results in Corollary 2

Method RE(%, xGT) RE(|D%|, |DxCT)) RE(x*, )
Goo withv =0.03  PDHG(wry) 0.2548 0.7987 0.0872
PDHG(wrpp) 0.3993 2.2622 0.0847
PDHG(WF B p—Net) 0.0807 0.3479 0.0552
PDHG(wrpp_GNer)  0.0958 0.2656 0.0463
Gus withv =0.01  PDHG(wry) 0.2565 0.8018 0.0910
PDHG(wrpp) 0.3486 1.5899 0.0912
PDHG(WF g p—Net) 0.0904 0.3430 0.0727
PDHG(wrgp_GNer)  0.1309 0.3197 0.0626
G5 with v = 0.01 PDHG(w7y) 0.3056 0.8524 0.0992
PDHG(wppp) 0.7594 2.8339 0.0936
PDHG(WFRP—Net) 0.2008 0.6929 0.0818
PDHG(wrgp_GNer) 02137 0.6467 0.0738

Here X corresponds to the PDHG(wg7) solution

Table 5 Performance results on the Mayo test image with G45 geometry and v = 0.005

> *

X X

Method RE PSNR SSIM RE PSNR SSIM

PDHG(wones) - - - 0.1196 30.7946 0.8591
PDHG(wrpp) 0.2879 23.1629 0.4133 0.1001 34.3468 0.9182
PDHG(WFBP—Net) 0.1038 32.0253 0.8588 0.0884 35.6170 0.9291
PDHG(WERP_GNet) 0.5092 18.2113 0.3843 0.0823 35.8915 0.9377
IR¢;-A - - - 0.1671 30.1179 0.7274
IR¢;-B - - - 0.1427 32.1152 0.8717

In the first three columns the metrics refer to the X image, in the last three columns they refer to the output
image x*. All the metrics are relative to the ground truth image

value for all three methods. In particular, we set A = 0.3 in the subsequent experiments for
the three algorithms. We remark that we set A = 0.05 for the IR¢;-A algorithm and A = 50
for IR¢;-B.

In the right part of Figure 8 we plot the relative error as a function of the number of
iterations performed by the PDHG method. Also in this case, the plots of the three considered
methods exhibit a very similar trend. At each iteration, PDHG(wFrpp) shows the highest
error, followed by PDHG(wrpp—_ner), whereas PDHG(w g p—gner) consistently achieves
the highest accuracy. Although 10000 iterations are shown, the plots indicate that beyond
2000 iterations the error remains practically constant, and the corresponding image does
not change significantly. Therefore, in the following experiments, we always performed a
maximum of 2000 iterations for each PDHG-based method.

In Table 5 we report the image quality assessment metrics for both the X and the solution
x*. All the metrics reflect that our proposal overcomes the widely used IR strategy of adaptive
regularization. It is also evident how the embedding of a deep neural network improves the
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(a) & yn=10"4 (c)n=10"3 (d) n=10"2 (e) n=10""1

Fig. 7 Results on the Mayo test image with G45 and v = 0.005. In the first column the image X obtained,
from top to bottom, with FBP, FBP-Net and FBP-GNet algorithms. In the other columns, the corresponding
images of the weights w; computed as in (3.5) for different values of n

PDHG(wrgp)
—— PDHG(Wrgp - Net)
— PDHG(Wrsp - net)

PDHG (Wrgp)
0.22 1 —® PDHG(Wrgp - net) 0.22
—— PDHG(Wrsp - Gnet)

Relative Error
Relative Error

1073 1072 1071 100 10! 0 1000 2000 3000 4000 5000

A (log scale) Iterations

Fig.8 Results onthe Mayo testimage with G45 and v = 0.005. Left image: Relative errors vs. A (in logarithmic
scale) for the PDHG(w g p) (yellow line), PDHG(w rp p—_ner) (ted line) and PDHG(w g p—GNer )(green
line) algorithms. Right image: Relative errors vs. numer of iterations for PDHG(wgrpgp) (yellow line),
PDHG(wFp p—Ner) (red line) and PDHG(w g g p— G Ner )(green line) algorithms

final reconstruction quality, with respect to the global TV regularization and to the mere FBP
operators within our deep learning-based framework.

From the values in the table, the benefit of training the reconstructor with the gradient loss
is noticeable (final SSIM = 0.9377), as guaranteed by Corollary 2.

It is also confirmed by the plots on the right in Figure 8, where we compare
the relative errors over the iterations for the PDHG(wrpp), PDHG(wrgp_pne:) and
PDHG(wrpp—_Gner)- Figure 10 shows (on the left) the two reconstructions obtained by
PDHG(wrpp—_ner) and PDHG(w Fpp—_Gner)- Both images show accurate reconstructions
of the ground truth, even in the finest details.

@ Springer



74  Page 20 of 29 Journal of Scientific Computing (2026) 106:74

0.18 a0 0.95 E - j

Relative Error
°
9
PSNR
w
¥
SSIM
°
@
3

0.04 26 0.60
N N 2 A ® N N D E 2
e N o Y N S At
o o ¢ < o ¢
?o\* \«\0\" 0\'"3 ?0\'\ \*e\'* (:\‘"e
< o © o

D D h} » o
Q\W"P o o R o
O \AO\WB G\N\a"
<O o

Fig.9 Aggregated performance on Mayo test images with G45 and v = 0.005. Boxplots show relative errors
(left), PSNR (center), and SSIM (right). Yellow corresponds to PDHG(wpgp), red to PDHG(wEBp-Net), green
to PDHG(wFBP-GNet) blue to IR€;-A, and black to IR¢|-B

To assess the applicability of the methods, we evaluate their generalization performance
on the inference set using the previously estimated parameters. Precisely, all methods were
applied to the N; = 130 inference images using identical values of A and p. Figure 9
reports the boxplots of the selected metrics for the methods listed in Table 5 (excluding
PDHG(wones)). The boxplots indicate a very limited dispersion around the median, sug-
gesting that the chosen parameters are robust across the entire dataset. Furthermore, the
results reported in Table 5 for the inference image analyzed earlier consistently fall within
the interquartile range.

We extend the evaluation of our proposed deep learning-based schemes by examining
their performance when processing data affected by unexpected noise levels. Specifically,
we utilize the networks previously trained with v = 0.005 for G45 and test our approaches on
data with v values ranging from 0.001 to 0.030. The regularization parameter (the same for
all adaptive weighted approaches) is set according to a rule that increases its value with the
noise level in the data. This out-of-distribution testing is critical for assessing the reliability
and robustness of the models.

In our previous investigations, we have highlighted the susceptibility of learned operators
to unseen noise and demonstrated the potential risks associated with employing networks as
black-box tools. [17, 31, 34]. In the proposed scheme, the networks do not generate the final
solution; instead, any potential hallucinations are mitigated by the subsequent variational
model.

Figure 10 also presents, in its upper part, the results by the two network-based reconstruc-
tions with high unseen noise with v = 0.015. Compared to the reconstructions obtained with
training consistent noise, we observe a slight degradation in quality for small details within
the lungs. Nevertheless, the images still exhibit sharp contours and are free of artifacts.

At the bottom of Figure 10 we display the plots depicting RE and SSIM as the data noise
varies, where we compare PDHG(wrpp—_ner), PDHG(wrpp_GNer), IR€1-A and IRC(-B
with our target method PDHG(w¢g ). The proposed algorithms demonstrate strong robustness
to noise, as reflected by the minimal slope of the curve. In addition, the PDHG(wrpp_Gner)
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(a) (b) (c) (d)

PDHG(wrpp-nNet) PDHG(wrpp-GNet) PDHG(wrpp—Net) PDHG(WFBP—GNet)
with training consis-with training consis- with higher noise with higher noise
tent noise tent noise
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data.

Fig. 10 Results on the Mayo real medical image for the G45 geometry, under different noise levels. In columns
(a) and (b) results with v = 0.005; in columns (c) and (d) results with v = 0.015 (out of domain). At the
bottom, plots of the RE and SSIM of the solutions computed for v in the range [0.001, 0.030]. The networks
have been trained only once, on sinograms affected by noise with v = 0.005 for the G45 geometry

curve (solid green line) closely overlaps with the PDHG(wgr) curve (purple dashed line) in
both figures.

6 Conclusions

In this paper, we propose an adaptive weighted Total Variation (TV) scheme for reconstruct-
ing CT images from a limited number of views. The adaptive weights are derived from
an intermediate image obtained via the Filtered Back Projection algorithm, followed by a
neural network inference step that estimates either the ground-truth image or its gradient.
The final reconstruction achieved with the proposed weighted TV approach provides an
effective trade-off between noise suppression and detail preservation, while ensuring data
consistency as the solution to the variational problem. Simulation results on both synthetic
and real datasets demonstrate that the proposed method outperforms several state-of-the-art
approaches. In particular, the proposed PDHG(wrp p_Gner) achieves an SSIM of 91% on
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the real Mayo dataset using a sparse geometry with 45 projection angles and medium noise
levels, whereas the standard global TV regularization yields a significantly lower SSIM of
about 86%. Furthermore, theoretical analyses confirm the well-posedness of the proposed
method, guaranteeing both convergence and stability.

Future work may explore expanding the neural network’s generalization across diverse
tomographic setups and noise conditions, further integrating hybrid optimization and learn-
ing approaches to improve computational efficiency and reconstruction fidelity. In particular,
given the limited availability of ground truth data in the context of tomography, we will con-
sider ground truth images obtained by means of unsupervised or semi-supervised frameworks
such as [16, 35]. In addition, further extensions of this strategy to different sparsity regular-
izers will be explored, involving different image transforms such as wavelets or shearlets.

7 Appendix A

In this Section we state some lemmas necessary to prove the main results in Section 4.

Lemmal Let Dlp’g = Wy sD, where Wy 5 € R2Z1%21 s the diagonal matrix having two
copies Ofw(lll(y‘s)) on the diagonal, so that:

w(¥(y°)) O |Dx| = |Wy sDx| = |Dy sx|. (A1)
Then, it is trivial to prove that:
ker(Dy 5) = ker(D). (A.2)
This result, together with Assumption (A.1), implies that ker(K) N ker(lj)lpqg) = {0}.

Lemma2 Forany § > 0 and any ¥, the objective function Jy s in (3.7) is coercive.

Proof Let {x;}reny € X any sequence such that [|xk|]2 — 0o as k — oo. In particular,
[|x%]]2 > O for any k > k. When it happens, Assumption (A.1) implies that at least one of
the following must hold:

1. x; € ker(K)¢, which implies that || K xx —y5||% > f1(||xkll2), where fi(||xk||2) — oo
ask — oo,

2. x € ker(Wy sD)¢, which implies that Ry s(xx) > f2(||xk|l2), where fo(]|xk|l2) —
oo as k — oo,

as both || Kx — y®||5 and Ry s(x) are coercive on ker(K)¢ and ker(Wy s D), respectively.
Since Jy 5 (xx) > min{||Kx; — y°||3, Rw s(xx)}, it implies that:

Jw,s(xk) = min{ fi(||xkl2), f2(l|xk[[2)} = 00, k — oo, (A.3)

concluding the proof. O

Lemma3 Let the regularization term Ry s(x) = Y""_, w(W (y*)); (| Dx|); =Y, (|i)w,5x|),
L
Moreover, define the vector g € R*" such that:
G ifie {1, 0 (1),
gi= il ifietn+1,....2000(1(x)°, (A4)
c ifi € I(x).
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Then:
IRy s(x) = {D;’Bg with g € R>" defined as in (A.4) withc € [—1, 1]}. (A.5)
Proof The regularization term can be rewritten as Ry s(x) = Z?:l |U; Dq/,gx |l2 where the

linear operator U; € R2*21 jg guch that Uii)lp,(;x = ((Dpx)i, (Dyx);))Vi=1,....n
Recalling the computation properties of the subgradients [2], we derive

n
IRy 5(x) =Y d(IU; Dy 5x]2).
i=1
Noticing that |U; Dlp,(;x 2 = (||Dq,,5x )i and focusing on a single term, we obtain
- ~ T
0(1U; Dy sx1l2) = Dy U v,

where v € R? is defined as follows

U;Dysx . 7 )
m lf(qu/,sxD, #0,

(c,e)  if (|Dy sx]); =0,

or equivalently

L5osif (IDx)i #0,
(c.0) if (IDx]); =0,

with ¢ € [—1, 1]. This concludes the proof since w = U l.Tv € R?" is such that

(v) ifj=i,
W) =1y ifj=n+1,
0 otherwise.

Therefore, we can derive the optimality conditions for the variational problem (3.7).

. L . _ ~T _
Lemma 4 Ifxf,,’g is a minimizer of Jw s, then there exists g§ € R%" such that Dy sg €
Ry s(xy, 5) and satisfies the following condition:

~T _ 2
Dq,sg_—XK (Kxy 5 — ¥). (A.6)

The proof is trivial.

Lemma5 Forany x1,xy € M, the following holds:
1. x1 — x> € ker(K),
2. Ry s(x1) = Ry s(x2).

Proof By simple algebraic manipulations, it is not hard to show that for any x1, x, € R", it
holds:

+ 1
Jw,5<x12x2) E(Jwa(x1)+.7wa(x2))—*llel Kolk A7
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Now, let x1,x2 € M. By convexity of Jy s(x) and of X, necessarily Jw s(x1) =
T 5(x2) = Ty s(X52) = J ;. Therefore:

* 1 * * 1 2
Jus =5 s+ Tws) = lIKx1 = Kxall

1
= Ty qui,g—glle — Kx>l|3 (A.8)

> ||Kx; — Kx2|]3 <0
<= Kx| = Kx>,

which proves that x| — x» € ker(K).
Note that this causes || Kx| — y‘s | |§ to be equal to || Kxo — y5 | |% which, together with the
observation that Jy s(x1) = Jw s(x2), implies Ry s(x1) = Ry s(x2). ]

Lemma 6 Foranyx € X, the set S(x) is a vectorial space and x € S(x).

The proof is trivial.

A.1 Proof of Theorem 2

Proof By contradiction, let x’&,’s, x' € M such that x’&/,s # x’, and consider the set S(x’&,’s)
defined above.

Ifx' e S(xy 5), then x:‘,,ys —x' e S(xf},ﬁ) as well, since S(xf},’g) is a vectorial space
as shown in Lemma 6. Moreover, by Lemma 5, xf},y s x' € ker(K). Consequently, since
ker(K)N S (x’&,’ s) = {0} by hypothesis, then x’{},, s = X', contraddicting the assumption.

Ifinstead x’ ¢ S (x’l},, s)» consider the vector g € R?"_defined as in Lemma 4. Note that, by
hypothesis, it has ¢ € [—1, 1], and D;ag € 8Rq/,5(xf;,y8) as shown in Lemma 3. Therefore,
let Bry (x’, x*q,’ ) be the Bregman distance between the two vectors x:‘,,’ 5 x’ associated

with Ry 5(x) at I)ng. By Lemma 5,

~T _
Bry s ', x:;/,a) = RW,B(x/) - RU/,B(xTI/’g) —(Dq,,(;g, x' — xi;,’(;)
-0 (A9)

T
=(Dy ;8. xy 5 —x').

By Lemma 4 we obtain:
Bry, (', xy 5) = ~ (K" (Kxj 5 — y°), x5 —x')
(A.10)
(Kxy s — ¥ K(x} 5 —x))) =0,

>N >N

where the last equality follows since x’[l,’ s — X' € ker(K) by Lemma 5. Consequently we
can obtain,

~T _ _ ~ _ ~
0 = (DL[/,Bgﬁx?}/,& _x/> = <ga Dq’,a) - (g; D‘I/,Bx/>

) (A.11)
< Ry s(x') = (g, Dy sx'),
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observing that:

2n

(8. Dy sxly5) =Y (8)i(Dysxy o)
i=1

= > @)iDusxy )i+ Y @iDwsxy o

iefl,..., 211}0(17(x’&,13))(‘ iel(xy, ;)
Z (bhx:}/ya)iz + (bvx:;/’g)iz
(IDy 5% 5Di

D (UDxy shi =Ry s(xy 5) = Ru s(x),
iefl,...,n}

(A.12)

where ﬁh, DU denote the matrices Dy, D, multiplied for diagonal matrix having w (¥ ( y5))
on its diagonal, and the the last equality follows by Lemma 5.
Since by hypothesis x’ ¢ S (x} ), there exists at least an index i such that ( |Dx*q,’ sy =

0 but (|Dq/,,;x/|)lc # 0. Therefore, defining g, = (g8,82.-.-..8,) € R", g,

(Zn41 Bng2s -+ > &2n) €R", and |Z] € R" as (18)i = /(4] + (&8,)}

Ry s(x') = (g, Dy 5x') (A.13)

2n 2n
Rus(x') = (&, Dy sx') =Y (@)i(Dwsx)i <Y 1(@)ill(Dy 5x)i]

i=1 i=1

= (1gl, IDw sxl) =Y _(1gDi (|1 Dy sx"]);

i=1

" . , . , (A.14)
= " (18Di(1Dy sx'D)i + |c|(|1 Dy 5x"]);

i=1

i#i

n

<Y Dy sx')i + 1Dy 5x'); = R 5(x),

i=1

i#i
where the three inequalities follow respectively by the Cauchy-Schwartz inequality applied
to the vectors g and Dy sx’, the observation that (|g|); < 1 for any i ¢ I(x"l},’(s), and the

assumption that |c| < 1. Note that the above observation leads to a contradiction as it shows
that Ry s5(x’) < Ry s(x’), which implies that x’ has to lie in S(xy 5)- Therefore x'=xy
proving the uniqueness of the solution. O

Lemma 7 Forany §1, 8> > 0, any Lipschitz continuous ¥ and any x € X, it holds:
Jw .5, (X) < 2Jw 5,(x) + 211" = y2|13 + AcLuwLu |y — y* a2l 1Dx| |11

where Ly, and Ly denote the Lipschitz constant of w and W respectively, and c denotes the
equivalence constant between {1 and £ norm.
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Proof Tt is known (see e.g. [39]) that for any p > 1, and for any x1, x» € X, it holds:
1 + 2215 < 277 (1xa 115 + [1x2l15) - (A.15)

Applying this inequality on || Kx — y?1|2 = ||(Kx — y®2) + (y* — y?1)||2 with p = 2
leads:

IKx — y*'|13 < 2/|[Kx — y®2|13 +2][y" — y2|15. (A.16)
Similarly, considering ||w(¥ (y°)) © |Dx| ||1 = [[w(¥(¥®) © |Dx| + (w(¥ (y*)) —
w(¥ (%)) © |Dx| |1 with p = 1:

lw@ (y*) © |Dx| |1 < [lw@(y*) © |Dx| ||| + |[(w@ (") — w@(y*2)) © |Dx| ||
(A.17)

Moreover, note that for any weights vector w € R”,

n n n
llwo [Dx| |l =Y wi (IDx]); <> w; Y _ (IDx]); = |[wlhll Dx][l1,  (A.18)
i=1

i=1 i=1
where we used that both w; and (|Dx|); are non-negative for any index i. Therefore:
Tw.s,(x) = [|Kx — y*'[13 + Allw@ (y")) © | Dx| ||

<2|[Kx — y2|I3 + 2|1y = y*[15 + AMlw@ (y?)) © |Dx| ||

+ MW@ (™) — w(W(y™)) © |Dx| ||
<2[|Kx — y™|[3 + 2Aw(¥ (y*) © |Dx| [l +2[1y" — y*I13

+ M@ (y*) — w(W (y™)) © |Dx| ||
= 2w 5, (x) + 2[[y" — y2 113 + Mw @ (y") — w@ (y™)) @ |Dx| ||,
< 2005, (x) + 211y° = ¥ 115 + Alw@ (™) — w@ (y2)I1] 1Dx| |

< 2.5, (x) + 201y — y2113 + AcLwLe |y — y2 20| Dx] ||
(A.19)

concluding the proof. O

The following lemma establishes the boundedness of the sequence {xfj,! sk}kEN of the
minimizers of Jy s, (x).

Lemma 8 Let {8k }ren be any sequence of noise levels such that §x — 0 as k — oo. Then,
the sequence {x’l;,.(sk een is bounded.

Proof By contradiction, assume {x*w,sk}keN is unbounded, i.e. ||xf},’5k [[o = oo ask — oo.
Since Jy s, (x) is coercive as proved in Lemma 2, then Jy s, (x*w,ak) — oo as k — oo.

Let x € X such that x € ker(D). Clearly Ry 5,(X) = 0 for any k € N. By the same
reasoning used in the proof of Lemma 7, it follows:

T 5, (%) = [|Kx — y*|13 < 2||K% — y°I13 +2[1y%* — y°I13 (A.20)
<2||Kx — |3 + 257 — 2||Kx — y°|3 < oo, (A21)

This implies that there exists a k € N such that T .5, (X) < T s, (X, Bk) forevery k > k,
which is a contradiction since xy, 5 is a minimizer of Jy 5, (x). O
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Lemma9 Forany ¥, ¥, any § > 0, and any x € X, it holds:
T 5(0) < Tuy 5(0) + Al (W@ (3°) — w@(y*)) 1] |Dx| || (A22)

Proof The proof is similar to Lemma 7. Applying the inequality A.15 on ||w(¥(y°) ©
IDx|[I1 = [lw(¥2(y*) © |Dx|+ (w(¥1 (y°) — w(¥2(y*)) © | Dx| ||; with p = 1, it follows:

w1 (y*) © [Dx] |1 < llw@(*) © [Dx| | + (w1 (y°) — w@ (")) © |Dx| |1
(A.23)

Therefore:

Juy5(x) = [|[Kx — y°[15 + M [w(@1(y) © |Dx| ||
< [IKx = y°[5 + Mlw@(y*) © [Dx| |11 + Al (w1 (y°))
—w(¥(y%))) © |Dx| || (A24)
= Jups(x) + Al (w@1 (3")) — w2 (y%)) @ |Dx| ||
< Jw.5,(x) + Mlw@ (y°) — w @ ()1l 1Dx] |1,

concluding the proof. O

The next lemma proves the boundedness of the sequence {xf,,k s1ken of the minimizers of
Ty ,8(x).

Lemma 10 Let {W; }en be any sequence of reconstructors such that W, — ¥* ask — ooin
the sense that sup s ys || Wk H—w* (¥ — Oask — oo. Then, the sequence {xi;/k_g}kEN
is bounded.

Proof By contradiction, assume {x’&,k s}keN is unbounded, i.e. ||x:‘,,k sll2 = oo ask — oo.
Since Jy, 5(x) is coercive as proved in Lemma 2, then jq,k,(;(xf},k §) —> c0ask — oo.
Let x € X such that x € ker(D). It follows:

T 5(X) = [|Kx — y°|3 < oo, (A.25)

which implies that Jy, 5(x) < Jy, ,5(x’l;,k 5) for sufficiently large values of k € N, which
is a contradiction as x’l;,k 5 1s @ minimizer of Jy, 5(x). O
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