
PHYSICAL REVIEW E 113, 024208 (2026)
Editors’ Suggestion

Multiscale data assimilation in turbulent models

Francesco Fossella ,1,2,3,* Luca Biferale,2,3 Alberto Carrassi,4 Massimo Cencini ,3,5 and Vikrant Gupta 6

1LTCI, Telecom Paris, 19 Place Marguerite Perey, 91120 Palaiseau, France
2Department of Physics, University of Rome “Tor Vergata,” Via della Ricerca Scientifica 1, 00133 Rome, Italy

3INFN “Tor Vergata,” Via della Ricerca Scientifica 1, 00133 Rome, Italy
4Department of Physics and Astronomy, University of Bologna, Viale Carlo Berti Pichat 6/2, 40127 Bologna, Italy

5CNR-ISC, Istituto dei Sistemi Complessi, Via dei Taurini 19, 00185 Rome, Italy
6Department of Mechanical Engineering (Robotics), Guangdong Technion–Israel Institute of Technology, 241 Daxue Road,

Shantou, Guangdong, 515063, China

(Received 22 July 2025; accepted 13 January 2026; published 17 February 2026)

We explore the potential of data assimilation (DA) within the multiscale framework of a shell model of turbu-
lence, with a focus on the ensemble Kalman filter (EnKF). The central objective is to understand how measuring
mesoscales (i.e., inertial-range scales) enhances the prediction of both large-scale and small-scale intermittent
variables, by systematically varying observation frequency and the set of measured scales. We demonstrate that
measurements conducted at frequencies that exceed those of the observed scales enable full synchronization of
larger scales, provided that at least two adjacent mesoscales are measured. In addition, we benchmark the EnKF
against two other DA methods, namely, nudging and ensemble four-dimensional variational method. EnKF is
clearly superior to the former and comparable with the latter but achieving the result with a lower computational
complexity. Moreover, our results underscore the need for a tailored, scale-aware inflation technique to stabilize
the assimilation process, preventing filter divergence and ensuring robust convergence.
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I. INTRODUCTION

The strongly nonlinear and multiscale character of turbu-
lence severely limits the predictability horizon [1–4]. Thus,
even knowing the equations and providing measurements
of some observables, the trajectories soon diverge from the
prediction of the target evolution. A theoretical route to
extend predictability is master–slave (or drive–response) syn-
chronization: If a “slave” numerical model is continuously
coupled to its “master” reference trajectory with a coupling
strength above a well-defined threshold, then the slave col-
lapses onto the same chaotic attractor, thus eliminating the
sensitivity to its own initial conditions [5]. Complete chaotic
synchronization, however, is feasible only when model and
observations are error-free and every state variable is accessi-
ble, assumptions that are unattainable in realistic geophysical
or engineering applications, where model errors, measure-
ment noise, and sparse sampling are the rule.

To overcome these limitations, the data-assimilation (DA)
framework was developed. Originally motivated by mete-
orological forecasting, DA provides systematic methods to
combine model forecasts with sparse and noisy observations,
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improving the estimation of system states [6–8]. In chaotic
systems, DA offers a practical strategy to counteract the ex-
ponential divergence of trajectories by acting as an external
forcing—analogous to a drag—that competes with internal
instabilities [9]. This competition naturally defines a synchro-
nization threshold: When observational corrections outweigh
the intrinsic divergence rate, synchronization can be achieved,
and thus effective predictability.

This work mainly focuses on investigating the performance
of a cornerstone DA technique, the ensemble Kalman filter
(EnKF) [10,11], when applied to a shell model for turbu-
lence [12–15]. Our objective is to reconstruct the unobserved
scales from sparse and noisy observations of the observed
ones. Shell models emulate the turbulent energy cascade in
a discretized Fourier space with logarithmically spaced wave
numbers, yielding several decades of scales and an equally
wide spectrum of characteristic turnover times. Assimilating
information measured at one scale to correct predictions at
another is therefore an intrinsically multiscale challenge: up-
dates must bridge slow, energy-containing modes and fast,
highly intermittent ones.

The EnKF advances an ensemble of model realizations
and, at every assimilation instant, applies linear updates,
provided the forecast and observation errors are Gaussian.
Because the ensemble itself furnishes flow-dependent (prior)
error covariances, the EnKF does not need to employ the
tangent-linear and adjoint operators demanded by adjoint
variational methods. However, in high-dimensional settings,
computational constraints limit the ensemble size, introducing
sampling noise that can erode covariance rank and trigger
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FIG. 1. Multiscale character of the Sabra Model. (a) Instantaneous estimate of characteristic turnover times. During one full oscillation of
the slow shell n = 4, the fast shell n = 15—representative of the dissipative range—undergoes several hundred oscillations. (b) Quantitative
visualization of the natural frequencies involved. The observation intervals examined are highlighted: �tobs = τ15 yields quasi-continuous
inertial-range measurements, �tobs = τ9 represents an intermediate regime, and �tobs = τ4 corresponds to discrete sampling. (c) Normalized
probability-density functions of shell amplitudes. Slow shells display nearly Gaussian statistics, whereas fast shells exhibit heavy-tailed,
intermittent behavior.

filter divergence [7,16]. Practitioners therefore resort to in-
flation and covariance localization to maintain the need of
ensemble spread and numerical stability [17–20]. Despite
these practical remedies, the EnKF and its extensions remain
among the most widely used and readily implementable data-
assimilation methods for large-scale geophysical problems
[8,16]. These limitations become particularly important in the
multiscale, strongly intermittent dynamics of turbulence. The
shell model considered here spans a few decades of scales
and turnover times, and it faithfully reproduces the heavy-
tailed, non-Gaussian statistics characteristic of small-scale
turbulent fluctuations [see Fig. 1(c)]. We adopt the stochastic
EnKF [11], which injects controlled Gaussian perturbations
into the observations at every analysis step. This added noise
mitigates the underestimation of the analysis uncertainty due
to sampling error, enhances ensemble dispersion, and partly
compensates for the non-Gaussian heavy tails generated by
the fastest, most intermittent scales, thereby improving filter
robustness in the highly nonlinear, multiscale regime ad-
dressed here. The present contribution therefore constitutes a
first step toward systematically tailoring ensemble-based DA
techniques to highly turbulent flows.

We shall benchmark the EnKF against two DA methods at
opposite ends of the DA complexity hierarchy. First, nudging
[21], which can be viewed as a stripped-down single-member
analog of the EnKF. By adding continuous relaxation terms
toward observations, it requires almost no statistical assump-
tions and is computationally inexpensive, but its strictly local
corrections struggle to propagate information to unmeasured
scales. The propagation of information from observations
throughout the full domain is done solely via the model dy-
namics, and, as opposed to the EnKF it does not provide a
quantification of the uncertainty in the state estimate.

Second, we consider the so-called four-dimensional vari-
ational method (4D-Var) [22]. 4D-Var seeks the model
trajectory that minimizes a cost function over a finite assim-
ilation window, thereby distributing corrections smoothly in
time. The 4D-Var is formulated as a nonlinear optimization

problem, as opposed to the linear-like update in the EnKF.
Introducing time dependence in the forecast error covariance
is very intricate in standard 4D-Var. This has been one of
the main motivations driving the flourishing of hybrid en-
semble variational methods [23,24]. In particular, when the
background error covariance in the cost function is supplied
fully or partly by an ensemble, the formulation En4D-Var is
obtained [25]. The En4D-Var retains flow-dependent covari-
ances but optimizes the entire trajectory within each window
rather than issuing instantaneous updates. It is worth recalling
that, in the linear case, 4D-Var and the Kalman filter are
exactly equivalent and yield the same analysis at the end of
the assimilation window, which makes their comparison par-
ticularly compelling in our strongly nonlinear model, where
this equivalence no longer holds.

Data-assimilation-based reconstruction from spectrally re-
stricted observations has already been explored, by applying
4D-Var to a barotropic β-plane model to recover small-scale
features [26], and by applying EnKF and nudging to the Sabra
shell model [27]. Futhermore, in the context of coupled DA,
recent works have focused on adapting the EnKF to perform
coupled atmospheric-ocean DA under various spatial and tem-
poral scale separations and observational strength [28,29].
However, none of these studies have systematically varied the
observational sparsity or the subset of observed scales, ana-
lyzing in detail the implications of DA on the energy cascade
process.

In this work, we address these gaps by measuring differ-
ent sets of shells at various observation sparseness, ranging
from the slowest to the fastest timescales within the inertial
range. This corresponds to passing from discrete to contin-
uous sampling of inertial range dynamics. This setup allows
us to assess how the temporal resolution, relative to the local
dynamical timescale, influences the assimilation process. We
show that measuring at rates faster than the turnover time of
the observed scales, and covering at least two adjacent shells,
enables full synchronization of the larger scales. Under these
conditions, the EnKF delivers superior performance, provided
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that appropriate scale-aware inflation is applied to mitigate
sampling errors. We also discuss the limitations of nudging
in propagating corrections across scales and highlight the
computational trade-offs associated with the use of EnKF and
En4D-Var. We focus on a data-assimilation setting in which
both large and small scales are inferred from relatively sparse
measurements at intermediate scales; although this is not the
only possible configuration (for instance, one could directly
observe the largest scales), it reflects the typical situation en-
countered in turbulent flows, where many degrees of freedom
cooperate to sustain strongly out-of-equilibrium dynamics and
no clear scale separation is available, in contrast to multiscale
extensions of the Lorenz-96 model [30] where a slow-fast
splitting is imposed a priori.

The remainder of the paper is organized as follows: In
Sec. II, we introduce the shell model. Section III describes
the EnKF algorithm, with special attention to the structure
of the covariance and to the proposed inflation technique.
Section IV details the experimental setup, while Sec. V
presents a comprehensive analysis of the EnKF results. Com-
parisons with nudging and En4D-Var are discussed in Secs. VI
and VII, respectively. Conclusions and future perspectives
are summarized in Sec. VIII, and details on the numerical
integration of the model are given in Appendix A.

II. SHELL MODELS FOR TURBULENCE

Proposed at the beginning of the 1970s [31], shell models
provide significant insight into turbulent flow dynamics by
mimicking the energy cascade at high Reynolds numbers [32].
In these models, dynamics is discretized into N consecutive
scales, each represented by a wave number kn = 2n (n =
0, 1, . . . , N − 1), commonly referred to as the “shell,” with
an associated complex velocity fluctuation un ∈ C evolving
according to the laws(

d

dt
+ νk2

n

)
un(t ) = Gn[u] + fn(t ), (1)

where Gn[u] represents the nonlinear coupling between the
shells, and fn(t ) is the external forcing. Essential to the model
is the local, scale-by-scale, energy transfer between adjacent
shells: energy is injected at large scales by fn, it then cascades
to smaller scales, where it is eventually dissipated by viscous
effects, with ν being the viscosity parameter.

The choice and design of the nonlinear coupling, Gn[u],
determines the qualitative behavior of the shell model in
Eq. (1). In the case of the Sabra shell model [15] the nonlinear
coupling reads

Gn[u] = i(akn+1u∗
n+1un+2 + bknu∗

n−1un+1

− ckn−1un−1un−2), (2)

where ∗ denotes the complex conjugation. The system of cou-
pled differential equations is closed by imposing the boundary
conditions u−2 = u−1 = uN = uN+1 = 0.

We have chosen to work with this model because the two-
point correlation is diagonal 〈unu∗

m〉T = 0 for n �= m, and the
only vanishing three-point correlations are the consecutive
ones 〈un−1u∗

nun+1〉T (where 〈·〉T denotes a time average taken
in the statistically stationary regime). These features imply

substantial analytical and numerical simplifications, enforce
the locality of energy transfer, and arise from an inherent
phase invariance under the transformation un → uneiθ , pro-
vided that

θn+2 + θn+1 − θn = 0. (3)

To faithfully mimic a realistic fluid dynamical system, the
inviscid and unforced case ( fn = ν = 0) must conserve the
total energy E (t ) = ∑N

n=0 |un(t )|2, which imposes the con-
straint a + b + c = 0 on the nonlinear coupling coefficients.
The choice of c is crucial in determining the physical dimen-
sions of a second quadratic invariant postulated by the model.
For c < 0, the invariant is not positive definite, and selecting
c = − 1

2 assigns it the same physical dimensions as helicity
H (t ) = ∑N

n=0(−1)n|un(t )|2kn, which is indeed conserved in
the three-dimensional (3D) Euler equations.

Other quantities of interest, which will be employed in
subsequent analyses, are the structure functions. These are
defined as

Sp(kn) = 〈|un|p〉T . (4)

In the inertial range they exhibit behavior Sp(kn) ∝ k−ζ (p)
n ,

with the exponents ζ (p) remarkably close to those measured
in Navier-Stokes turbulence [15,32], but “anomalous” in the
sense they deviate from the Kolmogorov prediction (1941)
[12] ζ (p) = p/3. The power law dependence highlights the
multiscale character of the energy cascade and the presence of
multiple characteristic timescales [Figs. 1(a) and 1(b)], which
can be estimated as

τn = 1

kn

√
〈|un|2〉T

. (5)

Finally, the instantaneous energy flux up to the nth scale is
given by

�n = 	[a kn+1u∗
nu∗

n+1un+2 − c knu∗
n−1u∗

nun+1]. (6)

With this convention for the flux definition, the combination
of the two consecutive triads u∗

nu∗
n+1un+2 and u∗

n−1u∗
nun+1 rep-

resents rate of energy transferred within the spectral sphere up
to the nth shell.

We close this section mentioning that even though shell
models may seem a simplification of 3D turbulent flows, in
particular for the absence of a spatial structures, they preserve
the multiscale character of turbulence with the presence of
many characteristic times, which is one of the main diffi-
culty when facing with predictability problems in turbulent
flows. They represent a unique test bed where DA tools can
be checked on fluid-like systems spanning many decades in
frequencies and with strong non-Gaussians fluctuations [see
Fig. 1(c)].

III. ENSEMBLE KALMAN FILTER FOR SYSTEMS
WITHOUT CIRCULAR SYMMETRY

In addition to being inherently nonlinear, shell models ex-
hibit scale-dependent statistics, being approximately Gaussian
at large scales but increasingly non-Gaussian with heavy tails
at smaller ones. This variability requires a filtering method
that is robust to deviations from Gaussianity. Among the avail-
able weakly nonlinear ensemble Kalman filtering approaches,
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FIG. 2. The ensemble (blue lines) starts as a prior distribution around the ground truth (black line) for both an observed variable Û ( j)
m

(red dots: measurements Zm) and an unobserved one Û ( j)
n . Only two variables and L = 4 ensemble members are shown. Due to chaotic

divergence, the ensemble spread increases over time. At each assimilation step, measurements are incorporated to produce the posterior Ũ ( j)
m

(green circles), which serves as the initial condition for the next cycle. The Kalman update propagates observational information to unmeasured
variables, reducing their uncertainty as well.

we adopt the stochastic variant in which each ensemble mem-
ber assimilates a perturbed version of the observations [33].
In the stochastic EnKF, perturbations for the observations
are drawn from the same Gaussian distribution assumed to
describe the observational error. This choice mitigates the
collapse of the analysis members onto the observations with
consequent reduction of spread, the underestimation of the
posterior covariance [8,33], and the impact of outliers [34].
We thus consider the stochastic EnKF to be particularly well-
suited to the multiscale statistical structure of shell models.

The Ensemble Kalman Filter operates by propa-
gating an ensemble of model realizations, denoted
{û(1), û(2), . . . , û(L)} ∈ CN×L, where N is the number of
shells and L is the number of ensemble members. In a
Bayesian framework, these ensemble members represent
samples from the prior distribution of the system state
[35]. When new observations become available, the EnKF
performs an analysis step that updates the prior ensemble to
incorporate the observational information. This update uses
empirical covariances computed from the ensemble to spread
the influence of observed variables to unobserved ones. The
result is a new set of ensemble members that approximate
samples from the posterior distribution, i.e., the updated belief
about the system state after assimilating the data. Although
this update is formally linear, it is applied to ensemble
members that have evolved under the nonlinear dynamics of
the system. Consequently, the EnKF captures some nonlinear
behavior and is thus considered a quasi-nonlinear or weakly
nonlinear data-assimilation method.

A pivotal concern lies in selecting a covariance struc-
ture that faithfully captures the behavior of the system. For
complex-valued variables, the complex covariance matrix
�̂C = 〈(û − 〈û〉L )(û − 〈û〉L )†〉L (where † denotes conjugate
transpose and 〈·〉L the ensemble average) encodes second-
order statistics and the full signal power through its diagonal

entries. However, �̂C fully characterizes the statistics only
under circular symmetry, i.e., invariance under global phase
shifts un 
→ uneiθ for all θ ∈ [0, 2π ] [36]. When circular
symmetry breaks, phase correlations emerge and complex
covariance must be complemented by the pseudo-covariance
matrix �̂p = 〈(û − 〈û〉L )(û − 〈û〉L )T 〉L, where “T” denotes
matrix transposition. In shell models, the constraint (3)
induces nontrivial phase correlations, preventing the pseudo-
covariance elements (
̂p)nm from vanishing for all n, m.

To correctly handle these correlations, we introduce
the real extended covariance matrix �̂ = 〈(Û − 〈Û〉L )(Û −
〈Û〉L )T 〉L, where Û = (�(û), 	(û)) ∈ R2N . This representa-
tion retains both amplitude and phase information indepen-
dently of any symmetry assumptions and takes the form

�̂ =
[
�(�̂C + �̂p) −	(�̂C − �̂p)

	(�̂C + �̂p) �(�̂C − �̂p)

]
, (7)

which is symmetric due to the Hermitian property of �̂C , and

positive definite as Û
�
�̂Û � 0. Accordingly, both the system

state and any operator must conform dimensionally to this 2N-
dimensional real representation.

The ground-truth state U (t ) is approximated by an ensem-
ble of prior estimates {Û (1)

, Û
(2)

, . . . , Û
(L)} ⊂ R2N (the prior

guess, shown in Fig. 2), each evolving independently under
the same nonlinear dynamics (perfect-model scenario), given
by Eq. (1) expressed in real-valued form. The ensemble is
advanced to the next observation time, tobs = t + �tobs, when
a new set of measurements Z(tobs) ∈ R2M (with M � N) of
the ground-truth state U (tobs) becomes available (indicated as
a red dot in Fig. 2):

Z(tobs) = HU (tobs) + ξ(tobs), ξ(tobs) ∼ N (0, R). (8)
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The linear observation operator H ∈ R2M×2N is a selection
matrix containing only 0s and 1s, used to extract the mea-
sured variables (real or imaginary parts of the shells), and
ξ(tobs) denotes the measurement noise. The observation error
covariance matrix R ∈ R2M×2M is generally time-dependent.
However, in our experiment, it is assumed to be diagonal and
time independent (see Sec. IV A).

To assimilate the measurements, we apply the stochastic
EnKF update [37], where the observations are perturbed by
independent realizations V ( j)(tobs) ∼ N (0, R). The posterior
ensemble is updated according to

Ũ
( j)

(tobs) = Û
( j)

(tobs) + K(tobs)[Z(tobs) − HÛ
( j)

(tobs)

−V ( j)(tobs)], (9)

with j = 1, . . . , L. This analysis step provides the updated
posterior variable (denoted by ∼) as a linear combination of
the prior (denoted by ^) and the measurements Z of the ground
truth. The Kalman gain K(tobs) ∈ R2N×2M is computed as [8]

K(tobs) = �̂(tobs) HT (H�̂(tobs)HT + R)−1, (10)

and the prior covariance matrix �̂(tobs) is estimated from the
ensemble via

�̂(tobs) = 1

L − 1

L∑
j=1

[Û
( j) − μ̂][Û

( j) − μ̂]T , (11)

where μ̂ = 1
L

∑L
j=1 Û

( j)
is the prior ensemble mean.

Each element Knm of the Kalman gain quantifies the im-
pact of the mth observed component on the correction of
the nth state variable. Specifically, the correction applied to
Û ( j)

n is given by Knm[Z − HÛ
( j) − V ( j)]m, where the Einstein

summation convention is implied over repeated indices. This
formulation ensures that measurement information is spread
across all components proportionally to their statistical corre-
lations.

The posterior ensemble moves closer to the observations
when R is small and remains near the prior when �̂(tobs)
is small. For Gaussian errors and linear observations of the
forecast model, the Kalman gain optimally balances these
contributions by minimizing the trace of posterior covariance
�̃, satisfying ∂ tr(�̃)/∂K = 0 [16]. Stochastic perturbations
V ( j) ensure that the updated ensemble remains a consistent
sample of the filtering distribution: specifically, they avoid
underestimating the “theoretical” posterior covariance [33].
The posterior covariance is then obtained recursively as in the
Kalman filter update according to �̃(tobs) = (I − KH )�̂(tobs),
from where we see that its determinant is bound to be smaller
or equal to one, reflecting a reduction of uncertainty. The
posterior ensemble is obtained directly, member-by-member,
by executing Eq. (9) (green circles in Fig. 2). The EnKF thus
solves sequentially, likewise the Kalman filter [38], the state-
estimation problem, by alternating the forecast (prior) and the
analysis (posterior) steps, until the onset of the saturation
regime, where the ensemble mean has likely converged near
to the true state. A schematic illustration of the functioning of
the EnKF is provided in Fig. 2.

A. Scale-aware inflation strategy

As a Monte Carlo-based method, EnKF is inherently prone
to instability issues due to sampling errors. These arise from
the inevitable limited number of ensemble members in com-
parison to what is needed to properly describe the system’s
effective degrees of freedom [7]. For Gaussian and linear sys-
tems, the skill of stochastic EnKF monotonically converges
to the ideal KF in the limit of an infinitely large ensemble.
The minimum number of members required for satisfactory
performance and computational affordability depends on the
model-and- observational scenarios, as well as on the type of
EnKF. For chaotic dynamics, in principle, there is a relation
with the number of unstable modes of dynamics [9]. When the
ensemble size is small, the estimated covariance matrix tends
to contain spurious correlations, typically manifesting as un-
derestimated variances and overestimated cross-correlations
at large distance. While the latter are usually understood
in physical space, the same is often the case also in spec-
tral domain, whereby the actual correlation between scales
and frequencies decreases with the frequency gap, while the
ensemble-based correlations do not decrease similarly fast or
not at all. These artificial, nonphysical correlations pose a
serious problem: when a new observation is assimilated, the
update step may inadvertently modify variables that should
remain unaffected, excessively reducing their associated error
variance. In the next assimilation cycle, the ensemble spread
becomes so narrow that even small, incorrect adjustments
can propagate across unrelated variables. The EnKF assigns
insufficient weight to incoming observations, leading to fil-
ter divergence, which is particularly problematic in chaotic
systems [39]. The resulting error perturbations increase the
stiffness of the system and can ultimately cause catastrophic
divergence, a finite-time numerical blow-up of the forecast
[17]. The indisputable success of EnKF methods in high-
dimension chaotic systems is also related to the development
of a plethora of approaches, and ad-hoc fixes, to counteract the
effect of the sampling error. These efforts can all be framed
under two algorithmic solutions: localization and inflation
[7,8,16]. Localization consists in restricting the effect of the
analysis update to the vicinity (or local domain) of each obser-
vation and is a widely used and often indispensable technique
in medium- to large-scale systems. The size of the localization
domain is usually chosen based on practical arguments and
may require numerical tuning, although recent studies have
introduced scale-dependent localization approaches [40,41].
In the shell model, the energy cascade is inherently local, with
interactions occurring primarily between neighboring scales.
This makes it natural to impose a tridiagonal structure on the
covariance matrix as a form of spectral localization. However,
our experiments reveal that such localization—either in the
form of a tridiagonal approximation or of a stricter spectral
correlation cutoff—while successful in eliminating spurious
correlations due to sampling error, leads to physically imbal-
anced analyses causing larger forecast errors. We therefore
omit using localization and instead shall demonstrate that
an appropriate inflation strategy will suffice. We introduce a
novel scale-aware inflation approach that mitigates the effects
of undersampling without sacrificing physical consistency.
Inflation consists of artificially increasing the ensemble-based
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error covariance [19], and is usually performed in two alter-
native ways, additive or multiplicative [7]. It can be applied
to either the forecast (prior) or the analysis (posterior) er-
ror covariance, with different effects. In additive inflation, a
random term is added to each ensemble member to maintain
the diversity and the spread of the ensemble. In multiplicative
inflation, the ensemble-based error covariance, either prior or
posterior, is inflated by a scalar factor. This inflates the en-
semble variance by rescaling each posterior ensemble member
around the mean as

gn(t )Ũn + (1 − gn(t ))μ̃n → Ũn, (12)

where μ̃n is the posterior mean and gn(t ) � 1 is the inflation
coefficient. This transformation increases the dispersion of
the ensemble around the mean and rescales the covariance
element 
̃nm to gngm
̃nm. Sacher and Bartello [18] showed
that the sampling error in the Kalman gain estimate tends to
scale directly proportional to the magnitude of the gain itself.
This implies that larger corrections from observations require
stronger inflation to maintain stability. It is therefore desirable
to inflate the ensemble more in regions where observations
exert a stronger influence. Motivated by this, we propose a
scale-aware inflation scheme, where the spread reduction is
compensated by

gn(t ) = max

(
1, 1 + λ


̂nn − 
̃nn


̂nn

)
, (13)

with 
̂nn and 
̃nn denoting the prior and posterior variances,
respectively, and λ ∈ R+ the inflation strength, which is a
hyperparameter to be tuned. This formulation is inspired by
the original work of Zhang et al. [42], which used a simi-
lar expression but normalized by the posterior variance 
̃nn

instead of 
̂nn. Since, statistically, 〈
̂nn〉T � 〈
̃nn〉T , our ver-
sion yields a smaller inflation coefficient for the same spread
variation and λ, resulting in a less aggressive inflation. The
choice of the parameter λ is dependent on the system and must
be carefully tuned to ensure effective assimilation. Although
our inflation strategy is scale-sensitive, tuning λ adds com-
putational cost. A detailed analysis of its effect on analysis
statistics, filter stability, and comparison with other techniques
lies beyond the scope of this work. However, even with exten-
sive adjustment of λ, the proposed inflation strategy turns out
to be very successful. It has been effective in stabilizing the as-
similation process and in substantially reducing the minimum
ensemble size needed to achieve satisfactorily performance
and avoid filter divergence. Further and dedicated develop-
ments of the proposed scale-aware inflation method will be
the content of follow-up works.

Numerical details on inflation prefactor λ used are pro-
vided in Appendix B.

IV. NUMERICAL SETUP

We replicate numerically the experimental scenario in
which measurements are only available for the mesoscale (i.e.,
inertial range scales), which in principle are more accessible
to mesuraments. The goal is to study the feasibility and capa-
bility of EnKF to infer simultaneously, based solely on these
mesoscale measurements, the large- and the small-intermittent

scale variables. The latter are usually very difficult or even
impossible to measure in real applications.

In this study, we work under the perfect-model setting,
implying that the Sabra shell model used as ground truth, and
from which synthetic data are extracted, is the same as the
model used to assimilate such data. The prediction error arises
only from imperfect initial conditions. The model parameters
are set to (a, b, c) = (1,−0.5,−0.5), with the number of
shells N = 20, viscosity ν = 10−6, and time step dt = 10−5.
A constant forcing term, fn = (1 + i)δn0 (δn0 is the Kronecker
symbol), is applied exclusively to the first shell. The selection
of these parameters ensures the stability of the numerical
solver as detailed in Appendix A.

Since both the ensemble and the ground-truth solution
evolve under the same governing equations, the setup consti-
tutes a twin experiment in DA jargon. Initial conditions’ errors
are (generally) amplified because of the chaotic nature of the
underlying dynamics. To ensure that the initial conditions for
the ground truth, u, are sampled from the system attractor,
that is they are statistically consistent with the system dy-
namics, a preliminary spin-up integration is carried out over
a sufficiently long time interval, over many turnover times τ0

of the first-forced shell [Eq. (5)]. This guarantees that we as-
similate data from a regime characterized by well-established
statistical properties. For EnKF, a larger initial spread allows
the ensemble to explore a wider region of the state space,
making it more compatible with the first observation to be
assimilated and thereby improving filter stability. This also
helps mitigating EnKF-specific instabilities and can reduce
the need for artificial inflation. To achieve this, the ensemble
is freely evolved for 10τ0 before assimilation begins. During
this spin-up phase, chaotic dynamics naturally increases the
ensemble spread, although it may also reduce the individual
member diversity by making them align along the most un-
stable modes. Since chaotic systems rapidly lose memory of
their initial conditions, the specific form of the initialization
becomes irrelevant and can therefore be chosen as

û( j)
n (t0) =

√
|un(t0)|2[cos

(
φ( j)

n

) + i sin
(
φ( j)

n

)]
, (14)

where the phases φ
( j)
n are independent random variables uni-

formly chosen in [0, 2π ]. This approach ensures dynamical
balance within the ensemble and promotes the emergence of
physically meaningful multivariate correlations [11].

A. Measurement errors

Both the real and imaginary parts of each measured
shell are observed simultaneously, with independent Gaussian
noise drawn from N (0, R), where the covariance matrix R is
defined as

Rmn = δmn(0.05)2〈|u�m/2�|2〉T , (15)

with m, n = 0, . . . , 2N − 1 indexing the measured compo-
nents of the extended state vector, and �·� denoting the floor
function. This formulation ensures that both the real and imag-
inary components are measured with the same error variance,
proportional to the energy of the corresponding shell. Notice
that the error, chosen to be 5% of the standard deviation of the
measured variables, is relatively large when compared to the
large-scale variability, where the statistics are approximately
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Gaussian, and very small at small scales, where energy fluctu-
ations for each shell can easily reach 8-10 times the standard
deviation [see Fig. 1(c)].

The diagonal structure of R reflects the assumption that
measurement errors across different shells are independent,
implying that the observation process does not introduce
cross-scale error correlations. The same structure is used for
the perturbation noise required by the EnKF procedure.

B. Evaluation metrics

To evaluate the effectiveness of the DA method in recov-
ering the ground-truth signal, we compute the mean-squared
errors (MSEs) averaged in time and, when applicable, over the
ensemble. To this end, we define the temporal average over NT

analysis steps as 〈·〉T = 1
NT

∑NT
tk=1(·), and the ensemble aver-

age over L members as 〈·〉L = 1
L

∑L
j=1(·). Their combination

yields the joint average 〈·〉T,L = 〈〈·〉L〉T , used to define the
MSE at the nth shell:

En = 〈|un − ũn|2〉T,L, (16)

where ũn is the assimilated variable (posterior). In the case
of a single estimate, such as for the ground truth or nudging,
the ensemble average is dropped, and only the time average
is applied. The total number of time steps NT depends on the
observation frequency, as detailed in the results section.

A second diagnostic concerns the energy flux [Eq. (6)],
based on the triadic interaction un−1unu∗

n+1, with the error
defined as

E�
n = 〈|un−1unu∗

n+1 − ũn−1ũnũ∗
n+1|2〉T,L. (17)

We also define the average ground-truth and ensemble power
spectra energies as

En = 〈|un|2〉T , Ẽn = 〈|ũn|2〉T,L, (18)

and the corresponding triadic terms entering in the energy flux
as �n = 〈|un−1unu∗

n+1|2〉T , �̃n = 〈|ũn−1ũnũ∗
n+1|2〉T,L, allowing

us to normalize the MSEs as En/
√

ẼnEn and E�
n /

√
�̃n�n.

Since the result may vary with different ground-truth re-
alizations, we performed Nexp = 16 independent runs and
reported the final errors as the average between maximum and
minimum between experiments. For example, the normalized
MSE is given by

| maxNexp (En/
√

ẼnEn) + minNexp (En/
√

ẼnEn)|
2

±| maxNexp (En/
√

ẼnEn) − minNexp (En/
√

ẼnEn)|
2

, (19)

where the second term represents the error bar, capturing
the variability between experiments. With a slight abuse of
notation, we shall continue to denote all diagnostic quantities
introduced above—including the energies En, Ẽn, the errors
En, E�

n , and their normalized counterparts—by the same sym-
bols, even though they are implicitly averaged over the set of
independent experiments, as just described.

V. ENSEMBLE KALMAN FILTER RESULTS

The shell model is a multiscale system in which progres-
sively smaller and faster scales are characterized by their
respective turnover times τn. This naturally raises the question
of whether there exists an optimal assimilation window, i.e.,
the time interval between consecutive measurements �tobs,
such that setting �tobs = τn minimizes reconstruction errors
not only on the observed scales but also on neighboring ones,
while preserving the statistical properties of the system. A sec-
ond key question is how the performance of data assimilation
depends on the specific set of shells being observed. In the
following two subsections, we address these questions.

In our parameter setting, the turnover time of the slow-
est scale is τ0 ≈ 0.5, while at the fastest dissipative cutoff
scale, it decreases to approximately τ15 = 0.002τ0 = 100dt .
Sampling at these respective rates (that is, using �tobs = τn)
provides discrete or (quasi-) continuous-time information on
inertial range dynamics.

In the first set of experiments, observations are taken from
shells n = 6, 7, 8, using an observation interval of �tobs = τ15

and an ensemble size of L = 1000 members. Figure 3(a)
provides a qualitative overview of the assimilation perfor-
mance, showing the temporal evolution of the EnKF-based
estimates for shells n = 1, 6, and 13. The ensemble esti-
mates are continuously updated across all scales, rapidly
synchronizing the directly observed u6 (middle panel), whose
ensemble spread quickly converges within the measurement
error bounds. Dynamical correlations also enable full syn-
chronization of distant, unobserved shells such as fast u13

and u1, albeit with a slight delay. With real-part synchroniza-
tion already established [Fig. 3(b)], the narrow probability
density function (PDF) of θ − θ̃ [Fig. 3(c)] completes the
reconstruction picture by confirming phase alignment, which
in turn implies synchronization of the imaginary components
as well.In Fig. 4, we summarize the main quantitative re-
sults of this first DA experiment. First, note that the EnKF
accurately reproduces the statistical properties of the ground
truth, as evidenced in Fig. 4(a) by the perfect overlap between
the ground-truth energy spectrum En and its EnKF-based
estimate Ẽn.

More interestingly, the instantaneous reconstruction is also
reasonably accurate [Fig. 4(a)]. This is assessed by comparing
the energy spectrum En with the reconstruction �2-error En, as
defined in Eq. (16). As shown, the reconstruction is nearly per-
fect on the observed shells (gray region), and remains highly
accurate for all slower shells (n < 6). For faster scales, good
reconstruction is achieved up to n = 16, where En < En, while
at higher shell numbers (n � 17), the reconstruction becomes
purely statistical with En ≈ 2En. The quality of the instanta-
neous reconstruction is further quantified in Fig. 4(b), where
we plot the dimensionless �2-error En/

√
EnẼn, normalized by

the energy spectra of the ground truth and assimilated fields
[Eq. (18)]. Complete synchronization with the ground truth,
i.e., a practically vanishing normalized error, is achieved up to
the fastest observed shell (n = 8), followed by a partially syn-
chronized range (9 � n � 16). Figures 4(c) and 4(d) provide
a qualitative overview of the time-dependent performance
of data assimilation, showing both the normalized energy,
k2/3

n |un|2, and the energy flux, �n [see Eq. (6)], up to the
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FIG. 3. (a) Real parts of the velocity components for shells n = 1, 6, and 13 from an experiment where u6, u7, and u8 are measured
with observation interval �tobs = τ15 = 0.002τ0. The figure displays the full ensemble (light blue), its mean (solid blue line), and the ground
truth (solid black line), over a total experiment duration of 20τ0. (b) Probability density function (PDF) of the normalized real-part error,

�(un−ũn )2√
〈�(un )2〉T

√
〈�(ũn )2〉T

, and (c) PDF of the phase difference, θn − θ̃n, shown for all ensemble members (shaded area) and their mean (blue line)

for the selected shells. The PDFs in panels (b) and (c) are computed by collecting data only after the transient phase—i.e., after saturation is
reached [as indicated by the red vertical line in panel (a)]—and up to the end of the 20τ0 experiment. The light-green shaded zone highlights
the time window 12 � t/τ0 � 14 detailed in Figs. 4(a) and 4(b).

last inertial shell (n = 13), over a time window encompassing
several energy bursts propagating from large to small scales.
The left, central, and right panels, respectively, display the
ground-truth quantity, a randomly selected ensemble member,
and their pointwise difference. A key observation is that, al-
though the presence of dark halos for 1 � n � 8 [third column
of Fig. 4(c)] confirms the accurate instantaneous tracking
of both measured and large-scale dynamics, the most pro-
nounced desynchronization events—evident in the same panel
and even more so in the highly intermittent flux shown in
Fig. 4(d)—are strongly correlated with intense energy bursts,
predicted with high temporal fidelity but limited magnitude
accuracy.

Overall, the results are highly encouraging: the EnKF
provides excellent reconstruction, even for unobserved slow
scales, provided that sufficiently frequent observations are
available at mesoscales. To analyze this further, Fig. 5(a)
focuses on shell n = 13, which, while still within the inertial
range, lies very close to the dissipative scales (n � 15). This
makes it one of the most challenging shells to assimilate, due
to its strongly non-Gaussian and intermittent behavior (see the
lower panel of Fig. 3). The scatter plot of the mean-squared
error 〈|u13 − ũ13|2〉L confirms a good reconstruction in most
realizations, as most points fall below the statistical base-
line represented by the black line at 〈|u13 − ũ13|2〉L = 2|u13|2.
This threshold corresponds to a situation where the ensemble

reproduces the correct energy 〈|ũ13|2〉L = |u13|2, but lacks cor-
relation with the instantaneous truth, i.e., there is no effective
assimilation. A more detailed view is provided in Fig. 5(b),
which shows box plots of the ensemble errors |u13 − ũ( j)

13 |2
for five different amplitude levels of |u13|. The near over-
lap between the mean and median values suggests that the
ensemble error distribution is nearly symmetric and is not
significantly affected by outliers. These findings are consistent
with the lower panel of Fig. 3(a), where the ensemble is seen
to symmetrically span the true value. For example, for states
with �(u13) > 0, the ensemble members include values with
�(ũ( j)

13 ) < 0. This behavior confirms that an ensemble size of
L = 1000 is sufficient to sample the relevant statistical space
of the system.

In the following two subsections, we systematically inves-
tigate the role of �tobs and the choice of measured shells
on both the statistical and instantaneous synchronization pro-
cesses.

A. Performance against measurements frequency

Figure 6(a) shows that varying the observation interval
�tobs within the range τ15 � �tobs � τ4 does not substantially
affect the ability of the EnKF to recover the statistical shape
of the ground-truth energy spectrum En = 〈|un|2〉T through
its estimate Ẽn = 〈|ũn|2〉T,L. The inset indicates how the
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FIG. 4. (a) Ground-truth energy spectrum En = 〈|un|2〉T , EnKF estimate Ẽn = 〈|ũn|2〉T,L , and �2-error En = 〈|un − ũn|2〉T,L . The gray shaded
area highlights the observed shells, while the vertical solid line marks the scale for which the turnover time matches the observation interval,
τ15 = �tobs. (b) Normalized error En/

√
EnẼn, with the dashed line indicating the scale beyond which statistical consistency (En = Ẽn) is

maintained, but the EnKF no longer achieves effective reconstruction. All quantities in panels (a) and (b), including error bars, are averaged
over Nexp = 16 independent experiments, as described in Sec. IV. (c) Normalized energy evolution for inertial-range scales during the stationary
synchronization regime [12 � t/τ0 � 14; see light-green shaded region in Fig. 3(a)]. Shown are the ground-truth values |un|2k2/3

n (left), one
randomly selected posterior ensemble member |ũn|2k2/3

n (middle), and their difference (right). Red vertical lines indicate the measured shells
(n = 6, 7, and 8). (d) Cumulative instantaneous energy flux evolution over the same stationary synchronization regime, shown for the ground
truth (left), one randomly selected posterior ensemble member (middle), and their difference (right).

selected values of �tobs relate to the turnover times of the
various shells. However, differences arise when examining
the instantaneous reconstruction through the normalized error
En/

√
EnẼn, as shown in Fig. 6(b). Discrepancies begin to ap-

pear on unmeasured shells as soon as the observation interval
exceeds the turnover time of shell n = 9, i.e., when �tobs >

τ9. This metric, introduced in Sec. IV, is compared with a
baseline value of 2 (dashed horizontal line), which denotes
the threshold above which assimilation no longer produces an
effective correction toward the ground truth. Only scales with
normalized error below 2 can be successfully assimilated.

Figure 6(c) further supports these findings by displaying
the instantaneous reconstruction of the energy flux across
scales. It shows that reducing the measurement frequency
(that is, increasing �tobs) perturbs the cascade and disrupts
flux synchronization, as captured by the flux error metric
E�

n /
√

�n�̃n (see Sec. IV B). In this regime, the assimilation
updates act effectively as an external forcing, disturbing both
the measured shells and their neighbors, and leading to the
formation of an energy bottleneck within the cascade (see also
the discussion in the next subsection).

We note that since the ensemble is updated only at discrete
measurement times, the number of posterior estimates is di-
rectly proportional to the length of the assimilation window

�tobs; shorter windows naturally provide more data points for
averaging. After the start of the assimilation experiment, a
transient period of T = 10τ0 is used to allow the ensemble
to reach a statistically steady state (and, when applicable,
to synchronize with the ground truth) before the averaging
begins. As a result, all computed averages reflect stationary
conditions for both the ensemble and the ground truth, and
the associated error bars inherently account for uncertainties
related to the varying number of available samples.

The magnitude of the error bars also reflects the sensitivity
to the inflation factor (as discussed in Sec. III A) used for
stabilization. For example, the curve corresponding to τ7 in
Fig. 6(b) exhibits a pronounced increase in error-bar length,
estimated as in Eq. (19), at scales beyond those directly ob-
served, signaling that assimilation was less stable in those
cases. This pattern aligns with the theoretical insights of
Gottwald and Majda [17], who showed that the stability of
the filter critically depends on the observation interval �tobs.
Specifically, when observations are too frequent relative to the
relaxation rate toward the attractor, the forecast step is too
short for the model dynamics to evolve to overly constrained
and potentially unrealistic states. Conversely, when observa-
tions are too sparse, the ensemble can spread sufficiently to
capture the attractor structure. In other words, while filter di-
vergence is unlikely at either extreme (very small or very large
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FIG. 5. (a) Scatter plot of the mean errors 〈|u13 − ũ13|2〉L ver-
sus the energy |u13|2 at scale n = 13, including the statistical
independence baseline given by 〈|u13 − ũ13|2〉L = 2|u13|2, and five
highlighted specific cases. Colored vertical lines through each point
illustrate the full distribution of ensemble errors |un − ũ( j)

n |2, provid-
ing insight into variability around the mean value. (b) Box plots
for the highlighted points in panel (a). In each box plot, the box
spans the interquartile range (from the 25th to the 75th percentile),
with the horizontal line inside indicating the median. The vertical
whiskers extend to the next percentiles (representing the 10th and
90th percentiles, or the most extreme nonoutlier values), while black
dots denote outliers. The results shown in these panels were collected
from an experiment lasting 20τ0.

�tobs) there exists an intermediate regime where the ensemble
may be neither sufficiently constrained by observations nor
sufficiently dispersed to maintain dynamical consistency, re-
sulting in degraded performance and potential divergence.

The total errors are summarized in Table I by summing the
errors from the first scale (excluding the forced one) up to
the dissipative cutoff at scale 15: E = ∑15

n=1 En/
√

ẼnEn and

E� = ∑15
n=1 E�

n /
√

�̃n�n. A similar procedure is applied to
the error bars to obtain the total uncertainties �E and �E�.
Furthermore, the last column of Table I reports the number
of independent assimilation experiments (of Nexp = 16) that

required the correct adjustment of the inflation strength factor
λ, as defined in Eq. (13).

The combined analysis of Table I and Fig. 6(b) leads to
the conclusion that there exists a measurement frequency
threshold that enables synchronization of all scales slower
than those directly observed, provided that the measurement
frequency exceeds the turnover time of the fastest measured
shell. Specifically, measurements at τ9 yield complete syn-
chronization of all larger scales.

B. Measured scale schemes

In this work we perform a systematic investigation of how
the choice of measured scales affects both statistical and in-
stantaneous DA reconstruction, as well as cascading energy
transfer. After establishing a synchronization threshold based
on observation sparseness �tobs, we fix it to τ15 (the turnover
time of the dissipative scale), which so far has ensured the
best assimilation performance, and vary the set of measured
shells to assess its impact. A central finding is that measuring
two adjacent shells within the inertial range, such as shells 6
and 7, suffices to achieve full synchronization of the large-
scale dynamics [Fig. 7(b)]. Adding a third measurement (e.g.,
shells 6, 7, and 8) only assimilates an additional fast scale
without significantly enhancing synchronization. In contrast,
measuring a single shell (e.g., shell 6) fails to synchronize the
inertial range and disrupts the energy cascade. This disruption
arises from the structure of the energy flux, which is mediated
through triadic couplings involving terms such as u∗

nu∗
n+1un+2

and u∗
n−1u∗

nun+1. An inadequate reconstruction of these non-
linear interactions leads to bottlenecks, blocking the transfer
of energy from the forced scales and causing its accumulation
in the shells immediately preceding the measured one [see
Fig. 7(a)]. Contiguity between measured shells is therefore
critical: adjacent measurements fully constrain the local flux,
ensuring seamless energy transfer across scales.

Measurement of three nonconsecutive shells, such as 6–9–
10 or 6–11–12 [Figs. 7(b) and 7(c)], substantially improves
the assimilation of faster scales (see Table II), even beyond
the dissipative range, without adverse effects due to gaps.
However, excluding a large- or mesoscale shell severely desta-
bilizes the EnKF scheme: configurations measuring only fast
scales (e.g., shells 11–12 or 13–14) exhibit blow-up in over
90% of cases. This instability cannot be suppressed by in-
flation alone and would require prohibitive ensemble sizes or
more sophisticated techniques, which are beyond the scope of
this work.

The origin of this instability can be clarified by considering
the simpler case where only a single shell is measured, case
where the EnKF update reduces to

Ũ ( j)
n = Û ( j)

n + σnm

σ 2
mm + σ 2

[
Zm − Û ( j)

m − V ( j)
]
, (20)

where σ 2 is the variance of the observation error, σ 2
mm the

variance of the measured shell, and σmn the cross-correlation
with the shell n. When fast scales are measured, σ 2 grows with
〈|um|2〉T , and burst events amplify the innovation term, lead-
ing to excessively large corrections that inject energy forward
and backward throughout the cascade, ultimately destabilizing
the ensemble.

024208-10



MULTISCALE DATA ASSIMILATION IN TURBULENT … PHYSICAL REVIEW E 113, 024208 (2026)

FIG. 6. (a) Ground-truth energy En = 〈|un|2〉T (black dots beneath the colored points) and estimated energy Ẽn = 〈|ũn|2〉T,L for different
assimilation windows �tobs. The inset shows the corrispondence with scale turnover times τn. The gray shaded area highlights the measured
scales 6, 7, and 8. (b) Synchronization error En [Eq. (16)] normalized with energies, for various observation frequencies, with a horizontal
dashed line indicating the baseline for statistical independence on nonassimilated scales. (c) Flux-based error E�

n [Eq. (17)] normalized (see
Sec. IV B for details on normalization). All quantities displayed (including error bars) are averaged over Nexp = 16 experiments, as described
in Sec. IV B.

This instability can be mitigated by also measuring a large-
or mesoscale shell: for instance, adding shell 6 reduces the
blow-up rate from ∼90% to ∼13%, with further stabilization
achieved by appropriately tuning the inflation factor λ (see
Sec. III A for explanations). Measuring a large- or mesoscale
shell promotes the synchronization of traveling bursts origi-
nating from large scales and enhances the overall stability of
the DA process, consistently with theoretical results for dissi-
pative systems, where a finite number of determining modes
suffices to control long-term dynamics [43,44], and, for ex-
ample, in the Navier–Stokes context, measuring continuously
up to k = 0.2kη (where kη is the dissipative wave number)
enables the recovery of small-scale dynamics independently
of the DA method used [45–47].

All the results presented in this section are summarized in
Table II by summing the errors from the first scale (exclud-
ing the forced one) up to the dissipative cutoff at scale 15:

TABLE I. The total error is computed by summing the normal-
ized errors from the first scale n = 1 (excluding the forced one) up
to the dissipative cutoff at scale n = 15: E = ∑15

n=1 En/
√

ẼnEn and

E� = ∑15
n=1 E�

n /
√

�̃n�n. A similar summation is applied to the error
bars to obtain �E and �E�. Details on the number of experiments
(of Nexp = 16) that required proper tuning of the inflation strength
factor are also provided.

6, 7, 8 E ± �E E� ± �E� Ninflation

�tobs = τ15 = 0.002τ0 4.85 ± 0.26 5.11 ± 0.85 1
�tobs = τ9 = 0.02τ0 7.75 ± 0.17 8.13 ± 0.98 1
�tobs = τ8 = 0.04τ0 9.10 ± 0.69 10.07 ± 3.21 6
�tobs = τ7 = 0.06τ0 14.68 ± 3.90 17.76 ± 8.35 8
�tobs = τ6 = 0.1τ0 22.44 ± 1.14 27.89 ± 5.20 0
�tobs = τ4 = 0.2τ0 23.73 ± 0.50 29.49 ± 4.23 0

E = ∑15
n=1 En/

√
ẼnEn and E� = ∑15

n=1 E�
n /

√
�̃n�n. A simi-

lar procedure is applied to the error bars to obtain the total
uncertainties �E and �E�, consistently following standard
rules for the propagation of experimental errors. In addition,
detailed information is provided on the number of experiments
(of Nexp = 16) that required the appropriate adjustment of the
inflation strength factor λ (see Sec. III A).

VI. COMPARISONS WITH NUDGING

Nudging acts as a Newtonian relaxation process, wherein
the system state estimate ũ is gradually pulled toward the mea-
surements z by introducing a feedback term into the governing
equations:(

d

dt
+ νk2

n

)
ũn(t ) = Gn[u] + fn + αnδnm[Tn(z, t ) − ũn(t )],

(21)
where αn controls the feedback strength, and δnm ensures cor-
rections are applied only to the observed variables m (details
on the integration scheme used for Eq. (21) are provided in
Appendix A). Larger αn values accelerate convergence but
can amplify noise, whereas smaller values produce smoother
corrections, which is particularly advantageous in noisy sce-
narios.

Given that measurements are not available at every time
step, a continuous linear interpolation Tn(z, t ) is introduced:

Tn(z, t ) = (tk+1 − t )zn(tk ) + (t − tk )zn(tk+1)

tk+1 − tk
, (22)

where zn(tk ) = un(tk ) + εn(tk ) and zn(tk+1) = un(tk+1) +
εn(tk+1) are the ground-truth measurements at times
tk and tk+1, respectively. The terms εn(tk ) and εn(tk+1)
are independent measurement errors drawn from a
complex zero-mean Gaussian distribution, with covariance
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FIG. 7. (a) Ground-truth energy En = 〈|un|2〉T (black dots beneath the colored points) and estimated energy Ẽn = 〈|ũn|2〉T,L for different
sets of measured shells; the vertical solid line indicates the shell turnover time associated with the assimilation window �tobs. (b) Synchro-
nization error En [Eq. (16)] normalized with energies, with a horizontal dashed line indicating the baseline for statistical independence on
nonassimilated scales. (c) Flux-based error E�

n [Eq. (17)] normalized (see Sec. IV B for details on normalization). All quantities displayed
(including error bars) are averaged over Nexp = 16 experiments, as described in Sec. IV B.

(RC )mn = δmn 2 (0.05)2〈|un|2〉, where m, n = 0, . . . , N − 1
index the measured shells [this corresponds to the complex
version of the matrix in Eq. (15)].

Nudging applies localized corrections by adjusting only the
measured variables, without propagating information to un-
observed components. This is equivalent to assuming a fully
diagonal implicit correlation structure. Furthermore, since
nudging lacks a mechanism to estimate the forecast uncer-
tainty over time, the coupling parameter αn remains fixed,
limiting the adaptability in dynamically evolving systems.
Although several methods have been proposed to estimate αn

[48–50], in our formulation this coefficient remains the only
free parameter and must therefore be tuned empirically.

To ensure that the relaxation rate toward the ground truth
scales with observation sparseness, we define the coupling
coefficient as αn = α′

n/τ , where τ = �tobs. In all experiments
using �tobs = τ15, the assimilation performance was found
to depend only weakly on the specific value of α′

n on each
scale. Therefore, we set α′

n = α′ uniformly across all scales.

TABLE II. The total error is computed by summing the normal-
ized errors from the first scale n = 1 (excluding the forced one) up
to the dissipative cutoff at scale n = 15: E = ∑15

n=1 En/
√

ẼnEn and

E� = ∑15
n=1 E�

n /
√

�̃n�n. A similar summation is applied to the error
bars to obtain �E and �E�. Details on the number of experiments
(of Nexp = 16) that required proper tuning of the inflation strength
factor are also provided.

�tobs = τ15 = 0.002τ0 E ± �E E� ± �E� Ninflation

6 28.65 ± 1.05 27.74 ± 2.47 0
6, 7 7.94 ± 0.43 7.29 ± 0.95 8
6, 7, 8 4.85 ± 0.26 5.11 ± 0.85 1
6, 9, 10 0.18 ± 0.04 0.73 ± 0.53 2
6, 11, 12 0.016 ± 0.004 0.04 ± 0.03 3

Once this is decided, the way we optimize α′ depends on
the specific set of measured shells. Figure 8(a) illustrates the
effect of varying α′ on the estimate of the nudging-based
energy spectrum estimate Ẽn = 〈|ũn|2〉T , compared with the
ground-truth spectrum En = 〈|un|2〉T , in the case where the
shells n = 6, 7, 8 are measured. It can be seen that the extreme
locality of nudging corrections leads to energy accumula-
tion just before the measured scales, with the magnitude of
the effect increasing with α′. This behavior also reflects in
the degradation of the instantaneous reconstruction shown in
Fig. 8(b). Combining these two results, we observe that for
small α′ values the energy cascade remains undisturbed, but
no effective assimilation occurs. In contrast, high values of α′
improve reconstruction but lead to accumulation of unphysi-
cal energy in the spectrum [see Fig. 9(b)]. As a compromise,
we identify α′ = 0.1 as the “optimal” value.

We recall that in the nudging procedure, we do not use an
ensemble but only a single forecast. Therefore, initialization
is performed using Eq. (14), which reduces to the same ex-
pression without dependence on the ensemble index j.

Figure 10 presents a final comparison between EnKF and
nudging for the cases where measurements are taken on the
sets n = 6, 7, 8 and n = 0, 1, 2, using �tobs = τ15. The statis-
tical reconstruction of the ground truth, shown in Fig. 10(a),
indicates that while the EnKF accurately reproduces the spec-
tral shape in both cases, nudging leads to energy accumulation
when the measured shells are n = 6, 7, 8. This is a direct con-
sequence of the localized coupling, as previously discussed.
This accumulation negatively affects the instantaneous re-
construction of the ground truth, as seen in the normalized
�2-error [defined in Eq. (16)] and shown in Fig. 10(b). Strong
desynchronization is also evident in the flux, reflected in the
normalized flux-based error shown in Fig. 10(c). These results
highlight the inability of nudging—unlike that of EnKF—to
infer unobserved scales from inertial range measurements.
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FIG. 8. (a) Ground-truth energy En = 〈|un|2〉T and estimated energy with nudging Ẽn = 〈|ũn|2〉T , at varying nudging coefficient α = α′/τ ,
with τ = �tobs = τ15; the vertical solid line indicates the shell turnover time associated with the assimilation window �tobs. (b) Synchronization
error En [Eq. (16)] normalized with energies, with a horizontal dashed line indicating the baseline for statistical independence on nonassimilated
scales. All quantities displayed (including error bars) are averaged over Nexp = 16 experiments, as described in Sec. IV B.

We also report results for the experiment where scales n =
0, 1, 2 are measured. Consistent with previous discussion,
when large scales (including forced shell n = 0) are observed
continuously, energy accumulation is avoided because of im-
mediate synchronization of large-scale bursts. In this case,
the optimal choice of α′ follows the criterion of minimizing
the total MSE on the measured shells,

∑2
n=0〈|un − ũn|2〉T ,

again yielding α′ = 0.1. Finally, although no significant cas-
cade perturbations are observed when n = 0, 1, 2 is measured,
Fig. 10 confirms that the localized nature of nudging cor-
rections still limits their effectiveness in reconstructing the
cascade deeper in the inertial range. In contrast, the EnKF
successfully infers up to five additional shells beyond those

FIG. 9. (a) Normalized ground-truth energy |un|2k2/3
n , including

signal bursts during the interval 12 � t/τ0 � 14. Red vertical lines
indicate the measured shells (n = 6, 7, and 8). (b) Normalized energy
of the nudging estimate |ũn|2k2/3

n .

observed, reaching the independence threshold at n = 10,
compared to n = 5 for nudging. In terms of scale separation,
this corresponds to a factor of 25 = 32.

VII. COMPARISON WITH EN4D-VAR

In 4D-Var, assimilation is carried out over a finite time
window, within which the observations are distributed, and
the forecast trajectory is iteratively adjusted to them by min-
imizing a cost function. Unlike EnKF, where corrections
are applied only at the observation times, the 4D-Var is a
smoother that adjusts the assimilating model to observations
available over an entire assimilation window, making the pos-
terior estimate ũ(t ) dependent not only on the observations
but also on the window length Ta.

The posterior estimate ũ(t ) in 4D-Var is obtained such that
it minimize a cost function defined as

J = ‖û(0) − ũ(0)‖2
B

+
Ta∑

t=0

‖z(t ) − HCũ(t ) − v(t )‖2
RC

, (23)

where ‖a‖2
L = a†L−1a denotes the squared weighted �2-

norm.
The variable û(0) represents the prior (or background) state

at the beginning of the window, and ũ(0) is the posterior
optimized state (also known as the smoother). In the strong-
constraint (i.e., perfect model framework) 4D-Var approach
used here, the posterior trajectory is fully determined by its
initial condition, i.e., ũ(t ) = �0→t (ũ(0)), where �0→t is the
time-marching operator associated with the nonlinear shell
model governing equation. The matrix B is the complex-
valued background error covariance, assumed to be given, and
HC is the complex extension of the observation operator H
(see Sec. III), needed to produce the complex measurements
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FIG. 10. Comparison between nudging and EnKF. (a) The structure functions for the labeled cases, for ground-truth 〈|un|2〉T (black dots
beneath the colored points), nudged solution 〈|ũn|2〉T and EnKF 〈|ũn|2〉T,L; the vertical solid line indicates the shell turnover time associated
with the assimilation window �tobs = τ15 = 0.002τ0. (b) Synchronization error En [Eq. (16)] normalized with energies, with a horizontal
dashed line indicating the baseline for statistical independence on nonassimilated scales. (c) Flux-based error E�

n [Eq. (17)] normalized (see
Sec. IV B for details on normalization). All quantities displayed (including error bars) are averaged over Nexp = 16 experiments, as described
in Sec. IV B.

z ∈ CM . Finally, v(t ) is a realization of complex zero-mean
Gaussian noise with covariance RC [complex version of the
matrix in Eq. (15)].

The cost function comprises two terms: the first penalizes
the deviation of the posterior from the prior at the initial
time, while the second accumulates the innovations, i.e., the
discrepancies between the posterior trajectory and the ob-
servations over the assimilation window. Here, we adopt an
incremental approach to 4D-Var in which we simplify the
cost function by linearizing �0→t around an initial guess
for ũ(0) [22]. This results in a quadratic approximation of
the cost function, which is then minimized using Newton’s
method. For implementation, we save the linearised operators
�0→t during the forward time-marching, then use them to
form the adjoint model, required for obtaining the Jacobian
of the cost-function, and explicitly calculate the Hessian,
required by the Newton’s method. Once a solution to the
simplified cost function is found, the process is repeated by
re-linearizing �0→t around the updated solution. This iter-
ative process continues until convergence is achieved. Due
to the chaotic nature of the shell model, any error—whether
from the initial guess or from linearization—grows exponen-
tially over time. As a result, the length of the assimilation
window Ta is typically limited to the eddy turnover time
of the fastest measured shell. This poses a challenge for
assimilating slower (i.e., lower-wave-number) shells, which
require longer windows. To address this, the 4D-Var process
is performed sequentially: a long assimilation interval is di-
vided into smaller windows, and background information is
passed from one window to the next. A widely used strategy
in numerical weather prediction to perform such sequential
assimilation is the ensemble-based 4D-Var (En4D-Var) [25].
In this approach, multiple 4D-Var optimizations ũ( j)(t ) (with
j = 1, . . . , L denoting the ensemble index) are run in paral-
lel. Each member uses the background information û( j)(0),

which comes from the posterior solution of the previous se-
quence, and randomly perturbed observations, the random
perturbations are drawn from the same Gaussian distribution
as the observation error itself. The background-error covari-
ance matrix �̂C = 〈(û − 〈û〉L )(û − 〈û〉L )†〉L propagates the
flow-dependent information across assimilation cycles. The
modified cost function used in this ensemble-sequential ver-
sion is

J ( j)
nseq

= ‖û( j)(nseqTa) − ũ( j)(nseqTa)‖�̂C

+
(nseq+1)Ta∑
t=nseqTa

‖z(t ) − Hcũ( j)(t ) − v( j)(t )‖RC
, (24)

where nseq refers to the sequence index, ranging from 0 to Nseq,
ensuring that both EnKF and En4D-Var cover the same total
assimilation time.

For the first sequence (nseq = 0), an ensemble û( j) is ini-
tialized as in Eq. (25) below and 4D-Var calculations are
solved for a maximum of 50 iterations or until the reduction
in the cost function reaches a tolerance. For later sequences
(nseq > 0), the initial guess is the same as the background
information, which is available from the previous sequence
as û( j)(nseqTa) = ũ( j)(nseqTa). We also note that the first se-
quence does not have background information provided.

Before proceeding with the comparison to the EnKF,
we briefly summarize some technical details relevant to the
application of En-4DVar. First of all, regarding ensemble ini-
tialization, we employed a strategy that differs from the one
used for EnKF, but is equally optimized. While such tailored
initialization would be unfeasible in operational settings, in
this theoretical framework we aim to compare the methods
under conditions that best highlight the strengths of each
approach, including carefully chosen initial states. For En4D-
Var, which relies on variational optimization, the convergence
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FIG. 11. Comparison between En4D-Var (both smoother and filter) and EnKF. (a) Ground-truth energy En = 〈|un|2〉T (black dots beneath
the colored points) and estimated energy with En4D-Var and EnKF Ẽn = 〈|ũn|2〉T,L; the vertical solid line indicates the shell turnover time
associated with the assimilation window �tobs. (b) Synchronization error En [Eq. (16)] normalized with energies, with a horizontal dashed line
indicating the baseline for statistical independence on nonassimilated scales. (c) Flux-based error E�

n [Eq. (17)] normalized (see Sec. IV B for
details on normalization). All quantities displayed (including error bars) are averaged over Nexp = 16 experiments, as described in Sec. IV B.

speed is sensitive to the initial spread of the ensemble. We
therefore seek a strategy that balances ensemble diversity
with informativeness. On the one hand, a larger initial spread
allows for broader exploration of the state space; on the other
hand, it may hinder convergence in variational frameworks
like En4D-Var, where optimization performance depends on
how closely the ensemble approximates the true state. This
highlights a trade-off between convergence efficiency and the
risk of ensemble collapse. In En4D-Var experiments, the ini-
tial state of each ensemble member û( j)

n (t0), with j = 1, . . . , L
indexing the L ensemble members, is defined as

û( j)
n (t0) =

{√
〈|un|2〉T

[
cos

(
φ

( j)
n

) + i sin
(
φ

( j)
n

)]
n �= m,

un(t0) + ε
( j)
n n = m,

(25)

where m denotes the observed shells, φ
( j)
n ∈ [0, 2π ] are

random phases, and ε
( j)
n zero-mean Gaussian noise with

covariance RC . In this setup, observed components are ini-
tialized using available measurements, while unobserved
components are assigned randomized phases scaled by the
long-term average energy, ensuring consistency with the sys-
tem’s statistical structure.

Regarding the execution of the algorithm, a regularization
matrix P is added to the Hessian, where P is a diagonal
matrix defined as P (n, n) = Nreg for n < 15 and P (n, n) =
Nreg/(2En) otherwise. This matrix does not contribute to the
cost function or its gradient, but it helps to regularize the
Hessian inversion.

In En4D-Var, which operates in complex space, the em-
pirical covariance 
̂C does not encode phase correlations.
Instead, these correlations are captured in EnKF, which works
in real space. This difference may lead to minor discrepancies
between the two methods, but is not expected to affect the
main conclusions of the study.

We consider two outputs from En4D-Var: the smoother,
which corresponds to the state at the beginning of the window
and uses future observations, and the filter, which corresponds
to the forecast at the end of the window and uses only past
data. The filter is directly comparable to the EnKF analysis.
Figure 11 compares EnKF and En4D-Var in terms of (a)
energy spectra, (b) normalized synchronization error, and (c)
normalized flux-based error.

The EnKF is run with L = 1000 ensemble members, while
En4D-Var uses L = 40 for the n = 1, 2, 3 case, and L =
160−320 for the n = 6, 7, 8 case. The assimilation window
for each sequence is Ta = 1000 dt ≈ 0.02 τ0 ≈ τ9. Similarly
to EnKF, inflation could also be used in En4D-Var calcula-
tions. This may help to achieve the predictions with fewer
ensemble members, but our results with inflation were in-
conclusive. This is because inflation is empirical and requires
fine-tuning the inflation parameter, which is computationally
expensive for En4D-Var calculations. Therefore, we do not
use inflation for En4D-Var calculations.

The results show that both methods perform similarly,
particularly when compared to the filter component of En4D-
Var. The main discrepancies appear in the flux error for the
smoother in the n = 6, 7, 8 case [Fig. 11(c)]. These could
potentially be reduced by increasing the ensemble size or
decreasing the assimilation window Ta.

In summary, ensemble-based methods are necessary to as-
similate scales beyond those directly measured. Both EnKF
and En4D-Var perform well when three consecutive shells
are observed. However, the current implementation of En4D-
Var is significantly more computationally expensive than the
stochastic EnKF method, which is parallelisable in both the
forecast and ensemble steps. A more practical implementa-
tion of En4D-Var could employ a low-resolution model and
quasi-Newton optimization in the inner loop. Such a study
on trade-off between accuracy and computational cost is be-
yond the scope of the present study. Furthermore, 4D-Var
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also requires constructing the adjoint model, which can be
challenging in complex flow systems.

VIII. CONCLUSIONS

In this study, we systematically investigated the potential
of EnKF for data assimilation of a multiscale turbulent model.
Furthermore, some performance against two other DA bench-
marks based on En4D-Var and nudging have been presented.

We domostrated that the EnKF, when combined with a
scale-aware inflation strategy, achieves near-complete syn-
chronization across a wide range of scales, including those
not directly observed, provided that measurements are per-
formed at a frequency higher than the characteristic turnover
time of the observed shells. Moreover, highly intermittent and
non-Gaussian high-frequency scales are also typically recon-
structed better than using a statistical baseline. In particular,
we found that measuring two adjacent shells in the inertial
range is sufficient to reconstruct the full dynamics of the
slower scales, while isolated measurements fail to sustain a
coherent energy cascade and can destabilize the whole assim-
ilation. Comparisons with nudging highlighted the limitations
in reconstructing unobserved scales due to its strictly localized
corrections, while En4D-Var performed comparably to EnKF
but at a much higher computational cost.

Taken together, our results indicate that the choice of
measurement scales, observation frequency, and ensemble-
based correction strategies critically impacts the success of
DA in chaotic multiscale systems. They also provide a prac-
tical set of guidelines for designing assimilation schemes
that balance stability, accuracy, and computational efficiency
for realistic applications to Navier-Stokes turbulence in 2D
and 3D. Future work will extend this framework to more
physically realistic systems, such as Rayleigh–Bénard con-
vection flows, where the performance of EnKF could be
directly compared against classical nudging [51] methods and
more recent machine-learning-based approaches like physics-
informed neural networks [52]. Such studies would provide
valuable information on the relative strengths of classical and
modern DA strategies in fully turbulent settings.

Another promising direction involves integrating inflation
optimization into a machine-learning training framework.
Since inflation effectively mimics the effect of larger ensem-
ble sizes, learning the optimal inflation coefficients would
allow us to simulate the behavior of massive ensembles with-
out incurring their computational cost. A possible strategy is
to adopt a solver-in-the-loop approach [53,54], where inflation
parameters are updated through backpropagation through-
out the assimilation time window, rather than in a single
analysis step. This would enable a global optimization of
the assimilation process and open new pathways for hybrid
dynamical-machine-learning data-assimilation methods [55].
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APPENDIX A: RUNGE-KUTTA
WITH EXPONENTIAL FACTOR

Let u = {u0, u1, . . . , uN−1} ∈ CN be the system variables,
evolving according to Eq. (1). It is possible to exactly integrate
the linear dissipative term νk2

nun by defining the new variable
yn as follows:

un(t ) = yn(t )In(t ), (A1)

where In(t ) is the integrating factor. Making this definition
explicit in Eq. (1), we obtain

In
dyn

dt
+ yn

dIn

dt
+ νk2

nInyn = Gn[I ◦ y] + fn(t ). (A2)

Here, the ◦ operator denotes the Hadamard product, which
performs element-wise multiplication of two vectors, in this
case I and y. By imposing that the linear part disappears in
terms of the new variable yn,

yn
dIn

dt
+ νk2

nInyn = 0, (A3)

we find that the integrating factor takes the form

In(t ) = exp

(
−

∫
dt νk2

n

)
= exp

( − νk2
nt

)
. (A4)

Considering this expression, the linear term disap-
pears from the evolution equation in terms of the new
variable:

dyn(t )

dt
= (Gn[I ◦ y] + fn)I−1

n (t ). (A5)

Instead of integrating this last equation, recalling that un(t ) =
yn(t )In(t ), we can apply the Runge-Kutta algorithm di-
rectly to the original variable un, obtaining (with a little
algebra):

un(t + dt ) = I2
n (dt )

(
un(t ) + A1n

6

)
+ In

(A2n + A3n)

3
+ A4n

6
,

(A6)
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where In(dt ) = exp(−ν dt k2
n/2). Regarding the increments,

these are given by

A1n = dt ( fn + Gn[u]),

A2n = dt

(
fn + Gn

[
I ◦

(
u + A1

2

)])
,

A3n = dt

(
fn + Gn

[
I ◦ u + A2

2

])
,

A4n = dt ( fn + Gn[I ◦ I ◦ u + I ◦ A3]), (A7)

where I = {e−νdtk2
0/2, e−νdtk2

1/2, . . . , e−νdtk2
N−1/2}.

Finally, nudging is treated using the same technique,
namely by integrating the linear terms in Eq. (21) through the
introduction of appropriate integrating factors:

Inm = e−dt (νk2
n+αnδnm )/2, (A8)

where m indicates the measured shell. The state is evolved by
using the same as in Eq. (A6) but with coefficient

A1n = dt ( fn + Gn[u] + Tn(z, t )),

A2n = dt

(
fn + Gn

[
I ◦

(
u + A1

2

)]
+ Tn

(
z, t + dt

2

))
,

A3n = dt

(
fn + Gn

[
I ◦ u + A2

2

]
+ Tn

(
z, t + dt

2

))
,

A4n = dt ( fn + Gn[I ◦ I ◦ u + I ◦ A3] + Tn(z, t + dt )), (A9)

where

I = {e−dt (νk2
0+δ0mα0 )/2, e−dt (νk2

1+δ1mα1 )/2, . . . ,

e−dt (νk2
N−1+δN−1,mαN−1 )/2} .

TABLE III. Range of inflation strength coefficients λ used in
both experiments: (a) varying the observation sparseness �tobs while
measuring shells 6, 7, and 8; (b) fixing �tobs and varying the set of
measured shells. The last column details the number of experiments
(of 16) that need inflation (λ = 0 indicates that no inflation is re-
quired).

(a) Measurement sparseness

6, 7, 8 λ Ninflation

�tobs = τ15 = 0.002τ0 λ = 0.2 1
�tobs = τ9 = 0.02τ0 λ = 0.1 1
�tobs = τ8 = 0.04τ0 0.01 � λ � 0.05 6
�tobs = τ7 = 0.06τ0 0.005 � λ � 0.05 8
�tobs = τ6 = 0.1τ0 λ = 0 0
�tobs = τ4 = 0.2τ0 λ = 0 0

(b) Measured scale schemes

�tobs = τ15 = 0.002τ0 λ Ninflation

6 λ = 0 0
6, 7 0.1 � λ � 0.25 8
6, 7, 8 λ = 0.2 1
6, 9, 10 λ = 0.1 2
6, 11, 12 0.2 � λ � 0.25 3

APPENDIX B: NUMERICAL DETAILS ON INFLATION

For completeness, Table III provides a detailed summary
of the inflation parameters used throughout the experiments.
These parameters were chosen to stabilize the assimilation
process while simultaneously achieving the lowest possible
MSE.
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