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ABSTRACT

In the solution of the Jeans equations for axisymmetric galaxy models, the ‘b-ansatz’ is often adopted to prescribe the relation
between the vertical and radial components of the velocity dispersion tensor, and close the equations. However, b affects the
resulting azimuthal velocity fields quite indirectly, so that the analysis of the model kinematics is usually performed after
numerically solving the Jeans equations, a time-consuming approach. In a previous work, we presented a general method to
determine the main properties of the kinematical fields resulting in the b-ansatz framework before solving the Jeans equations;
results were illustrated by means of disc galaxy models. In this paper, we focus more specifically on realistic ellipsoidal galaxy
models. It is found that how and where b affects the galaxy kinematical fields is mainly dependent on the flattening of the stellar
density distribution, moderately on the presence of a dark matter halo, and much less on the specific galaxy density profile.
The main trends revealed by the numerical exploration, in particular the fact that more flattened systems can support larger
b-anisotropy, are explained with the aid of simple ellipsoidal galaxy models, for which most of the analysis can be conducted
analytically. The obtained results can be adopted as guidelines for model building and in the interpretation of observational data.

Key words: galaxies: elliptical and lenticular, cD — galaxies: kinematics and dynamics — galaxies: structure.

1 INTRODUCTION

The Jeans equations (hereafter JEs) are widely used for the modelling
of stellar systems, both in theoretical and observational studies (e.g. J.
Binney & S. Tremaine 2008; G. Bertin 2014; L. Ciotti 2021, hereafter
C21). In the case of axisymmetric systems, the simplest and most
common choice is to use the JEs obtained under the assumption
that the underlying phase-space distribution function depends on the
star’s orbital energy and angular momentum component along the
symmetry axis.! A well-known consequence of this choice is the
resulting identity of the vertical (o,) and radial (og) components of
the velocity dispersion tensor, and the alignment at each point of the
system of the velocity dispersion ellipsoid with the local basis of
cylindrical coordinates.” Data, however, often seem to require that
the two components are not equal, and so in the JEs the introduction
of arelationship between o, and o as a phenomenological, observa-
tionally motivated closure, is favoured. A widely used choice is the
b-ansatz (M. Cappellari 2008), for which o = b o2, with a suitably
assigned positive value of b. The solution of the resulting JEs proved
to capture the main properties of the stellar orbits distribution inferred
from extensive three-integral Schwarzschild modelling of integral-
field stellar kinematics, under the mass-follows-light hypothesis,
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'From now on we will use standard cylindrical coordinates (R, ¢, z), where
z is the symmetry axis.

2Three-integral axisymmetric systems with a spherically aligned velocity
dispersion ellipsoid have also been considered (e.g. see M. Cappellari 2020;
E. Vitral et al. 2024).

and to model adequately the observations, in particular those of
axisymmetric galaxies classified as regular rotators and stellar discs
(see e.g. M. Cappellari et al. 2007; see also M. Cappellari 2016 for
a review). Recently, data relative to dwarf spheroidal galaxies have
been successfully modelled with the b-ansatz (K. Hayashi, M. Chiba
& T. Ishiyama 2020).

The b-ansatz, however, albeit phenomenologically satisfactory,
affects the solution of the JEs in a non-trivial way; in particular, the
azimuthal velocity field vi, for some choices of the b value, can show
negative values and become unphysical. Moreover, the properties of
the solutions are usually studied numerically for a given b, in a ‘test-
and-trial’ approach that can be quite time expensive. Therefore, it
is useful to have a general framework able to predict the qualitative
features of the kinematical fields that will be produced by given
choices of b before solving the JEs; in this way one can constrain (as a
function of the structural properties of the model under investigation)
the values of b that assure the positivity of v2, and produce the desired
features of the azimuthal and radial velocity dispersion fields.

In a previous work (L. De Deo, L. Ciotti & S. Pellegrini 2024,
hereafter Paper 1), we obtained general analytical results to address
the problems mentioned above, also in the more general case of b
depending on z. The results were illustrated for the M. Miyamoto
& R. Nagai (1975) and C. Satoh (1980) disc models in the self-
gravitating case, which allow for an almost complete analytical
treatment; it turned out that in order to have a positive @, upper
limits exist on the b values and they depend mainly on the flattening
of the disc, much less on the disc density profile; also, interestingly,
these limits increase for increasing flattening. For a disc embedded
in a dominant dark matter (DM) halo, it is found that a round or
nearly round halo does not significantly affect the results obtained
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for the one-component models: again, the maximum value of b
corresponding to a positive v; depends on the flattening of the stellar
distribution, and increases for increasing flattening.

In this study, we extend the preliminary investigation of Paper I to
realistic galaxy models described as oblate ellipsoids, representative
of the population of ‘fast-rotating’ early-type galaxies (ETGs; see
e.g. M. Cappellari 2016). In particular, for the stellar component,
we adopt ellipsoidal generalizations of the y-models and the Sérsic
models (ideal tools to explore systematic effects of different density
profiles), also considering the presence of a DM halo with a DM-to-
stellar mass ratio in the inner regions of the models similar to what
is estimated for real galaxies. With these models, we can investigate
quantitatively a few natural questions: (1) Is there any behaviour
of the critical b values specifically associated with oblate shape
and realistic density profiles, and that was missed by the analysis
based on disc galaxy models used in Paper 1? (2) In Paper I, we
considered dominant DM haloes: for more realistic DM haloes, how
are the kinematical fields affected by the b-anisotropy, especially
in the galaxy regions where the gravitational field switches from
being stellar dominated to DM dominated? (3) Can we obtain some
robust and sufficiently general indications about the dependence of
the critical values of b on the flattening and the density profile of the
stellar component of the galaxy?

This paper is organized as follows. In Section 2, we summarize
the general relations established in Paper I to constrain the range of
admissible values of b for a given model. In Section 3, we study
one-component, self-gravitating oblate galaxy models, with density
profiles described by the deprojected ellipsoidal Sérsic law and by
ellipsoidal y-models. We explore how the limits on b depend on
galaxy flattening and on the specific density profile; illustrative
examples of the kinematical fields for b values near the critical
limits are presented and discussed. In Section 4, we consider a
de Vaucouleurs oblate stellar density distribution coupled to a DM
spherical halo, and we study how the critical b values depend on
the combined effects of the stellar density flattening and of the DM-
to-stars mass ratio. Again, examples of the kinematical fields for
b values near the critical limits are presented. The main results are
summarized in Section 5. In Appendix A, two-component power-law
ellipsoidal models are discussed in a fully analytical way, providing
important hints to explain the results obtained numerically for the
more realistic models discussed in the paper.

2 THE JEANS EQUATIONS AND THE B, C, D
FIELDS

In this section, we summarize the main results of Paper I that are
relevant for this study. We consider axisymmetric galaxy models
obeying the JEs in cylindrical coordinates:

dpy0? 20
Tor T TP
(D
ap*o'l% pPxAR 0P — 2 2
ok~ R = Piogs BArR=V, 0

where p.(R, z) and ®(R, z) are the stellar density distribution and the
total (e.g. stars plus DM) gravitational potential, and o, and oy the
vertical and radial velocity dispersions of the stellar component. A
bar over a symbol indicates the average over velocity in phase space,
so that v2 = v,” + 0'(5, where v, is the streaming velocity field in the
azimuthal direction, and o, is the azimuthal velocity dispersion. In
particular, the only non-vanishing ordered velocity field is v, and
the off-diagonal terms of the velocity dispersion tensor vanish, i.e.
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the velocity dispersion ellipsoid is aligned at each point with the
local coordinate basis, as in the classical two-integral case.
The solution of the first of equation (1) is

2 i 0P ’
P10 = pso— dz’. (@3]
. 07
The radial JE equation is then solved for Ag by assuming that o3 is
linked to 022 through the choice of the function b(z) > 0, as
o3 = b(2)02, 3)

so that for b = 1 the solution reduces to the two-integral case.
Following Paper I, then

Plr _ bD+p*g—f; = blp., DI+ (1 —b)p*g—i, @

where

D=9 _(, 01— 22 5)
OR OR

and

[p., @] E/z <2€; gj - aa‘;fg—i) dz'. ©)

Once Ay is known,

@:AR+ba?:bB+Ra—¢, 0

: OR

where from the first identity in equation (4),

R
=_—D+o”. (8)
Px :
Finally, from equation (7),
A=v2—0l=Ag+(b— 1o’ =bB+C, ©)
where from equations (5) and (8),
Cc Ra(b 2 R[ ®]—B (10)
=R_— -0, = —[p« — B.
or ~ = T p

Notice that the functions D, B, and C are independent of b(z) and
so for a given model they can be computed just once.

Models with Ag > 0 allow for a k-decomposition of g similar to
that introduced in C. Satoh (1980):

U, =k\/Ar, o, =0x + (1 —k)Ag (11)

(M. Cappellari 2008). Whenever k> < 1, one has aqf > o}, ie. the
orbital anisotropy is tangential, radial anisotropy (05 < o2) requires
k? > 1. We recall that in the C. Satoh (1980) decomposition and in
its generalization to a spatially dependent £ (L. Ciotti & S. Pellegrini
1996) for two-integral systems a formula identical to equation (11)
holds, where Ay is replaced by A, and o by o,.

2.1 Constraints on the b(z) function

Arbitrary choices of b(z) can lead to unphysical solutions of the JEs,
such as negative values of vf); information on the sign of Ag and A is
also relevant for the modelling because, although not directly related
to model consistency, their positivity is needed to decompose vg as
in equation (11). As shown in Paper I and summarized below, it is
possible to know, before solving the JEs, what constraints must be
satisfied by b(z) to avoid unphysical solutions, and also how specific
choices of b(z) affect the properties of the solutions in different
regions of space. In the following, we restrict to the natural case of
models with 9®/9R > 0 everywhere.

MNRAS 544, 2200-2213 (2025)
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2.1.1 Positivity of v

The request of v?, > 0 determines through equation (7) two regions
of the (R, z)-plane associated with the function B:

#*={(R,2): B =0}. (12)
We indicate with Z° the curve B = 0 separating %~ and %*; with
Pr(%#*) the projection of %+ on the z-axis, and finally with 2% =
{R :B20,ze Pr(;%’i)} the radial section of 9* for given z (see
fig. 1 in Paper I for more details). g > 0 over #" independently of
b(z), while @ > 0 over A~ provided that at each z € Pr(%#),

. R 09
b(z) < bm(z) = min —

-, 13
- |B| OR 13

where the minimum is computed for R spanning Z_ . Notice that
when restricting the modelling to constant b, the condition above
imposes b < by, where by is the minimum of by (z).

2.1.2 Positivity of Ag

Apg > 0 is required to apply the k-decomposition to @ in equation
(11). The first identity in equation (4) determines the two sets:

P ={(R,2): D 20}, (14)

and 2P is the curve D = 0 separating 2" and Z~; Ay > 0 inde-
pendently of b(z) over 2. The condition Ar > 0 over I~ requires
instead that for z € Pr(27):

b() < bo(2) = min 2= 2%
= min -_—.
=0 =100 DI oR

15)

Again, in case of a constant b, the condition Ag > 0 reduces to
b < by, where by is the minimum of by(z). Notice that from equation

8) % CZ and I C B+.

2.1.3 Positivity of A

The sign of A depends on the sets:

¢ ={(R,2): C 20}, (16)
separated by the curve €°, where C = 0. From Paper I,

(i) A > 0 independently of b(z) over " N €*,
over Bt N¢ for

C
b(z) = bi(z) = max u (17)
Brne; B
and over &~ N 6+ for
C
b(z) <b = min —. 18
(z) < ba(2) T (18)

(ii) A < 0 independently of b(z) over B~ N6, over B+ NE~
for b(z) < bi(z), and over B~ N € for b(z) > by(z).

In the case of a constant b, the critical values by and b, are,
respectively, the maximum of b,(z) and the minimum of b,(z).

2.1.4 General rules

We recall here some general results that will be used in the
following analysis. First, from exercises 13.28—-13.29 in C21, for an
ellipsoidally stratified density p.(m,) in an ellipsoidally stratified
potential ®(my), the commutator [p,, ] is everywhere positive

MNRAS 544, 2200-2213 (2025)

(negative) when the surfaces m, are flatter (rounder) than the surfaces
my, and it vanishes if the density and potential flattenings are the
same. [p,, P] is also positive (negative) for self-gravitating oblate
(prolate) ellipsoidal systems.

Second, from equation (2) it follows that a sufficient condition
to have D < 0 over the whole (R, z)-plane is that 0p,/0R < 0 and
9°®/dRIz < 0 everywhere. Again from exercise 13.29 in C21, this
holds for any ellipsoidal p.(m.) in the potential produced by an
ellipsoidal p,(my) (independently of the flattenings of m, and my,) if
dp.(m,)/dm, < 0and dp,(my)/dmy, < 0. Finally, from equation (5)
it also follows that D < 0 everywhere for systems with [p,, @] < 0.

Third, from Paper L, if [ p,, ®] < Oeverywhere, then 8t C ¢~ and
¢t C FB; if [ps, @] > 0 everywhere, then B~ C ¢F, 6 C AT,
and

bi(z) <1, VzePr(%),
(19)

1 < bo(2) < b2(2) < bu(2),

whit the special case = = ¢, B = ¢ ,and b = by = b, = 1 if
[p«, @] = 0 everywhere.

‘We conclude by noticing that from these general results it follows
that for all models considered in this paper, [0, P] > 0and D <0
everywhere, with the consequences listed above.

Vz € Pr(%7),

3 ONE-COMPONENT MODELS

We investigate here how the limits on b(z) depend on the stellar
density profile, and on the galaxy flattening in one-component (i.e.
no DM halo) ellipsoidal models; we also study how the choice of b
affects the kinematical fields resulting from the solution of the JEs.
We consider ellipsoidal Sérsic and y-models, which are commonly
used in the study of elliptical galaxies, as they reproduce well their
stellar surface brightness profile. Thanks to the assumed ellipsoidal
density stratification, the components 0®/0R and 0d/0z of the
gravitational field needed for the solution of the JEs can be written
as one-dimensional integrals (e.g. see exercise 2.6 in C21) that can
be treated numerically in a very efficient way. In the following, the
stellar mass-to-light ratio is assumed to be constant over the galaxy
body.

3.1 Ellipsoidal Sérsic models

The edge-on projected surface density profile of an ellipsoidal J. L.
Sersic (1968) model of index n, total stellar mass M., and minor-to-
major axial ratio g is
b2n efb,, 1i/n R2 Z2
1 — 4+ ——, 20
R? + T (20)

*

S.(Rp)=x O "
(R, 2) R2 mqT'(2n + 1)

=

where I" is the Euler complete gamma function,

b:zn—1+i+0(n*2) 21)
! 3 405n

(L. Ciotti & G. Bertin 1999), and R, is the semimajor axis of the
isophotal ellipse enclosing half of the total mass (luminosity) of the
system. The deprojection p.(m) of equation (20) cannot be obtained
in terms of elementary functions for generic n; here, we adopt the
very accurate analytical approximation in L. Ciotti, L. De Deo & S.
Pellegrini (2025) forn > 1:

— 1/n —
]w>‘< cre by m ml/n 1 R2 ZZ

— . m=y| 5+ ,
qR} [1+cf mp/(z,,)]l/p R2 " g’R?

py(m) = (22)

920z 1dy 0} uo Jasn eubojog ayonsiels azusidg Ip oyuswinedia A €11 LE8/0022/Z/y¥S/P0IMe/Seluw/woo"dno-olwapese//:sdny Wwoly papeojumoq



Anisotropy ansatz for oblate ETGs 2203

ar

ar

3L € ]
z [

2'_ ............ %=0.1 [ T ]

- J/S - 2=0.5

i — %=1

1 T T ]

: q=075] g=0.5 q=0.25]

0 " 1 1 1 PEETEN BT R PR PR 1 | IR | - PR TR 1 PRI BT R
S S S R - RN N S RS T A

Figure 1. The ansatz-independent regions %% and %* for the ellipsoidal one- and two-component models in Sections 3 and 4. For each model, %~ is the
part of the plane below 2° (red lines), and %~ is the part of the plane above %° (green lines); the stellar distribution flattening increases from left to right
panels, with the axial ratio decreasing as ¢ = 0.75, 0.5, and 0.25. The different line styles identify different values of the parameters of the models. Top panels:
One-component Sérsic model of index n = 2, 4, and 6; R and z are in units of Re, the semimajor axis of the effective isophote. Middle panels: One-component
y-models for y = 1.5, 2, and 2.5; R and z are in units of a,. Bottom panels: Ellipsoidal stellar dV model of total mass M, in the potential of an SIS of circular
velocity vy, for different values of the parameter Z = vﬁ R./(GM,); R and z are in units of R..

where
b2n+1 1 n—1
- b B(-. , 23
T 4en’T(2n) (2 2n > (23)
b, 1 n—1
- B(=, 1), 24
2=V 2m (2 2n ) @4

B is Euler complete beta function, and values of p as a function
of n are provided in table B.1 in that paper. In the following, we
consider the cases of n = 2, 4, 6 (with p(2) = 1.718, p(4) = 1.955,
p(6) =2.021) and g = 0.75, 0.5, 0.25 for a total of nine models;
the n = 4 case corresponds to the G. de Vaucouleurs (1948) model
(hereafter dV).

The %* and %* regions of the models are shown in Fig. 1 (top
panels), with galaxy flattening increasing from the left to the right
panel. The red lines (of increasing thickness for increasing n) show
@0, the separation line between %~ (the region below A, where
vf, and A can become negative somewhere, respectively, for b > by
and b > b,) and A" (the region above %°, where g increases for
increasing b). It is apparent how %~ shrinks towards the equatorial
plane for increasing n at fixed g, and for increasing galaxy flattening
at fixed n, with the effect of flattening dominant over that of the
density profile. The green lines (of increasing thickness for increasing
n) show %%, the separation line between %~ (the part of the plane
above %°, where A can become negative somewhere for b < by)

MNRAS 544, 2200-2213 (2025)
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5 T T T T T T T T T T T T

y-models

Monopole
— SIS

Figure 2. The critical values b; (black), by (blue), by (green), and by (red), as a function of the axial ratio ¢ of the stellar component (rounder models for
increasing q), for the same one-component Sérsic models (top left), y-models (top right), and dV models in an SIS DM halo (bottom left) shown in Fig. 1. Bottom
right: The critical b curves for the y = 2 power-law ellipsoidal stellar model in a dominant SIS potential (thick continuous lines, Appendix A, Section A2), and
in a dominant monopole potential (thin dashed lines, Appendix A, Section A3). For simplicity, the b, green lines are shown only for the dV, the y = 2, and the
dV+SIS (£ = 0.5) models. As discussed in Section 5, the magenta line represents the limit on the b-anisotropy as a function of galaxy flattening determined

by M. Cappellari et al. (2007).

and €* (the part below %°), in agreement with the general rules
for models with positive commutator, £~ C ¢ and 4~ C £ .
The region %~ expands for increasing n at fixed ¢, but it contracts
towards the symmetry axis for increasing flattening at fixed »n; this is
particularly evident for the n = 2 model. From the figures, it is also
apparent how for decreasing flattening (i.e. rounder shapes), the red
and green lines tend to become nearer, in agreement with the fact that
in the case of a null commutator (as in spherical models), 2° = %°.
Finally, it should be noticed how these lines are almost straight for all
n and g. All these properties can be understood by using the simple
power-law models described in Appendix A: in particular, the left
panels of Fig. Al illustrate the dependence of the 2° and €° curves
on the model flattening.

Having identified the %* and %* regions, we can now discuss
the critical values of b in terms of n and ¢. These are shown in the
top left panel of Fig. 2, with red, green, blue, and black dotted lines
corresponding, respectively, to by, b2, by, and b;. We recall that by is
related to the sign of v2, with b > by leading to an unphysical @ <0
somewherein #~, whileb < b, guarantees that Ag > 0everywhere;
finally, A > 0 everywhere for b; < b < b,. The first general result

MNRAS 544, 2200-2213 (2025)

is that in rounder models all critical values of b decrease, i.e. a lower
b-anisotropy can be imposed, while flatter density distributions can
support larger anisotropies. The second important result is that the
density profile has a minor effect on the critical b values, similar to
what was found for the position and extension of the %* and %*
regions; in fact, for simplicity and for its special relevance, the b,
line was shown only for the n = 4 (dV) model. Again, these results
can be interpreted with the models in Appendix A, whose critical b
can be expressed analytically, and that are shown in the bottom right
panel of Fig. 2; in particular, the comparison should be carried out
with the thin lines, corresponding to models in a monopole potential,
the situation holding naturally at intermediate/large radii in finite
mass models. It is interesting to see how not only qualitatively, but
also quantitatively, the power-law toy-model lines reproduce those
of the Sérsic models, even though these last ones are not power
laws.

Figs 3 and 4 illustrate the effects of different choices of ¢ (0.5
and 0.25, respectively) and b (0.5, 1, and 3.5, from the left to the
right columns) on the fields g, Ag, and A of the one-component dV
model; the b = 1 case corresponds to a classical two-integral phase-
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dV (g = 0.5)

b=1

o
-
N
w
£
()]
[=]
-

Figure 3. From top to bottom, maps in the (R, z)-plane of g, AR, and A for the dV model with g = 0.5; all the fields are in units of GM, /R, R and z in

units of Re. Columns correspond (from left to right) to b = 0.5, 1, and 3.5. Red and green curves represent the Z° and % lines, as in Fig. 1; black ellipses are
equally spaced stellar isodensity contours. In the white regions, the value of the field is negative.

space distribution function. Following Fig. 1, the red and green lines
separate the 28 and %* regions. For the less flattened model (Fig.
3), as b increases, g (top panels) increases over Z" and decreases
in 4, and it is negative when b = 3.5, being this value higher
than the critical value by (see the top left panel in Fig. 2 for g =
0.5). Analogously, A (middle row) decreases over all the plane for
increasing b, and for b = 3.5, it is negative everywhere, again in
accordance with the value of b, in Fig. 2. The behaviour of the A

field in the bottom row is more complicated, as it depends on the
value of b with respect to by and b,: as expected, A is then found
negative over some part of ¥~ when b < b; =1 (left panel), and
negative over some part of - for b > b, (right panel), while in the
two-integral case (middle panel), we have A = Ag = [p4, ] >0
everywhere.

The effect of increasing the density flattening from g = 0.5 to
g = 0.25 is illustrated by Fig. 4. The effects are quite significant and

MNRAS 544, 2200-2213 (2025)
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dV (g = 0.25)

b=1
0 1 2 3 4 5
R
EETS .
0. 02 04 08 08 10
0 1 2 3 4 5
R
0. 01 02 03 04 05

Figure 4. Same as in Fig. 3, but with an increased flattening of the stellar distribution, corresponding to the axial ratio of ¢ = 0.25.

in line with the expectations. In fact, from Fig. 2, the values of the
critical b increase for increasing flattening; thus the same b = 3.5
adopted in Fig. 3 corresponds now to v?p and A everywhere positive,
and to the negative region for Ay less extended than in Fig. 3.

3.2 Ellipsoidal y-models

‘We now consider the family of one-component ellipsoidal y-models
(W. Dehnen 1993; S. Tremaine et al. 1994) of total mass M., axial

MNRAS 544, 2200-2213 (2025)

ratio ¢, scale length a,, and inner density slope 0 < y < 3:

) M, 3—y R? N z2
)= ——— " m= ]+ ——.
P a3 dngm? (1 + m)*-v a2 = q*a?

(25
In the central region p, ~ m ™7, therefore, these models are somewhat
complementary to Sérsic models: they allow to study the effects of
significant changes of the density slope in the central region, where
for Sérsic models with n > 1 the density is ocn!'/"~!, and so it cannot
be very steep even for very large values of n (see equation 22, see also
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L. Ciotti 1991). Instead, in the external regions (where the density
slope of Sérsic models changes as a function of the distance from
the centre), the y-models are an almost perfect power law p, ~ m~*
independently of y, and so we expect that their behaviour is captured
with high accuracy by the pure power-law models in Appendix A.

In the middle row of Fig. 1, we show the critical regions for
different values of g (with flattening increasing from the left panel
to the right panel) and for y = 1.5, 2, and 2.5 (with line thickness
increasing with y). The similarity of the %* and %* regions with
those of Sérsic models of the same ¢ is quite remarkable, and again
%~ and &~ shrink (with the 2° and %° lines rotating, respectively,
towards the equator and the symmetry axis) for increasing flattening;
notice how the corresponding red and green lines (outside the core
radius a,) are almost perfectly straight, in agreement with the results
in Appendix A, where it is shown that in fact this is what happens for
pure power-law ellipsoidal densities. Finally, also for these models,
the effect of the density profile is much less important than that of
the flattening.

The critical values of by and by for y = 1.5, 2, and 2.5, as a
function of the axial ratio g, are shown in the top right panel of
Fig. 2, together with the b, line for the y = 2 model; in remarkable
similarity with the case of the ellipsoidal Sérsic models, rounder
shapes can allow for lower b-anisotropy, while the effects of the
specific density profile are much less important. Due to the power-
law nature of the density of y-models outside the core region, the
results are reproduced very well by the models in Appendix A,
especially by the model with monopole potential in Appendix A,
Section A3, as apparent from the bottom right panel in Fig. 2 (thin
lines).

The fields E, Ag, and A of y-models, for the same values of
g and b used for Sérsic models, are so similar to the fields in
Figs 3 and 4, including for the white negative regions, that we
do not show them; we stress, however, that this fact reinforces
the conclusion that flattening seems much more important than the
specific density profile in determining the effects of the b-anisotropy
on the kinematical properties, at least for the very general class of
models analysed in this work.

4 AN ELLIPSOIDAL DE VAUCOULEURS
GALAXY IN A SINGULAR ISOTHERMAL
SPHERE DM HALO

Here, we finally explore how the presence of a DM halo affects the
anisotropy constraints and what are the effects of b on the kinematical
fields, similarly to what was discussed in Section 3. In particular, we
study an ellipsoidal G. de Vaucouleurs (1948) stellar density of total
mass M,, effective radius R., and axial ratio ¢, described by equation
(20) with n = 4, embedded in a DM halo described by a singular
isothermal sphere (SIS) of circular velocity vy, and potential:

cbh:vgln%, r=vR+ 22 26)

€
At variance with the two-component models in Appendix A (and in
Paper I), where the stellar component of the galaxy is assumed to be
a tracer in a dominant DM potential, in the present dV+4-SIS model,
the total potential is

2
vy Re

=0, +ZInr, X= ,
GM,

@7

where @, is the potential of the stellar component. In the expression
above & is normalized to GM,/R., and the lengths to R.; the
dimensionless coefficient %, therefore, measures the importance of
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the DM potential relative to the stellar one: at variance with the halo-
dominated models, we can now explore also the transition region
between the stellar-dominated inner region and the outer DM halo-
dominated region.

The range of values for % is chosen from the (projected) DM-to-
stellar mass ratio inside R, for a spherical dV? stellar component:

Myou(Re) _ 0 (29)
M, .(R.)

We consider the range 0 < % < 1, even though realistic values for
Z would be around 0.1-0.2 (e.g. A. Poci, M. Cappellari & R. M.
McDermid 2017); note that the DM-to-stellar mass ratio within
spheres in the three-dimensional space instead of circles in the
projection plane would give values for % very similar to those in
the equation above.

In the three bottom panels of Fig. 1, we show the %° (red)
and %° (green) lines for increasing flattening of the stellar density
distribution, and for three values of %; for comparison, the no-halo
case is given by the n = 4 curves in the three top panels. Qualitatively,
the behaviour of the dV4-SIS models is very similar to that of the
one-component dV models of the same flattening. Again, the most
significant parameter determining the position and size of the ¢*
and %* regions appears to be the flattening of the stellar density
distribution, rather than the DM-to-stellar mass ratio. In order to
better illustrate this result, Fig. 5 shows in the same panel a few
curves of Fig. 1 delimiting the %* regions for dV models, two
different flattenings, and three different % values. The only effect of
a DM halo (even a very massive one) is to moderately reduce the size
of the #~ region. The DM effect is, however, larger than that due to
a change in the stellar density profile in one-component models.

In Fig. 2 (bottom left panel), we show the critical values of b as a
function of g, for the three values of % previously considered; again,
the # = 0 case to be used for comparison is shown by the n = 4
curves in the top left panel. As for the one-component models, more
and more spherical stellar densities are less and less able to sustain
significant b anisotropy; moreover, at fixed flattening, an increasing
amount of DM appears to (slightly) increase the range of values
admissible for b. These two findings also hold for the DM halo-
dominated power-law stellar models of Appendix A, Section A2
(heavy solid b curves in the bottom right panel to be compared with
the y = 2 curves in the top right panel): the effect of a DM halo is
more important than that of the specific stellar density profile, but
lower than that of the flattening.

Finally, in Figs 6 and 7, we show the fields g, Ag, and A for
the dV+SIS models with # = 0.5, for increasing stellar flattening
(g = 0.5and g = 0.25) and for three constant values of b. The effect
of the DM halo is apparent by comparison with Figs 3 and 4, which
show the one-component dV models, with the same flattening and
b values. Of course, as shown by the colour scales, the absolute
values of the fields are substantially increased by the presence of
DM. Consistently with the increase of the critical b values produced
by the DM halo, for b = 3.5 and ¢ = 0.5, the region where v; of the
dV+SIS model is negative is smaller than that of the one-component
model; and similarly, for ¢ = 0.25 and b = 3.5, the region where
Agr < 0 becomes smaller for the dV+SIS than for the dV models.

30f course, equation (29) applies also to a generic spherical Sérsic profile of
index n, coupled to an SIS, for which

2

Som(R) = —n
MY =4GR’

2
T R

Mp,DM(R) = W (28)
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Figure 5. The %™ regions of the one- and two-component dV models for two
flattenings of the stellar distribution (red and blue lines), and three values of the
DM-to-stellar mass ratios for each flattening (lines of increasing thickness).
As in Fig. 1, where these curves are present, 48~ for each models lies below
the corresponding line. R and z are in units of Re. The figure illustrates how
stellar flattening affects the size of the regions more than the DM presence,
even for dominant haloes.

5 DISCUSSION AND CONCLUSIONS

In a follow-up of Paper I, in this work, we studied how the
general results obtained there on the limits on the b-anisotropy,
and on its effects on the kinematical fields of axisymmetric sys-
tems, apply to one- and two-component ellipsoidal galaxy models
with realistic density profiles. In fact, for analytical simplicity and
illustrative purposes, the models adopted in Paper I were the M.
Miyamoto & R. Nagai (1975) and C. Satoh (1980) discs, which,
especially in the case of low flattening, are quite different from real
ETGs.

In particular, this study investigates how the constraints on b (e.g.

those imposed by the positivity of @ orof Ap = E — 032) depend
on the stellar density profile, flattening, and DM amount and distri-
bution; we consider oblate models with a stellar component of axial
ratio0 < g < 1, avoiding the more complicated prolate systems. For
the stellar profiles, we consider the ellipsoidal generalization of the
widely used Sérsic and y-models. The two-component galaxies are
made by de Vaucouleurs stellar ellipsoids (i.e. n = 4 Sérsic models)
of different g coupled with SIS DM haloes of adjustable circular
velocity. Appendix A presents three simple models consisting of a
power-law stellar ellipsoid embedded in three different DM halo-
dominated potentials (a logarithmic ellipsoidal potential of the same
flattening as the stellar distribution, an SIS potential, and a monopole
potential). These models, albeit very idealized, allow for a complete
analytical study and have been used to explain the numerical results
obtained for the more realistic models.
The main results are summarized as follows:

(i) For all the models considered in this work 0®/9R > 0, so
that vi >0 over %" independently of the value of b, while vé
becomes negative over larger parts of %~ for increasing b > by;.
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Moreover, [py, ®] >0 and D = ap*af/aR < 0 over the whole
(R, 7)-plane.

(i1) From the previous properties, the following results descend:
(1) from the positivity of the commutator, %~ is contained in ¢, ¢~
in %", and the critical values of b are orderedasbh; < 1 < by < by <
bm; (2) from the negativity of D, Ag = vf, — a,% becomes negative
over increasing portions of the (R, z)-plane for increasing b > by;

3 A= E — o is positive over 2" N 6™ independently of b, over
¢ for b > by, and over %~ for b < b,.

(iii) The regions of the (R, z)-plane where 172, Ag, and A
become negative, for b values failing to satisfy the constraints,
have remarkably similar shapes for the different ellipsoidal (one-
and two-component) models here explored; these shapes are also
similar to those found for the disc models in Paper I. In par-
ticular, %~ contains the equatorial plane, and %~ includes the
Z-axis.

(iv) Both for one- and two-component models, the flattening of
the stellar density has the most relevant effect in determining the
critical values of b, and the size and shape of the * and %* regions.
Flatter models are able to sustain larger b-anisotropy (i.e. all the
critical b values increase for increasing galaxy flattening), and their
b,, regions shrink towards the equatorial plane. In two-component
models, a more massive DM halo also allows for a larger anisotropy,
but the effect is smaller than that due to the galaxy flattening. Finally,
the specific stellar density profile appears to have a very minor effect
in determining the critical b values and the shape of the critical
regions.

We conclude with a comment on the relation of our work with
a decomposition for the azimuthal motions alternative to that of C.
Satoh (1980), and based on the parameter y,, defined as

1 —

Yo <1 (30)

>3N ‘ 'SQI\)

so that y, > 0 corresponds to radial anisotropy, and y, < 0 to
tangential anisotropy (M. Cappellari et al. 2007); in two-integral
systems, y,, = 0 corresponds to the isotropic case. At each point of
the system, v,> = Ag + ,03, and from the positivity of 7,> one
has that

A
- 2R <y, <1 (31)

o,% -

In case of spatially constant y,,, its minimum value over the (R, z)
plane is max(—Ag/o3). In general y, can be either positive or
negative where Ag > 0, but it can only be positive where Ag < 0;
in particular, in order to have globally ‘¢ R-isotropic’ (¢, = o and
¥, = 0) galaxies, Ag must be positive everywhere, i.e. b < by. As
for increasing flattening (and to a lesser extent for increasing DM-
to-stellar mass ratio) by increases, it follows that more flattened
stellar densities and/or higher DM-to-stellar mass ratios can be
‘@ R-isotropic’ and at the same time more ‘zR-anisotropic’ than
less flattened stellar densities, and/or lower DM-to-stellar mass
ratios.

Remarkably, by using the JAM (Jeans Anisotropic Modeling)
method, it has been shown that the stellar kinematics of regular
rotators in the ATLAS?P survey can be successfully modelled on
average with b > 1 and y, ~ 0 within about one effective radius
(e.g. M. Cappellari 2016). The orbital anisotropy turned out to
be limited by 1 —1/b < 0.7¢, where ¢ is the intrinsic galaxy
flattening, i.e. b < 1/(0.3 4 0.7¢q). This limit had first been found
with the Schwarzschild orbit superposition method for the galaxies
in the SAURON (Spectroscopic Areal Unit for Research on Optical

920z 1dy 0} uo Jasn eubojog ayonsiels azusidg Ip oyuswinedia A €11 LE8/0022/Z/y¥S/P0IMe/Seluw/woo"dno-olwapese//:sdny Wwoly papeojumoq



Anisotropy ansatz for oblate ETGs 2209

dVv (g = 0.5) + SIS
1

Figure 6. Maps in the (R, z)-plane of g (top row), Ag (middle row), and A (bottom row) in units of G M, /R., for an ellipsoidal dV+SIS model with g = 0.5
for the stellar component, and % = 0.5 for the SIS DM halo, for b = 0.5 (left column), b = 1 (central column), and b = 3.5 (right column). Black solid lines
represent equally spaced stellar isodensity contours. The red and green lines show, respectively, the %° and %° curves, and white regions correspond to negative

values of the fields.

Nebulae) survey (M. Cappellari et al. 2007), and thereafter has been
often confirmed for larger samples of regular rotators, as those of the
MaNGA (Mapping Nearby Galaxies at Apache Point Observatory)
survey (e.g. B. Wang et al. 2020). We notice that the condition
b < by(q) discussed above to have y, = 0, coupled with the fact
that by(g) is almost independent of the specific stellar density profile

provides a natural explanation for the existence of the above empirical
limit on b. Indeed, there is a remarkable similarity of the magenta line
(the empirically determined limit on b as a function of ¢) in Fig. 2
with the by(g) lines. It would be interesting to extend the comparison
of the present results to the galaxies obtained by high-resolution
numerical simulations of galaxy formation in a cosmological setting,
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dV (g = 0.25) +SIS

b=1

Figure 7. Same as in Fig. 6, but with an increased flattening of the stellar distribution, corresponding to the axial ratio of ¢ = 0.25.

such as the [lustrisTNG suite (see e.g. A. Pillepich et al. 2018, 2019;
D. Nelson et al. 2019). The spatial resolution of such simulations
is large enough to check whether the b-ansatz can be applied (e.g.
whether the velocity dispersion tensor is aligned with the local basis
of coordinates), how well the b-anisotropy (in case for a spatially
dependent b) can describe the kinematical fields, and whether the
b values are related with the formation history of the simulated
galaxies, their environment, and the relative importance of the DM
halo.
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APPENDIX: POWER-LAW ELLIPSOIDAL
GALAXY MODELS

We present here three very idealized two-component models that
allow for a fully analytical treatment, and illustrate in a simple
way the results obtained numerically for the more realistic models
in Sections 3 and 4. Also, for the models, the considerations in
Section 2.1.4 show that also for these models [p,, ®] > 0and D <0
everywhere. Their stellar component is an ellipsoidal, power-law
density profile of axial ratio ¢ and density slope 0 < y < 3:

ZZ

B m= R+ (A1)
qm q

Psx =

in all the sections of Appendix A, lengths are intended normalized
to some scale length a,., and densities to py.

A1l Power-law ellipsoidal galaxies in a dominant logarithmic
potential of the same flattening

In this first family, the stellar density in equation (A1) is embedded
in a dominant DM halo with ellipsoidal logarithmic potential of the
same flattening, and circular velocity vy:

@y = v Inm; (A2)
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in the following, all the velocities are in units of v,. From equations
(2) and (6),

-1
2 _ q’ _
Px0, = m, [os, Pn] =0, (A3)

with 012 = 1/y, independently of g. From equations (5), (8), and
10),

qy-H z
D=~ RIF7 (g2 + s2yr/a+l =R (Ad)
1-— 2 2
B = A-wa +s° _ _c, (A5)

y(g* +5%)
so that the B and C functions are constant on straight lines z = sR
of constant s, and from the vanishing of the commutator 8~ = %,
Pt =%€". For y < 1, the regions %" and ¢ coincide with the
whole (R, z)-plane, while for y > 1, %~ is the portion of the (R, z)-
plane below the line,

z=q+y — IR, (A6)

so that #~ expands both for increasing ¢ and increasing y .

The constraints on b(z) can also be obtained easily. From the global
vanishing of the commutator, by = b = b, = 1 (see Section 2.1.4),
while from equation (13) with y > 1,

by = —— (A7)
y —1

independently of z and g, i.e. by decreases for increasing y.

A2 Power-law ellipsoidal galaxies in a dominant SIS potential

In this second family, the dominant DM halo potential is modelled
as an SIS by fixing ¢ = 1 in equation (A2); velocities are again
normalized to vy,. From exercise 13.31 in C21,
y=1p-v
'O*Gz2 = zzlqu)V/Z B, (%’ I— %) ’

(A8)

—1 p—y—1
[ox, Pn] = %Bx (1+%,-%),

where B.(a, b) = [; 1*7'(1 — 1)’~" dr is the Euler incomplete beta

function, and

1 — g?)R? 1 —q?

(1-¢IR" _1-¢g L os= 2 (A9)
RZ + ZQ 1 + sZ

x = ,
R

in the spherical limit azz = 1/y and [p,, @] = 0, while in the oblate
case [px, Pn] > 0 everywhere. From direct evaluation of equations
(5), (8), and (10), or from recursive properties of B, (a, b), we then
obtain

p_ U [S@ )T yBi(y/2,1-7/2) (AL0)

© R+l 1 +s2 2(1 — g2)r/2 ’

52 1—y q2+s2 v/2 y y
B— B(—,l—f), All
1+S2+ 2 (1—q2) *\2 2 (Al
1 1 q2+s2 v/2 v v

- - B(f,l—f), Al2
¢ 1+ 52 2(l—q2 “\2 2 (A12)

so that also for these models the B and C functions are constant on
the straight lines z = sR, and again B > 0 for y < 1. Finally, in the
spherical limit of the stellar density, the D, B, and C functions are
given by equations (A4) and (AS5) withg = 1.

In the top panels of Fig. Al, the red and green lines show,
respectively, the B and C functions as a function of the slope
s = z/R for three different values of ¢ at fixed y (left panel) and for
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Figure Al. Top panels: The functions B (red) and C (green) for power-law ellipsoidal galaxies of density slope y and minor-to-major axial ratio ¢ in a dominant
SIS potential, for y = 2 and different ¢ (left), and for ¢ = 0.5 and different y (right). The intersection point of red and green lines with the axis of abscissae
gives, respectively, the critical slope sgz (g, ) and s<(q, y) of the lines separating the Pt and €* regions. Bottom panels: The 2 (red) and 4° (green) lines
for the same models in the top panels. 8~ is the region of the plane below #°, and €~ is the region above %°. The blue line in the left panel corresponds to the

spherical stellar model, when B =L

three different values of y at fixed ¢ (right panel). For each model,
sa(q, y) and s¢(q, y) are the intersection points of the curves with
the abscissae, so that B <0 for s <sg and C <0 for s > s.
Accordingly, in the bottom panels, %~ is the part of the plane below
the red straight line z = sz R, i.e. s < sg. Therefore, %~ expands
(i.e. sg in the top panels moves to the right) both for increasing ¢
and y. Similarly, ¢~ is the part of the plane above the green lines
7 =s5%R, i.e. s > 5%, so that ¥~ expands (s in the top panels
moves to the left) for increasing g and for decreasing y. Notice how
the separation between %° and €° (the region %+ N %) reduces as
g increases, with s = 52 = +/y — 1 and %° = %° in the spherical
case (blue line).

The constraints on b(z) are easily determined thanks to the fact
that all the relevant functions depend on s = z/R only, so that the
problem reduces to the study of functions of one variable, all the
radial sections such as % can be expressed in terms of s (e.g. see
the bottom panels in Fig. A1), and the resulting critical values of b
are independent of z. For example, in the case of equation (13), for
y > 1 the set Z_ translates to the range 0 < s < s(y, q), and the
minimum is reached on the equatorial plane s = 0 with

20/ -y
S B (r/2,1-y/2)

bum (A13)
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and by(1) = y/(y — 1) in the spherical limit; by decreases for
increasing ¢ and decreasing y. For by in equation (15) the set Z_
translates to 0 < s < 0o0. The minimum is reached for s — oo, and
with some careful expansion, we obtain

2
0 = ﬁ’ (A14)
2+yq?

adecreasing function for increasing g and decreasing y, with by(1) =
1. Finally, for equations (17) and (18), the intervals are s < s < 00
and 0 < s < sg, respectively, with b; = 1 independently of y, and

1 2(1/q* — 1yr/?
Ty =1 B (y/2,1—y/2)

for y > 1, with the minimum reached for s = 0. As an illustration,
in the bottom right panel of Fig. 2, the heavy lines show the critical
b values as a function of g for the value y = 2.

by (A15)

A3 Power-law ellipsoidal galaxies in a dominant monopole
potential

In this third family of models, the dominant DM halo potential is
described generically by a monopole potential &, = —GM /r, so
that the results can be interpreted or as the case of a central dominant
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BH, or as the potential at large radii of a finite mass system; at
variance with the two previous models, now velocities are normalized
to o/GM /a,. From exercise 13.31 in C21, we have

y=IR=r-! +1
ps0? = 2(417(,2)%1)/2 B, (5 1-1%).
(A16)
1 p—y—2
[pas Pnl = Bt Ba (552, %)
where x is given again in equation (A9). In the spherical limit
62 =1/[(y + Drland[p., ®n] = 0. The D, B, and C functions are
now given by

g | sMgP s y+1 y+1 %
= | T e (g @
g | s? y(q2+s2)”2B y+l,
TR | (5232 w2 T 2 )|
[T+ 21— g0
(A18)
oo ] 1 (qz—l—sz)V/ZB v+l v
TR | (1422 a2 0 2
L § 2(1—¢*)~
(A19)
© The Author(s) 2025.
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In the spherical limit the D, B, and C functions are elementary,
and, in particular, B is negative for s < ,/¥, a slope steeper than
that in equation (A6). We finally repeat the analysis of Section A2,
confirming the trends of the critical b values with the model axial
ratio ¢. In particular,

2q (1/g* — 1)r+h/2

by = , (A20)
YBi_p2 (1/2+y/2,1-y/2)
with by(1) = y/(y — 1). Moreover,
3+y
by= —. A21
e (A2D)
Finally,
1 2q(1/q* — 1)\I+n/2
b= L q(1/q ) 18 (A22)

v [Biga(1/2+y/2,1—y/2)

with by(1) = 1. by, by, and b, all decrease for increasing ¢, as can
be seen in the bottom right panel of Fig. 2, for the illustrative case of
the stellar spheroid with y = 2.
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