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Polarons are crucial for charge transport in semiconductors, significantly impacting material properties
and device performance. The dynamics of small polarons can be investigated using first-principles

molecular dynamics. However, the limited timescale of these simulations presents a challenge for
adequately sampling infrequent polaron hopping events. Here, we introduce a message-passing neural
network combined with first-principles molecular dynamics within the Born-Oppenheimer approximation

that learns the polaronic potential energy surface by encoding the polaronic state, allowing for simulations
of polaron hopping dynamics at the nanosecond scale. By leveraging the statistical significance of the long
timescale, our framework can accurately estimate polaron (anisotropic) mobilities and activation barriers in

prototypical polaronic oxides across different scenarios (hole polarons in rocksalt MgO and electron
polarons in pristine and F-doped rutile TiO,) within experimentally measured ranges.

DOI: 10.1103/PhysRevLett.134.216301

Introduction—A small polaron is a spatially localized
quasiparticle that forms in polarizable materials due to the
attraction of an excess charge carrier to its own self-induced
lattice distortion [1-5]. When thermally activated, small
polarons can travel through the crystal, constituting one of
the primary charge transport mechanisms. In addition, they
play a crucial role in various physical and technologically
significant processes, such as optical excitations [6-8],
(photo)catalysis [9—12], photovoltaic applications [13], and
device functioning [14]. Several theories have been devel-
oped to understand and predict small polaron mobility [5],
including Marcus-Emin-Holstein-Austin-Mott (MEHAM)
theory [15-19], density functional theory (DFT) [20,21],
diagrammatic Monte Carlo [22], and dynamical mean
field theory [23]. Moreover, alternative approaches have
been proposed to study large or intermediate polaron
mobility [5,24-30].

Small polaron transfer can occur either via hopping
mechanism or through delocalization in the conduction
band [31-33]. As depicted in Fig. 1, thermally activated
small polaron hopping is either adiabatic or diabatic,
depending on the strength of the electronic coupling
between the initial and final states. In the adiabatic regime,
the polaron charge transfers smoothly to a neighboring site,
while in the diabatic regime, the charge is transferred

* .« . o e
Contact author: cesare.franchini @univie.ac.at

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI.

0031-9007/25/134(21)/216301(8)

216301-1

instantaneously [16,19]. Unlike conduction band diffusion,
for which mobility is difficult to estimate [34], polaron
hopping mobility can be obtained using MEHAM theory
and the Einstein relation [35], typically by calculating the
activation energy through quasistatic linear interpolation
between initial and final states along specific polaron
transport paths [20]. While MEHAM theory allows for a
rigorous treatment of the electronic coupling of initial and
final states and quantitatively describes both adiabatic and
diabatic polaron transfer, the approach limits the compre-
hensive exploration of diffusion pathways and introduces
approximations for the preexponential factor [33].

The dynamical aspects of polarons can be explored
using first-principles molecular dynamics (FPMD), which
is typically based on DFT within the Born-Oppenheimer
(BO) approximation. FPMD has proven highly successful
in assessing dynamical properties of materials [36] and
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FIG. 1. Schematic description of adiabatic and nonadiabatic

hopping transitions from one site to its neighbor, with activation
energy 2% and Ed2, Small filled circles symbolize lattice sites,
whereas the light clouds represent the polaron charge.
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has been extensively used to study small polarons,
offering insights into their activation energies, hopping
dynamics, configurational space, and charge recombina-
tion [21,37-44]. While a rigorous treatment of diabatic
electron transfer (i.e., tunneling) requires methods beyond
the BO approximation [20,45-47], FPMD remains a
powerful tool for accurately describing adiabatic electron
transfer. FPMD can qualitatively capture diabatic transfer
(hopping from one polaronic potential energy surface to
another) when the transfer occurs rapidly enough [48].
However, despite its renowned computational efficiency,
FPMD is limited by the accessible timescale, typically
spanning only a few picoseconds.

Since the pioneering works on neural network poten-
tials [49] and Gaussian approximation potentials [50],
machine learning (ML) has transformed FPMD [51,52].
Contemporary ML-based potential energy surface models
often employ message-passing neural networks and incor-
porate equivariance into their architecture [53,54],
enhancing both accuracy and data efficiency in learning
the potential energy surface. These models enable the
assessment of material properties at a fraction of the cost
of direct DFT evaluation, extending simulation times or
system sizes while preserving DFT accuracy.

Enhancing the capability of ML-based MD (MLMD) to
account for polaron dynamics is complex and remains an
open challenge. While effects such as the prediction of
local magnetic moments [55] and nonlocal charge transfer
[56] have been incorporated into ML-based force fields
using local environment descriptors, these methods do not
explicitly enforce charge conservation, rendering them
unsuitable for simulating small polaron dynamics. To
address charge conservation, global charge equilibration
schemes have been proposed that allocate charge based
on the electronegativity at each site [57,58]. However, these
approaches may lead to unphysical charge transport
mechanisms due to their global nature and the potential
for spurious responses to thermal fluctuations in local
environments.

In this Letter, we present the ML package LEOPOLD
(LEarning Of POLaron Dynamics), designed to accurately
model small polaron dynamics. The architecture, imple-
mented in JAX [59], is built on a modified version of the
Neural Equivariant Interatomic Potential (NEQUIP) archi-
tecture [54] trained on Vienna Ab initio Simulation Package
(vasp) data [60,61]. We introduce two key features to
account for polaron transport: (i) explicit charge state
encoding [62] to ensure charge conservation and identify
polaronic sites, and (ii) direct prediction of site occupation
to track polaron hopping and regularize the descriptor [56].
The architecture is described in detail in the End Matter.
The model is assessed by considering three different
systems: hole polaron in rocksalt MgO (MgO +h™ in
oxygen p orbitals), electron polaron in rutile TiO,
(TiO, + e~in titanium d orbitals), and combined electron

polaron-defect dynamics in F-doped TiO, (TiOjg9F 7).
To describe the coupled dopant-polaron system, we
employ an active learning scheme that effectively addresses
the configurational sampling problem and accurately
reproduces the correct polaron distribution in a defective
system [see Supplemental Material (SM) for details on the
employed methodology [63]]. Our approach can predict
polaron hopping events, thereby enhancing the sampling of
hopping trajectories and enabling nanosecond-scale simu-
lations to extract polaronic mobility, activation energies
(E,), and transition pathways.

Results—Figure 2(a) displays a hopping event—as
generated by LEOPOLD in an MLMD simulation and
reproduced in DFT—based on the dynamical magnetiza-
tion and demagnetization of two neighboring sites in
MgO + h* (other site’s magnetizations are close to 0
and omitted for clarity). Initially (# = 0), the polaron charge
is localized on one site and becomes progressively desta-
bilized due to thermal motion. At the crossing point, the
polaron is shared between two sites until it fully localizes
on the final site (# =~ 40 fs). To accurately reproduce these
hopping processes by our ML model, we initially train
LEOPOLD on one FPMD run unavoidably including only a
few hopping events and concurrently use the trained model
to simulate polaron dynamics in an ML-based MD run. As
hopping is a relatively rare event in the ps timescale, the
initial dataset may not capture all possible transition
pathways. To address this, we employ an active learning
scheme by extracting hopping processes from the
ML-based run and calculating them at the reference DFT +
U level. This extended dataset is then used to retrain the
model iteratively. While this approach is not necessarily
comprehensive, we found that after a few active learning
loops, hopping events were well sampled and the model did
not produce new symmetrically inequivalent transition
pathways.

The results are presented in Fig. 2(b), showing the local
magnetization of sites involved in hopping events as
produced by LEOPOLD and confirmed by DFT for
MgO + h™. Achieved errors are within the expected ranges
[55,56] as detailed in SM [63]. From approximately 50
hopping events extracted at temperatures ranging from 100
to 600 K from 10 ns MLMD runs, we identified two key
characteristics of the hopping behavior in MgO + h™: (i) in
the rocksalt octahedral symmetry, the oxygen p states
hosting the hole polaron are threefold degenerate, which
allows for only one symmetrically inequivalent nearest-
neighbor hopping pathway along the [110] direction; (ii) the
polaronic transition between sites occurs adiabatically [16]
following a hopping mechanism similar to the one shown in
Fig. 2(a).

In contrast, rutile TiO, exhibits more complex structural
symmetries and hopping processes. Figures 2(c) and 2(d)
summarize the results, where we focus our discussion to the
[001], [110], and [111] hopping paths within a single (110)
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FIG. 2. Polaron hopping from ML and DFT for hole polarons in MgO and electron polarons in TiO,. (a) Hopping event extracted from
MLMD through the evolution of the local site-projected magnetization m. Polaron charge isosurfaces are shown for the initial,
intermediate (crossing point), and final states. (b) Comparison of mpgy and myy of 50 hopping events extracted from MLMD at various
temperatures. m is only displayed for the involved sites (m > 0.3 at any time step in the hopping event) and the data point density is
encoded via the color scale. (c) Possible polaron transitions to neighboring sites along three different directions ([001], [110], [111]) in
TiO, shown for a single TiO, (110) layer. (d) Comparison between DFT (full lines, square marker) and ML (dashed lines, round marker)
activation energies for the three different transition directions as approximated by linear interpolation. The color code indicates the site-
projected charge localization defined through the magnetization m as (mgny — Miniga + 1)/2 (0, full localization on the initial site; 1, full
localization on the final site). At DFT-level [001] and [110] pathways show adiabatically coupled transition states (polaron shared

between initial and final sites), while [111] transition is characterized by an instantaneous hopping at the crossing point.

plane for simplicity. The electron polaron occupies a single
1, orbital, where the triple degeneracy is lifted by an axial
elongation of the octahedron [78,79]. This orbital sym-
metry favors polaron migration along the [001] and [110]
pathways. Polaron transport along [111] requires a 90°
rotation of the polaron orientation, making these transport
directions less probable [20]. These considerations are well
reflected in our MLMD data at high temperatures, showing
74.3% of transitions along the [001] direction, 25.5% along
the [110] direction, and 0.2% along the [111] direction.
Interestingly, unlike MgO, hops along both adiabatic and
diabatic transition pathways (as previously determined by
MEHAM theory [20]) are observed. To better describe these
different processes, we performed quasistatic calculations,
i.e., we calculated energy and polaron localization on
structures obtained by linear interpolation of atomic coor-
dinates between initial and final states. As shown in Fig. 2(d)
the ML results are in excellent agreement with DFT
calculations. Transport along the dominant [001] direction

is adiabatic, as deduced by the continuous change of the
site-projected magnetization during the hopping process for
intermediate interpolated structures between nearest-neigh-
bor Ti sites [see gradient bar in Fig. 2(d) or SM [63]].
Transitions along the less favorable [110] direction between
third nearest-neighbor Ti sites can still be classified as
adiabatic, as indicated by the smooth charge transfer, as
depicted by the color coding in Fig. 2(d). However, the
electronic coupling between the initial and final states,
which are 6.4 A apart, is low, as suggested by the more
pronounced peak in the corresponding energy curve. The
less frequent migration pathway along the [111] direction,
which requires a modification of the polaron orbital sym-
metry, is characterized by a diabatic process [20] associated
with a sudden change in the magnetic moment and instanta-
neous hop from the initial and final states.

Remarkably, even though electron delocalization asso-
ciated with migrations along the [110] and [111] directions
is not fully captured by our integer charge state assumption,
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LEOPOLD is still able to qualitatively reproduce the relative
frequency of adiabatic and diabatic events [20]. In particular,
while the hopping events that exhibit some degree of charge
delocalization may cause nonphysical oscillations in our
ML model, they remain meaningful as long as the final
localization site is consistent with DFT predictions and the
transition features a well-sampled energetic barrier. Further-
more, the small timescale of unphysical oscillations, com-
pared to the large timescales considered, renders the impact
on physical observables computed on the obtained polaron
trajectory insignificant (see SM for further discussion [63]).

The polaron transport data generated by LEOPOLD enable
an accurate evaluation of diffusion properties. By using
statistical quantities such as the mean squared displacement
(see SM for details [63]), we can evaluate polaron mobility
and activation energies, refining the results obtained by
quasi-statical models. Figure 3 collects the mobility com-
puted from canonical ensemble (i.e., constant number of
particles N, volume V and temperature 7°) simulations at
various temperatures in MgQO, TiO,, and TiO ggF ; for up
to 10 ns. Mobility increases with temperature, as expected
for small polaron transport [5]. The predicted u and E, for
rutile TiO, fall within the experimentally reported range of
0.01-10.0 cm?/Vs [64,80-83] and agree with previous
MEHAM theory work [20]. The reduced mobility in
TiO; g9Fpo; 1is attributed to the attractive interaction
between electron polarons and positively charged defects,
which typically decreases polaron diffusion. Activation
energies in TiO, + e~ align with theoretical values from
nudged elastic band calculations (E, = 58 meV using
hybrid functional) [80]. We note that our model takes into
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FIG. 3. Polaron mobility p extracted from the mean squared
displacement through the Einstein-relation from ns MLMD
canonical ensemble (i.e., constant number of particles N, volume
V and temperature 7)) simulations at various temperatures for
T102 +e, MgO + h+, and Tiol'ggFoAOI.

account several types of hopping processes, with different
energy barriers, while quasistatic approaches typically
consider only one or few processes. Near room temperature
conductivity measurements for MgO reported difficulties in
obtaining reproducible results [65-67], but activation
energies from MLMD simulations agree well with
theoretical values based on nudged elastic band for
MgO + h™ [65] (E, = 110 meV).

We now consider in greater detail a more realistic
scenario in which the excess charge forming the polaron
is introduced via chemical doping, specifically by sub-
stituting an oxygen atom with a fluorine atom in rutile TiO,
(TiO; 99Fp 1) In this case, identifying polaronic configu-
rations requires a specialized approach to capture the
configurational disorder introduced by multiple defects,
and to determine the most favorable polaron-defect coupled
configuration. [68—70,84].
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FIG. 4. Polaron defect interaction and charge mobility
anisotropy in TiOj ¢g9Fjy; from 10 ns long MLMD at different
temperatures. (a) F-polaron distance distribution; light (yellow)
and dark (pink) planes show contributions from different planes
highlighting preferential polaron localization in the F-aligned
(110)g plane and increasing interlayer mobility with rising
temperature. (b) Layer-projected site distributions of polaron
in (110)g. Innermost circles show distribution at 200 K and
consecutively larger circles show distribution at 300, 400, 500,
and 600 K. (c) Polar plot of the polaron mobility x in the (110)
plane at different temperatures along [001] and [110] directions.
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Polaron trajectory data collected from 10 ns MLMD
simulations indicate a strong attractive interaction between
the mobile electron polaron and the immobile fluorine im-
purity, as suggested by the short distance peak in the polaron-
fluorine radial distribution function shown in Fig. 4(a).
The attractive interaction between the electron polaron and
the positively charged F defect is evident in the tendency of
the polaron to remain near the F defect, restricting its
movement within the (110) basal plane containing the
F atom. The polaron probability distribution displayed in
Fig. 4(b) reveals that the polaron predominantly occupies the
Ti sites along the [001] direction adjacent to the F defect. As
the temperature increases, the probability of the polaron
visiting other sites, including adjacent planes, also increases.
However, the short-distance polaron-F complex remains the
most favorable configuration. This resultis in good agreement
with previous experiments based on electron paramagnetic
resonance and electron-nuclear double resonance, which
identified the polaronic ground state at low temperatures as
the Ti** ion adjacent to a F~ ion [78].

Furthermore, we show the direction resolved analysis of
polaron mobility on (110) plane. The resulting polar plot
displayed in Fig. 4(c) indicates a strong anisotropy with a
preference of the polaron to diffuse in the [001] in agree-
ment with the direction-dependent activation energies in
TiO, shown in Fig. 2(d). This behavior is in very good
agreement with bulk conductivity measurement [85].

Finally, we tested the scalability of our model by
performing additional calculations on twice larger F-doped
TiO, supercells, without retraining, and obtained very good
performance, as discussed in SM [63].

Conclusions—To conclude, we developed a machine
learning approach to study small polarons dynamics at the
nanosecond timescale. Training our model on polaronic
FPMD data reproduces the adiabatic and diabatic polaron
transport in two structurally different polaronic materials,
MgO and TiO,, capturing both electron and hole polaron
dynamics, as well as polaron-defect correlation. Our model
enables an efficient and comprehensive exploration of
polaron hopping pathways, providing substantially
increased statistical sampling compared to first-principles
MD and offering a dynamic representation of the hopping
process. Mobilities, activation barriers, and diffusion
anisotropies are in good qualitative agreement with pre-
vious theoretical results and explain measured experimental
data. The designed ML-aided architecture is general and
applicable to other systems, including charge transport in
organic semiconductors and Li-ion battery materials, and
can be extended to even more complex situations, such as
multipolaron systems, surfaces with adsorbates, and exci-
ton-polaron materials. More efficient generation of training
data could eliminate the need for initial FPMD runs,
thereby reducing the number of required DFT calculations,
allowing for the use of more accurate functionals. At
high polaron concentrations, where accounting for

configurational disorder becomes important, employing
models to sample polaron-polaron and polaron-defect
configurations [68,69,84] could streamline the creation
of reference databases and improve the accuracy of
simulations when scaling to larger systems. Furthermore,
the generality of the model could be enhanced by incor-
porating diabatic effects in a more rigorous form by going
beyond the BO approximation.
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oxidation state by =£1, we can encode each atom’s
charge state in the input one-hot encoded vector of
LEOPOLD. The charge state ¢ is determined through the
following relation:

. { 1, ifi=arg max]|m]|7 (A1)

0, otherwise

where c¢; is the charge state of atom i (¢; =1 for
polaronic site, 0 for nonpolaronic sites) and m; is the
magnetization of atom j. In the “polaron encoding” (as
shown in Fig. 5), the value c; is appended to the one-hot
encoded vector representing the species of atom i. The
resulting encoding vector in a polaronic binary compound
is a three-dimensional vector [e.g., in TiO,, Ti=(1,0,0),
0=(0,1,0), Ti* = (1,0,1)]. The description can
easily be generalized to systems with n polarons by
assigning c; = 1 to the n maximally magnetized atoms.

Polarons can hop to adjacent sites when more favorable
local bonding geometries enhance the adiabatic electronic
coupling. To capture these dynamics, which are not
reflected in the discrete encoding of charge states,
LEOPOLD learns the local charge occupation of each site
through the architecture reported in Fig. 5. This approach
serves two key purposes: it enables tracking and updating
of the polaronic states, while also regularizing the
learned representation to incorporate polaronic state infor-
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n?mm’ = Zfl <W?|P(lfmm’|l//?>’ (A2)
i

where y; are the Kohn-Sham states, f; their occupations, /
the atom index, m the specific projector function, and o the
spin channel. We use p-state projectors for MgO + h* and
d-state projectors for pristine and F-doped TiO,, as defined
in DFT + U [87]. We checked that, instead of predicting

rl Z c?

—( LEOPOLD |
[

Te[ng]*,
|
I e

}

m

[ MD step ] [argmax(m)]

| !

) ==

— Al —

(comen)
———

Dense Dense
Network Network

ritl i+l i i
E(r,Z,c) Tr[n?]
FIG. 5. Overview of workflow and model architecture. The left

side shows the applied MLMD workflow, where predicted
energies E and forces F are used to integrate the nuclei’s
equations of motion, while predicted occupations Tr[n¢] and
derived magnetizations m determine the charge state ¢/*! at the
next time step. The right side shows the model architecture of
LEOPOLD. Positions r/, nuclear charges Z, and charge states ¢/ are
fed into the neural network. The polaron encoding appends the
one-hot encoded nuclear charge Z; and charge state ¢; of each
atom to represent the polaronic state of the system (the enlarge-
ment shows possible vectors in a binary polaronic compound,

1 .
where Z5” encodes a polaronic atom).
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the full occupation matrix, it is sufficient to learn the
invariant atomic quantity Tr[n¢] for each atom i and spin
channel o, denoted as n¢. Since small polarons carry a spin,
to stabilize the prediction of the charge occupations we
impose constraints ensuring that the total occupation

1 -

an + nil, the magnetization n; —n; = m;, and the total

magnetization of the system » . n,T - n,i are also fitted to

the reference data. For details on the machine learning
methodology, see SM [63].

216301-8



	Machine Learning Small Polaron Dynamics
	Introduction
	Results
	Conclusions
	Acknowledgments
	Data availability
	References
	Appendix: Model


