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Abstract

Cable-driven wrench applicators (CDWAs) are parallel robotic systems that apply con-
trolled wrenches to the robot end-effector through cable actuation. The presented study
introduces a framework for the performance evaluation of CDWAs based on dedicated
metrics. It focuses on the geometric analysis of n-cable CDWAs controlling n — 2 wrench
components and on the experimental comparison of a 4-cable architecture with an 8-cable
CDWA. The geometric analysis reveals intrinsic properties of the 4-cable system’s tension
distribution and inherent limits in achieving specific control objectives. Both simulations
and experimental validation demonstrate that the 4-cable CDWA attains comparable per-
formance in wrench control while requiring higher tensions, yet offers greater ease of use
and mechanical simplicity.

Keywords: cable-driven parallel robots; rehabilitation robotics; wrench control; force
control; tension distribution; performance index; experimentation

1. Introduction

Traditional cable-driven parallel robots (CDPRs) use cables arranged in a parallel
topology to control the end-effector (EE) pose, whereas cable-driven wrench applicators
(CDWAs) employ the same principle to apply selected forces and moments, collectively
referred to as a wrench, to the EE. CDWAs combine low moving inertia, large and scalable
workspaces, lightweight and easily reconfigurable mechanical hardware, and force gener-
ation that may be tailored to the user and task [1-3]. These features make them suitable
for force-controlled applications, such as rehabilitation [4,5], haptics [6], training [7,8],
and wearable applications [9,10] such as exoskeletons [11,12].

Although extensive research exists on workspace characterization [13-15] and perfor-
mance evaluation [16,17] for position-controlled CDPRs, the analysis of redundant CDWAs,
having more cables than the number of controlled wrench components, is limited [18,19]. In
particular for rehabilitation applications, where accurate and selective wrench application
over large workspaces and under human-induced variability is essential, a systematic,
task-aware performance analysis of redundant CDWAs is still missing. Highly redundant
CDWAs are usually employed due to their greater flexibility and adaptability to external
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disturbances and user interaction, but they might also be intrusive for a user and a therapist
in rehabilitation. Redundancy introduces multiple feasible solutions for cable tensions,
and choosing one that ensures continuity, positivity, and bounded limits often remains an
ad hoc process [20,21]. When only a subset of wrench components is controlled, detrimental
uncontrolled force/moment (thereby called parasitic components) may arise. These com-
ponents must be constrained and evaluated against meaningful, task-related criteria [16].
The study of task-based criteria for controller and robot architecture comparison may
instead highlight that lower-redundancy CDWA may perform equally well with lower cost
of the hardware. Consequently, two main gaps persist: (i) the lack of a unified approach to
systematically select the tension-distribution strategy for a given architecture based on task
objectives (e.g., minimizing cable tensions versus minimizing parasitic effects), and (ii) the
absence of quantitative, task-level metrics to compare different architectures in terms of
cable efforts and wrench quality.

This study addresses these gaps by presenting a framework based on three dedicated
performance indices:

(i) The Owverall Performance Index (OPI), which guides the selection of the most suitable
tension-distribution strategy for a fixed architecture (for instance, a quadratic program
minimizing either overall tension or parasitic wrench components);

(i) The Maximum Tension Index (MTI) and Maximum Parasitic Wrench Index (MPI), which
quantify cable efforts and undesired wrench effects across the workspace, thus en-
abling architecture comparison and task-specific evaluation.

The proposed framework is applied to a rehabilitation task, investigating whether a
simplified underconstrained 4-cable system can effectively replace a conventional over-
constrained 8-cable design. Building upon the preliminarily results presented in [22], this
work introduces a novel geometric formulation for n-cable CDWA tension distribution
and optimization, assuming n — 2 wrench components are to be precisely controlled, such
as in a 4-cable CDWA controlling planar forces. Building on [20], we derive closed-form
expressions of the feasible tension sets and identify optimal solutions for two canonical
objectives: minimizing overall cable tensions and minimizing parasitic wrench components.
The geometric formulation highlights when these objectives align or diverge, linking analyt-
ical conditions to observable trends in performance indices (OPI, MTI, MPI) and clarifying
the trade-offs inherent to underactuated architectures. Finally, the paper validates the
analytical findings through both simulations and experiments, confirming that the 4-cable
CDWA has wrench-control performance comparable to the 8-cable architecture.

The remainder of the paper is structured as follows. Section 2 provides the tension
computation model for a CDWA. Section 3 presents the optimization of the tension distri-
bution through quadratic programming. Section 4 introduces the geometric analysis of an
n-cable CDWA controlling n — 2 wrench components. Section 5 defines the performance
indices of the comparative framework, and Section 6 applies it to 4- and 8-cable CDWAs,
including experimental validation. Section 7 concludes the paper and outlines directions
for future work.

2. Wrench Exertion and Tension Control

A CDWA generates a target wrench at the EE by tensioning # cables attached to
it. This section revises how cable tensions are responsible for wrench generation on a
CDWA. In particular, it reviews how cable tensions produce the desired wrench and how
to compute a suitable tension distribution when only a subset of m wrench components
(m < n) is actively controlled, while the remaining 6 — m components are minimized or
otherwise managed. Let O(x,y,z) be an inertial frame and O’(x’,/,z’) a frame rigidly
attached to the EE (Figure 1). The EE pose is described by the position vector p in the
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inertial frame and by the rotation matrix R, here parametrized via tilt-torsion angles [23].
Each cable is modeled as a straight, massless segment guided through an eyelet at B;, whose
position vector in O(x,y, z) is b;, and attached to the EE at A;. The latter point is constant
in the EE frame, and denoted by r}, and expressed in the inertial frame as a; = r; + p,
with r; = Rr/. The cable vector is I; = b; — a; and its unit direction is t; = 1;/||1;]|.

Figure 1. Geometric model of a cable-driven wrench applicator.

The wrench w = [Fy, Fy, F;, My, My, MZ]T € R applied to the EE relates to the cable
tension array T = [1q,...,Ts]T € R" through the structure matrix A € R®*":

AT=w, (1)

where the i-th column of A = [ay,...,a,] is

ai:[ t ] i=1,...,n @)
r; Xt

In wrench-application problems, w may be either fully or partially specified. Let
m be the number of components to be controlled and s = 6 — m. The uncontrolled
components are classified as parasitic when they hinder performance or as residual when
they are neutral and excluded from performance evaluation. For example, in standing-
balance training, Fy and F, are controlled to correct instability, F; is residual, and the
moments are parasitic [24]. Denote the controlled, residual, and parasitic components by
we € R", w, € R", and w)y € Rk, with I + k = s. Without loss of generality, w can be
ordered as w = [w/ w, w;,r]T. With the corresponding partition A = [A] A, A;—]T,
Equation (1) becomes

AT =w, A Tt=w,, ApT=wyp, 3)

where A, € R"™*", A, € R"" and Ay € RFX". We refer to equalities in Equation (3) as
the controlled, residual, and parasitic equilibrium equations, respectively. In Equation (3),
the objective is to determine the tension array 7 that generates the desired wrench com-
ponents w, while keeping w;, and w, within acceptable or prescribed limits. To avoid
cable slackness or excessive stress, cable tensions must remain within prescribed bounds,
making this a constrained optimization problem. The solution, originally presented in [25],
is briefly recalled here.

We first examine the unconstrained case, temporarily neglecting physical and task-
specific limits. The existence of a feasible solution depends on the number of cables and the
properties of the structure matrix. Because cables can only pull, at least (1 + 1) cables are
required to completely control m wrench components [26], implying m < n — 1. Moreover,
the desired wrench array w, must lie within the subspace spanned by the structure matrix
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A, so that rank(A.;) = m. Under these assumptions, AT = w, admits infinitely many
solutions for T € R"”, which can be expressed as in [20]:

where T, = Al w¢ is a particular solution, Al € R"*™ is any right-inverse of A, (in case
the m x n matrix A, has full rank m, there are infinitely many n x m matrices Af satisfying
ACA;r = I,;), the columns of N € R1x (n—m) span a basis of the right null-space (kernel)
of Ac, and A € R"™" is an array of parameters determining a specific element in such a
null-space. Matrix N can be chosen to form an orthonormal basis of A null-space, such
that NTN = I,,_,,. Moreover, the particular solution Ty satisfies N T Tp = O0n—m, while the
homogeneous solution NA satisfies AcNA = 0¢ 1 for any A.

Finally, Equation (4) can be substituted into the central and the rightmost equalities in
Equation (3), obtaining the analytical expression of residual and parasitic components:

wr=A;(Tp+NA),  wp=A,(1,+NA). (5)

The elements of A are theoretically free to take any real value, leading to an unconstrained op-
timization problem, where the goal is to select an optimal A to achieve a desired performance.
However, in real applications, due to the presence of physical and task-specific bounds
such as bounded cable tensions and parasitic wrenches, solving for A requires a constrained
optimization approach. The next section reviews the general approach of the quadratic
programming (QP) formulation for solving constrained quadratic optimization problems,
while Section 4 presents the geometric analysis of tension optimization for n-cable CDWAs
controlling n — 2 wrench components.

3. Tension Distribution Optimization via Quadratic Programming

As introduced in Section 2, solving the wrench-application problem for redundant CD-
WAs requires solving a constrained optimization, since multiple feasible solutions may exist.
Among several available methods [27], we focus on quadratic programming (QP) due to its
computational efficiency, smoothness of solutions, and broad adoption [4]. Two quadratic
cost functions are considered to compute A, each highlighting key differences between
CDWAs performing the same task:

QPT: Quadratic programming for cable tension minimization, which minimizes the square of
the 2-norm of cable tensions, thereby promoting energy efficiency;

QPP: Quadratic programming for parasitic wrench minimization, which minimizes the square
of the 2-norm of parasitic wrench components, thereby reducing undesired effects.

The cost function of QPT is derived from Equation (4) as
[TA)3=ATHA +2fTA +g, (6)

with

H=N'NeRO-mxt-m ¢ NTg, c RO-M ¢ = T;Tp.

As highlighted in Section 2, N'N =1,_,, and NT'rp = 0,,—, and (6) can be rewritten
as |[T(1)]3 = A"A + g. While g remains part of the cost function, it does not affect the
optimization process as it does not depend on A. Thus, minimizing ||T(A)||3 is equivalent
to minimizing A " A. The QPT optimization problem can be formulated as
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min ATA
A
Wp,max Ap Wp,max (7)
st — < T(A) < ,
Wy, max A, Wi max

Tmin = T(A) = Tmax-

where =< denotes element-wise inequalities, Wy max and w; max are the arrays holding
maximum values of parasitic and residual wrench components, respectively, and Tmi, and
Tmax are lower and upper cable tension limits, respectively.

The cost function of QPP can be found from the rightmost equality in Equation (5) as

[wp(A)[IF3=ATLA+2p A+, )
with
L=N'AJAN e RO=mxmmm) p — NTATA, 7T, e R™, =1 A A,T).

where L is a symmetric and positive definite matrix. Similarly to QPT, ¢ does not depend
on A and can be eliminated for simplicity’s sake from the optimization, yielding to the QPP
optimization problem:

min ATLA+2pTA
s.t. — Wy max < ArT(A) < Wrmaxs )
Tmin = T(/\) = Tmax-

Once A is obtained from either QPT or QPP, the corresponding tension distribution
(TD) 7 is computed using Equation (4), while the residual and parasitic wrenches, w, and
w), follow from the central and rightmost equalities in Equation (5). Numerical solvers
(e.g., MATLAB 2025b quadprog, which implements several of the algorithms described
in [28]) may provide feasible QPT/QPP solutions if one exists, but do not necessarily expose
the underlying trade-offs between different control objectives. To analyze this case, we
focus on a n-cable CDWA controlling m = n — 2 wrench components, e.g., n = 4and m = 2.
The optimization then reduces to determining A € R?, enabling a geometric interpretation
of the feasible tension set for both QPT and QPP. This geometric approach, originally
developed for CDPRs [20], is here extended to CDWAs. Geometric analysis enables offline
characterization of robot capabilities, identifying which configurations can be controlled
as required.

4. Analysis of n-Cable CDWAs with n — 2 Controlled Wrench Components

When an n-cable CDWA has to control m = n — 2 wrench components, such as when
a 4-cable CDWA is used to control a planar force, then A € R? and the tension allocation
problem A; T = w, is underdetermined by two degrees of freedom. Once w, is satisfied as
per Equation (4), two independent parameters remain that redistribute tensions among the
cables without altering the controlled wrench w,.

Formally, the solution space of Equation (4) is a two-dimensional vector subspace
P C R? similar to the ones described in [20], but CDWAs also considers wrench constraints
in addition to tension ones, namely

https://doi.org/10.3390/robotics15020036
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P = {/\ € R? | Tmin < Tp‘f‘NA < Tmaxs
— Wpmax < Ap(Tp +NA) < Wpmax, —Wrmax < Ar(Tp +NA) < Wy max}. (10)

The subspace P is referred to as the feasible tension polygon, as it includes all pairs
A= [Al,)tz]T that, through Equation (4), generate a tension distribution 7 satisfying
the limits related to cable tensions, parasitic wrenches, and residual wrenches. Rearranging
the inequalities in Equation (10) gives

Tin — Tp < NA < Ty — Tp (11)
—Wpmax — ApTp < ApNA < Wpmax — ApTp (12)
—Wrmax — ArTp < A;NA < Wy max — ATy (13)

If we denote

e Thei-th row of matrix N as n; € R1*2, and the i-th element of Tpas Ty fori=1,...,n;

*  The j-th row of matrix A,N as n;’ € R%2 the j-th element of Wy max as w]p maxs the j-th
p _ P P .

= a]-’rp,for] =1,...,k

e The g-th row of matrix A,N as nZI € R12 the g-th element of Wy max as w;/max, the g-th

'a — r
g = A

row of matrix A, as a}g e R and w

row of matrix A, as a; € R and w Tp,forqg=1,...,h,and h +k = sasin
Section 2;

Equations (11)—(13) can be explicitly written as a linear system of 2(n + s) inequalities:

14 _ P P
mA > Tyin — T, nl/\ > wl,max wr,l’ nﬂ > _w{,max - w;,p
14 14 P r r r
A < Tyax — T nl/\ < W1 max — W17 mA < Wi, max — W1/
L 4 14 P r ol _ o
A > Tyiy Tp,2s n,A > W) max — W A > W2, max — Wr,2/ (14)
r r r
nA < Ty — Tpn, nf/\ < wlrc),max — wgrk, nh/\ < Wiy max — Wr,ps

Each inequality defines a half-plane bounded by a line corresponding to values of A for
which one cable tension can be equal to, whether T,,,;;, or T4y, Or alternatively lead to one of
the wrench components being :twﬁ max OF =W} max- The intersection of the 2(n + s) half-
planes in Equation (14) defines the feasible tension polygon P. For the sake of simplicity,
Figure 2 represents a case where n = 4 and only the constraints in Equation (11) are enforced.
In Figure 2a, the boundary lines, obtained by turning the inequalities into equalities, are
called L’lmn, Ly, Lg””, ..., L' and referred to inequality lines; the resulting feasible tension
polygon P is shown in Figure 2b. A general algorithm for computing the edges of P in
CDPRs with n = m + 2 cables is presented in [20]. After a finite number of iterations,
the algorithm either returns the vertices of a convex feasible polygon or reports P = @,
indicating that no A € R? satisfies Equation (10). Provided that a feasible tension polygon
exists, QPT and QPP can be solved exactly, as per the optimization problem formulated in
Equations (7) and (9), thus allowing the key differences and similarities of the two problems
to be analyzed. In the following, for illustrative sake, we will show examples computed for
a 4-cable CDWA controlling planar forces Fy and Fy, thus m = 2, and we will only consider
tension constraints, as in Equation (11).

https:/ /doi.org/10.3390/robotics15020036
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Y Lyin "’X{L’“;
LTaI \\ Lglﬂw

100 \\\ 100

A2 Ly i A2
oL . e 0
—100 > —100

0 100 200 0 100 200
At A1
(a) Inequality lines (b) Feasible tension polygon

Figure 2. Example of feasible tension polygon of a 4-cable wrench applicator at a given pose. Colored
solid and dashed lines represent upper and lower tension limits.

4.1. Algorithm for QPT Solution
Recalling Equation (7), the QPT problem can be expressed as

anXM,&t AeP. (15)

This is a strictly convex quadratic optimization problem with a unique global solution.
Level sets are circles centered at the origin. Hence, two scenarios are to be considered:

e Interior case. If 0 € P, then the solution to Equation (15) is the unconstrained one,
namely A* = 0, and the subsequent tension distribution is 7% = 7, (Figure 3a).

*  Boundary case. 1If 0 ¢ P, the solution is the first point of contact between a circle
centered in A* = 0 and P (Figure 3b,c); this results in the smallest circle centered
in the unconstrained solution to Equation (15) and touching P: the solution can
be determined using the Karush—-Kuhn-Tucker (KKT) conditions ([28], chapter 12)
iterating over the polygon’s vertices and edges.

In the following, we focus on the Boundary case, as the Interior case is straightforward: one
simply substitutes A = 0 into the inequality constraints in Equation (14) to verify feasibility.

A vertex vij € P is obtained as the intersection of two active-constraint lines, derived
by turning inequalities into equalities:

Li:niA:bi_Tp,i/ L::

ji A =bj— T, (16)

n; is not only the i-th row of N, but it is also the direction normal to L;; the scalar b;
either equals Tiin OF Tmax, depending on whether L; enforces a lower or upper bound (and
similarly for j). Since the optimal solution lies on the boundary of P, the QPT problem
can be reformulated using the Lagrangian approach [29]. The resulting Lagrangian takes
different forms depending on whether the solution lies at a vertex or along an edge.

4.1.1. Vertex Optimality QPT

For each vertex candidate v, the Lagrangian is constructed by introducing two active
multipliers p;, y i = 0 associated with the active constrains L; and Lj, i.e., the constraints that
are satisfied with equality at the solution:

L i) = ATA+ i [mA — (b — 7)) + wi[mjA — (b — 1)) (17)

https:/ /doi.org/10.3390/robotics15020036


https://doi.org/10.3390/robotics15020036

Robotics 2026, 15, 36 8 of 22
Stationarity with respect to A implies
VAL =2A+n] g +n] pj = 0. (18)
and evaluating this latter condition at A = v;; gives
] M = 2w 19
Hi

200

e QPT'solution

200

o () PT'solution

200

o ) PT'solution

100 100 100
Ao Ao Ao
0 0 0
—100 —100 —100 I
0 100 200 0 100 200 0 100 200
A M A
(a) (b) (©)

Figure 3. QPT solution cases. (a) 0 € P. (b) Optimum at a vertex. (c¢) Optimum along an edge.

To determine whether a vertex satisfies the optimality conditions using the Lagrangian
approach, it is essential to adopt a consistent sign convention for the normals n; and n,
([28], chapter 12, and [20]). We therefore introduce the signed normals ;. (k € {i,j}), which
identify the half-plane in which each constraint is satisfied:

_1/ bk = Tmax,

wp = sgn, s = ke {ij} (20)
1, bk = Tmins
Then the solution to (19) can be found as
[Vl] = 2[0&1' véj]il Vl']'. (21)
Hj

If Equation (21) yields p; > 0 and p; > 0, then the vertex v;; is a KKT point and thus

optimal [29] (see Figure 3b).

4.1.2. Edge Optimality QPT

If the vertex v;; does not satisfy the KKT conditions, the search proceeds along
the boundary of P in a prescribed direction (clockwise or counter-clockwise). Accord-
ingly, the next candidate to evaluate is the edge lying on the the potentially active line
L;: njA =b; — 1, ; which connects the vertex v;; to the adjacent vj; € P. For any such
edge candidate, the Lagrangian with a single active constraint L; is

E(A, y]) = ATA + Hj [n]A — (b] — Tp,j)] . (22)
Stationarity with respect to A gives

ViL=2A+nlp=0 = A:—%n} 23)

https:/ /doi.org/10.3390/robotics15020036
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Using the signed normals of Equation (20) to ensure consistency, and substituting
Equation (23) into the line constraint L; in Equation (16), allows to compute the multi-
plier y;, and ultimately the candidate solution A as

o 2S] (b] — Tp,]') A
Hi= ocij ’ 2
]

. s:(b: — T
_ &a], _ i (b ZP/]) ). (24)
;15

If 4j > 0 and A satisfies all inequalities in Equation (14), then A is the optimal one. Oth-
erwise, the candidate is discarded and the next vertices and edges of P are examined.
An example of edge optimality is shown in Figure 3c.

4.2. Algorithm for QPP Solution
As noted in Equation (9), the QPP optimization problem is

min ATLA+2pT™A st AeP, (25)

with L € R?*2 positive definite. Therefore, the level sets of this strictly convex quadratic
form are ellipses with center and unconstrained minimizer

Ac=—L71p. (26)

As in the QPT case, two scenarios arise:

»  Interior case. If A € P, then the optimal solution is simply A=A, (Figure 4a).

*  Boundary case. If A, & P, the solution is the first point at which the ellipses expanding
from the center A touch P (Figure 4b,c). As in QPT, this point can be found using the
KKT conditions iterating over the polygon’s vertices and edges.

4.2.1. Vertex Optimality QPP

For each vertex v;;, the Lagrangian with active multipliers y;, y; > 0 is
L, i) = ATLA+2p T A+ [ — (b — 1,0)] + pi[mA — (bj—15)],  (27)
and stationarity with respect to A requires
VAL(A, i, 1) = 2LA +2p + 0 i +n] = 0. (28)

Evaluating at A = v;; yields

[W] =2[a; aj] '(Lv;+p). (29)
i

where «; and «; are the signed normals introduced in Equation (20). If Equation (29) yields
#i > 0and p; > 0, then the vertex v;; is a QPP optimum (see Figure 4b).

4.2.2. Edge Optimality QPP

If the solution is sought on an edge, the Lagrangian with the single active multiplier
#; is constructed similarly to the QPT case:

LA, ) =ATLA+2p A+ pj[njA — (b; — 7)) (30)

https:/ /doi.org/10.3390/robotics15020036
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Stationarity with respect to A gives

ol
Hiny

VALApj) =2LA+2p+nfpj=0 = A=A L' 5

(31)

Introducing the signed normals of Equation (20), the result of Equation (31) is substituted

into the line constraint L; in Equation (16) to compute the multiplier y; and the solution

candidate A: ( . )

25;(n;L™"p+b; — 7, it
N ] p. -1

= — L — . 32

L , A=A+ > (32)

Hj

As in QPT, if 1j > 0 and A satisfies all inequalities in Equation (14), then the candidate
solution is the optimal one. Otherwise, the candidate is discarded and the next vertices and
edges of P are examined. An example of edge optimality is shown in Figure 4c.

200 200 200
e QP Psolution e ()P Psolution o ()P Psolution

100 100 100

Ac \ :

/\2 /\2 /\2 P

0 0 0 LA
—100 —100 —100
0 100 200 0 100 200 0 100 200

A1
(a)

1

(b)

()

A1

Figure 4. QPP solution cases. (a) Ac € P. (b) Optimum at a vertex. (c) Optimum along an edge.

4.3. Geometric Interpretation and Continuity

The feasible polygon P depends on the EE pose because both the particular solution
Tp and the null-space basis N vary with position p and orientation R. As a result, the half-
planes of Equation (14)

Tmin — Tp(P,R) < N(p,R)A < Tmax — 7p(p,R) (33)

also translate and rotate with the EE pose, deforming P (p, R).

For QPT (Figure 5a), the level sets are circles centered at the origin, so the cost depends
only on the radius. If A = 0 € P, then it is the optimal solution A* = 0; otherwise, the
optimal circle touches P at a vertex or along an edge (Figure 3). Since the center of the
circles is always fixed at the origin, the level sets do not move with the EE pose, and A*
varies smoothly as P (p, R) deforms.

For QPP (Figure 5b), the objective A'LA 4 2p' A defines ellipses centered at
Ac = —L’lp with semi-axes embedded in matrix L, both of which vary with the EE
pose. Thus, as the EE moves, P, the center A, and the ellipse geometry all change, causing
the optimal QPP solution to possibly shift abruptly. Figure 5c shows this case on a 4-cable
simulation (m = 2, n — m = 2): smoothly varying the pose (p,R), QPT yields a continuous
locus of A, while QPP exhibits sudden jumps caused by edge/vertex switches. That is,
the optimizer may lie on one edge (or vertex) at time k and jump to a different, possibly
opposite, edge (or vertex) of P at time k 4 1, inducing discontinuities in A and the resulting
tension profile.
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Figure 5. Comparison of QPT (a) and QPP (b) cost level sets, and variation of A (c) with the pose of a
simulated 4-cable CDWA for QPT (red) and QPP (blue).

5. Performance Metrics for Cable-Driven Wrench Applicators

In this section, we introduce three performance metrics designed for CDWAs, and also
clarify their geometric meaning for 4-cable CDWAs. These indices serve two distinct
purposes: (i) for a fixed robot architecture, they enable the comparison of alternative
tension-distribution (TD) strategies through the Owverall Performance Index (OPI), and
(ii) once a TD has been selected, they support the evaluation of different architectures
via the Maximum Parasitic Wrench Index (MPI) and the Maximum Tension Index (MTT). These
indices can be used for analyzing an existing architecture, and numerically comparing its
performance with another, but can be also used in a synthesis scenario, where a suitable
architecture for a give application needs to be found and optimized.

All three metrics are defined locally, meaning they are computed at a specific
workspace point i and over a finite set of task-relevant orientations. By sampling the
workspace at N discrete positions, each associated with the same M orientations, these
metrics can be examined either over the full workspace or restricted to regions of interest
for the particular task. In addition, for the sake of physical consistency and practical
interpretation, it is advisable to define the controlled, residual, and parasitic components
of w, such that w, and w, are a subset of forces or moments only. This choice ensures
dimensional consistency in the cost functions in Equations (6) and (8) as well as in the
associated performance metrics. To demonstrate how OPI, MTI, and MPI are computed, we
provide examples using a 4-cable CDWA in which two wrench components are regulated
and the remaining four are left uncontrolled. As shown in Section 4, this makes it possible
to graphically visualize the underlying analysis and improve clarity.

5.1. Overall Performance Index (OPI)

The Owerall Performance Index (OPI) is a dimensionless indicator used to compare
two tension-distribution (TD) strategies in a CDWA when balancing cable effort (relevant
for energy and wear) and parasitic wrench components that negatively influence task
execution. In general, computing A through QPT prioritizes reducing cable tensions, which
can increase parasitic effects, whereas QPP aims to suppress parasitic components, often
resulting in larger tensions. OPI identifies, for each sampled pose in the workspace, which
TD achieves the most favorable compromise. A representative example of this trade-off
is shown in Figure 6 for an exemplary 4-cable CDWA. Here, the parasitic wrench is taken
as a vector of moments wy, = [My, My, M;]T. The QPT solution (red) yields the smallest
tension norm || T ||, but produces a larger parasitic norm ||wy ||, whereas the QPP solution
(blue) achieves the opposite effect. In this instance, QPT results in ||7]; = 42N and
|lwp|l2 = 8 Nm, while QPP gives ||7|2 = 74N and ||[w,[[, = 6 Nm.
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Figure 6. Comparison of QPT (red) and QPP (blue) trade-offs between overall cable tensions and
parasitic effects. The pink region is the feasible polygon P at a given pose.

For a fixed EE position i and a set of M task-relevant orientations { i=1...,.M }, OPI
aims at comparing two TDs. In this paper, we consider QPT yielding tensions T7 and
parasitic effects wy,, and QPP giving tensions Tp and parasitic effects wy,. For each i,
the worst-case RMS cable tension (reflecting how the effort is distributed across cables) and
parasitic effects among the considered M orientations are

7, I Tp,ill

T5 . = max 4 Th, = max l 34
i i Pi i v (34
w;T,i = m]ax [Wprll, Wy, = m]ax Wy ll- (35)

For the 4-cable CDWA, the QPT and QPP outcomes can be visualized directly as red
and blue points in the A-plane. Neglecting the \/n factor in (34), T7; (resp. T} ;) equals the
radius of the smallest circle centered at the origin that encloses all red (resp. blue) markers
(Figure 7). In contrast, no analogous “single-plot” visualization exists for wj, - and w, .
because the QPP ellipses shift and deform with orientation.

A |° QPTsolutions
A | e QPPsolutions
150
o -max; [Tl
100 . . /"c.fﬂmxj l7pisl2
50 ol ¢ 0®
° 0!
—50 | .
100 0 100 200

Figure 7. Comparison of QPT and QPP worst cases: T;; and Tp; at a fixed position i across M
orientations in a 4-cable CDWA. Red: ||T7||2 (QPT); blue: || Tp||2 (QPP).

The OPI at position i is defined as
OPI; = At; + AWp,l', (36)

* * * gk
TP,i - TT,i o wPP,i WPT,i
1o 2 100 Awyi = v V72

(Th; +71,) (Whe, + Wip,)

AT; = -100,
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Here, At; expresses the relative variation in cable tension, computed with respect to the
average value, when switching from QPT to QPP, whereas Aw,, ; captures the analogous
change in parasitic wrench magnitude. If both terms are positive, QPT yields lower tensions
and smaller parasitic effects than QPP, and the resulting OPI is positive. If both are negative,
QPP performs better on both fronts. When the two terms differ in sign, a compromise
arises: a positive OPI means that the improvement gained by QPP in one metric does not
offset its degradation in the other, making QPT preferable overall; a negative OPI indicates
the reverse. Thus, the sign of OPI provides a direct and interpretable indication of which
tension-distribution strategy is more advantageous at position i.

The OPI index also presents certain limitations. Because At; and Aw,, ; are summed
without any weighting, the metric implicitly treats their contributions as equally important;
this assumption may not hold for all tasks, where prioritizing one term over the other could
be necessary. In future extensions, task-dependent weighting factors may be introduced
to tune the relative importance of tension-related compliance versus parasitic wrench
components based on patient characteristics and rehabilitation objectives. In addition,
when both WZP,’, and w;T,l_ are very small (a desirable condition), Aw, ; may become ill-
defined. A practical workaround is to introduce a threshold (the threshold value is task-
and patient-dependent and should be selected based on patient balance and support need,
rather than being treated as a fixed universal parameter): if both values fall below this
bound, one can set Aw,; = 0. Under this circumstance, the OPI reduces to a tension-based
comparison, since the parasitic wrench is effectively negligible for both TD strategies.

Evaluating OPI throughout the workspace makes it possible to pinpoint areas where
one TD strategy is clearly preferable, as its benefits exceed its drawbacks. Consequently,
OFPI serves as a practical criterion for choosing between two candidate TDs, whether
the comparison is performed globally or restricted to task-relevant subregions. OPI is
independent of the task to be performed and highlights which strategy offers the best
balance between tension levels and parasitic wrench components, therefore supporting a
quantifiable tuning of CDWA performance for a given task.

5.2. Maximum Tension Index (MTI) and Maximum Parasitic Wrench Index (MPI)

The Maximum Tension Index (MTI) and Maximum Parasitic Wrench Index (MPI) are
intended to assess the performance of different CDWA architectures once a specific TD
strategy has been chosen. MTI reflects how efficiently the system operates in terms of cable
effort, while MPI indicates how well parasitic effects are suppressed during task execution.

For an EE position i and a set of M task-relevant orientations, let 7;; be the cable ten-
sions and w, ;; the parasitic wrench produced by the chosen TD at orientation j. We define

T..
MTI; = max; | ”H

) \/ﬁ 4

The MTI; measures the maximum RMS value of the tension array at position i, and MP];

MPIZ‘ = man ||Wp,l]H (37)

measures the maximum 2-norm of the parasitic wrench, across M different orientations.

For the 4-cable CDWA, the quadratic form ||A||3 underlying ||7||» generates circular
level sets centered at A = 0. At a fixed position i, one evaluates the chosen TD over
the M task-relevant orientations, obtaining the tension array 7;; and the associated A;;.
Disregarding the normalization factor /7 in (37), MTI; corresponds to the radius of the
smallest origin-centered circle that contains all points A;;,j = 1,..., M. This geometric
interpretation is shown in Figure 8.
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Figure 8. Planar interpretation of MTI;. Black markers are the A;; solutions over M orientations at
position i; MTI; is the radius of the minimum enclosing circle centered at the origin (disregarding the

\/n factor).

Conversely, as noted earlier for OP]I, the parasitic wrench cost underlying QPP de-
pends on orientation (the elliptic cost levels center and semi-axes vary with j). As a
consequence, there is no orientation-independent geometric construction (analogous to the
origin-centered circle used for MTI;) that meaningfully represents MPI;.

By evaluating MTI and MPI throughout the workspace, one obtains a quantitative per-
formance map of the robot. These metrics are particularly useful for (i) identifying regions
where cable tensions or parasitic effects become excessive; (ii) shaping task trajectories to
remain within areas exhibiting low MTI and MPI; and (iii) comparing alternative robot
architectures under identical workspace and task requirements. In this way, MTI and MPI
provide practical tools for analyzing and refining CDWA performance, supporting both
design choices and task planning, regardless of the specific task at hand.

6. Application: Comparing Two Architectures in a Rehabilitation Scenario

The Owverall Performance Index (OPI), Maximum Tension Index (MTI), and Maximum
Parasitic Wrench Index (MPI) together provide a comprehensive framework for evaluating
CDWA performance. OPI captures how the selected TD strategy influences the trade-off
between tension effort and parasitic effects, whereas MTI and MPI quantify the actual
tension demands and parasitic wrenches once a TD has been chosen.

In this section, we apply the proposed framework to compare two Cable-Driven
Force Applicators (CDFAs) operating on the same rehabilitation task. CDFAs represent
a subclass of CDWAs used in applications where accurate force generation is essen-
tial and parasitic moments are regarded as undesirable, as noted in [30]. We examine
two architectures—one using 4 cables and the other using 8—and evaluate both their rel-
ative and absolute performance under identical task conditions. The simulation results
introduced in [22] are summarized for completeness’ sake, and experiments on 4- and
8-cable CDFA are originally presented to confirm the simulations prediction with real
robots working on a real subject.

6.1. Rehabilitation Task and System Setup

The task focuses on improving stand-balance capabilities. During the rehabilitation
session, the patient stands with her/his feet in a fixed position, wears a pelvic belt (repre-
senting the robot EE) and is instructed to follow a custom-designed trajectory displayed
on a screen. This trajectory challenges the patient’s stability by requiring movements that
push their center of mass to the limits of equilibrium. The robot provides assistance only in
case of a loss of stability, by applying planar horizontal corrective forces, namely Fy and F,
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directed towards the patient’s neutral position. This control strategy is referred to as “assist-
as-needed” [31], also explored in passive and dissipative devices using servo-brakes [32].

Currently, the task is carried out with an 8-cable design, implemented by the RobUST
robot [24] (Figure 9a, geometric parameters in Table 1). In this study, we applied the
framework proposed in Section 5 to assess the performance of a simplified four-cable
design (see Figure 9b, with geometric parameters given in Table 2), where all pulleys are
positioned in a single intermediate plane to improve accessibility for the physiotherapist
during rehabilitation tasks.

z[m)| z[m]
1.6 1.6 4
1.2 S 1.2 4
0.8 4 0.8

(a) 8-cables CDFA (RobUST). (b) 4-cables CDFA.

Figure 9. Architecture comparison: CDWA eyelets are in red, cables are black lines, and the cylindrical
object is the EE. Reprinted with permission from [22]. 2025, Springer Nature.

Table 1. Geometrical parameters of the RobUST architecture.

i 1 2 3 4 5 6 7 8
[ 0.9 0.9 [—0.9 [—0.9 [ 0.9 0.9 [—0.9 [—0.9
b; [m] -0.9 0.9 -0.9 0.9 -0.9 0.9 -0.9 0.9
| O 0 | O | O | 1.5 1.5 | 1.5 | 1.5
[ 0.14 0.14 [—0.14] [-0.14] [ 0.14 0.14 [—0.14] [-0.14
r; [m] —0.14 0.14 —0.14 0.14 —0.14| (0.14 —0.14 0.14
| —0.05 —0.05| [—-0.05] [-0.05] | 0.05 0.05 | 0.05 | 0.05
Table 2. Geometrical parameters of the 4-cable architecture.
i 1 2 3
0.9 [0.9] -0.9 -0.9
b; [m] -0.9 0.9 -0.9 0.9
0.75 10.75 | 0.75 0.75
0.14 [0.14] -0.14 -0.14
r; [m] —0.14 0.14 —-0.14 0.14
0 | 0 | 0

Overall, both the 4-cable and 8-cable CDFAs exhibit mostly positive OPI values

throughout the workspace (Figure 10), indicating that QPT is generally the preferable
TD strategy for both architectures. A localized region of the 8-cable workspace, however,
shows negative OPI values. Because the 8-cable system has a six-dimensional null-space,
only numerical TD computation methods are available in the literature, and no analyti-
cal interpretation of this behavior is currently possible. Understanding the origin of this
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phenomenon remains an open direction for future investigation. For equivalent numerical
reasons, computing the TD for the 4-cable systems with the geometrical methods requires
on average one order of magnitude less time than computing numerically the TD for the
8-cable system (as tested on a PC running windows 11, with an intel 17-13700H CPU and
32 Gb RAM). Additional computational-time details can be found in Table 3.

100 — —— 100+
70 70

407 40+

X X

<0 z0

o Q

—40 SR S S S
0 200 400 600 800 1000 0 200 400 600 800 1000

Sorted workspace points Sorted workspace points
(a) 8-cable (b) 4-cable

Figure 10. Comparison of 4-cable and 8-cable OPI distribution over the workspace. Reprinted with
permission from [22]. 2025, Springer Nature.

Using QPT as the selected TD for both systems, we evaluated performance through
MTI and MPL As expected, the 4-cable design shows higher MTI values across the
workspace (Figure 11a—c), reflecting the increased tension required when fewer cables
share the load. Conversely, its MPI values increase only when the EE moves far from the
pulley plane (Figure 11b), whereas the 8-cable robot exhibits consistently higher parasitic
effects throughout the workspace (Figure 11d).

Therefore, when the rehabilitation trajectory lies near the workspace center, the 4-cable
architecture benefits from substantially reduced parasitic moments, better matching the
task’s requirements, albeit at the cost of higher cable tensions.

Table 3. Tension distribution strategies’ computational times.

Number of Control Mean Compu- Min Computa- Max Computa-
Cables Strategy tational Time tional Time tional Time
8 QPP 3ms 1ms 0.8s
8 QPT 3ms 1ms 0.08s
4 QPP 0.3ms 0.1ms 0.05s
4 QPT 0.3ms 0.1ms 0.8s

6.2. Experimental Validation

To validate the simulation-based conclusion that an 8-cable CDFA could be replaced
by a simpler 4-cable design, we conducted an experiment assessing both tension distri-
bution and parasitic wrenches under real operating conditions. A single healthy human
subject performed the rehabilitation task twice, once using the 8-cable setup and once using
the 4-cable setup (Figure 12). The hardware configuration, pulley placements, and belt
interfaces were reproduced to match the simulated architectures as closely as possible.
In both trials, the tension distribution (TD) was computed online using the QPT method,
consistent with the OPI-based recommendation from the simulation study. All task vari-
ables (trajectory, movement speed, and controlled wrench components) were held constant
across the two conditions to allow a direct and fair comparison. To further standardize task
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execution, the subject performed the task under real-time visual feedback. A predefined
oval trajectory was displayed on a screen, together with the subject referent point (recon-
structed via feedback), and a moving reference point to be followed. The task objective was
to minimize spatial and temporal deviations by following the moving reference with the
subject reference along the trajectory. Visual feedback was computed from a Vicon motion
capture system operating at 100 Hz and was identical for both cable configurations.

70 14
z[m]
1.6 50
1.2
[NV]
0.8
0.4 0.9[130

—0.3

0.9 .
0.9 xlm] 1320

03

yim] 03 09

(a) 4-cable MTI

70 14
e .
z[m] :
1.6 50
1.2
(V]
0.8
0.4 0.9 130

0 703 _0; ' x[m] 20
y[m]

-0.9

(c) 8-cable MTI (d) 8-cable MPI

Figure 11. Comparison of 4-cable and 8-cable robot performances. (a,b) show the MTI and MPI for
the 4-cable configuration, respectively. (c,d) present the corresponding MTI and MPI for the 8-cable
configuration. Reprinted with permission from [22]. 2025, Springer Nature.

(a) 8-cable robot (RobUST) (b) 4-cable robot

Figure 12. Experimental setup for the 8-cable and 4-cable configurations.

The EE pose (p,R) and the associated structure matrices were reconstructed in
real time using motion-capture data, while inline load cells recorded the cable tensions.
Figure 13 shows the belt-centroid trajectories for both architectures (six repetitions per
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system). At each time step, the measured pose and tension data were time-aligned, and the
controlled and parasitic wrench components were obtained following the procedures
described in Sections 2—4.

0.3

—-0.15 0 0.15

(a) 8-cable robot (RobUST) (b) 4-cable robot

Figure 13. Two-dimensional trajectories of the belt centroid. Six laps per configuration are overlaid.

In line with the framework’s predictions, the 4-cable configuration demanded higher
cable effort than the 8-cable one (Figure 14a). Average per-cable tensions were approxi-
mately ~ 3545 N for the 4-cable system and ~ 18-30 N for the 8-cable system, with notice-
ably greater variability in the former (standard deviation up to ~ 50N versus ~ 25N). This
behavior reflects the reduced redundancy available when only four cables must generate
the same controlled wrench subset.

1()’ —8-(;(11)1(; 7‘()1)07", (N] w1 -cable robot
40 mmm 8-cable robot
30

20,

10

123 4 56 7 8 M, M, M. 0
cables moments F.

(a) (b) ()

Figure 14. Experimental results. (a) Measured cable tensions (means and dispersion) for both
configurations. (b) Parasitic moments (experimental). (c) Residual force (experimental).

The parasitic-moment measurements further reinforce the simulation trends (Figure 14b).
The moment M, was similar in both systems (mean of ~3.7 Nm for the 4-cable and
~3.0 Nm for the 8-cable robot), while the 4-cable configuration produced substantially
lower M, (mean ~ 1.5 Nm compared to ~5.0 Nm) and markedly lower M, (mean ~ 2.0 Nm
vs. =7.5Nm). The residual vertical force F,, although not part of the controlled wrench
subset, was also reduced in the 4-cable condition (mean ~ 5N, standard deviation ~ 4 N)
relative to the 8-cable condition (mean ~ 30 N, standard deviation ~ 12 N); see Figure 14c.
We note that in this implementation the 4-cable pulleys were located approximately at
pelvic height, favoring predominantly planar actuation aligned with the task. The 8-cable
device employed multiple vertical levels, which can introduce stronger vertical coupling.
Hence, differences in F; likely arise from pulley placement as well as cable count.

To directly compare simulated and experimental behavior along the executed tra-
jectories, we computed MTI and MPI from the measured data and compared them with
their predicted values. As shown in Figures 15 and 16, the 8-cable system shows close
correspondence between prediction and measurement. In the 4-cable system, simulations
slightly overestimate MPI and underestimate MTI, yet the qualitative behavior and relative
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ranking are preserved. Overall, the framework reproduces both the relative differences
between the two architectures and the absolute magnitude of tensions and parasitic effects

with good accuracy.

[N] — simulated [N] — simulated
— real ’ — real

80 80}

60 60|

40 40|

20 20}

o5 15 25 o5 15 25
time[min] time[min]

(a) (b)

Figure 15. Comparison of simulated and measured MTI values over six laps of the experiment.
The black lines represent the average simulated MTI values, while the red lines indicate the instanta-
neous values of the real MTIs. (a) MTI for the 8-Cable robot (RobUST). (b) MTI for the 4-cable robot.

[Nm] — simulated [Nm] — stmulated
— real — real
12 12+
8 8
4 4
o 0 e
0.5 1.5 2.5 0.5 1.5 2.5
time[min] time[min]

(a) (b)

Figure 16. Comparison of simulated and measured MPI values over six laps of the experiment.
The black lines represent the average simulated MPI values, while the red lines indicate the instanta-
neous values of the real MPIs. (a) MPI for the 8-Cable robot (RobUST). (b) MPI for the 4-cable robot.

7. Conclusions

This work presented a task-level evaluation framework for Cable-Driven Wrench
Applicators that integrates three performance measures: the Overall Performance Index
(OPI), used to select an appropriate tension-distribution strategy, and the Maximum Tension
Index (MTI) and Maximum Parasitic Wrench Index (MPI), used to assess architecture
behavior throughout the workspace. Together, these metrics enable feasibility analysis and
design trade-offs by jointly accounting for cable effort and parasitic effects.

We applied the framework to a rehabilitation task to determine whether a simplified
4-cable device could replace a conventional 8-cable system. Simulation results showed
that the 4-cable architecture can achieve wrench quality comparable to the 8-cable design
along the task trajectory while keeping parasitic moments within acceptable bounds,

https://doi.org/10.3390/robotics15020036


https://doi.org/10.3390/robotics15020036

Robotics 2026, 15, 36

20 of 22

although at the price of higher cable tensions due to reduced redundancy. A controlled
experiment replicating the simulated task and TD strategy confirmed these trends: (i) the
4-cable system produced a wrench quality similar to the 8-cable device with increased
tensions, and (ii) for the tested geometry, the 4-cable configuration generated smaller
parasitic moments. The experimentally derived MTI/MPI values aligned well with the
corresponding simulation maps along the executed paths.

Beyond validating feasibility, this study also introduced a closed-form geometric
formulation for geometrically calculating the tension distributions of n-cable CDWAs con-
trolling n — 2 wrench components, enabling a direct characterization of feasible tensions,
the shape and evolution of the redundancy polygon, and the analytical conditions under
which QPT and QPP coincide or diverge. This geometric insight clarifies the intrinsic
trade-offs between cable tensions and parasitic effects of minimally redundant CDWAs,
and explains why QPT yields smooth tension profiles whereas QPP may introduce discon-
tinuities. Such analytical understanding is not currently available for systems with a higher
redundancy (e.g., the 8-cable CDWA).

Overall, the results show that the simplified 4-cable architecture is feasible for a
specific task and demonstrate that the proposed analysis-and-optimization framework
offers reliable, task-oriented guidance for selecting TD strategies and comparing CDWA
designs. While the 4-cable system operates with higher cable effort because the load is
distributed over fewer actuators, it remains a mechanically simpler and more user-friendly
alternative to highly redundant CDWAs. This study only explored OPI, MTI, and MPI on
two architectures performing one type of task. Future studies should explore the sensitivity
of these indices over different tasks where other wrench components are controlled, to more
deeply substantiate their effectiveness.
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Nomenclature

Geometric symbols

p EE position

R rotation matrix

b; pulley position vector

T position vector of cable attachment point on the EE
t; unit vector along the cable direction

li
Array dimensions

n
m
s
r
k

Arrays and matrices

cable length

number of cables

number of wrench components to be controlled
number of uncontrolled wrench components
number of residual wrench components
number of parasitic wrench components

w wrench (6 x 1)
W controlled wrench (m x 1)
\L residual wrench (h x 1)
wp parasitic wrench (k x 1)
T cable-tension array (n x 1)
A structure matrix (6 x n)
A, controlled structure matrix (m x n)
A, residual structure matrix (h x n)
Ap parasitic structure matrix (k x n)
Acronyms
CDPRs Cable-Driven Parallel Robots
EE End Effector
CDWA Cable-Driven Wrench Applicators
TD Tension Distribution
OPI Overall Performance Index
MTI Maximum Tension Index
MPI Maximum Parasitic Wrench Index
QPT Quadratic Programming for cable Tension minimization
QPP Quadratic Programming for Parasitic wrench minimization
CDFA Cable-Driven Force Applicators
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