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I. EFFECTIVE HAMILTONIAN

The photoinduced bond cleavage in methyl iodide and the corresponding four-wave-mixing (FWM) signals are modeled
via explicit wave packet propagation (quantum dynamics; QD) on a two-dimensional Hamiltonian Ĥ. The two nuclear
degrees of freedom spanning the coordinate system of Ĥ have been selected to encompass a large cross-section of the
3Q0/

1Q1 branching plane. In particular, this space comprises the symmetry preserving C−I stretching (R; reactive
mode) and the symmetry breaking H−C−I bending (φ; coupling mode). Such a Hamiltonian is an adaptation of the
full nine-dimensional ab-initio model parametrized by Amatatsu et al. [1] and further corrected by Xie et al. [2]. Five
different diabatic states are included in the model, namely: the ground X̃(A1) state, the valence excited

3Q0 and 1Q1

states, and the two spin-orbit-split σ∗(4d5/2)
−1 and σ∗(4d3/2)

−1 core-excited states. This Hamiltonian reads

Ĥ(t) =


T̂ + V̂X̃(A1)

−µ̂X̃3Q0
·E(t) −µ̂X̃1Q1

·E(t) 0 0

−µ̂X̃3Q0
·E(t) T̂ + V̂3Q0

K̂3Q1
0Q1

0 0

−µ̂X̃1Q1
·E(t) K̂3Q1

0Q1
T̂ + V̂1Q1

0 0

0 0 0 T̂ + V̂σ∗(4d5/2)−1 0

0 0 0 0 T̂ + V̂σ∗(4d3/2)−1

 , (S1)

where T̂ and V̂ are kinetic and potential energy operators, respectively, K̂ is the diabatic coupling between the valence
excited states, µ̂ is the dipole coupling between the ground and the valence excited sates and E(t) is the electric field
of the pump pulse that initiates the dynamics. The dependence upon R and φ is here omitted for simplicity.

I.I. 3Q0 and 1Q1 potential energy surfaces

The V̂3Q0
(R,φ) and V̂1Q1

(R,φ) potential energy surfaces used in this work are written employing the same notation as

used in Ref. [1]. In particular, we use A and B to identify the parameters of V̂1Q1
(R,φ) and V̂3Q0

(R,φ), respectively.
Moreover, the superscript ′ is introduced as further distinction between different parameters belonging to the same
potential. Following this notation the 1Q1 and 3Q0 PESs read:

V̂3Q0
(R,φ) =∆EI +∆ECH3

+ (B0 +B1∆R+B2∆R
2 +B′

3)e
−B4∆R+

+ [B′
7(cos(∆φ)− 1) +B8(cos(2∆φ)− 1)+

+ (B′
3 −B′

7)(cos(3∆φ)− 1) +B9 sin(∆φ)] e
−B4∆R

(S2)

V̂1Q1
(R,φ) =∆ECH3

+ (A0 +A1∆R+A2∆R
2 +A′

3)e
−A4∆R+

+ [A′
7(cos(∆φ)− 1) +A8(cos(2∆φ)− 1)+

+ (A′
3 −A′

7)(cos(3∆φ)− 1) +A9 sin(∆φ)] e
−A4∆R

(S3)
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where ∆EI is the energy difference between the ground (2P3/2) and the excited (2P1/2) states of the isolated iodine
atom (∆EI = 0.0343646 a.u.= 0.935 eV). This value correspond to the spin-orbit splitting between the two atomic
iodine states. ∆R is defined as the displacement of the C−I stretching (R) with respect to its equilibrium position
Re = 4.04095 a.u.= 2.14 Å, i.e. ∆R = R − Re. Similarly, ∆φ is the displacement along the H−C−I bending (φ)
defined with respect to its equilibrium value (φe = 108.5◦), i.e. ∆φ = φ− φe. ∆ECH3

is the energy gap between the
original system and the methyl fragment in its ground state (roughly 2.70 eV). This value has been extracted from
electronic structure calculations as the asymptotic limit of the X̃(A1) state energy when R approaches infinity.
In the above expressions the A/B coefficients can be represented as a cosine series Pi:

Pi = Pi,0 + Pi,1 cos(∆α) + Pi,2 cos(2∆α) , (S4)

with i running over A/B coefficients. Analogously, the A′/B′ coefficients can be represented by the generic Li

parameter which reads:

Li = Li,0 + Li,1 sin(∆α) + Li,2 sin(2∆α) , (S5)

where ∆α in our case is the displacement of the H−C−I equilibrium angle (φe) with respect to 90◦ (i.e. ∆α = 18.5◦)
and the P and L parameters can be taken from Ref. [1]. In particular, the set of L parameter in Ref. [1] is named
Q. Here, we have decided to modify such nomenclature to prevent any potential conflict with 3Q0 and 1Q1 labeling
of the CH3I excited states.
The diabatic coupling element K̂3Q1

0Q1
(R,φ) is defined as:

K̂3Q1
0Q1

(R,φ) =
D1 sin(∆φ) +D′

2 sin(2∆φ)

(R−D3)2 +D2
4

, (S6)

where the coefficients D and D′ are also given in the form of Eqs. (S4) and (S5), respectively, with adapted P an Q
coefficients given in Ref. [1]. The diabatic 3Q0 and 1Q1 PESs as well as their diabatic coupling are shown in Fig. S1.

I.II. X̃(A1), σ
∗(4d5/2)

−1 and σ∗(4d3/2)
−1 potential energy surfaces

The model parametrized by Amatatsu et al. [1] does not provide an expression for the X̃(A1), σ
∗(4d5/2)

−1 and
σ∗(4d3/2)

−1 potential energy surfaces. Therefore, MRCI calculations were performed to evaluate the energies of these
electronic states on a spatial grid spanned by the R and φ degrees of freedom. However, 12 adiabatic spin-orbit
states of σ∗(4d5/2)

−1 and 8 of σ∗(4d3/2)
−1 nature were identified from MRCI calculations [see Fig. S4(a)]. In order to

reduce the computational effort required to evaluate the FWM signal we define two mean σ∗(4d5/2)
−1 and σ∗(4d3/2)

−1

states characterized by the average energy and cumulative transition dipole moments with other states (i.e. defined
as the sum of transition dipole moment magnitudes). Such an approximation is enabled by the almost negligible
energy splitting between states of the same branch, which makes such a fine structure impossible to be detected in
the proposed experiment.
The results of these electronic structure calculations are then used to fit analytical expressions for the three potentials.
In particular, we rely on the same functional form employed in Eqs. (S2) and (S3), which results in the following
expressions:

V̂X̃(A1)
(R,φ) =∆ECH3

+ (kα0 + kα1∆R+ kα2∆R
2 + kα3 )e

−k
α

4 ∆R+

+ [kα5 (cos∆φ− 1) + kα6 (cos(2∆φ)− 1)+

+ (kα3 − kα5 )(cos(3∆φ)− 1) + kα7 sin∆φ] e−kα
4 ∆R

(S7)

V̂σ∗(4d5/2)−1(R,φ) =∆E(4d5/2)−1 +∆ECH3
+ (kβ0 + kβ1∆R+ kβ2∆R

2 + kβ3 )e
−k

β

4 ∆R+

+
[
kβ5 (cos∆φ− 1) + kβ6 (cos(2∆φ)− 1)+

+ (kβ3 − kβ5 )(cos(3∆φ)− 1) + kβ7 sin∆φ
]
e−kβ

4∆R

(S8)
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FIG. S1: PESs of the 1Q1 (a) and 3Q0 (b) states, respectively. Here, the E = 0 energy is determined by the atomic
iodine ground state energy. This is achieved by subtracting ∆ECH3 from both Eq. (S3) and Eq. (S2). (c) Diabatic
coupling between 1Q1 and 3Q0 states. The crossing seam and the position of the molecular CI are highlighted by

black dashed lines and black dots, respectively.

TABLE S1: Energy gap extracted from MRCI calculations.

∆ECH3 ∆E(4d5/2)
−1 ∆E(4d3/2)

−1

0.09928 a.u. (2.70 eV) 1.70424 a.u. (46.37 eV) 1.76545 a.u. (48.04 eV)

V̂σ∗(4d3/2)−1(R,φ) =∆E(4d3/2)−1 +∆ECH3
+ (kγ0 + kγ1∆R+ kγ2∆R

2 + kγ3 )e
−k

γ

4 ∆R+

+ [kγ5 (cos∆φ− 1) + kγ6 (cos(2∆φ)− 1)+

+ (kγ3 − kγ5 )(cos(3∆φ)− 1) + kγ7 sin∆φ] e
−kγ

4∆R

(S9)

where the parameters of these expression are reported in Table S1 and S2.
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TABLE S2: Parameters of the potential energy surfaces reported in Eqs. (S7), (S8), and (S9). The following values
are reported in atomic units.

Parameter α β γ
k0 0.411857 0.600329 0.601803
k1 -0.086191 -0.031984 -0.031845
k2 0.030146 0.002958 0.002974
k3 -0.508824 -0.533005 -0.534277
k4 0.899629 1.181328 1.183753
k5 -0.494307 -0.516508 -0.517698
k6 0.116953 0.136428 0.136926
k7 0.003750 0.005385 0.005381

I.III. Kinetic energy operator

The kinetic energy operator T̂ in the internal coordinates R and φ is set up according to the Wilson G-matrix
formalism [3]

T̂ ≃ −ℏ2

2

2∑
o=1

2∑
p=1

∂

∂qo

[
Go,p

∂

∂qp

]
, (S10)

where p and o run over φ and R. The G-matrix elements Go,p are computed via their inverse by numerical differen-
tiation employing the central difference method

(
G−1

)
o,p

=

3N∑
i

mi
∂xi
∂qo

∂xi
∂qp

, (S11)

with atomic coordinates in the Cartesian frame xi and xj and mi atomic mass.
In particular, for the two internal degrees of freedom considered in this work the G-matrix is diagonal and characterized
by a constant GRR element that equals 5.45×10−5 a.u. and by a nearly constant Gφφ that equals 2.40×10−4 a.u.
These values match fairly well with the reciprocal of their normal mode reduced masses.

II. WAVE-PACKET PROPAGATION

The QD of the system is simulated through the QDng code [4] by numerical solution of the time-dependent Schrödinger
equation on a spatial grid of 600 points on the C−I stretching and of 201 points on the H−C−I bending. In particular,
the C−I stretching varies from 1.5 to 12 Å while the H−C−I bending is sampled between ±π. Periodic boundary
conditions are used to model the periodic behavior of the bending coordinate.
The wave function of the system is expanded in the diabatic basis as follows:

|ψ(t, R, φ)⟩ =
∑
i

|ϕi⟩|χi(t, R, φ)⟩ , (S12)

where i runs over the excited electronic states included in the model and |χ(t, R, φ)⟩ is the nuclear WP evolving on
the diabatic state |ϕ⟩. The initial condition of the QD (i.e., the WP at time zero) is set to the lowest vibrational
eigenfunction of the ground state. In particular, in the vicinity of the minimum this can be well approximated by a
harmonic potential, allowing to find the initial WP analytically. The vibrational frequencies and the reduced mass of
the two modes were obtained at the MP2/ANO-R2 level of theory and they are reported in Table S3.
The WP propagation after impulsive excitation on the 3Q0 state is performed via the Chebychev [5] scheme employing
a time step of 1 a.u. (approximately 0.024 fs). A right-pass Butterworth filter is applied on both 3Q0 and 1Q1 at
R=11.8 Å in order to absorb the WP that approaches the end of the grid. The wave function is re-normalized after
each application of the filter.
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TABLE S3: MP2/ANO-R2 vibrational frequencies and reduced masses of the C−I stretching (R) and H−C−I
bending (φ) modes of CH3I. The values match fairly well with those reported in Ref. [2] given in brackets.

Mode Frequency (cm−1) Reduced mass (amua)

R 569 (528b) 5.03107
φ 883 (883b) 1.14504

a atomic mass units
b experimental values from Ref. [2]

FIG. S2: Population dynamics of 3Q0 (blue) and 1Q1 (orange) states as predicted by explicit WP propagation.

The population dynamics predicted by such a setup is shown in Fig. S2
Electronic coherence can be defined as the off-diagonal element of the system density matrix ϱ(t) defined as:

ϱ(t) = |ψ(t, R, φ)⟩ ⟨ψ(t, R, φ)| (S13)

Therefore, the 3Q0/
1Q1 coherence [ϱ3Q0/1Q1

(t)] can be directly linked to the overlap between the 3Q0 and 1Q1 WPs:

ϱ3Q0/1Q1
(t) =

〈
χ3Q0

(t, R, φ)
∣∣χ1Q1

(t, R, φ)
〉
, (S14)

which in coordinate-space reads:

ϱ3Q0/1Q1
(t) =

∫ ∫
χ∗

3Q0
(t, R, φ)χ1Q1

(t, R, φ) dRdφ . (S15)

This equation represent a minimal basis to understand the key aspects behind coherence and decoherence dynamics
in molecular systems. Relying on a semiclassical description of system-bath dynamics Fiete and Heller [6] identified
three main sources of decoherence, namely: (i) displacement of the system WP, (ii) decay of the bath overlap, and
(iii) phase jitter. The same mechanisms where then interpreted in the context of coupled electron-nuclear dynamics
in molecules by Vacher et al. [7] as: (i) change in the electronic state population, (ii) change in the WP overlap, and
(iii) dephasing of different WP components. The dependence of eq. S15 upon the electronic state population (ϱi(t))
can be made more explicit by introducing the normalized WPs χ̄i(t, R, φ) defined so that:

χi(t, R, φ) =

(∫ ∫
χ∗
i (t, R, φ)χi(t, R, φ) dRdφ

)1/2

χ̄i(t, R, φ) =
√
ϱi(t) χ̄i(t, R, φ) , (S16)

which give rise to the following reformulation of Eq. (S15):

ϱ3Q0/1Q1
(t) =

√
ϱ3Q0

(t)ϱ1Q1
(t)

∫ ∫
χ̄∗

3Q0
(t, R, φ)χ̄1Q1

(t, R, φ) dRdφ , (S17)
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FIG. S3: Natural valence molecular orbitals 5px, 5py, σ and σ∗ included in our MRCI calculations. The natural
orbitals are here shown as isosurfaces (± 0.02 au).

which can be further simplified by noticing that in our model ϱ1Q1
(t) = 1 − ϱ3Q0

(t) since 3Q0 and 1Q1 are the only
two states connected via non-adiabatic coupling [see Eq. (S1)]:

ϱ3Q0/1Q1
(t) =

√
ϱ3Q0

(t)[1− ϱ3Q0
(t)]

∫ ∫
χ̄∗

3Q0
(t, R, φ)χ̄1Q1

(t, R, φ) dRdφ . (S18)

Eq. (18) shows a maximum for ϱ3Q0
(t) = ϱ1Q1

(t) = 0.5 as expected. In CH3I our QD scheme predicts a relatively

low 3Q0/
1Q1 branching ratio of 0.96:0.04, which gives a coherence prefactor (

√
ϱ3Q0

(t)ϱ1Q1
(t)) of roughly 0.20,

corresponding already to the 39% of the maximum possible coherence magnitude, which is 0.5. However, this number
can be slightly increased when considering larger alkyl iodides where the 3Q0/

1Q1 branching ratio is closer to the
optimal 0.5:0.5 ratio [8].
The remaining mechanisms (ii) and (iii), neglected so far, are encoded in the overlap integral between the two
normalized WPs in Eq. (S17). The time evolution of this factor is not trivial. However, in the case of CI dynamics,
the magnitude of the WP overlap can be estimated qualitatively by invoking symmetry considerations. In particular,
if the two electronic states intersecting at the CI have different symmetries, the integral of Eq. (S17) is vanishingly
small. As discussed in the main text, this is the case for the CI dynamics in CH3I, where the 3Q0 and 1Q1 states
belong to the A1 and E(A′) irreducible representation of the C3v point group, respectively. Interestingly, in larger
alkyl iodides such a restriction can in principle be removed by adjusting the substituent of the alkyl fragments to
break the molecular symmetry.

III. ELECTRONIC STRUCTURE THEORY

Wave-function-based quantum chemistry (QC) calculations were performed on a CH3I gas molecule with the
molpro package [9]. For the I+ ion, we used all-electron triple-zeta Douglas-Kroll basis sets with diffuse func-
tions and weighted core-valence sets (aug-cc-pwCVTZ-DK3) [10] to capture core-valence correlation effects. For the C
atoms, all-electron double-zeta Douglas-Kroll basis sets with diffuse functions (aug-cc-pVDZ-DK) [11] were used. For
the three H atoms, ANO-DK3 [12] basis sets were applied. We first optimized the ground state geometry of the CH3I
molecule with the multi-reference configuration interaction (MRCI) [13, 14] method. For the complete active space
self-consistent field (CASSCF) [15] calculations, we used an active space of six electrons and four orbitals including
two nearly degenerate lone pairs (5px and 5py orbitals of I+ ion) with slightly antibonding π∗ character and C−I
bonding σ and antibonding σ∗ orbitals, as shown in Fig. S3. The self-consistent-field (SCF) optimization was carried
out for an average of ten singlet states associated with this manifold. In the subsequent MRCI computation for the
geometry optimization of the ground state, the I 4s, 4p, 4d shells and all C shells were correlated. The corresponding
optimized XYZ coordinates are given in Table S4.
The valence-excited states were computed with the same active space of six electrons and four orbitals (5px, 5py, σ
and σ∗). The SCF optimization was carried out for an average of six triplet and ten singlet spin-free states associated
with this manifold. On top of the CASSCF reference, the MRCI expansion additionally includes single and double
excitations from the I 4s, 4p, 4d shells and all C shells. All these valence-excited triplet and singlet states entered the
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TABLE S4: XYZ coordinates (in Å) for the optimized molecular structure of CH3I in its ground electronic state.

atoms X Y Z

C 0.0000 0.0000 −1.8010

I 0.0000 0.0000 0.3329

H 0.0000 1.0309 −2.1407

H 0.8927 −0.5154 −2.1407

H −0.8927 −0.5154 −2.1407

spin-orbit calculations at the MRCI level. Spin-orbit (SO) effects were accounted for by diagonalizing the Breit-Pauli
SO matrix in the basis of correlated scalar-relativistic states [16]. For the core-excited 4d−1 states, the CASSCF
treatment was performed in terms of sixteen electrons and nine orbitals including five 4d orbitals and four valence
orbitals (5px, 5py, σ and σ∗). The SCF optimization was carried out for an average of 26 triplet and 30 singlet
states. On top of the CASSCF reference, in order to exclude the valence-excited states, appropriate changes were
further employed in the subsequent MRCI treatment such that the I 4d orbitals have at most nine 4d electrons for
internal and semi-internal substitutions, giving rise to 20 triplet and 20 singlet core-excited spin-free states. All these
core-excited states entered the spin-orbit calculations. The MRCI transition dipole matrix elements between wave
functions for these valence- and core-excited states were derived according to the procedure described in Ref. [17].
We first computed the potential energy surfaces (PES) of CH3I along the C−I distance coordinate as indicated in
Fig. S4(b) while the remaining nuclear degrees of freedom are kept frozen. The conical intersection between the 1Q1

and 3Q0 excited states is located at a C−I distance of around 2.4 Å as shown in Fig. S4(a). For the two-dimensional
model in our work, we additionally considered the H−C−I bending, which acts as the coupling mode to the 1Q1

and 3Q0 states. In particular, we define the change of angle ∆φ between H1 and the CH3 main rotational axes. In
this frame, the H−C−I bending motion occurs exclusively within the H1−C−I plane as illustrated in Fig. S4(c). To
obtained the two dimensional scan, we chose the distance of the C−I bond from 1.60 Å to 4.00 Å with a step size of
0.20 Å; for each C−I distance, we scan ∆φ from −40◦ to 40◦ with a step size of 10◦.

IV. DERIVATION OF THE HD-FWM SIGNAL

The electric field (E) emitted in the direction k at the time t by the FWM interaction can be traced back to the third

order non-linear polarization P(3)(t) according to

Ek,FWM(t) ∝ −iP(3)(t) , (S19)

which is evaluated via perturbation theory as discussed in Ref. [18]

P(3)(k, t) ∝ −i
∫ ∫ ∫

dt1dt2dt3E(t− t3)E(t− t2 − t3)E(t− t1 − t2 − t3)R
(3)(t1, t2, t3) , (S20)

where R(3) is the third-order response function and E(t) is the electric field that generates the FWM response. In
particular, we distinguish between the electric field that drives FWM1 [called E1(t)] and the electric field that induces
FWM2 [E2(t)]:

E1(t) = êXUVEXUV(t) exp(ikXUV · r − iωXUVt)+

+ êNIR1
ENIR1

(t) exp(ikNIR1
· r − iωNIR1

t)+

+ êNIR2
ENIR2

(t) exp(ikNIR2
· r − iωNIR2

t)

(S21)

E2(t) = êXUVEXUV(t) exp(ikXUV · r − iωXUVt)+

+ êNIR1ENIR1(t) exp(ikNIR1 · r − iωNIR1t)+

+ êVISEVIS(t) exp(ikVIS · r − iωVISt+ i∆γ)

(S22)
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FIG. S4: (a) The PESs of the ground and the excited states of CH3I along the C−I bond distance. The conical
intersection between the 1Q1 and 3Q0 excited states is indicated by the black circle. (b-c) Definition of the nuclear
degrees of freedom spanning the effective Hamiltonian defined in Eq. (S1): (b) the C−I bond distance R; (c) the

change of H−C−I bending angle ∆φ.

with ê the polarization of the i electric field components with corresponding envelope Ei(t). ∆γ is the phase offset
between the NIR2 and the VIS pulse. Further in the manuscript we will show how cycling this parameter enables to
retrieve the complex response function of the system.
The noncollinear geometry of our experiment allows to isolate the polarization component emitted in the ks =
k1 +k2 −k3 phase-matching direction where k1 and k2 always correspond to the XUV and NIR1 wave vectors, while
k3 can be either associated with NIR2 or VIS. Inserting these two equations into Eq. (S20) and neglecting highly
oscillating terms (i.e. imposing rotating wave approximation; RWA) we get:

P
(3)
1 (ks, t) ∝ −i

∫ ∫ ∫
dt1dt2dt3ENIR2

(t− t3)ENIR1
(t− t2 − t3)EXUV(t− t1 − t2 − t3)×

× ei(ωXUV+ωNIR1
−ωNIR2

)t3ei(ωXUV+ωNIR)t2eiωXUVt1R
(3)
1 (t1, t2, t3)

(S23)

P
(3)
2 (ks, t) ∝ −i

∫ ∫ ∫
dt1dt2dt3EVIS(t− t3)ENIR1(t− t2 − t3)EXUV(t− t1 − t2 − t3)×

× ei(ωXUV+ωNIR1−ωVIS)t3ei(ωXUV+ωNIR1 )t2eiωXUVt1R
(3)
2 (t1, t2, t3) e

i∆γ

(S24)

Here, the relative intensity between ENIR2
and EVIS can be chosen such that P

(3)
1 >> P

(3)
2 . Doing so, the electric

field emitted by P
(3)
1 can be used as a local oscillator (LO) for the one emitted by P

(3)
2 (which can be called signal in

the standard heterodyne-detection nomenclature). As a first approximation, we impose the impulsive limit assuming
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infinitely short laser pulses. This corresponds to the limit of perfect time resolution. The impact of finite pulse duration
on the signal is then recovered by convoluting the signal with the instrumental response function as discussed in Sec. V.
Under this approximation the third order polarization is equal to the system response function. Eqs. (S23) and (S24)
can be further simplified noticing that the three pulses are overlapped in time (i.e. t1 = t2 = 0):

P
(3)
LO(ks, t3;T ) ∝ −iR(3)

LO(t3;T ) (S25)

P
(3)
S (ks, t3;T ) ∝ −iR(3)

S (t3;T ) e
i∆γ (S26)

where we have also introduced the heterodyne-detection nomenclature. Moreover, in our experiment the FWM process
is driven after a time delay T with respect to the initial actinic UV pump pulse. For this reason, we also introduce
the parametric dependence over this time delay.

IVa. Spectral interference

After being emitted from the sample the FWM field is diffracted by a reflective grating, which corresponds to a
Fourier transform of the signal and LO electric fields i.e:

E
(3)
LO(ks,Ω;T ) ∝

∫ +∞

0

R
(3)
LO(t3;T ) e

iΩt3 dt3 (S27)

E
(3)
S (ks,Ω;T ) ∝ ei∆γ

∫ +∞

0

R
(3)
S (t3;T ) e

iΩt3 dt3 . (S28)

After the grating the signal is measured by a square-law detector (CCD camera). Here the total signal [IT(ks,Ω;T )]
measured by the CCD camera reads:

IT(ks,Ω;T ) ∝
∫
dt

[
E

(3)
LO(ks,Ω;T )e

−iΩt +E
(3)
LO(ks,−Ω;T )eiΩt+

+E
(3)
S (ks,Ω;T )e

−iΩt +E
(3)
S (ks,−Ω;T )eiΩt

]2
.

(S29)

After taking the square and neglecting highly oscillating terms, the interference (i.e., the heterodyne detected-Hd(3)

signal) between the signal and the LO reads:

Hd(3)(ks,Ω;T ) ∝ 2Re
[
E

(3)
LO(ks,−Ω;T )E

(3)
S (ks,Ω;T )

]
. (S30)

This equation defines the final target of our simulations—the measurement observable—and it is here evaluated by
combining Eq. (S27) and Eq. (S28).

IVb. Evaluating the Signal and LO response functions

Signal and LO fields are evaluated by expanding their response function as combination of Feynman diagrams, each
one corresponding to a specific quantum pathway of Fig. S5. In particular, we obtain:

R
(3)
LO(t3;T ) =

∑
α∈{a,...,h}

R
(3),α
LO (t3;T ) (S31)

R
(3)
S (t3;T ) =

∑
β∈{i,...,l}

R
(3),β
S (t3;T ) , (S32)
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FIG. S5: Diagrams of quantum pathways contributing to FWM1 and FWM2 in the ks = k1 + k2 − k3 phase
matching direction.

where the indices α and β encode the different diagrams of Fig. S5. Interestingly, invoking spectral overlap and
transition dipole moment considerations allows to drastically reduce the number of pathways to be considered in the
simulation, thereby reducing its computational cost. In particular, we note that the emission from the σ∗(4d5/2)

−1

core excited state towards the valence manifold is energetically well separated from the corresponding emission of the
σ∗(4d3/2)

−1 state. Therefore, quantum pathways of FWM1 that emit from σ∗(4d3/2)
−1 will not overlap spectrally with

FWM2 and hence do not contribute to the Hd-FWM signal. This allows to limit the potentially relevant pathways of
FWM1 to the diagrams (a) to (d) of Fig. S5. Moreover, we note that the σ∗(4d5/2)

−1 → 3Q0 and 1Q1 → σ∗(4d3/2)
−1

transitions are characterized by vanishingly small transition dipole moments thereby reducing the relevant quantum
pathways to the diagrams (a) for FWM1 and (l) for FWM2. These diagrams correspond to the signal (l) and LO (a)
pathways discussed in the main manuscript. The Sig and LO response functions can be thus evaluated as:

R
(3),a
LO (t3;T ) ∝

〈
χ1Q1

(T )
∣∣ eiĤt3µ̂1Q1,σ∗(4d5/2)−1α̂N/Ne

−iĤt3µ̂1Q1,σ∗(4d5/2)−1

∣∣χ1Q1
(T )

〉
(S33)

R
(3),l
S (t3;T ) ∝

〈
χ1Q1

(T )
∣∣ eiĤt3µ̂1Q1,σ∗(4d5/2)−1α̂N/Ve

−iĤt3µ̂3Q0,σ∗(4d3/2)−1

∣∣χ3Q0
(T )

〉
, (S34)

where α̂N/N and α̂N/V are the transition polarizability of the off-resonant Raman processes driven by the NIR1/NIR2

and by the NIR1/VIS pulses, respectively. Under the perturbative limit, the Raman polarizability for a transition
between two quantum states e and e′ driven by the superposition of two distinct electric fields with envelopes E1(ω)
and E2(ω) and carrier frequencies ω1 and ω2 reads:

αe→e′ =
∑
k

µ̂ekµ̂ke′

∫
dω

2π

E1(ω)E
∗
2(ω +∆− ωee′)

ω + ω1 − ωek + iϵ
, (S35)

where ωee′ is the e → e′ excitation energy, ∆ is the E1/E2 detuning, i.e. ω1 − ω2, and ϵ is a positive infinitesimal
electronic dephasing term. Here the index k formally runs over all the eigenstates of the system Hamiltonian. However,
E1 and E2 pulses are usually characterized by finite bandwidth thus limiting the number of states to be included in
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FIG. S6: Anticipated temporal resolution of the Hd-FWM scheme applied to the photodynamics of CH3I. (a)
Electric-field envelopes (dashed lines), iodine 4d−1 core-hole decay (gray solid line), and resulting Hd-FWM IRF
(black solid line). The IRF is gated on its rising edge by the XUV field envelope. (b) Applying the IRF function
from (a) to an anticipated 4.4 fs oscillating Hd-FWM signal (gray) results is a slightly phase-shifted but well

resolved measurable signal (red). The phase shift is due to the IRF being asymmetric in time.

this expression. In the case of αN/N the detuning term ∆ is zero, therefore, in order to prevent any population transfer
from a core excited state to another, the NIR bandwidth must be smaller than the σ∗(4d3/2)

−1 - σ∗(4d5/2)
−1 energy

gap (approximately 1.7 eV). Under this approximation Eq. (S35) becomes:

αN/N =
∑
k

|µ̂σ∗(4d5/2)−1k|2
∫

dω

2π

ENIR1
(ω)ENIR2

(ω)

ω + ωNIR1
− ωσ∗(4d5/2)−1k + iϵ

, (S36)

where we have assumed a real valued envelope for both NIR pulses. Conversely, in the case of αN/V the detuning
between the VIS and NIR1 pulses is large enough to selectively promote the σ∗(4d3/2)

−1 transfer to σ∗(4d5/2)
−1.

Therefore the transition polarizability becomes:

αN/V =
∑
k

µ̂σ∗(4d3/2)−1kµ̂kσ∗(4d5/2)−1

∫
dω

2π

ENIR1
(ω)EVIS(ω +∆− ωσ∗(4d3/2)−1σ∗(4d5/2)−1)

ω + ωNIR1 − ωσ∗(4d3/2)−1k + iϵ
. (S37)

V. HETERODYNED FOUR-WAVE-MIXING TEMPORAL INSTRUMENT RESPONSE FUNCTION

For resolving the fastest 4.4 fs oscillatory features in the simulated Hd-FWM trace (see Fig. 3 of the main
manuscript), one has to calculate the instrument response function (IRF) out of temporal overlap with the actinic
UV pulse as these oscillatory features occur in the atomic limit (long time delays). Realistic laser-pulse durations
are considered for calculating the IRF: τNIR = 5 fs, τV IS = 25 fs, and τXUV = 100 as for the isolated attosecond
XUV pulse. Fig. S6(a) depicts the respective electric field envelopes of these pulses, as well as the iodine 4d−1

core-hole lifetime of 4 fs [19, 20] and the IRF resulting from the χ(3) FWM process (black solid line). A necessary
requirement for the Hd-FWM process is the core-level iodine 4d→5p transition, which is only triggered by XUV
photons. Hence, the leading edge of the IRF follows the field-envelope of the attosecond XUV pulse. Even though
the tail of the IRF is dominated by the NIR/VIS pulse durations convolved with the core-hole lifetime, the decisive
factor for the achievable temporal resolution is the steep XUV-gated rising amplitude [see Fig. S6(a)]. This results
in a sub-femtosecond resolution while the longer IRF tail just leads to an overall phase-shift of the signal trace as
depicted in Fig. S6(b). In other words, the combination of XUV, NIR and VIS pulses acts similarly to a hybrid
coherent anti-Stokes Raman spectroscopy (CARS) pulse scheme, where the high temporal resolution is guaranteed
by the attosecond XUV pulse while the precise energy resolution (i.e. selection of specific quantum pathways) is
provided by the few-tens of fs optical pulses. Besides the pulse durations themselves, the time-delay stability between
the pulses influences the ultimately achievable temporal resolution of the measurement. Recently, multiple schemes
for an active stabilization of pulse delays to the sub-femtosecond level have been demonstrated [21–23]. Therefore,
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we expect an overall achievable temporal inter-pulse stability to be on the sub-femtosecond level and hence to have
no significant impact on the IRF.

VI. IMPACT OF LASER-PULSE NOISE ON THE HETERODYNED FOUR-WAVE-MIXING SIGNAL

In a real-world experiment, fluctuations in the laser-pulse parameters exist and thus such noise has to be considered
for any anticipated potential Hd-FWM measurement signal. Commercial, state-of-the-art amplified kHz-repetition-
rate femtosecond Titanium:Sapphire laser systems typically provide a power stability better than 0.5% [24], even
down to 0.2% [25]. Advanced 400 nm-VIS-pulse generation schemes also stay way below the 0.5% threshold (e.g.,
0.39% in [26]). In addition, CEP stabilization to better than 200mrad (e.g., 144mrad in [27]) is readily available.
Hence, for testing the impact of realistic laser-pulse-induced noise, the QD simulation outlined in SM Sec. IV has
been performed 200 times with added random noise of 0.5% in intensity and 200mrad in CEP, sampled from the
corresponding normal distribution. The resulting Hd-FWM signal is presented in Fig. S7. Even considering this
laser-pulse noise, the Hd-FWM interference contrast is barely reduced, showing the robustness of the technique. This
surprising robustness is a consequence of the heterodyned character of the experimental scheme, where only relative
noise between the NIR2 and the VIS pulses comes into play. The Hd-FWM signature still clearly exhibits the 4.4 fs
oscillatory signatures in the atomic limit.

FIG. S7: Total FWM intensity as defined in Eq. (1) of the main manuscript. The red solid line highlights the total
signal in the limit of perfect pulses without noise while the black dashed line depicts the FWM intensity when
realistic laser noise is considered in the simulation. In particular, we account for shot-to-shot instability by

averaging the total signal over 200 different pulse realizations obtained by sampling each individual pulse parameter
from the corresponding normal distribution characterized by the expected standard deviation (i.e. 200mrad for the

CEP and 0.5% for pulse intensity).
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