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STABLE SOLUTIONS TO THE FRACTIONAL ALLEN-CAHN
EQUATION IN THE NONLOCAL PERIMETER REGIME

XAVIER CABRE, ELEONORA CINTI, AND JOAQUIM SERRA

ABSTRACT. We study stable solutions to the fractional Allen-Cahn equation
(=A)*?u = u — 3, Ju| < 1in R™. For every s € (0,1) and dimension n > 2,
we establish sharp energy estimates, density estimates, and the convergence of
blow-downs to stable nonlocal s-minimal cones. As a consequence, we obtain a
new classification result: if for some pair (n,s), with n > 3, hyperplanes are the
only stable nonlocal s-minimal cones in R™ \ {0}, then every stable solution to
the fractional Allen-Cahn equation in R™ is 1D, namely, its level sets are parallel
hyperplanes.

Combining this result with the classification of stable s-minimal cones in R3\ {0}
for s ~ 1 obtained by the authors in a recent paper, we give positive answers
to the “stability conjecture” in R? and to the “De Giorgi conjecture” in R* for
the fractional Allen-Cahn equation when the order s € (0,1) of the operator is
sufficiently close to 1.
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1. INTRODUCTION

1.1. Two classical models in phase transitions vs. minimal surfaces. The
Peierls-Nabarro model was introduced in the early 1940s in the context of crystal
dislocations [52], [51] and also arises in the study of phase transitions with line-tension
effects [2] and boundary vortices in thin magnetic films [49]. This model concerns
the energy functional

€ (2 u@) —u@)]*
— Z[U]Hl/Q(Rn) _'_ o W(u) dx, H1/2 R") //nXRn |I’ _ x|n+1 dl‘ dx,

where u : R" — (—1,1) and W (u) := 1 + cos(7u).

The very related Allen-Cahn functional, introduced later, in 1958, within the
context of the Van Der Walls-Cahn-Hilliard theory for phase transitions in fluids
[24], is also tightly connected to the Ginzburg-Landau theory of superconductivity.
It is defined as

€
Je(u) = E[U]él(mn) + e W (u) dz, [U]zl(w) 1:/R | Vul* dz,

where u : R® — (—1,1) and W (u) := $(1 — u?)%.

In both models € > 0 is a parameter and W (u) is a so-called double-well potential,
namely, a function with two minima (or wells) at the values u = —1 and u = +1
which correspond to two “stable phases”.

Critical points u € C?(R") of I. and J. (more precisely, of their localized versions
presented later in Subsection solve,H respectively, the Peierls-Nabarro and Allen-
Cahn equations:

e(=A)V2u4+ W' (u)=0 and  X(=A)u+ W' (u) = 0.

A deep link between any of the two models and minimal surfaces is found when
investigating the asymptotic behavior of sequences of minimizers of I. and J. as
e ] 0. Indeed, as a consequence of I'-convergence results of Alberti, Bouchitté, and
Seppecher [2] and of Modica and Mortola [50], respectively, the following holds:

1Up to modifying the multiplicative constants in the definitions of [-]gs and (—A)® in order to
make them consistent.
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If ue, - R™ = R is a sequence of minimizers (in every bounded set) of either I,
or J., and g, | 0, then (up to a subsequence)

Ll
Us, = XE — XR\E, where E C R"™ is a minimizer of the perimeter. (1.1)

In other words, for every A € (—1,1) the level sets {u. = \} converge, as ¢ | 0 and
up to a subsequence, to an area minimizing hypersurface (in particular minimal,
i.e., with zero mean curvature).

1.2. The fractional Allen-Cahn energies. The classical functionals /. and J.
introduced above belong to the more general family of Allen-Cahn energies

85
Eye(u) = Z[u]?{s/Z(Rn) + W(u) dx,
R
where s € (0,2] and

[W]3er2ny = (2= 5) //R"XR" ‘ug)__;ji)} dx dz.

2
Hs/2 (R”)

Note that the normalization factor 2 — s in the definition of [u]
that

guarantees

[u]?{s/z(w) — IVul? dv as s 12
R”

(up to a dimensional multiplicative constant). The functionals E;. have been ex-
tensively studied in the literature; see among others [I8, 60, 16l 17, 13 55] and
references therein. Note that the classical functionals I. and J. correspond to the
cases s = 1 and s = 2 of E,..

Critical points u : R — (—1,1) of E,. (in fact, of the natural localized version
of E . given in Subsection satisfy the fractional Allen-Cahn equation

(=AY Pu+W'(u) =0, |ul <1, (1.2)

in R™ (up to a positive multiplicative constant in front of (—A)*?u). Similarly to
the cases s = 1 and s = 2, for every s € [1,2] the energies E,. (suitably localized
and renormalized) I'-converge to the classical perimeter as € | 0 —see [57]. As a
consequence, if u., is a sequence of minimizers (in every bounded set) of E, ., with
s € [1,2], then holds (up to a subsequence). Interestingly, a new qualitative
behaviour is found for s € (0, 1), where the asymptotic analysis of E; . as € | 0 leads
to the so-called s-minimal surfaces (or nonlocal s-minimal surfaces), introduced by
Caffarelli, Roquejoffre, and Savin in [19]. These new geometric objects generalize
classical minimal surfaces (which are recovered as a limit case when s 1 1) and share
with them several structural properties; see [19, 42, 29, [14] for the precise definition
and several results on s-minimal surfaces.
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1.3. Bernstein’s and De Giorgi’s conjectures. Let us recall the classical Bern-
stein’s problem:

If the graph of a function defined in all of R"! is a minimal surface in R™, is the
function necessarily linear?

This question has deep connections with the regularity theory for the (co-dimen-
sion one) Plateau problem in any dimension and, more precisely, with the optimal
dimensional bounds on the singular set of minimal surfaces —as shown by De Giorgi
in [32]. Moreover, its study contributed to striking developments in the theory of
minimal surfaces. The question was completely answered in the late 1960’s in a
series of groundbreaking works, which established that:

(i) Hyperplanes are the only graphs of functions defined on R"™! which are
minimal surfaces in R” as long as n < 8 (Bernstein [§], Fleming [44], De
Giorgi [31), 32], Almgren [3], and Simons [63]).

(ii) There exist entire minimal graphs in R™ which are not hyperplanes in di-
mensions n > 9 (Bombieri, De Giorgi, and Giusti [9]).

Bernstein’s problem finds a counterpart for certain “critical points” of J. in a
famous conjecture by De Giorgi (1978):

Conjecture 1.1 ([33]). Let u € C*(R"), |u] < 1, be a solution of —Au = u — u?
in R™ satisfying 0., u > 0. Then, if n < 8, u must be 1D, that is, all its level sets
{u = A} must be hyperplanes.

Conjecture [1.1| was first proved, about twenty years after it was raised, in dimen-
sions n = 2 and n = 3, by Ghoussoub and Gui [46] and Ambrosio and Cabré [4],
respectively. Almost ten years later, in the celebrated paper [54], Savin adressed the
conjecture in the dimensions 4 < n < 8, and he succeeded in proving it under the
additional assumption

lim w==+l. (1.3)

Tn—to0
Short after, Del Pino, Kowalczyk, and Wei [34] established the existence of a coun-
terexample to the conjecture in dimensions n > 9.
Since for s € [1,2) the functionals J. and E;. have the identical asymptotic
behaviour , there are no heuristic reasons to prefer J. to E,. when s € [1,2),
in the statement of the De Giorgi conjecture. This motivates

Conjecture 1.2. Conjecture|1.1] also holds for (—A)*?u = u — u® when s € [1,2).

On the other hand, for nonlocal s-minimal surfaces the analogue of the Bernstein’s
problem is well understood for s € (0, 1) sufficiently close to 1. Indeed, it follows,
by combining the results in [19], [23], [58], and [42] that:

For n < '8, there is a dimensional constant s, € [0,1) such that, if s € (s, 1),
hyperplanes are the only graphs {x, = ¢(x1,...,x,_1)} which are s-minimal surfaces
i R" —forn =2 and n = 3 this is known with s, = 0.

The heuristics thus suggest that the De Giorgi conjecture should be true for
monotone critical points of E. ¢ also in the range s € (s,, 1). That is:
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Conjecture 1.3. Conjecture also holds for (—A)*?u = u—u® when s € (s,, 1),
where s, € [0,1) is a dimensional constant.

The articles by Cabré and Sola-Morales [18], Cabré and Sire [I7], and Sire and
Valdinoci [64] proved Conjectures and in dimension n = 2, for s in the
whole range (0,2) —that is s, = 0. Later, Cabré and Cinti [12] 3] established
Conjecture for n =3, s € [1,2). In [36], Dipierro, Farina, and Valdinoci proved
Conjecture 1.3 for n = 3 and s, = 0. Very recently, Figalli and Serra [41] have
proved it for n =4, s = 1. For all s € (1,2), the existence of monotone solutions to
which are not 1D in dimensions n > 9 has been announced in [27] —to appear
in a work by Chan, Dévila, del Pino, Liu, and Wei [26].

In this paper we will prove Conjecture in dimension n = 4 for s € (s, 1),
for some s, € (0,1). We will also give a sufficient condition (in terms of a rigidity
statement on s-minimal cones) guaranteeing that Conjecture holds for some pair
(n,s), with s € (0,1) and n > 3.

Under the additional assumption , Conjecture has been proved by Savin
[55, 56] for 4 <n <8, s € [1,2). Finally, Conjectures and have been proven,
also under the additional assumption , in Dipierro, Serra, and Valdinoci [37] in
two situations: for n = 3 and s, = 0, as well as for 4 <n < 8 and s € (s,, 1) with
s« < 1 is sufficiently close to 1.

1.4. Monotone vs. stable solutions. The assumption 0, u > 0 easily yields that
u is a stable solution, i.e., a critical point of the localized version of E. (presented
below in Subsection with nonnegative second variation. The additional assump-
tion on limits at infinity is only used in [54] 55] 56, B7] to guarantee that w is,
in addition, a minimizer of E . in every bounded set of R". To address the conjec-
ture without the additional assumption , it is natural to introduce the two limit
functions u* := lim,, 4., u. These functions depend only on the first n—1 variables
x1,...,T,—1 and are stable solutions of in R"!. It is not difficult to prove (see
Proposition , that if ™ are 1D then u is a minimizer. As a consequence, the
following implication holds for all s € (0, 2]:

Stable sol'ns of (1.2) in R"! are 1D
and = Monotone sol'ns of (1.2) in R" are 1D.
Minimizers of (1.2)) in R" are 1D

The difficult problem of classifying stable solutions to ([1.2)) is connected to the
following well-known conjecture for minimal surfaces:

Conjecture 1.4. Stable embedded minimal hypersurfaces in R™ are hyperplanes as
long asn < 7.

A positive answer to this conjecture is known for n = 3, by a result of Fischer-
Colbrie and Schoen [43] and of Do Carmo and Peng [38] from the late seventies,
and for n = 4 by a very recent paper of Chodosh and Li [28]. It remains open for
5 <n < 7. Instead, the analogue of Conjecture for area-minimizing (a stronger
notion than stability) hypersurfaces is completely understood in every dimension: it
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holds, indeed, if and only if n < 7. This shows that extending a result for minimizers
to stable solutions may be a very difficult problem. Still, Conjecture suggests
the so-called “stability conjecture”:

Conjecture 1.5. Let u € C*(R"), |u| < 1, be a stable critical point of Es.. Then,
if n < 7, u must be 1D provided s € (s.,2], where s, € [0,1) is a dimensional
constant.

As explained before, once Conjecture is known to hold for some (n—1, s) then
Conjecture / / for (n,s) can be reduced to the question of proving 1D
symmetry of minimizers, which is well-understood thanks to the results in [54, 55|
56, [37].

With the exception of the case n = 3 and s = 1 considered in [41], before our work
Conjecture [1.5| was open in every dimension n > 3, with the case of the Laplacian
(s = 2) being a long standing open problem. The case n = 2 is simpler (thanks to a
certain “parabolic manifold” type property, it can be proved through some Liouville
theorems initiated in [7, 4]) and has been established for the whole range s € (0, 2]:
for s = 2 in [46], 4 [1], for s = 1 in [18], and for 0 < s < 2 in [17, [64].

In this paper we establish Conjecture when n = 3 and s € (s,, 1), for some
s. < 1. From this and a result for minimizers from [37], we deduce Conjecture
when n =4 and s € (s, 1).

1.5. Main result: a new classification theorem. We study stable solutions of
the fractional Allen-Cahn equation

(=APu+W'(u)=0, |uf<1 inR" (1.4)
with s € (0,1), where
1
Wi(u) := Z(l — u?)? (1.5)

is the standard quartic double-well potential with wells at +1. Note that this is
equation ([1.2) with e = 1 (we can always assume this value of the parameter after
scaling). For the precise definition of stable solution to , see Subsection
below.

The main goal of the paper is to establish the following classification result. For
brevity, we use in its statement the following terminology. Recall that, as mentioned
before, stable solutions to the fractional Allen-Cahn equation in all of R? have been
already classified.

Definition 1.6. For n > 3, we say that hyperplanes are the only stable s-minimal
cones in R™\ {0} when the following holds: if 3 < m < n and ¥ C R™ is a stable
s-minimal cone in R™ \ {0}, whose boundary 0¥ is nonempty and smooth away
from 0, then necessarily 0% is a hyperplane (up to sets of measure zero).

The notion of (smooth away from 0) stable s-minimal cone in R™ \ {0} is exactly
that of [14, Definition 1.1], which we recall in Definition [2.§ below ]

%In this paper and in [I4] the perturbations to define stability do not modify the cone in a
neighborhood of the origin (even if in [14] we used the terminology “stable s-minimal cones in R™”).
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Remark 1.7. Let us comment on Definition (1.6 which will be an assumption of our
main result, Theorem [1.§ below.

e First, we will not be assuming that stable s-minimal cones in R?\ {0} must
be flat: the integer m in the definition is at least 3. This is important
because (similarly as it happens in the classical case s = 1) certain s-minimal
symmetric cones like the “cross” {z;zy > 0} are stable in R?\ {0}, at least
if s is sufficiently close to 1.

e Second, the reason why, given a dimension n we need an hypothesis in lower
dimensions 3 < m < n, is the use of a dimension reduction argument of
Federer type in the proof of Theorem [I.8] This is also why Definition [1.6
concerns only cones with smooth trace on the sphere (the dimension reduc-
tion argument will always allow us to suppose this). Now, in this dimension
reduction, one needs to consider the case m = 2 (and not only m > 3).
However, for the case m = 2 we do not need to assume any flatness hypoth-
esis since we will actually prove in Lemma [7.7] the following property, which
holds true for all s € (0,1): any cone in R™ of the form > x R"2 and such
that ys — xze can be obtained as limit of some sequence of stable critical
points of E, . (with vanishing parameter €) must be a half-space.

The following is our main result.

Theorem 1.8. Assume that, for some pair (n,s) withn >3 and s € (0,1), hyper-
planes are the only stable s-minimal cones in R™\ {0}.

Then, every stable solution of (1.4)-(1.5)) is a 1D layer solution, namely, u(x) =
é(e - x) for some direction e € S"! and increasing function ¢ : R — (=1,1).

Remark 1.9. As it will be clear from the proofs, throughtout the paper we do not
need W to be given exactly by W (u) = (1 —u?)?, nor to be even. It can be replaced
everywhere by any function W € C3(|—1,1]) satisfying W(£1) = 0, W > 0 in
(—1,1), W < W(tp) in (—1,1) for some ¢, € (—1,1), {t € [-1,1] : W'(t) =
0} = {—1,%,1}, W’(£1) > 0, and W”(ty) < 0. For instance, W can be replaced
everywhere by the Peierls-Nabarro potential 1 + cos(wu). However, for simplicity,
we will write the results for the potential ((1.5)).
Note also that the results of Subsection [2.1f apply to any C® potential W .

Thanks to the theorem, to establish Conjecture [1.5in R™, n > 3, it suffices to
prove that hyperplanes are the only stable s-minimal cones in R™\ {0} for s € (s, 1).
Recently, in [14] we have proved that planes are the only stable s-minimal cones in
R?\ {0} for s € (s, 1), for some s, < 1. As a consequence of this last result, we
obtain the two following corollaries. First, we can prove the stability conjecture in
R3 for s € (0,1) sufficiently close to 1.

Corollary 1.10. Conjecture holds in R® —that is, every stable critical point of
E.c inR3 is 1D for s € (s, 1) with s, < 1 sufficiently close to 1.

Using Corollary we establish the De Giorgi type conjecture in R* for s € (0, 1)
sufficiently close to 1.
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Corollary 1.11. Conjecture holds in R* —that is, every monotone solution of
(1.4) in R* 4s 1D for s € (s,,1) with s, < 1 sufficiently close to 1.

We recall that in [41] Figalli and Serra proved Conjecture [1.3in R* for s = 1.

1.6. Definitions: localized energy, minimizers, and stable solutions. Thro-
ughout the paper we consider solutions u : R™ — (—1,1) to integro-differential
equations

Lxu+W'(u)=0 in €, (1.6)
where W € C3(R),  C R™ is an open set, and

Licu(x) = / (u(x) — u(@) K (z - ) dr. (1.7)

Although in some parts of the paper we will take Lx = (—A)*?, ie., K(z) =
(2 — s)|z|™*, some other parts will hold and will be stated for more general ker-
nels K. Throughout the article, K belongs to the ellipticity class Lo of Caffarelli
and Silvestre [22]. That is, we assume s € (0, 2),

(2—35)A (2—s5)A
K(z)=K(— — < K(z) < —— 1.8
(2= K=, SpiR <K < SR (19
and that K is of class C? away from the origin with derivatives satisfying
s)A
max{|z| 10.K(2)], |2]?|0:e K (2 |} < |Z|n+s , (1.9)

for all z € R™\ {0} and e € S"'. Here A and A are given positive constants.

By a solution of , we mean a bounded function in all of R™, which is, in 2,
a C? strong solution. Note that, since K is in the class Lo, W € C3(R), and Ly is
translation invariant, any measurable function u : R — (—1, 1) which solves (|1.6))
in the sense of distributions, i.e., [uLx&+ W' (u)€ = 0 for all £ € C°(), belongs
to C%(Q) and hence it is a strong solution. Indeed, this follows from the existing
regularity theory for nonlocal elliptic equations, as explained in Appendix [C]

We now recall the standard definitions of localized energy, minimizers, and stable
solution in this more general framework.

We first point out that is the Euler-Lagrange equation of the localized energy
functional

Ea(v) = 5 (v) + £5°(v), (1.10)

where
1

£ () = _// |v(z)—v(Z) 2K (z—7) dv dz, EL( /W
4 J J®rxrr)\ (e x00)

Here and throughout the paper, 2¢ denotes the complement of 2 in R™. Note
that £q(v) is finite for every function v which is bounded in R™ and Lipschitz in a
neighborhood of Q, since s € (0, 2).

We say that u is a minimizer of &, (or a minimizer of in Q) if Eq(u) < 0o
and Eq(u) < Eq(v) for all v satisfying v = u outside of 2.
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If w is a minimizer of &g, then

d?
T Eq(u+1t&) >0 for all Lipschitz function ¢ with £ = 0 in Q°. (1.11)
t=0
This motivates the definition of stable solution. Within this framework, u is a stable
solution if and only if u is a critical point of &g for which the second variation of g
at u —with respect to compactly supported perturbations vanishing outside (2— is

nonnegative. In other words:

Definition 1.12 (Stability). Given an open set 2 C R™, we say that a solution u

of (1.6]) is stable if ((1.11)) holds, or equivalently,
1
: // €(2) — £(2) 2K (x — 7) do di +/ W ()€ dz > 0 (1.12)

for all Lipschitz functions £ in R™ with compact support in R™ and such that £ =0
in ¢, As a particular case, we say that u is a stable solution of (1.4 if (1.12)) holds
with K (z) = (2—s)|z|7"* for all Lipschitz functions £ with compact support in R™.

We conclude this section giving the notion of fractional s-perimeter, as introduced
by Caffarelli, Roquejoffre, and Savin in [19]. Let s € (0,1). Given a set E in R™
and a bounded open set {2 C R", we define the fractional s-perimeter of F in () as

1 1
PJ(E,Q) = // —dxdx+// . dedz. (1.13)
(BnQ)x(Rm\E) [T — Z["T* O\E)x(B\Q) [T — Z|"T*

Observe that, in our notation, P;(FE, Q) = 2E5°*(xx), where x g denotes the char-
acteristic function of the set £ and we choose here K(z) = |z|7"~".

2. FURTHER NEW RESULTS AND ORGANIZATION OF THE PAPER

Theorem [L.§ will follow as a combination of several new results —which in addition
are of independent interest— on stable solutions to integro-differential semilinear
equations. They are valid in any dimension n > 2 and include:

e A sharp BV estimate;

e A bound of EF° by £5°P| a cube decomposition, and an energy estimate;
e A density estimate;

e The convergence of blow-downs to stable s-minimal cones.

These results are presented in detail in the next subsections.

2.1. BV estimate. For s € (0,1), in Section |3| we establish BV and Sobolev esti-
mates for stable solutions to the semilinear equation Ly (u)+W’(u) = 0in a ball Byg.
Their proof follows the techniques introduced in [29] within the context of stable
nonlocal s-minimal surfaces. Our estimates are optimal in their dependence on the
radius R and universal in the sense that they are independent of the potential W.
Note that a universal BV estimate is somehow surprising since it corresponds to a
quantity of higher order than the one of the equation, which is s.

By the same method and independently of our work, the BV and Sobolev esti-
mates and have also been established by Gui and Li [48, Proposition 1.7].



10 XAVIER CABRE, ELEONORA CINTI, AND JOAQUIM SERRA

In the current paper we additionally keep track of how the constants in the estimates
blow-up as s 1 1. Such information could be useful in some applications.ﬂ

Theorem 2.1. Given sy >0, let n > 2, s € (so,1), W be any C*(R) function, and
K satisfy and (L.9). Let R > 0 and u : R" — (—1,1) be a stable solution of
Lygu—+ W/(U) =0 Byr C R™.

Then,

|Vu|dx < LR”*I, (2.1)
1_
Br s

where C is a constant which depends only on n, X\, A, and sq.
Two remarks on this result are in order.

Remark 2.2. We emphasize that, in Theorem [2.I} the constant C' is completely
independent of the potential W, which is an arbitrary C? function —in particular
it is not necessarily a double-well potential. As a consequence, the estimate (2.1))
is scale invariant: the estimate for any R > 0 follows from the case R = 1 applied
to the rescaled function @ = w(R-), which solves Lxa + W'(@) = 0 in Bs, for

W= R*W.

Remark 2.3. In the case of solutions u. : R® — R of the fractional Allen-Cahn
equation (|1.2)) (recall that £ > 0 is a small parameter), Theorem reads:

ue stable in By = |Vu.|de < L
B 1—s
We emphasize that the constant in the right-hand side of the previous estimate is
independent of e. We do not expect the blow-up rate (1 —s)~! as s + 1 to be sharp,
but for such uniform in € estimate to hold, the right-hand side needs to blow up at
least at the rate (1 — s)~"/? —we actually expect the power —1/2 to be the sharp
rate. Indeed, by the argument sketched next, for all n > 2 and s € (0,1) there
exists € = ¢(s) > 0 and a stable solution u. : R” — R of in By satisfying
J5, [Vuc| dz > ¢(1 = 5)7/?, where ¢ stays bounded away from zero as s 1 1.
To show this, consider the set

B, =[] {2kC.(1 = 5)'/* < &, < (2k + 1)Cu(1 — )"/},
kEZ

whose boundary consists of parallel hyperplanes arranged in a C, (1 — s)/2-periodic

fashion. Let us prove first that F, is a stable s-minimal set in (—1,1)" D By,
provided C is chosen large enough. To verify this, we can use the stability criterium
found in 30, [40] involving the nonlocal analog ¢? of the squared norm of the second
fundamental form of OF,. To this end, one first checks that ¢? behaves as the

3This was the case in our previous paper [I4], where we needed the dependence on s (as s 1 1)
in the BV estimate from [29] for stable s-minimal sets.
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quantity (C,(1 — s)/2)~1=5. Hence, the stability inequality in (—1,1)" reads

Zc*—l—s/ QdHn 1 <C
J

for all n € C%([-1,1]") where T'; := {xn = jC*(l — 5)1/2},
By the fractional Poincaré inequality for the H1+)/2 seminorm in [—1, 1]*~! (ap-
plied to the functions ny. , T'; = R"!) we have

/ M < C(1 / / b)) sy
r; |z — 95|”+S

J

for all n € C%'([—1,1]"), where C is uniformly bounded as s 1 1. Therefore, since
(1—s)/(1—s) 2 = 1lassTl, will hold provided that we choose C\ large
enough. This makes F, stable.

We also notice that a similar computation (for any fixed smooth cutoff 1) shows
that the previous configuration is unstable provided C, > 0 is chosen small enough.

At the same time, it is known [15] that the fractional Allen-Cahn equation (|1.2))
admits periodic 1D solutions for all large enough periods (relatively to €). Hence,
given s € (0,1), for every 0 < & < ¢(1 — 5)!/2 there exists a periodic 1D solution
Us () Of such that {u.. = 0} = OF.. Now, as ¢ | 0 we have, by construction,
Uy — XE, — XpEe and hence one can show that, for e small enough depending on s,
U . inherits from E, the stability in (—1,1)". Finally, note that for such construction
[, [Vuc| dz blows up at the rate (1 —s)~"/? (by the coarea formula), as claimed.

@[ L dHPT AHE T, (2.2)

|x - x|”+5

As a simple consequence of Theorem 2.1, we deduce the following estimate for the
Sobolev part of the energy of stable solutions to (|1.6)).

Corollary 2.4. Given sq > 0, let n > 2, s € (sg,1), W be any C3(R) function, and
K satisfy and (L.9). Let R > 0 and u : R" — (—1,1) be a stable solution of
Ligu+ W'(u) =0 in Byp C R™

Then,
C

(1)

where C'is a constant which depends only on n, A, A, and sq.

2.2. Control of £F°t by £5°P. In Section 4| we need to assume W to be a double-
well potential. For simplicity, we take W to be the quartic potential , although
all proofs apply to the more general class of double-well potentials described in
Remark [L.9.

The following result states that £5°P in By controls £7° in a slightly smaller ball.
Here we can take s € (0,2] and thus we include the case of the Laplacian. To our

knowledge, this result is new even for the Laplacianﬁ To state our result for s = 2,
we recall that if K(z) < (2 — s)|z|7"° (where X < Y here means X < CY and

gSob( )

R, (2.3)

4For s = 2 and in the particular case of stable solutions in all of R", Villegas [66], Proposition 1.5]
has recently proved that the quotient of Sobolev and potential energies in By tends to 1 as R 1 co.
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Y < CX) we have Ly, v — a;;0;v for all v € C2(R") as s 1 2 (see the computations
in [21], Section 6]), where a;; < Id (that is a;;0;; is some translation invariant second
order elliptic operator). In the following proposition, Lx is meant to be, when s = 2,
this limiting second-order elliptic operator.

Proposition 2.5. Given sy > 0, let n > 2, s € (s0,2], W(u) = 1(1 — v?)?, and
K satisfy and (L.9). Let R > 0 and u : R" — (—1,1) be a stable solution of
LKU + W’(u) =01 BQR.
Then,
ERt (u) < CEXP(u) (2.4)

Br_rg,
whenever R > Ry, where C' and Ry are positive constants which depend only on n,
A, A, and sg.

To prove Proposition 2.5, we cover the ball Bg_g, by cubes of size comparable
to Ry and with controlled overlapping, and we show that the contribution of each
of these cubes to the total Sobolev energy controls its contribution to the potential
energy. We believe that this cube decomposition, which also holds for the classical
Allen-Cahn equation, may be of independent interest.

In Appendix [B], we present an alternative proof —only in the case s = 2, for
brevity— of a weaker version of the estimate of Proposition in which an error
term appears on the right-hand side of . The error is of order R"™° when

€ (0,1), R"! for s € (1,2], and R"log R for s = 1. Even if the result is weaker,
we give this alternative proof since it is new even for the Laplacian (to the best of
our knowledge), very short, and interesting in itself. It relies on taking a suitable
test function on the stability inequality and on elementary estimates.

Combining Proposition [2.5 with Corollary 2.4 we obtain the following bound for
the total energy of stable solutions in a ball.

Theorem 2.6. Given so > 0, let n > 2, s € (so,1), W(u) = 3(1 — u?)?, and K
satisfy and (L.9). Let R > 1 and u : R" — (—1,1) be a stable solution of
Lygu—+ W’(u) =01 Byr C R™.

Then,

SBR( ) (1 _CS) R"?, (25)

where C'is a constant which depends only on n, A, A, and sq.

For s € [1,2], [12, 13| established the related energy estimates g, (u) < CR"™ 1
for s € (1,2], and &g, (u) < CR" 'logR, for s = 1, in the case of minimizers in
Byr C R"™. However, such strong estimates are not expected to hold if one considers
stable solutions —assuming stability only in the double ball Byg as in Theorem [2.6]
not in the whole R"— instead of minimizers.

2.3. Density estimates. Section [5|deals with density estimates for stable solutions
of (—A)*’2u + W'(u) = 0 in all of R”. We need to assume the operator L to be
the fractional Laplacian (—A)*/? since an essential ingredient in their proof is the
monotonicity formula from [I3], which uses the extension property of (—A)*/? and
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thus is not available for other kernels. In addition, our proof uses crucially (2.1]) and
therefore needs s < 1.

Proposition 2.7. Let n > 2, s € (0,1), and W(u) = (1 — v?)*>. Let u : R" —
(—1,1) be a stable solution of (—A)*?u+ W'(u) =0 in R".

Then, for every ¢ € (0,1) there exist positive constants wy and Ry, which depend
only on ¢, n, and s, such that the following holds. For every R > Ry, if

R_”/ 11+ uldr < w (respectz’vely, R_”/ |1 —u|de < wo) . (2.6)
Br Br

then
{u>—-¢}NBrp=0 (respectively, {u < e} N Bgp=2). (2.7)

2.4. Convergence of blow-downs. The goal of Section [6] is to establish that the
blow-downs of entire stable solutions to (—A)*?u + W'(u) = 0 in R" converge, up
to a subsequence, to the characteristic function of a stable nonlocal s-minimal cone.
This convergence is local, both in the L!'-sense and in the sense of the Hausdorff
distance between the level sets and the (boundary of the) cone. To be precise,
following [14] Definitions 1.1 and 2.2], we recall now two notions of stability for the
fractional perimeter P; defined in (1.13)).

The first one is the notion of stability for a cone that is smooth away from the
origin. It is the notion used in Definition above.

Definition 2.8. Let ¥ C R" be a cone with nonempty boundary of class C? away
from the origin. We say that ¥ is a stable cone for the s-perimeter in R” \ {0}, or
stable s-minimal cone in R™ \ {0}, if

tiinf 5 (P.(6% (%), Br) — Py (%, By)) > 0 (2.8)

for all vector fields X € C°(B; \ {0}, R"). Here ¢% : R™ — R™ denotes the integral
flow of X at time ¢ (a smooth diffeomorphism for ¢ small).

The following is the notion of weak stability for a general set F with finite s-
perimeter, as given in [14, Definition 2.2].

Definition 2.9. A set £ C R" with P;(F,)) < oo is said to be weakly stable in €
for the s-perimeter if for every given vector field X = X (z,t) € C°(Q2x (—1,1); R")
we have

. ¢
11?L151f t_Q(Ps(¢X(E)7 Q) - PS(E7 Q)) 2 07
where ¢ denotes the integral flow of X at time ¢ (with 0 as initial time).

In contrast with this last notion, Definition [2.8{ assumes the vector field X = X (x)
to be autonomous. However, since a cone Y in Definition is smooth outside of
the origin, it is simple to see that 3 is a stable s-minimal cone in R™ \ {0} (in the
sense of Definition if and only if ¥ is a weakly stable set in R™ \ {0} for the
fractional perimeter P; (in the sense of Definition .
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In our following result, we will prove the limiting cone ¥ to be weakly stable not
only in R™\ {0}, but in R™. In its statement, we use the notation

_ , |E N B,(z)] .. |ENB(z)]
D(E;z) =limsup ————— and D(F;x) = liminf ————
( ) r—0 P |Br| _( ) r—0 |Br|

for the upper and lower densities of a set ¥ C R™ at a point z € R"™.

Theorem 2.10. Letn > 2, s € (0,1), and W(u) = 1
be a stable solution of (—A)*>u +W'(u) =0 in R™.

Then, for every given blow-down sequence ug,(r) = u(R;r) with R; T oo, there is
a subsequence R;, such that

(1—u?)? Letu:R" — (—1,1)

uRjk — X — XXe m Ll(Bl)

for some cone ¥ which is a weakly stable set in R™ for the fractional perimeter P
and which is nontrivial (not equal to R™ or @ up to sets of measure zero).
In addition, up to changing 3 in a set of measure zero, we have

r € 0¥ & 0< DY) <Dx:;%) <1 (2.9)
and, for all given ¢ € (—1,1) and p > 1, we have
dHausdorﬁ‘( {uRjk >ctNB,, XN Bp) —0 as k1 oo, (2.10)

where dyausdort(X,Y) =inf{d >0 : X CY 4+ By andY C X + By} denotes the
standard Hausdorff distance between subsets of R™.

The proof of Theorem puts together all our results stated above in this
section. More precisely, the first part of Theorem m (L'-convergence) is the
content of Proposition [6.1] the proof of which uses the BV and energy estimates
from Theorems and 2.6 as well as the monotonicity formula from [I3]. The
second part of the statement (uniform convergence) follows then from the density
estimates of Proposition [2.7

2.5. Proofs of the main result and its corollaries. In Section [7] we prove The-
orem by combining Theorem and the “improvement of flatness” results
established by Dipierro, Serra, and Valdinoci in [37]. Some nontrivial technical de-
tails are involved in our proof, like a dimension reduction argument that allows us
to assume that the stable cones obtained after blow-down are smooth away from 0
(as required in Definition . It is important to deal with this smoothness issue
to guarantee the applicability of Theorem in concrete cases. For instance, from
[14], in R? we only know how to classify stable cones that are smooth away from 0.

Finally, also in Section[7], we will give the straightforward proofs of Corollaries[I1.10

and [L111
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2.6. Smooth stable s-minimal surfaces in R® are planes when s ~ 1. In
Appendix [A] the arguments of Section [7] will be easily modified to establish the
flatness of C? stable s-minimal surfaces in all of R" whenever all stable s-minimal
cones are known to be hyperplanes up to dimension n. As a consequence we deduce
that every C? stable s-minimal surface in R® must be a plane if s € (s,,1) for
some s, < 1, since our main result in [I4] states that planes are the only stable
s-minimal cones in R3\ {0} (smooth away from 0) for all s € (s,,1). This was
already announced without proof in [I4, Corollary 1.3].
More precisely, we have the following result:

Theorem 2.11. Assume that, for some pair (n,s) with n > 3 and s € (0,1),
hyperplanes are the only stable s-minimal cones in R™\ {0}.
Let E be an open subset of R™, with OF nonempty and of class C?, and such that
E is a weakly stable set for the s-perimeter in R™ (as defined in Definition .
Then, E is a half-space.

Corollary 2.12. Let E C R3 be a C? open subset, with OF # &, which is weakly
stable for the s-perimeter in R (as defined in Definition .
If s s sufficiently close to 1, then E is a half-space.

Theorem will follow from a blow-down procedure. Although the general
strategy is similar to the classical one for minimizers of the perimeter, to deal with
stable solutions, one finds several technical issues that are completely analogous to
those in Section [7] for the semilinear equation. This close analogy was our reason for
postponing the proof of Corollary 1.3 in [14] (i.e., Corollary[2.12 here) to Appendix[A]
of the current paper.

3. BV AND SOBOLEV ENERGY ESTIMATES

Throughout the paper, L denotes the operator , where K satisfies and
([9).

This section extends some results and techniques introduced in [29], within the
context of stable nonlocal minimal surfaces, to stable solutions of semilinear nonlocal
problems.

Following [59, 29], we consider translations of the solution u in some direction
v € S"7! and we compare the energies of u and of u(- + tv). Since we need to
consider perturbations vanishing outside the domain, following the notation of [29)
we introduce a Lipschitz radial cut-off function ¢4 such that ¢, =1 1in By, o4 = 0
outside By, and |Vy| < 1/2. For this, we take ¢4 to be linear, as a function of the
radius |z|, in By \ Bs.

For v € S" ! and ¢ € (—1,1) we consider the map

Uy (y) .=y +tps(y)v  fory e R™ (3.1)

Clearly, W, is a Lipschitz diffeomorphism from R"™ onto itself. In particular, both W,
and ;! are Lipschitz and coincide with the identity outside By. Given a function
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u defined in all of R™, we introduce

w(z) = u(V; " (2)).
Even if we do not denote its dependence on v, the function u; depends on both v
and t. We finally set

My(z) :== max{u(x),us(x)} and my(x) := min{u(z),u(z)}.

Notice that u;, M;, and m; all coincide with u outside Bj.
We now prove the analog of Lemma 2.1 in [29] for the energy (|1.10)) associated

with (|1.6]).
Lemma 3.1. Letn > 2, s € (0,1), let W be any continuous function in R, and K

satisfy (1.8) and (1.9)). Let u € C*(Bg) N L>=(R") be a given function.
Then, for allt € (—1,1) we have that

Ep,(uy) + Ep,(u_y) —2EB,(u) < C’tgé'gzb(u), (3.2)
where C' is a constant which depends only on n, A\, and A.

Proof. We set Ay := (R" x R™") \ (B x Bj). We have

1
(s = 7 [[ 1003 e) u(VE@)PK (@ —2) deda+ [ Wi (@) do
4 4

Changing variables y = W (), ¥ = ¥L;() in the integrals above (recall that
U, sends By and B onto themselves), we obtain the following expressions for the
Sobolev and potential energies:

1

51832b(uﬂ) = Z/ lu(y) — u(@)yzK(\Ijit(y) — Vi (9)) J1e(y) Je(y) dy dy
Ay

and
Ep(us) = [ W(u(y)) Juuly) dy,

By
where Ji,; are the Jacobians. They are easily seen to be

Jii(y) = 1 £ t0upa(y),

which are positive quantities since [t| < 1 and |Oyp4| < 1/2.
Clearly,

Epst(w) + st (umy) = | W(u)(J(y) + J-i(y)) dy = 2" (u). (3.3)
By
To estimate the sum of the two Sobolev energies E52°(u;) + E52P(u—y), we first
observe that, since K € L,, then it satisfies the following estimates for its first and
second derivatives:

ly—z|<|z[/2

A A
max{\zuaeffu)r,u\? sup |aeeK<y>|}s2n+s+2XK<z>s2”+3XK<z>
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for every z € R" \ {0} and e € S""!. Using this fact and performing the same
computations as in the proof of Lemma 2.1 in [29] (we are taking there, with the
notations of [29], R =4 and K* = 2""3(A/)\)K), we deduce that

EpP(ue) + Ex(u_y) < 2857 (u) + CF / u(y) — w(@H)PK (y — ) dy d,

Ay

where C' depends only on n, A, and A. This, combined with (3.3]), concludes the
proof of the lemma. O

Lemma 3.2. Letn > 2, s € (0,1), let W be any C3([—1,1]) function, and K satisfy
and (1.9). Let u: R™ — (—1,1) be a stable solution of Lxu+ W'(u) = 0 in
Bg C R".

Then, given v > 0, there exists to € (0,1) (possibly depending on v, W, and ),
such that

Ep, (M) + Ep,(my) — 2Ep, (u) > —vt? for all t € (—to,to). (3.4)

Proof. As shown in Appendix |C| we know that v € C?(Bg). Thus, the fractional
Sobolev semi-norm Ep, of u is finite.

We claim that, given any Lipschitz function £ vanishing outside By and t € (—1,1)
such that |u + t&] < 1, we have

Epy(u+t§) = Ep, (1) = —C€]| e st (3.5)

for some constant C' depending only on W. Indeed, we have

Ep,(u+18) — Ep,(u) =
//n R —u(z))({(z) — {(2)K(z — &) dz dx

"1 //RR (o)~ €@PK (- D) dods+ [ (Wl ) = W) da

By

5[] (o)~ u@)(e@) ~ €@K e — ) dvdi+ [ W ds

By

+ g //R €(x) — @)K (¢ — 7) dr d + /B W”(U)@ dz

[ w0

By

for some u*(t,x) in the interval with endpoints u(z) and w(z) + t&(x) (and thus
satisfying |u*| < 1). Hence, using that u is a stable critical point and W € C?, we

deduce (3.5)).

We now choose ¢ 1= &=+ u) and & 1= — MT“)* in the above computations, where
(-)+ and (-)- denote the p081t1ve and negative parts. Observe that M; = v+ t£ and
my =u —|—t§ Also, since u and u; agree outside B, and u is C' in By, the L>®-norms

of € and € are bounded by a constant independent of ¢ (in fact, depending only on u,
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given the cut-off function ¢4 defining the diffeormorphism U,). Therefore, from (3.5))
applied to these choices ¢ and ¢, adding both inequalities, we conclude ((3.4)). O

With this consequence of stability in hand, we can now state the following result,
which is the analog of Lemma 2.4 in [29]. We recall that we have set

Ag = (R" x R")\ (Bf x Bj).

Lemma 3.3. Letn > 2, s € (0,1), let W be any C*([—1,1]) function, and K satisfy
and (L.9). Let u:R™ — (—1,1) be a stable solution of Lxu+ W'(u) =0 in
Bg C R™.

Then, for every v > 0 there ezists to > 0 (possibly depending on v, W, and )
such that

mm{//A4 ) = ()1 (u(T) = w(7))-K(z - 7) de d,
//A ) — u_y(2)) 1 (w(T) — u_y(Z))_K(z — T) dxd:z} < (n+20) 2

holds for t € (—to,to), where n = CEFX"(u) and C' depends only on n, X, and A.
Here, (1)1 and (-)_ denote a function’s positive and negative parts.

Proof. We first observe that, since u is stable and is C?(Bg) (by Appendix [C]), it
satisfies both estimates (3.2)) and (3.4]). Recall also that M;, m; (as defined at the
beginning of the section), u;, and w all coincide outside By. Moreover, it holds

gPot(Mt) + 5P0t( ) gPot( ) + (c/-Pot( ) (36)
We now consider the Sobolev energy. We claim that
|My(2) = My(Z)]* + |ma(z) = me(2)* = |u(z) — w(@)* - [ur(2) — u(@)]?
= —2(u(z) — up(2))+(w(Z) — u(T))-.

Indeed, we first observe that, if (u(x) —u(z))(u(Z) —ui(Z)) > 0, then the right-hand
side of vanishes and that the equality is clear.

Assume now that (u(z) — w,(z))(u(z) — w(z)) < 0. Then, by symmetry between
x and T, we may assume u(z) > u(x), u(z) < u(z). Now, a simple computation
shows that

| My () = My()[* + () — mu(2)]* = u(z) — w(@)]* = |u(z) — u(T)[?
= —2u(z)uy(T) — 2ug(x)u(x) 4+ 2u(z)u(x) 4 2us(z)u ()
= —2(u(z) — up(x))(w(T) — u(T)).
This concludes the proof of .
Using and , we deduce that

Epy (M) + Ep,(my) //A — () (u(Z) — uy(z)) K (x — ) de dz
= 534 (u> + 534 (ut)

(3.7)
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for every t € (0,1). As noticed in [29], the third term on the left-hand side is the
important novelty compared to the analog equality in the local case (in which it
does not appear). It will be responsible for the BV estimate.

Indeed, analogously we have

Ep,(M_y) + Ep,(Mm_¢) // —u_¢(2))+ (w(Z) —u_y(Z))-K(z — Z)dxdz
Ay
= 834 <u> + é’B4 (u*t)'
Adding the last two equalities, and using the key bounds (3.2)) and (3.4)), we deduce
8]34 Mt + 834 mt) + 534(M_ ) + 534(m_t) +

//A — (7)) 4 (u(Z) — ue(2))-K(x — 2)dedz +  (3.8)

L ] 6 @) 00) o) K- 2yt

- 2834 ) + 834 (ut) + 834 (u t)
< 4534( ) + me
< Ep,(My) + Ep,(my) + Ep, (M_y) + Ep,(m_y) + (n + 2v)t? (3.9)

for t € (—to,to), with ¢y > 0 small enough (possibly depending on v, W, and u).
From this, the lemma follows immediately. O

The following result is the analog of Lemma 2.5 in [29].

Lemma 3.4. Let n > 2, 1 > 0, and u € CY(By) satisfy ||u| pemny < 1. Assume
that for every v € S™ Y, there exists a sequence t;, — 0, such that
. H(u() = ul- = tx) sy [(u) —ul —tv)) i)
lim sup <

2
k—o0 tk

(3.10)

Then, the following estimates hold:

min {/Bl(a,,u)+ dz /Bl(&,u)_dx} <7, (3.11)

max {/ (Opu)+ dz / (Opur)— da:} < 2|BI" Y| + NGE (3.12)
B1 B
and

|Vuldz < 2n <]B§n_l)| + \/ﬁ> , (3.13)

By
where B%n_l) denotes the unit ball of R"1.
Proof. The proof is the same as that of Lemma 2.5 in [29]. Here the situation is even

simpler since, being v € C*, the directional derivatives of u exist in the classical
sense. We sketch the main steps of the proof, for the reader’s convenience.
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By assumption ([3.10f), we have that

i {J(u0) = ul = 40)) Nz, 1) = ul = 50)) s |
lim sup

Passing to the limit as ¢, — 0, we immediately get (3.11)).
To prove (3.12)), we simply observe that

< il

O d — / lim u(r + tv) — u(x) dr — lim fB1+tkadx - fBlud:E
By v B, k—oo ty k—o0 tr

and hence, since ||u[|zeo@ny < 1,

<1 ‘(B1+tk’0)\31‘+‘B1\(Bl+tk’v)‘
< lim sup

Oput dx

<2|B"Y].

B1

This, together with (3.11]), leads to (3.12]), since Opyu = (Opu) + —(Opu)—. Moreover,
using that |Oyu| = (Opu)4 + (Opu)—, we also deduce that

|Opu| da < 2 <]B£"71)\ - \/ﬁ> :

By

Finally, since |Vu| < [0, u| + ... + |0, u|, we conclude (3.13). O

Before giving the proof of Theorem [2.1], we recall the following standard “covering
lemma” due to L. Simon [62] (see also Lemma 3.1 in [29]). In scaling invariant
situations, when estimating a function’s norm in a ball, this useful lemma allows one
to “absorb” a term in the right-hand side where the same norm appears computed
in a bigger ball, provided it appears with a small enough constant in front.

Lemma 3.5 ([62]). Let 5 € R and Cy > 0. Let S : B — [0,400) be a nonnegative
function defined on the class B of open balls contained in the unit ball By of R™ and
satisfying the following subadditivity property:

N N
S(B) < ZS(Bj) whenever N € Z* {B’}}_, ¢ B, and B C U B,
=1

j=1
It follows that there exists a constant § > 0, depending only on n and [, such that
if
p°S(B,a(x0)) < 0p°S(By(x0)) +Co  whenever B,(xy) C By, (3.14)
then
S(Bi/2) < CCy

for some constant C' which depends only on n and (3.

We can now give the proof of Theorem
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Proof of Theorem [2.1. We divide the proof into two steps.

-Step 1. We show that if s € (s, 1) and u : Bg — (—1,1) is a stable solution of
the semilinear equation Lxu + W’ (u) = 0 in Bg then, for any given § > 0, we have
the estimate

|Vu|dz < 1065 +6 |\Vu| dx (3.15)

By - By

where Cs depends only on §, n, A\, A, and sy (in particular, it does not depend
on W).

Indeed, note that in this setting, Lemmas and [3.4] apply to u.

Hence, by Lemma [3.3] for every v > 0 there exists o > 0 such that

min {// (u(z) —wp(x)) 4 (u(Z) — uy(z)) - K(x — T) dx dz,
Ay
// (u(z) —u_y(2) 1 (u(Z) —u_y(Z)) _K(x — ) dx df} < (n+2w)t?
Ay
holds for every t € (0,t,), where
n=CEF"(u) (3.16)
and C depends only on n, A, and A. Now, by (1.8) and since s € (0, 1), we have
K > (2—-5)2"X > 27"\ in By, We deduce that there is some sequence

tr € (—1,1) with tx — 0 such that

() = u(- = tww)) Npisy () = ul- = tw)) |1, -

) =1/
k—o00 tk

after changing the value of C in (3.16)).
We can now apply Lemma and, thanks to (3.13), we arrive at

Vulde <C[1+ SSObu><oo, 3.17
[ v ( e ) (3.17)

where C' depends on n, A, and A.

To keep track of the precise dependence of the constants on s, as s 1 1, in what
follows C' will denote (possibly different) positive constants which depend only on
n, A\, A, and sg.

Defining V(z) := |Vu(z)| for z € B, and V(z) := 0 for z € R* \ By, and given z
and  both in By, note that we have

|u(e) — u(z)| =

/Ol(x—:v)-Vu(zE+t(x—x))dt‘ < |a:—x|/01V(x+t(x_x))dt,
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Using this, that K € Ly, and |Ju|[ze@n) < 1, we deduce (thanks to the presence of
the factor 1 — s on the next left-hand side) that

(1— )P (u) < 1—5(/AMRJﬁx_ﬂé2Fddf

22
Baxpe [T — T["

2
< /y [u( ()’ddf+c
B4>(B4 ‘r_x|n+
< // ule) = ul@) iz 1 ¢
Bax By |$_95| e
1

< A(l—s)/ dx/ dy|y|1_"_5/ dtV(z +ty)+C

By Bg 0
<

1
A(l—s)/ dy\y]lns/ dt/ deV(z+ty)+C
Bg 0 n
= A(l—s)/ dy\y]lns/ dzV(z)+C
Bg R™

< C | V(z)dz+C

Rn

= C <1 + /34 quydx) , (3.18)

where C' depends only on n, A\, A, and s¢; in particular, it stays bounded as s T 1.
Hence, (3.17)), (3.18)), and the Cauchy-Schwarz inequality lead to

1 1/2

(3.19)
1

< 1

_C’( +5(1—3)+5>+5 B4\Vu\da7

for all 6 > 0.

-Step 2. Now, to conclude the proof of the theorem, we observe that, since its
statement is scaling invariant (it is independent of W), we may assume without
loss generality that R = 1. So, let now u : R™ — (—1,1) be a stable solution of
Lxu+ W'(u) = 0 in Bop = B,. Given B,(x9) C B then the rescaled function
u(y) = u (zo + py/4) is a stable solution in 86 (since xg + pBy C By = x¢ + §Bs C
By) of the equation Lz + (p/4)*W'(a) = 0, where

K(z2):= (p/4)"**K(pz/4) belongs again to Ly(s,\, A).
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Thus, rescaling the estimate (3.15]), which applies to @, we obtain

pt " / |Vu|dz <5 p'" / |Vu| dz + Cs (3.20)
Bﬂ/4($0) 1 - S

By (zo)

for all o > 0, where Cs depends only on 6, n, A\, A, and s.
Therefore, considering the subadditive function

S(B) ::/B|Vu\d:l:

on the class of balls, and taking § := 1 —n and ¢ as given by Lemma (and hence
depending only on n), we find that

C
/ |Vu|dz = S(By)2) <
By 2

— 1 _ 87
where C' is a constant which depends only on n, A\, A, and sy.

By scaling and using a standard covering argument, we obtain the same estimate
with By, replaced by By = Bpg, concluding the proof. Il

Proof of Corollary[2.4 Let s € (0,1). Let ug := u(R-). We combine the estimate
J5, IVugr|dz < C(1—5)~" of Theorem [2.1| with the interpolation type inequality

(1—s)Ex(ur) < C(1 —I—/ \Vug| dz)
By

—which we proved, in a different ball, in (3.18)— to obtain £ (ug) < C(1—s)72
Now, the corollary follows after rescaling. O

4. SOBOLEV ENERGY CONTROLS POTENTIAL ENERGY

In this section, we give the proof of Proposition In particular, we will have
s € (0,2], and we will include the case of the classical Allen-Cahn equation. All
results in this section require the cubes to have large enough diameter and, in
particular, the equation to be posed in a sufficiently large ball (as in the statement
Proposition [2.5)).

The proof is based on a suitable cube decomposition —which may be of indepen-
dent interest— and covering arguments. We identify two types of cubes: of ‘type I”
and of “type II”. Type I cubes will contain at least one point where u ~ 0. Cubes
of type II are cubes in which either u ~ 1 or u ~ —1 in the whole cube. By cube,
we always mean a set of the form Q = z¢ + (—[,1)" for some zq € R™ and [ > 0.

The following three lemmas are used in the proof of Proposition 2.5 Essentially,
the first one (Lemma is used to show that the contribution of a cube of type I
to the total Sobolev energy controls its contribution to the potential energy. The
third lemma (Lemma will prove this same property for cubes of type II.

The second lemma states that if a cube is not of type I (i.e., it contains no points
where u ~ 0), then the corresponding half-cube is of type II (i.e., we have either
u ~ 1oru~ —1in all of it). Thus, through an appropriate covering argument,
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this second lemma establishes that there is essentially a dichotomy between cubes
of type I and cubes of type II.
Throughout this section W is the double-well potential i(l — u?)?. Tt satisfies

—W"(t) = -W"(—t) > 1y for 0 <t <cy

W"(t) =W"(—=t) > 1y forl —cp<t<1 (4.1)
—W'(t) =W'(—=t) > 1y for @ <t <1—co

for some constants c¢q € (0, %), vy > 0, and v; > 0 which are totally universal.
To check their existence quickly, note that once ¢y and vy have been chosen small
enough to guarantee the first two properties, the third condition will be satisfied for

vy small enough.

Lemma 4.1. Given sy > 0, let n > 2, s € (s0,2], W(u) = %1(1 —u?)?, and K
a

satisfy and (L.9). Let R > 0 and u : R* — (=1,1) be a stable solution of
LKU + W/(U,) =01 BQR.

Then, there exist constants Dy > 1 and dy > 0, which depend only on n, A, A,
and sy, such that the following statement holds true.

For every cube QQ C By satisfying diam(Q) > Dy and

{lul <c/2}NQ# 2

for the constant cy in (E1)), there are two cubes QM, Q@ contained in Q and with
diameters dy for which

inf u — supu > ¢y/4. (4.2)
QMW Q@

Proof. Within the proof, C' will denote different positive constants which depend
only n, A\, A, and sq. The constants Dy and dy will be chosen to have this same
dependence.

Let Q C Bpg be some cube satisfying diam(Q) = D > D.

-Step 1. Let us prove that oscou > ¢y/2. Indeed, arguing by contradiction assume
that
oscou < ¢o/2, and recall that we have {|u| < ¢y/2} NQ # .

Then, |u|] < ¢y in @ and using (4.1)) and the stability inequality ((1.12)), we obtain

Edr < —/ W (u)€? dx
R?’L

% //R €(z) — £(2)['K (2 — 7) du dz

ORI .
for every & € CHQ).

Now, if the diameter D of () is large enough, we may contradict this inequality
just by scaling. Indeed, denote by )4 the cube centered at 0 and with diameter d,

R

IN
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and let z( be the center of @) and D its diameter. Choose (universally) a function
n # 0 in C°(Qy). Take now &(z) = n((z — x¢)/D) and notice that

N2
(2- ) //R B ‘gfﬁ—ﬁf)} drdi < CD™| V|2 00 (4.4)
while
/ & dr = cD" (4.5)

Choosing D > Dy > 1 large enough (note that Dj~* < Dj™*°), we contradict (4.3)).
This proves Step 1.

Note that the same argument applies in the case s = 2 when we replace 2 — s
times the double integral by the classical Dirichlet norm.

-Step 2. We now use Step 1 and regularity estimates for the equation to show
that there are two cubes Q. Q® contained in @ and with diameters dy such that
info0) u — supge u > co/4.

Indeed, first note that, as shown in Appendix we have the estimate |[Vu| < C'in
Bg, for some constant C' depending only on the quantities stated at the beginning of
the proof; here we use that ) C Bg and thus diam(Bg) > diam(Q) = D > Dy > 1.
Let

do = min {DO, 80}
Now, by Step 1 there are two points 21,2, € @Q such that u(z;) — u(zs) > c/2.
Let Q% be any two cubes with diameter dy such that 2; € Q® C @ (recall that
dy < Dy < diam(Q)). Then we readily show that is satisfied by these cubes. [

We can now state the second lemma.

Lemma 4.2. Given so > 0, let n > 2, s € (so,2], W(u )
satisfy and (L9). Let R > 0 and u : R" — (=1,1) b
LKU + W/(U) =01 BQR.

Then, there exists a constant Dy > 1, which depends only on n, X\, A, and sy,
such that the following statement holds true.

For every cube Q) C Bgr with diam(Q) > Dy we have

u>1—coin @ if u>cy/2inQ (4.6)

(1 —u?)?, and K
stable solution of

L =

and

u< —1+c¢m@ if u<—co/2in Q, (4.7)
where cq is the constant in (4.1)) and Q' is the cube with the same center as QQ and
half its diameter.

Proof. Within the proof, the constant C' will depend only n, A\, A, and sg. The
constant Dy will be chosen to have this same dependence.

Let ) C Bpg be some cube satisfying diam(Q) = D > D.

We prove only since, by the even symmetry of W, follows applying

to —u.
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Assume that u > ¢/2 in @). Using (4.1]) we have
Lgu=-W'(u)>vr; inQ\{u>1-co}.

Let n € C*(R") withn =1—cpin Q/2, =1 <n < 1—¢oin @, and n = —1 outside
Q1 (recall that @, denotes the cube centered at 0 and with diameter r). Consider
i(x) =n((z — )/ D)
where x is the center of () and D its diameter. Note that D > Dy, and that, by

taking Dg large enough, we will have

|Lkij| <CD™* < CDy* <w
with C' and Dy as stated at the beginning of the proofﬂ Let us then show that
u>n inQ. (4.8)

Indeed, let U = Q\ {u>1—¢y}. Since  <1— ¢y in @ and 77 = —1 outside of @
we have 77 < u outside of U. On the other hand

Li(u—1) > Lgu—|Lgii| >0 inU,

and thus, the maximum principle leads to (4.8). Finally, since by construction
n=1-—c¢in @, the lemma follows. O

Finally, we can state our last auxiliary lemma in this section.

Lemma 4.3. Given so > 0, let n > 2, s € (s0,2], W(u) = 3(1 —u?)?, and K
satisfy (L.8)) and (1.9). Let R > 0 and u : R™ — (=1,1) be a stable solution of
LKU + W/(U,) =01 BQR.
Assume that for some cube Q C Bgr, we have that
1—|ul <e¢ in @,

where cq is the constant in (4.1)).

Then
(2—3) //n |U$_x|n+ ) da:di'Z/ﬁo/Q(l—]quw, (4.9)

where ko > 0 is a constant depending only on n, A\, A, so, and diam(Q).
When s = 2, the left hand side of (4.9)) must be replaced by fQ |Vul? dx.

Proof. We will do the proof in the case 1—co < u < 1in @ (the case —1 < u < —1+4¢
is similar). Since, for simplicity, the lemma is stated for the explicit quartic potential
W (u) = (1 — u?)?, we may take ¢y := 1 — 1/1/2, and hence

W" =3u?—1€[1/2,2] foru € [l—cp1]. (4.10)

Let v := 1 — u. By assumption v > 0 in all of R" and v < ¢y in ). Hence, using

(10) and

Lgv=—Lgu=W'(u)=W'(u)—WQ1)

SHere we use the presence of the factor 2 — s on the upper bound for the kernel K as in (4.4).
Instead, when s = 2, the bound is obvious.



STABLE SOLUTIONS TO THE FRACTIONAL ALLEN-CAHN EQUATION 27

we obtain .
—2v < Lgv < —5Y in Q. (4.11)
Notice that

Ju(z) —u(@)] // lv(@) —v(@)*
dx dT = drd
//n z—x|n+8 rar = . x_x|n+s r
22(1 — u)?
/W(u)dmﬁ/udaz:/ﬁdw.
Q @ 4 Q

Hence, to prove the lemma, we need to show that there exists a constant C
depending only on n, A\, A, sq, and diam(@) such that

|U |2 . 2
n+5 dr dx > vedr.

To prove this, let v := U/HUHL2 and let

|0() —o(@)P
2— dx dz.
s //n |x—x\"+s v

In the remaining of the proof, we bound x by below.
First, by the fractional Poincaré inequality, we have

|0(z) —o(z) _ - 2
2—3// |$—:v|”+3 da:dxzco Q(v—t),

where ¢t = |712| vadx and ¢y = co(n, so, diam(Q)) > 0.
Note that, by the triangle inequality, we have

L= (5/co)'? < [0l z2i) = 19 = tll22(0)

and

N - (4.12)
< QI < 0l 2y + 19 — tll2@) < 1+ (5/co) /.
Hence, if k is sufficiently small (which we may, of course, assume), we have
1, . _
Slel? <t <2 (4.13)

On the other hand, v satisfies Lx0 < —%17. Thus, if we fix £ € C2°(Q’) such that
fR" Edr =1 and £ > 0, where ' is the cube with the same center as ) and half its
diameter, we have

1 1
/ 17LK§da:§—§/ @fdm§—§/ t&dr + |0 — t|€ dx
n n n R” (414)

t . t
< — S+ lel@llE — g < —5 + Cli/e) 2

At the same time, since fRn L& dr =0 we have

/n SL d = /Q(f; — t)Liédr + /RH\Q(@ — )Lyt du.
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Now similarly to before

/ (6 — t) L€ da
Q
Also, since |Lg&(z)| < C(2 — s)dist(z, Q)" * for € R™ \ @, we have

i [0 — 1]
U —t)Lgédx §C2—5/ ————dx
/]Rn\Q( ) Kg ( ) R™\Q dlSt($7Ql>n+s
2—s
——dz <
/Rn\Q dist(z, Q") *s z=C

dist(z, Q)" < Clx —z|™"° forallz e Q

we obtain, also using the definition of ¢,
(@) —t] / / Iv( ) — 0(7)|
2—s / dr < (2—5) dz —_—
( ) R™\Q dlSt(x Q)rts |Q| "Q dlst(x Qs
N2\ 1/2
<C(/dx/ NOE <x>r)
R™\Q dlst(x Qs
_ 2 1/2
<c(// () “(+>| da:df)
"mQ |a: — |nts

< Ckr'/2.

’ / GL& da

Using also (4.14]), we deduce
5 < —/ ULg€E + CrY? < 20KY2.

< 1Lkéllr2@llo = tllrx) < Cr/co)'’.

Now, since

and

Hence, we have shown

< Cr'2.

t

Hence, recalling (4.13]), this shows the desired lower bound on k.
We can now give the

Proof of Proposition |2.5. Throughout the proof, all the constants depend only on n,
s, A\, A, and sqg. Let DO and dy be constants for which Lemmas[4.1 and 4.2/ hold —for
thls, take them to be, respectively, the largest of the constants Dy in the lemmas
and the smallest of the constants d.

Let F denote the family of cubes @) with center in the lattice (Dy/+/n)Z™ and
side-length 2D, /+/n, that is, of the form

Do ( Do Do

RV R VNG

n
) for some zy € Z".
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Let Fr be the family of those cubes @) € F such that ) C Bg. Given a cube @,
denote by @' the cube with the same center as () and half its diameter. Finally,
define

3
Ro = 51)07

and recall that we assume R > Rj.
It is then easy to check that:

(a) For all Q) € Fg, we have ) C By and diam(Q) = 2D,.
(b) Each point of R™ belongs to at most 2" cubes of the family Fg.

(¢) The union Uy 7, Q" is disjoint and covers Br_ g, except for a set of measure
zero.

Throughout the proof, it is easy to check that all arguments hold true when s = 2
by replacing, within the double integrals, 2 — s times one of the integrals by the
pointwise gradient squared.

We first notice that, by properties (a) and (b),

o 1 —\ 12 _ _
£ >z;/ ule) — u(@) P (@~ 7) de d7

2—3 |u(z) —u(z)? 7)|?
/B/ : rx—x|n+ e (1.15)
Ju(@) —uw(@)? ,
dzx dz.
Z //n |x_x|n+s r

QEFr
Next, for each ) € Fg, we have the following dichotomy. Either
{lul < co/2}NQ # 2 (4.16)
or
{lul <c0/2}NQ =2 (4.17)

Now, if Q) € Fp satisfies (4.16)) then by Lemma (since @ has diameter 2Dy)
there are two cubes Q") and Q® contained in @, and with diameters dy, such that

inf u — supu > ¢y/4.
QW Q@

It thus follows, using the fractional Poincaré inequality and

/ W (u) d < |Qmax W < C.
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|u o 2
C2-ys) // |x—x\”+s dxdxzigﬂg Q]u(x)—t| dx

. — 2 2
(inf g u QSupQ@) u) ‘ QW (4.18)

Co>2 do \"

> (= — ] > Wi(u)d
(S (4 e o
for some constant ¢ > 0.

On the other hand, if @ satisfies (4.17) then by Lemma |4.2| we have that
lu| >1—¢ inQ'.
Hence, using Lemma (With @ replaced by @) we have

)2

(2—3s) // Ju(z) = (@) da;d?ch/ (1—|u))?dx>c [ W(u)dz. (4.19)
n $ — SE|n+S ’ Q'

Finally, recalling property (c) above, we combine (4.18)) and (4.19) with (£.15) to

that

obtain
. A2 —5) |u(z) —u(@)]* z)|? _
(c/gRb(u) > —— = / / |J} — :El”+ dr dx
QeFr "
>c Z / W(u) dx
QGFR QI/
>c / W(u)dx
Br—R,
c gg;t_RO (u)7

that finishes the proof. O

Let us now prove the bound for the total energy when s € (0, 1).
Proof of Theorem[2.6. Let s € (so,1). By Corollary [2.4] we have that

Epr(u) < R, (4.20)

C
(1—s)?
Now, using Proposition ﬁ we deduce from the same estimate for 55?/2 (u),
provided R > 2Ry (since R — Ry > R/2). The same bound for SEOR%(U) is obvious
when 1 < R < 2R,.

Finally, a standard covering and scaling argument allows controlling the total
energy in Bp instead of Bg/s. U

We close this section with a useful lemma concerning the decay towards +1 of
solutions u. of (—A)*u: +e*W'(u.) = 0 for points x away from {|uc| < =%}, It will
be used in the proof of Proposition
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Lemma 4.4. Given so >0, letn > 2, s € (s0,2], W(u) = 1(1—u?)?, and K satisfy

(1.8) and (1.9). Let ue : R™ — (=1,1) be a solution of Lxu+e W' (u) =0 in By,

with r > e > 0, satisfying 1 — |u.| < ¢y in Ba,., where ¢q is the constant in (4.1)).
Then,

0§1_|u5’§0<5) n Bra
r
where C depends only on n, X\, A, and sq.

Proof. By scaling —i.e., replacing u by u(e-)— it is enough to consider the case
e = 1. As in the proof of Lemma [£.3] for the explicit quartic potential W we may
take ¢o := 1 — 1/v/2 and suppose 1 — ¢ < u < 1 in B,,. Hence, holds and,
similarly as in , the function v := 1 — u satisfies

Liv < —%U in By,. (4.21)

Fix now some smooth radial “bowl-type” function { satisfying xrm\p, > § >
Xre\ By, and let &.(x) := £(x/r). By scaling we have |Lg§,| < Cor™® in R™.

Let now w := 2¢,. 4+ b, with b := 4Cyr~°. We have Lxw > —2Cyr~° = —%b > —%w
in By,.. Hence, recalling and using that w > 2+b > 2 > v in R" \ By, we
obtain —by the maximum principle— w > v in R". Hence using that £, = 0 in B,
we have shown b > v in B,, and the lemma follows. ]

5. DENSITY ESTIMATES

In this section we establish density estimates when s € (0,1). We need to restrict
our attention to the case of the fractional Laplacian since a crucial ingredient in the
proof is the monotonicity formula from [I3]. This monotonicity formula is known
to hold only for equations involving the fractional Laplacian since its proof relies on
the so-called Caffarelli-Silvestre extension [20], which we recall here below.

By the result in [20], u : R® — (—1,1) is a solution of (—A)*?u + W'(u) = 0
in R, for s € (0,2), if and only if u(z) = U(z,0) where U : R"™ — (=1, 1), defined
in the half-space R := {(z,9) : z € R",y > 0}, is a solution of

(5.1)

div(y'*VU(z,y)) =0 in R+
—d,limy 0 y'*0,U(v,y) = =W'(u(z)) on R"

and d, = 2°7'1'($)/T'(1 — £) > 0. Here W is any C® potential and, for simplicity
of notation, V denotes the full gradient —i.e., with respect to the (z,y) variables—
in ]R’ffl.

Definition 5.1. Given a bounded function u defined on R", we will call the unique

bounded extension U of u in R} satisfying div(y'*VU(z,y)) = 0, the s-extension
of u (the existence and properties of this extension were studied in [20]; see also [16]).

Let B ((20,0)) = {(w,y) € RY™ : |(w,y) — (20,0)| < r} and B} = B((0,0)) —
the tilde is used to distinguish balls in R™™! from balls in R™. The energy associated
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to problem (5.1)) in a half-ball B}, is given by

Er(U) = %/E* y VU (2, y) ] do dy + W(U(z,0)) dz. (5.2)

R Br
As before, we distinguish between the Sobolev and the potential energies using the
following notations:

ESob 17y — % / VU (2, ) Pdedy and ERNU) = [ WU (x,0)) da.
B* Bgr

We recall now a result from [19], which allows one to control the Sobolev energy
of the s-extension U of u in RTFI by the local contribution of the H*/?-seminorm
of u itself. We write the result for the specific case of half-balls in R"*!, since this
is what we will need later on. The result is true for a general Lipschitz domain (2,
as seen in Proposition 7.1 of [19].

Lemma 5.2 (Proposition 7.1 in [19]). Let s € (0,2), E;((xO,O)) be, as before, a
half-ball in R" centered at (x0,0) and with radius p, and let U be the s-extension

of u.
Then,

(A2
/~ Y VU (2, y) 2 da dy < 0// dedf
Bj((:co,())) nxRM\(BS, (z0) % BS,(x0)) ’$—I|

for some constant C which depends only on n and s.
We also recall the monotonicity formula established in [13].

Proposition 5.3 (Proposition 3.2 in [13]). Let s € (0,2), W € C3([—1,1]) be
nonnegative, and U : R — (=1,1) be a solution of (5.1)).
Then,

®(R) :=

s a nondecreasing function of R > 0.

T 58R< )

The main ingredients in the proof of our density estimate are the previous mono-
tonicity formula and the BV estimate for stable solutions established in Theorem [2.1}

Before giving the proof of Proposition [2.7], we state the following easy lemma that
allows to interpolate between L' and WhH!,

Lemma 5.4 (Theorem 1 in [11]). Let s € (0,1) and R > 0. Let u be a C* function
in B C R" satisfying

R™ lu+k|de <V and Rl_"/ \Vu|dx < P
Br

Br
for some k € R and constants V and P.

Then,
/ / ‘ dr dz < CV1=*p?
Bgr JBg |93 - ~’B|nJr
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for some constant C' which depends only on n and s.

Proof. 1t follows, after scaling, from [I1, Theorem 1] used with p; = py = p = 1,
s1=0<1=s59,0=1—35,and Q = By. O

In the proof of Proposition we will apply Lemma above with k& = 41,
V = wp, where wy is given in (2.6), and P = C(1 — s)~!, where C(1 — s)™" comes
from the BV bound .

We can now give the proof of our density estimate.

Proof of Proposition[2.7] We argue by contradiction. Assume that there exists ¢ €
(0,1) for which R™" [, |1+ u|dx < wo and {u > —¢c} N Bry» # .

Throughout the proof, all constants will depend only on ¢, n, and s.

First, by continuity of u and by taking wy < R™"|Bpg/s|, there will be a point
xg € Bpy for which |u(xg)| < ¢. Moreover, by the uniform continuity of u (recall
that |[Vu| < C in R"; see Appendix |C), we will have that |u| < 1€ in some ball
of radius r > 0 centered at xy (we emphasize that we can take r, as well as all
other constants in the rest of the proof, to depend only on ¢, n, and s). Using that

W(u) = (1 — u?)?, we deduce

1“5_"/ Wi(u)dz >6>0
By (zo)

for some positive constant 6.
Let now U be the s-extension of u in R, The previous lower bound on the
potential energy in B, (xq) leads to

- d,
rE(U) =r* T (—/ y' T IVU|? dx dy +/ W(u) d:v) >0,
2 JB} o) By (xo)

where, for simplicity of notation, we keep denoting by &, the energy in the half-ball
B ((z0,0)) centered at (xq,0) (instead of at the origin).
Applying the monotonicity formula of Proposition [5.3] we deduce that

pS’"gP(U) >0 for every p >r. (5.3)

We now use Lemma to translate the bound in (5.3) for the energy of the
extension U into a lower bound for the energy of u. We get

0 < p"EU)

< Op // Ju(z) —u(@)? dr dn +/ W (u) da
R xR™)\(BS, (20) x BS, (20)) |5U—$|n+ B, (x0)

2
< C —"// ulz) ~wl@) o g, 5.4
p ng(mo)XR" ‘.’,E - x‘n+5 ( )
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where in the last inequality, we have used Proposition to bound the potential
energy by the Sobolev energy in the larger ball, which requires to take p > Ry (with
Ry being the constant in that proposition) since, then, p + Ry < 2p.

We aim now to use assumption and Lemma in order to find a contradic-
tion with . To this end, we need to introduce a larger radius R, with R > 4p,
and observe that the set of integration in satisfies

Bay(wg) X R™ C (Bpg(xo) x Br(wo)) U (Bay(z0) X Bf(20))-

Now, applying Lemma we are able to control the W'*-seminorm of u in Bp
by a positive power of wy. More precisely, by , the quantity R™"||u + 1|11y
is controlled by wy. On the other hand, our BV estimate gives a bound for
R'Y|Vul| (s by a constant C(1 — s)~'. Thus, using Lemma lul] <1, and
R —2p > R/2 (since we take R > 4p) we deduce

g < pS’"gp(U) < C // Juz) = u(@)) dx dz
Br( »’CO)XBR (o)

|x — :z:|"+3

sz :L‘o ><Bc xo) |x - x|n+
s—n dr dx
P o // i
Bap(w0)x B (x0) |z — 7|
_ +oo ,.n—1
p s—n 1-—s s r
C <E> wy *+Cp [; e dr

P\ s P\

o |(5) "+ (5)]. (5.5
We now take R and p such that £ = (%)1/3. We may ensure R > 4p (as
required before) by increasing the constant Cy in (5.5)), if necessary. Since we needed
p > max{r, Ry} within the proof, with Ry being the radius from Proposition [2.5|
this gives a lower bound for R, which becomes our final choice of radius R; in the

statement of Proposition [2.7]
Finally, with this choice of p/R, (5.5)) becomes

IN
Q
~

IN

IN

0\ 0
0<Ci|— 0+ - 5.6
<a(gg) g (56)
Therefore, choosing wy small enough, we obtain a contradiction and conclude the
proof. U

6. CONVERGENCE RESULTS

The goal of this section is to prove the following convergence result, which will
allow us to give the Proof of Theorem [2.10]
Proposition 6.1. Let n > 2, s € (0,1), and W(u) = 3(1 —u?)*>. Let u : R" —
(—1,1) be a stable solution of (—A)**u +W'(u) = 0 in R™.
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Then, for every sequence R; 1 oo there exists a subsequence R, such that, defining
ur(z) == u(Rx), we have

UR;, 7 Ueo = X T Xxe n Llloc(Rn)

for some cone X C R™ which is nontrivial (i.e., it is not equivalent to R™ nor to @
up to sets of zero measure) and which is a weakly stable set in R™ for the fractional
perimeter Ps.

Moreover, we have the following convergence of the localized energies:

€ um,) > €5 (u) and Ry, | Wilup,)dv—0= [ Wluw)dz, (6.1)

R B B
as k 1 0o, in every ball Br C R™.

Proof. We divide the proof into two steps.

-Step 1. We start by proving that some subsequence of ug, converges in L (R™)

t0 Uso = Xz — Xx¢, for some nontrivial cone ¥, and that the convergence of energies

(6.1)) holds.

Throughout the proof, C' will denote (possibly different) positive constants which
depend only on n and s.

Let us take a radius R’ > 1. Theorem and Corollary yield that
/ |Vu|dz < CR™' and &Ep,(u) < CR"™ forall R>1.
Br
Thus, for R > 1, by rescaling we deduce

/ |Vug|dx < Cgr and SE;E(UR) < Ch, (6.2)
Bp/

where Cr denote constants which depend only on R, n, and s.
Let U be, as in the previous section, the s-extension of u in Rfﬁ“. By Lemma ,
and since the potential energy is nonnegative, we have

N ()2
EXP(U) < C// Ju(@) — u(@)I dxdz = 4C 8183‘2)';(11) <CR"™
(R xR™)\(B3 X B3R)

| T — j|n+s
for R > 1. In addition, by the monotonicity formula of Proposition the quantity
®(R) = R*"ER(V)

is monotone nondecreasing. At the same time, by the previous bound on the Sobolev
energy and by Proposition (which gives control on the potential energy in Bg by
the Sobolev energy in Byg if we take R + Ry < 2R), we deduce that ¢ is bounded
above by a finite constant. We deduce that

P(R'R)—P(R) -0 as RR>R1 oco. (6.3)
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Now, from the proof of the monotonicity formula, which is based on a Pohozaev
identity —see the proof of Proposition 3.2 in [13]— we have that
d s
'(p) = “ﬂ/ fﬂWJWdH%%W+—;§3/]VWW%
P Jor i p B,
where 0 denotes the part of the boundary contained in the open half-space {y > 0}
and 8, denotes the radial derivative in R, After rescaling, this becomes

d 1 L S -
2 ~5(0,UR)?* dH"™ —_— w d 6.4
pas /M;y QR AU 5) + s | W, (64)

' (Rp) =

where Up is the s-extension of uz. We integrate now with respect to p to obtain,
for R'/2 > R/R,

YRR -oR) = [ =R [ L

R

Rl
= d, / dpp*™" / §' % (0,Ugr)? dH"(%,9)
otBf

R/R

Rl
+ sR® / dppst / W (ug) dz (6.5)

R/R B;

>Ry [ U didy
BB g
R _
Jrsz‘-L’S(R’)S*’H7 W(ug)d® if R>2R/R.
Brr/a

Note that, given R’ and R, we have

/ ﬂk%um%hwsmf/ g tdrdy < CRTRTT 50 as R oo,
BY B

R/R BE/R

This together with (6.3)) and (6.5)), leads to

/§+ y' 5 (0,UR)*didj — 0 as R1 oo (6.6)
R/

and
R? W(ugr)di —0 as RT oo (6.7)
Bri o
for every R’ > 1.
Next, choose any o € (s,1) and let N > 1 be an integer. By the W! estimate
applied with R" = N, and since |u| < 1, Lemma (applied with s replaced
by o) leads to

2
/ une) —un@[” oo o
BNXBN a 7

@ — z|"to
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for all R > 1, where Cy, is a constant depending only on N, o, n, and s. Hence,
using that |uz| < 1 and the compactness of W?/22 inside W*/22 there exists a
subsequence u R, that we still denote by ug,, and a function u, such that

|(ur, — o) (@) — (up, — uo)(@)]
|z — z|nts

dzdz — 0 (6.8)

Jur, = el iy + [

BnXBn
as k 1 oco. In addition, letting N 1 oo, taking further subsequences, and using a
Cantor diagonal argument, we obtain a new subsequence converging in L? in every
ball of R™.

Now, given R’ > 1, we use once more Lemma (now applied to Ug, — Uy in

BE,, where Uy, denotes the s-extension of us,) to control

/V Y |VUg, — VU[" da dy
B,

by the double integral in computed now in Bop x R™. Taking N > 2R/, since
gives control on the integrals computed over Byr X By, it only remains to make
the double integral on Byp x (R™\ By) arbitrary small. Such bound is obvious,
since |ug, — uoo| < 2, by taking N large enough. Therefore, we conclude

/ Yy |VUR, — VU|" dzdy — 0 (6.9)
B,
as k T oo.

From this strong convergence and the local uniform convergence of ug,, passing

to the limit in and (6.7)) we obtain
/~ y' 7 (0,Us)*drdy =0 and W (o) dz =0

BR’/2 BR//Z
for every R’ > 1. Therefore, 0,Us, = 0 in R’ffl and W(us) = 0 in R™. In other
words, U, and its trace u,, are homogeneous of degree 0, and u., takes values +1
—the two wells of W. Equivalently, we have that

Uy = Xz — Xxze in R"
for some cone ¥X. In addition, by the same convergences for ug, that we have just

used, we see that (6.1]) holds.
Finally, using the monotonicity of ®, , and ((6.7), we obtain

0< ®(1) < B(R) = R "ER(U) = EXP(UR) + R° [ W(ug)dx)

< lim (gfob(UR) + R

RToo

W(ug) d:c)

B
= glsOb(UOO)-

Thus U, and u, have positive energy, and hence ¥ is nontrivial (i.e. it is not equal
to R™ nor @ up to sets of measure zero).
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-Step 2. It remains to prove that ¥ is a weakly stable set in R™ for the fractional
perimeter P;.

To this end, let us take an arbitrary smooth vector field X = X(x,t) that is
compactly supported in By x (—1,1) (by scaling, since X is a cone, we may take
the support to be the unit ball) and let ¥ = W,(x) denote the map (x,t) — ¢ (x),
where ¢ is the integral flow defined by the ODE

%gth(:v) = X(¢'%(x),t) with initial condition ¢%(z) =

Note that Wy = Id in R", ¥, = Id outside of B;, and that ¥; : R® — R" is a
diffeomorphism for |¢| small.

Let us introduce the rescaled energy functional (of which ug is a stable critical
point)

1 v(y) —v(y)? ~ .
esw=1 /[ o) = O 4, 45 4 5 [ Wiwty)) ay,
4 J Jwosxmon(Bexpsy 1Y — 9 Bl
We first show that the function ur; := ugo ¥, U satisfies
ggl (uR,t) Z 551 (UR) — C\pt?’, for t € (—qu, T\p), (610)

where Ty > 0 and Cy will be, from now on, different positive constants which
depend only on X, n, and s —in particular, they are independent of R.

To prove this, and as in the proof of Lemma (3.1}, we make the change of variables
y =, (z), y= ¥, () for |t| small. Since U, ' sends B; and B onto themselves,
setting A; := (R™ x R") \ (B x Bf) we have

ER (upy) = //A1 \\|IZR W= L)l Ji(y) Ju(y) dy dy+R™* | W(ur(y)) J:(y) dy,

\Ijt )‘TH*S By
(6.11)
where J; is the Jacobian detDW,.
A Taylor expansion for J; yields
‘Jt(y> —-1- hl( )t — ]’LQ t2| < C\yt for ¢t € (—T\p,T\p), (612)
with ||| Loy + ||h2]|Loe®ny < Cw. Similarly, we have
| Wy(y) = V(@) — (v —7) — |y — 5l (01 (. Dt + 92(y. 9)1%) | < Culy — It?
for t € (—T\p, T\p), where ||g1HLoo(Rn><Rn) -+ HQQHLOO(RnXRn) < C\p
Therefore
Wely) = @) " =y =5+ ly =l (0(y: 9t + 20y, )8 + OF%)) | " (6.13)

=y — gl 7" (1 + thi(y. 9) + ko(y, 7) + O()),

where ||k1||Loo(]Rn><]Rn) + ||k2||Loo(Rn><Rn) < C\II
Using (6.12) and (| in - we obtain

}531 URﬂg) - (SBI (UR) + a1t + a2t2)| S Cq/ t?’Sgl(uR)
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for some constants a; and as, since the quantity
u —ugp(y)?
BER (ug) = ( J[ =D iy [ Ganto) dy)
A |y yl By

controls the error terms, which are cubic in the variable t. Now, since by assumption
ug is a stable solution, it must be a; = 0 and ay > 0, and thus

ER (uRt) > Ef (up) — Co&h (up)t®, for t € (—Ty,Ty).

Finally, thanks to and (6.7) we have £ff (ug) < C, with C' depending only on
n and s. This concludes the proof of -

Now, recalling the convergence of the energies, , we have that passes
to the limit, and we deduce

ER (o) 2 €51 (uee) = Cut®  fort € (=T, Tw),

where Uo ¢t = U © vt
Since Us = Xx — Xz, We have

EXP(us) = 2Py(3, By) and  Ep(ucoy) = 2P(Vy(X), By).

Thus,
Py(¥y(2), B1) > P(3, By) — Cyt?, for t € (—Ty, Ty).
Recalling Definition and since the smooth compactly supported vector field X
defining ¥ was arbitrary, we have shown that X is a weakly stable set in B; for the

fractional perimeter P,. Finally, using that X is a cone, we easily deduce, by scaling,
that it is in fact weakly stable in all of R". O

We can now give the

Proof of Theorem [2.10} The first part of the statement on the L'-convergence has
just been proven in Proposition above. We have also proved that X is nontrivial.

The last part of the statement, i.e., that and hold after choosing the
representative of ¥ (for which every point of ¥ with density 1 belongs to its interior
and every point of density 0 belongs to its complement) follows, as usual, from the
local L'-convergence and the density estimate of Proposition [2.7] O

In Proposition we showed that the potential energies of sequences of blow-
downs converge to zero. This was a consequence of the monotonicity formula. To
end this section we now give a stronger property (which will be useful in Section: a
quantitative convergence of the potential energy to zero, as e J. 0, for stable solutions
of (—=A)*?u, +e=*W'(u.) = 0 with s € (0,1).

Proposition 6.2. Let n > 2, s € (0,1), and W(u) = 1(1 —u
u. : R = (—1,1) be a stable solution of (—A)*/?u, + SVV’( c)
If R > ¢, then

2)2. Fore > 0, let
=0 m R".

/B (¢/R)*W(u.) dz < CR"(¢/R)’,

where [ := min (%, s) > 0 and C' depends only on n and s.
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Proof. By scaling we may (and do) assume without loss of generality that R = 1.
Given x € By, let

7, = max(min (3§, 3dist(z, {[u| < &}), Coe),

where Cy > 0 is a large enough constant, depending only on n and s, to be chosen
later. Note that if ¢ satisfies 1 < 8Cje, then

/ W (u,) de < (8Co) (max W) |By| < C < CCLeP.
B

Thus, we may (and do) assume that % > Cpe. In particular, r, € [Coe, %] for all
WS Bl-

We will take Cy satisfying Cy > max(Ry, 1), where Ry is the constant of Proposi-
tion for ¢ = 1%. Then, for the constant wg of Proposition , we claim that

min (/ lue — 1| dx,/ |ue + 1] dx> > wo(2r,)" (6.14)
B4T:c (I) B4T‘x (.CC)

for all 2 € By such that r, < z. Indeed, since r, < g, there exists z € {|u| < 5} N

BH% such that |z — z| < 2r,. Hence, by Proposition —applied tou =u.(e-)—,

min (/ lue — 1| dx,/ lue + 1| dw) > wo(2r,)",
BQTz(Z) BZTZ (Z)

and (/6.14)) follows since By, (z) C By, ().
Note also that By, (x) C B, for all x € By.

On the other hand, thanks to the potential energy estimate in Theorem [2.6
(rescaled) we have (using 4r,/e > Cy > 1)
1
C'S][ Z(l — |ue))?dr < (g/r,) " W(u.)dx < C, (6.15)
B4rw B4rw

where § denotes the average.
Let us next show that Poincaré’s inequality, (6.14]), and (6.15)) for Cy sufficiently
large, yield
/ |Vue| > cr?™! whenever 7, < %, (6.16)
B47"cc ("E)

for some constant ¢ > 0 depending only on n and s. Indeed, if [, (@) |Vue| =:
k7"~ then by Poincaré’s inequality we have

][ lu. —t| < Ck for some t € [—1,1].
B4Tz (l’)
But then using (6.15]), we have

poP=f P2 G-z -
B47‘I (-77) B4'rz B4TJ:
< CCy° +4][ lue —t| < C(Cy° + k).

B4rx
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Recalling now ((6.14)) we obtain

2TL
=0 gmin(][ |ue — 1| dx, ][ \u€+1]dx)
|B4’ B4'rz (Z) B47‘z(z)

§][ e =t da + |1 — [H]] < Clk + (Co* + ©)2),
Byry (2

and this gives a lower bound for s provided the Cj is chosen sufficiently large. Thus,

(6.16)) is now proved.

We now produce a covering of By, by some of the balls B, (z), as follows. Given
k< —4,let Xp:={z € By : rp, € (2",2"']} and let {a}};c 7 be a maximal subset
of X}, with the property that the balls B 1 (z%) are disjoint. It then follows (using

Tk
J

that all radii r, belong to (2%, 251 for x € X}) that

X, c | B, (ah)

JE€ETk

and that the family of quadruple balls
{B4r1§ (@) }Yje

has (dimensional) finite overlappingﬁ Note also that, by construction, the union of
the sets X} when k runs on {[log,(Roe)| < k < —4} covers all of By.
Now, on the one hand, the BV estimate || By s |Vu.|dx < C (which follows from

Theorem [2.1)) yields, for all £k < —4,
#J. < C(25)' (6.17)

Indeed, this follows using that the balls By, , (x;“) have finite overlapping and are

contained in Bsjp: when k < —4 then r,. < & and hence all the balls satisfy (6.16)

and are contained in Bs/y by construction; while for & = —4 the radius of the balls

is at least % so their number must be bounded.

On the other hand, we claim that Lemma [4.4] yields

/ e W (u,) dx < / e (1 — |u.|)?dx < Ce™* <£>QT;‘
Bry (@) Br, (x) r

T

for any given o € [0,2s]. Indeed, note that if r, = Che the previous estimate is
trivial, while if r, > Coe then r, < 1dist(z, {|u| < 19—0 ) and hence we may apply
Lemma {4.4] (recall that r, > Cpe > ¢).

6That is, every point x € R™ belongs to at most N of these balls, with N depending only on n.
This is easy to check: if z € R™ belonged to N of such balls, we would have the existence of N
points x§ in By.gr+1(x) such that the balls Biox (mf) are disjoint and contained in By.ox ().
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Therefore, choosing « := min (ﬁ 28) € (0,1) we obtain —using (6.17)—

/Bl W(ug)dx < C Z Z/ W (u.) dz

k=|log,(Roe) ] €Tk

S (5>

Ty
k=|logy(Roc)] J€Tk J
—4

I

k=|log,(Roe)]
—4 —4
< C Z 5a—s<2k>n—a(2k)1—n < Ce—s Z (zk)l—a
k=|log, (Roe) | k=—c0
< Ce’,
as we wanted to show. Il

7. PROOFS OF THE CLASSIFICATION RESULTS

In this section we give the proof of our classification results. In order to prove
Theorem we will need some preliminary ingredients.

We start by recalling the main results in [37], which are a consequence of an
improvement of flatness theory for phase transitions in the “genuinely nonlocal”
regime (meaning that the order s of the operator is less than 1). The first one will
be used to conclude one-dimensionality of solutions.

Theorem 7.1 (Theorem 1.2 in [37]). Letn > 2, s € (0, 1), and Wi(u) =
Let u: R" — (—1,1) be a solution of (—A)*?u+ W'(u) = 0 in R".

Assume that there exists a function a : (1,00) — (0, 1] such that a(R) | 0 as
R 1 0o and such that, for all R > 0, we have

{fer-z<—a(RR}Cc{u< -2} c{u<i} c{er-v<a(R)R} inBp (7.1)

for some er € S™1 which may depend on R.

Then, u(z) = ¢(e - x) for some direction e € S"~! and an increasing function
¢:R— (—1,1).

We next prove a corollary of Theorem 1.1 in [37] which will be useful in the sequel.
It is an“iterated version” of Theorem 1.1 in [37] in the particular case L = (—A)*
and f(u) = —W'(u) = u — ud.
Proposition 7.2. Let s € (0,1) and n > 2. There exist constants oy € (0,5/2),
Po € (2,00), and ag € (0,1/4), depending only on n and s, such that the following
statement holds.

Let a € (0, ao] and let

i(l—u2)2.

Jo 1= {%J e N. (7.2)



STABLE SOLUTIONS TO THE FRACTIONAL ALLEN-CAHN EQUATION 43

Let e > 0 and k € N satisfy 2~1e < (2720¢=Da)™ and let u. : R — (—1,1) be a
solution of

(=A)Yu: +e W (u) =0 in Byo CR"
satisfying 0 € { — % <u< %} and

{wj cx < —a2j(1+0‘°)} C {u < —%} C {u < %} - {wj cx < a2j(1+“°)} i By,
(7.3)
for 0 < j < j,, for some w; € S™71 .
Then, for allt=1,2,...,k we have

a 3 3 a :
{w_i-xg—m} Cc{u<-3} c{u<i}c {w—i'xﬁm} in By-i,
(7.4)

for certain w_; € S" 1.

Proof. The proof will apply inductively Theorem 1.1 of [37] to v (z) := u (2" 'z).
Indeed, recall first that —see (4.10)— we have —W"(t) € [-2,—1/2] for [t| > \/Ai
Since 2 > \/Li we may take the constant x from [37] equal to 1/4.

Notice that the case i =1 of follows directly from Theorem 1.1 in [37] since
2k-lo < (2_0‘0(’“_1)a)p0 and k > 1 guarantee £ < a”°.

Assume now that holds for i = 1,2,... i, — 1 and that i, < k. Then u() ()
satisfies the assumptions of Theorem 1.1 in [37] with and a replaced by 2-%(=1gq
and ¢ replaced by 27 '¢ (too see this it may be useful to notice that, by the definition

of j, in (7.2), we have jy-agi-1, = Jo + (i — 1)), since we have
2(@'071)8 S 2]4)718 S (Qfao(kfl)a)po S (270{0(’L’ofl)a)p0'

Hence, ul) satisfies the conclusion Theorem 1.1 in [37] so, after rescaling, we
obtain that ([7.4)) also holds also for i = 4. d

The second result is an easy consequence of Proposition flatness implies a
CY“ type result.

Theorem 7.3. Let n > 2, s € (0,1), and W(u) = (1 —u?)?. Given a > 0 there

exist positive constants og, 0y, o, and oo, depending only on a, n, and s, such that

the following holds. Assume that uz is a solution of (—A)*?uz + W' (uz) = 0
in By satisfying

{zn < —00} C {us < =3} C {us < 3} C {z, <00} in By (7.5)

Then, for all z € {uz = 0} N B34 and k > 2 satisfying 27 > £% we have

fwnk- (o = 2) < —a2- 0 go} € fuz < —3} 76)

C {us < 3} C{wap - (x— 2) < a2-(reokp} .

in By-ry(2), for some w,, € S"L.
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Proof. Let ag, ag, po be the constants from Proposition (which depend only on

n and s) and define ¢y := m. It remains to choose oy > 0 depending only on a,

n, and s. Note that we may assume

geltand < 5 (7.7)
since otherwise ([7.6)) follows immediately from ((7.5)).
Choose .
a := min{a, ap} and 00 1= 27972 (7.8)

where j, was defined as in ([7.2)).
Now, for any z € {us = 0} N By4, let
v¥i=wuz(z+ 00-).
Note that v* satisfies (—A)*/2v* + (&/09) *W'(v*) = 0 in B = Byi.
Q0
Choose now oy > 0 small so that 0¢/gg < a. Then it is immediate to verify that,
thanks to ([7.5)), v* satisfies the assumption ([7.3)) of Proposition with w; = e, for
all j =0,...,
Hence, defining € := £/ gy, provided
ok—le < (2=l g)po, (7.9)
Proposition [7.2] yields
{wop v < —a2 Ry  fus < =3} C {us < 3} C {wap - o < @27 ek} (7.10)

in By-k, for some w,; € S"'. Note that (7.10) immediately yields (7.6]) after
scaling. Thus, it only remains to show that ([7.9) is satisfied thanks to our assumption
27k > % and our choice of d.

Indeed,
1
& P0) ™ agpo+1
" PN i < (21—kz>aopo+1apo RN 2—k > %guo}(ﬁo — Ca€~1+a10p0_

But since we choose 9§y < m, recalling ((7.7) we can absorb the multiplicative

constant after possibly decreasing g in order to ensure that ¢ is sufficiently small
—recall that a was fixed in (7.8]). d

Now, we introduce a class of “good” sets. By definition, the characteristic function
of a “good” set must be the limit of stable solutions to the fractional Allen-Cahn
equation with parameter €, as a sequence of ¢ tends to 0. As we will show in
Proposition below, these sets are “good” in the sense that they inherit several
good properties from the approximating sequence, such as BV and energy estimates,
a monotonicity formula, density estimates, and the improvement of flatness. As
an approximating sequence, we will take later the blow-downs of an entire stable
solution to the fractional Allen-Cahn equation.

Definition 7.4. We say that a set £ C R"™ belongs to the class A when there exists
a sequence of functions u;, with |u;| < 1, which are stable solutions of

(—A)S/Quj + ej_SW’(uj) =0 inR", with ¢;]0 as j 1T o0, (7.11)
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where W (u) = (1 — u?)?, and such that

Uj ﬁXE—XEC as j 1 oo.
Proposition 7.5. Any set E € A satisfies the following properties.
(1) BV and energy estimates.
Per(E, Bg) < CR"' and P,(E,Bg) <CR"*, (7.12)
where C' is a constant which depends only on n and s.

(2) Monotonicity formula. Let i := xp — xg- and let U be its s-extension
in R (see Definition |5.1]). We set

1 e
- Rns/~ y' VU (z,y)|* do dy.
By,

Pp(R)

Then, @ is a nondecreasing function of R and ®p(R) is constant if and
only if E is a cone (i.e., U is homogeneous of degree 0).

(3) Density estimate. For some positive constant wy, which depends only on
n and s, we have that if

R™|ENBg| <wy (respectively, R™"|E° N Br| < wp)
for some R > 0, then
|EN Brya| =0 (respectively, |E° N Brjs| = 0).
(4) Improvement of flatness. There ezists oy > 0, which depends only on n
and s, such that
if OENBy C{zx €R" : |z-e,| <o},
then OE N By is a b graph in the e, direction.

1
(5) Blow-up. Let E, Tiog E,, then

E, c A.

Remark 7.6. None of the properties (1)-(5) in Proposition are known to hold
within the class of all weakly stable sets for the fractional perimeter P,. This is the
reason that brings us to introduce the class A.

L0 * i, L0

:@wzthrli()aSZTOO IfEr

The results established in our paper allow us to give the

Proof of Proposition[7.5 Recall that (see Definition E € A if there exists a
sequence u; of stable solutions to the fractional Allen-Cahn equation with parameter
gj 4 0 such that u; = xg — xge as j T o0.

(1) The first estimate in follows easily passing to the limit the BV estimate
u; established in (2.1)) (the total variation is lower-semicontinuous). We emphasize
again —see Rema that the BV estimate is independent of the potential
W in the statement of Theorem . We are strongly using this here since u; satisfies
(—A)* 2 + g;°W'(u;) = 0 and hence the associated potential ;W (u) converges
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to infinity (since ¢; | 0) except at u = £1. Similarly, the estimate on the fractional
perimeter follows, passing to the limit the estimate of Corollary [2.4]

(2) Denote @ := xg—Xge. Let U; be the s-extension of u; (as defined in Section [5)).
By Proposition (rescalled), we know that

o 1 dS 1—s 2
©) = el 5 [, VIV ardy s |

e; " Wu;(z)) dx}
Br
is a nondecreasing function of R.

Hence, we have a sequence ®;(R) of nondecreasing functions which is uniformly
bounded (in R and j) by the energy estimate (2.5)) of Theorem 2.6l Moreover,
arguing as in the proof of Proposition —see (6.8)—, the convergence u; — @ in

Li . (R™) can be upgraded to a strong convergence in VVIS/ »2(R™) and also U; — U

loc oc
in W,-2(R%™ 4'=*). Also, thanks to Proposition , the potential term in ®;(R)
converges to zero (as €; | 0) for any fixed R > 0.

Hence, passing to the limit as 7 — 0o, we deduce that this monotonicity property
is satisfied by the limiting function ®(R). Moreover similarly as in (6.4))-(6.5)) we

obtain
1—s

bR -0 2d [ QU dedy. (113
BRQ\BRl <|gj|2 +y2) 2

Since U; — U strongly I/Vllo’f(RiH, y'~*) we also obtain that if ® is constant for U

then E must be a cone.

(3) The density estimate follows easily by passing to the limit the corresponding
density estimate (established in Proposition for the approximating sequence ;.

(4) It follows from Theorem and the density estimates in Proposition [2.7]
Indeed, fix @ > 0 and assume that 0EF N By C {x € R" : |z -¢,| < do}. Then the
density estimates imply the convergence of {u; > t} in Hausdorff distance towards
E for all t € (—1,1) (see the last part of the statement of Theorem we have,
for o9 = 80,

{z, < —00} C{u; < -3} C{u; <3} C{z, <00} inB;.
Then, Theorem [7.3| (rescaled) yields that for all z € {u; = 0} N Bs and k > 1
satisfying 27% > 6]0 we have
ok (2 — 2) < —a2 050k gu} € fus, < —3}
C {us < 2} C {wop - (v — 2) < a2 (Heokgy

in By-k,,(2), for some w, , € S"'. After passing this information to the limit (using
again Hausdorff convergence), we deduce that for all z € OE N Bs;, we have

{wop - (x—2) < —&2_(1+O‘0)k90} CEC{w.p-(x—2)< EL2_(1+°‘°)kQO} (7.14)

in By-k,,(2) for all & > 0. Similarly as for classical minimal surfaces, this implies
that OF is a C%* graph inside B, s2 provided a is chosen small enough depending
on o (note that (7.14) yields |w,r — w,pr1] < Coa27*°F and hence, by triangle
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inequality and summing a geometric series |e, — w. x| < Coag < %0 for all

1
19—
k > 0, provided a is chosen small).

(5) Since E' := E,, ,, belongs to A for every i € N, then it can be approximated
by a sequence uj as in (7.11). By assumption for each m € N there exists 4,, such
that [(E \ E.) U (E. \ E'™)) N B,| < L. Also given this i,, there exists j,, such
that

1
<.
m

[ iz = G = )
Bm

. L1
Hence, u?" —% X£. — Xge and thus E, € A. O

We also need the following classification theorem for cones in A which are trans-
lation invariant in all directions but two of them.

Lemma 7.7. Assume that some nontrivial cone > C R™ belongs to A and is of the
form

> x R"2
for some cone > C R2, Then, 3 1s a half-space.

Proof. If & (which is nontrivial) is not a half-space, then 3 is not a half-plane (and

is also nontrivial). Hence, O must contain at least two non-aligned rays. Recall
that, thanks to the density estimates for the class A, we can chose a representative
among sets that differ from > for a set of measure zero such that every point of the
topological boundary of ¥ has positive density for both ¥ and €. Also, thanks to
the improvement of flatness property for the class A, the outwards normal vectors
(in R?) v; and v, to these two non-aligned rays need to form some positive angle,
that is, |1y — v5|> > ¢ > 0, for some positive constant ¢ depending only on n and s.

Let us denote by H, and H, these two non aligned rays, that is for i = 1,2, we set
H; = {7 eR*|% = tw;, t >0},
for some vectors wy, ws € R? such that w; - v; = 0 for i = 1,2. Moreover, we set
H,=H;xR"2 =12
With these notations, we have that
Hy x Hy C 0¥ x 0%.
We fix a non-increasing cutoff function £ € C2°([0, 3)) such that £ = 1 in [0, 2], and

¢ <1, and we define
b(a) = s(\/x% T x%)mxgw - E(Ja). (7.15)

In what follows, we change notation and we denote points in R" x R" by (z,y)
—instead of the usual (z, Z).
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We claim that, for every 0 < r < 1, the following estimate holds:

ne o) WL i @y ) > Cln e
oxxox (r? + |z —y[?) 2
(7.16)

for some positive constant C'(n, s) depending on n and s.
To prove the claim, we use the notation x = (7, 2’) € R? x R" 2. We have that

L>c L) A (@) dH
/Hl/H2 7”2+|:E—y|) () (y)

> c//&rﬂxww dx’ dy /ﬁ1 dH () /1?2 dH (7)) e zf|<x)iﬂ;(| ;Hs )

Using the change of variables X = (0, |z]), Y = (0, —|y|) and the triangle inequality
|7 =yl < 2]+ |yl = [X = Y], we get

2 X N\, /42 Y. /
Ilzc// dx’dy’/ dX dy PEPVY)
Rnr—2xRn—2 {0} xR+ {0}xR— (7’2 + |X _ Y|2 + |$, _ y,|2) -

1
/ da:/ dy/ dX/ =
B2 {y/ €Rn 2 | 2/—y/| <1} (r2+ | X =Y[2+ o —y?)

> Cc|By™ 2|/ dp/ dX/ n¥s
(r? + X - Y|2+P)S

where we are identifying a point (0, X)) € {0} xR™ with the real number X € R* and
the integration over {0} x R™ with integration over R (analogously for Y € R™),
and in the last inequality we have used polar coordinates in R"2,

Finally, using the change of variables X = X/r, Y =Y/r, p = p/r, and recalling
that 0 < r < 1, we deduce

n—3
]1>C'nsn+s/dp/dX/dY s
14 PR )

n n—3
_ - _ e p
(n,s) / d,o/ dX dy — —
e Jo 0 e (4| X =Y+

1 1 0 —n—3
C(n, 5)7"_5/ d,o/ dX'/ dy P — =C(n,s)r %,
0 0 1 I+ X —Y]2+4p2) >

which concludes the proof of (7.16)).

Recall now that since ¥ belongs to the class A, there exists, by definition, a
sequence of functions u; : R — (—1,1) which are stable solutions of (—A)*/?u; +
e; "W'(u;) = 0 and such that

Ll ‘
u; =% Xz — Xz as j T oo.
We claim now that the following inequality holds:



STABLE SOLUTIONS TO THE FRACTIONAL ALLEN-CAHN EQUATION 49

n;
= L o191, )t 9
9(@) — D)L i
T)— Py
< Vu,|(z)dz |Vu;|(y)dy =: I3,
// L Vi (@) [V () = Iy
where
Vu,;
2 h \Y% 0
n](x) = ‘V“J" where uié (718)
0 where Vu = 0.

Let us prove (7.17). We start by observing that the stability condition ((1.12))
(with Q = R"), written for the functions u;, is equivalent to requiring that

. E(x)(=A)*2¢(x) da —|—/ e W (u;)& (x) dx > 0 (7.19)

n

for any Lipschitz function ¢ which is compactly supported in R”.
Let us now choose £ of the form ¢ = n - 1, where 7 is a Lipschitz function and
Y € C3°(R™). A simple computation gives that

(~8)"¢(a) = vt (-8)P0fo) + [ )

which implies
f( )(— Q)2 () da = . V() (x)(=A)Pn(z) de
s e dsay

|z — y[n T

. V2 (@)n(x)(=A)*n(x) do

+% / /R annn(:v)n(y)wy(j)__yﬁ(i)' da dy.

Hence, the stability condition ([7.19) becomes
s 1 ¢ r)— ¢ Y 2
oy s [ a0 g,
R 2 nxR" ’JI - y’
—|—/ e W (uj)n?(x)*(x) dz > 0.

We use now the fact that, for any ¢ = 1,...,n, J,,u; satisfies the linearized equa-
tion (—A)%2v + g; *W"(u)v = 0. By multiplying the (vectorial) equation satisfied
by Vu; by Vu; itself, we deduce that

Vuy - (=A)PVu; + 7 W ()| Vuy|* = 0. (7.21)

(7.20)
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Let us now choose n = |Vu;| in the stability inequality (7.20) (this is an admissible
choice by the regularity results of Appendix |C]) and use ([7.21]), to obtain

02(0) V) () (- D) P2V | 2) i
w5 [ vu@iue I gy

~ | @V (~2) V() de 2 0

To conclude the proof of ([7.17)), it is enough to observe that

¢2(9€)IVujI(x)(—A)S/QIVujI(fE) dx — - VA (2)Vuy(z) - (—A)Vuy(z)de

//R"an <|V (2 )!Vuﬂé:)_—y'!?ligﬂ(y) V() Vug‘ﬁvx)_—y'j:ij(y))dmy

vty Tl V) = D) 910 1,

’$ _ y’nJrs

This, together with the definition (7.18)) of n;, proves (7.17]).

By our uniform BV estimates, we have that Vu; — —2Dys weakly* as Radon
measures (see, e.g., Proposition 3.13 and formula (3.11) in [5]). Here and in the
following, we denote by Dysy the perimeter measure and by |Dyy| its total variation.

Let us show that

L <1

for j large enough, where these quantities were defined in ([7.16) and (7.17)).
Indeed, we start by observing that

pes ff (THTI0 - Tu6) Vu) )

|ZL’ _ y|n+s

IV, (@) V() = Vuy(2) - Ve (9) 5
> 2//RW e G2 (y) da dy.

Now, we claim that:

: V(@) - Vuiy) o 2
i [ o ) dedy

J—r00 —i—|a:—y|
(7.22)
2Dy (dz) - 2Dxs(d
-/l XE 2 2DXE) 2 )2ty
R7 xR™ |£U—Z/| )
and
lim in / / o Wgui" lVT”)l(HZ V*(x)0 (y) da dy
Rexke (1 + |2 —y (7.23)

// 2| Dxx|(dz)2| Dx=|(dy )w ()1 (y).

(r2+ |z —yl?)
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We first prove ([7.22). For every y € R™, we define

G,ly) == Vu;(x) ¢2($)¢2(?/)n+s dx = Vu(2)¥(z,y) de.
R (7‘2 + |:)3 — y|2) 2 R

Using the BV estimate for u; (which is uniform in j) and that, for y fixed, the
function ¥ is smooth and compactly supported (as function of ), we deduce that
the family of functions {G;};en is equibounded and equicontinuous. This, combined
with the weak*-convergence of Vu; to —2Dys, gives that, as j — oo, GG; converges
uniformly to G, where

G(y) := -2 [ Dxs(dr)¥(x,y).

R"

Hence, we have that
J[ V@) Vu@ e dedy
R® xR"™
- / / 2Dxs(dz) - 2Dxs(y) ¥ (z, y)dy
R? xRR"™

= Vu,(y) - Gi(y) dy + 2/ Dxs(dy) - G(y)

Rn n

= [ 00 Gst) = G dy + | G) (Fus(o) +2Dxsd) =

where the first term tends to zero thanks to the uniform convergence of G; to G
and the uniform BV estimate (on compact sets) for u;, and the second term also
vanishes in the limit since Vu; weak*-converge to —2Dxyx and G is smooth and
compactly supported.

To get , we reason similarly as before and use the lower-semicontinuity of
the total variation.

Hence, from ([7.22)) and (7.23), we get, as j — oo,

IQ Z 4]1 — 0(]_) Z ]1.

Finally, let us show that
I; <Gy (n> 5)7
where I3 was defined in (7.17)).

Indeed, by Theorem we have fBQ(I) Vu;(y)|dy < C(n,s)o" ! for all z €

Bs x [-3,3]""2 and p > 0 (here Bs denote the ball in R? centered at 0 and with
radius 3). Hence for all z € By x [—3,3]"72, defining A;(x) = Byi+1(z) \ By (z) and
using that | (z) — ¥ (y)|> < C(n)(|z — y|* A 1), we have
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r—yPPAl 29 N1
/ W‘Vw(y)uygcz 9d(n—1)

_ ayln+s j(n+s
|x y| ez 2]( )
(T ) < i)
J<0 =0

Hence we have shown that, for j large enough,
C(n,s)r° <L) <I, <I3y <Ci(n,s).
Choosing r > 0 small we obtain a contradiction. U

We now have all the ingredients to prove our main theorem.

Proof of Theorem[1.8 By our convergence result Theorem for any given blow-
down sequence ug, (r) = u(R;z) with R; 1 oo, there is a subsequence R;, such
that

uRjg — Xz — XZe in Ll(Bl),

where ¥ is a cone which is a weakly stable set in R™ for the s-perimeter, which
belongs to the class A (by definition of A), and which is nontrivial. We next prove
that under our assumption, i.e., that the half-spaces are the only smooth (away
from 0) stable nonlocal s-minimal cones in R™ \ {0} for any 3 < m < n, ¥ must
be a half-space. The proof follows Federer’s dimension reduction argument and is
done by contradiction. Indeed, assume that X is not a half-space, then, by the just
mentioned assumption, there exists at least one point p; € 90X N S™ ! at which 0%
is not smooth in any neighborhood of p;.

Let us consider the blow-up of ¥ at pq,

X—p
Y = p—
Using the energy estimate and the monotonicity formula (points (1) and (2) in

Proposition [7.5)) we have that, up to a subsequence,

Ll
log(
Zpl,r 217

where ¥; belongs to A by point (5) in Proposition [7.5] Moreover, by the density
estimate (point (3) in Proposition, the convergence of blow-ups in the L], -sense
can be upgraded to a local uniform convergence (i.e., locally in Hausdorff distance).
Now, if ¥; were a half-space, then by the improvement of flatness property (point
(4) of Proposition we would deduce that 0% is smooth in some neighborhood
of p1, reaching a contradiction. Hence, ¥, is not a half-space. Now, >; being the

blow-up of a cone at a point p; # 0, we find that it must be translation invariant in
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the direction plﬂ Hence, up to a rotation, ¥; it must be of the form
21 = il X R,

where il C R™ ! is a nontrivial cone different from a half-space (since we proved
that 3 cannot be a half-space).

We can now iterate the same argument: if $; were smooth, then it should be flat
by our assumption. Hence 3, is not smooth, and thus, there exists py = (p2,0),
with §, € 3, N S™ 2, such that the blow-up ¥y of ¥ at the point ps belongs to A
is nontrivial, is not a half-space, and is translation invariant in the direction x; and
x9. In other words, up to a rotation this second blow-up must be some set 5 in A
of the form

Yy = 3y x R2,

where Yy C R"2 is a nontrivial cone different from a half-space.
After n — 2 iterations we arrive at a blow-up %,_o which belongs to A and must
be of the form

En—2 - in—Q X Rn_27

where ZN]n_g C R? is a nontrivial cone different from a half-space. Hence, using
Lemma [7.7] we reach a contradiction, proving that the initial cone 3 must be a
half-space.

Having proved that 3 must be a half-space, we now recall that (by Theorem
the convergence of sub-level sets of ug;, to the half-space ¥ (in B;) also holds in
the sense of the Hausdorff distance. As a consequence u satisfies the asymptotic
flatness assumption of Theorem and hence it follows that u(z) = ¢(e - x) for
some direction e € S"~! and some increasing function ¢ : R — (—1,1). O

Remark 7.8. The following will be used in Appendix [A] to deal with global stable
s-minimal sets. Notice that, reasoning exactly as in the proof of Theorem [1.8| one
can prove that under the same assumption, i.e., that, for some pair (n, s) with n > 3
and s € (0,1), hyperplanes are the only stable s-minimal cones in R™ \ {0}, then
any set F C R" belonging to the class A (and which is not a.e. equal to R" or @)
is necessarily a half-space. Indeed, after doing a blow-down of E, we reduce to a
cone Y, which is stable and belongs to A. Hence, by the exact same argument as
before, one gets that ¥ is a half-space, and finally, by the improvement of flatness
property of A, that so is E. More generally, an analog abstract result that reduces
the classification of a stable set F to the classification of stable cones (smooth away
from the origin), holds whenever E belongs to a class for which the properties listed
in Proposition are satisfied (BV and energy estimates, monotonicity formula,
density estimates, improvement of flatness, and blow-up).

"This is done exactly as in the case of minimal surfaces:
A
TEY,, & (p+rr)eY & ;(pl +rz) €Y & (lpi+Az) €N, ,

and hence, taking A = 1 4 ¢tr and sending r — 0, we obtain x € ¥ <& x +tp; € ¥y.
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Notice that here there is again a strong similarity with the classical theory of
area minimizing minimal surfaces but a strong divergence from the classical theory
of stable minimal surfaces. Genuinely nonlocal effects (namely our BV and density
estimates) are what allow us to exploit conical blow-downs and Federer dimension
reduction arguments even when dealing with merely stable critical points.

We can now easily deduce our rigidity result in R3.

Proof of Corollary[1.10. Thanks to Theorem we just need to show that for s
sufficiently close to 1, any weakly stable s-minimal cone in R?\ {0} whose boundary
is smooth away from 0 must be either trivial or a half-space. This result was obtained
in our previous paper [14]. O

Instead, to prove Corollary on monotone solutions in R* we first need to
establish the following result, which holds in any dimension.

Proposition 7.9. Letn > 2, s € (0,1), and W(u) = 1(1 — u?)%. Assume that u :
R"™ — (—1,1) is a solution of (1.4)) satisfying 0., u > 0. Define u™ := lim,, 4o u.
If each u™ and u~ is either a increasing 1D solution or is identically £1, then u

18 a manimizer in R™.

The result for s = 2 was proven in [39, Theorem 1.1]. Here we show that the same
type of argument works also for s € (0,2).

Proof of Proposition[7.9. Let Q C R™ be a bounded domain and let v be a minimizer
of £ with exterior datum u outside of €. Let us first show that v~ < v < o™
in R™. Indeed, in the complement of 2 the inequality holds since v = wu there
and v~ < v < uw' in R*. To show that v~ < v < u' in €, let us consider
w* = max(v,u*) and w* = min(v, u?®).

Assume by contradiction that v > ut at some point in 2. Then, arguing similarly
as in 7 we would have

SQ(E+) + 5Q(w+) < gQ(U) + SQ(U+) (7.24)

But now since on the one hand v is a minimizer with exterior datum equal to u in
the complement of 2 we have Eq(v) < Eq(w™). On the other hand, since u™ is either
41 or 1D and increasing, it followsﬁ that u™ is also a minimizer. Hence, noticing
that W™ and u™ coincide outside of 2, we obtain Eq(u™) < Eq(w™). We therefore
reach a contradiction with .

A similar argument using w~ and w~ shows u~ < v.

Finally, using the standard “foliation” {u(x’ T tt), tE ]R}, unless v = « we may
find a translation of the graph of u touching by above (or by below) the graph of v as
some point interior point in €2, and this contradicts the strong maximum principle.
Hence the only possibility is that v = u and thus « is a minimizer in €2. Since 2 is
an arbitrary bounded domain, we conclude that u is a minimizer in R". O

8A simple way of proving this consists of using the standard argument which involves the
foliation of R™ x (—1,1) given by the horizontal translations of the graph of u™; see [13, Proof of
Proposition 6.2].
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We can finally give the

Proof of Corollary[1.11. By Corollary the limits u® := lim,, ,+. u (which are
stable solutions in R?) must be either 41 or increasing 1D solutions. Thus, by
Proposition , v is a minimizer in R*. Now, since s is sufficiently close to 1, the
corollary follows from Theorem 1.5 in [37]. O

APPENDIX A. SMOOTH STABLE S-MINIMAL SURFACES IN R?’ ARE FLAT WHEN
s~ 1

We give next the details of the proof of Theorem and, as a consequence, of
Corollary 2.12

To prove Theorem [2.11} we need to introduce the following definition, which is
analogous to the one of the class A introduced in Section [7}

Definition A.1. We say that a set £ C R™ belongs to the class A’ when there exist
a sequence of sets F; C R" with E; — F in Li,.(R™) such that:

loc
e the boundaries OF; are (n — 1)-dimensional manifolds of class C?
e IJ; are weakly stable sets for the s-perimeter in R".

Proposition A.2. Any set of the class A’ satisfies the five properties (1)-(5) in
Proposition [7.5].

Proof. (1) BV and energy estimates. Since E; have smooth boundaries, the fact
that these sets are weakly stable easily gives that they are also stable in the sense of
Definition 1.6 in [29]. Hence, by Corollary 1.8 in [29], we obtain that Per(E};, Bg) <
CR™!. Since the perimeter is lower semicontinuous, the same estimate holds by
approximation for sets in A’. Now, this BV estimate leads to the corresponding
energy estimate by the exact same argument that we have given for solutions of the
fractional Allen-Cahn equation.

(2) Monotonicity formula. We claim that if ' C R™ is a weakly stable set with
C? boundary, then the quantity
1
- Rnfs

Or(R) = s [0 IOV @) dady

R

is nondecreasing in R, where V is the s-extension of ¥ := Y — Xpe.

This fact follows from the proof of Theorem 8.1 in [19]. Indeed, although Theo-
rem 8.1 in [19] is stated for minimizers, its proof only needs that V is a minimizer
with respect to sufficiently small Lipschitz perturbations (the size of the perturba-
tions used actually converges to zero). If OF is smooth and F is weakly stable,
then it is a standard fact that any compact subset of E is strictly stable (since
the first eigenvalue of the Jacobi operator is strictly monotone with respect to the
inclusion of domains). In particular, for any given ball, smooth perturbations of OF
supported in this ball and with a small enough size (depending on the ball) lead
to an increased nonlocal perimeter. Since JF is smooth, it is easy to see that the
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same property also holds for Lipchitz perturbations of sufficiently small size. Conse-
quently, the argument in the proof of Theorem 8.1 in [19] —without any substantial
modification— also applies to the case of weakly stable sets with smooth boundaries.
(More generally, the monotonicity formula also holds for stationary critical points
of the fractional perimeter with respect to inner variations, as established in [25].
Here we need only the case of stable critical points —for which the less technical
argument in [I9] can be used.)

Now, with an analogous argument as in the proof of Proposition [7.5] if E be-
longs to A’, then we can take a sequence of approximating sets E; with smooth
boundary. Since the convergence of E; — E in L gives that U; — V strongly in

VVlic2 (]RTLI, y'~*), where U; are the s-extensions of 4; := XE; — XES, We obtain that

® 5 must be monotone since ® E; are.
(3) Density estimate. The density estimate for sets in the class A’ follows from
the BV estimate with the exact same arguments as those in Section

(4) Improvement of flatness. If F' C R™ is any stable (or even stationary) set
with C? boundary, the improvement of flatness result in [I9, Theorem 6.8] applies
to F' (without any change in its proof). This is true because (unlike in the case
“s = 1" of classical minimal surfaces) the proof of [I9, Theorem 6.8] applies to any
viscosity solution of the nonlocal minimal surface equation (in the sense given in
[19, Theorem 5.1]). In [19] the minimality assumption is only used to show that the
considered surfaces are viscosity solutions of the nonlocal minimal surface equation
(this is done in [19, Theorem 5.1]). If one assumes that the boundary of F' is smooth
then it is easy to see using the computation of the first variation (see for instance
[40]) that F' must be a viscosity solution of the nonlocal minimal surface equation.
Hence, [19, Theorem 6.8] applies to F.

As a consequence (with a similar approximation argument as in the proof of
Proposition , we obtain that the improvement of flatness property holds true for
sets E in the class A’.

(5) Blow-up. The closedness of the class A" under blow-up follows by the same
argument as in the proof of Proposition [7.5] Il

Proof of Theorem [2.11. Thanks to Proposition[A.2] by the same argument as in the
proof of Theorem [1.8| (see Remark [7.8)), we may reduce the classification in R™ of
stable s-minimal sets in the class A’ to the classification of stable s-minimal cones

(smooth away from 0) in dimensions 3 < m < n. O
Proof of Corollary[2.13. 1t follows from Theorem analogously as in the proof
Proof of Corollary [1.10] O

APPENDIX B. ON THE CONTROL OF THE POTENTIAL ENERGY BY THE
SOBOLEV ENERCY

In this section we give a short proof of a weaker version of the estimate in Propo-
sition 2.8l It is a weaker estimate since it has an additional additive term on its
right hand side.
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Proposition B.1. Given sy > 0, let n > 2, s € (s0,2], W(u) = 3(1 — v?)?, and K

satisfy (1.8)) and (1.9). Letu : R™ — (=1, 1) be a stable solution of Lxu+W'(u) =0
in R™ (meaning —a;;j0;;u + W' (u) = 0 when s = 2).

Then,
C(EFP  (u) + R) if s € (0,1)
Epp(u) < S C(E5P (u) + R 'log R) ifs=1 (B.1)
C(Exp, (w) + R™) if s € (1,2,

for all R > 1, where C' is a constant which depends only on n, A, A, and sq.

For brevity we give the proof only for the archetypal case —Au + W'(u) = 0,
where W(u) = 1(1 — u*)?. The same proof can be modified, with not too much
effort, to cover also the operators of fractional order, as well as more general double
well potentials as in Remark [1.9]

Proof of Proposition in the particular case —Au — (u — u®) = 0. Integrating by
parts and using that |Vu| < C in R” for some dimensional constant C', we obtain

Ip = / (1 —u?)?de < / (1 —u?) de = / u(—Au) dz
Br Bgr Bgr
< / |Vu|*dz + CR"".
Br

Also, letting ng = 1 — (Jz| — R); (note that ng = 0 on 0Bgy1) and testing
the stability inequality [(1 — 3u®)&?dx < [|VE|*dr in Bpyy with the function
¢ = (1 — u?)ng, we obtain

JR:=/ <1—u2>3dx£/ (1= 30>+ 20*) (1 — u”)ng) da
Br BR+1

< / ‘V((l —UQ)UR)}de—i—Q/ u?*(1 — u?)*n} do
Bry1

Br41
< / 4u?|Vul|? dz + C|Bryi \ Br| + 2Ir11 < 6/ |Vul*dx + CR"*.
BR+1 BR+1
Therefore,
/ (1—u?)*dr = / (1—u?)? (v +1—u?)dx = Ip+Jg < 7/ \Vul*dz+CR",
Br Br Bri1

as claimed. O

APPENDIX C. REGULARITY OF SOLUTIONS

In this appendix, for the reader’s convenience, we prove a local smoothness result
for solutions of semilinear equations involving the fractional Laplacian. Such result
is well-know to experts but it is not easy to find in a clean form in the existing
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literature. Our goal is to show that every bounded distributional solutimﬂ of the
fractional semilinear equation , for kernels in the class L, satisfies interior C%¢
estimates in compact subsets of €2. As we see next, this is a consequence of known
regularity results for linear equations. When 2 = R"”, the situation is simpler than
in the following arguments and one can conclude via a bootstrap argument that
u € C*(R") even for kernels K in the class Ly, i.e., kernels satisfying only .
This is because the equation is posed in all space and one can differentiate it without
introducing errors that come from rough exterior data (in particular the truncation
arguments given in the proof of Propostion are not needed).
We will prove the following.

Proposition C.1. Let sg € (0,1). Assume that u : R™ — R be a bounded function
which solves Lxu = f(u) in By in the sense of distributions, with f € C* and
K satisfying and for some positive constants A and A and for some
s € (s0,1).
Then,
HUHCQ’(’(BUQ) < C(n7 0, A A, S, HUHLW(R")>7 (Cl)

where o = a(n, sg, A\, \) is a positive constant.

Proof. Let us show first that if v is a distributional solution of Lxv = g in Ba,.(x0)
belonging to L>(R"), then it satisfies

TQ[U]CQ(BT(QSO)) < C(TL, 50, )‘7 A)(HUHL‘X’(R") + 7nSHgHL‘X’(Bw(?CO)))‘ (CQ)

Indeed, since Ly is translation invariant we can apply the C* estimate for solutions
to integro-differential equations in [21] to v * ¢° and g * ¢°, where ¢° is a smooth
mollifier and then send € — 0.

Second, if 0 < r; < 1y <13, Bry(xg) C By, and n € C®°(B,,(29)), 0 <n < 1is
some radial cutoff satisfying n = 1 in B,,(z0), then thanks to the smoothness of the
tails of the kernels assumed in ((1.9)) we have —see the proof of Corollary 1.2 in [61]

for more details—
L (vn)llcs (s, @oy) < C(I1Lxvllcs (B, + 10llLo@n) and (©3)
lvnlles@ny < Cllvlles(s,, o)

for all 8 < 2, where C' depends only on n, A, and r;.

Finally, we show that using — we can adapt the standard local bootstrap
argument for semilinear equations to make it work on our nonlocal equation Lxu =
f(u) in By. Observe first that since u € L*(R™), applying (C.2)) to v = u we obtain
(up to a scaling and covering argument) ||u||¢e(s,_,) < C1, where ¢ > 0. Our next
goal will be to show that, whenever ka < 2, the following implication holds

[ullerapy ) < Ce = lullowrvam,_ ), < Crr- (C.4)

Here, the constants Cj depend only on n, so, A\, A, f, ||u| g @ny, and ¢ > 0.

9We say that a measurable function u : R” — R is a distributional of Lxu = ¢ in a domain
QCR"if [(uLg& — g€)dz =0 for all £ € C°(Q).
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Indeed, let r1 :=1—(k+1/2)p, ro :=1—(k+1/4)p, and r3 := 1 — ko and choose
the cut-off n as above. Define u := un. Thanks to the assumption in , and
using f € C?, Lu = f(u), and u € C**(B,,) we obtain f(u) € C*(B,,). Hence
using we find we obtain

| Lrctillos s,y + lltllos@ny < CCy,  where 8 := ak < 2.

By the C* estimate in ((C.2)), used with v replaced by the incremental quotients
(or incremental quotients of derivatives) of order 8 = ak < 2 of u, we obtain

lullowrvas,_ i,y = lullewnas,_ .y, < Crer, proving (C.4). Hence after N :=
1/o + 1 iterations (taking o = 5 ) we obtain (C.1). O
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