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Abstract
We compute the integral Chow rings of M1,𝑛 for 𝑛 = 3, 4. The alternative compactifications introduced by Smyth
– and studied further by Lekili and Polishchuk – present each of these stacks as a sequence of weighted blow-ups
and blow-downs from a weighted projective space. We compute all the integral Chow rings by repeated application
of the blow-up formula.
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2 L. Battistella and A. Di Lorenzo

1. Introduction

‘Moduli spaces are a geometer’s obsession’ and studying their intersection theory is a most natural
problem. They come equipped with a wealth of tautological classes which, sometimes but not always,
generate the Chow ring (or even cohomology; see [10] for recent progress and an up-to-date overview of
the literature), and the relations among which are largely mysterious (but closely linked to enumerative
geometry, see for instance [27]). The study of rational Chow rings of moduli spaces of stable curves
was initiated by Mumford [25], spurring a beautiful line of research [14, 15, 19, 28, 9]. Integral Chow
rings [13, 40] are harder to compute, but they encode far more information. Keel computed the integral
Chow ring of M0,𝑛 for every 𝑛 ≥ 3 [20]. In recent years, the topic of integral Chow rings of moduli
of stable curves has witnessed a growing interest [23, 12, 11, 29], prompting the development of new
computational tools, most notably higher Chow groups and patching. In this context, it is natural to
extend the stack of stable curves to include some curves with worse singularities and a torus action,
which are then excised.

In this project we compute the integral Chow rings of M1,𝑛 for low values of n by leveraging the
geometry of alternative compactifications. Over a field of characteristic ≠ 2, 3 we prove:

Theorem A (≈ Corollaries 2.18 and 2.19). For 𝑛 ≤ 5, the stack M1,𝑛 can be obtained by a sequence
of weighted blow-ups and blow-downs from a weighted projective stack.

Theorem B (≈ Theorems 3.7 and 4.15). For 𝑛 = 3, 4, the integral Chow ring of M1,𝑛 is generated by
𝜆 and boundary divisor classes; we explicitly compute the ideal of relations.

The cases 𝑛 = 5, 6 are analogous, but computationally more challenging. In [4] we carry out the
computation of the integral Chow ring of every modular compactification of M1,𝑛, 𝑛 ≤ 6, in the stack
of log canonically polarised Gorenstein curves by patching.

1.1. Wall-crossing integral Chow rings

The first ingredient of our strategy are Smyth’s alternative compactifications ofM1,𝑛 [34]: he introduces
Gorenstein singularities of genus one – of which he produces an explicit list – to replace elliptic bridges
with few special points, thus simplifying the boundary of M1,𝑛 in the spirit of the Hassett–Keel program
(log MMP for the moduli space of curves). Typically, elliptic singularities have moduli (crimping spaces),
resulting in flipping contractions. The maps among these new compact birational models of M1,𝑛 can
be resolved explicitly, on one side by adding to the nodal curve the data of a Gorenstein contraction,
and on the other by forgetting the stable model [32, 36]:

M1,𝑛 (
3
2 ) · · ·

M1,𝑛 M1,𝑛 (1) M1,𝑛 (2) M1,𝑛 (𝑛 − 2) M1,𝑛 (𝑛 − 1).

𝜌2
𝜌 3

2
𝜌 5

2

𝜌𝑛−2

𝜌1 𝜌𝑛−1

The morphism 𝜌 2𝑚−1
2

is the ordinary blow-up centred in the locus of elliptic m-bridges, whose exceptional
divisors are explicit torus bundles parametrising the attaching data for an elliptic m-fold point. The
exceptional loci of 𝜌𝑚, instead, can be identified with M1,𝑚 (𝑚 − 1).

The second ingredient of our strategy is Lekili’s and Polishchuk’s identification of M1,𝑛 (𝑛− 1) with
an explicit closed substack of a certain weighted projective stack [24]. For 𝑛 ≤ 6, this is the projective
stack itself, or can be identified with a Grassmannian, making the Chow ring of M1,𝑛 (𝑛 − 1) easy
to compute. Moreover, by applying the criterion for weighted blow-ups of [1] we prove the following
result, which may be of independent interest.

Theorem (Theorem 2.16). If 𝑚 ≤ 5, the morphism 𝜌𝑚 is a weighted blow-up of M1,𝑛 (𝑚) centred
at the locus of elliptic m-fold points Ell𝑚 (𝑚), where the weights (𝑎0, . . . , 𝑎𝑚) are determined as in
[24, Theorem 1.5.7] so that M1,𝑚(𝑚 − 1) � P (𝑎0, . . . , 𝑎𝑚).
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Table 1. Hilbert series of Smyth’s alternative compactifications of M1,4..

M1,4 (1) M1,4 (2) M1,4 (3)

ℎ (𝑡) 1 + 11𝑡 + 18𝑡2 + 11𝑡3 + 𝑡4 1 + 7𝑡 + 7𝑡2 + 7𝑡3 + 𝑡4 1 + 𝑡 + 𝑡2 + 𝑡3 + 𝑡4

The third and final ingredient of our strategy is the weighted blow-up formula for integral Chow rings
[2, Corollary 6.5]: by repeatedly applying it, we climb our way from M1,𝑛 (𝑛 − 1) to M1,𝑛. Under an
assumption of surjectivity of the Gysin pullback to the blow-up centre, the Chow ring of the blow-down
can be identified with a subring of the Chow ring of the blow-up, which can be computed by elimination
theory: this is the most computationally challenging (and least explicit) step in our scheme.

In passing, we compute the integral Chow rings of all M1,𝑛 (𝑚) for 𝑚 < 𝑛, including in particular
Schubert’s pseudostable curves Mps

1,𝑛 = M1,𝑛 (1). See Table 1 for their Hilbert series (𝑛 = 4).

1.2. Relation to other work

By tensoring with Q, our results yield presentations for the rational Chow rings of the moduli spaces
𝑀1,𝑛 of pointed elliptic curves for 𝑛 = 3, 4. These have been computed by Belorousski in his thesis [5]
(although the presentations therein are not completely explicit). Also, the rational Chow ring can
be deduced from combining work of Petersen on the tautological ring in cohomology [30] with the
observation that the Chow–Künneth generation property (implying cohomology equals Chow) is stable
under weighted blow-ups and blow-downs (see [3] and [10]). As a sanity-check, we recover the expected
Hilbert series:

ℎ(𝐴∗(M1,3), 𝑡) = 1 + 5𝑡 + 5𝑡2 + 1, ℎ(𝐴∗(M1,4), 𝑡) = 1 + 12𝑡 + 23𝑡2 + 12𝑡3 + 𝑡4.

Our strategy sheds some light on previous work of Inchiostro [18], who presented M1,2 as a weighted
blow-up of a weighted projective space and used this to compute its cohomological invariants. Bishop
has computed the integral Chow ring of the interior M1,𝑛 for all 𝑛 ≤ 10 [6], and of the Deligne–
Mumford compactification for 𝑛 = 3 [7]. Newman [26] has computed the first higher Chow group of
M1,𝑛 for 𝑛 ≤ 4.

1.3. Conventions

We work over a field of characteristic different from 2 and 3, because cusps and tacnodes have extra
automorphisms otherwise. A curve (resp. an affine curve) over a scheme S is a proper (resp. affine) and
flat morphism 𝐶 → 𝑆 whose geometric fibres are connected, reduced and of dimension one.

2. Alternative compactifications and weighted blow-ups

In this section we prove that Smyth’s compactifications M1,𝑛 (𝑚) are all connected by roofs of weighted
blow-ups for 𝑚 ≤ 5 (see Theorem 2.16 and the following corollaries). In §2.1 we recall the notion
of a weighted blow-up, and a criterion for detecting when a given morphism is a weighted blow-up.
In §2.2 we recall the weighted blow-up formula for integral Chow rings. From §2.3 on, we describe
the birational geometry of M1,𝑛 (𝑚). We also develop some tools for the computation of fundamental
classes of singular loci in the Chow ring.

2.1. Weighted blow-ups

Roughly speaking, a weighted blow-up replaces a closed substack 𝑌 ⊆ 𝑋 with a weighted projective
bundle over Y. With respect to the ordinary case, the weighting offers an extra degree of freedom.
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Table 2. Table of notations..

𝐶, 𝜔𝐶 a Gorenstein curve and its dualising line bundle
M1,𝑛 (𝑚) Smyth’s stack of m-stable curves, 0 ≤ 𝑚 < 𝑛 (Section 2.3), resp. a blow-up thereof, if

𝑚 ∈ 1
2Z \ Z (Definition 2.15)

M̃1,𝑚+1 stack of almost m-stable curves (Section 2.4)
𝑆 = {𝑆1 , . . . , 𝑆ℓ } a set partition of [𝑛] = {1, . . . , 𝑛} into ℓ parts, of which the last ℓ − 𝑘 parts are singletons
T𝑆 (𝑚) locus of elliptic S-bridges in M1,𝑛 (𝑚) (Definition 2.12)
Ell𝑆 (𝑚) locus of elliptic S-singularities in M1,𝑛 (𝑚) (Definition 2.13)
Cu𝑛 , Tac𝑆1 |𝑆2 , Tri𝑆1 |𝑆2 |𝑆3 cuspidal, tacnodal, 3-elliptic loci with specified markings distribution
L𝑖 , 𝜓𝑖 cotangent line bundle at the i-td marking, and its first Chern class
H(𝑚) , 𝜆(𝑚) Hodge line bundle on M1,𝑛 (𝑚) , and its first Chern class
Δ 𝐼 , 𝛿𝐼 (or Δ0,𝐼 𝑐 , 𝛿0,𝐼 𝑐 ) divisor of curves with a rational tail marked by 𝐼 𝑐 , and its class
𝜏𝑖 𝑗 divisor class of curves with a rational tail marked by {𝑖, 𝑗 } in M1,4 (2)
𝛽𝑖 , 𝛽𝑖 𝑗 exceptional divisor classes in M1,4 (

3
2 ) over Tac𝑖 , Tac𝑖 𝑗 in M1,4 (2)

Moreover, weighted blow-ups are not schematic. We recall some basic facts, referring the reader to the
foundational work of Quek and Rydh [31].

Definition 2.1. A weighted embedding is a filtration 𝐼0 ⊃ 𝐼1 ⊃ · · · ⊃ 𝐼𝑛 ⊃ . . . of ideal sheaves in O𝑋

such that:

◦ 𝐼0 = O𝑋 ,
◦ for every n, 𝑚 ≥ 0 we have 𝐼𝑛𝐼𝑚 ⊂ 𝐼𝑛+𝑚, and
◦ locally in the smooth topology on X, there exists a sufficiently large positive integer d such that, for

all integers 𝑛 ≥ 1,

𝐼𝑛 =

(
𝐼 𝑙11 𝐼 𝑙22 · · · 𝐼 𝑙𝑑𝑑 : 𝑙𝑖 ∈ N,

𝑑∑
𝑖=1

𝑖𝑙𝑖 = 𝑛

)
in which case we say that 𝐼• is generated in degrees ≤ 𝑑.

The Rees algebra 𝐼• :=
⊕

𝐼𝑛𝑡𝑛 ⊂ O𝑋 [𝑡] is Z-graded, corresponding to a Gm-action on Spec𝑋 (𝐼•),
which is therefore a cone. Let 𝐼+ be the ideal generated by t, corresponding to the vertex of the cone.

Definition 2.2. The weighted blow-up of X at 𝐼• is

𝐵𝑙𝐼• 𝑋 := Proj𝑋 (𝐼•) := [(Spec𝑋 (𝐼•) \𝑉 (𝐼+))/Gm] → 𝑋.

Here Proj is taken in the sense of quotient stacks (as opposed to the usual Proj, that is, the schematic
quotient). The weighted blow-up centre is 𝑌 = 𝑉 (𝐼1) ⊆ 𝑋 .

Ordinary blow-ups correspond to taking 𝐼𝑛 = 𝐼𝑛. In this case, the Rees algebra is generated in
degree 1, and the blow-up is schematic over the base.

Given a grading of the generators of an ideal I, we can define a filtration by defining 𝐼𝑛 ⊂ 𝐼 to be the
elements of degree ≥ 𝑛. When the filtration 𝐼• comes from a grading, we say that the weighted blow-up
is at 𝑌 = 𝑉 (𝐼1) rather than at 𝐼•.

A fundamental example is the weighted blow-up ofA𝑚 at 0. Given weights (𝑎1, . . . , 𝑎𝑚), this defines
a filtration of 𝐼 = (𝑥1, . . . , 𝑥𝑚). The weighted blow-up can then be described as

𝐵𝑙0A
𝑚 � Proj

(
𝑘 [𝑥1, . . . 𝑥𝑚] [𝑠, 𝑥 ′1, . . . 𝑥 ′𝑚]

(𝑥1 − 𝑠𝑎1𝑥 ′1, . . . , 𝑥𝑚 − 𝑠𝑎𝑚𝑥 ′𝑚)

)
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with 𝑥𝑖 in degree 0, 𝑥 ′𝑖 in degree 𝑎𝑖 , and s in degree −1. The exceptional divisor in this case is the
weighted projective stack

P (𝑎1, . . . , 𝑎𝑚) := [A𝑚 \ {0}/Gm],

where Gm acts on A𝑚 with weights (𝑎1, . . . , 𝑎𝑚). Given a subset 𝐽 = { 𝑗1, . . . , 𝑗𝑟 } ⊂ 𝐼 such that
gcd(𝑎 𝑗1 , . . . , 𝑎 𝑗𝑟 ) = 𝑑, the vanishing locus of the 𝐽𝑐-labelled coordinates has generic stabiliser 𝜇𝑑 . The
projective stack P (𝑎1, . . . , 𝑎𝑚) is always smooth, whereas its coarse moduli space is in general not
smooth as a scheme.

Definition 2.3. A weighted blow-up 𝐵𝑙𝑌 𝑋 → 𝑋 is called regular when, smooth-locally on X, there
exists a flat map 𝑋 → A𝑚 such that 𝑓 −1(0) = 𝑌 (in particular, Y is regularly embedded), and such that
(again smooth-locally) the weighted blow-up is isomorphic to 𝐵𝑙0A

𝑚 ×A𝑚 𝑋 .

Given a regular blow-up, the exceptional divisor is the weighted projective bundle over Y

E = [N \N0/Gm]

where N is the normal bundle of Y (and N0 its zero section). It inherits aGm-action that smooth-locally
looks like the linear Gm-action on A𝑚 with weights (𝑎1, . . . , 𝑎𝑚).

The following is a generalisation of Artin’s criterion for regular weighted blow-up.

Theorem 2.4 ([1], Theorem 1.1). Let 𝑋 and Y be smooth, tame and separated Deligne-Mumford stacks,
and let 𝜋 : E → 𝑌 be a weighted projective bundle with positive dimensional fibres. Assume that there
is a closed embedding E ↩→ 𝑋 as a Cartier divisor, such that O𝑋 (E)|E � OE (−1) ⊗ 𝜋∗𝐿 for some line
bundle L on Y.

Then there is a smooth, tame and separated Deligne-Mumford stack X, with a closed embedding
𝑖 : 𝑌 ↩→ 𝑋 and a morphism 𝑝 : 𝑋 → 𝑋 that is a regular weighted blow-up with reduced centre Y.
Moreover, the resulting square is a pushout in algebraic stacks.

2.2. Integral Chow rings and blow-up formulae

The classical blow-up formulae of [16, §6.7] have been generalised to weighted blow-ups by Arena and
Obinna [2]. We will only use a special case, which we recall for the reader’s convenience. Let 𝑋 be
a regular weighted blow-up of a smooth Deligne–Mumford stack X with centre Y, where 𝜄 : 𝑌 ↩→ 𝑋
denotes the regular embedding. Suppose moreover that the pullback homomorphism of Chow rings
𝜄∗ : 𝐴∗(𝑋) → 𝐴∗(𝑌 ) is surjective. Then we have the following simple formula [2, Corollary 6.5]:

𝐴∗(𝑋) � 𝐴∗(𝑋) [𝑡]/(𝑡 · ker(𝜄∗), 𝑄(𝑡)) (2.1)

where 𝑡 = −[E] is the opposite of the fundamental class of the exceptional divisor, and 𝑄(𝑡) ∈ 𝐴∗(𝑋) [𝑡]
is defined by replacing the t-constant term of 𝑐Gm

top (N ) with the fundamental class of Y. We explain this
in more detail.

By assumption, the normal bundle N of Y in X has a Gm-action, which, smooth-locally on Y,
is linear. We can therefore consider the Gm-equivariant Chern classes of N , which are elements of
the Gm-equivariant Chow ring of Y. The latter being endowed with the trivial Gm-action, we have
𝐴∗
Gm

(𝑌 ) � 𝐴∗(𝑌 ) [𝑡]. In particular, we can think of 𝑐Gm
top (N ) as a polynomial in the equivariant variable t.

The surjectivity of 𝜄∗ implies that we can lift its coefficients to X. In particular, we can find an element
𝑄 ′(𝑡) ∈ 𝐴∗(𝑋) [𝑡] such that 𝜄∗𝑄 ′(𝑡) = 𝑐Gm

top (N ) (𝑡) − 𝑐Gm
top (N ) (0). Finally, the polynomial 𝑄(𝑡) is defined

by adding in the fundamental class of Y, that is, as

𝑄(𝑡) = 𝑄 ′(𝑡) + [𝑌 ] ∈ 𝐴∗(𝑋) [𝑡] .
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Putting everything together, we see that, given a presentation for 𝐴∗(𝑋), a presentation for 𝐴∗(𝑋)
can be computed from the following ingredients:

1. generators of the ideal ker(𝜄∗ : 𝐴∗(𝑋) → 𝐴∗(𝑌 )),
2. the fundamental class of the centre [𝑌 ] ∈ 𝐴∗(𝑋) and
3. the top equivariant Chern class 𝑐Gm

top (N𝑌 /𝑋 ).

2.3. Alternative compactifications of M1,𝑛, I

Smyth produced some alternative compactifications of M1,𝑛 in [34]. The idea is to trade a higher
local/algebraic complexity (worse-than-nodal singularities, such as cusps and tacnodes) for a lower
global/combinatorial complexity (subcurves of genus one are required to have many special points; in
a smoothing family, those that don’t may be contracted to a singularity as above).

We start by recalling the relevant curve singularities. Smyth classified all the isolated Gorenstein
singularities of genus one1: there is exactly one analytic type for every number m of branches.

Definition 2.5. Let k be a field of characteristic different from 2, 3. A k-point of a curve C is called an
elliptic m-fold point if the analytic germ of C at p is one of the following:

Ô𝐶,𝑝 �

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
𝑘�𝑥, 𝑦�/(𝑦2 − 𝑥3) 𝑚 = 1 ordinary cusp, 𝐴2
𝑘�𝑥, 𝑦�/(𝑦2 − 𝑦𝑥2) 𝑚 = 2 ordinary tacnode, 𝐴3
𝑘�𝑥, 𝑦�/(𝑥2𝑦 − 𝑦𝑥2) 𝑚 = 3 planar triple point, 𝐷4
𝑘�𝑥1, . . . , 𝑥𝑚−1�/𝐼𝑚 𝑚 ≥ 4 𝑚-general lines through the origin of A𝑚−1

where 𝐼𝑚 is the ideal generated by the binomials 𝑥𝑖𝑥 𝑗 − 𝑥𝑖𝑥ℎ for all 𝑖, 𝑗 , ℎ ∈ [𝑚 − 1].

Smyth proved that elliptic ℓ-fold points arise in one-parameter smoothing families exactly when we
contract a genus one subcurve E of the nodal central fibre C, such that |𝐸 ∩ 𝐶 \ 𝐸 | = ℓ. Up to blowing
up the markings, then, we can always replace genus one subcurves with ℓ < 𝑛 special points with an
elliptic ℓ-fold singularity. This motivates the following:

Definition 2.6. Let 0 ≤ 𝑚 < 𝑛. An m-stable n-pointed genus one curve over S is

(𝜋 : 𝐶 → 𝑆, 𝑝1, . . . , 𝑝𝑛)

where 𝐶 → 𝑆 is a proper curve (cf. Section 1.3) such that:

1. the morphism 𝜋 : 𝐶 → 𝑆 is a family of projective curves of arithmetic genus one, whose fibres have
only nodes and elliptic ℓ-fold points as singularities, with ℓ ≤ 𝑚;

2. the morphisms 𝑝𝑖 : 𝑆 → 𝐶 are disjoint sections of 𝜋 whose images are contained in its smooth locus;
let us denote their union by Σ, then

3. for every geometric point 𝑠 ∈ 𝑆, and for every connected subcurve of genus one 𝐸 ⊂ 𝐶𝑠 , the latter
contains more than m special points (Smyth calls this number the level of E):

lev(𝐸) := |𝐸 ∩ (𝐶𝑠 \ 𝐸) | + |Σ ∩ 𝐸 | > 𝑚;

4. for every geometric point 𝑠 ∈ 𝑆, we have 𝐻0 (𝐶𝑠 ,Ω∨
𝐶𝑠

(−Σ ∩ 𝐶𝑠)) = 0.

Notice that 0-stability coincides with the classical Deligne–Mumford stability.
Every Gorenstein curve of arithmetic genus one admits a decomposition into a minimal elliptic

subcurve (also called the core, or elliptic spine; this can be an elliptic curve, a nodal wheel of P1, or
an elliptic ℓ-fold point with exactly ℓ branches � P1) and a union of rational trees, attached nodally.

1The genus 𝑔 = 𝛿 − 𝑚 + 1 of a singularity is an analytic invariant representing the local contribution of the singular point to
the arithmetic genus of a projective curve containing it; for instance, an ordinary m-fold point, the singularity of the coordinate
axes in A𝑚, is rational.
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The dualising bundle of the core is trivial. Condition (3) above can be equivalently required of the
core only. Condition (4) above implies the finiteness of the automorphism group. It can be phrased
combinatorially: every branch of an elliptic ℓ-fold point must contain at least one marking or node, and
at least one branch must contain at least two. Smyth proves the following:

Theorem 2.7 [34, 35]. Fix 0 ≤ 𝑚 < 𝑛. The moduli stack M1,𝑛 (𝑚) of n-pointed, m-stable curves of
arithmetic genus one is a proper Deligne–Mumford stack over Spec(Z[ 1

6 ]); it is smooth if and only if
𝑚 ≤ 5. Its coarse moduli space is projective, and it arises from the log MMP of M1,𝑛.

Smoothness follows from the deformation theory of Gorenstein rings in codimension 3 [35, Cor. 2.2].
More generally, these stacks are normal, Gorenstein and smooth in codimension ≤ 6 [24, §1.5]. So,
only in the range 𝑚 ≤ 5 are the Chow rings of Smyth’s spaces defined.

2.4. Alternative compactifications of M1,𝑛, II

Motivated by homological mirror symmetry, Lekili and Polishchuk constructed alternative compacti-
fications of M1,𝑛 from 𝐴∞-structures. They consider the moduli space U 𝑠𝑛𝑠

1,𝑚+1 of nonspecial curves
(𝐶, 𝑝1, . . . , 𝑝𝑚+1), which we will also call almost- m-stable and denote by M̃1,𝑚+1, consistently
with [11]. Lekili and Polishchuk compute an explicit normal form for these curves. When restricted to
Spec(Z[ 1

6 ]), this yields explicit coordinates on Smyth’s moduli spaces M1,𝑚+1 (𝑚).

Definition 2.8 ([24], Definition 1.4.1). An almost m-stable (𝑚+1)-marked elliptic curve over S consists
of the data (𝜋 : 𝐶 → 𝑆, {𝑝1, . . . , 𝑝𝑚+1}) where 𝜋 is a curve of arithmetic genus one, and the 𝑝𝑖 are
smooth and disjoint sections of 𝜋 such that, for every geometric point 𝑠 ∈ 𝑆:

1. ℎ0 (𝐶𝑠 ,O𝐶𝑠 (𝑝𝑖)) = 1 for all 𝑖 = 1, . . . , 𝑚 + 1;
2. and O𝐶𝑠 (𝑝1 + . . . + 𝑝𝑚+1) is an ample line bundle.

The total space Ũ 𝑠𝑛𝑠
1,𝑚+1 of the Gm-torsor associated to the Hodge line bundle H̃ = 𝜋∗𝜔𝜋 over M̃1,𝑚+1

is an affine scheme with natural coordinates, by which Lekili and Polishchuk prove:

Proposition 2.9 ([24], Proposition 1.1.5 and Theorem 1.4.2). Let 𝑉𝑑 denote the Gm-representation of
weight d. Then we have the following identifications:

(m=0) M̃1,1 � [𝑉4 ⊕ 𝑉6/Gm];
(m=1) M̃1,2 � [𝑉2 ⊕ 𝑉3 ⊕ 𝑉4/Gm];
(m=2) M̃1,3 � [𝑉1 ⊕ 𝑉 ⊕2

2 ⊕ 𝑉3/Gm] ;
(m=3) M̃1,4 � [𝑉 ⊕3

1 ⊕ 𝑉 ⊕2
2 /Gm].

Interestingly, it can be proved a posteriori that the singularities of an almost m-stable 𝑚 + 1-marked
curve are at worst elliptic (𝑚 + 1)-fold points. Indeed, the unique point with Gm-stabiliser in each of the
above corresponds to the (𝑚 + 1)-fold point with one marking for every branch, and the stack is nothing
but (the quotient by the natural action of the multiplicative group of) the miniversal deformation of such
a singularity (see also [37]).

This has two fundamental consequences: first, by removing 0 from H̃, the Gm-quotient is a weighted
projective stack; and second, since 0 represents the only m-unstable curve, the quotient can also be
identified with Smyth’s M1,𝑚+1(𝑚).

Proposition 2.10 ([24], Corollary 1.5.5 and Theorem 1.5.7). We have the following isomorphisms:

(m=0) M1,1 � P (4, 6);
(m=1) M1,2 (1) � P (2, 3, 4);
(m=2) M1,3 (2) � P (1, 2, 2, 3) ;
(m=3) M1,4 (3) � P (1, 1, 1, 2, 2).

Moreover, these isomorphisms identify the Hodge line bundle H(𝑚) with OP (1).

https://doi.org/10.1017/fms.2025.10143 Published online by Cambridge University Press

https://doi.org/10.1017/fms.2025.10143


8 L. Battistella and A. Di Lorenzo

2.5. . . . and maps between them

Since the locus of smooth pointed elliptic curves is a dense open substack of every M1,𝑛 (𝑚), these
spaces are all birational. The birational maps:

M1,𝑛 (𝑚 − 1) �M1,𝑛 (𝑚) (2.2)

are regular if and only if 𝑚 = 1 (contraction of elliptic tails to ordinary cusps, cf. [33, 17]) or 𝑚 = 𝑛 − 1
[35, Corollary 4.5].

A simultaneous resolution of indeterminacy, inspired by tropical geometry, has been devised by
Ranganathan, Santos-Parker and Wise [32].

For the purpose of our computations, it is more convenient to have a step-by-step resolution, per-
forming only the necessary blow-ups every time. Such a resolution has been described by Smyth in
[36, §2.2]. The map (2.2) above is not defined precisely where the minimal subcurve of genus one has
exactly level m. In order to distinguish the components of these loci, it is useful to refine the notion
of level of a subcurve to take values in (set-)partitions of {1, . . . , 𝑛}. It was the intuition of [8] that
this is the way to obtain all the compactifications of M1,𝑛 by Gorenstein curves with smooth, distinct
markings. Set [𝑛] := {1, . . . , 𝑛}.
Definition 2.11. Let (𝐶, 𝑝1, . . . , 𝑝𝑛) be a Gorenstein curve of genus one.
1. Let E be a subcurve of C of genus one. The level of E is the partition of [𝑛] obtained by grouping all

the markings that belong to the same connected component of 𝐶 \ 𝐸 ; by convention, markings lying
on E make up singletons of lev(𝐸).

2. If C contains an elliptic m-fold point q, the level of q is the partition of [𝑛] describing how the
markings subdivide among the connected components of 𝐶 \ {𝑞}.
Let 𝑆 ∈

( [𝑛]
𝑚

)
be a partition of n into m parts 𝑆1, . . . , 𝑆𝑚. Up to reordering, suppose that |𝑆𝑖 | = 1 if

and only if 𝑖 > 𝑘 = 𝑘 (𝑆). We adopt the notation 𝑆1 | . . . |𝑆𝑚 to represent S.
Definition 2.12. We denote by T𝑆 (𝑚−1) the locus of elliptic m-bridges of level S in M1,𝑛 (𝑚−1), that
is, the locus of curves formed by nodally attaching an (𝑚 − 1)-stable elliptic spine marked by ∪𝑖>𝑘𝑆𝑖 ,
with k stable rational curves 𝐶1, . . . , 𝐶𝑘 , the subcurve 𝐶𝑖 being marked by 𝑆𝑖 .

In particular, we have an isomorphism:

T𝑆 (𝑚 − 1) = M1, [𝑘 ]�𝑆𝑘+1�...�𝑆𝑚 (𝑚 − 1) ×
𝑘∏
𝑖=1

M0, {★}�𝑆𝑖 � M1,𝑚(𝑚 − 1) ×
𝑘∏
𝑖=1

M0, |𝑆𝑖 |+1.

Definition 2.13. Let Ell𝑆 (𝑚) be the locus of elliptic m-fold points of level S in M1,𝑛 (𝑚).
Since this is the worst allowed singularity in this moduli stack, the universal family of curves over

Ell𝑆 (𝑚) is equisingular, in particular all of these curves admit a common normalisation, which is a
(disconnected) pointed rational curve. We thus have a morphism:

Ell𝑆 (𝑚) −→ M0,𝑆 =
𝑘∏
𝑖=1

M0, {★𝑖 }�𝑆𝑖 .

What is missing in order to reconstruct the elliptic m-fold point is the datum of its local ring as a
subalgebra of the semilocal ring of the normalisation. The parameter space for these data is called the
crimping space in [39], and the moduli space of attaching data in [35, §2.2]. Smyth [34, Lemma 2.2]
showed that, for an elliptic m-fold singularity, the embedding of Ô𝐶,𝑞 in ⊕𝑚

𝑖=1Ô𝐶𝜈 ,★𝑖 is determined by
the choice of a hyperplane in ⊕𝑚

𝑖=1𝔪★𝑖/𝔪
2
★𝑖

not containing any of the lines 𝔪★𝑖/𝔪
2
★𝑖

; this hyperplane
is identified with the pullback of the cotangent space to the elliptic singularity under the normalisation
map. Dually, the hyperplane corresponds to a line in ⊕𝑚

𝑖=1(𝔪★𝑖/𝔪
2
★𝑖
)∨ not contained in any of the
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hyperplanes Ann(𝔪★𝑖/𝔪
2
★𝑖
). The elliptic singularity can be obtained from its seminormalisation 𝐶𝑠𝑛

(an ordinary, rational m-fold point) by pinching along this line. Smyth [35, §2.2] explains how to
modularly compactify this algebraic torus bundle into a projective bundle by sprouting the universal
curve along the boundary.

Proposition 2.14 [35, Prop. 2.16]. There is an isomorphism Ell𝑆 (𝑚) � PM0,𝑆

(
⊕𝑘
𝑖=1L

∨
★𝑖

)
, where L★𝑖

denotes the (pullback of the) cotangent line bundle at the marking ★𝑖 on the i-th factor of the product.

The rational morphism M1,𝑛 (𝑚 − 1) �M1,𝑛 (𝑚) flips the locus T𝑆 (𝑚 − 1) to the locus Ell𝑆 (𝑚).

Definition 2.15. Let M1,𝑛 (𝑚 − 1
2 ) denote the ordinary blow-up of M1,𝑛 (𝑚 − 1) in T𝑚 (𝑚 − 1) =

�𝑆∈( [𝑛]𝑚 )
T𝑆 (𝑚 − 1), and let Exc(𝑚 − 1

2 ) denote the exceptional divisor.

Over M1,𝑛 (𝑚 − 1
2 ), Smyth [36, Proposition 2.3] constructs a diagram of curves:

C (𝑚 − 1
2 )

C (𝑚 − 1) C (𝑚)′
𝜎

𝜏

where 𝜎 is the blow-up of the sections 𝑝𝑆𝑘+1 , . . . , 𝑝𝑆𝑚 over Exc(𝑚 − 1
2 ), and 𝜏 is the contraction of the

strict transform of the core, that is, the minimal subcurve of arithmetic genus one, over Exc(𝑚− 1
2 ). The

resulting curve C (𝑚)′ is m-stable, as (𝑚 − 1)-stability implies that at least one part 𝑆𝑖 has cardinality at
least two, hence it induces a morphism:

𝜌𝑚 : M1,𝑛

(
𝑚 −

1
2

)
→ M1,𝑛 (𝑚).

We state our first result. We denote by Ell𝑚(𝑚) the locus of curves in M1,𝑛 (𝑚) with the worst
possible singularity, that is an elliptic m-fold point; Ell𝑚(𝑚) is the union of all the irreducible substacks
Ell𝑆 (𝑚) ⊂ M1,𝑛 (𝑚) with |𝑆 | = 𝑚.

Theorem 2.16. If 𝑚 ≤ 5, the morphism 𝜌𝑚 is a weighted blow-up of M1,𝑛 (𝑚), centred at Ell𝑚(𝑚),
with weights (𝑎0, . . . , 𝑎𝑚), where M1,𝑚 (𝑚 − 1) � P (𝑎0, . . . , 𝑎𝑚).

We postpone the proof of this theorem to §2.7. Next, we describe the first three special cases. The
result below recovers Inchiostro’s description of M1,2 [18].

Corollary 2.17. The moduli stack of stable 2-pointed curves of genus one M1,2 is the weighted blow-up
of M1,2 (1) � P (2, 3, 4) with weights (4, 6) in the point Ell[2] (1) =: Cu2 representing the 2-pointed
cusp.

Corollary 2.18. There is a diagram:

M1,3 M1,3(1) M1,3 (2) � P (1, 2, 2, 3),𝜌1 𝜌2

where 𝜌2 is a blow-up with weights (2, 3, 4) in the three points Ell𝑖, 𝑗 |𝑘 (2) =: Tac𝑘 parametrising
tacnodal curves, and 𝜌1 is the blow-up with weights (4, 6) in the curve Ell[3] (1) =: Cu3 � M0,4
parametrising cuspidal curves.
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Corollary 2.19. There is a diagram:

M1,4 (
3
2 )

M1,4 M1,4 (1) M1,4 (2) M1,4(3) � P (1, 1, 1, 2, 2),

𝜌 3
2

𝜌2

𝜌1 𝜌3

where

◦ 𝜌3 is a blow-up with weights (1, 2, 2, 3) in the six points Ellℎ,𝑖 | 𝑗 |𝑘 (3) =: Triℎ,𝑖 parametrising curves
with planar triple points;

◦ 𝜌2 is the blow-up with weights (2, 3, 4) in the four curves Ellℎ |𝑖, 𝑗 ,𝑘 (2) =: Tacℎ � M0,4 parametrising
tacnodal curves with a component marked only by 𝑝ℎ , and in the three curves Ellℎ,𝑖 | 𝑗 ,𝑘 (2) =: Tacℎ,𝑖 �
P1 parametrising tacnodal curves with a component marked only by 𝑝ℎ and 𝑝𝑖;

◦ 𝜌 3
2

is the ordinary blow-up in the three surfaces Tℎ,𝑖 | 𝑗 ,𝑘 (1) � M1,2 (1) of elliptic bridges;
◦ 𝜌1 is the blow-up with weights (4, 6) in the surface Ell[4] (1) =: Cu4 � M0,5 of cuspidal curves.

2.6. Universal line bundles and tautological classes

From a flat family of projective, Gorenstein curves with smooth, distinct markings, we can define the
following bundles over the base:

L𝑖 (𝜋 : 𝐶 → 𝑆, 𝑝1, . . . , 𝑝𝑛) := 𝑝∗
𝑖𝜔𝜋 , H(𝜋 : 𝐶 → 𝑆, 𝑝1, . . . , 𝑝𝑛) := 𝜋∗𝜔𝜋 .

The first one is the cotangent line bundle at the i-th marking, and the second one is called the Hodge
bundle. Their first Chern classes will be denoted by 𝜓𝑖, 𝜋 , respectively by 𝜆𝜋 . A morphism between
moduli spaces is often induced by a morphism between their universal curves, in which case we will
be able to compare the bundles above; to avoid confusion we will decorate them as appropriate: for
instance, we shall use H(𝑚) and 𝜆 (𝑚) for the universal m-stable curve over M1,𝑛 (𝑚) (unless the number
of markings plays a role).

Let us now specialise to the case of arithmetic genus one. In this case, the Hodge bundle has rank
one, and the evaluation map H = 𝜋∗𝜔𝜋 → 𝑝∗

𝑖𝜔𝜋 = L𝑖 is generically an isomorphism. Indeed, we can
be more precise: by pushing down the short exact sequence

0 → 𝜔𝜋 (−𝑝𝑖) → 𝜔𝜋 → 𝜔𝜋 |𝑝𝑖 → 0,

and noticing that R1 𝜋∗𝜔𝜋 (−𝑝𝑖) → R1 𝜋∗𝜔𝜋 satisfies cohomology and base-change, we conclude that
the evaluation map fails to be surjective precisely when ℎ0 (O(𝑝𝑖)) = ℎ1 (𝜔(−𝑝𝑖)) > ℎ1 (𝜔) = 1, that is,
when 𝑝𝑖 does not lie on the minimal subcurve of genus one (it is special, in the terminology of Lekili
and Polishchuk).

Proposition 2.20 [24, Lemma 1.1.1]. Let (𝜋 : 𝐶 → 𝑆, 𝑝1, . . . , 𝑝𝑛) be a pointed Gorenstein curve of
genus one. Let Δ0,𝑖 denote the locus in S where the i-th marking 𝑝𝑖 lies on a rational tail, and let us
assume that Δ0,𝑖 is a Cartier divisor in S, whose class we denote by 𝛿0,𝑖 . Then:

𝜓𝑖, 𝜋 = 𝜆𝑖, 𝜋 + 𝛿0,𝑖 . (2.3)

In particular, over M1,𝑚+1(𝑚), every L𝑖 is identified with H(𝑚).2

Let us now assume that we have two families 𝜋𝑖 : 𝐶𝑖 → 𝑆 of pointed Gorenstein curves of genus one
over a base S, related by a birational contraction 𝜌 : 𝐶1 → 𝐶2 – an isomorphism generically on 𝐶2, and

2This generalises the fact that elliptic curves are parallelisable.
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with connected fibres. Assume that the exceptional locus E of 𝜌 is a vertical Cartier divisor, that is, a
subcurve of 𝐶1 over a Cartier divisor Δ in the base (whose class we denote by 𝛿) such that 𝐶1 is regular
around Σ := 𝐸 ∩ 𝐶1 |Δ \ 𝐸 . We shall compare the Hodge line bundles associated to 𝐶1 and 𝐶2; in order
to do this, it is enough to assume that S is the spectrum of a discrete valuation ring. Denote by 𝜔𝑖 the
relative dualising sheaf of 𝜋𝑖 , and let H𝑖 = 𝜋𝑖∗𝜔𝑖 be the Hodge line bundle associated to 𝐶𝑖 , whose
class we denote by 𝜆𝑖 . We recall Smyth’s definition of a balanced subcurve of genus one, borrowing
the notation E and Σ from above: the condition is that the chains of rational curves within E separating
the nodes of Σ from the core of E all have the same length (for a more general, not necessarily regular,
one-parameter family, being balanced can be phrased in terms of the tropical distance from the core to
the components adjacent E).

Proposition 2.21. The following hold true:

1. If E is a rational tail, then 𝜌∗𝜔2 = 𝜔1 (−E). If E is a rational bridge, then 𝜌∗𝜔2 = 𝜔1. In both cases,
the 𝜆-classes agree: 𝜆1 = 𝜆2.

2. If E is a genus one subcurve, then it is balanced, and 𝜌∗𝜔2 = 𝜔1(E). So, 𝜆2 = 𝜆1 + 𝛿.

Proof. The first fact goes back to Knudsen’s thesis [21, Lemma 1.6]. The second one is basically the
first claim of [35, Prop. 3.6 and Cor. 3.7]: consider the short exact sequence

0 → 𝜔1 → 𝜌∗𝜔2 → 𝜌∗𝜔2 |E = OE → 0;

pushing it down along 𝜋1 = 𝜋2 ◦ 𝜌, and applying the projection formula (since 𝜌 is a birational
contraction, we have 𝜌∗O𝐶1 = O𝐶2 ), we obtain:

0 → H1 → H2 → O𝑆 (Δ) → 0,

where right-exactness follows because the R1 𝜋1,∗𝜔𝐶𝑖 , for 𝑖 = 1, 2, are isomorphic (by Serre duality,
both of them can be identified with O𝑆). �

We will also use the following fact [35, Proposition 3.4], comparing the 𝜆-class of a one-parameter
family of ℓ-elliptic singularities with the 𝜓-classes of its pointed normalisation:

Proposition 2.22. Let 𝐵 → M1,𝑛 (𝑚) be a one-parameter family corresponding to a curve 𝐶 → 𝐵

with a section 𝑞 : 𝐵 → 𝐶 of elliptic ℓ-fold points (same ℓ for all 𝑏 ∈ 𝐵). Let (𝐶, 𝑞1, . . . , 𝑞ℓ) → 𝐵 be
the pointed normalisation, where 𝑞1, . . . , 𝑞ℓ are the preimages of q. Then 𝜆 (𝑚) (𝐶).𝐵 = −𝜓(𝐶, 𝑞𝑖).𝐵
for any 𝑖 ∈ [ℓ] .

2.7. Proof of Theorem 2.16

The locus of elliptic m-bridges T𝑚 (𝑚 − 1) decomposes into the disjoint union of T𝑆 (𝑚 − 1), each of
which is a closed regular substack of codimension 𝑘 = 𝑘 (𝑆), with split normal bundle:

𝑁T𝑆/M1,𝑛 (𝑚−1) =
𝑘⊕
𝑖=1
L∨1,𝑖 � L

∨
0,★𝑖

. (2.4)

Now, recall from Proposition 2.20 that on the first factor, which is isomorphic to M1,𝑚(𝑚 − 1), we may
identify every cotangent line bundle L1,𝑖 with the Hodge line bundle H(𝑚 − 1), so

𝑁T𝑆/M1,𝑛 (𝑚−1) = H(𝑚 − 1)∨ �

(
𝑘⊕
𝑖=1
L∨0,★𝑖

)
. (2.5)

Recall that Ell𝑚(𝑚) ⊂ M1,𝑛 (𝑚) parametrises curves with an elliptic m-fold point: this locus
decomposes into the disjoint union of the components Ell𝑆 (𝑚) with #𝑆 = 𝑚. We may similarly
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decompose the exceptional divisor of the blow-up 𝜌𝑚 : M1,𝑛

(
𝑚 − 1

2

)
→ M1,𝑛 (𝑚) into a disjoint union

indexed by partitions, and we obtain the following identification:

Exc𝑆
(
𝑚 −

1
2

)
� M1,𝑚 (𝑚 − 1) × PM0,𝑆

(
𝑘⊕
𝑖=1
L∨0,★𝑖

)
, (2.6)

with normal bundle

NExc(𝑚− 1
2 )/M1,𝑛 (𝑚− 1

2 )
= H(𝑚 − 1)∨ �O(−1).

The morphism 𝜌𝑚, restricted to Exc𝑆 (𝑚 − 1
2 ), coincides with the projection onto the second factor

of (2.6). Thanks to Proposition 2.10, we can conclude by applying the criterion for smooth weighted
blow-downs [1, Theorem 1.1]. Finally, observe that given any weighted blow-up 𝐵𝑙𝑌 𝑋 → 𝑋 , the
exceptional divisor is (locally on the centre Y of the weighted blow-up) isomorphic to a product of
the base with a weighted projective stack P (𝑎0, . . . , 𝑎𝑚). The weights of the blow-up are precisely the
values 𝑎0, . . . , 𝑎𝑚. They can be recovered from the orders of the automorphism groups of the torus-
fixed points. Therefore, we can deduce the weights of 𝜌𝑚 by looking at the weights appearing in the
description of M1,𝑚(𝑚 − 1) as a weighted projective stack. This concludes the proof of Theorem 2.16.

2.8. Fundamental classes and normal bundles

From Section 2.2 and Section 2.5 we know that we need to compute the fundamental class and the normal
bundle of the elliptic m-fold loci Ell𝑆 (𝑚) in M1,𝑛 (𝑚). It is easy to perform such a calculation in M̃1,𝑚.
We would like to pull it back along the map forgetting 𝑛 − 𝑚 markings. In general this is only a rational
map, but for 𝑛 ≤ 4 it is actually regular. We defer a general discussion of forgetful maps to Appendix A.

We start from Lekili and Polishchuk’s description of the space of almost m-stable curves.

Lemma 2.23. For 𝑚 ≤ 3, the Chow ring of M̃1,𝑚 is isomorphic to Z[𝑡], where t is the first Chern class
of H̃(𝑚). Moreover, the point Z representing the elliptic m-fold point has class:

1. NZ/M̃1,𝑚
= H̃(𝑚)⊗4 ⊕ H̃(𝑚)⊗6 and [Z] = 24𝑡2 when 𝑚 = 1;

2. NZ/M̃1,𝑚
= H̃(𝑚)⊗2 ⊕ H̃(𝑚)⊗3 ⊕ H̃(𝑚)⊗4 and [Z] = 24𝑡3 when 𝑚 = 2;

3. NZ/M̃1,𝑚
= H̃(𝑚)⊗1 ⊕ H̃(𝑚)⊗2 ⊕ H̃(𝑚)⊗2 ⊕ H̃(𝑚)⊗3 and [Z] = 12𝑡4 when 𝑚 = 3.

Proof. From the descriptions of Proposition 2.9, we deduce that M̃1,𝑚 is a vector bundle over BGm.
Therefore, by homotopy invariance of Chow groups we get

𝐴∗(M̃1,𝑚+1) � 𝐴∗(BGm) � Z[𝑡] .

We also have [Z] = [{0}]Gm , that is, the fundamental class of the zero section of a vector bundle
over BGm. The latter is equal to the top Chern class of the vector bundle itself. Using the fact that
𝑐Gm
𝑖 (𝑉𝑑) = 𝑑𝑡, we obtain the claimed results.

Finally, to prove that 𝑐1 (H̃(𝑚)) = 𝑡, observe that a generator of the fibre of the Hodge line bundle
over a point of M̃1,𝑚+1 is given by the global differential form 𝑑 (𝑋/𝑌 ), on whichGm acts with weight 1.
Here X and Y are inhomogeneous coordinates on the affine universal curve over M̃1,𝑚+1, which is planar
in the given range of m (cf. [24, Equations (1.1.3-4)]). �

Consider the forgetful map M1,𝑛 (𝑚) � M1,𝑛−1 (𝑚). Suppose that the n-th marking lies on the
core, and that the latter has level 𝑚 + 1. Then forgetting 𝑝𝑛 makes the curve m-unstable. The solution
is to contract the core after sprouting the markings lying directly on it; this will increase the level,
since there must be at least one rational tail containing at least two special points. The problem is that
the contraction is not well-defined as soon as there are at least two rational tails, because the resulting
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singularity has a nontrivial crimping space. In order to resolve the indeterminacy, it is enough to blow
up the loci T𝑆 (𝑚), where S is a partition of [𝑛] into 𝑚 + 1 parts, of which at least two have |𝑆𝑖 | ≥ 2,
and one is the singleton {𝑛}; see [36, §2.1]. Fortunately for us, in this paper we only need the cases
1 ≤ 𝑚 < 𝑛 ≤ 4. Even for 𝑛 = 4, there is not enough room for two rational tails and one marking on the
core. So, the forgetful morphism M1,𝑛 (𝑚) �M1,𝑛−1 (𝑚) is well-defined in this range.

Finally, there always is a morphism M1,𝑚+1(𝑚) → M̃1,𝑚. Indeed, M1,𝑚+1 (𝑚) sits as an open
inside M̃1,𝑚+1, and the latter can be identified with the quotient of Ũ 𝑠𝑛𝑠

1,𝑚+1 by Gm, see Section 2.4.
Now, [24, Proposition 1.1.5] ensures that there always is a Gm-equivariant morphism U 𝑠𝑛𝑠

1,𝑚+1 → U 𝑠𝑛𝑠
1,𝑚 ,

identifying the former with the affine universal curve over the latter.
Concretely, we may think of the morphism M1,𝑛 (𝑚) → M̃1,𝑚 as follows. Consider the universal

curve 𝐶 ′ over M1,𝑛 (𝑚), marked with the first m markings only. Rational tails and bridges made unstable
by forgetting the last markings may be harmlessly contracted. Now, the core of 𝐶 ′ is m-unstable if and
only if at least two of the first m markings belong to a rational tail. If this is the case, we blow up the core
at its markings, and then contract it (by Smyth’s contraction lemma [34, Lemma 2.13] or [32, Proposition
3.7.6.1]). By stability, this will increase the core level, so we can reiterate until it becomes ≥ 𝑚. For
𝑛 ≥ 4, we need to perform this operation only if 𝑛 = 4 and 𝑚 = 2. Indeed, the following two conditions
must be met:
1. there must be a partition S having at least 𝑚 + 1 parts, and
2. by restricting S to the subset [𝑚] = {1, . . . , 𝑚} we do not get the discrete partition.
For 𝑛 ≤ 4, this happens if and only if 𝑛 = 4 and 𝑚 = 2.
Example 2.24. For instance, consider a nodal curve with an elliptic component marked with 𝑝3 and
𝑝4, and a rational tail marked with 𝑝1 and 𝑝2; by forgetting 𝑝3 and 𝑝4, the elliptic core is not 2-stable
anymore. We contract it, thus producing a cusp at the attaching point of the rational tail.

This is important, because contracting a genus one subcurve alters the Hodge bundle according to
Proposition 2.21.

Moreover observe that, whenever a core contraction takes place, the resulting singularity is an elliptic
ℓ-fold point with ℓ < 𝑚. So, the preimage of the m-fold point in M̃1,𝑚 remains away from the correction
loci. We conclude that the normal bundle to the m-fold loci in M1,𝑛 (𝑚) has the same expression as the
normal bundle to the m-fold point in M̃1,𝑚.

We summarise the previous discussion in the following:
Proposition 2.25. Let 1 ≤ 𝑚 < 𝑛 ≤ 4. Forgetting the last 𝑛 − 𝑚 markings defines a morphism
𝑓𝑛,𝑚 : M1,𝑛 (𝑚) → M̃1,𝑚. The preimage of the elliptic m-fold point Z in M̃1,𝑚 is the locus of m-fold
points in M1,𝑛 (𝑚) such that each 𝑝𝑖 , 𝑖 = 1, . . . , 𝑚, cleaves to a different branch of the singularity;
moreover, 𝑓𝑛,𝑚 is flat around these loci, and in particular their normal bundles are as in Lemma 2.23.
Corollary 2.26. With the notations established in the corollaries of Theorem 2.16, we have:

m
n 3 4

1 [Cu] = 24𝜆2
(1) [Cu] = 24𝜆2

(1)
2 [Tac1 ] + [Tac2 ] = 24𝜆3

(2) [Tac1 ] + [Tac2 ] + [Tac13 ] + [Tac14 ] = 24(𝜆(2) + 𝜏12)
3

3 – [Tri14 ] + [Tri24 ] + [Tri34 ] = 12𝜆4
(3)

where 𝜏12 is the fundamental class of the locus of curves having a rational tail marked with 𝑝1 and 𝑝2.
The class 𝜏12 in the corollary above appears precisely because for 𝑛 = 4 and 𝑚 = 2, in order to define

the morphism to M̃1,2, we need to contract the elliptic core of the universal curve over T{1,2} (2). This
affects the pullback of the Hodge bundle, as explained in Proposition 2.21.
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3. The Chow ring of M1,3

In this section we compute the integral Chow ring of M1,3 (𝑚), for 𝑚 = 2, 1, 0, by a repeated application
of the weighted blow-up formula (2.1).

3.1. The Chow ring of M1,3 (2) and M1,3 (1)

We start from the following:

Lemma 3.1. Let 𝜆 (2) be the first Chern class of the Hodge line bundle H(2) on M1,3 (2). Then we have:

𝐴∗(M1,3 (2)) = Z[𝜆 (2) ]/(12𝜆4
(2) ).

Proof. By Proposition 2.10 we know that M1,3 (2) � P (1, 2, 2, 3); under this isomorphism, the line
bundle OP (1) is identified with the Hodge line bundle. The conclusion follows from the weighted
projective bundle formula [2, Theorem 3.12]. �

We now want to apply the weighted blow-up formula (2.1), leveraging the fact that 𝜌1 : M1,3 (1) →
M1,3 (2) is a weighted blow-up centred at the three points Tac𝑖 for 𝑖 = 1, 2, 3 (Corollary 2.18). As
explained in §2.2, for this we need to compute the following:

1. the fundamental class of the centre, that is, the three points Tac𝑖;
2. the Gm-equivariant top Chern class of the normal bundle of Tac𝑖;
3. surjectivity and the kernel of the pullback homomorphism 𝐴∗(M1,3 (2)) → 𝐴∗(Tac𝑖).

By Corollary 2.26 we know that [Tac1] + [Tac2] = 24𝜆3
(2) , hence by symmetry each Tac𝑖 has class

12𝜆3
(2) .

Point (3) is straightforward since Tac𝑖 is a point for every i (Corollary 2.18). By the same token, the
normal bundle is trivial with Gm-action of weights (2, 3, 4):

𝑐Gm
3 (NTac𝑖 ) = 24𝑡3. (3.1)

Let us proceed by blowing up one tacnodal point at a time: We start by computing the Chow
ring of the weighted blow-up M1,3(2)′ of M1,3 (2) at the point Tac1. The pullback homomorphism
𝐴∗(M1,3(2)) → 𝐴∗(Tac1) is surjective, and its kernel is generated by 𝜆 (2) . We may hence apply the
simplified weighted blow-up formula (2.1):

𝐴∗(M1,3(2)′) = 𝐴∗(M1,3 (2)) [𝛿1]/(𝜆 (2)𝛿1, 12𝜆3
(2) − 24𝛿3

1).

where we denoted by 𝛿1 the fundamental class of the exceptional divisor, representing curves with a
node separating 𝑝1 on the core from 𝑝2 and 𝑝3 on a rational tail.

Remark 3.2. Notice the sign in the last relation, which is obtained by evaluating the equivariant top
Chern class of the normal bundle of the blow-up centre by setting the equivariant parameter t of (3.1)
equal to the negative of the fundamental class of the exceptional divisor.

When we blow up Tac2 (respectively Tac3) we get a similar result, with the only difference that now
the kernel of the pullback homomorphism is generated by 𝜆 (2) and 𝛿1 (respectively 𝜆 (2) , 𝛿1 and 𝛿2). In
the end we obtain the following:

Lemma 3.3. The Chow ring of M1,3 (1) can be written as follows:

𝐴∗(M1,3 (1)) = Z[𝜆 (2) , 𝛿1, 𝛿2, 𝛿3]/(12𝜆4
(2) , {𝛿𝑖𝛿 𝑗 }𝑖≠ 𝑗 , {𝜆 (2)𝛿𝑖 ,−24𝛿3

𝑖 + 12𝜆3
(2) }𝑖=1,2,3).
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Remark 3.4. The first relation is now redundant, as for any i we can write

12𝜆4
(2) = 𝜆 (2) (−24𝛿3

𝑖 + 12𝜆3
(2) ) + 24𝛿2

𝑖 (𝛿𝑖𝜆 (2) ).

On M1,3 (1) there are two families of curves, the universal 1-stable curve, and the 2-stable curve
pulled back from M1,3 (2). Their Hodge line bundles are related by Proposition 2.21. Accordingly, we
make a change of variable:

𝜆 (1) = 𝜆 (2) − 𝛿1 − 𝛿2 − 𝛿3,

where 𝜆 (1) is the first Chern class of the Hodge line bundle H(1) of the 1-stable curve. Moreover, recall
that M1,3 (1) is the same as Schubert’s stack of pseudo-stable curves.

Proposition 3.5. The Chow ring of the moduli stack of pseudo-stable 3-pointed curves of genus one is:

𝐴∗(M𝑝𝑠

1,3) � Z[𝜆 (1) , 𝛿1, 𝛿2, 𝛿3]/𝐼 𝑝𝑠1,3

where the ideal of relations 𝐼 𝑝𝑠1,3 is generated by:

𝛿2
𝑖 + 𝜆 (1)𝛿𝑖 = 0 for 𝑖 = 1, 2, 3,

𝛿𝑖𝛿 𝑗 = 0 for 𝑖 ≠ 𝑗 ,

24(𝛿3
𝑖 − 𝛿3

𝑗 ) = 0 for 𝑖 ≠ 𝑗 ,

12(𝜆3
(1) + 𝛿3

1 + 𝛿3
2 − 𝛿3

3) = 0.

3.2. The Chow ring of M1,3

Recall from Corollary 2.18 that 𝜌 : M1,3 → M1,3 (1) is a weighted blow-up of weights (4, 6) centred
in the locus of cuspidal curves Cu. The exceptional divisor can be identified with the locus of unmarked
elliptic tails Δ ∅.

In order to apply the simplified weighted blow-up formula, we need the following ingredients:

1. the surjectivity and kernel of the pullback homomorphism 𝐴∗(M1,3 (1)) → 𝐴∗(Cu);
2. the fundamental class of Cu;
3. the Gm-equivariant top Chern class of the normal bundle of Cu.

3.2.1. Pinching and pulling
We aim to study the Gysin pullback:

𝜄∗ : 𝐴∗(M1,3 (1)) → 𝐴∗(Cu).

Pinching (collapsing the tangent line) at the marking ★ identifies Cu with M0,3�★, which in turn is
isomorphic to P1. Hence,

𝐴∗(Cu) = 𝐴∗(M0,3�★) = 𝐴∗(P1) = Z[ℎ]/(ℎ2),

where any boundary point and any 𝜓-class on M0,3�★ is identified with the generator h (see [22, §1.5]).
The boundary divisor 𝛿𝑖 intersects Cu transversely in one point, representing a cusp marked by 𝑝𝑖

with a rational tail marked by 𝑝 𝑗 and 𝑝𝑘 : its class can therefore be identified with the generator of the
Chow ring h; in particular, the pullback 𝜄∗ is surjective. On the other hand, Proposition 2.22 gives us
𝜄∗𝜆 (1) = −𝜓★ = −ℎ. Putting everything together, we obtain the following, which is ingredient (1) for
applying the weighted blow-up formula.
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Lemma 3.6. The pullback homomorphism 𝜄∗ : 𝐴∗(M1,3 (1)) → 𝐴∗(Cu) is surjective and

ker(𝜄∗) = (𝜆 (1) + 𝛿1, 𝜆 (1) + 𝛿2, 𝜆 (1) + 𝛿3).

3.2.2. End of the computation
The normal bundle of Cu can be pulled back along 𝑓 : M1,3(1) → M̃1,1, as explained in
Proposition 2.25, and by Lemma 2.23 it is equal to

𝑓 ∗(H̃(1)⊗4 ⊕ H̃(1)⊗6) |Cu = H(1)⊗4 ⊕ H(1)⊗6 |Cu.

This provides ingredient (3). Finally, ingredient (2) is provided to us by Corollary 2.26. After a straight-
forward computation, we obtain

𝐴∗(M1,3) = Z[𝜆1, 𝛿1, 𝛿2, 𝛿3, 𝛿∅]/𝐼 ′1,3

where 𝐼 ′1,3 is generated by the relations

𝛿𝑖𝛿 𝑗 for 𝑖, 𝑗 ∈ {1, 2, 3},
𝛿2
𝑖 + 𝜆 (1)𝛿𝑖 for 𝑖 ∈ {1, 2, 3},

12𝜆2
(1) (𝜆 (1) + 𝛿𝑖 + 𝛿 𝑗 − 𝛿𝑘 ) for 𝑖, 𝑗 , 𝑘 ∈ {1, 2, 3},

𝛿∅ (𝜆 (1) + 𝛿𝑖) for 𝑖 ∈ {1, 2, 3},
24(𝜆 (1) − 𝛿∅)

2.

Proposition 2.21 gives us the change of variables 𝜆 = 𝜆 (1) − 𝛿∅, under which we get:
Theorem 3.7. The integral Chow ring of the moduli stack of 3-marked stable curves of genus 1 is

𝐴∗(M1,3) = Z[𝜆, 𝛿1, 𝛿2, 𝛿3, 𝛿∅]/𝐼1,3

where 𝐼1,3 is generated by ten relations in degree 2:

24𝜆2 = 0 (1)
𝛿2
∅ = −𝜆𝛿∅ − 𝛿3𝛿∅ (2)

𝛿2
𝑖 = −𝜆𝛿𝑖 − 𝛿3𝛿∅, 𝑖 = 1, 2, 3 (2+i)

𝛿𝑖𝛿 𝑗 = 0, {𝑖, 𝑗 , 𝑘} = {1, 2, 3} (5+k)
𝛿∅𝛿1 = 𝛿∅𝛿 𝑗 , 𝑗 = 2, 3 (7+j)

and by one extra (torsion) relation in degree 3, namely

12(𝜆 + 𝛿∅)
2(𝜆 + 𝛿∅ + 𝛿𝑖 + 𝛿 𝑗 − 𝛿𝑘 ) = 0 (11)

Remark 3.8. Tensoring with Q, we recover [5, Theorem 3.3.2].

4. The Chow ring of M1,4

We compute the integral Chow ring of M1,4 by the same strategy. The main novelty is that the birational
map M1,4(1) �M1,4 (2) is not regular, hence we have to climb down a blow-up.

4.1. The Chow ring of M1,4 (3) and M1,4 (2)

Our starting point is the Chow ring of M1,4 (3), which can be easily computed using the fact that
M1,4 (3) � P (1, 1, 1, 2, 2) (Proposition 2.10 and the formula for the Chow ring of a weighted projective
stack [2, Theorem 3.12]).
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Lemma 4.1. We have

𝐴∗(M1,4 (3)) = Z[𝜆 (3) ]/(4𝜆5
(3) )

where 𝜆 (3) is the first Chern class of the Hodge line bundle H(3).

To compute the Chow ring of M1.4(2), we leverage Corollary 2.19: there is a morphism

𝜌2 : M1,4 (2) −→ M1,4 (3)

which is a weighted blow-up of weights 2, 3 and 4 centred at the locus of elliptic curves with a triple
point. To apply the weighted blow-up formula we need, as usual, the following ingredients:

1. the surjectivity and kernel of the pullback homomorphism 𝐴∗(M1,4 (3)) → 𝐴∗(Tri𝑖 𝑗 );
2. the fundamental class of Tri𝑖 𝑗 ;
3. the Gm-equivariant top Chern class of the normal bundle of Tri𝑖 𝑗 .

The second ingredient is given to us by Corollary 2.26: the flat forgetful morphism M1,4 (3) → M̃1,3
pulls [Z] = 12𝑡4 back to [Tri14] + [Tri24] + [Tri34] = 12𝜆4

(3) , so by the action of the symmetric group

[Tri𝑖 𝑗 ] = 4𝜆4
(3) for all {𝑖, 𝑗} ⊆ [4] .

Being points, the normal bundle is trivial (with Gm-action of weights (2, 3, 4)), and restriction is
surjective on Chow groups. From the blow-up formula (2.1) we get:

𝐴∗(M1,4 (2)) = Z[𝜆 (3) , {𝜏𝑖 𝑗 }{𝑖, 𝑗 }⊂[4] ]/𝐼1,4 (2)′, (4.1)

where 𝜏𝑖 𝑗 is the class of the exceptional divisor T𝑖 𝑗 , which can be identified with the locus of curves
with a node separating the markings ℎ, 𝑘 on the core from the markings 𝑖, 𝑗 on a rational tail3, and
𝐼1,4 (2)′ is generated by

𝜆 (3)𝜏𝑖 𝑗 = 0, {𝑖, 𝑗} ⊂ [4], (1–6)
𝜏𝑖 𝑗𝜏ℎ𝑘 = 0, {𝑖, 𝑗} ≠ {ℎ, 𝑘}, (7–21)
12𝜏4

𝑖 𝑗 + 4𝜆4
(3) = 0. (22–27)

The relation 4𝜆5
(3) is redundant and we thus omit it.

Proposition 2.21 yields the change of variables 𝜆 (3) = 𝜆 (2) +
∑

1≤𝑖< 𝑗≤4 𝜏𝑖 𝑗 . After performing this
substitution, we obtain the following.

Proposition 4.2. The Chow ring of the moduli stack of 4-marked 2-stable curves of genus one is:

𝐴∗(M1,4 (2)) = Z
[
𝜆 (2) , {𝜏𝑖 𝑗 }{𝑖, 𝑗 }⊂[4]

]
/𝐼1,4 (2)

where the ideal of relations 𝐼1,4 (2) is generated by:

𝜆 (2)𝜏𝑖 𝑗 + 𝜏2
𝑖 𝑗 , {𝑖, 𝑗} ⊂ [4], (1–6)

𝜏𝑖 𝑗𝜏ℎ𝑘 , {𝑖, 𝑗} ≠ {ℎ, 𝑘}, (7–21)

12𝜏4
𝑖 𝑗 + 4(𝜆4

(2) −
∑
𝑟 ,𝑠

𝜏4
𝑟𝑠) (22–27)

The rational Chow ring of the moduli space 𝑀1,4(2) has Hilbert series 1 + 7𝑡 + 7𝑡2 + 7𝑡3 + 𝑡4.

3We reserve our usual notation Δℎ𝑘 for the analogous locus in M1,4 and M1,4 (1); as we shall see in Proposition 4.9, the
classes 𝜏𝑖 𝑗 and 𝛿ℎ𝑘 do not quite agree.
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4.2. The Chow ring of M1,4 (1)

We distinguish the tacnodal loci in M1,4 (2) into two types: those separating one marking i from the
other three (there are four of them, call them Tac𝑖), and those separating two markings 𝑖, 𝑗 from the
other two (there are three, call them Tac𝑖 𝑗 ). The birational map M1,4 (1) �M1,4 (2) can be resolved
by a suitable blow-up (Corollary 2.19):

M1,4 (
3
2 )

M1,4 (1) M1,4 (2)

𝜌 3
2

𝜌2

Here 𝜌2 is a blow-up of weights (2, 3, 4) in the tacnodal locus. We denote the classes of the exceptional
divisors by 𝛽 in Proposition 4.7 below. The morphism 𝜌 3

2
is an ordinary blow-up of the elliptic bridges

T{𝑖 𝑗 }, {ℎ𝑘 }, whose exceptional divisors can be identified with those over Tac𝑖 𝑗 ; the loci T{𝑖 𝑗 }, {ℎ𝑘 } are
thus flipped. In particular, 𝛽𝑖 𝑗 pushes forward to 0 along 𝜌 3

2
, while 𝛽𝑖 does not.

We will first compute the Chow ring of M1,4 (
3
2 ) via the weighted blow-up formula, and then identify

the Chow ring of M1,4 (1) as a subring of the former.

4.2.1. The Chow ring of M1,4 (
3
2 )

We need the following ingredients:

1. the surjectivity and kernel of the pullback homomorphism to 𝐴∗(Tac𝑖 𝑗 ) and 𝐴∗(Tac𝑖);
2. the fundamental classes of Tac𝑖 𝑗 and Tac𝑖;
3. the Gm-equivariant top Chern class of the normal bundle of Tac𝑖 𝑗 and Tac𝑖 .

For the first point, we need to compute the pullback of the generators of 𝐴∗(M1,4 (2)) in 𝐴∗(Tac𝑖)
(respectively 𝐴∗(Tac𝑖 𝑗 )). Let 𝜑𝑖 : P1 � M0, {★,ℎ, 𝑗,𝑘 } → M1,4 (2) be the pinching morphism, defined as
follows: first, consider the auxiliary stack X whose objects are triples (𝐶 → 𝑆, 𝐷 → 𝑆, 𝛼), where

(i) 𝐶 → 𝑆 is a stable curve of genus zero with markings indexed by ★, h, j and k,
(ii) 𝐷 → 𝑆 is a smooth genus zero curve with two markings indexed by ★′ and i, and

(iii) 𝛼 : (𝔪★/𝔪2
★)

∨ � (𝔪★′/𝔪2
★′ )∨ is an isomorphism.

There is a natural morphism X → M1,4(2) whose image is Tac𝑖: this morphism is given by attaching
𝐶 → 𝑆 and 𝐷 → 𝑆 at the markings indexed by ★ and ★′ by gluing the two tangent spaces via 𝛼. On the
other hand, the projection X → M0, {★,ℎ, 𝑗,𝑘 } is an isomorphism: indeed, the fibres consist of the choice
of a smooth 2-marked genus zero curve 𝐷 → 𝑆 and an isomorphism 𝛼. There is a unique isomorphism
class of such Ds, with automorphism group isomorphic to Gm. The latter acts with weight one on the
tangent space at ★′, and hence it acts freely and transitively on the set of isomorphisms 𝛼. By composing
the inverse of the projection with the gluing map, we obtain the morphism 𝜑𝑖 : M0, {★,ℎ, 𝑗,𝑘 } → M1,4 (2)
with image Tac𝑖 .

Similarly, let 𝜑𝑖 𝑗 : P1 → M1,4(2) with image Tac𝑖 𝑗 be the crimping morphism: the pointed normal-
isations of these tacnodal curves have no moduli, since they consist of two 3-pointed rational curves
𝐶 → 𝑆 and 𝐷 → 𝑆, marked with {𝑖, 𝑗 ,★} and {ℎ, 𝑘,★′} respectively. Let P1 = P(𝑇★𝐶 ⊕ 𝑇★′𝐷) be the
compactified moduli space of attaching data: the points away from 0 and ∞ correspond to the choice
of an isomorphism (𝔪★/𝔪2

★)
∨ � (𝔪★′/𝔪2

★′ )∨; over 0 and ∞, a rational tail is sprouted, supporting
the markings {𝑖, 𝑗} and {ℎ, 𝑘} respectively, so the automorphism group of the curve acts transitively on
the attaching data, as in the previous paragraph. More precisely, we blow up 𝐶 ×P1 at (★, 0) and 𝐷 ×P1

at (★′,∞), and then glue the proper transforms of ★ and ★′ according to their common projection in P1.
Therefore, since both Tac𝑖 and Tac𝑖 𝑗 are isomorphic to P1, their Chow ring can be identified with

Z[ℎ]/(ℎ2).
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Lemma 4.3. Fix 1 ≤ 𝑖 < 𝑗 ≤ 4, and let T𝑖 𝑗 denote the locus of curves with a rational tail marked by
𝑖, 𝑗 inside M1,4(2). Then:

1.
∫

Tac•
𝜑∗
•𝜆 (2) = −1 for both • = 𝑖 and • = 𝑖 𝑗;

2. for 1 ≤ ℎ < 𝑘 ≤ 4, Tac𝑖 𝑗 intersects the divisor Tℎ𝑘 if and only if {ℎ, 𝑘} = {𝑖, 𝑗} or [4] \ {𝑖, 𝑗}, in
which cases they intersect transversely at one point;

3. Tac𝑖 intersects the divisor Tℎ𝑘 if and only if {ℎ, 𝑘} ⊂ [4] \ {𝑖}, in which cases they intersect
transversely at one point.

In particular, the kernel of the Gysin pullback to Tac𝑖 and Tac𝑖 𝑗 is determined as follows:

ker(𝐴∗(M1,4 (2)) −→ 𝐴∗(Tac𝑖)) = ({𝜏𝑖 𝑗 } 𝑗≠𝑖 , {𝜆 (2) + 𝜏ℎ𝑘 }ℎ,𝑘≠𝑖 , 𝜆
2
(2) ).

ker(𝐴∗(M1,4 (2)) −→ 𝐴∗(Tac𝑖 𝑗 )) = ({𝜏𝑖ℎ}ℎ≠ 𝑗 , {𝜏𝑗𝑘 }𝑘≠𝑖 , 𝜆 (2) + 𝜏ℎ𝑘 , 𝜆 (2) + 𝜏𝑖 𝑗 , 𝜆
2
(2) ).

Proof. Point (1) is Proposition 2.22, the others follow from the deformation theory of nodes. �

Now, we want to determine the classes of Tac𝑖 and Tac𝑖 𝑗 in 𝐴3(M1,4(2)) in terms of 𝜆 (3) and 𝜏’s.
From Corollary 2.26 we know that:

[Tac1] + [Tac2] + [Tac13] + [Tac14] = 𝑓 ∗4,2 [Z] = 24(𝜆 (2) + 𝜏12)
3 = 24𝜆3

(2) + 24𝜏3
12. (4.4)

We exploit the 𝑆4-action (by permuting the markings) to simplify the intersection-theoretic calculations.
As an 𝑆4 = 𝑆(1, 2, 3, 4)-module, 𝐴3(M1,4(2)) can be identified with triv(ℓ) ⊕ Λ2C4

std, the former with
basis 𝜆3

(2) =: ℓ, and the latter with basis 𝜏3
𝑖 𝑗 =: 𝑒𝑖 𝑗 . Note that [Tac1] is invariant under 𝑆3 = 𝑆(2, 3, 4),

hence its class can be written as:

[Tac1] = 𝑢1ℓ + 𝑎1 (𝑒12 + 𝑒13 + 𝑒14) + 𝑏1(𝑒23 + 𝑒24 + 𝑒34).

Similarly

[Tac2] = 𝑢2ℓ + 𝑎2 (𝑒12 + 𝑒23 + 𝑒24) + 𝑏2(𝑒13 + 𝑒14 + 𝑒14).

Note that [Tac13] is invariant under 𝑆2 × 𝑆2 = 𝑆(1, 3) × 𝑆(2, 4), hence its class can be written as:

[Tac13] = 𝑣1ℓ + 𝑐1𝑒13 + 𝑑1𝑒24 + 𝑓1(𝑒12 + 𝑒14 + 𝑒23 + 𝑒34).

Similarly

[Tac14] = 𝑣2ℓ + 𝑐2𝑒14 + 𝑑2𝑒23 + 𝑓2(𝑒12 + 𝑒13 + 𝑒24 + 𝑒34).

By the 𝑆4-action we see that

𝑢1 = 𝑢2 =: 𝑢, 𝑣1 = 𝑣2 =: 𝑣, 𝑎1 = 𝑎2 =: 𝑎, 𝑏1 = 𝑏2 =: 𝑏, 𝑐1 = 𝑑1 = 𝑐2 = 𝑑2 =: 𝑐, 𝑓1 = 𝑓2 =: 𝑓 .

Grouping the coefficients of 𝑒𝑖 𝑗 , Equation (4.4) reduces to the following linear system:

���
2 0 0 2
1 1 1 1
0 2 0 2

���
�����
𝑎
𝑏
𝑐
𝑓

����� =
���
24
0
0

���
Furthermore, by intersecting Tac𝑖 with 𝜏𝑖 𝑗 we obtain 𝑢 = 𝑎: indeed, we know from Lemma 4.3 that 𝜏𝑖 𝑗
is in the kernel of the pullback to Tac𝑖 , hence [Tac𝑖] · 𝜏𝑖 𝑗 = 0; on the other hand, by Proposition 4.2 we
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have 𝜏𝑖 𝑗𝜏ℎ𝑘 = 0 unless {𝑖, 𝑗} = {ℎ, 𝑘}, and 𝜏𝑖 𝑗𝜆 (2) = −𝜏2
𝑖 𝑗 . Putting everything together, we deduce that

[Tac𝑖] · 𝜏𝑖 𝑗 = (𝑎 − 𝑢)𝜏4
𝑖 𝑗 , hence 𝑎 − 𝑢 = 0 because 𝐴4(M1,4 (2)) ⊗ Q � Q · 𝜏4

𝑖 𝑗 .
With a similar argument, by intersecting Tac𝑖 𝑗 with 𝜏𝑖𝑘 we obtain 𝑣 = 𝑓 . We need one more

equation, which we are going to obtain by computing the pullback of 𝜆 (3) from M1,4 (3) to Tac𝑖: this
will determine u quite directly. Recall the morphism 𝜌3 : M1,4 (2) → M1,4 (3).
Lemma 4.4. The composition 𝜌3 ◦ 𝜑𝑖 : Tac𝑖 � M0,4 → M1,4 (3) maps the three special points to the
3-elliptic loci Tri 𝑗𝑘 , 𝑖 ∉ { 𝑗 , 𝑘} ⊂ [4]. The following hold:∫

Tac𝑖
𝜑∗
𝑖𝜓 𝑗 = 1, (4.5)∫

Tac𝑖
𝜑∗
𝑖𝜆 (2) = −1, (4.6)∫

Tac𝑖
𝜑∗
𝑖 𝜌

∗
3𝜆 (3) = 2. (4.7)

Therefore, 𝑢 = 8 and 𝑣 = 4.
Proof. Equation (4.5) is a genus zero calculation, since crimping happens away from the marking.

Equation (4.6) follows from Proposition 2.22 and a genus zero computation.4
From Proposition 2.21 it follows that

∫
Tac𝑖

𝜑∗
𝑖 𝜌

∗
3𝜆 (3) =

∫
Tac𝑖

𝜑∗
𝑖𝜆 (2) + 3, since the universal 3-stable

family is obtained by sprouting the lonely markings and contracting the tacnode over the three special
points. In view of this, Equation (4.7) follows from Equation (4.6).

We obtain 2𝑢 +2𝑣 = 24 by looking at the coefficients of 𝜆3
(2) in Equation (4.4), hence v is determined

by u. Now observe that, because of the relations 𝜆 (3)𝜏𝑖 𝑗 = 0 (see (4.1)) and 𝜆 (3) = 𝜆 (2) +
∑

𝜏𝑖 𝑗 (see
Proposition 2.21), the projection formula gives

𝜌3,∗(𝜌
∗
3𝜆 (3) · [Tac𝑖]) = 𝑢𝜆4

(3) .

On the other hand, we deduce from Equation (4.7) that

𝜌3,∗(𝜌
∗
3𝜆 (3) · [Tac𝑖]) = 𝜌3,∗𝜌

∗
3𝜑𝑖,∗𝜑

∗
𝑖𝜆 (3) = 𝜌3,∗𝜑𝑖,∗(2[pt]) = 2[Tri 𝑗𝑘 ] = 8𝜆4

(3) . �

We may now solve the linear system above and find 𝑢 = 𝑎 = −𝑐 = 8, 𝑣 = −𝑏 = 𝑓 = 4.
Proposition 4.5. The classes of the tacnodal loci are

[Tac𝑖] = 8𝜆3
(2) − 4(𝜏3

ℎ 𝑗 + 𝜏3
ℎ𝑘 + 𝜏3

𝑗𝑘 ) + 8(𝜏3
𝑖ℎ + 𝜏3

𝑖 𝑗 + 𝜏3
𝑖𝑘 ),

[Tac𝑖 𝑗 ] = 4𝜆3
(2) − 8(𝜏3

𝑖 𝑗 + 𝜏3
ℎ𝑘 ) + 4(𝜏3

𝑖ℎ + 𝜏3
𝑖𝑘 + 𝜏3

𝑗ℎ + 𝜏3
𝑗𝑘 ).

The equivariant normal bundle is given by Lemma 2.23. We can now compute the Chow ring of
M1,4 (

3
2 ) by applying the weighted blow-up formula (2.1).

Proposition 4.6. The Chow ring of the moduli stack of aligned 4-marked 1-stable curves of genus 1
is generated by the symbols 𝜆 (2) , 𝜏𝑖 𝑗 , 𝛽𝑖 , 𝛽𝑖 𝑗 = 𝛽ℎ𝑘 (where [4] = {𝑖, 𝑗 , ℎ, 𝑘}), subject to the following
relations:

(1 − 6) 𝜆 (2)𝜏𝑖 𝑗 + 𝜏2
𝑖 𝑗 , {𝑖, 𝑗} ⊂ [4],

(7 − 21) 𝜏𝑖 𝑗𝜏ℎ𝑘 , {ℎ, 𝑘} ≠ {𝑖, 𝑗},

(22 − 27) 12𝜏4
𝑖 𝑗 + 4(𝜆4

(2) −
∑
𝑟 ,𝑙

𝜏4
𝑟𝑙),

4Alternatively, from Proposition 2.20 we obtain
∫

Tac𝑖
𝜑∗
𝑖 𝜆(2) =

∫
Tac𝑖

𝜑∗
𝑖 𝜓𝑗 − 2, since the universal 2-stable curve over Tac𝑖 is

obtained by gluing a trivial family (P1 , 𝑖, ★) with a moving (P1 , ℎ, 𝑗 , 𝑘, ★) , so the marking j ends up on a rational tail twice. We
conclude by Equation (4.5).
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(28 − 39) 𝛽𝑖𝜏𝑖 𝑗 𝑗 ∈ [4] \ {𝑖},
(40 − 51) 𝛽𝑖 (𝜆 (2) + 𝜏𝑗𝑘 ), 𝑗 , 𝑘 ∈ [4] \ {𝑖},
(52 − 57) 𝛽𝑖𝛽 𝑗 , 𝑗 ∈ [4] \ {𝑖},
(58 − 61) 24𝛽𝑖 (3𝜆 (2) 𝛽𝑖 − 𝛽2

𝑖 ) + [Tac𝑖],
(62 − 67) 𝛽𝑖 𝑗𝜏𝑖ℎ , ℎ ∈ [4] \ {𝑖, 𝑗},

(68 − 73) 𝛽𝑖 𝑗 (𝜆 (2) + 𝜏𝑖 𝑗 ),

(74 − 85) 𝛽𝑖 𝑗 𝛽ℎ , ℎ ∈ [4],
(86 − 91) 𝛽𝑖 𝑗 𝛽ℎ𝑘 , {ℎ, 𝑘} ≠ {𝑖, 𝑗},

(92 − 94) 24𝛽𝑖 𝑗 (3𝜆 (2) 𝛽𝑖 𝑗 − 𝛽2
𝑖 𝑗 ) + [Tac𝑖 𝑗 ] .

The Hilbert series of the rational Chow ring of the moduli space 𝑀1,4 (
3
2 ) is equal to 1 + 14𝑡 + 21𝑡2 +

14𝑡3 + 𝑡4.

According to Proposition 2.21, we make the substitution 𝜆 (1) = 𝜆 (2) −
∑
𝑖 𝛽𝑖 −

∑
𝑖, 𝑗 𝛽𝑖 𝑗 .

Proposition 4.7. The Chow ring of M1,4(
3
2 ) is generated by 𝜆 (1) , 𝜏𝑖 𝑗 , 𝛽𝑖 , 𝛽𝑖 𝑗 = 𝛽ℎ𝑘 with:

(1 − 6) 𝜏𝑖 𝑗 (𝜆 (1) + 𝛽ℎ + 𝛽𝑘 + 𝛽𝑖 𝑗 + 𝜏𝑖 𝑗 ), {𝑖, 𝑗} ⊂ [4],
(7 − 21) 𝜏𝑖 𝑗𝜏ℎ𝑘 , {ℎ, 𝑘} ≠ {𝑖, 𝑗},

(22 − 27) 12𝜏4
𝑖 𝑗 + 4((𝜆 (1) +

∑
𝑖

𝛽𝑖 +
∑
𝑖, 𝑗

𝛽𝑖 𝑗 )
4 −

∑
𝑟 ,𝑙

𝜏4
𝑟𝑙),

(28 − 39) 𝛽𝑖𝜏𝑖 𝑗 𝑗 ∈ [4] \ {𝑖},
(40 − 51) 𝛽𝑖 (𝜆 (1) + 𝛽𝑖 + 𝜏𝑗𝑘 ), 𝑗 , 𝑘 ∈ [4] \ {𝑖},
(52 − 57) 𝛽𝑖𝛽 𝑗 , 𝑗 ∈ [4] \ {𝑖},
(58 − 61) 24𝛽𝑖 (3𝜆 (1) 𝛽𝑖 + 2𝛽2

𝑖 ) + [Tac𝑖],
(62 − 67) 𝛽𝑖 𝑗𝜏𝑖ℎ , ℎ ∈ [4] \ {𝑖, 𝑗},

(68 − 73) 𝛽𝑖 𝑗 (𝜆 (1) + 𝛽𝑖 𝑗 + 𝜏𝑖 𝑗 ),

(74 − 85) 𝛽𝑖 𝑗 𝛽ℎ , ℎ ∈ [4],
(86 − 91) 𝛽𝑖 𝑗 𝛽ℎ𝑘 , {ℎ, 𝑘} ≠ {𝑖, 𝑗},

(92 − 94) 24𝛽𝑖 𝑗 (3𝜆 (1) 𝛽𝑖 𝑗 + 2𝛽2
𝑖 𝑗 ) + [Tac𝑖 𝑗 ] .

4.2.2. The Chow ring of M1,4 (1)
The pullback homomorphism

𝜌∗
3
2

: 𝐴∗
(
M1,4 (1)

)
−→ 𝐴∗

(
M1,4

(
3
2

))
is injective [16, Proposition 6.7(b)], hence if we know a set of generators of 𝐴∗(M1,4 (1)), we can
deduce a full presentation by looking at the subring of 𝐴∗(M1,4(

3
2 )) generated by their pullback. We

recall the following useful lemma.

Lemma 4.8. Let 𝜄 : 𝑍 ↩→ 𝑋 be a regularly embedded subvariety of a smooth ambient space. If Gysin
pullback along 𝜄 is surjective, then im(𝜄∗) is generated as an ideal by the fundamental class [𝑍].

Proof. If 𝛼 = 𝜄∗𝛼̃, the projection formula implies that 𝜄∗𝛼 = 𝛼̃ · [𝑍]. �

We recall our running convention: for 𝑆 ⊆ [4], the boundary divisor Δ (1)𝑆 ⊂ M1,4(1) is the
substack of curves with a separating node such that the markings 𝑝𝑖 , 𝑖 ∈ 𝑆, lie on the genus one side. Its
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fundamental class is denoted by 𝛿𝑆 . On the other hand, we have denoted by T𝑖 𝑗 (and 𝜏𝑖 𝑗 ) the locus (and
its class) of rational tails marked by i and j in M1,4(2).

Proposition 4.9. The Chow ring of M1,4 (1) is generated by 𝜆 (1) , {𝛿𝑖}𝑖∈[4] and {𝛿𝑖 𝑗 }{𝑖, 𝑗 }⊂[4] . We have:

𝜌∗
3
2
(𝜆 (1) ) = 𝜆 (1) , 𝜌∗

3
2
(𝛿𝑖) = 𝛽𝑖 , 𝜌∗

3
2
(𝛿𝑖 𝑗 ) = 𝜏ℎ𝑘 + 𝛽ℎ𝑘 .

Proof. The second statement is a simple computation of the total transform of Δ (1)𝑖 and Δ (1)𝑖 𝑗 .
For proving the first statement, let B( 3

2 ) = ∪B𝑖 𝑗 be the exceptional divisor of 𝜌 3
2
, where B𝑖 𝑗 is the

exceptional divisor of 𝜌2 that lies over Tac𝑖 𝑗 . We claim that 𝐴∗(M1,4(
3
2 ) \ B( 3

2 )) is generated by 𝜆 (1) ,
{𝛽𝑖}𝑖∈[4] and {𝜏𝑖 𝑗 }{𝑖, 𝑗 }⊂[4] . This claim follows from the previous lemma and the surjectivity of the
pullback homomorphism for every 𝑖, 𝑗 :

𝜄∗𝑖 𝑗 : 𝐴∗

(
M1,4

(
3
2

))
−→ 𝐴∗(B𝑖 𝑗 ).

Recall the isomorphism:

B𝑖 𝑗 � M1,2 (1) × P1 � P (2, 3, 4) × P1,

So, the Chow ring of B𝑖 𝑗 is generated (as a ring) by the two hyperplane classes ℎP and ℎP1 . We have
𝜄∗𝑖 𝑗 𝛽𝑖 𝑗 = −ℎP1 and 𝜄∗𝑖 𝑗 (𝜌

∗
3
2
𝜆 (1) ) = ℎP , so 𝜄∗𝑖 𝑗 is surjective.

Observe that 𝜌 3
2

induces an isomorphism of M1,4 (
3
2 ) \B( 3

2 ) with M1,4(1) \EB(1), where EB(1) =
∪EB𝑖 𝑗 is the codimension two substack of elliptic bridges, and EB𝑖 𝑗 � P (2, 3, 4), whose Chow ring
is generated by the restriction of 𝜆 (1) . Moreover, the locus EB𝑖 𝑗 is the transversal intersection of the
divisors Δ (1)𝑖 𝑗 and Δ (1)ℎ𝑘 , thus [EB𝑖 𝑗 ] = 𝛿𝑖 𝑗𝛿ℎ𝑘 . We conclude that 𝐴∗(M1,4 (1)) is generated by 𝜆 (1) ,
{𝛿𝑖}𝑖∈[4] , {𝛿𝑖 𝑗 }{𝑖, 𝑗 }⊂[4] as a ring. �

Corollary 4.10. 𝐴∗(M1,4 (1)) is generated by 𝜆 (1) , {𝛽𝑖}𝑖∈[4] , {𝛽𝑖 𝑗 + 𝜏𝑖 𝑗 }{𝑖, 𝑗 }⊂[4] as a subring of
𝐴∗(M1,4(

3
2 )).

We find a presentation of 𝐴∗(M1,4(1)) by eliminating the remaining variables from 𝐴∗(M1,4 (
3
2 )).

The following has been produced by Sage [38]; we do not know if it is a minimal presentation.

Proposition 4.11. The Chow ring of the moduli stack of 4-marked pseudo-stable curves of genus one is:

𝐴∗(M𝑝𝑠

1,4) = Z[𝜆 (1) , {𝛿𝑖 𝑗 }{𝑖, 𝑗 }⊂[4] , {𝛿𝑖}𝑖∈[4] ]/𝐼 𝑝𝑠1,4

where 𝐼 𝑝𝑠1,4 is generated by the following relations:

(1 − 6) 𝛿𝑖𝛿 𝑗 , 𝑖 ≠ 𝑗 ,

(7 − 18) 𝛿𝑖 𝑗𝛿𝑖ℎ , 𝑖 ≠ 𝑗 ≠ ℎ,

(19 − 30) 𝛿𝑖𝛿ℎ 𝑗 , 𝑖 ≠ 𝑗 ≠ ℎ,

(31 − 42) 𝛿𝑖 (𝛿𝑖 𝑗 − 𝛿𝑖ℎ), 𝑖 ≠ 𝑗 ≠ ℎ,

(43 − 48) 𝛿𝑖 𝑗 (𝜆 (1) + 𝛿𝑖 𝑗 + 𝛿𝑖 + 𝛿 𝑗 ), 𝑖 ≠ 𝑗 ,

(49 − 60) 𝛿𝑖 (𝜆 (1) + 𝛿𝑖 𝑗 + 𝛿𝑖), 𝑖 ≠ 𝑗 ,

(61 − 72) 𝛿𝑖𝛿
2
𝑖 𝑗 , 𝑖 ≠ 𝑗

(73 − 75) 12(𝛿3
𝑖 𝑗 − 𝛿3

𝑖𝑘 − 𝛿3
𝑗ℎ + 𝛿3

ℎ𝑘 ), {𝑖, 𝑗 , ℎ, 𝑘} = [4],
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(76 − 87) 12(2𝛿3
𝑖 + 6𝛿2

𝑖 𝛿𝑖𝑘 + 𝛿3
𝑖𝑘 − 𝛿𝑖𝑘𝛿2

𝑗ℎ − 𝛿𝑖ℎ𝛿2
𝑗𝑘 − 𝛿3

𝑗𝑘 − 𝛿𝑖 𝑗𝛿
2
ℎ𝑘 − 𝛿3

ℎ𝑘 ), {𝑖, 𝑗 , ℎ, 𝑘} = [4],

(88 − 93) 𝑓𝑖 𝑗 (see below), {𝑖, 𝑗 , ℎ, 𝑘} = [4],

𝑓𝑖 𝑗 = 4(𝜆3
(1) + 𝛿3

𝑖 + 𝛿3
𝑗 + 𝛿3

ℎ + 𝛿3
𝑘 + 𝛿3

𝑖 𝑗 + 𝛿3
𝑖ℎ

+ 3𝛿2
𝑖 𝛿𝑖𝑘 − 2𝛿3

𝑖𝑘 − 𝛿𝑖𝑘𝛿2
𝑗ℎ − 2𝛿3

𝑗ℎ + 3𝛿2
𝑗𝛿 𝑗𝑘 − 𝛿𝑖ℎ𝛿2

𝑗𝑘 + 𝛿3
𝑗𝑘 + 3𝛿2

ℎ𝛿ℎ𝑘 + 3𝛿2
𝑘𝛿ℎ𝑘 − 𝛿𝑖 𝑗𝛿

2
ℎ𝑘 + 𝛿3

ℎ𝑘 ).

The Hilbert series of the rational Chow ring of 𝑀
𝑝𝑠
1,4 is equal to 1 + 11𝑡 + 18𝑡2 + 11𝑡3 + 𝑡4.

4.3. The Chow ring of M1,4

We know from Corollary 2.19 that M1,4 is a weighted blow-up of M1,4(1) centred at Cu, which is the
closed substack of cuspidal curves. As usual, we need the following three ingredients in order to apply
the weighted blow-up formula for Chow rings:

1. surjectivity and the kernel of the pullback homomorphism 𝜄∗ : 𝐴∗(M1,4 (1)) → 𝐴∗(M0,5).
2. the fundamental class of Cu ⊂ M1,4 (1),
3. the normal bundle of Cu, and

Recall that the locus of cuspidal curves Cu1,4 is isomorphic to M0,5 by pinching the fifth section.
In turn, M0,5 is isomorphic to the blow-up of P1 × P1 in three points (0, 0), (1, 1) and (∞,∞). The
calculation of its Chow rings follows from this explicit description. We take it directly from [20, Theorem
1]: let S be a subset of the markings set [5] of cardinality between 2 and 3, and let 𝐷𝑆 be (the class of)
the divisor in M0,5 of curves with a node separating the markings indexed by S from those indexed by
𝑆𝑐 . We say that two sets of indices S and T are incomparable if 𝑆 � 𝑇, 𝑆𝑐 � 𝑇, 𝑇 � 𝑆, 𝑇𝑐 � 𝑆. Keel’s
result is the following:

Theorem 4.12 (Keel). The integral Chow ring of M0,5 is:

𝐴∗(M0,5) = Z[𝐷
𝑆]/

���𝐷𝑆 − 𝐷𝑆𝑐
,

∑
𝑖, 𝑗∈𝑆,ℎ,𝑘∈𝑆𝑐

𝐷𝑆 −
∑

𝑖,ℎ∈𝑆, 𝑗,𝑘∈𝑆𝑐

𝐷𝑆 ; 𝐷𝑆𝐷𝑇 ��� ℎ,𝑖, 𝑗 ,𝑘∈[5]
𝑆,𝑇 incomparable

We observe that the following relations hold under pullback:

𝜄∗𝛿ℎ𝑘 = 𝐷 {𝑖, 𝑗 }, {𝑖, 𝑗} ⊆ [4], (4.8)

𝜄∗𝛿𝑖 = 𝐷 {𝑖,5}, 𝑖 ∈ [4] . (4.9)

This already shows the surjectivity of 𝜄∗.
To compute the restriction of 𝜆 (1) , we first relate it to a 𝜓-class on M1,4 (1), and then express every

term in terms of Keel’s basis after pulling them back to M0,5. First, Proposition 2.20 identifies the
difference between 𝜆 (1) and 𝜓1 with the class of the divisor where the first marking lies on a rational
tail:

𝜆 (1) = 𝜓1 −
∑

{𝑖, 𝑗 ,𝑘 }={2,3,4}
(𝛿𝑖 𝑗 + 𝛿𝑘 ). (4.10)

Observe now that 𝜄∗𝜓1 = 𝜓1 because the pinching occurs away from the first marking. Finally, we write
𝜓1 ∈ 𝐴1(M0,5) in terms of boundary classes. The comparison of 𝜓 classes under forgetting the last
marking gives us:

𝜓 {0,5}
1 = 𝑓 ∗5 𝜓 {0,4}

1 + 𝐷 {1,5} . (4.11)
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For the same reason, 𝜓 {0,4}
1 = 𝐷 {1,4}, so we conclude:

𝜄∗𝜆 (1) = 𝐷 {1,4} + 𝐷 {2,3} + 𝐷 {1,5} − (𝐷 {1,2} + 𝐷 {1,3} + 𝐷 {1,4} + 𝐷 {2,5} + 𝐷 {3,5} + 𝐷 {4,5})

= −(𝐷 {1,3} + 𝐷 {2,5} + 𝐷 {4,5}) = −𝜄∗(𝛿24 + 𝛿2 + 𝛿4).

Putting this together with Equation (4.8), we deduce the following.

Lemma 4.13. The kernel of the pullback homomorphism 𝜄∗ : 𝐴∗(M1,4 (1)) → 𝐴∗(M0,5) is gener-
ated by:

(1) (𝛿12 + 𝛿34) − (𝛿13 + 𝛿24),
(2) (𝛿12 + 𝛿34) − (𝛿14 + 𝛿23),

(3-10) (𝛿ℎ𝑘 + 𝛿ℎ) − (𝛿 𝑗𝑘 + 𝛿 𝑗 ), 𝑗 , ℎ, 𝑘 ∈ [4],
(11) 𝜆 (1) + 𝛿24 + 𝛽2 + 𝛽4.

Finally, from Corollary 2.26 we know that:

[Cu] = 24𝜆2
(1) ∈ 𝐴2 (M1,4 (1)),

NCu/M1,4 (1) = (H(1)⊗4 ⊕ H(1)⊗6)|Cu.

Denoting by 𝛿∅ the fundamental class of the divisor in M1,4 of curves with an unmarked elliptic tail,
applying (2.1) gives us the following.

Proposition 4.14. We have

𝐴∗(M1,4) = Z[𝜆 (1) , {𝛿𝑖 𝑗 }{𝑖, 𝑗 }⊂[4] , {𝛿𝑖}𝑖∈[4] , 𝛿∅]/𝐼 ′1,4

where 𝐼 ′1,4 is generated by the relations

(1 − 93) as in Proposition 4.11,

(94) 𝛿∅ ((𝛿12 + 𝛿34) − (𝛿13 + 𝛿24)),

(95) 𝛿∅ ((𝛿12 + 𝛿34) − (𝛿14 + 𝛿23)),

(96 − 103) 𝛿∅ ((𝛿ℎ𝑘 + 𝛿ℎ) − (𝛿 𝑗𝑘 + 𝛿 𝑗 )), 𝑗 , ℎ, 𝑘 ∈ [4],
(104) 𝛿∅ (𝜆 (1) + 𝛿24 + 𝛿2 + 𝛿4),

(105) 24(𝜆 (1) − 𝛿∅)
2.

To conclude, because of Proposition 2.21 we have 𝜆 = 𝜆 (1) − 𝛿∅, where 𝜆 is the first Chern class
of the Hodge line bundle on M1,4. Applying this change of variable, we finally get to the following
presentation for 𝐴∗(M1,4). As above, we do not know whether it is minimal.

Theorem 4.15. We have

𝐴∗(M1,4) = Z[𝜆, {𝛿𝑖 𝑗 }{𝑖, 𝑗 }⊂[4] , {𝛿𝑖}𝑖∈[4] , 𝛿∅]/𝐼1,4

where 𝐼1,4 is generated by the following relations:

(1 − 6) 𝛿𝑖𝛿 𝑗 , 𝑖 ≠ 𝑗 ,

(7 − 18) 𝛿𝑖 𝑗𝛿𝑖ℎ , 𝑗 ≠ ℎ,

(19 − 30) 𝛿𝑖𝛿ℎ 𝑗 , ℎ, 𝑗 ≠ 𝑖

(31 − 42) 𝛿𝑖 (𝛿𝑖 𝑗 − 𝛿𝑖ℎ), 𝑖 ≠ 𝑗 ≠ ℎ,

(43 − 48) 𝛿𝑖 𝑗 (𝜆 + 𝛿∅ + 𝛿𝑖 𝑗 + 𝛿𝑖 + 𝛿 𝑗 ), 𝑖 ≠ 𝑗 ,
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(49 − 60) 𝛿𝑖 (𝜆 + 𝛿∅ + 𝛿𝑖 𝑗 + 𝛿𝑖), 𝑗 , ℎ ≠ 𝑖,

(61 − 72) 𝛿𝑖𝛿
2
𝑖 𝑗 , 𝑖 ≠ 𝑗

(73 − 75) 12(𝛿3
𝑖 𝑗 − 𝛿3

𝑖𝑘 − 𝛿3
𝑗ℎ + 𝛿3

ℎ𝑘 ), {𝑖, 𝑗 , ℎ, 𝑘} = [4],

(76 − 87) 12(2𝛿3
𝑖 + 6𝛿2

𝑖 𝛿𝑖𝑘 + 𝛿3
𝑖𝑘 − 𝛿𝑖𝑘𝛿2

𝑗ℎ − 𝛿𝑖ℎ𝛿2
𝑗𝑘 − 𝛿3

𝑗𝑘 − 𝛿𝑖 𝑗𝛿
2
ℎ𝑘 − 𝛿3

ℎ𝑘 ), {𝑖, 𝑗 , ℎ, 𝑘} = [4],

(88 − 93) 𝑓𝑖 𝑗 (see below), {𝑖, 𝑗 , ℎ, 𝑘} = [4] .
(94) 𝛿∅ ((𝛿12 + 𝛿34) − (𝛿13 + 𝛿24)),

(95) 𝛿∅ ((𝛿12 + 𝛿34) − (𝛿14 + 𝛿23)),

(96 − 103) 𝛿∅ ((𝛿ℎ𝑘 + 𝛿ℎ) − (𝛿 𝑗𝑘 + 𝛿 𝑗 )), 𝑗 , ℎ, 𝑘 ∈ [4],
(104) 𝛿∅ (𝜆 + 𝛿∅ + 𝛿24 + 𝛿2 + 𝛿4),

(105) 24𝜆2,

𝑓𝑖 𝑗 = 4((𝜆 + 𝛿∅)
3 + 𝛿3

𝑖 + 𝛿3
𝑗 + 𝛿3

ℎ + 𝛿3
𝑘 + 𝛿3

𝑖 𝑗 + 𝛿3
𝑖ℎ

+ 3𝛿2
𝑖 𝛿𝑖𝑘 − 2𝛿3

𝑖𝑘 − 𝛿𝑖𝑘𝛿2
𝑗ℎ − 2𝛿3

𝑗ℎ + 3𝛿2
𝑗𝛿 𝑗𝑘 − 𝛿𝑖ℎ𝛿2

𝑗𝑘 + 𝛿3
𝑗𝑘 + 3𝛿2

ℎ𝛿ℎ𝑘 + 3𝛿2
𝑘𝛿ℎ𝑘 − 𝛿𝑖 𝑗𝛿

2
ℎ𝑘 + 𝛿3

ℎ𝑘 ).

The Hilbert series of the rational Chow ring of 𝑀1,4 is equal to 1 + 12𝑡 + 23𝑡2 + 12𝑡3 + 𝑡4.

A. Logarithmic resolution of forgetful maps

We come back to the problem of Section 2.8 in greater generality and in a different language.
Recall that, contrary to the nodal case, the forgetful map M1,𝑛 (𝑚) � M1,𝑛−1 (𝑚) is only rational

for 𝑚 ≥ 2; in other words, M1,𝑛 (𝑚) is only birational to the universal curve over M1,𝑛−1 (𝑚). Basically,
the reason is that elliptic m-fold points – as well as their higher genus generalisations – have nontrivial
moduli of attaching data, so these singularities are not determined by their pointed normalisation.

Suppose that the n-th marking lies on the core, and that the latter has level 𝑚 + 1. Then forgetting
𝑝𝑛 makes the curve m-unstable. The solution is to contract the core after sprouting the markings lying
directly on it; this will increase the level, since there must be at least one rational tail containing at least
two special points. The contraction is not well-defined as soon as there are at least two rational tails. In
order to resolve the indeterminacy, it is enough to blow up the loci T𝑆 (𝑚), where S is a partition of [𝑛]
into 𝑚 + 1 parts, of which at least two have |𝑆𝑖 | ≥ 2, and one is the singleton {𝑛}; see [36, §2.1].

We now want to forget 𝑛 − 𝑚 markings at once. Smyth’s procedure would produce a zig-zag of
spaces. With a touch of logarithmic geometry we may instead resolve the indeterminacy simultaneously
by adapting the strategy of [32], as we now explain.

To every n-marked m-stable elliptic curve C we can associate an m-marked genus-weighted graph
Γ𝑚 as follows: Γ𝑚 has one vertex (of genus 1) corresponding to the core, and one vertex (of genus 0)
for every irreducible component not belonging to the core; edges correspond to nodes, except for those
internal to the core (in case the latter is a cycle of P1s); moreover, Γ𝑚 has m legs corresponding to the
first m markings of C, each attached to the vertex corresponding to the subcurve containing it. Finally,
vertices of genus 0 and valence 1 or 2 are removed as follows: bridges are forgotten, while for tails we
perform an edge contraction of the unique adjacent edge.

We now define M1,𝑛 (𝑚)† as the moduli functor over log schemes representing aligned n-marked
m-stable curves of arithmetic genus one: these curves have at worst m-fold elliptic singularities; they
are endowed with the trivial log structure on the complement of the rational tails (the ‘interior’ of the
core), and with the log smooth log structure away from the singular points of the core, so that for every
geometric point s of the base S the dual graph Γ𝑚(𝐶𝑠) is naturally metrised in the base characteristic
monoid 𝑀𝑆,𝑠 . Finally, we require that the tropical distances from the rational tails to the core are totally
ordered in the base monoid (alignment).
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Figure 1. The generic dual graph in the divisor 𝜏S : there is at least one stable rational tail, and all
rational tails are at the same distance R from the core (𝑟 > 𝑚).

Proposition A.1. Let 𝑚 ≤ 5. Then M1,𝑛 (𝑚)† is represented by a smooth Deligne–Mumford stack which
is log smooth with a locally free logarithmic structure. It is a log blow-up of M1,𝑛 (𝑚).

Proof. Analogous to [32, Proposition 3.3.4]. Consider the forgetful map M1,𝑛 (𝑚) → U1,𝑚, where the
latter denotes the stack of m-marked Gorenstein curves of genus one. As usual, we can replace U1,𝑚
with a finite type substack containing the image of M1,𝑛 (𝑚) (in particular, we can restrict to curves
with at worst elliptic m-fold points); we abuse notation by assuming this is done. Now, endow U1,𝑚 with
the toroidal log structure induced by the divisor of rational tails. Aligning corresponds to a logarithmic
blow-up of the latter, as explained in [32, §3.4], which is then pulled back to M1,𝑛 (𝑚). �

The Picard group of M1,𝑛 (𝑚) is freely generated by 𝜆 and boundary divisors 𝜏𝑆 , 𝑆 ⊆ [𝑛] such that
2 ≤ |𝑆 | ≤ 𝑛−𝑚 denoting the markings on the rational tail [35, Proposition 3.2] (recall that 𝜆 and 𝛿irr are
multiples of one another). On M1,𝑛 (𝑚)† we have the exceptional divisors as well [36, Proposition 3.2].
They can be interpreted modularly and described in tropical terms. In fact, the Picard group ofM1,𝑛 (𝑚)†

is generated by those boundary strata that depend on a single tropical parameter. These strata 𝜏S are now
indexed by partitions S of the marking set [𝑛]: two markings belong to the same part if there is a node
separating them from the core. In particular, S has at least 𝑚+1 (level condition) and at most 𝑛−1 parts.

Let us denote by 𝑏 : M1,𝑛 (𝑚)† → M1,𝑛 (𝑚) the blow-up map. Then, 𝜏S is an exceptional divisor
of b precisely when there is more than one part of S of cardinality ≥ 2 (the number of such parts is
the codimension of the corresponding stratum in M1,𝑛 (𝑚)); at the generic point of 𝜏S , all the stable
rational tails are equidistant from the core. See Figure 1.

Proposition A.2. There is a forgetful map 𝑓𝑛,𝑚 : M1,𝑛 (𝑚)† → M̃1,𝑚 such that:

𝑓 ∗𝑛,𝑚(H̃(𝑚)) = H(𝑚) ⊗ OM1,𝑛 (𝑚)†
���

∑
S�[𝑛], |S | ≥𝑚+1, [𝑚]→S not injective

𝜏S
���. (A.1)

Moreover, the preimage of the m-fold point Z is the union of the loci of m-fold points such that every
𝑝𝑖 , 𝑖 = 1, . . . , 𝑚, cleaves to a different branch Ell{{𝑝1 ,...},..., {𝑝𝑚 ,...}} (𝑚). In a neighbourhood of this
locus, b is an isomorphism, and 𝑓𝑛,𝑚 is flat; in particular, the normal bundle can be read off from
Lemma 2.23.

Proof. The construction of the forgetful map follows along the lines of [32, Theorem 3.7.1]: consider
circles or radius R around the core; let 𝑅𝑚 be the minimal radius such that the inner valence of the
corresponding circle is ≤ 𝑚 (this determines the singularity of the contraction), and the outer valence
is ≥ 𝑚 (this determines the core level of the contraction). There is a log modification 𝐶 of the universal
curve C over M1,𝑛 (𝑚)† corresponding to the subdivision of every edge (finite or infinite) at distance
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𝑅𝑚 from the core, cf. [32, Proposition 3.6.1]; geometrically, this corresponds to sprouting markings and
blowing up nodes as necessary to make sure that, when marked with the strict transforms of 𝑝1, . . . , 𝑝𝑚,
the markings may lie on the core only if the level of the latter is at least m.

Let 𝜇 denote the conewise-linear (CL) function on Γ𝑚 representing the minimum between 𝑅𝑚 and
the distance from the core: the fundamental exact sequence of log geometry associates to 𝜇 a line bundle
O𝐶 (𝜇), which can be interpreted fibrewise according to the dictionary of [32, Proposition 2.4.1]. In
particular, the line bundle L = 𝜔𝐶 (𝑝1 + . . . + 𝑝𝑚 − 𝜇) is relatively semiample, trivial on the disc of
radius 𝑅𝑚, and ample outside of it, so that we obtain a contraction:

𝐶 𝐶

M1,𝑛 (𝑚)†

𝜏

where 𝐶 = ProjM† (
⊕

𝑘≥0 𝜋̃∗L⊗𝑘 ) is almost (𝑚 − 1)-stable when pointed with 𝑝1, . . . , 𝑝𝑚, cf. [32,
Proposition 3.7.6.1]. Roughly speaking, 𝜏 performs the following operations:

◦ forgets all but the first m markings,
◦ contracts all the rational tails and bridges that have thus been made unstable,
◦ contracts a balanced subcurve of genus one in such a way to produce an elliptic l-fold point, with

𝑙 ≤ 𝑚, and level at least m.

This contraction induces the morphism 𝑓𝑛,𝑚 : M1,𝑛 (𝑚)† → M̃1,𝑚.
Proposition 2.21 implies that the Hodge bundle is unaffected by the contraction of rational compo-

nents, whereas it changes by the divisorial loci over which the core is contracted. This happens precisely
when the level of the core of C, marked by 𝑝1, . . . , 𝑝𝑚 only, is strictly lower than m, that is, when at
least two of the first m markings belong to the same rational tail. This is exactly the condition that the
map [𝑚] → 𝑆 associating to i the part to which 𝑝𝑖 belongs is not injective.

Finally, we notice that, as soon as two among the first m markings lie on the same rational tail, the
above procedure produces an elliptic l-fold point with 𝑙 < 𝑚 in 𝐶; hence, 𝐶 has an elliptic m-fold point
if and only if C has one, such that each 𝑝𝑖 cleaves (possibly through a rational chain) to a distinct branch.
This locus is contained in the complement of the divisor where at least two markings among the first
m are separated from the core by a (the same) separating node, and in particular it is disjoint from the
blow-up centre.

The flatness of F can be proved by induction on n: the base case is 𝑛 = 𝑚 + 1. In this case, the
morphism 𝐹 : M1,𝑚+1(𝑚) → M̃1,𝑚 is defined without need of blowing up, because the curve always
coincides with its core. In particular, no core contraction ever occurs, so that F identifies M1,𝑚+1(𝑚)

with the universal curve over M̃1,𝑚 minus the universal sections and the l-fold elliptic points; being
the composition of an open embedding and a flat family, F is therefore flat. The inductive step follows
along the same lines. �
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