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Abstract

We calculate the mechanical response r(x, t) of an initially quiescent semi-infinite homoge-
neous medium to a pulse applied at the origin, and this is achieved within the framework
of the Kelvin–Voigt model. Although this problem has been extensively studied in the
literature because of its wide range of applications—particularly in seismology—here, we
present a solution in a novel integral form. This integral solution avoids the numerical
computation of the solution in terms of the inverse Laplace transform; that is, numerical
integration in the complex plane. In particular, we derive integral form expressions for
both delta-pulse and step-pulse excitations which are simpler and more computationally
efficient than those previously reported in the literature. Furthermore, the obtained expres-
sions allow us to obtain simple asymptotic formulas for r(x, t) as x, t → 0, ∞ for both step-
and delta-type pulses.

Keywords: transient waves in linear viscoelasticity; Kelvin–Voigt model; Laplace transform
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1. Introduction
The problem of determining the response of uniaxial waves in an initially quiescent

semi-infinite medium is fundamental in linear viscoelasticity and is discussed in most
standard textbooks on rheology. Indeed, it constitutes a preliminary step for the analysis of
wave propagation in linear dispersive media subject to dissipation, including seismic waves
in the Earth. Following the notation used in Mainardi’s book [1], we consider the mechanical
response r(x, t) at time t ≥ 0 of an initially quiescent, semi-infinite homogeneous medium
extending over x ≥ 0 (with density ρ) to a pulse applied at the origin; that is, r0(t) = r(0, t).
As pointed out in Hunter’s review paper [2], the quantity r(x, t) may represent the stress
σ(x, t), strain ε(x, t), displacement u(x, t), or particle velocity v(x, t). According to the
classical theory described in [1] (Sect. 4.2.1) (see also [2]), the response is obtained through
the inversion of Laplace transform of the form

r(x, t) =
1

2πi

∫ γ+i ∞

γ−i ∞
r̃0(s) exp(s[t − µ(s) x]) ds, (1)

where γ > 0, s is the Laplace parameter, r̃0(s) is the Laplace transform of the applied pulse
r0(t), and µ(s) is a characteristic complex function depending on the Laplace transform
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of the material functions; that is, the creep compliance J(t) (the strain to a step input of
stress) and the relaxation modulus G(t) (the stress to a step input of strain), according to
the equation:

µ(s) = s
√

ρ s J̃(s) = s

√
ρ

s G̃(s)
. (2)

Here, we have used the notation given in [1] where J̃(s) and G̃(s) represent the Laplace
transforms of the creep compliance and relaxation modulus, respectively.

At this point, we would distinguish the case of the existence—or lack thereof—of a
finite wave front velocity c > 0 according to

lim
|s|→∞

µ(s)
s

=

{
0 if 1/J(0) = G(0) = ∞,
1
c if 1/J(0) = G(0) = ρ c2,

(3)

so that only in the second case we have a finite wave-front velocity

c =

√
1

J(0) ρ
=

√
G(0)

ρ
, (4)

and, consequently, the index of refraction n(s) is given by

n(s) = c µ(s). (5)

In this case

r(x, t) =
1

2πi

∫ γ+i ∞

γ−i ∞
r̃0(s) exp(s[t − n(s) x/c]) ds, (6)

so that the response turns out to be zero if x > ct, namely for t < x/c. This justifies
the definition of wave-front velocity. If we do not have a finite wave front velocity, we
have a diffusion phenomenon; that is, an instantaneous propagation of the signal like in
heat conduction.

In [1], we found that the viscoelastic bodies are classified into four types according to
their instantaneous and equilibrium responses. In fact, we easily recognize four possibilities for
the limiting values of the creep compliance and relaxation modulus, as listed in Table 1, where
we have denoted Jg = J(0), Je = J(∞), Gg = G(0), Ge = G(∞) (with Jg Gg = Je Ge = 1).

Table 1. The four types of viscoelasticity.

Type Jg Je Gg Ge

I >0 <∞ <∞ >0
II >0 =∞ <∞ =0
III =0 <∞ =∞ >0
IV =0 =∞ =∞ =0

We note that the viscoelastic bodies of type I exhibit both instantaneous and equilib-
rium elasticity, so their behavior appears close to the purely elastic one for sufficiently short
and long times. The bodies of type II and IV exhibit a complete stress relaxation (at constant
strain) since Ge = 0 and an infinite strain creep (at constant stress) since Je = ∞ , so they
do not show equilibrium elasticity. However, the bodies of type III and IV do not show
instantaneous elasticity since Jg = 0 (Gg = ∞). Concerning wave propagation, according
to (4), only bodies of type I and II exhibit a finite wave-front velocity c, whereas bodies
of type III and IV exhibit diffusion; that is, c → ∞. The simplest body of type III is the
Kelvin–Voigt model, which is the subject of this work. The Kelvin–Voigt model is relevant
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to a wide range of transient wave problems, particularly in seismology, as discussed in
numerous classical and modern studies [3–15].

In this paper, we revisit the transient-wave problem in a Kelvin–Voigt medium and
derive integral-form solutions for both step-pulse and delta-pulse excitations. We also
analyze the asymptotic behavior of these solutions as t → 0, ∞ and x → 0, ∞. Our aim is to
improve and extend upon previous results available in the literature.

2. The Kelvin–Voigt Model
2.1. General Solution

The constitutive relation in the Kelvin–Voigt model is

σ = Ge

[
ε + tε

∂ε

∂t

]
, (7)

where tε > 0 is the retardation time and Ge the equilibrium modulus. Apply the Laplace
transform to the constitutive relation (7) to obtain

σ̃(x, s) = Ge [ ε̃(x, s) + tε(s ε̃(x, s)− ε(x, 0))]. (8)

If we consider that, initially, the rod is unstrained, we have

ε(x, 0) = 0,

thus, (8) is reduced to
σ̃(x, s) = Ge(1 + tεs) ε̃(x, s). (9)

Apply to (9) the derivative with respect to x and take into account the basic equations of
linear viscoelasticity in the Laplace domain (see [1], Sect. 4.2.1), i.e., the equation of motion:

∂

∂x
σ̃(x, s) = ρ s2 r̃(x, s), (10)

and the kinematic equation:

ε̃(x, s) =
∂

∂x
r̃(x, s), (11)

to obtain
ρ

Ge

s2

1 + tεs
r̃(x, s) =

∂2

∂x2 r̃(x, s). (12)

Substituting a solution of the form

r̃(x, s) = a(s) exp(b(s)x),

we arrive at

r̃(x, s) = a(s) exp
(
±
√

ρ

Ge

s√
1 + tεs

x
)

.

According to the boundary conditions in the Laplace domain (see [1], Sect. 4.2.1), i.e.,

r̃(0, s) = r̃0(s), (13)

lim
x→∞

r̃(x, s) = 0, (14)

we have

r̃(x, s) = r̃0(s) exp
(
−
√

ρ

Ge

s√
1 + tεs

x
)

.
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Since [√
ρ

Ge

]
=

1
L T−1 ,

has dimensions of the inverse of a velocity, define the velocity

c′ =

√
Ge

ρ
,

and recast the solution in the Laplace domain as

r̃(x, s) = r̃0(s) exp
(
− s√

1 + tεs
x
c′

)
.

Recall that according to the Laplace transform definition [16] (Eqn. 1.1), the dimension of
the variable s is [s] = T−1; thus, tεs is dimensionless, i.e., [tεs] = 1. Apply the convolution
theorem of the Laplace transform [16] (Theorem 2.39), to obtain

r(x, t) = L−1
[

r̃0(s) exp
(
− s√

1 + tεs
x
c′

)
; t
]

(15)

=
∫ t

0
r0
(
t − t′

)
L−1

[
exp

(
− s√

1 + tεs
x
c′

)
; t′
]

dt′.

Now, consider the dimensionless variables:

ξ =
x

c′ tε
, (16)

τ =
t
tε

, (17)

and the Laplace transform property [17] (1.1.1(4)):

L
[

1
a

e−bt/a f
(

t
a

)
; s
]
= f̃ (a s + b), a > 0, (18)

to calculate

L−1
[

exp
(
− s√

1 + tεs
x
c′

)
; t
]

= L−1
[

exp
(
− ξ tεs√

1 + tεs

)
; t
]

=
e−τ

tε
L−1

[
exp

(
− ξ

√
s +

ξ√
s

)
; τ

]
(19)

In order to calculate the inverse Laplace transform given in (19), define

f (ξ, τ) := L−1

[
exp

(
− ξ

√
s + ξ/

√
s
)

s
; τ

]
, (20)

According to the derivative theorem of the Laplace transform [16] (Theorem 2.7), and
knowing that L−1[1] = δ(τ) [16] (Eqn. 2.37), we have

L−1
[

exp
(
− ξ

√
s +

ξ√
s

)
; τ

]
=

∂

∂τ
f (ξ, τ) + f (ξ, 0) δ(τ). (21)

Now, expand exp
(
ξ/

√
s
)

in (20) to obtain

f (ξ, τ) =
∞

∑
n=0

ξn

n!
L−1

(
exp

(
− ξ

√
s
)

s1+n/2 ; τ

)
.
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According to [17] (Eqn. 2.2.1(11)), we have

L−1

(
exp

(
− ξ

√
s
)

sn/2+1 ; τ

)
=

2n+1
√

π
exp

(
− ξ2

4τ

)
tn/2 H−1−n

(
ξ

2
√

τ

)
,

where Hν(z) denotes the Hermite function [18] (Eqn. 10.2.8). Therefore,

f (ξ, τ) =
2√
π

exp
(
− ξ2

4τ

) ∞

∑
n=0

(
2ξ
√

τ
)n

n!
H−1−n

(
ξ

2
√

τ

)
. (22)

Now, perform the change of variables

z(ξ, τ) =
ξ

2
√

τ
,

to obtain

f (ξ, z) =
2√
π

e−z2
∞

∑
n=0

(
ξ2/z

)n

n!
H−1−n(z).

According to the integral representation [18] (Eqn. 10.5.2):

H−ν(z) =
1

Γ(ν)

∫ ∞

0
exp

(
−u2 − 2u z

)
u−ν−1du, ℜ(ν) > 0,

we find that

f (ξ, z) =
2√
π

e−z2
∞

∑
n=0

(
ξ2/z

)n

(n!)2

∫ ∞

0
exp

(
−u2 − 2u z

)
un du

=
2√
π

∞

∑
n=0

(
ξ2/z

)n

(n!)2

∫ ∞

0
exp

(
−(u + z)2

)
un du

=
2√
π

∫ ∞

0
exp

(
−(u + z)2

)[ ∞

∑
n=0

(
ξ2u

z

)n 1

(n!)2

]
du.

By using the definition of the normalized hypergeometric function 0F1 [18] (Sect. 9.14), i.e.,

0F1

(
−
γ

; x

)
=

1
Γ(γ) 0F1

(
−
γ

; x

)
=

1
Γ(γ)

∞

∑
k=0

xk

(γ)kk!
, (23)

we recast the above result as

f (ξ, τ) =
2√
π

∫ ∞

0
exp

(
−
[

u +
ξ

2
√

τ

]2
)

0F1

(
−
1

; 2ξ
√

τu

)
du. (24)

Moreover, simplify the above expression performing the change of variables v = 2
√

τu − ξ

to arrive at

f (ξ, τ) =
1√
πτ

∫ ∞

ξ
exp

(
− v2

4τ

)
0F1

(
−
1

; ξ(v − ξ)

)
dv. (25)

Note that
lim
τ→0

f (ξ, τ) = 0, (26)

Thus, according to (21), we have

g(ξ, τ) :=
∂

∂τ
f (ξ, τ) = L−1

[
exp

(
− ξ

√
s +

ξ√
s

)
; τ

]
. (27)
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However, from (25), we arrive at

g(ξ, τ) =
1

4
√

π τ5/2

∫ ∞

ξ

(
v2 − 2τ

)
exp

(
− v2

4τ

)
0F1

(
−
1

; ξ(v − ξ)

)
dv. (28)

Consequently,

L−1
[

exp
(
− ξ tεs√

1 + tεs

)
; t
]
=

exp(−t/tε)

tε
g(ξ, t/tε),

and

r(ξ, t) =
1
tε

∫ t

0
r0
(
t − t′

)
exp

(
− t′

tε

)
g
(

ξ,
t′

tε

)
dt′. (29)

Now, perform the change of variables τ′ = t′/tε and take into account the dimensionless
variable τ = t/tε given in (17) to obtain

r(ξ, τ) =
∫ τ

0
r0
(
tε

(
τ − τ′)) e−τ′ g

(
ξ, τ′) dτ′. (30)

2.2. Step Pulse Solution

For the case r0(t) = θ(t), where θ(t) denotes the Heaviside function, we state that

r̃0(s) =
1
s

,

hence, (15) results in

r(x, t) = L−1
[

1
s

exp
(
− s√

1 + tεs
x
c′

)
; t
]

.

According to the dimensionless variable ξ given in (16),

r(ξ, t) = L−1
[

1
s

exp
(
− ξ tε s√

1 + tεs

)
; t
]

= tε L−1
[

1
tε s

exp
(
− ξ tε s√

1 + tεs

)
; t
]

,

and applying (17) and (18), we get

r(ξ, τ) = L−1
[

1
s

exp
(
− ξ s√

1 + s

)
; τ

]
, (31)

so, as s → 0, i.e., τ → ∞ (or equivalently, ξ → 0) we arrive at the following asymptotic
representation:

r(ξ, τ) ≈ L−1
[

1
s

; τ

]
= 1, τ → ∞, (ξ → 0). (32)

However, if we take r0(t) = θ(t) in (30), we obtain

r(ξ, τ) =
∫ τ

0
e−τ′ g

(
ξ, τ′) dτ′.

Integrating by parts, taking into account (26), we arrive at

r(ξ, τ) = e−τ f (ξ, τ) +
∫ τ

0
e−τ′ f

(
ξ, τ′) dτ′, (33)
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where f (ξ, τ) is given in integral form in (25). According to the integral [19] (Eqn. 1.3.3(20))

∫ τ

0

exp
(
−τ′ − v2

4τ′

)
√

π τ′
dτ′ =

1
2

[
e−v erfc

(
v − 2τ

2
√

τ

)
− ev erfc

(
v + 2τ

2
√

τ

)]
,

the solution given in (33) is reduced to

r(ξ, τ) =
∫ ∞

ξ
0F1

(
−
1

; ξ(v − ξ)

)
(34)exp

(
− v2

4τ − τ
)

√
π τ

+
e−v

2
erfc

(
v − 2τ

2
√

τ

)
− ev

2
erfc

(
v + 2τ

2
√

τ

)dv.

2.2.1. Asymptotic Solution for τ → 0 or ξ → ∞

Recall that f (ξ, τ) is given by (24), thus

f (ξ, τ) ≈ 2√
π

∫ ∞

0
exp

(
−
[

u +
ξ

2
√

τ

]2
)

du

= erfc
(

ξ

2
√

τ

)
, τ → 0 or ξ → ∞. (35)

Therefore, from (33) and (35), we arrive at the following asymptotic representation for
τ → 0 (for fixed ξ) or ξ → ∞ (for fixed τ):

r(ξ, τ) ≈ erfc
(

ξ

2
√

τ

)
, τ → 0 or ξ → ∞. (36)

2.2.2. Asymptotic Solution for τ → ∞

Rewrite (33) as

r(ξ, τ) = e−τ f (ξ, τ) +
∫ ∞

0
e−t f (ξ, t) dt︸ ︷︷ ︸

I

−
∫ ∞

τ
e−t f (ξ, t) dt︸ ︷︷ ︸

I(ξ,τ)

. (37)

First, we calculate

I :=
∫ ∞

0
e−t f (ξ, t) dt. (38)

For this purpose, expand f (ξ, τ) according to (23) and (24) as

f (ξ, τ) =
2√
π

∞

∑
k=0

(
2ξ
√

τ
)k

(k!)2

∫ ∞

0
exp

(
−
[

u +
ξ

2
√

τ

]2
)

uk du,

where MATHEMATICA’s computer algebra yields the following result (recall the definition
of the pFq(z) generalized hypergeometric function [20] (Sect. 16.2))

∫ ∞

0
exp

(
−
[

u +
ξ

2
√

τ

]2
)

uk du

=
1
2

{
− ξ√

τ
Γ
(

1 +
k
2

)
1F1

(
1−k

2
3
2

;− ξ2

4τ

)
+ Γ

(
1 + k

2

)
1F1

(
− k

2
1
2

;− ξ2

4τ

)}
,
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thus

f (ξ, τ) = − ξ√
π

∞

∑
k=0

(2ξ)k

(k!)2 Γ
(

1 +
k
2

)
τ(k−1)/2

1F1

(
1−k

2
3
2

;− ξ2

4τ

)

+
1√
π

∞

∑
k=0

(2ξ)k

(k!)2 Γ
(

1 + k
2

)
τk/2

1F1

(
− k

2
1
2

;− ξ2

4τ

)
,

and

I = − ξ√
π

∞

∑
k=0

(2ξ)k

(k!)2 Γ
(

1 +
k
2

) ∫ ∞

0
e−t t(k−1)/2

1F1

(
1−k

2
3
2

;− ξ2

4t

)
dt

+
1√
π

∞

∑
k=0

(2ξ)k

(k!)2 Γ
(

1 + k
2

) ∫ ∞

0
e−t tk/2

1F1

(
− k

2
1
2

;− ξ2

4t

)
dt.

The integrals given above can also be calculated using MATHEMATICA’s computer algebra
as follows:

∫ ∞

0
e−t t(k−1)/2

1F1

(
1−k

2
3
2

;− ξ2

4t

)
dt

=
2−2(1+k)√π k!

Γ
(

1 + k
2

)
ξ

[
−
√

π ξ2+k
1F2

(
1

3+k
2 , 4+k

2
;

ξ2

4

)
+ 22+k sinh ξ

]
,

∫ ∞

0
e−t tk/2

1F1

(
− k

2
1
2

;− ξ2

4t

)
dt

=
2−2(1+k)√π k!

Γ
(

1+k
2

) [
22+k cosh ξ −

√
π ξ2+k

1F2

(
1

3+k
2 , 4+k

2
;

ξ2

4

)]
,

thus

I = (− sinh ξ + cosh ξ)
∞

∑
k=0

ξk

k!
= 1, (39)

which is consistent with the asymptotic behavior given in (32).
Second, we calculate

I(ξ, τ) :=
∫ ∞

τ
e−t f (ξ, t) dt. (40)

For this purpose, apply the following expansion of the Hermite functions [18] (10.4.3):

Hν(z) =
1

2 Γ(−ν)

∞

∑
m=0

(−1)mΓ
(m−ν

2
)

m!
(2z)m, |z| < ∞,

to obtain

H−1−n(z) =
1

2n!

[
Γ
(

1 + n
2

)
− Γ

(
1 +

n
2

)
2z + · · ·

]
,

thus, taking into account the expansion given in (22), we have the asymptotic expansion as
t → ∞,

f (ξ, t) ≈ 2√
π

 ∞

∑
n=0

(
2ξ
√

t
)n

2(n!)2 Γ
(

1 + n
2

)
− ξ

t

∞

∑
n=0

(
2ξ
√

t
)n

2(n!)2 Γ
(

1 +
n
2

). (41)
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Now, apply the duplication formula [18] (Eqn. 1.2.3)

√
π Γ(2z) = 22z−1 Γ(z) Γ

(
z +

1
2

)
,

to recast (41) as

f (ξ, t) ≈
∞

∑
n=0

(
ξ
√

t
)n

n! Γ
(
1 + n

2
) − ξ√

t

∞

∑
n=0

(
ξ
√

t
)n

n! Γ
(

1+n
2

) , t → ∞, (42)

where we have also,

f (ξ, t) ≈
∞

∑
n=0

(
ξ
√

t
)n

n! Γ
(
1 + n

2
) , t → ∞. (43)

Now, insert (43) into (40) to obtain

I(ξ, τ) ≈
∞

∑
n=0

ξn

n! Γ
(
1 + n

2
)Γ
(

1 +
n
2

, τ
)

, τ → ∞,

where we have used the upper incomplete gamma function [21] (Eqn. 45:3:2):

Γ(ν, z) :=
∫ ∞

z
e−t tν−1 dt.

Using the asymptotic expansion [20] (Eqns. 8.11.1-3):

Γ(ν, z) ≈ zν−1e−z

(
∞

∑
k=0

(−1)k(1 − ν)k
zk + O

(
z−n)), z → ∞,

we arrive at

I(ξ, τ) ≈ e−τ

[
∞

∑
n=0

(
ξ
√

τ
)n

n! Γ
(
1 + n

2
) − 1

2τ

∞

∑
n=0

(
ξ
√

τ
)n n

n! Γ
(
1 + n

2
)], τ → ∞. (44)

Recast the second sum in (44), to obtain,

I(ξ, τ) ≈ e−τ

[
∞

∑
n=0

(
ξ
√

τ
)n

n! Γ
(
1 + n

2
) − ξ

2
√

τ

∞

∑
n=0

(
ξ
√

τ
)n

n! Γ
( 3+n

2
)], τ → ∞. (45)

Finally, insert the results given in (39), (42) and (45), in (37), and simplify the result
to obtain

r(ξ, τ) ≈ 1 − ξ e−τ

√
τ

∞

∑
n=0

(
ξ
√

τ
)n

n!

[
1

Γ
(
1 + n

2
) − 1

2 Γ
( 3+n

2
)], τ → ∞.

Apply the factorial property of the gamma function [18] (Eqn. 1.2.1), i.e., Γ(z + 1) = z Γ(z),
to reformulate the above sum as

r(ξ, τ) ≈ 1 − ξ2 e−τ
∞

∑
n=0

(
ξ
√

τ
)n

n! (n + 2) Γ
(
1 + n

2
) , τ → ∞.
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Split the above sum in the even and odd terms and recast the result as two hypergeometric
sums to arrive at the following asymptotic expression,

r(ξ, τ) ≈ 1 − ξ2 e−τ

[
1
2 0F2

(
−

1
2 , 2

;
ξ2τ

4

)
+

2ξ
√

τ

3
√

π
0F2

(
−

3
2 , 5

2
;

ξ2τ

4

)]
,

τ → ∞. (46)

Figure 1 shows that the solution r(ξ, τ) given in terms of the inverse Laplace trans-
form (31) is numerically equivalent to the integral solution (34). Indeed, the maximum dis-
crepancy between both expressions in Figure 1 is 8.30117× 10−10, thus within the numerical
error of (31) and (34) computed by MATHEMATICA (see the MATHEMATICA notebook
available at https://shorturl.at/d0bgQ accessed on 11 January 2026). Also, the asymptotic
representations for τ → ∞, i.e., (46), and τ → 0, i.e., (36) are numerically checked.

0 1 2 3 4 5
τ

0.2

0.4

0.6

0.8

1.0
r(ξ0,τ)

Exact (inverse Laplace)

Exact (integral formula)

Asymptotic (τ → 0)

Asymptotic (τ → ∞)

Figure 1. Graph of r(ξ0, τ) with ξ0 = 0.5 for the step pulse solutions and the asymptotic approxima-
tions in the Kelvin–Voigt model.

2.2.3. Asymptotic Solution for ξ → 0

In order to obtain the asymptotic solution as ξ → 0, expand the integrand of f (ξ, τ) in
powers of ξ as follows:

exp

(
−
[

u +
ξ

2
√

τ

]2
)

= e−u2
exp

(
− ξ√

τ

(
u +

ξ

4
√

τ

))

= e−u2
∞

∑
k=0

(−1)k

k!

(
ξ√
τ

)k(
u +

ξ

4
√

τ

)k

= e−u2

[
1 − ξ√

τ

(
u +

ξ

4
√

τ

)
+

ξ2

2τ

(
u +

ξ

4
√

τ

)2
+ · · ·

]
,

and

0F1

(
−
1

; 2ξ
√

τu

)
=

∞

∑
k=0

(
2ξ
√

τu
)k

(k!)2

= 1 + 2ξ
√

τu + ξ2 τ u2 + · · ·
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Therefore, up to the second order, the integrand of (24) is given by

exp

(
−
[

u +
ξ

2
√

τ

]2
)

0F1

(
−
1

; 2ξ
√

τu

)
(47)

≈ e−u2
{

1 + ξ
u√
τ
(2τ − 1) + ξ2

[
u2
(

1
2τ

+ τ − 2
)
− 1

4τ

]}
, ξ → 0.

Insert (47) into (24) and apply the integral

∫ ∞

0
e−u2

ukdu =
1
2

Γ
(

1 + k
2

)
,

to arrive at

f (ξ, τ) ≈ 1 + ξ
2τ − 1√

π τ
+

ξ2

2
(τ − 2), ξ → 0, (48)

which is consistent with (32). Moreover, taking into account (48), we have∫ τ

0
e−τ′ f

(
ξ, τ′) dτ′ (49)

≈
∫ τ

0
e−τ′

[
1 + ξ

2τ′ − 1√
π τ′

+
ξ2

2
(
τ′ − 2

)]
dτ′

= 1 − e−τ − 2
√

τe−τ

√
π

ξ +
(1 − τ)e−τ − 1

2
ξ2, ξ → 0.

Finally, insert (48) and (49) in (33) and simplify the result to arrive at

r(ξ, τ) ≈ 1 − e−τ

√
π τ

ξ − 1 + e−τ

2
ξ2, ξ → 0. (50)

Figure 2 shows that the solution r(ξ, τ) given in terms of the inverse Laplace trans-
form (31) is numerically equivalent to the integral solution (34). Indeed, the maximum
discrepancy between both expressions in Figure 2 is 8.35081 × 10−11, thus within the nu-
merical error of (31) and (34) computed by MATHEMATICA (see the MATHEMATICA
notebook available at https://shorturl.at/d0bgQ accessed on 11 January 2026). Also, the
asymptotic representations for ξ → ∞, i.e., (36), and ξ → 0, i.e., (50), are numerically
checked. Notice as well that, according to (32), we have

lim
ξ→0

r(ξ, τ) = 1 = lim
ξ→0

erfc
(

ξ

2
√

τ

)
,

as we can see in Figure 2.

2.3. Delta Pulse Solution

For the case r0(t) = δ(t/tε), the solution given in (30) is reduced to

r(ξ, τ) =
∫ τ

0
δ
(
τ − τ′) e−τ′ g

(
ξ, τ′) dτ′

= e−τ g(ξ, τ), (51)

Therefore, according to (27), we have

r(ξ, τ) = e−τ ∂

∂τ
f (ξ, τ) (52)

= e−τ L−1
[

exp
(
− ξ

√
s +

ξ√
s

)
; τ

]
, (53)
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and according to the integral form of g(ξ, τ) given in (28), we have

r(ξ, τ) =
e−τ

4
√

π τ5/2

∫ ∞

ξ

(
v2 − 2τ

)
exp

(
− v2

4τ

)
0F1

(
−
1

; ξ(v − ξ)

)
dv. (54)

Now, from (35) and (52), we arrive at the following asymptotic formula:

r(ξ, τ) ≈ ξ

2
√

π τ3/2 exp
(
− ξ2

4τ
− τ

)
, τ → 0 or ξ → ∞. (55)

Also, recasting (43) in terms of generalized hypergeometric functions, we have

f (ξ, τ) ≈ 0F2

(
−

1
2 , 1

;
ξ2τ

4

)
+

2ξ
√

τ√
π

0F2

(
−

3
2 , 3

2
;

ξ2τ

4

)
, τ → ∞,

thus

r(ξ, τ) ≈ ξ e−τ (56)

×
[

2ξ2√τ

9
√

π
0F2

(
−

5
2 , 5

2
;

ξ2τ

4

)
+

ξ

2 0F2

(
−

3
2 , 2

;
ξ2τ

4

)
+

1√
π τ

0F2

(
−

3
2 , 3

2
;

ξ2τ

4

)]
,

τ → ∞

Finally, from (48) we have

r(ξ, τ) ≈ ξ e−τ

[
ξ

2
+

1√
π τ

(
1 +

1
2τ

)]
, ξ → 0. (57)

0.0 0.5 1.0 1.5 2.0 2.5 3.0
ξ

0.2

0.4

0.6

0.8

1.0
r(ξ,τ0)

Exact (inverse Laplace)

Exact (integral formula)

Asymptotic (ξ → ∞)

Asymptotic (ξ → 0)

Figure 2. Graph of r(ξ, τ0) with τ0 = 0.5 for the step pulse solutions and the asymptotic approxima-
tions in the Kelvin–Voigt model.

Figure 3 shows that the solution r(ξ, τ) given in terms of the inverse Laplace trans-
form (53) is numerically equivalent to the integral solution (54). Indeed, the maximum
discrepancy between both expressions in Figure 3 is 5.10461× 10−9, thus within the numeri-
cal error of (53) and (54) computed by MATHEMATICA (see the MATHEMATICA notebook
available at https://shorturl.at/d0bgQ accessed on 11 January 2026). Also, the asymptotic
representations for τ → 0, i.e., (55), and τ → ∞, i.e., (56) are numerically checked.
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0.0 0.2 0.4 0.6 0.8 1.0
τ

1

2

3

4
r(ξ0,τ)

Exact (inverse Laplace)

Exact (integral formula)

Asymptotic (τ → 0)

Asymptotic (τ → ∞)

Figure 3. Graph of r(ξ0, τ) with ξ0 = 0.5 for the delta pulse solutions and the asymptotic approxima-
tions in the Kelvin–Voigt model.

Figure 4 shows that the solution r(ξ, τ) given in terms of the inverse Laplace trans-
form (53) is numerically equivalent to the integral solution (54). Indeed, the maximum
discrepancy between both expressions in Figure 4 is 1.04126 × 10−11; thus, within the
numerical error of (53) and (54) computed by MATHEMATICA (see the MATHEMAT-
ICA notebook available at https://shorturl.at/d0bgQ accessed on 11 January 2026). Also,
the asymptotic representations for ξ → ∞, i.e., (55), and ξ → 0, i.e., (57), are numeri-
cally checked.

0 1 2 3 4
ξ

0.2

0.4

0.6

0.8

1.0
r(ξ,τ0)

Exact (inverse Laplace)

Exact (integral formula)

Asymptotic (ξ → ∞)

Asymptotic (ξ → 0)

Figure 4. Graph of r(ξ, τ0) with τ0 = 0.5 for the delta pulse solutions and the asymptotic approxima-
tions in the Kelvin–Voigt model.

3. Conclusions
Using the dimensionless variables ξ and τ, defined in (16) and (17), we have derived

an integral-form expression for the mechanical response r(ξ, τ) of an initially quiescent,
semi-infinite homogeneous Kelvin–Voigt medium to a pulse r0(τ) applied at the origin.
The general solution is given in (30),

r(ξ, τ) =
∫ τ

0
r0
(
tε

(
τ − τ′)) e−τ′ g

(
ξ, τ′) dτ′,
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where the kernel g(ξ, τ) is expressed in integral form by (28)

g(ξ, τ) =
1

4
√

π τ5/2

∫ ∞

ξ

(
v2 − 2τ

)
exp

(
− v2

4τ

)
0F1

(
−
1

; ξ(v − ξ)

)
dv.

For a delta-pulse excitation r0(τ) = δ(τ), we obtained the explicit integral representation
given in (54):

r(ξ, τ) =
e−τ

4
√

π τ5/2

∫ ∞

ξ

(
v2 − 2τ

)
exp

(
− v2

4τ

)
0F1

(
−
1

; ξ(v − ξ)

)
dv.

Numerical comparisons confirm that this formulation is computationally efficient and fully
equivalent to the corresponding inverse Laplace transform solution given in (53)

r(ξ, τ) = e−τ L−1
[

exp
(
− ξ

√
s +

ξ√
s

)
; τ

]
.

In contrast, the integral solution given by Hanin [6] is less efficient from a computational
point of view (see the MATHEMATICA notebook available at https://shorturl.at/d0bgQ
accessed on 11 January 2026):

r(ξ, τ) =
2ξ

π τ

∫ 1

0
e−2τ u2

cos
(

2u
[
ξ − τ

√
1 − u2

])
du

+
e−2τ

π

∫ ∞

0
e−τ u

[
sin
(

2 + u√
1 + u

ξ

)
− sin 2ξ

]
du.

The integral solution given by Dozio [14] in dimensionless variables reads as

r(ξ, τ) = e−τ

[
ξ2

2
+

2
π

∫ ∞

0
u e−τ u2

sin
(

ξ

[
1
u
+ u

])
du
]

.

However, it seems that this solution is not correct from our numerical experiments (see the
MATHEMATICA notebook available at https://shorturl.at/d0bgQ accessed on 11 January
2026). Nonetheless, the delta-pulse solution derived here allows us to obtain simple and
explicit asymptotic formulas for the response as τ → 0, ∞ and ξ → 0, ∞, summarized
in (55)–(57):

r(ξ, τ) ≈ ξ

2
√

πτ3/2 exp
(
− ξ2

4τ
− τ

)
, τ → 0 or ξ → ∞,

r(ξ, τ) ≈ ξ e−τ

[
ξ

2
+

1√
π τ

(
1 +

1
2τ

)]
, ξ → 0,

and,

r(ξ, τ) ≈ ξ e−τ

×
[

2ξ2√τ

9
√

π
0F2

(
−

5
2 , 5

2
;

ξ2τ

4

)
+

ξ

2 0F2

(
−

3
2 , 2

;
ξ2τ

4

)
+

1√
π τ

0F2

(
−

3
2 , 3

2
;

ξ2τ

4

)]
τ → ∞.
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Similarly, we have obtained an integral-form solution for a step-pulse excitation
r0(τ) = θ(τ), given in (34)

r(ξ, τ) =
∫ ∞

ξ
0F1

(
−
1

; ξ(v − ξ)

)
exp

(
− v2

4τ − τ
)

√
π τ

+
e−v

2
erfc

(
v − 2τ

2
√

τ

)
− ev

2
erfc

(
v + 2τ

2
√

τ

)dv.

This solution is numerically equivalent to the inverse Laplace transform representation
in (31)

r(ξ, τ) = L−1
[

1
s

exp
(
− ξ s√

1 + s

)
; τ

]
,

and is more convenient for both numerical evaluation and asymptotic analysis than earlier
formulations found in the literature. For instance, the integral solution given by Morri-
son [5],

r(ξ, τ) =
e−τ

π

∫ τ

0

cos
(

2
√

u(τ − u)
)

√
u(τ − u)

exp
(

2u − ξ2

4u

)
du,

seems to be simpler, but it is numerically difficult to compute for τ ≫ 1 (see the MATHE-
MATICA notebook available at https://shorturl.at/d0bgQ accessed on 11 January 2026).
Also, it does not seem to be an easy task to obtain from Morrison’s integral solution the
asymptotic behavior as ξ, τ → 0, ∞. Nevertheless, from our step-pulse integral representa-
tion, we derived asymptotic expressions for small and large values of ξ and τ, reported in
(36), (46) and (50):

r(ξ, τ) ≈ erfc
(

ξ

2
√

τ

)
, τ → 0 or ξ → ∞,

r(ξ, τ) ≈ 1 − ξ2 e−τ

[
1
2 0F2

(
−

1
2 , 2

;
ξ2τ

4

)
+

2ξ
√

τ

3
√

π
0F2

(
−

3
2 , 5

2
;

ξ2τ

4

)]
,

τ → ∞,

and

r(ξ, τ) ≈ 1 − e−τ

√
π τ

ξ − 1 + e−τ

2
ξ2, ξ → 0.

Finally, we note that all numerical checks and the graphical illustrations presented in
this paper were carried out using MATHEMATICA. The corresponding MATHEMATICA
notebook is available at https://shorturl.at/d0bgQ accessed on 11 January 2026.
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