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ABSTRACT Wireless localization is emerging as a critical service in Internet of Things (IoT) applications,
with Long Range (LoRa) technology gaining considerable attention due to its cost-effectiveness and
extended-range capabilities. Given these distinctive features, this paper studies LoRa-based localization sys-
tems, focusing on the maximum likelihood estimator (MLE) algorithm as a direct localization approach and
evaluating fundamental performance limits. Specifically, we derive the Cramér-Rao lower bound (CRLB)
to assess localization accuracy, covering both the direct MLE method and time difference of arrival (TDOA)
techniques. Numerical results suggest that LoRa signals hold substantial promise for localization, achieving
meter-level accuracy without requiring additional infrastructure beyond the existing LoRa network used for
communication.

INDEX TERMS LoRa, localization, TDOA, TOA, fundamental limits, Cramér–Rao lower bound (CRLB).

I. INTRODUCTION
Over the past decade, the IoT has attracted significant
attention from both academia and industry, driven by the
growing need to connect a diverse array of ‘‘things’’ while
meeting critical requirements such as low power consump-
tion, long-range communication, and cost-effectiveness [1],
[2], [3]. Although traditional technologies, like Zigbee
and Bluetooth, have been explored for IoT connectivity,
they often fall short in coverage, making them less suit-
able for long-range applications, particularly in smart city
scenarios [4], [5].

To overcome these limitations, the Low-Power Wide-Area
Network (LPWAN) technology was introduced to meet IoT
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communication needs, offering key features such as extended
range and low power consumption [6]. Among the various
LPWAN options, the Long-Range Wide-Area Network
(LoRaWAN) technology, developed by Semtech in 2012,
has become particularly prominent [7]. At the physical
layer, LoRaWAN employs the LoRa modulation, which is
based on the chirp spread spectrum (CSS) modulation. This
technique utilizes a larger bandwidth than strictly necessary
to enhance the signal’s resilience to noise, interference, and
jamming attacks [8], [9]. Its unique characteristics, including
waveform and spectral properties are discussed in works
like [10], [11], [12].

LoRa performance in IoT scenarios is analyzed in [13],
and its applications have been explored in various con-
texts, including multiple-input multiple-output (MIMO)
systems [14], reconfigurable intelligent surfaces [15],
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backscatter communications [16], unmanned aerial vehicle
(UAV) communications [17], satellite communications [18],
and relay networks [19]. Furthermore, joint communication
and localization applications are presented in [20], which
investigates LoRa-based systems for underground applica-
tions, and in [21], where an active tracking model is proposed
to detect movements of LoRa transmitters.

Given the critical importance of localization in modern
wireless systems [22], [23], [24], [25], [26], [27], [28],
particularly in IoT and Industry 4.0 applications, several
studies have explored LoRa’s potential for this purpose.
For instance, [29] and [30] provide a broad analysis
of LoRa for localization, discussing its benefits and
limitations. Furthermore, [31] demonstrates the feasibil-
ity of achieving high localization accuracy in indoors
using LoRa. Through experimental data and received sig-
nal strength (RSS) measurements, this study shows that
LoRa can deliver robust localization accuracy in both
line-of-sight (LOS) and non line-of-sight (NLOS) indoor
environments.

A research in [32] combines LoRa technology with
a fingerprinting approach that uses the constant motion
method for data collection. It employs a two-layer Deep
Gaussian Process Regression (DGPR) model to address
the non-linear nature of signal propagation. A LoRa-based
localization system that uses satellite images to generate
virtual fingerprints is also proposed in [33]. By integrating
commercial LoRa devices with land-cover data, propagation
models are refined to create a more realistic representation
closely aligned with actual environments.

Then, [34] developed an indoor room-level localization
system based on LoRa signal backscattering. This system
uses a low-cost LoRa network that, exploiting RSS mea-
surements, achieves effective localization performance when
good coverage is available. Machine learning techniques are
then applied to enhance results in areas with limited coverage.
In [35] the authors investigated LoRa-based localization for
GPS-denied emergency scenarios, focusing on its power effi-
ciency using the RSS technique. Then, [36] examined experi-
mental data on RSS for both indoor and outdoor LoRa-based
localization, highlighting its accuracy in specific configura-
tions as well as its potential unreliability in noisy urban envi-
ronments. To address the challenges of using RSS measure-
ments for localization in such conditions, several solutions
have been proposed. For example, [37] introduced two algo-
rithms: the first made use of k-means clustering followed by
localization calculations, while the second selected the opti-
mal solution based on estimated RSS errors across all poten-
tial locations. Building on this work, [38] developed iterative
algorithms to more effectively reduce non-Gaussian noise,
improving previous models. Then, [39] presented a more
advanced study proposing various RSS-based localization
algorithms designed to mitigate the effects of Gaussian and
non-Gaussian noise in LoRa networks, demonstrating effec-
tive performance in both outdoor and large-scale indoor envi-
ronments. Furthermore, [40] introduced a LoRa-based sys-

tem capable of localizing multiple targets, employing a single
mobile anchor comprised of a LoRa gateway and a typical
smartphone to track several IoT devices equipped with LoRa
tags. RSS-based localization with LoRa has also been used
in aerial applications. For example, a drone-assisted local-
ization system for LoRa IoT networks is presented in [41],
demonstrating significant accuracy enhancements achieved
by utilizing drones as mobile gateways. Another drone
research using LoRa is presented in [42] where it incorporates
sensor-derived altitude data and utilizes the Huber loss func-
tion in the multilateration optimization process, leading to
improved accuracy over traditional RSSI-based methods and
demonstrating better scalability with an increasing number
of beacons. Lastly, some practical research for LoRa-based
localization problems are done in the works like [43] and [44]
in which it is proposed a method for boosting the received
signal strength on amoving path of LoRawireless networking
without change in digital circuitry or power amplifiers, and
the second uses machine learning techniques for antenna
design for LoRa location tracking applications.

While RSS-based localization techniques have been
extensively explored in LoRa networks, experimental data
from the authors in [45] suggest that TDOA can achieve
superior accuracy compared to RSS methods. Consequently,
TDOA has gained attention in LoRa-based localization
systems, leveraging the advantages of large spreading factors
(SFs) and dense gateway deployments [30], [46], [47].
Although [48] reports that time-stamping trilateration tech-
niques outperform RSS-based methods at low signal-to-noise
ratios (SNRs), challenges arise from narrow-band radio
channels and high timestamp granularity. To address these
challenges, [49] introduced a two-stage timestamp estimation
approach that enhances localization accuracy without the
need for signal oversampling. Additionally, [50] examined
both iterative and non-iterative TDOA-based algorithms
using LoRa devices for localization. Reference [51] further
evaluated node tracking performance within a public LoRa
network using TDOA.

To the best of our knowledge, prior CRLB analyses in the
context of LoRa [49], [52], [53], [54] have either focused
on envelope-based signal processing (e.g., time-of-arrival
(TOA) estimation, RSSI-based ranging, or correlation-based
approaches), or have incorporated phase in the signal model
without deriving fundamental limits that explicitly include
phase in the Fisher Information Matrix (FIM). Notably,
while phase-based CRLB analyses have been deeply inves-
tigated in the broader localization literature [55], [56], [57],
[58], [59], our contribution lies in adapting this framework to
the unique chirp spread spectrum modulation of LoRa. This
yields theoretical benchmarks that are directly relevant for
LoRa-based systems.

In contrast to existing literature, this paper provides
a more comprehensive analysis of wireless localization
systems employing LoRa signaling and incorporating both
RSS and phase information. The primary objective of this
research is to investigate the fundamental limits of LoRa-
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based localization systems through a detailed analysis and
derivation of the Cramér-Rao bound (CRB) metric for both
direct position estimation and TDOA-based approaches.
Additionally, we offer a performance comparison with
the MLE method when employing the direct estimation
approach. Therefore, the main contributions of this paper can
be summarized as follows.

• We derive the MLE for position estimation using LoRa
signals as direct observations, following the integrated
sensing and communication (ISAC) philosophy in
which communication waveforms are repurposed for
sensing;

• We establish the fundamental localization limits,
expressed in terms of CRLB, for both the direct and
TDOA approaches. This analysis aims to establish
theoretical performance benchmarks for each scenario
and setting by providing closed-form expressions;

• Through extensive simulations, we investigate the
localization capabilities of LoRa signals by varying key
parameters, such as the SF. Our results offer valuable
insights into the feasibility of practical localization using
LoRa across different parameter settings.

The rest of the paper is organized as follows: Section II
presents the system model and the LoRa signal used for
analysis, whereas the MLE for localization problem has been
addressed in Section III. Then, the bound derivations for the
direct approach and TDOA and their technical concerns have
been studied in Section IV. Numerical results considering
the different parameters existing in LoRa are presented
in Section V. At the final stage, section VI concludes the
technical output of this research activity.
Notation: Throughout the paper, we use the following

notation. Lowercase bold variables, e.g., x, denote vectors.
Boldface capital letters denote matrices, e.g., X. The trans-
pose operator is indicated by (·)T , the Hermitian operator
is (·)H and with⊙ being the Hadamard product. TheL2-norm
of a vector r is represented as ∥r∥, ∥ · ∥2 represents the
Euclidean norm, and j is the imaginary unit.

II. SYSTEM AND SIGNAL MODEL
A. SYSTEM MODEL AND GEOMETRY
We consider a network of Ng LoRa gateways working as
receiving reference nodes to infer the location of a user
equipped with a LoRa device broadcasting a signal in the
surrounding environment.1 All the Ng gateways are assumed
to collaborate and share measurements with a central unit
(e.g., a specific gateway or a localization engine) that
processes the received signals and infers the user’s position.
We denote with p = [x, y] the position of the user (Tx) to be
located, whereas pg = [xg, yg] are the spatial coordinates of
the gth gateway, with g = 1, 2, . . . ,Ng. Thus, the distance dg
between the transmitter and the gth gateway can be expressed
as dg = ∥p − pg∥2.

1In this paper, we assume that each LoRa device is equipped with an omni-
directional antenna with 0 dBi gain.

B. TRANSMITTED SIGNAL MODEL
The LoRamodulation is based on a set of linear upchirps, that
is, short-duration sinusoids whose frequency f (t) increases
linearly, spanning a bandwidth B over a time interval Ts.
Specifically, LoRa employs M uniquely shaped chirps, each
representing a distinct symbol a ∈ {0, 1, . . . ,M − 1} of the
M -ary modulation alphabet. Denoting the carrier frequency
as fc and considering the reference chirp interval [0,Ts), the
transmitted chirp corresponding to a generic symbol a is
given by [10]

s̄(t) = ℜ{s(t) ej2π fct }, (1)

where s(t) denotes the complex envelope of s̄(t) and it is
expressed as

s(t) =

√
Ps exp

{
j2πBt

[
a
M

−
1
2

+
B t
2M

− u
(
t −

M − a
B

)]
+ jξ

}
, 0 ≤ t < Ts

(2)

with Ps being the transmitted power, u(·) the step function,
and ξ represents the initial phase of the carrier, assumed to
be unknown at the receiver. Finally, the chirp duration is
assumed to satisfy Ts = M/B [10] as dictated by LoRa
specifications.

According to (2), for each modulation symbol a, the
instantaneous frequency deviation 1f (t) = f (t) − fc of
s̄(t) starts at −

B
2 + a B

M and increases linearly to B
2 with

slope B
Ts
. Upon reaching the maximum offset, 1f (t) wraps

around to −
B
2 and continues its linear increase until the chirp

duration Ts expires.
Notably, the specific modulation symbol a to be trans-

mitted in a given chirp interval is encoded in the starting
frequency of the chirp’s frequency deviation, given by
−
B
2 + a B

M . A noteworthy example is the chirp corresponding
to the modulation symbol a = 0, which is a pure upchirp
whose frequency deviation starts at −

B
2 and reaches B

2 after
Ts. Remarkably, this is the only LoRa chirp that does not
exhibit any frequency wrapping.

For what follows, it is important to recall that before
transmitting data according to the signal format expressed
by (2), a LoRa device first transmits a preamble, which is
used for frame, frequency, and time synchronization. This
preamble consists of nup = 8 pure upchirps, identical to those
representing the symbol a = 0. Following this sequence, the
device transmits ndw downchirps, whose frequency deviation
decreases linearly from B

2 to −
B
2 , marking the end of the

preamble. Typically, ndw is set to 2.25.
In the following, we will utilize one of the pure upchirps

from the packet preamble as the reference signal for the
LoRa-based localization investigated here.2 This signal,
denoted as s̄0(t), is obtained from (1) and (2) by setting a = 0.

2Note that using the full preamble allows tightening the CRLB and
improving localization accuracy, but it increases latency. Conversely,
extending the analysis to data chirps is challenging due to the dependence
of their initial frequencies on unknown symbol values.
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The corresponding complex envelope, denoted as s0(t), can
be immediately derived from (2) as follows

s0(t) =

√
Ps · exp

{
j2πBt

[
−
1
2

+
Bt
2M

]
+jξ

}
, 0 ≤ t < Ts,

(3)

C. RECEIVED SIGNAL MODEL
Given the transmitted pure upchirp s̄0(t), the RF signal
received by the gth gateway can be written as

r̄g(t) = ρg s̄0(t − τg) + w̄g(t) = ȳg0 (t) + w̄g(t) (4)

with g = 1, . . . ,Ng, where ȳg0 (t) = ρg s̄0(t−τg) is the useful
contribution in the received signal, w̄g(t) is the additive white
Gaussian noise (AWGN) modeled as a Gaussian random
process with zero mean and variance σ 2, τg = dg/c
represents the propagation delay between the transmitter and
the gth gateway, where dg denotes the traveled distance and c
is the speed of light, ρg is the channel gain,3 modeled as

ρg =

√
κ

f 2c d
β
g

, (5)

where κ = c2(4π )−2, and β accounts for the propagation
exponent.4,5

Still focusing on the reference chirp interval [0,Ts), the
complex baseband signal observed at the gateway after down-
conversion can be expressed as follows

rg(t) = ρg s0(t − τg) + wg(t)

= ρg
√
Ps exp

{
j 2π

[
B(t − τg)

(
−
1
2

+
B
2M

(t − τg)
)]

− j 2π fcτg + jξ
}

+ wg(t)

= yg0 (t) +wg(t), (6)

where yg0 (t) = ρg s0(t − τg), and wg(t) represents the
baseband noise modeled as a circularly symmetric complex
Gaussian random process with variance σ 2. Note also
that (6) includes the additional phase term introduced by the
propagation at the carrier’s frequency.6

By sampling the received signal with a sampling interval
of T = 1/B, the discrete-time version of (6) results in

rg(kT ) ≜ rg,k = yg,k + wg,k = ρg · sg,k + wg,k

= ρg
√
Ps exp

×

{
j 2π

[
B(kT − τg)

(
−
1
2

+
B
2M

(kT − τg)
)]

− j2π fcτg + jξ
}

+ wg,k , (7)

3Notably, ρg depends on p (i.e., ρg(p)). For the rest of the paper, we will
write it as ρg for the sake of conciseness.

4Different path-loss models for LoRa are discussed in [60].
5Our CRLB analysis is conducted under an idealized LOS channel to

ensure tractability and clarity. In multipath environments, the bounds may
differ, typically becoming looser. Nevertheless, in future wireless systems,
multipath may also be harnessed to enhance localization performance,
as discussed in [26].

6We assume that this phase information can be coherently retrieved to
augment the existing phase data available at the LoRa transmitter.

with sg,k = s0(kT ), wg,k = wg(kT ), k ∈ {0, 1, . . . ,M − 1},
M being the number of samples in chirp interval Ts,
which corresponds also to the number of modulation
levels [10], [11]. Note that, by considering BT = 1 [10],
we can finally write the useful received component yg,k as

yg,k = ρg
√
Ps exp

{
j2π

[
(k − Bτg)2 −M (k − Bτg)

2M

]

− j 2π fc τg + jξ
}
. (8)

Given the signal in (7) and (8), in the following, we first
derive the MLE for both the direct and TDOA approach
and, successively, we will provide the expressions for the
related CRLB.

III. LIKELIHOOD FUNCTION AND MLE
This section defines the MLE problem for inferring the
user’s position from the received signal. More specifically,
the MLE aims to estimate the position p = [x, y] ∈

R2 and the initial phase of the carrier ξ , based on the signal
samples received at each gateway. These parameters to be
estimated can be written in a vector form as θ = [p, ξ ]
The measurement vector is r =

[
r1, . . . , rg, . . . , rNg

]
, with

rg =
[
rg,0, . . . , rg,k , . . . rg,M−1

]
. The likelihood function

represents the model of r given θ , i.e.

r = y (θ) + w, (9)

where y(θ ) =
[
y1, . . . , yg, . . . , yNg

]
, with the gth element

given by yg =
[
yg,0, . . . , yg,k , . . . yg,M−1

]
, and w =

[
w1,

. . . ,wg, . . . ,wNg

]
, with wg =

[
wg,0, . . . ,wg,k , . . .wg,M−1

]
.

Given themodel in (9) and assuming independentmeasure-
ments, we can write the likelihood function as [61, Eq. 8]

ℓ(r, θ) = p (r|θ) = p
(
r1, r2, . . . , rNg |θ

)
=

Ng∏
g=1

p
(
rg|θ

)
=

Ng∏
g=1

p
(
rg,0, . . . , rg,M−1|θ

)
=

Ng∏
g=1

M−1∏
k=0

p
(
rg,k |θ

)
,

(10)

where rg,k = ℜ
{
rg,k

}
+ jℑ

{
rg,k

}
is a complex Gaussian

random variable, i.e., rg,k ∼ CN (yg,k , σ 2) and its real
and imaginary parts are independent real Gaussian variables
given by ℜ

{
rg,k

}
∼ N (ℜ

{
yg,k

}
, σ 2/2) and ℑ

{
rg,k

}
∼

N (ℑ
{
yg,k

}
, σ 2/2). Hence we can write

ℓ(r, θ ) =

Ng∏
g=1

M−1∏
k=0

p
(
rg,k |θ

)
=

Ng∏
g=1

M−1∏
k=0

p
(
ℜ
{
yg,k

}
|θ
)
p
(
ℑ
{
yg,k

}
|θ
)

=

Ng∏
g=1

M−1∏
k=0

1
π σ 2 exp

(
−

|rg,k − yg,k (θ )|2

σ 2

)
, (11)
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so that the log-likelihood can be written as

L (r, θ) = ln ℓ(r, θ )

= ln
1

πσ 2 −
1
σ 2

Ng∑
g=1

M−1∑
k=0

∣∣rg,k − ρg sg,k (θ )
∣∣2

≡ −

Ng∑
g=1

M−1∑
k=0

∣∣rg,k − ρg sg,k (θ )
∣∣2. (12)

Consequently, the MLE, namely, θ̂ = [p̂, ξ̂ ], can be
formulated as

θ̂ = argmin
θ

Ng∑
g=1

M−1∑
k=0

∣∣rg,k − ρg sg,k (θ )
∣∣2, (13)

which finally gives

θ̂ = argmin
θ

Ng∑
g=1

{
Ey,g(p) − 2ℜ

{
rg yHg (θ )

}}
, (14)

where Ey,g(p) = ∥yg(θ )∥22.
The the MLE can be solved by using (i) an exhaustive

grid search, (ii) a coarse grid search followed by iterative
refinement using methods such as Gauss–Newton or gradient
descent, or (iii) multi-start local optimization to reduce the
risk of local minima.
In the following, we derive the CRLB for both the direct

and the TDOA approaches.

IV. LOCALIZATION PERFORMANCE LIMITS
The performance of any unbiased estimator θ̂ can be bounded
by the CRLB defined as [62]

MSE
(
θ̂
)

= E

{[
θ̂ − θ

] [
θ̂ − θ

]H}
≽ J−1 (θ)

= CRB (θ) , (15)

where ≽ indicates that MSE
(
θ̂
)

− CRB (θ) is semi-positive
definite. J is the FIM defined as

[J (θ)]i,j ≜ E

[
∂L (r, θ)

∂ [θ ]i
·
∂L (r, θ)

∂ [θ ]j

]
= −E

[
∂2L (r, θ)

∂ [θ ]i ∂ [θ ]j

]
, (16)

where the operators [·]a and [·]a,b respectively pick the a-th
or the (a-row, b-column) entry of its argument, and L (r, θ) is
the log-likelihood function of θ given the measurements in r.
In the following, we first examine the direct approach,

which accounts for the LoRa signal model in (8) to directly
estimate θ . We then focus on the TDOA-based approach,
which, due to the use of TDOA measurements, allows for
a simpler derivation. Then, their attainable performance are
compared and discussed in Sec. V.

A. DIRECT APPROACH
We now consider a direct approach, which estimates
directly θ without relying on intermediate parameters. Thus,
in this case, it holds

J(θ) =

Ng∑
g=1

Jg(θ ), (17)

where the FIM at each gateway, namely Jg(θ ), is defined as

Jg(θ ) ≜ Erg

[
∇θL

(
rg, θ

)
∇
H
θ L

(
rg, θ

)]
, (18)

with ∇θ =

[
∂
∂x ,

∂
∂y ,

∂
∂ξ

]T
being the gradient operator.

In the following, we will denote Jg (θ) = Jg, yg(θ ) = yg
for the sake of conciseness. The generic elements of the g-th
FIM related to the gth gateway can be expressed as[

Jg
]
i,j

=
2
σ 2 ℜ

{
∂yg
∂[θ ]i

·
∂yHg
∂[θ ]j

}
, (19)

=
2
σ 2

M−1∑
k=0

ℜ

{
∂yg,k
∂[θ ]i

·
∂y⋆g,k
∂[θ ]j

}
. (20)

By considering the position coordinates, and by following the
steps reported in Appendix A, we can write

∂yg,k
∂[θ ]1

=
∂yg,k
∂x

= yg,k
(x − xg)
d2g

[
−

β

2
+ jdgA

(1)
g,k

]
, (21)

∂yg,k
∂[θ ]2

=
∂yg,k
∂y

= yg,k
(y− yg)
d2g

[
−

β

2
+ jdgA

(1)
g,k

]
, (22)

with

A(1)g,k =
Bπ

Mc

[
M + 2Bτg − 2 k − 2M

fc
B

]
, (23)

that is the phase rate with respect to the delay. This shows
that the term j dg A

(1)
g,k appearing in (21) and (22) represents

the phase sensitivity to delay and it is directly tied to the
instantaneous frequency of the LoRa chirp at time index k .
Finally, the derivative related to the initial phase offset is
given by

∂yg,k
∂[θ ]3

=
∂ yg,k
∂ξ

= jyg,k . (24)

Then, according to the expressions for
[
Jg
]
i,j provided in

Appendix A, and by letting αg being the angle between the g-

th gateway and the transmitter, γg =
Psρ2

g

σ 2 , the FIM elements
in the diagonal can be written as

[J]1,1 = 2
Ng∑
g=1

γg 0g

d2g

(
x − xg
dg

)2

= 2
Ng∑
g=1

γg 0g

d2g
c2αg , (25)

[J]2,2 = 2
Ng∑
g=1

γg 0g

d2g

(
y− yg
dg

)2

= 2
Ng∑
g=1

γg 0g

d2g
s2αg , (26)

[J]3,3 = 2M
Ng∑
g=1

γg, (27)
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where cαg ≜ cos(αg) = (x − xg)/dg, sαg ≜ sin(αg) = (y −

yg)/dg, and

0g =

M−1∑
k=0

∣∣∣∣− β

2
+ j dg A

(1)
g,k

∣∣∣∣2

=
Mβ2

4
+

(
τg Bπ

)2
M

×

[
M2

3
+ 4

M2 f 2c
B2

− 4M
fc
B

− 8M τg fc + 4B2 τ 2g

× +4B τg +
2
3

]
. (28)

Then, by defining

�g =

M−1∑
k=0

A(1)g,k =

(
Bπ

c

)(
2Bτg+1 − 2M

fc
B

)
, (29)

the FIM cross-terms are given by

[J]1,2 = [J]2,1 = 2
Ng∑
g=1

γg 0g

d2g
cαg sαg , (30)

[J]3,1 = [J]1,3 = 2
Ng∑
g=1

γg�gcαg , (31)

[J]3,2 = [J]2,3 = 2
Ng∑
g=1

γg�gsαg . (32)

Consequently, the FIM can be written as

J = 2
Ng∑
g=1

γg Ag ⊙ Gg, (33)

whereAg andGg are matrices that depend on LoRa signaling
properties and geometrical characteristics, respectively, and
they are given by

Ag =

[
0g

d2g
12×2 �g 12×1

�g 11×2 1

]
, (34)

Gg =

 c2αg cαgsαg cαg
cαgsαg s2αg sαg
cαg sαg 1

 , (35)

with 1N×M being a matrix of all ones with size N ×M .
Finally, we define the position error bound (PEB) and the

synchronization error bound (SEB) as

PEB =

√
tr{J−1}1:2,1:2,

SEB =

√
{J−1}3,3. (36)

By indicating with γtot ≜
∑Ng

g=1 γg, ηg ≜
γg 0g

d2g
, and with

det (J) = [J]1,1
(
[J]2,2[J]3,3 − [J]22,3

)
− [J]1,2

(
[J]2,1[J]3,3 − [J]2,3[J]3,1

)
+ [J]1,3

(
[J]2,1[J]3,2 − [J]2,2[J]3,1

)
, (37)

we can write

PEB

=

√√√√4Mγtot
∑Ng

g=1ηg−4
(∑Ng

g=1γg�gsαg
)2
−4
(∑Ng

g=1γg�gcαg
)2

det (J)
,

(38)

SEB

=

√√√√4
∑Ng

g=1 ηgc2αg
∑Ng

ℓ=1 ηℓs2αℓ
−

(
2
∑Ng

g=1 ηgcαgsαg
)2

det (J)
. (39)

Note that, due to det (J), the two expressions above do not
allow to achieve an easy interpretation of the PEB and SEB.7

Then, in order to find more compact and interpretable
expressions, we observe that, in the perfect synchronous case,
i.e., by neglecting the synchronization error in θ , the CRB
reduces to a 2 × 2 matrix such that the expression of det (J)
can be simplified as

det (J) = [J]1,1[J]2,2 − [J]21,2

= 4

 Ng∑
g=1

ηg c2αg

Ng∑
ℓ=1

ηℓ s2αℓ
−

 Ng∑
g=1

ηg cαgsαg

2

(40)

so that the PEB, in the absence of ξ in θ (i.e., in the
synchronous case), can be expressed as

PEBsynch

=

√
[J]1,1 + [J]2,2

det (J)

=

√√√√√√
∑Ng

g=1 ηg

2
(∑Ng

g=1 ηgc2αg
∑Ng

ℓ=1 ηℓs2αℓ
−

(∑Ng
g=1 ηgcαgsαg

)2) .

(41)

As evidenced in (41), the PEBsynch is impacted by the
SNR and LoRa parameters in ηg, as well as by the geometry
highlighted through cαg and sαg .

B. REMARKS
1) REMARK 1
We have seen, for the direct approach, how to derive the PEB
in the presence and absence of synchronization offset among
the parameters to be estimated in θ . Here, we observe also
that by denoting the equivalent FIM elements as

Jpp =

[
[J]11 [J]12
[J]21 [J]22

]
,

Jξξ = [J]33,

Jpξ = [[J]13, [J]23] , (42)

7It is important to remark that det(J) also reflects the geometric
configuration of the gateways. In particular, unfavorable placements, such
as collinear or clustered arrangements, lead to smaller values of det(J) and,
consequently, larger values of PEB.
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the PEB can be alternatively expressed, using the Schur
complement, as

PEB =

√(
Jpp − JpξJ−1

ξξ J
H
pξ

)−1
, (43)

where the argument of the root-square corresponds to the first
block of the CRB matrix when the synchronization offset
is included as a nuisance parameter. Instead, by neglecting
the synchronization offset in θ , we have for the synchronous
scenario

PEBsynch =

√(
Jpp

)−1
. (44)

According to these expressions, the impact of position and
synchronization parameters on each other can be numerically
evaluated by analyzing the cross-correlation matrix Jpξ ,
as will be done in Sec. V-B.

2) REMARK 2
By ignoring the off-diagonal elements of the FIM, i.e. the
correlation among various elements in the FIM matrix, the
PEB in (38) and the SEB in (39) can be upper bounded as

PEB ≤

√
[J]−1

11 + [J]−1
22 =

√√√√√ ∑Ng
g=1 ηg

2
∑Ng

g=1 ηgc2αg ·
∑Ng

ℓ=1 ηℓs2αℓ

,

(45)

SEB ≤

√
[J]−1

33 =

√
1

2γtot
. (46)

As also verified numerically, the off-diagonal elements of
the FIM are often much smaller than the elements along the
diagonal, suggesting that approximated expressions of the
PEB and SEB can be retrieved by accounting for the upper
bounds in the right-hand side terms of (45) and (46),
respectively.

C. TDOA-BASED APPROACH
In this section, we derive the CRLB by considering a two-
step approach [63]. First, we will consider the CRLB on user
position starting from TDOA measurements. Then, to model
the statistics of TDOA measurements, we derive the CRLB
on TOA starting from the received signals. The advantage
of using the TDOA-based approach is that it effectively
resolves the synchronization offset ξ , providing a valuable
solution for comparing the performance achieved with the
direct approach.

In the TDOA-based approach, we identify a gateway as
the reference one, and the others compute the difference of
the estimated TOA with respect to it. This operation allows
to eliminate the impact of the synchronization phase offset,
so that, θ = p. In the sequel, without loss of generality,
we will consider the gateway indexed with 1 as the reference
one.8 In this case, the measurement vector containing the

8Different solutions can be envisioned to select the reference gateway, for
example, based on the level of experienced SNR.

TDOAs is

η = [1̂τ 2, .., 1̂τ g, .., 1̂τNg ], (47)

where the TDOA at a generic gateway is given by

1̂τ g = 1τg (p) + ng ∼ N
(
1τg (p) , σ 2

1τg

)
, (48)

with

1τg (p)=τg (p) − τ1 (p)=
∥p − pg∥2

c
−

∥p − p1∥2
c

.

(49)

To model the noise variance of TDOA measurements,
the estimation error is assumed Gaussian with variance
σ 2

1τg
= 2σ 2

τg
, where σ 2

τg
is the variance for estimating τg

and that will be characterized in the next section through the
computation of the CRLB related to the TOA.

Then, according to [64], the FIM on the user position given
TDOA measurements can be written as

J (p) ≜ Eη

[
∇p L (η,p) ∇

T
p L (η,p)

]
, (50)

with η defined in (47) and

∇p L (η,p) = −

Ng∑
g=2

1

σ 2
1τg

(1̂τ g − 1τg)∇p1τg. (51)

Note that we neglected the information about the position
encapsulated in the noise variance, as extracting such infor-
mation is typically challenging. Hence, it is straightforward
to obtain

J (p) =

Ng∑
g=2

Jg(p) =

Ng∑
g=2

1

σ 2
1τg

∇
T
p 1τg ∇p1τg, (52)

where
∂1τg

∂x
=

1
c

(
x − xg
dg

−
x − x1
d1

)
=

1
c

(
cαg − cα1

)
,

∂1τg

∂y
=

1
c

(
y− yg
dg

−
y− y1
d1

)
=

1
c

(
sαg − sα1

)
. (53)

and d1 ≜ ∥p − p1∥2. Let define

v(x)g =

(
cαg − cα1

c

)2

, (54)

v(y)g =

(
sαg − sα1

c

)2

, (55)

v(x,y)g =

(
cαg − cα1

) (
sαg − sα1

)
c2

. (56)

According to these definitions, the FIM elements can be
written as

[J]11 =

Ng∑
g=2

v(x)g
σ 2

1τg

,

[J]22 =

Ng∑
g=2

v(y)g
σ 2

1τg

,

[J]12 = [J]21 =

Ng∑
g=2

v(x,y)g

σ 2
1τg

. (57)
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Therefore, we can find the PEB as

PEB =

√√√√√√√√
∑Ng

g=2
v(x)g
σ 2

1τg
+
∑Ng

g=2
v(y)g
σ 2

1τg∑Ng
g=2

v(x)g
σ 2

1τg
·
∑Ng

g=2
v(y)g
σ 2

1τg
−

(∑Ng
g=2

v(x,y)g

σ 2
1τg

)2 .

(58)

Notably, the PEB is affected by the geometric terms v(x)g
and v(y)g , as well as by σ 2

1τg
which contains all the peculiarities

related to the LoRa signaling scheme.
In the following, we will provide insights about the

derivation of σ 2
1τ g

.

1) DEFINITION OF σ2
1τG

In order to define σ 2
1τ g

, we need to find an expression
for σ 2

τg
. For this purpose, we derive the fundamental limits

for estimating the TOA parameter τg. Following the same
derivations as per the direct approach, the FIM associated
with the delay at the g-th gateway can be written as

J
(
τg
)

=

M−1∑
k=0

2
σ 2ℜ

{
∂yg,k
∂τg

·
∂y⋆g,k
∂τg

}
, (59)

and according to Appendix B, we can write
∂yg,k
∂τg

= yg,k

[
−

β

2τg
+ j2πA(2)g,k

]
, (60)

where

A(2)g,k =
−2 k B2 T + 2B2τg +MB− 2Mfc

2M
. (61)

Thus, (59) can be written as

J
(
τg
)

= 2γg
M−1∑
k=0

{[
β2

4τ 2g
+ 4π2

(
A(2)g,k

)2]}

=
γgM β2

2τ 2g
+ 8π2γg

M−1∑
k=0

(
A(2)g,k

)2
, (62)

so that it holds

σ 2
τg

= J−1(τg) =
1

γgM β2

2τ 2g
+ 8π2γg

∑M−1
k=0

(
A(2)g,k

)2 . (63)

Finally, we find the expression of σ 2
1τ g

as

σ 2
1τ g

= 2 σ 2
τg

=
4τ 2g

γgMβ2 + 16π2γgτ 2g
∑M−1

k=0

(
A(2)g,k

)2 ,

(64)

which is different for each gateway, in accordance with its
distance to the transmitter, and that can be expressed as
in (65), shown at the bottom of the page.

TABLE 1. Simulation parameters.

In the following, we evaluate the attainable performance
in accordance with the derived expression of the MLE and
the CRLB.

V. NUMERICAL RESULTS
In this section, by assessing the previously derived expres-
sions, we evaluate LoRa-based localization performance,
considering both fundamental limits and MLE results.

A. SIMULATION SETTINGS
We considered an area of (Ax × Ay) = (2 × 2) km2, with
gateways positioned along its perimeter, aimed at localizing
a LoRa device transmitter placed within the area.

Regarding the considered LoRa signaling parameters,
we accounted for a signal bandwidth of B = 125 kHz,
a carrier frequency of fc = 868 MHz and a propagation
path loss exponent of β = 2.6 or β = 3.6. Parameters
such as the TX power Ps are specified on a per-test basis.
The main parameters are reported in Table 1. When Ng = 4
gateways are considered, they are placed at the corners of
the environment, whereas with Ng = 8, they are placed
at the four corners and in (Ax/2, 0), (Ax ,Ay/2), (Ax/2,Ay),
(0,Ay/2). Finally, when Ng = 16, gateways are located
in (Ax/5, 0), (2Ax/5, 0), (3Ax/5, 0), (4Ax/5, 0), (Ax/5,Ay),
(2Ax/5,Ay), (3Ax/5,Ay), (4Ax/5,Ay), (0,Ay/5), (Ax ,Ay/5),
(0, 2Ay/5), (Ax , 2Ay/5), (0, 3Ay/5), (Ax , 3Ay/5), (0, 4Ay/5),
(Ax , 4Ay/5).

σ 2
1τ g

=
12Mτ 2g

3 γgMβ2 + 4π2γgτ 2g

(
12B4τ 2g + 12B3τg + B2M2 − 24B2Mfcτg + 2B2 − 12BMfc + 12M2 f 2c

) . (65)
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FIGURE 1. PEB maps (in meters) obtained when neglecting the carrier phase information in (8), and
with β = 2.6. Left: direct approach and closed formula without synchronization offset (PEBsynch
in (41)). Right: TDOA ((57)). Red squares refer to gateways, whereas the green one refers to the
reference for TDOA.

FIGURE 2. PEB maps (in meters) with carrier phase information (i.e., obtained starting from (8)) and with β = 2.6. Left: direct approach and closed
formula without synchronization offset (PEBsynch in (41)). Middle: direct approach and synchronization offset ((38)). Right: TDOA ((57)). Red squares
refer to gateways, whereas the green one refers to the reference for TDOA.

FIGURE 3. PEB maps (in meters) with carrier phase information (i.e., obtained starting from (8)) and with β = 3.6. Left: direct approach and closed
formula without synchronization offset (PEBsynch in (41)). Middle: direct approach and synchronization offset ((38)). Right: TDOA ((57)). Red squares
refer to gateways, whereas the green one refers to the reference for TDOA.

B. FUNDAMENTAL LOCALIZATION LIMITS
We first present the obtained PEB results with the
transmitter positioned at the center of the environment,
i.e., at (1000, 1000)m, and with Ng = 4. Then, PEB
values were obtained across three configurations and by
using the previous derivations: (1) in the synchronous case,
i.e., by accounting for PEBsynch; (2) with synchronization
offset; and (3) using TDOAmeasurements.We also evaluated

the impact of the phase information related to the carrier fre-
quency fc by accounting and neglecting its contribution in (8).

1) ANALYSIS OF THE LoRa PARAMETERS IMPACT
In this context, Table 2 presents the obtained CRLB values.
As expected, the availability of phase information at the
carrier frequency significantly reduces the PEB values under
identical conditions. Furthermore, the results indicate that the
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FIGURE 4. SEB in radians obtained for β = 2.6 and without (top) or with
(bottom) carrier phase information.

TABLE 2. PEB under different conditions, when the transmitter is located
in (1000, 1000) m. In the case with Ng = 4 and β = 2.6, it holds γg ≃ 1 dB
for each gateway, whereas, for Ng = 4 and β = 3.6, it holds γg ≃ −29 dB
for each gateway.

SF has a strong impact within the considered configurations
since larger SF values imply an increase in the overall
received energy within the chirp interval. It is also worth
noting that, while the PEB achieves sub-meter accuracy
under the configurations with carrier phase information,
the MLE results presented in the next section reveal that
ambiguities in the search process have a substantial effect,
leading to significant performance degradation. It is also
important to note that employing a large number of gateways,

i.e., Ng = 16, can significantly improve performance
even without exploiting the carrier phase information and
with β = 3.6.

2) PEB MAPS
We pick SF = 3 and Ps = −9 dBm,9 and, in Fig. 1-Fig. 3,
we report the achieved PEB maps evaluated in the envi-
ronment with an area Ax × Ay for various locations of
the LoRa device. Each PEB map is derived either by
accounting for the phase information on the carrier frequency
(Fig. 2 and Fig. 3), or not (Fig. 1). Results corroborated those
reported in Table 2. First, as reported in Fig. 1, we observe
that, when the carrier phase information is not available
(i.e., when accounting for the signal in (8) without the terms
with fc and ξ ), PEB performance is very poor with errors
of hundreds of meters. To improve performance, either it
is required to increase the number of gateways, namely,
Ng or the SF value (see Table 2). On the other way round,
when the phase information on the carrier frequency is
included (see Fig.2 and Fig. 3 performance is very good
even in challenging setups (e.g., β = 3.6). This is due to
the combined use of signal strength and phase information,
which, under ideal propagation conditions, enables a highly
accurate estimation process both for β = 2.6 and β = 3.6.

a: ANALYSIS OF THE PHASE OFFSET ξ IMPACT
We observe that the phase offset ξ has only a limited impact
on performance (see the differences in Fig. 1–Fig. 3 between
the maps on the left and their counterparts in the middle).

The fact that the PEB remains nearly unchanged suggests
that estimating ξ does not enhance position estimation.
This behavior indicates that the cross-correlation terms Jpξ

in (43) are approximately zero, meaning that the position
and synchronization parameters are nearly orthogonal in the
Fisher information sense. As a result, estimating ξ provides
little to no improvement in positioning accuracy.

Furthermore, this effect can also be attributed to the use
of multiple gateways (e.g., four) for localization. With sev-
eral independent measurements, the system can effectively
resolve position information even in the presence of an
unknown phase offset, thereby reducing the influence of ξ

on overall accuracy.
In summary, we have two situations: (i) the phase offset

is excluded from the parameter vector and, thus, its value
is assumed to be known, so that its impact on the PEB is
eliminated; (ii) the phase offset is included in the parameter
vector and, thus, it is treated as an unknown nuisance
parameter. But since we always consider at least 4 gateways
and only p and ξ need to be estimated, even in case (ii) the
phase offset can still be determined, resulting in nearly the
same outcome as in case (i).

9Even though SF = 3 and Ps = −9 dBm are not commonly employed in
LoRa systems, since 7 ≤ SF ≤ 12, and −4 dBm ≤ Ps ≤ 20 dBm, we use
these numbers here as they allow to achieve interesting performance in the
considered setup.
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3) SEB MAPS
Considering these aspects, Fig. 4 illustrates the SEB for
β = 2.6 under two scenarios: with carrier phase information
recovery (top) and without it (bottom). Notably, the SEB
difference between the two scenarios is almost negligible.
Conversely, Fig. 5 reports the SEB for β = 3.6. Given
that the values are considerably higher, this suggests that,
as expected, the recovery of carrier phase information has
a minimal effect on the SEB. Instead, the performance is
primarily influenced by the SNR, as a more favorable γg
configuration (i.e., a lower β) helps mitigate the effects of
synchronization errors on estimation accuracy.

C. RESULTS FOR MLE LOCALIZATION
1) CONFIGURATION
Among the metrics for performance evaluation of the local-
ization system, the empirical cumulative density function
(ECDF) through Monte Carlo simulations is chosen. The
ECDF is computed as follows

CDF(eth) =
1
Nmc

Nmc∑
l=1

1(el ≤ eth), (66)

is the threshold for the localization error, Nmc is the number
of Monte Carlo simulation and 1(·) is equal to 1 if its logical
argument is true, otherwise it is 0, and

el = ||p̂l − pT,l ||

where el is the localization error, pT,l and p̂l are the true
and the estimated position using the MLE algorithm at
the lth Monte Carlo run, respectively. In the following,
we account for β = 2.6, Nmc = 5000, and for the
recovery of the phase information on the carrier frequency.
Regarding the MLE, we performed a brute-force search
across a 100 × 100m2 region at the center of the overall area,
which we assume contains the transmitter. For each Monte
Carlo run, the true target position is generated according to a
uniform distribution within the search area.

2) RESULTS
Figure 6 reports the ECDF for various localization errors
when both the central frequency fc and the transmitted
power Ps are adjusted. Continuous lines refer to performance
achieved for fc = 433MHz, whereas dashed lines refer to
their counterpart achieved for fc = 868MHz. Reducing fc
from 868MHz to 433MHz leads to a notable improvement in
localization performance. This improvement arises because
the decrease in path-loss has amore substantial impact on per-
formance than the slight decrease in accuracy due to the larger
wavelength associated with the lower frequency. In other
words, the benefit of reduced path-loss at 433MHz outweighs
the potential accuracy loss stemming from the increased
wavelength, which slightly reduces spatial resolution.

It is also important to observe that, unlike the PEB, the
MLE performance at lower transmission powers, specifically
Ps = −9 dBm, is marked by significantly larger localization
errors. For instance, when fc = 868MHz, only about 30% of

FIGURE 5. SEB in radians obtained for β = 3.6 and without carrier phase
information. Note that, for the sake of readability, the scale is kept
different from that of Fig. 4.

FIGURE 6. ECDF for different values of fc and Ps, with ξ = 0.

cases achieve a localization error of less than 30m, whereas
with fc = 433MHz, approximately 40% of cases meet this
error threshold. This discrepancy highlights the challenges
in solving the ambiguities, especially at higher frequencies
where localization is more susceptible to path-loss effects,
which are amplified by lower transmission powers.Moreover,
large localization errors are observed even when Ps is
increased, resulting in higher values of γg. This trend can
be attributed to the phase periodicity inherent in the system,
which introduces ambiguities in the likelihood function.
These ambiguities make the system extremely sensitive to
noise, thereby necessitating significantly larger values of Ps
to mitigate noise effects. Consequently, localization accuracy
remains challenged by this effect.

To address these limitations, we evaluated the impact
of increasing the number of gateways Ng. Specifically,
with Ng = 8, localization performance shows considerable
improvement. Indeed, the presence of additional gateways
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FIGURE 7. ECDF for fc = 868 MHz, different values of Ps, and ξ = 0.

FIGURE 8. ECDF for different values of fc and under phase
synchronization offset. Results are obtained for Ps = 6 dBm and SF = 3.

enhances spatial diversity, providing more robust signal
measurements that help resolve phase ambiguities and reduce
sensitivity to noise. As illustrated by the dotted lines in Fig. 7,
this setup with a higher number of gateways leads to more
accurate localization results, demonstrating that increasing
Ng is an effective strategy to overcome the performance
degradation seen at lower Ps and higher fc values.

Finally, Fig. 8 presents the ECDF for localization errors in
scenarios with and without the presence of a phase offset ξ ,
which is randomly selected for each Monte Carlo cycle, with
ξ ∼ U [0, 2π [. Notably, unlike in the PEB analysis where the
impact of ξ was negligible, the inclusion of a phase offset
ξ here introduces significant ambiguities in the likelihood
function. These ambiguities lead to larger localization errors,

as the phase offset complicates the estimation process and
increases the likelihood of incorrect localization results
(additional computational complexity due to 3D search).

Note that the influence of the phase offset ξ becomes
more pronounced when the system operates at lower values
of γg, which occur at higher values of fc. When fc is
high, the path-loss increases and γg decreases, making the
system more susceptible to noise and phase ambiguities
introduced by ξ . As a result, the presence of a phase offset
has a detrimental effect on localization accuracy since the
ambiguities are increased, emphasizing the need for careful
handling of ξ when the operating frequency fc assumes
a larger value. Thus, the results in Fig. 8 underscore the
importance ofmanaging phase offsets tomitigate their impact
on performance, especially when fc and ξ combine to create
more pronounced ambiguities in the likelihood function that
can have a detrimental impact for lower γg values.

VI. CONCLUSION AND FUTURE PERSPECTIVES
This paper addressed the localization problem in a wireless
system with a transmitting LoRa device and multiple gate-
ways serving as anchor nodes. In such settings, we explored
the fundamental localization limits, in terms of PEB, for
a direct approach that estimates the transmitter’s position
directly from the received signal, and a two-step TDOA-
based approach, which avoids synchronization issues. In both
case, we put in evidence the interaction between LoRa
signaling and system geometry. Then, we presented the
MLE for the direct approach in order to corroborate the
previous findings using a localization practical algorithm.
Numerical results showed that MLE performance approaches
the PEB only at very high SNR regimes, with performance
influenced by factors such as the central frequency fc, phase
offset ξ , and the number of gateways Ng. Based on the
achieved results, LoRa-based wireless system shows great
potential as a promising low-cost and long-range technology
for localization purposes for the next generation of wireless
systems.

Looking ahead, an important future direction is the
extension of the proposed CRLB framework to 3D scenarios.
While this extension is mathematically straightforward,
since the FIM simply includes an additional coordinate
and the derivatives generalize accordingly, it raises several
new challenges. In particular, gateway deployment in the
vertical dimension and antenna orientation become critical
design factors. Moreover, multipath effects are typically more
pronounced in 3D environments and should be properly
accounted for to achieve reliable localization performance.
Finally, in the context of future aerial gateways or drone net-
works for localization [65], future research could investigate
how integrating LoRa technology with such infrastructures
may enhance 3D localization performance.
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APPENDIX A
FIM ELEMENTS FOR THE DIRECT APPROACH
To compute the FIMs in (25), (26) and (30) on user position,
one can operate as follows

[Jg]1,1 =
2
σ 2

M−1∑
k=0

ℜ

{
∂

∂x
yg,k

(
∂

∂x
yg,k

)⋆ }
, (67)

[Jg]2,2 =
2
σ 2

M−1∑
k=0

ℜ

{
∂

∂y
yg,k

(
∂

∂y
yg,k

)⋆ }
, (68)

[Jg]1,2 =
2
σ 2

M−1∑
k=0

ℜ

{
∂

∂x
yg,k

(
∂

∂y
yg,k

)⋆ }
. (69)

Let us focus on the x-coordinate of the user position for
now, as the same considerations would also apply to the
y-coordinate. The first derivatives of the useful signal yg,k
with respect to x is

∂

∂x
yg,k =

[
∂

∂x
ρg

]
sg,k + ρg

[
∂

∂x
sg,k

]
, (70)

where

∂

∂x
ρg =

∂

∂x

(
κ

f 2c d
β
g

) 1
2

= −
β ρg

2dg

x − xg
dg

, (71)

∂

∂x
sg,k = j sg,k

2πB
M c

∂dg
∂x

[
M
2

+ Bτg−k−M
fc
B

]
. (72)

By substituting (71) and (72) into (70), we can write

∂

∂x
yg,k = yg,k

(x − xg)
d2g

[
−

β

2
+ jdgA

(1)
g,k

]
, (73)

where A(1)g,k is defined as in (23). Analogously to (73), we can
compute the first derivative of yg,k with respect to y as

∂

∂y
yg,k = yg,k

(y− yg)
d2g

[
−

β

2
+ jdgA

(1)
g,k

]
. (74)

By substituting (73) in (67),we obtain

[Jg]1,1 =
2
σ 2

M−1∑
k=0

ℜ

{
∂

∂x
yg,k

(
∂

∂x
yg,k

)⋆ }

=
2
σ 2

(x − xg)2

d4g

M−1∑
k=0

∣∣yg,k ∣∣2 ·

∣∣∣∣− β

2
+ j dg A

(1)
g,k

∣∣∣∣2
=

2Psρ2
g

σ 2 0g
(x − xg)2

d4g
, (75)

where

0g =

M−1∑
k=0

∣∣∣∣− β

2
+ j dg A

(1)
g,k

∣∣∣∣2

=
Mβ2

4
+ d2g

M−1∑
k=0

(
A(1)g,k

)2
. (76)

Now, recalling that

A(1)g,k =
Bπ

Mc

[
M + 2Bτg − 2 k − 2M

fc
B

]
, (77)

which quantifies how the received phase changes with
the propagation time, let us focus on the second
term of (76)

M−1∑
k=0

(
A(1)g,k

)2
=

B2π2

M2 c2

M−1∑
k=0

[
Ãg − 2 k

]2
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B2π2

M2 c2

M−1∑
k=0

[
Ã2g + 4 k2 − 4 k Ãg

]

=
B2π2

M2c2

(
MÃ2g + 4

M−1∑
k=0

k2 − 4Ãg
M−1∑
k=0

k

)
,

which finally gives

M−1∑
k=0

(
A(1)g,k

)2
=
B2π2

Mc2

[
M2

(
1
3

+
4f 2c
B2

)
−M

(
4 fc
B

− 8 fc τg

)
+

(
2
3

+ 4B2 τ 2g + 4B τg

)]
, (78)

with Ãg =

(
M + 2Bτg − 2M fc

B

)
. Consequently, we can write

0g in (76) as

0g =
Mβ2

4
+ d2g

M−1∑
k=0

(
A(1)g,k

)2
, (79)

=
Mβ2

4
+

(
τg Bπ

)2
M

×

[
M2

(
1
3

+
4 f 2c
B2

)
+ −M

(
4 fc
B

− 8 fc τg

)
+

(
2
3

+ 4B2 τ 2g + 4B τg

)]
. (80)

The same holds for the FIM on the y-coordinate (26) and on
the cross term (30).

Regarding the FIM that depends on the initial synchroniza-
tion phase, it is easy to show that

[Jg]3,3 =
2
σ 2

M−1∑
k=0

ℜ

{
∂ yg,k
∂ξ

(
∂ yg,k
∂ξ

)⋆ }

=
2
σ 2

M−1∑
k=0

|yg,k |2 =
2MPs ρ2

g

σ 2 . (81)

The cross-terms in (31)-(32) can be found as

[Jg]1,3 =
2
σ 2

M−1∑
k=0

ℜ

{
∂ yg,k
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(
∂ yg,k
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2
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ℜ
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k=0

ℜ

{
j
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2
+ dg A

(1)
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σ 2
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dg
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k=0

A(1)g,k . (82)
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Now consider the following summation

�g=

M−1∑
k=0

A(1)g,k =
Bπ

c

(
M + 2Bτg − 2M

fc
B

)
−
2Bπ

Mc

M−1∑
k=0

k

=
2π τg B2 + π B− 2M fc π

c
. (83)

By substituting (83) in (82) it is possible to obtain (31). The
same computations can be done to obtain (32).

APPENDIX B
FIM ELEMENTS FOR DELAY ESTIMATION
To compute the FIM in (59) we need to consider the following
first derivative of yg,k with respect to τg

∂

∂τg
yg,k = sg,k ·

∂ρg

∂τg
+ ρg ·

∂sg,k
∂τg

, (84)

where

∂ρg

∂τg
=

∂

∂τg

(
κ cβ

f 2c τ
β
g

) 1
2

= −
βρg

2τg
. (85)

Thus, regarding the first term of (84) we have

sg,k
∂ρg

∂τg
= −

β

2τg
yg,k . (86)

Then, considering the term ∂sg,k
∂τg

in (84), we can write

∂sg,k
∂τg

= sg,k

[
j2π

−2 k B2 T + 2B2τg +MB− 2Mfc
2M

]
= j 2π sg,k A

(2)
g,k , (87)

Then, by substituting (85) and (87) into (84), we can write
∂yg,k
∂τg

= yg,k
[

−
β

2τg
+ j 2πA(2)g,k

]
, (88)

and by considering that
M−1∑
k=0

(
A(2)g,k

)2
=

1
12M

·

(
12B4 τ 2g + 12B3τg + B2M2

−24B2Mfcτg + 2B2 − 12BMfc + 12M2f 2c
)

,

(89)

so that it possible to obtain (65).
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