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hand, this formula can be applied to compute approximate Riemann solvers in the ALE formulation
starting from their Eulerian version. On the other hand, as shown, the same formula is also useful
to verify the correctness of an Riemann solver in the ALE formulation once its Eulerian version is

1. Introduction

In the last decades, shock—capturing numerical methods have been widely used to solve time-dependent hyperbolic conservation
laws in different fields. They are usually based on Riemann solvers which, after the seminal work of Godunov [1], have been the
subject of several research works (see [2] and references therein). Most of them are designed in the Eulerian framework,’ with the
inconvenient that when using arbitrary Lagrangian Eulerian (ALE) formulation [4] they should be redesigned.

In this document, after introducing the conservative variables and flux vector definitions (Sec. 2), in Sec. 3 we propose a formula
which allows to derive, starting from its Eulerian counterpart, a Riemann solver in the direct> ALE formulation. As shown in Sec. 4,
the Riemann solver thus obtained preserves the Galilean invariance. Using this formula, in Sec. 5 we investigate two approximate
Riemann solvers in the ALE formulation presented in Luo’s paper [6]: AUSM™ and HLLC. As we will show, the proposed expression
for the HLLC solver presents an error. The numerical experiments investigated in Sec. 6 support that the new formula gives, for the
HLLC solver in the ALE formulation, the same results as the classic one. Conclusion follows.

* Corresponding author.
E-mail address: alberto.beccantini@cea.fr (A. Beccantini).
! Only a few authors have designed Riemann solvers adopting the Lagrangian standpoint before designing their Eulerian counterpart, despite of the benefits that
would come with it [3].
2 In direct ALE formulation, advective terms are explicitly included in governing equations, opposite to indirect ALE approach, which involves a Lagrangian stage [5].
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2. Definitions

The governing equations for the ALE formulation are presented, for instance, in Sec. 2 of [6]. A part a few exceptions (see for
instance [7,8] and reference therein), they are solved using shock capturing approaches based on 1D Riemann solvers. Then, as
pointed out in Sec. 3.2.4 of [2] and in Sec. 3 of [9], without loss of generality we can restrict our attention to the 1D case.

We define the (one-dimensional) conservative variables in the fixed frame and in the moving boundary frame as:

p p P
U=| pv |, U=| pp |= p(v— %) , (€]
pE pE pe+ 1p(v— %)

where p is the density, v the flow velocity, x is the boundary speed, and E the specific total energy, defined by

%)
E=e+ =07,
2
i.e. involving the specific internal energy e and the kinetic one.

We also distinguish between flux vector in the ALE and Eulerian formulation:

0 0
Fup=@w-5U+P| 1|, Fg=0vU+P|1][, )
v v

P being the pressure.
3. A bridge formula between Eulerian and ALE formulation

Using (2), we can write the Eulerian flux in the boundary frame as:

p 0
F=@w-x% p(v—X%) +P 1 . 3
pe + %p(u—)’c)2 (v=x)
By observing that
%(u—x)zz%u2+%xz—xu=%u2—x(u—x)—%x2, @

after straightforward calculations it can be written that

P 0 0
F=@w-x pv +P|1|-(v=x)] px
pe+%pv2 v 0
Fare
0 0
- x| 0 |-(—-x) 0 —(v—x%)
P px(v— Xx) %px2
0 0

Fag—p0—3)| % [=(P+pw-%7?)]0
~—— lx2 Mo ——— x
(F)l 2 (F)z

where (F)l is the i-th component of F. In compact form,

0 0
Fae=F+(F)| x |+(F),| o[ ®
1x2 X

F . is the inviscid flux vector in the fixed frame while F is the Eulerian inviscid flux vector expressed in the boundary frame. The
first component of the formula is a consequence of the fact that the mass flux is the same in the fixed and moving frames. The second
one expresses that, because of the different frame velocities, the mass entering the control volume gives an extra contribution to the
momentum flux in the fixed frame with respect to the moving one. Finally, concerning the third component, we remind that the total
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i-1/2 i+1/2

Fig. 1. Finite volume cell i.

energy is the sum of the internal energy (which is the same in both frames) and the kinetic energy (which is different because of
the boundary frame velocity). Then, because of the frame relative velocity, the mass flux affects the variation of the kinetic energy
while the momentum flux affects both the variation of internal and kinetic energy because of the different inertia and pressure power
injection.

From a practical point of view, Formula (5) allows to compute F,;g using the Eulerian formulation of a Riemann solver, i.e.
without the necessity of reprogramming its ALE version.

4. Galilean invariance in the discrete sense

Let us restrict our attention to an explicit scheme, first order accurate in space and time, and consider the finite volume cell
represented in Fig. 1 (/ being its time variable length). We define, on the variables a and b,
n+l _ a"
4 i g
Aj(a)= el §;(D)=b_y ), =iy o

We verify the Galilean invariance in the discrete sense of Formula (5), i.e. that

0 0
AU =6 (Fae) = &|F+(F), x +(F), | 0 ©
) 2x X

gives the same results in fixed and constant velocity moving frames.
According to Formula (6), the density conservation in fixed and moving frames gives

Ailp) =6 ((F)l) @
which implies that the time evolution of the density is the same in both frames.
The momentum conservation in the fixed frame gives
A;(lpv) =6, ((F)2>+5i ((F)lx) ®
In a frame moving with constant velocity w, the RHS of Formula (6) gives
3 ((F),) + 5, (), =) = 5, (F),) +5, ((F), ) i ((F),)
o N —

RHS‘;f ®3) RHS of (7)
= A (Upv) — wh,; (Ip) = &; (Ip(v — ),

which implies that the time evolution of the momentum computed using Formula (6) respects the Galilean transformation rules.
The total energy conservation in the fixed frame gives

8, (1o (e 22)) =5, ((B),) 45, <(f~)l L;) 16,((F), ). ©

In a moving frame, the RHS of Formula (6) gives
. (- w)? B
5, ((F),) +6, ((F)1 %) 16, ((F), (¢ w0) =

= 6 (F),)+a, ((B), 5 )+, (8),9
) RHS:f © ) ’

~ w (5 ((F), %) +8; (F),) +5- 5 (F),
——
RHS of (8) RHS of (7)

A; (lp <e+ %vz)> —wA; (Ipv) + w72AI_ (Ip)=A; (Ip <e+ %(U— w)2>>,

which implies that the time evolution of the total energy computed using Formula (6) respects the Galilean transformation rules.

3
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5. Examples of application: AUSM* and HLLC in the ALE formulation

As already mentioned, Formula (5) can be used to extend any Riemann solver from the Eulerian to the ALE formulation. For
instance, using the Eulerian version of AUSM™ [10] or HLLC (Chapter 10 of [2]), we can directly use Formula (5) to compute their
ALE version in our CFD code.

Differently, Formula (5) can be used to derive the ALE expression of the Riemann solver. Proceeding in this way, in Sec. 5.1 we
obtain the ALE version of AUSM™ proposed in [6].

Formula (5) can also be used to verify if the implementation of the ALE expression of the Riemann solver is correct. As we will
show in Sec. 5.2, the ALE version of HLLC proposed in [6] presents an error.

5.1. AUSM™*
The AUSM-family has been constructed with the aim of removing the numerical dissipation of the van Leer-type flux vector

splittings on stationary contact/shear waves [11]. As mentioned in [10, Formula (3)], in the Eulerian formulation the inviscid flux is
split into

1 0
Fgp= pv v +| P
——ert2e2] |0
it ,
—_—————
b 4

Then, according to Formula (5) in [10], the numerical flux between the i-th cell (left) and the j-cell (right) is evaluated as

0

[Fi], ;= rin ¥ P ¥ b0 (10)
o= o+ s =
Elij 1/2%i/j i)/z /i \I’j I 12 <0

As far as 1/, and Py, are concerned, different formulae are proposed (see for instance [10] and references therein).
In the ALE formulation proposed in [6] (Formula (4.8)), the inviscid flux vector is split as

0
Fpog=p(v—x%) v +| P
M e+ u + 0

which gives

0 .
. ¥, mp20
[FALELJ =m ¥+ Pip |0 Yiy= W, iy, <0 (1)
Py % 4

Let us now calculate the RHS of Eq. (5) using the Eulerian flux (10) in the boundary frame.
([F] i,j)l = ';11/2
([1,,),+([F1,,),

CEE +P1/2+x([1?“]i,j)1

rﬁl/z(v—fc)i/j+Pl/2+Xﬁ11/2

= 1y )+ Pip

(19,), + *(#,),+%(#,),=

(v— %)

+_
P 7
. i2
+ x(’hl/Z(U_x)l/j+Pl/2>+7ml/2

= ’;’]/2 e+

- V2P .
= myp e+7+; ‘/‘+P1/2x
i/j
(4)
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As one can see, the last three equations coincide with the three components of [F ALE]” given by Formula (11).
5.2. HLLC

As we will show in Sec. 6, there is an error in Luo’s formulae for the ALE version of HLLC [6]. In order to show the origin of this
error, we here revisit the intermediate states formulae in the fixed (Sec. 5.2.1) and boundary frames (Sec. 5.2.2) and we show that
they respect the Galilean transformation rules.

The HLLC solver is presented in details in Ch.10 of [2]. As in the previous section, and as in [6], we search for the flux between
the i-th cell (left) and the j-cell (right). We indicate the fastest wave speed with S, in the fixed frame and with S’k in the boundary
frame (with k =i, j). The definition of the fastest wave speed being Galilean invariant (see for instance Luo’s Formulae (4.25) and
(4.26) in [6] or Batten’s Formula (51) in [12]), it is

S, =S, —x. 12)
In this case, since the HLLC is obtained using the Rankine-Hugoniot conditions, the HLLC approximate solution is Galilean invariant,

as we will show below.

5.2.1. The intermediate states in the fixed frame
As presented in Chapter 10 of [2], in the fixed frame it is

_PY (S;=v;) =pvi (S; —v;) + B = P,

S* , 13
p; (S;=v;) =i (Si—vy)
P*=P'=P;, 14)
with
Pi=P +p (S —vi) (S*—vp) k=i j. (15)
Combining these formulae with Formula (10.39) of [2], one can obtain Formula (33) of [13]:
ﬂi . Sk — oy
O =| Gy [=5—==| Se-vobon+E =Py | (16)
kK~ .
(pE)Z Sy —v)E), — Pv + P*S*
We also notice that (as expected)
(pv)y, V) P*-P
*k=(p )k+ i — Uk+(S*—Uk)=S*. 17
o Pi Sy = S* ——
(15)
Finally the intermediate state kinetic energy and internal energy per unit volume can be expressed as
Lo = Leupst = e ((Se - vpuS” + (P - P)S”)
2 k~k 2 k Z(Sk _ S*) k k k k
(16)
1 | [P #
- 5% ((Sk 0050} + 5 (P = P) (0 + S )) ,
(15)
E * _ 1 koK __ 1 S — ) E) _ 1 2
(pE); E(ﬂv)kvk = S.-5 (Sk —v) ((PE) 5Pk
a8

. .
+ 3P = RS —uk)).

5.2.2. The intermediate states in the boundary frame

Intermediate states in the boundary frame can be computed using, in the formulae presented above (Sec. 5.2.1), the wave speeds
S, and the velocities & = v — x instead of their values in the fixed frame.

Since S‘k -0, =S8, — v, and S* — 0 =S* — v, it follows that pressures (equations (14) and (15)), densities (Eq. (16)) as well as
internal energies per unit volume (Eq. (18)), are the same in both frames. The momentum (Eq. (17)) is

(pD); = P S™ = pp(S™ = ) = (pv); — picx,

i.e. as expected the formulae presented in Sec. 5.2.1 obey to the Galilean transformation rules.



V. Chicu, A. Beccantini and M. Gherardi Journal of Computational Physics 524 (2025) 113724

Table 1
Initial conditions for 1D test cases. Stiffened gas (Tamman) EOS (as in [6, Sec. 5]). Case 1 one corresponds to an

isolated shock wave with speed o ~ —1.9020495 (non-dimensional values). Case 2 is a gas-water shock tube [6,
Sec. 5.4] (SI values). Case 3 is the Le Blanc shock tube [3, Tab. 1] (non-dimensional values).

Case Left state Right state Domain Discont. Final time EOS
(p,v, P). (p,v, P)g Yo TR P, Pr
1 1 2.0443754 - - - 1.4,1.4 0,0
0 -0.97166778
1 2.8481602
2 1.271 0.999983 [0, 100] 50 1.6-107* 1.4,7 0, 3.03975 - 10°
0 0
9.119252-10°  1.01325-10°
3 1 1073 [0,9] 3 6 5/3,5/3 0,0
0 0
2/3-107! 2/3-10710
Table 2
Isolated shock wave (Table 1, Case 1). From the top to the bottom: left state, intermediate
left and right states (with the fastest wave speeds), right state. Non-dimensional values.
State P v P pE S
L 1.0 0.0 1.0 2.5 -
L* [13] 2.0443754  -0.97166778  2.8481602  8.0854870  -1.9020495E
R* [13] 2.0443754  -0.97166778  2.8481602  8.0854870  0.75850087
L* [6] 2.0443754  -0.97166778  2.8481602  4.3071536  -1.9020495
R* [6] 2.0443754 -0.97166778 2.8481602 8.0854870 0.75850087
R 2.0443754  -0.97166778  2.8481602  8.0854870 -
Table 3

Isolated shock wave (Table 1, Case 1). F; ;. on the left and on the right of x = ¢ = —1.9020495. Non-
dimensional values.

L L L L L L
(FALE)l (FALE)l (FALE)z (FALE)Z (FALE)3 (FALE)s
Formula (5) 1.9020495 1.9020495 1.0 1.0 4.7551239 4.7551239
[13] 1.9020495 1.9020495 1.0 1.0 4.7551239 4.7551239
[6] 1.9020495 1.9020495 1.0 1.0 4.7551239 1.2398315

5.2.3. Discussion on the Luo’s formulae
As one can see, the only difference between Eq. (16) and Luo’s formulae (4.19) - (4.20) in [6] is in the evaluation of the intermediate
state total energies in the fixed frame:
Ky P, — P*S*
( E)* = f( E) -
[ p k]LLlO Sk —_ S PE)k Sk —_ S
The error arises from the fact that Luo’s formulae involve wave speeds and velocities expressed in the boundary frame. Incidentally,
while the internal energy is a Galilean invariant, the total one is not, the kinetic energy being different in the fixed and boundary
frames. If follows that, in the total energy formula, one should use wave speeds and velocities expressed in the fixed frame (as in
Formula (18) or Formula (33) of [13]).

(P =P
—_X.

— (19)
S, — S+

=(pE), -

6. Numerical verifications

Let us now present some numerical verifications which support that, for the HLLC solver, Formula (5) and its classic ALE flux
formula (for instance, van der Vegt’s Formula (33) in [13]) give the same numerical results. For this purpose, the three shock tube
test cases of Table 1 are considered. Case 1 is an isolated shock wave on which we simplify verify that Formula (5) and van der Vegt’s
formula are equal to the exact flux function at the discontinuity, thus preserving the isolated discontinuity as the mesh interface and
the shock have the same speed. Cases 2 and 3 are shock tubes that are considered to be challenging for the robustness of the numerical
solvers [6,3] and therefore will be computed using the two aforementioned HLLC flux formulae.

First of all, let us consider the isolated shock wave (Table 1, Case 1). If we compute the fastest wave speeds using Batten’s Formula
(51) in [12], the HLLC solution of the given Riemann problem coincides with the exact one. In Table 2 we present the values for
the intermediate states (L* and R*) obtained using van der Vegt’s Formula (33) in [13] and Luo’s Formulae (4.19) - (4.20) in [6],
respectively. According to van der Vegt’s Formula, states L*, R* and R are identical, which confirms that we are dealing with a left
isolated shock wave. Same for Luo’s formula, except for the total energy per unit volume in the L* state, which is incorrect. In Table 3
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Fig. 2. Gas-water shock tube (Table 1, Case 2). SI values. HLLC computations with Formula (5).

we present the ALE HLLC fluxes evaluated on the left and on the right of the boundary travelling with speed x = 6 = —1.9020495 (i.e.
on the states L and L* of the isolated shock wave Riemann problem), obtained using Formula (5), van der Vegt’s formula and Luo’s
one. They are all identical, except for the Luo’s energy flux on the right of the boundary, which is false.

Let us now compute cases 2 and 3 of Table 1 and compare the numerical results obtained using the expression of the ALE HLLC
flux according to two aforementioned HLLC flux formulae. All computations are carried out using the Europlexus code [14], with
an explicit ALE Cell-Centered Finite Volume algorithm which is first order accurate in space and time (with a CFL number equal to
0.45). At each time step, the velocity of the interface containing the initial discontinuity is computed as the Roe average of the flow
velocity, at the previous time step, of two elements sharing the interface. All the other interfaces move to maintain a constant mesh
size on the left and of the right side of the initial discontinuity.

In Fig. 2 we represent the numerical results for the gas-water shock tube (Table 1, Case 2), obtained using Formula (5) for the
HLLC solver. As one can see, even with a mesh with 400 elements the numerical solution is close to the exact one. The numerical
results obtained using the van der Vegt’s formula are not shown here as they are almost identical to those of Fig. 2. We only mention
that the computed absolute differences between the two flux formulae are of the order of 10710 (relative 10~'4) for the mass, 10~10
(relative 10713) for the momentum, 102 (relative 10~1%) for the energy.

Similar considerations hold for the Le Blanc shock tube computations (Fig. 3), which supports what shown in Sec. 5.2: the van
der Vegt’s formula and the HLLC flux calculated using Formula (5) are identical. In passing we notice in Fig. 3 the classical low
convergence speed toward the exact solution (as in [3, Fig. 91), which is not due to the flux formulae.

7. Conclusion

In this short note we have proposed a formula which, on the one hand, can be applied to design/compute approximate Riemann
solvers in the ALE formulation starting from their Eulerian version. On the other hand the same formula is also useful to verify the
correctness of an ALE approximate Riemann solver using its Eulerian version. Using this formula, we have derived the AUSM* ALE
version proposed in [6] and have shown that the HLLC solver for moving meshes, also proposed in [6], is not correct, as also supported
by a numerical example.



V. Chicu, A. Beccantini and M. Gherardi Journal of Computational Physics 524 (2025) 113724

1 0.7 T

T
3200 —=— 3200 —=—
1600 —o— 1600 —o— &
800 —a— 800 —4— Y. |

exact 0.6 |- exact

N

0.5

0.1

0.2 }

0.1

T il
‘ 0
Il
1l
0.001 L - 0.1
0 1 2 3 4 5 6 7 8 9 0 1 2 3 4 5 6 7 8 9
x x
3200 —&—
S — 1600 —e—
0.01 o S 800 —=—
‘\ exact
0.0001 HT
R oo ‘
1x10°8 ‘
o 1
0 1 2 3 4 5 6 7 8 9

Fig. 3. Gas-water shock tube (Table 1, Case 3). SI values. HLLC computations with Formula (5).
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