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ARTICLE INFO ABSTRACT

Keywords: Restricted Boltzmann Machines (RBMs) are generative models designed to learn from data with
Statistical mechanics a rich underlying structure. In this work, we explore a teacher-student setting where a student
Machine learning RBM learns from examples generated by a teacher RBM, with a focus on the effect of the unit

Self-supervised learning priors on learning efficiency. We consider a parametric class of priors that interpolate between

continuous (Gaussian) and binary variables. This approach models various possible choices of
visible units, hidden units, and weights for both the teacher and student RBMs.

By analyzing the phase diagram of the posterior distribution in both the Bayes optimal and
mismatched regimes, we demonstrate the existence of a triple point that defines the critical
dataset size necessary for learning through generalization. The critical size is strongly influenced
by the properties of the teacher, and thus the data, but is unaffected by the properties of
the student RBM. Nevertheless, a prudent choice of student priors can facilitate training by
expanding the so-called signal retrieval region, where the machine generalizes effectively.

1. Introduction

Restricted Boltzmann Machines (RBMs) [1-4] are a type of generative stochastic neural network (NN) that can learn a probability
distribution over its set of inputs. Their ability to learn rich internal representations [5-9] makes them a fundamental building block
in deep learning architectures RBMs have a visible layer of N units s = {s;},_,_,, a hidden layer of P units z = {z,}, <cpanda
set of internal connections & = {5{‘}] <I<N.1<u<P’ which are commonly referred to as weights. Given &, the joint distribution of the

visible and hidden layers has the Gibbs structure

(sT‘é)—Z"(é)P(S)P(T)eXP([ZZé” > €]

i=1 y=
where P (s) and P () are priors on the visible and hidden layers, respectively, g is the inverse temperature modulating the weights

intensity and z (£) is the partition function normalizing the distribution. RBMs with given weigths can generate data s by sampling
the marginal distribution

( ‘5) =z O w(s;é)= 71 (&) P(s)E, [exp <\/7 Z f” >] o

where E_ is the expectation over the hidden units. Marginal Gibbs distributions of the form (2) are also known as generalized
Hopfield networks [10-16]. RBMs with generic priors, i.e. the generalized Hopfield networks, have been extensively studied in the
statistical mechanics literature, for their properties as models of associative memory [17,18] and their challenging connection with
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the Parisi theory of spin glasses [19-24]. This studies only address the so-called direct problem, where the weights are either fixed
or randomly sampled from fixed distributions, and the statistical properties of the generative model are investigated.

In a machine learning context, however, the weights are learned [25-27] from a dataset of examples, whose distribution the RBM
must reconstruct. Therefore the study of the inverse problem of weights optimization is fundamental for a theoretical understanding of
the RBM learning mechanisms. From this perspective, a very useful approach is the so called teacher—student setting where a student
RBM is trained with data produced by another teacher RBM [28-35]. Such studies are crucial to isolate individual characteristics
of data and machine architecture in a controlled environment and explain their effects on the NN training. For example in [28] the
effects of the inference temperature in relation with the dataset’s size and noise on RBM learning is investigated. In [34] the choice
of the hidden layer’s size in relation to the number of patterns in the data and their correlation is studied. In [36-38], the role of
multi-body interactions is analyzed in the context of Dense Hebbian neural networks.

In this paper, we explore the impact of unit priors on the learning capacity of RBMs and their different learning phases. We
extended the results of [28] on the critical dataset’s size necessary for an effective learning by characterizing the entire learning
phase diagram. We show the existence of a spin-glass phase where the machine learns spourius patterns of information, an example
retrieval phase where the machine tries to learn by memorization and a signal retrieval phase where conversely it learns by
generalization. The existence, size and location of these phases strongly depend on the unit priors’ choice.

The paper is organized as follows: Section 2 introduces the teacher-student framework, outlines the main quantities of interest,
and describes the class of prior distributions considered. Section 3 presents the main results in terms of a general variational
principle for the model’s free energy and a system of saddle point equations, whose solutions are connected to our quality of learning
estimators. Section 4 presents the Bayesian framework, which is the best possible setting for learning. Finally, Section 5 presents
the results in the mismatch architectures between teacher and student RBMs.

2. The teacher-student framework

Consider the inference problem of a student machine (S-RBM) trained over a dataset generated by a teacher machine (T-RBM).
The T-RBM model is built upon P quenched patterns & ~ P(&). A dataset of M examples S := {s?} 21 L= ss) ‘I,\i | Is generated
by drawing independent samples from the T-RBM distribution

M M i PR

Pty = [T P& = [Tz &P Erexp[ 1/ 1 2 X si8e | - ®
a=1 a=1 i

and provided to the student.

The student is trained over S to recover its structure, i.e. the teacher patterns. In this process the student patterns & are optimized.
In a Bayesian framework, they are sampled from the posterior distribution

P@OTIY, P(s°1&)
PEIS) = %—Z (S)P(@Hz*‘u:)E eXp<\/ ZZ siel'T )

i=1 p=1

=z (S>z-M<§>HP<§”>E exp<\/7 > Z:“ > @

i=1 a=

with partition function

Z(8)= Egz_M(f)HIE exp <\/7 )y 2 &'t > : ®)
i=1 a=

In general, the student is unaware of the properties of the T-RBM, therefore we assume B # B, P(&) # P(&), P(#) # P(r). Without the
term z~M (&), the posterior distribution (4) would correspond to P independent generalized Hopfield models, one for each student
pattern &*, where the examples {s“}ﬁ , act as dual patterns [28,30,32,36]. In [34] it is shown that, for teacher patterns that are
uncorrelated, the interaction term z(&)~™ has the only effect of enforcing orthogonality between student patterns. Furthermore, the
learning performance of a S-RBM with P hidden units learning P teacher patterns is equivalent to that of P separate S-RBM with
a single hidden unit, each learning one pattern. For this reason, in the rest of the paper we assume P = 1, see Fig. 1.

The efficiency of the learning mechanism depends on how effectively the student can recover the ground truth encoded in the
teacher’s patterns. The overlap

N
- _ L ~
&0 =5 T, ©

serves as a reliable measure of learning performance, as it quantifies the similarity between the student’s inferred patterns and
the teacher’s true patterns. The learning efficiency is well known to depend on the data-to-neuron ratio, «, the noise level in the
examples, T = f~!, and the parameter g, often referred to as the student’s inverse inference temperature, which reflects the typical
magnitude of the student’s weights and acts as a form of regularization.
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Fig. 1. Inverse teacher—student problem. On the left, the T-RBM generates the data, following the interactions of the planted signal & On the right, a representation
of the S-RBM, which tries to align its own weight vector & towards & using information extracted from the dataset S.

Our goal is to analyze different scenarios, choosing RBMs with different priors for both teacher and student to observe the effects
of these hyper-parameters on the learning efficiency. To this aim, we choose priors from a parametric family of distributions. For
each label x € {§,%,&, 7,5}, consider the random variable

Vg + 11— Q.. @

where Q, € [0,1], g, ~ N(0,1) and ¢, is a Rademacher random variables taking values +1. We denote its probability distribution
with P, , which interpolates between a standard gaussian and a binary distributions, having zero mean and unitary variance for any
choice of ©,. We assume the entries of the teacher pattern {£;} [’i are drawn independently from Pgé. Similarly # ~ Po_, 7 ~ Py,
& ~ Py, and s/ ~ Py . We indicate with @ = {Q,} _: . . the set of prior hyperparameters.

We leverage techniques from statistical mechanics to calculate the expected value of the overlap (6) in the limit of large dimension
and large dataset N,M — oo, M/N = a as a function of Q. Specifically, we obtain it as a byproduct of the limiting quenched free
energy

~pf(@af.p) = lim %]Eg,s log [Z(S)], ®)

where E;  is the expected value w.r.t. the joint distribution of the teacher pattern and generated dataset. In fact, we will show in
Section 3 that Eq. (8) can be expressed as the result of a variational principle w.r.t. a set of order parameters, whose optimum gives
the expected value of the overlap.

3. Free energy and saddle point equations

The quenched free energy can be computed by exploiting the replica method in the replica symmetry (RS) approximation and
reads as

B p.py=—PExtr, 4 44 fAALAAD, ©)

where we introduced the sets of parameters A = {p,m,q,d} and A, = {p,,m_,q,.d,}, together with their conjugates A and /f,. The
function f, together with its full derivation, can be found in Appendix A, specifically in Eq. (A.37). It is extremized by solving the
following equations for the order parameters

P= (S nsd) ser Pe = (S(0rpz52) sz (10)
m= <£<§>§|Z,J,é>z,_yf’ m. = <f'<f>r|z,s,%>z,s,f’ an
9= (87 )t e = ()2 st )ms s (12)
d=((epzse) e Ao = {(epze) s 13)

The averages (.); and (.), are respectively w.r.t. PQE(E) and Py (s), while (.); is over Py, (#)exp (g#). Finally (), z and () -4z
stand for the expectation over respectively )

Po, (&) exp <—§ﬂ (40 —d, +(2%),) & +¢ (a\/ﬁmfé +Vapg.z+ ﬂﬂms)) , a4
Pq_(t)exp <—§(q—d)12+r (\/%mf’+ \/Ez+ﬂa!2p,s>> . (15)

3
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The optimal order parameters p,m,q,d solving Egs. (10)-(13) have to be interpreted as expected overlaps. First of all, m is the
limiting expected overlap between the teacher pattern & and the student pattern &, i.e.

m= lim B, [0E 0] N

where IE]&, S is the expectation w.r.t. the joint distribution P(&)P(S|&)P(£|S) of teacher patterns, dataset and student patterns.
Similarly p is the limiting expected overlap between the student pattern & and an example s¢, i.e.

p= lim By e [0CsY)]. -
Then g is the limiting expected overlap between any two student patterns &' and £ from two independent posterior samples, i.e.

g= lm Epgpig [0¢". &) = vam Ees [0Eg s 16]. By 1£D)] s

Finally d is the limiting expected self-overlap i.e.
d= lim B [0&0]. N

The RS saddle-point Eqgs. (10)—(13) can be solved by numerical iteration for any values of the hyper-parameters f, §, « and Q. We
expect the RS solution to be exact when the student is fully informed about the teacher’s prior and hyperparameters and matches
them with its own, i.e. § = §, Q; = Q; and Q; = Q.. This regime of complete information is commonly referred to as the Bayes
Optimal setting or the Nishimori line [39-42].

Outside of this regime, i.e. in the mismatched setting, replica symmetry breaking corrections are expected at low temperature. It
is important to remark on the role of z(&)~™ in Eq. (5). This term is responsible for the emergence of the quadratic part —%i/;z(rz)r
within the distribution (14). This mechanism enables the automatic regularization of the self-overlap, consistently yielding d = 1 as
the solution to Eq. (13), as will be shown throughout the following sections, and in Appendix A.

4. Exploring arbitrary priors: the Bayesian optimal setting

With the set of Egs. (10)—-(13), we can gain deeper insights into what is happening in the student learning process. In this
Section we analyze the ideal situation referred to as the Bayesian optimality setting [43], in which the student has access to all
the information about the generating process and therefore it is able to mimic the teacher architecture and hyper-parameters to
have a better chance of recovering the ground truth &. In this regime we therefore assume f§ = g, Qp = Q; and Q; = Q.. At low
temperature all the examples have macroscopic alignment with the signal and the student can easily learn it perfectly. Conversely,
at a sufficiently high generating temperature § the examples have vanishing overlap with the teacher pattern. At the same time,
the high inference temperature g = § prevents the student pattern to have macroscopic alignment with a single example, i.e. p = 0.
The saddle point Egs. (10)-(13) reduces to

m= <£<5>5|z,s,/f>z,x,.f my = <%<T>T|Zv5,f>z,s,f (20)
q= <<§>§|zr§ >z,s,/§ 4 = <<T>3|z,s,f>z,xj (21)
d= <<52>§|zyg$£>z$x’£ dr = <<72>T|Z,S,f’>zvy'f . (22)

We can further reduce the number of equations thanks to the Nishimori identities [39,40,42]. In fact, in the Bayes optimal setting
it holds

Ep gotnmgt € s 8= Bp g fEE, ... Y, (23)
for any regular function f and with (¢',..., %) being k independent samples from the posterior distribution. In particular we can
apply the identity (23) to the overlap obtaining that

Ep g1, QE 8 = B 5 ,0¢,0). (24)
As a consequence, recalling Egs. ((16), (18)), it must be m = ¢ and therefore it is sufficient to solve

m= <§<§>€|Z,S>z,s m; = <T<T>1|z,s>z,s (25)

d= () de= () epzs)., - (26)
where the averages are now recast in the form

Po @ exp (=58 (m, —d, +(%),) & +&Japm.z) 27)

Pq_(7)exp <—§ m-d)r* +7 ﬂmz) . (28)

In Fig. 2 the learning phase diagram in the (a, T) plane is presented as a function of ©. One can observe three different regimes:
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Fig. 2. Retrieval phase transition lines in the case of the Bayesian optimal scenario. Below the transition curve it is possible to recover the planted signal &.
Left: P-F transition line for £, € {0,0.44,1}. For each choice of the r prior the perfect retrieval (PF) region starts below the star marked line, i.e. T < Q..
Right: Different P-F lines (without the perfect retrieval region) for all the possible values of .. Above each colored line (taken singularly) the student is in a
paramagnetic phase, below in a ferromagnetic regime.

+ the Paramagnetic (P) phase, where the order parameter m = ¢ vanishes;
+ the Ferromagnetic (F) phase, where m > 0.
« the Perfect Retrieval (PR) phase, where m = 1.

In the ferromagnetic phase the student RBM is capable of learning (at least partially) the teacher pattern. Conversely this ability is
lost in the paramagnetic phase. The ferromagnetic phase emerges even at high temperature once the dataset size reaches a critical
threshold, i.e. « > a,(T, 2). In fact, at high generating temperature, each example provides only a vanishing amount of information
about the teacher pattern. Therefore an extensively large number of examples are needed for the student to retrieve the signal. The
corresponding P-F phase transition is thus the onset of learning. Descending from high temperatures, where m = m_ = 0, the P-F
transition line can be obtained by expanding in m ~ 0. First of all, note that at m = m_ = 0 Egs. ((25), (26)) give

d, = (%) = E,[? exp <§dr2>]/IET[exp <§dr2>], T~ Py (29)
_E2\ 2 ap 2 2 ap 2 2
d =&y =E¢[¢" exp T(df = (7)) & )1/E¢[exp 7<d1 =& |1, &~ P, (30)

where (-), denotes the expectations w.r.t. the distributions of Egs. (27) or (28) at zero effective field. Note that, since d, = (z?), it
is exp (%(df - (72)7)52) =1 and therefore d = 1. This is expected because, thanks to the Nishimori identities, it must be

Epsef©) = Epg.f (&) =Epf(&). (31

Therefore the statistics of the student pattern matches those of the teacher’s: in particular the self-overlap must be equal to that of
the teacher pattern, being one by definition. By expanding the effective distributions in Egs. ((27), (28)) as

Po & (1 + Vapmz¢+0,)) (32)

Po,(@) (1+ VBmz 7 +0() ) exp { grz} (33)
one obtains

m = (&&e¢zs),., = abm, + o(m,) (34)

m, = (2(0) gz, = Bm(e?)g + o(m). (35)

As a consequence the transition line turns out to be
1=ap?d?. (36)

Egs. (29) and (36) can be solved numerically obtaining all the P-F transition curves in Fig. 2. Note that the transition 7,(£2, a) is only
function of ©, and that it is an increasing function of 2, and «. In particular, in the low load limit, a— 0, the transition temperature
is T,(2,0) = Q.. At lower temperatures, specifically when T < T,(£2,0) the Perfect Retrieval regime appears. In this region, since
each example exhibits a finite overlap with the teacher pattern, the student can perfectly retrieve the signal, i.e. m = 1, for any
extensive dataset a > 0.
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5. Exploring arbitrary priors: Mismatched setting

In a more realistic scenario, the student is not aware of the model underlying the data. In a teacher student framework it means
that the inference temperature is in general different from the dataset noise, i.e. § # § and that the hyperparameters of the S-RBM
do not match the ones of the T-RBM, i.e. Q2. # € and Q, # ;. In this situation the phase diagram is characterized by four different
regimes:

« the Paramagnetic (P) region, where m = q = p =0;

« the Signal Retrieval (sR) region, where m # 0, ¢ > 0, p = 0;

« the Example retrieval (eR) region, where p #0, ¢ > 0, m = 0;
» the Spin Glass (SG) region, where m = p =0, ¢ > 0.

In the eR phase the student is not capable of learning the teacher pattern because it is aligned with one example that shares vanishing
overlap with the signal. In the SG phase, the student retrieves a spurious pattern unrelated to both the teacher and any examples.
The sR phase is the only region where learning is possible, with phase transitions marking the boundaries between different learning
regimes that depend on Q.

5.1. Transition to the spin glass phase

At very high temperature (f ~ 0) the distributions (14) and (15) have no external effective fields and therefore (¢) = (r) = 0.
In this regime the student is just making a random guess. All the relevant order parameters p = m = g = 0 together with their
hidden counterparts p, = m, = ¢, =0, i.e. the system is in the paramagnetic phase. As in the Bayesian Optimal setting, lowering the
temperature may start a spin glass transition, with nonzero overlaps ¢ and g,; while the other parameters remain zero. Assuming this
transition is continuous, we can linearize Egs. (12) for small ¢q. Expanding first Eqs. (14) and (15) we get that & and r in Egs. (12)
have to be averaged out over respectively

Po, (@) (1+ Vaba 2+ 0la) ) exp ( 55, = ()2 37)

Py (7) (1 + gzt + O(q)) exp <§d 1'2> . (38)
First of all it is

d, = (t%)y = E,[2 exp ('gd'rz)]/]E,[exp <§d72>], T~ Py (39)

d = (&) = Eel&? exp <¥(df - <72>,>52>]/E5[exp (586 =) ¢~ P, (40)

where (-), denotes the expectations w.r.t. the distributions of Egs. (14) or (15) at zero effective field (ie. m =m, =q=9q, =p =
p, = 0). Therefore also in this case it is d = 1 at the transition. Moreover we get

a9 = ()2, ¢zt = WPa:(E) + 0a,) = aq + oa,) (41)
@c = (O 1s2)2e = Pa(e)g + 0(@) = Bad + o(q). (42)

From Egs. (41)-(42) a second order phase transition to the spin glass phase may occur at
1 = ap*d? (43)

that can be solved to obtain the critical temperature T,(«) or equivalently the critical size «,(T). Note that there is no dependence of
f, meaning that the spin glass transition only depends on a (too low) inference temperature of the student. As expected [28,32,36]
the P-SG transition (43) corresponds to the P-F transition in the Nishimori regime (36). Moreover it also corresponds to the P-SG
transition of a generalized Hopfield model with random patterns at inverse temperature # and load «. Indeed, the expression (43)
matches the one found in [10].
For example fixing 2, = Q, = 0 one gets the bipartite SK P-SG transition T,(«) = \/E, while using 2, = 0 and Q, = 1 it is
possible to recover the P-SG transition line of the Hopfield model 7,(a) =1 + \/E.

5.2. Transition to the retrieval phase
When the size of the dataset is sufficiently large, lowering the temperature may lead to a continuous transition towards a signal

retrieval (sR) region. The transition line can be obtained by expanding Eq. (11) for small m and m_, keeping p=p, =q=¢q, =0. As
previously done, first of all Egs. (14)-(15) can be expanded as

Po,(®) (1 +ay[im &2+ 0<m,>> exp (5h(d, - ()0 )2%) (44)

Py (z) (1 + \/ﬁ_ﬁmﬁ + O(m)> exp <§d12> , (45)
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Fig. 3. Triple point’s coordinates as a function of the prior parameters. Left: Critical temperature for different choices of the hidden units prior of both S-RBM
and T-RBM. 7, is an increasing funciton of £, but decreases with Q;. Right: Critical size as function of the relevant teacher variables. It is a decreasing function
of both Q, and T =1/4.

from which it holds

= (1 e) o = PO )0+ O, = ay[Fpm, d (€); +Om,) 46)
me = (8T zs). 0 = \/ﬁm(fz)f(ﬁo +O(m) = \/ﬁ md (£}, + O(m), 47)

where again (-), denotes the expectations w.r.t. the distributions of Egs. (14) or (15) at zero effective field. In Eq. (46) we can
use dj 1= (E2) ¢ = 1 which derives from the analysis of the teacher partition function (A.38). Again the self-overlaps 4 and d, are

solutions of Eq. (39)-(40), which implies d = 1. Recalling that (.); is the average over the tilted distribution Py, (7)exp (ng)’ it
holds

1-p?
di = () = ————, (48)
(1= p2;)?
thus, from Egs. (46)—(47), a second order phase transition to the sR phase may occur at
1 = afpd.d; . (49)

For example when both the T-RBM and S-RBM have only binary units the critical temperature reads as T,(«) = af while in the case
of the classical Hopfield model, i.e. 2, = 2, =1 [28], T.(a) = 1 + af . Since d = 1 and d, does not depend of a, the P-sR critical
temperature 7,(a) grows linearly with the dataset’s size a. Conversely, from Eq. (43), the critical temperature of the P-SG transition
grows only as O(\/E). This means that for larger values of a the P-sR phase transition occurs first. On the contrary for small « the
spin glass phase emerges at a higher temperature.

A triple point exists when the two transition lines (43) and (49) cross, i.e. at the solution of

L =apd; (50)
1= (XﬂﬂAdef_,
giving
— — 1 dT 1
Ptriple = (ac’Tc) = W s ﬁ . (5 )

As expected the Nishimori line g = f§ crosses the triple point when the student and teacher priors match, i.e. d, = d;. It is interesting
to note that the « of the triple point only depends on the properties of the data, i.e. of the teacher, while its temperature may also
depend on the student’s priors. The critical temperature at the triple point, 7, is shown in Fig. 3 to be an increasing function of
Q,. Explicitly, T, increases with €_, but decreases with ;. Conversely, the critical value «, decreases as both T and €, increase.

These properties can be observed from the phase diagrams obtained by different choices of the priors, which are presented in
Figs. 4-9. All the depicted transition lines from the SG region to the sR or the eR regions can be found numerically by solving the
saddle point Egs. (10)-(13).

In all the cases the triple point appears to be the point of the sR region with smaller a. In other words the « of the triple
point corresponds to the minimum size of the dataset for which learning is possible, at least for suitable choice of the inference
temperature. For this reason we refer to it as the model’s «,. For a > a, there exists an optimal inference temperature where the
learning performance, i.e. the overlap with the teacher pattern, is maximal. Notably if the inference temperature is set too low one
can eventually exit the sR region and enters a glassy phase. However, for sufficiently large values of «a, the sR region extends down
to zero temperature.
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Fig. 4. Phase diagram of different S-RBM configurations, each with a different choice of hidden unit prior 2,. All Students have a binary prior for ¢, i.e., 2, =0.
The teacher is generating (f = 0.8) binary data (£, = 0), and its architecture is fixed by the choice Q; = Q; = 0. The black star represents the critical point
(a,,T,), while the vertical dashed line shows that the position a, ~ 1.55 is the same for all the images. The eR phase emerges when the r prior has a gaussian
tail.

Q. =0.0

« 8

Fig. 5. Phase diagrams showing the effect of student’s hidden unit prior when the teacher generates (§ = 0.8) the dataset (€2, = 0) using a Hopfield model. The
student pattern is chosen with €. = 0. The critical size needed to enter the inference regime is unaltered by the choice of @, and its value is a, ~ 0.06, while
the temperature 7, increases.

Finally, the example retrieval region may emerge at low inference temperature when « is very close to zero. This phase
corresponds to the pattern retrieval region in the generalized Hopfield models [10] under the critical capacity. In this region the
student pattern tends directly to be aligned with one of the examples instead of learning their archetype, i.e. the teacher pattern.
Unlike the sR regime, this is a phase where the machine is trying to learn by memorization and not by generalization [28].

5.3. The role of the S-RBM priors

By fixing the properties of the T-RBM, i.e. of the generating process, it is possible to explore the effects of the S-RBM priors on
the learning performance. In the following discussion the examples are assumed to have binary entries, i.e. £2; = 0. In the following
section, as well as in the subsequent sections, the phase diagrams presented illustrate the existing phases.

In Fig. 4 the phase diagrams of different S-RBMs with binary patterns (£, = 0) are shown in the case of a binary T-RBM,
i.e. Q = Q; = 0. One can observe the appearance of the eR phase at low temperature as soon as the student hidden unit starts
to have a Gaussian tail, i.e. 2, > 0. The critical temperature at « = 0 is exactly .. In the limit 2, — 1 this phase extends up to
the critical capacity of the Hopfield model « = 0.14. As expected the critical size a, of the triple point does not change with the
student priors while its temperature increases with £2_. As a consequence the area of the sR phase expands in the direction of higher
temperatures. This is typically an advantage for MC algorithms that samples from the posterior starting from high temperature like
simulated annealing [44,45].

In Fig. 5, we observe similar behavior for a dataset generated by a Hopfield like T-RBM, ie. ©2; = 1, Q; = 0. The different
generation procedures significantly affect the number of data points required for the student to transition into the sR regime: as
prescribed by Eq. (51), . is smaller than that of Fig. 4. One can in principle investigate the effect of changing €, however we have
verified that the phase diagram is not affected by that prior since it only enters in the self-overlap, and d = 1 is always solution of
Egs. (10)-(13). Interestingly, the benefit of using Gaussian units — where at any given temperature, the sR region occurs at smaller
a — remains consistent regardless of the dataset properties. Specifically, it is not always advantageous for the student to align its
hyperparameters with those of the teacher.

Monte Carlo simulations shown in Fig. 6 are in agreement with the replica analysis and illustrate how the minimal load «a required
to enter the sR phase changes with the choice of prior. Specifically, we fix the regularization strength for the student weights and set
the temperature to T' = 1.5, then evaluate the learning magnetization for different values of 2, = 0,0.5, 1.0. As expected, Gaussian
hidden units facilitate signal retrieval, as also evident in the phase diagram of Figs. 4-5.
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Fig. 6. Agreement between theoretical replica analysis and Monte Carlo simulations. The magnetization computed from Egs. (10)-(13) is shown in blue, while the
results from Monte Carlo simulations are shown in orange. The shaded area represents the range of values observed across runs. To compute the magnetization,
we averaged over N, student pattern configurations &, sampled from the posterior distribution in Eq. (4). The figure compares the load « required to enter the
signal retrieval (sR) phase at fixed student temperature T' = 1.5, for different choices of hidden unit priors.
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(8]
Fig. 7. Effect of the teacher architecture (f = 0.8) on the student’s phase diagram. The signal’s prior is defined by £ = 0. The analyzed student is working

with a Hopfield architecture: Q. =0, 2, = 1. The more £ is gaussian the more easily the student retrieves the pattern ¢, in particular Pyiple decreases in both
its coordinates.

2: =03 _ ;= 0. . Q=08

25

Fig. 8. Effect of the teacher (f = 0.8) architecture on a binary student’s phase diagram. Since 2, = 0 we do not have example memorization. As in Fig. 5 when
Q; — | the S-RBM retrieval region becomes larger.

5.4. The role of the T-RBM priors

By fixing the S-RBM architecture, one can instead investigate the impact of the data structure, specifically the T-RBM priors,
on learning performance. For now, it is assumed that the examples consist of binary entries. From Eq. (51), an effect on both the
minimum amount of data required to enter the sR phase and the retrieval temperature is expected.

Fig. 7 shows the effect of changing ;. It is possible to appreciate the fact that the information present in the data increases
notably the more the % prior becomes Gaussian. This can be seen by the reduced amount of generated samples we need to enter the
sR regime (a similar effect of increasing f in [28]).

On the other hand, the critical temperature of the student at the triple point, 7, is lowered. Nevertheless, if we fix an inference
temperature, the student enters the sR regime more easily as Q; — 1.

Same effect is shown in Fig. 8 where the student priors are binary and the teacher prior changes. We checked that the phase
diagrams are not affected by &, as expected from the transition line expressions.
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Fig. 9. Phase diagram of the teacher—student problem (f = 0.8) with @ = {0,1,0,0.9,2,}, 2, € {0.005,0.1,0.2}. The effect of the manipulation of the data affects
only the eR phase. The more the data have gaussian nature, the more the example memorization region is compressed.
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Fig. 10. Spherical regularization effect on the retrieval capability of the model (case with 2, = 1). Using binary data from a binary T-RBM (§ = 0.8), it is
possible to see that ¢, and 7, do not move. The only effect from the changes of €, is the compression of the eR phase.

Finally in Fig. 9 we explore the role of the dataset unit prior £,. The different values of 2, do not change the triple point P,. As
one can observe the only effect is the shift of the eR-SG transition line. This is related to the memorization capability of the S-RBM
and is in agreement with the phase diagrams in [10].

5.5. Spherical regularization

In the previous sections we have seen that the term z(&)~™ in the posterior plays the role of a regularization enforcing the
Nishimori identity ¢ = 1. Without that regularization the model would be ill defined in the case of an architecture with both €,
and 2, different from zero. This is a typical problem with fully Gaussian disordered systems at low temperature [10,46-48].

From a practical point of view is more convenient to replace that term directly with a spherical constraint § ( N — Zfi ] 5?) The
computation leading to the set of saddle point Egs. (10)—(13) can be exactly followed with the only addition of a lagrange multiplier
 in the gaussian weight for the & variable, i.e. its effective distribution reads as

ng(f)exp <_¥ (aﬂqr - dT + (JJ) 52 + § (a\/ﬁmré\ + \% aﬂqrz + ﬁ‘QTPs>> ’ (52)

where  has to be fixed to obtain d = 1. Making a comparison with Eq. (14) one can see that the correct choice is @ = (z2),. From
the computational point of view it is more convenient to adjust the Lagrange multiplier during the solution of the saddle point
equations. In Fig. 10 it is shown the phase diagram where the priors of both the weights and the student hidden variables have
Gaussian tails. The weights have been regularized with a spherical constraint. One can compare these results with the right panel of
Fig. 4, where Q, = 0. It is possible to see the presence of the eR phase, due to €, = 1, that tends to quickly disappear as ©2; — 1, in
agreement with [10]. It is also observed a bending of the sR region at low temperature that however is not particularly significant
since that is the region where RSB corrections are expected. Finally, as expected, the triple point position does not change.

6. Conclusions

In this paper, we investigate the learning performance of Restricted Boltzmann Machines (RBMs) trained on a noisy dataset in a
teacher—student setting. We considered RBMs with different unit and weight priors, ranging from Gaussian to binary, and analyzed
the generalization capability in both the Bayes optimal scenario — where the teacher and student share the same parameters —
and in a more realistic mismatched case. We proved the existence of a well-defined critical dataset size below which learning is
impossible, characterizing a triple point in the phase diagram where paramagnetic, spin glass, and signal retrieval phases intersect.

We show that continuous (Gaussian) hidden units help the machine to more easily enter the signal retrieval region, even though
the critical size only depends on the properties of the dataset, i.e., the teacher RBM. At the same time, certain choices of priors favor

10
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the emergence of an example retrieval region where the machine learns by memorization without generalizing well. Notably, the
posterior distribution approach for training includes automatic self-regularization of the weights, preventing parameter explosions
and other typical convergence issues. By combining replica analysis with numerical simulations, we explicitly tested how the choice
of priors for the hidden units affects learning performance, confirming that Gaussian priors lead to better signal retrieval with a
smaller data requirement. Although the teacher’s parameters are unknown in practice, the mismatched analysis provides useful
insight into which student architectures — such as those using Gaussian units — tend to be more robust across different dataset
properties. In this sense, our framework can guide the identification of architectural choices that generalize well and help establish
lower bounds on dataset size required for successful learning, independently of the precise nature of the data-generating process.

A promising extension of this work would be to incorporate more structured data-generating processes, such as those involving
correlated planted signals. Prior studies have explored such settings in specific regimes, e.g. RBM with binary synapses in [33,34],
showing the occurrence of permutation symmetry breaking phase transitions. Similar transitions are observed in [49], where the
training dynamics on a dataset generated from correlated patterns has been analyzed. Recent approaches [50] introduce a structure
in the dataset by directly using a spiked covariance model as generating model for the examples. Extending our framework, which
smoothly interpolates between Gaussian and binary priors, to these structured scenarios could reveal universal behaviors in feature-
learning dynamics across the full class of RBMs. Such analysis would offer deeper insight into the interplay between data structure,
noise, and architectural choices in shaping generalization performance in more realistic learning settings.

CRediT authorship contribution statement

Gianluca Manzan: Writing — review & editing, Writing — original draft, Visualization, Software, Resources, Methodology,
Investigation, Formal analysis, Data curation, Conceptualization. Daniele Tantari: Writing — review & editing, Writing — orig-
inal draft, Validation, Supervision, Project administration, Methodology, Investigation, Funding acquisition, Formal analysis,
Conceptualization.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have appeared
to influence the work reported in this paper.

Acknowledgments

This work was partially supported by project SERICS (PE00000014) under the MUR National Recovery and Resilience Plan funded
by the European Union - NextGenerationEU. The work was also supported by the project PRIN22TANTARI “Statistical Mechanics
of Learning Machines: from algorithmic and information-theoretical limits to new biologically inspired paradigms” 20229T9EAT —
CUP J53D23003640001. DT also acknowledges GNFM-Indam.

Appendix A. Derivation of the RS equations

In this section we discuss the computation of the averaged partition function (5) in the mismatch case with one single student
pattern. The posterior of the student’s (single) weight is

PEIS) = Z271(S)z M@ POE, exp<\/ ZZ:, > (A1)

i=1l a=1

then its partition function Z(S) can be written in the following form

Z(S) = Egz M(OE, exp(\/7 225, > (A2)

i=1 a=1

3 oo S zz ). (a3

i=1 a=1

z2&M

Differently from the teacher, which generates the data at inverse temperature § < 1, the student’s temperature range is T’ € [0, oo].
Due to this possibility, when T < 1, £ has the chance to be aligned with one of the data, say the first one s(). The alignment can
be in principle valid also for the extensive hidden unit vector 7. It is measured with the two Mattis magnetizations

N
1 <1>
= — A4
1 M
b= M & =5y (A.5)

a=

11
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which allow to rewrite the previous partition function (discarding irrelevant non extensive terms) as

Z(8) =z M@E, exp (M L p@&n + Ny L@y e +1/ 2 “T“:,»
i= 2 a=2
In spin-glass models with planted dlsorder we 1ntroduce n independent replicas, then take the limit N — oo

27(S) = E(gr) 218 ) ME 1) exp <M\/ 2 ) pZ(r)ﬁ{l) Ny 2 T, (A.6)
ps ps
+1/ = Z T“’yiiy ) . (A7)

y112a2

The shorthand notation {£”} stands for the average over all the replicas indexed by y: {£!,...,£"}, same is done for {z7}. Then the
averaged partition function over the quenched disorder induced by the dataset is

[z7]° ZP (S) Z"(S) = Z E:E; z(&)™ exp<\//?/NZs,-”£,~fa> z"(S), (A8)
@M =Y Eeew (12 Z Z #,). (A.9)
S

lla—

The presence of both z(&) and z(£) make it difficult to compute [Z"]° as a straightforward extremization problem. A possible solution
is the application of the saddle point method to both (A.9) and (A.3). We can write them as an exponential function to be extremized
over a set of parameters p; and pg. Each set will depend respectively on & and &

2@ ~ exp (~NExtry, B1r(pr@)) . 2O ~ exp (~NExtry #/5(ps(@) (A.10)

which, after the extremization, could be inserted in the exponential of (A.8).

Teacher normalization
In order to evaluate Eq. (A.9) as a variational principle we start computing )¢ writing each s* € S in the interpolating form
V02,88 +1/6,€d for each a=1,..., M, obtaining

ANM

2@ = [ T][De] Beew|y/ 5 3 X V8%

llal

X H2cosh \/ %x/é_ﬁ”éi (A.11)

ﬂf\ N M o
~E; exp<m22(fa§,) ) (A.12)

where, in the first passage we already average over the set {€?},_, ), while in the last one, we exploit logcosh(x) ~ - and
£, + 6, = 1. It is possible to use the Fourier representation of the Dirac delta function to enforce the relation

<d -= Z AZ) /dd exp (-Md} (arf - ﬁ ;@f)) , (A.13)

where we refer at d; as the self-overlap for the teacher hidden variables. Using the following expression for the density of states of
the 7 configurations

D(d;, d)_z (d——2A2> Z/dd exp< -Md, (d——ZQ)) (A.14)

we can rewrite (A.12)
2@&M = /dd D(d,;.d; )exp< 252) (A.15)
~ exp (-NﬁExtrpT f(pT)) , (A.16)

which is nothing but the variational principle in (A.10) with p; = {d;,d;}. Using dg(f) = ﬁ > E? as well, for the self overlap of the
teacher pattern, the function to be extremized in (A.16) is

—ffppr) =a <—d;aff + gdg(é)aff +1log E; exp (d}%z)> A.17)

12
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reaching its minimum at
E,#2 exp (gdf(é)fl)
B, exp (£d:&)22)
In view of the above, the averaged partition function (A.8) can be approximated as

[zm° Z BgE; exp (N JExtr,, /(7)) exp<\/ﬂ/N2 sed > PAG)

Student normalization

S GE dy = (), =

(A.18)

(A.19)

The same problem of the teacher normalization term affects Eq. (A.6), due to the presence of z({&"}). As already stated
in Egs. (A.10) we want to write it in a variational principle manner. The steps to do that are the same of the one used for
((A.11)-(A.18)). We start computing the sum over the examples using their interpolated form, then we impose the self overlap

with the Dirac delta

z({&'HM =/H [Dg’| E exp([z \/_gf}:rgfy>

v.ia

X HZcosh { \/7\/_@%7}

iay
ﬂ n N M )
~zr (& 3 F Fer).
~ /H dd? D(&,J,)exp(%} Zdld’(§)>
14 14

R exp (—NﬂEXtrPS f(ps)) s
with density of states and self overlap for every student replica as

Dd,.d;) = Y 6 (Z dr - ﬁ 2(15)2>
14 ay

()

o< Z/Hddy exp( MZdV( 2(#)2))

{77} a

1
7= Z(é{)z.

Finally we can rewrite Eq. (A.6) as

A E(gV)E{ﬂ) exp (M V % ZPZ(T)#I) +N V % ley(f)f(yl)
- =
NS>

y=1i=2 a=2

Tavyé:l_f + N/)Extrpsfs(Ps)> :

The function fg(ps) together with the values of py that minimize it are

—ﬂfs(p5)=—a2d;(ig+ ab Zd’(.f)d7+ logE,r exp(Z dr Y @)? >
14

v.a a

B,/ ()2 exp (La7 @) )

= —d7<§> dl = (")), =
E. oxp (47 (@) )?)

RS free energy and saddle point equations
Based on the preceding sections, we can rewrite the averaged partition function as

Z Egg ) Zexp( Lo, +N %p@)’r{”)

ﬁ N M
XE;E; Zexp N fExtr,_fr(pr)+ \/; Z Z s9349,
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(A.26)

(A.27)

(A.28)

(A.29)
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x Z E(e) €xp <NﬂExtrpSfS(pS) + \/ Z Z Z 4 “~V§{> . (A.30)
i=2 a=2y=

By incorporating the variational principle approximation (A.10) into (A.6) and (A.8), we account for both z(&)™™ and z({&"})~M
Addltlonally we isolate the average over the first example as described in ((A.4), (A.5)), denoting s = (s(l) S(]\II)) and § =
(s! Sy S M) Starting with the first term (A.28) of the quenched free energy, this term can be transformed by constraining the
overlap with the examples p! and p”

B B
/ [1er [14r: v@.po Y, By ) exp <M\/N D +N ~ P LA
Y 14 (&7} 14 14
(¢9)

=/ Hdﬂ Hdp{ D(p., p,) exp <N7ﬂa2.(2 Z(pi)2 + NTﬂQT Z(p’)2>, (A.31)
v Y 4 14

where we introduced the notation for the density of states for the configurations s and §

D(PPT)—ZH5<p —_Zs;)l‘[(g(p __Z~a a)

5,5 v

az/Hdp Hdp exp( szy <p, Zs§7>>

X exp <—M Zﬁz <p{ - ﬁ Ziar;')) .
y a

Next, we turn our attention to the second and third terms, (A.29) and (A.30), which emphasize the data-dependent components.
Since these terms are already linear in s¢ we can already compute the average over the examples

Z Z Em)EglEfexp \/jcf \/72%’ (A.32)
S gl a

iy

[B.. |8
= Z E(r)Eg Ez exp 2 Incosh NS\ ¥ z 4
1 £n ia 14

Z Eqr) ]E E; exp(—d d;+ Mp Z q” q” + — Mp Zd7d7+M\/_Zm7mV> s (A.33)

r<r’

in the last line we expanded the log cosh and introduced the order parameters

my=z%, mi=z%,
a

€NH?

D

& f
=2y 4=Ly
1 a

Consequently, we can fix the values of these parameters, as previously done in (A.31), and incorporate the corresponding densities
of states D(A,A,) := D(m,q,d)D(m,,q,,d,) D(dg,df). Both the densities affect the extremized functions f; and fg, as their
parameters depend respectively on d; and d”. For brevity of notation we defined the sets of order parameters: A := {p,m,q.d,d;}
and A, :={p,,m,,q,,d,,d;} and their conjugated ones A, A, obtaining the following form of the averaged partition function

[z7]° =/dAd A D(A, A,)exp ( J\/;‘Bd 2d; + MP Z """ + _azg Z( 7>+ __Q Z< 72 (A.34)
r<y’

+Tﬁ Y drdr + M\/ﬁZ mlm’ + NfExtr,, fr(pr)+ NBExtr, fs(ps) ) .
14 Y

At this point we use the Laplace method on the averaged partition function (A.34). Remembering the replica trick we have

N | s _ In[Zz"S
—ﬁf(ﬁ,ﬁ,a)—]\lll_fgoﬁ[lnz] = ]1_1'1[2)o -

14
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—pf~ lim ——Inf exp( NExtran, f(AALAA) ) |~ lim ExtrM, F(AALAR) (A.35)
Ny Nnm Ad; A,

~Df A AN A = D+ ap T a7 + Lo S+ Lo, Y (A.36)
y<y' Y

ﬁ Z d:dy + a\/%Zm:my + ﬁExtrprT(PT)

- d ds — Zp - Z g - Zmym7+ﬂExtrpSfS(pS)

r<r’

— ad;d; —apr —an”’qW —aZm’m}'

r<r’

+ alogE;E:E 7, eXp( 2y - Z(i” e -2 Zq”(z’y)2 + Zmy‘ry‘r+ Zd’(‘ry)2 + Zspyry)

+ log BB, By exp <d} £+ ; e - 2 27‘, §r &y + ; A ETE + zy‘, dr &y + Zy‘, sﬁ’§’>,

+

where, in the last two lines, we just collect the linearities in a,i inside the exponentials of D(A, A,) and substitute them with,
respectively, N and M times the averages on one representative. As an example

log E5E,E /) exp < d: Y &+ % Yo'y :f:{’—% arYEy
i vy i v i
+ Y Y EE Y AN EN+ Y s e >
4 i 4 i iy
N
= log [IEEIESIEW) exp (3552 + % > grerer - % D GTE 4 Y wEEL Y dE+ Y sﬁyc?)] ,
74 ¥ y Y ¥

then, using the properties of the log function, one can express it as the extensive term of the last line of (A.36).

From now on we assume the Replica symmetric (RS) ansatz for all the order parameters: q” =qg,m’ =m,p* =p,d’ =d, Vy,y' =
1,...,n, same is valid also for their r version and their conjugated. The last two terms of the partition function can be ulterlorly
worked out

2
5 oA 1, 1, N A4 s
E;exp (d; ) E; E(.) exp 54 <Z 1'7> =54 2‘(1'7)2 + i, Z '+ d, Z(Ty)2 +5p, 2 77
v v v ¥ ¥
~ n
:<]E% exp ( }fz) E;(ET exp <—(%T —d)7* + 2(i t + \/qTTz + iﬁf)>> >
z

:<]E% exp ( }fz) E; exp {nlog |:]ET exp <—(‘12—T - dAT)TZ + (M, T + \/Zz + 5131)>] }>
:<]Ef exp ( ﬁz) E; { 1+ nlog [ET exp <—(%T - dAT)T2 + (M, T + \/qTTz + §ﬁ,)):| }>
:<]Ef exp ( Aﬁz) +nE; exp ( Aﬁz) E; log [ET exp <—(%T - dAT)T2 + (i, T+ \/qTTz + §ﬁ,)>] >

z

~E; exp (d:#2) { 1+ ———( E; exp (d;#?) E; log |E, exp <—(q—’ —d)e? + et + Gz + sﬁf)> ,
E; exp (d;#2) 2 .

where we use the expansion of the exponential for small n. Reconstructing the term inside the free energy and substituting
log(1 + x) ~ x for small x

alog [ E; exp ( ;fZ) T — E; exp ( Affz) E; logE, exp (_(q_, —d)? + (i, £ + \/qA_Tz + Eﬁr)> ~
E; exp (d;#2) 2 .

E; exp (d;#?) EglogE, exp <—(%’ —d)P et Gz + spf)> > ,

z

alogE; exp (d;%) +
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the same procedure holds for
. 2,
log Bz exp (d:£% ) B, B o) exp (% <Z 5’> —iY @ Y Erd Y@+ sﬁZéV)
Y Y 14 Y Y

~ log E; exp(} 52) n +A2<EE exp (d} EZ)ES log E; exp <—(‘§’ —DE +EmE+ \/§z+sﬁ)>> .
]Eé exp(dé.f ) z

Collecting the previous two expansions, and imposing the RS ansatz on the other terms of the free energy (A.35), the final
extremization can be rewritten as

5 .1 N N o
—Bf (BB, ~ lim ~Extr ;i fRS(A, 4,4, 4,),
n—0n Apdy
where now A is the RS reduced set of the pattern-related order parameters A = {p,q,m,d}, while A is the conjugated one (4., /f,
are the same for the hidden units). The free energy can be divided into two parts according to its power of n

RN A AL A = F7S +nflS + 0,

A af A o PN - A
RS = 7’3115015 + PExtr, f1(pr) + alogE; exp (d(£)) + log E; exp (dé(f)z) ~ adyd; - dzd; |

B
prz + —.(2rp2

)
2 2

A 1, 1. . . A 2
flRS = 544+ a54:q; = fim — arhom, —dd—ad d, +a

+ m<ﬂif exp ( Affz) ElogE, exp<—(%f - dAT)T2 + (M, T+ \/Zz + ﬁTs)>>

+ — 1 <]E§ exp (d} §2> E, logE, exp<—(é — )& + Emé + \/gz + ﬁs)>>
]Eég exp (d;;éz) ) 2

_ba

2

z

z

pa

qq, + a\/ fBmm_ — ap p, — pp+ >

dd, + pExtr, fs(ps)- (A.37)

The extremization of f(fs involves only the teacher order parameters. The extremizers should be s.t. Extr f}fs =0 in order to avoid
divergences when n — 0. Indeed, remembering Egs. (A.18), the parameters of order zero in » satisfy the following

(=]

» dp=1, (A.38)

)

=5, d;=(t"),;,

k3

>
TR

which implies /* = 0 and ensure the student partition function is not diverging. Using Egs. (A.27) and updating /S with (A.38)
we obtain the values of A and A, that extremize /%

b= pap,. i =ppm. a,=pa. d.=p2 (A.39)
" . d

p=p2.p, rh:a\/ﬁm,, G=apq,, d=aﬂ<77—(r2)f>, (A.40)

P=(5(E)ez8). e Pe = (5(0) ezt ) 1z (A.41)

m= <é<§>€|ZYfA>zrf my = <%<T)T|Z.S,f>z.s,f (A42)

q= <<§2>§|Z,S,$>z,s,:§ q: = <<T>3|z,s,%>z,s,‘? (A43)

d= <<52>£|Z,S,£>Z¢S,é d. = <<72>T|Z’S’f>z,s.f . (A.44)

The internal distributions that average ¢ and r are respectively

P(E|z, 5,8) =P.(&) exp (— <g - J) E4e (rhff +iz +13s)> , (A.45)
P(t]z.5.%) =P,(z) exp <— <% - d}) 24 (m‘r +Vdz+ p;s)> , (A.46)

while the external distributions Pg(f) and P;(%)exp (g(%)z) depend from the choice of the planted configuration and z is a Normal
random variable.
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Appendix B. RS equations in the interpolating case

So far, Egs. (A.41)—(A.44) are general and valid for any arbitrary choice of the priors for all variables. In this section we derive
explicitly the saddle point equations, replacing each of the random variables with their prior interpolation (7). The expressions of
the distributions (A.45) and (A.46) can be recast as follows:

2
Zé_l Zexp <_§_}' +§(¢€+h)> s

2
z,! Zexp (—;7 +&(pee, + h,)) ,

where we use the shorthand notation
'QE 0

T

T Cwp (4 —q, ) T T d—g”
5 0,
I L
4 T

h=nmé+\az+ps,  h,=rmt+\G,2+p.s.

The averages in the mean field equations (A.41)-(A.44) become:

Toexp (§ (et h?)y e+
Y. exp <§ (¢e + h)2>

(o =R Ze+ (07 =1 +77 (W + ) + 27 htanh (v ),

<§>€|z,sf =0 In Zé =

=yh+yptanh(y¢ph)

the same is also valid for the corresponding = counterparts. We can also proceed with the evaluation of the averages on the planted
teacher and the example randomness, using their interpolating decomposition

E,ef(s8) = Bg e (V2 85+ Vases, \/ e 8e [0z €e) -
This leads to the final form

p=rBQ2.p+720*QBQ2.p(1 - §) + ydy/6,ni,, (B.1)

m=ra\/Bpm, + PR a\[Bpm (- D) + N (B.2)
2
q=y* ((a\/ﬁ m,> +afq, + (/ipr)2> +7°¢°q (B.3)
+27%¢ (ﬂﬂfp\/arﬁs + a\/ﬁtz,ﬁ%)

+27°¢? <(ﬁ!2,p)295 + m/ﬁ m.)’ Qg + aﬂq,) 1-9

d=r+7*¢*(1-9+q. (B.4)

Here we can distinguish the effective magnetization related to the signal and the example, along with an effective overlap

m, = <IES tanh <y¢ <amT Bps; + oz + ﬂQTps> >> (B.5)

mg = <Eses tanh <y¢ <0zmr ﬁﬁ&g +oz+ ﬁ.QTps>>>
q= <IES tanh? <y¢ (amT ﬁﬂﬁé +oz+ ﬂ.QTps>>> .

2
where 62 = <aqﬂ / ﬁAﬂQ‘E > + afq,. The same can be done for the r side. This turns out not to be a completely symmetric case, due

to the presence of the Gaussian factor inside the average over ¢

E; exp <§(%)2> f@) =E; E,_ exp ((\/.Q_fg; + \/é_fef)z) f(\/.Q_fg; + \/Ee;),

this difference is due to the presence of the self spherical constraint (A.11) in the teacher model. The hidden set of equations are

Pe =1 Pa&:p, + v’ $* Q2,2 p, (1= G,) + 17, dbo\/6,, (B.6)
" s+ Q.1 - Q. 5;
s [Fm <5, + 0,0 m,)) .V b s ®7)
(1 - p2;)? (1-42;)
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re? N
e L Q.(1-a B.8
+(1 o) phm T( qr) (B.8)

8: + Q:(1- ;)

a, =r7 | Ba + (BaL: p,)* + (\/ BB m)* - +72024, (B.9)
(1- 4,
NI

+272 ¢, | paf2ep N6, + ———,,

ep VB (-4 ©

(\/ BB mP0;

+2r3¢2 9s<ﬂa95pf)2+ﬂq+L (1-4,)
(1- 42,

d,=p2¢*(1-q,) +v, +4q, . (B.10)

The effective magnetizations and overlap in the r version are

My, = S S <]ES E; exp (ﬁ(ff) €; tanh (m;r (\/ﬁﬂmi’ +vBaz + ﬂa95p1s> >> (B.11)
E; exp (g(f—)z) 2 z
M,y = ; <ES E; exp (E(f)2> €, ¢ tanh <y,¢, (\/ﬁﬂ mt + \/Ez + [32anst>>>
5 B s 2 B
E;exp (5(1) ) z

z
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