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Data-Driven Distributed Optimization via
Aggregative Tracking and Deep Learning

Riccardo Brumali

Abstraci—In this article, we propose a novel distributed
data-driven optimization scheme. In particular, we focus on
the so-called aggregative framework, namely, the scenario
in which a set of agents aim to cooperatively minimize the
sum of local costs, each depending on both local deci-
sion variables and an aggregation of all of them. We con-
sider a data-driven setup in which each objective function
is unknown and can be only sampled at a single point
per iteration (thanks to, e.g., feedback from human users
or physical sensors). We address this scenario through
a distributed algorithm that combines three key compo-
nents: first, a learning part that leverages neural networks
to learn the local cost functions’ descent direction, second,
an optimization routine that steers the estimates according
to the learned direction to minimize the global cost, and
third, a tracking mechanism that locally reconstructs the
unavailable global quantities. By using tools from system
theory, i.e., timescale separation and averaging theory, we
formally prove that, in strongly convex setups, the over-
all distributed strategy linearly converges in a neighbor-
hood of the optimal solution whose radius depends on
the given accuracy capabilities of the neural networks. Fi-
nally, we corroborate the theoretical results with numerical
simulations.

Index Terms—Data-driven distributed optimization, dis-
tributed algorithms/control, learning, networks of au-
tonomous agents, optimization.

[. INTRODUCTION

ISTRIBUTED optimization has recently gained signifi-
D cant attention across various domains. The comprehensive
overview provided in the surveys [1], [2], [3] discusses the most
popular setups and the algorithms used to address these chal-
lenges.

The mentioned surveys do not include the so-called aggrega-
tive optimization framework, which is particularly suited to
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model tasks arising in cooperative robotics; see the recent tu-
torial [4]. This novel distributed optimization scenario has been
introduced by the pioneering work [5] and deals with networks
of agents aiming at cooperatively minimizing the sum of local
functions, each depending on both microscopic variables (e.g.,
the position of a single robot) and macroscopic ones (e.g., the
spatial distribution of the entire team). Online and constrained
versions of the aggregative problem are considered in [6]. Other
works on distributed aggregative optimization include [7], in
which a distributed method based on the Frank—Wolfe update is
proposed, and [8] and [9], in which momentum-based algorithms
are proposed. Authors in [10] propose a continuous-time algo-
rithm with nonuniform gradient gains that only requires the sign
of relative state information between agents’ neighbors. While
in [11], a compressed communication scheme is interlaced with
the solution proposed in [5]. Aggregative optimization scenarios
with uncertain environments have been explored in [12], where
the distributed scheme proposed in [5] is enhanced with a Recur-
sive Least Square (RLS) method estimating the unknown cost
via feedback from the users. A similar framework is addressed
in [13], where instead the learning part relies on a neural network.

Unknown environments as those mentioned above are par-
ticularly interesting in the context of the so-called personalized
optimization frameworks. In this field, the goal is to minimize
cost functions given by the sum of a known part, named en-
gineering function and related to measurable quantities (e.g.,
time or energy), and an unknown part representing the user’s
(dis)satisfaction with the current solution. Since synthetic mod-
els based on human preferences often perform well only on aver-
age, failing to address the unique preferences of individual users,
personalized optimization emphasizes data-driven strategies.
These approaches leverage feedback from specific users about
the current solution to adapt and better meet their individual
needs. With growing human-robot collaboration, personalized
optimization techniques can greatly enhance the control of coop-
erative robotic networks. In centralized optimization, an initial
step toward incorporating user feedback to define human dis-
comfort was undertaken by [14], where a trajectory design prob-
lem was addressed using a cost function influenced by human
complaints. In [15], personalized optimization is explored by
integrating a learning mechanism based on Gaussian processes
(GP) with an optimization approach. Similarly, [16] applies a
personalized framework within the context of game theory. As
for personalized distributed frameworks, the authors in [17]
and [18], respectively, use GP combined with a primal-dual
method and RLS merged with the gradient tracking algorithm.

Zeroth-Order (ZO) optimization methods are a popular solu-
tion to address problems with unknown cost functions; see [19]
for an overview on this topic. Within this class, the so-called 1-

© 2026 The Authors. This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see
https://creativecommons.org/licenses/by/4.0/
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point optimization methods are particularly appealing since they
only require a single function evaluation per iteration and, thus,
are particularly suited to scenarios where cost function evalua-
tions are expensive or multipoint evaluations are not possible,
such as when the environment is nonstationary (see [20]). Ex-
amples arise in online optimization, control, and reinforcement
learning settings (e.g. [21]). These methods have been widely
explored in the centralized literature (see the early work [22] and
[23] or the most recent ones [20], [24], [25], and [26]), while
a recent extension to the distributed setting is proposed in [27].
Despite their efficiency, 1-point methods typically underperform
compared to multievaluation ZO methods. As we will better
detail later, we overcome this issue by embedding the use of
neural networks in our 1-point architecture.

The use of neural networks in optimization and control is
a recent interesting research trend. For example, in [28] and
[29], they are integrated into feedback controllers to estimate
the system state from perceptual information. In [30], neural
networks are combined with a ZO scheme, while [31] introduced
a general framework for the verification of neural network
controllers. Authors in [32] employed neural networks to learn
stabilizing policies for nonlinear systems. The work [33] pro-
poses a framework to learn from data algorithms for optimizing
nonconvex functions. Further neural networks have been widely
adopted in model predictive control algorithms, where they act as
approximators for control policies. In this context, [34] proposes
a method to certify the reliability of the neural network-based
controller, while in [35], the problem is addressed via HardTanh
deep neural networks. Finally, in [36], a set point tracking
scenario for a robot manipulator is considered.

In this article, we introduce DEep-Learning aggregative
TrAcking (DELTA), anovel distributed data-driven optimization
scheme for aggregative problems. The peculiarity of DELTA
is to tackle the typical convergence issues of standard 1-point
methods based on static gradient approximations by integrating
a dynamic learning strategy based on neural networks that
does not increase the number of cost evaluations per iteration.
More in detail, DELTA operates on a single timescale and
integrates three core components: 1) alearning-oriented module,
2) an optimization-oriented routine, and 3) a tracking-oriented
mechanism. The learning-oriented component uses local neural
networks to asymptotically estimate the correct costs (and their
gradients) in a data-driven fashion. Specifically, each neural
network employs only a single cost evaluation per iteration
taken in the neighborhood of the current local estimates. The
optimization-oriented component applies an approximated dis-
tributed gradient method to the aggregative problem. Its in-
exactness arises from two factors: 1) the fact that the cost
functions are unknown and approximated by the networks, and
2) the need for global quantities that are locally unavailable. The
tracking-oriented component addresses the second challenge by
locally reconstructing the global quantities, i.e., the aggregative
variable and the derivative of the global cost with respect to
that variable. We analyze DELTA using tools from system
theory based on timescale separation and averaging theory to
formally prove that, in strongly convex settings, the algorithm
linearly converges in a neighborhood of the optimal solution
whose radius depends on the given accuracy capabilities of the
neural networks. A preliminary version of this work focusing on
the time-varying settings is available in [13]. However, in that
version, the addressed scenario is significantly simpler. Indeed,
at each iteration, agents can 1) access multiple samples of their
cost functions and 2) completely train their neural networks until

convergence between two consecutive optimization steps. In
contrast, here, at each iteration, we can access the cost functions
only at a single point, and the neural networks are trained only
for a single step. From a technical point of view, this translates
in suitably integrating also the learning dynamics analysis in the
optimization and consensus one. In addition, in [13], the local
cost functions are partially known, while in this article, they are
completely unknown.

The rest of this article is organized as follows. In Section II,
we present the problem setup. In Section III, we introduce the
DELTA algorithm. The main theoretical result is provided in
Section III-D, while its analysis is detailed in Section IV. In
Section V, we validate our analysis via numerical simulations.
Finally, Section VI concludes this article.

Notations: We denote the column stacking of vectors
Z1,...,xN with col(z1, ...,z ). The m-dimensional identity
matrix is denoted by I,,. The symbols 15 and 0,, denote
the vectors of N ones and m zeros, respectively, while
1y, =1y ® I3, where ® denotes the Kronecker product.
Dimensions are omitted when they are clear from the context.
Givenf R™ x R" x R" — R", we define V1f(;l: y,0) =

f(S yaa)s ;c’ VQf(-T yv ) —585 (ISQ) and
vSf LC ya

s=y>
(2,9, 5)|s—p- Givenv € R™ and r > 0, we
define B fac € R" | Hx — || < r}. Given the matrices
My, ... MN, we use blkdiag(Mjy,..., My) to denote the
block-diagonal matrix having M; on the i-th block.

Il. PROBLEM FORMULATION

We consider N agents that aim to cooperatively solve

Zﬁ% : (1)

in which x := col(xy,...,xx) € R™ is the global decision
vector, with each z; € R™ and n := Zf\il n,;. For all ¢ €
{1,..., N}, each function f;: R™ x R? — R represents the
unknown local objective function of agent ¢ depending on both
the local decision variable x; and the aggregative one given by

1 N
=5 2 ilw), @
=1

where each ¢; : R — R? is the i-th contribution to o. As
already mentioned above, the functions f; are unknown. More in
detail, we focus on data-driven scenarios where each agent ¢ can
only receive a single feedback per iteration about the unknown
local cost f;. We formalize this aspect as follows.

Assumption 1: Foralli € {1,..., N}, f; is unknown but
agent 4 can receive a single feedback f;(uy ;, us,;) per iteration,
where (ug i, Ug,;) € R™ X R? can be arbitrarily chosen. [ |

The choice of (ug 4, us ;) Will represent a design aspect of the
overall distributed algorithm we aim to propose. As one may
expect and as we will see later, agent ¢ will choose (uy ;, Uy ;)
in the neighborhood of the current local estimates about 1) the
i-th block of a problem solution and 2) the aggregative variable.
The arising data-driven scenario is sketched in Fig. 1.

Now, we formally characterize the functions appearing in
problem (1). To this end, we first introduce f, : R™ — R to
denote the overall cost function of problem (1), namely

N
)= Zfz‘(%a(x))

(15 JN)ER"



676 IEEE TRANSACTIONS ON CONTROL OF NETWORK SYSTEMS, VOL. 13, NO. 2, JUNE 2026

/ ~ . New sample f;(uz,is Us:)
./ \ User feedback Optimization
\. New pair (ug,i, Uo.i)

Fig. 1. Graphical representation of the problem framework.
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Fig. 2. Block diagram of the proposed distributed algorithm, where
&k .— wi? + qbi(xf) and gf = zf + szi(Xf7&f79i)-

k3

Assumption 2: The function f, is ps-strongly convex
and its gradient is L-Lipschitz continuous, for some jiy, L > 0.
Further, foralli € {1,..., N}, V1 fi, Vaf;, and ¢; are Lipschitz
continuous with parameters L, Ly, Ly > 0, respectively. W

We remark that Assumption 2 implies the existence of a
unique solution 2* € R™ to problem (1).

In this article, we want to develop an optimization algorithm
to iteratively solve problem (1) in a distributed manner. Namely,
we want to design an algorithm in which each agent only uses
local information and exchanges data with its neighbors. Indeed,
the considered N agents communicate according to a graph G =
({1,...,N}, &, A), where {1,..., N} is the set of agents, & C
{1,...,N} x {1,..., N}isthe set of edges, and A € RV*V s
the weighted adjacency matrix whose (¢, j)-entry satisfies a;; >
0if (j,4) € € and a;; = 0, otherwise. The symbol A; denotes
the in-neighbor set of agent i, namely, \V; := {j € {1,..., N} |
(7,4) € £}. The next assumption formalizes the class of graphs
considered in this work.

Assumption 3: The graph G is strongly connected and the
matrix .4 is doubly stochastic. [ |

I1l. DELTA: DISTRIBUTED ALGORITHM DESIGN

In this section, we show the design of DELTA, i.e., a novel
data-driven distributed method to iteratively address the prob-
lem formalized in Section II. DELTA exploits the concurrent
action of a learning-oriented part tailored to estimating the
unknown gradients of f;, an optimization-oriented one aimed
at solving (1), and a tracking one devoted to reconstructing the
unavailable global quantities. The combination of these updates
results in the DELTA algorithm, whose graphical description
is provided in Fig. 2 and formal description is reported in
Algorithm 1.

Although we analyze DELTA in a static and deterministic
scenario, we point out that its design is particularly well suited
for setups in which the cost functions vary over time and where
the cost samples are possibly subjected to disturbances. Indeed,

Algorithm 1: DELTA (agent ¢).

Learning Update:
O = 0F — AVsli(xf + 5, wi + di(xf) +dy ;, 0F)
Optimization Update:

< =k [V (b wh o (), 6F)

+ Voi(x}) (Zf + Vaofi (xF, wh + ¢i(Xf)76‘§)>}
Tracking Update:
with =Y ai (W) + 05 (x)) — 0 (xF)

JeN;

Z;H‘l = Z 2% (Z_]; + V2fAj (X_];7W;'€ + ¢j (Xf) ’H.f))
jENi

_V2fi (Xf,Wf—FQZﬁZ (Xf) 79f)

the synergy between the learning, optimization, and tracking
components of DELTA enables the algorithm to adapt to such
changes without requiring a full restart of the neural network
training, the optimization task, or the tracking process. In the
following, we detail the three main components of DELTA.

A. Learning Update

We introduce in each agent ¢ a local neural network to re-
construct f; and the gradients V1 f; and Vs f; from data. Let
fi :R™ x R? x R™ — R be the estimate of fi»wherem; € N
is the number of parameters of the neural network. In other
words, for a generic parameter 0; € R, we consider

fi(xiys:,0;) proxy for  fi(x;, s;).

Once each network structure is fixed (i.e., the number of layers,
the number of neurons, and the activation functions are chosen),

the function fl is analytically available. Thus, by considering
differentiable functions f;, we also introduce their gradients

Vifi(wi,8i,0;) proxy for Vi fi(w;,s;)
Vafi(zi,5:,0;) proxyfor Vafi(x,s;).

(3a)
(3b)

We remark that these derivatives are typically available in most
of the deep learning packages via automatic differentiation. The
next assumption characterizes the estimates V1 fl and Vs fl
Assumption 4: For all i € {1,..., N}, the function f is
differentiable and its gradients V; fi and Vg fz are Lipschitz
continuous with parameters Ly Ly >0, respectively. ]
Remark 1: The requirement in Assumption 4 is satisfied
by choosing differentiable activation functions with Lipschitz-
continuous gradients, such as Tanh, Sigmoid, or Softplus. W
To iteratively train each neural network using new sam-
pled data, coherently with Assumption 1, we exploit feedback
fixk + dﬁ,i,wf + o(xF) + dﬁﬂv), with d’j:,i € R™ and d’;,i €
R?. As we will formalize in the next, d% ; and d}; are two
dither signals that we add to force persistency-of-excitation-like
properties in the learning process. Formally, given k£ € N and
a generic pair (x;,w;) € R™ x R?, we consider the learning
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problem
- i(x + 4, w +d7 .0, 4
min - Z (i +dp 5 wi o+ d7 5, 60), @
where each 4; : R™ x R% x R™ — R is the loss function com-

puted using a sample of the observed cost. A popular (but not
unique) choice for ¢; is the squared loss, namely

2

fi(um,hua,iaoi) . (5)

= 2 ||t 0

The next assumption characterizes the dithers’
{dZ ;,d7 ; }ren and problem (4).

Assumption 5: Thereexist K € N\ {0}, up > 0,07 € R™,
and Fl > 0 such that, for all i € {1,..., N}, the sequence
{d3 ;> d7 ;}ren is K-periodic and, for all (xl, w;) € R™ x R,
problem (4) with k = KC is j-strongly convex in B, (67)
and 67 is its local minimum in By, (7). Further, for all ¢ €
{1,...,N}, V3l;i(ug;, us.i, 0;) is Lg-Lipschitz continuous for
all (ug;,uy;) € R x RY and some Ly > 0. [ ]

Remark 2: In the ideal case in which (x;, w;) is fixed and
the /C samples taken in its neighborhood are all concurrently
available, Assumption 5 ensures 1) local strong convexity of
each learning problem (4) into By, (67) and 2) that 67 is the
unique minimizer of its problem (4) into B, (67). |

Once the local minimizers #} have been introduced, we char-
acterize as follows their reconstruction capabilities.

Assumption 6: Foralli € {1,..., N}, thereexistLipschitz-

continuous functions py; : R™ — R™, pg; : R" — R?, and

gi (ur,ia Ug iy 0

sequences

pei : R" x N = R™ such that, for all x € R" and k€
{1,...,K}, it holds
Vi filxi 0(x),07) = Vi fi(xi,0(x)) + pra(x)  (6a)
Vafi(xi,0(x),05) = Vafi(xi,0(x)) + p2i(x) (6b)
Viali(xi +dj ;,0(x) + d5 5, 07) = pra(x, k). (6¢)

Moreover, there exists € > 0 such that

P <€ P2 <& [lpeilx k)| <€ (7)

forallx e R, ke {l,...,K},andi € {1,...,N}. |

Remark 3: Assumption 6 specifies each neural network’s
ability to approximate the functions f; and their gradients.
This capability is captured by the parameter €, the maximum
reconstruction error at convergence of the training process (i.e.,
when 0; = 07). Its value depends on the network design and the
unknown f;, but it is not required by the algorithm. |

Once the capabilities of the neural network have been en-
forced, we can formalize the learning mechanism embedded in
DELTA. An immediate but computationally expensive approach
would be to apply the gradient descent method to problem (4),
iteratively updating an estimate % € R as

k
05t =08 —7 Y " Vsl (xF+d,, Wi +6i(xF)+d];,0F) .

®)

However, the strategy in (8) would require storing the entire cost
samples history and, more importantly, computing an increasing
number k of gradients in the current estimate 6¥. To replace the
computationally prohibitive method (8), we adopt a data-driven

update based on a single sample per k, namely
= AVali(xi + i Wi+ 6i(x7) +d5, 07). 9)

Indeed, with an eye to the structure formalized in (5), we
underline that (9) canbe implemented by only relying on a single
feedback f;(x} +d% ;, wF + ¢;(xF) + d% ;) in a neighborhood
of (x¥, wF + ¢;(xF)), i.e., of the local estimate of agent ¢ about
the i-th solution block z} and o (x*), respectively. Finally, we

compactly represent the global cost addressed by the neural
networks via £ : R” x RV4 x R™ — R defined as

E é ./L'“Sr“ ’L7

where s:=col(sy,...,sy) and 9:2001(91, ...,0n). With the
notation of Assumption 6 at hand, we also define m := Zf\il
mi, © := [, By, (87) CR™, and 6* :=col(67,...,0%) €
R™,

k+1 _ pk
oI+ = !

l(x,5,0) (10)

B. Optimization Update

In a full information setup, problem (1) could be solved with
a parallel implementation of the gradient method. Namely, by
denoting with x¥ € R™ the estimate of agent i at iteration k
about the ¢-th block 2} € R™ of 2*, each agent would run

= xf =V fi (xF o (1))

v¢z Z VQf]

where v > 0 is the step size. Nevertheless, update (11) requires
the gradients of the unknown f;. We therefore modify it using
the approximations (3), namely

Xk - ’lefz (Xf7O‘(Xk), 95)

k
V¢>z 1 Zv2f]

o(x") A

k+1 _
X, =

x*),05) . (12)
In addition, the unavailable global quantities o(x*) and
ZN:1 Vafj (xf, o(xb), 0;-“)/]\7 are needed in (12). We thus in-
terface (12) with a tracking-oriented mechanism.

C. Tracking Update

Being o(x*) and Y, Vo fy(xk, o(x"),
able, we introduce two auxiliary varlables wl ,zF € RY for
all ie{l,...,N} to estlmate them via wF + ¢;(x¥) and
Vo fi(xF, wk + ¢i(xF), 0F) + 2F, respectively. To this end, we
update them accordlng to the perturbed consensus dynamics

k)/N unavail-

with =" ay; (W) +6,(x})) — ¢i(x}) (13a)
JEN;

Zi-”l = Z Qi < + V2fJ(XJ’W + ¢J( ) 9k>)
JeN;
_Vin(xf7W§ +¢i(xﬁ)79§)v (13b)

where we recall that the weights a;; are the entries of the
weighted adjacency matrix .4 matching the graph G. We remark
that the update (13) is fully distributed since it requires only
local information and neighboring communication.
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D. DELTA: Convergence Properties

To shorten the notation, consider 6F:=col(#¥, 07\,)
xFi=col(xF,...,x%), wh: —col(wl,...,wfv), =
col(zF,...,7z%), and @(x*):=col(d(x}),...,p(xK)),

forall ¢ € {1, 2}, we define

Vefi (@1,w1,01)
G. (z,w,0) := : (14)

Vefn (Zn, wy, On)

Let the function = : R x RN x RNd x Rm — R+H2Nd+m pe
X —x*
E(x,w,2z,0):= W+T¢(>E> ~1o(x)
Y 724 (I — 35-)Ga(x, w + 6(x),6)

0— 0"
Finally, forall i € {1,...,
S = Br, (07) x R™ x {04} x {04}

The next theorem states the convergence properties of DELTA.
Theorem 1: Consider DELTA and let Assumptions 1-
6 hold. Further, assume that (09,x9,w?,2%) € S; for all i €

{1,..., N}.Then, there exist¥, B, k1 > 0and r2 € (0, 1) such
that, for all v € (0, 7), it holds

N1}, consider the set

||Xk x ||<n1/12 ||._X w?,2°,6°) HJreB

forall k € N. u

The proof of Theorem 1 is provided in Section IV. It is based
on system theory tools aimed at finding a uniform ultimate bound
for the trajectories of the dynamical system describing DELTA.
To this end, the proof relies on discrete-time averaging theory
(see Appendix A) and timescale separation.

Besides the term B that depends on many problem param-
eters (e.g., the network connectivity, the Lipschitz continuity
constants), we note that the bound in Theorem 1 directly de-
pends on the accuracy capabilities of the neural networks (cf.,
Assumption 5) through the parameter e. In particular, in the
case of perfect estimation (i.e., if e = 0, see Assumption 5),
Theorem 1 ensures exact and linear convergence of DELTA
toward the optimal solution x*.

V. DELTA: STABILITY ANALYSIS

In this section, we carry out the stability analysis of DELTA
to prove Theorem 1. Our analysis relies on the following five
main steps.

1) In Section IV-A, we reformulate DELTA and consider a
“nominal” version in which the “finite accuracy” of the
neural networks (see Assumption 6) is compensated. We
interpret this nominal scheme as a time-varying two-time-
scales system, i.e., as the interconnection of two subsys-
tems identified, respectively, as slow and fast dynamics.
This allows us to study the stability properties of the
interconnected system by analyzing two auxiliary dynam-
ics called boundary-layer and reduced systems related,
respectively, to the fast and slow dynamics.

2) In Section I'V-B, we show that the origin is an exponen-
tially stable equilibrium of the boundary layer system.

3) In Section IV-C, we carry out the reduced system analysis
in detail and show exponential stability of the origin via
averaging theory (see Theorem 2 in Appendix A).

4) In Section IV-D, we exploit the results of steps 2) and 3)
to conclude the analysis of the nominal system;
5) Finally, in Section I'V-E, we return to the original system,
interpreting it as a perturbed version of the nominal one.
This interpretation allows us to use the stability properties
of the nominal system (step 4) to establish those of the
original one, thereby providing the proof of Theorem 1.
Assumptions 1-6 hold true throughout the entire section.
Remark 4: Although the stability analysis of DELTA is
carried out in a static and deterministic environment, it paves
the way for extensions to dynamic and uncertain environments
subject to, e.g., variations of f; over time and noisy cost samples.
|

A. DELTA as a Time-Varying Two-Time-Scale System

By collecting all the local updates in Algorithm 1, we can
compactly rewrite DELTA as

O = 08 — yVal(xF + df, wh 4 o(h) + db,0%) (15a)
Pl = xk — v [Gl (ijwk + (b(xk)’ ek)

+ V6 (xF) (GQ(X’“, wE 4 B(xF), 05 + zk)} (15b)

Wit = AwP 4+ (A — Ing) p(xF (15¢)

= AZ" + (A — Ing) Go(xF, wh + ¢(xF),0%), (15d)

where df :=col(d} ,,...,dk y), df :=col(df ,,...,dE ),
and A := A ® 1. It is worth notmg that the subspace

S :={(0,x,w,2) eR" xR" xRV« RV |1"w=0,1"2=0},

is invariant for system (15). Thus, we introduce a change of
coordinate to isolate the invariant part of the state and define the
error coordinates relative to 0* and =*. Formally, it is

] [0 — 0%
0 X x—a*
_ 17
X W =W
N = | N 16
w W R'w |’ (16)
Z Z %z
L %1 ] | Rz

with R € RN (N-Dd guchthat R'1 = 0and R' R = I 4. By
using the definitions of w"* and z" in (16) and since A is doubly
stochastic (cf., Assumption 3), it holds

wh = @k,
which implies (w¥,z*) = (w°,2") for all k € N. Further, the
initialization w¥ = zF = 0 leads to (w",z°) = (0,0), and thus,
it holds (w*,z") = (0,0) for all k € N. Hence, we rewrite (15)
in the new coordinates (16) and neglect the trivial dynamics of
wk and z*, thus obtaining an equivalent restricted system

LA L v (i’f,wﬁ, g", k;)

ZhHl gk

(17a)
R =gk [G1 (7 + 0%, Rl + 0% +27),0% + 0%)
+ V(R 42%)Go(XF + 2 Rwk +o(F +27), 0% +0%)
FVH(RF + x*)Rzﬂ (17b)

k+1

=RTARWY + Mp(x* +2) (17¢)
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= RTARZY + MGy (35 +a*, wh + ¢ (X5 +2%), 0% +07),
(17d)

where M := R"(A — Iyg) and we introduce the compact no-
tation £ : R™ x RV-Dd 5 R™ x N — R, defined as

Uz, w0, k)= (x +a*+d", Rw, + ¢(z) +db, 0+ e*).

Now, we introduce the “nominal” version of (17), i.e., an auxil-
iary system in which the finite accuracy of the neural networks
(see Assumption 6) is suitably compensated by adding some
fictitious terms. Such a nominal system reads as

g+t — é’ty{vgi(i’“,wﬁ, 0", k:) —pe(® + 2%, k)}
(18a)

gl =3k~ [Gl (f(k +a* RwﬁJr(;S(iker*) N +0*>
+V¢(>Ek+;v*)@2(>~<k+x*, Rwk +o(&h+27), 0%+ 9*)

+Vo (% +a*)ReY
.

— (ik+x*)—v¢(>zk+z*)%p2 (i’“m*)} (18b)

witt = RTARWY + M ¢ (3" +2%) (18¢)
" =RTAR + MG, (f(kJrl'*, wh 4 p(xF +2%), 6F +9*) ,
(18d)

where pc(z):=col(pe1(z),...,pen(x)) for all ce{l,2},
while pe(x, k) :=col(pe(x, k), ..., pe,n(z, k)). Due to p1, pa,
and py, (0,0, —RT ¢(x*), —RT Ga(2*, 1o(2*),0%)) is an equi-
librium of (18) (cf., Assumption 6). In detail, the equilibrium
points of the subsystems (18c) and (18d) are parameterized in
the states (0,x) of (18a) and (18b) through A : R™ x R™ —
R2N-1 defined as

—R"¢(2)

hO:2) = | _préy (. 10(2),0)]

19)

Further, the variations of (18a) and (18b) can be arbitrarily
reduced via . From these observations, we interpret system (18)
as a time-varying two-time-scale system, where (18a) and (18b)
are the so-called slow dynamics, while (18c) and (18d) are the
so-called fast parts. According to this view, we now proceed
by analyzing the boundary-layer and reduced system associated
with (18).

B. Boundary-Layer System Analysis

In this section, we analyze the boundary-layer system associ-
ated with (18), obtained by fixing an arbitrary (6,%) € R™ x R"
in (18c¢) and (18d), written in the error coordinates

<k k .
[Vf,j] = [Wk}} —h (9 + 0*,5<+x*) :
an an

In light of the stochasticity property of A (cf., Assumption 3)

and the definition of & [cf., (19)], we use the properties R'1=0
and RR" = Inq — %117 to write this system as

whtl = RTARWY (20a)

A = RTARZY + MAG, (5<+x*7v~vﬁ, é+9*) . (20b)
where AGy : R" x RV-Dd x R™ _ R is defined as
AGy(X+2%5W 1, 040%):=Ga(R+2* RW +10(X+x*), 0+6%)

— Go(x+a*10(x+2*),0+60%).
2D

Let us introduce ( :=col(Ci,C) :=col(W,,z,), A:=
blkdiag(R" AR, RTAR), and g : R" x R2N-Dd x Rm
R2(N-1)d defined as

~ 0
X = A ~ 22
o (5.¢.9) [RTAAGQ(R Lo o) PP
which allow us to compactly rewrite (20) as
CHH = ACk + go(%,¢F,0). (23)

With this notation at hand, we are ready to formalize the stability
properties of the boundary-layer system (23).

Lemma 1: There exist a Lyapunov function U/ : R2(N-Dd _,
R and by, ba, b3, by > 0 such that

bi[|¢|IP < U(Q) < baIC)? (24a)
U(A¢+gs(3,¢,8) ) ~U(0) < ~bslicI? (24b)
U(©)=U(Q)] < ballC = || (N+EN) » (24c)

for any ¢, € R2N-D4 and (9,%) € R™ x R™. [ ]
The proof of Lemma 1 is reported in Appendix B.

C. Reduced System Analysis

In this section, we analyze the reduced system associated
with (18), i.e., the system obtained by plugging col(w%,z*) =
h(6% + 6%, %% 4 2*) for all k € N into (18a) and (18b), namely

GF 1 = % (V30(3*, 10 (RF +a*) 85 k) —pe(k))  (25a)

= 3Py GYRF, 0F), (25b)

in which we introduce G4 : R® x R™ — R™ defined as
GUz,0) = G (X + 2%, 10(X + 2%),0 + 0*) — p1(X + )

11" . .
+ Vo(x+ x*)TGQ(f( +a*,1o(x+2%),0 +0)

T

Vet at) i+ ).

N (26)

Using the accuracy characterization (6¢) of 0* and the optimality
of x* for (1), we point out that the origin is an equilibrium of (25).
We then study its stability via the corresponding averaged sys-
tem, obtained by averaging the time-varying vector field of (25)
over an infinite time horizon (see Appendix A). To this end, let
I : R™ x R™ — R be

N

< M U(E+ar+dE 1o (@ 4a)+dE, 046%).
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The periodicity of d¥ and d¥ (cf., Assumption 6) ensures the
existence of the averaged system associated with (25a), namely

K
EHL =08 Aol (R, O8) + %Z pe(Gu+at k) (27a)
k=1

gkt (27b)

= vaf'de( Xav) 0/]:\/)
From Assumption 5, Vo /(- 0, ) is the gradient of a y14-strongly
convex function for all (éAv + 0*) € ©. We thus obtain the
following stability properties of the averaged system (27).

Lemma 2: There exists 75 > 0 such that, for all v € (0, 72),
the origin is an exponentially stable equilibrium of (27) with
domain of attraction { (f,,, X) € R x R" | (8, + 6*) € ©}.

The proof of Lemma 2 is reported in Appendix C.

Let us introduce Y := col(x1, x2) := col(f,X) and g :
R™F" x N — R™™" defined as

b 7k
gr (X, k) = [g‘“ Oa, xs )}
gr2 (X1, X2)

p€(§2 + x*v k) ]

| Vsl (x2, Lo (xa+a*), x1, k) —
Gd (x2,x1)

Then, we can compactly rewrite system (25) as

X = xF = yge (XFLE) (28)

Let X :={x € R™"" | x; + 0* € ©}. The next lemma en-
sures exponential stability properties of the origin for (28).

Lemma 3: There exist a Lyapunov function W : R+ x
N — R and 7; > 0 such that, for all v € (0,41 ), it holds

crllx)® < Wix, k) < eo [x|I” (29a)
W(x — v9e(x. k), k + 1) =W (x, k) < —yes||x||>  (29b)
W(x, k) =W (x, k)| < eallx — xII Uxll+1x1D,  (29¢)

for all x, x € X, and some ¢y, co, c3,c4 > 0. |
The proof of Lemma 3 is reported in Appendix D.

D. Stability of Nominal System

In this section, we combine the stability properties of the
boundary layer (cf., Lemma 1) and reduced system (cf.,
Lemma 3) to formalize those of the nominal system (18). To

this end, let ng := n +m + 2(N — 1)d and define { € R™¢ as
0
¢ = % (30)
col(wy,zy) — h(0 + 0, % + z*)
With this notation at hand, we rewrite (18) as
¢t = F, (€5 k), 31

where F., : R"¢ x N — R"¢ compactly represents the up-
date (18) in the new coordinates (30). The next lemma ensures
that the origin is an exponentially stable equilibrium point
of (31). We first introduce the set D C R™¢ defined as

D = {& :=col(&1,&,83,84) € R™ & + 6% € ©F.

Lemma 4: There exist a function V : R x N — R and
¥, a1, a2, as,aq > 0 such that, for all v € (0, 7), it holds

arllEP < V(€ k) < as€)? (32a)

V(F, (& k). k+1)=V(& k) < —vas|€]|?
V(& k) =V (& k)| < adlle —€|| (el +]€]]) »

forall £, € Dand k € N. [ |
The proof of Lemma 4 is reported in Appendix E.

(32b)
(32¢)

E. Proof of Theorem 1

The proof consists in finding a uniform ultimate bound to
the trajectories of system (17) by using the Lyapunov function
V' studied in Lemma 4. To this end, by following the notation
in (31), we compactly rewrite the original system (17) as

= FY(ER k) = By (€5, k) —p(€),  (33)
with F' : R"¢ — R"¢ and p : R"¢ — R"¢, which reads as
pe(§2 + 2%, k) .
B Q( )+V¢(§2+93) L-pa(be +2%)
(5) = RT( (For er ) ¢( 712(£’k)+x*)) P

i (Gy (st (& K)) = GE™ (F, (6,1))

in which F, ;(¢€¥, k) and Y7, (¢¥, k) denote the i-th components
of F,(€*, k) and F" (¢, k), respectively, while G§'(F2 (€, k))
and é’gom(Fv (€, k)) represent the function G5 evaluated, respec-
tiVC]y, at (F’?rQ(év k)+$*7 1U(F’(Y),r2<£a ki)—f—l'*), F’?,rl (5? k)+9*)
and (F“/,Q(gv k)+$*, IJ(F’Y,2(£’ k)—f—.’lﬁ*), F"/,l(fa k)+9*) We
proceed bounding ||F£Y’r2 (€8 k) —F, 9 (€% k)2 as

|25y (€5 k) — F 2 (65 B)|)*

T

= [P (E2+a") 4V (€ +a) Spaleata®) |

T 2

@ *\ (12 * 11 *
< lp1 (&2 + )" + HV¢(52+$ ) —Db2 ({2 + 77)

N

T

+2p1 (&2 +2%) Vo (& + %) %pz (62 + %)

(b)
< N (14 L2 +2Ly) = N (1+ Ly)?, (34)

where in (a), we expanded the square norm, while in (b), we
used the Cauchy—Schwarz inequality, the Lipschitz continuity
of ¢ (see Assumption 2), and the accuracy bounds enforced by
Assumption 6. Similarly, we compute the following bound:

)= 10(F, o(E% k) +a)|

2

|10 (F9 (&5 k) +a*

(P P(Fy2(6" k)))

-5 e -

<L || FY5(€5 k) = Foa(6% k) (35)

where in (a), we used the bound (34). Lastly, we notice that

By 1 (€5 1) |)*= e (a7 )| <72€2N. (36)

At this point, ||p( )|| can be bounded as

IPE)I* = llpe(€a+a*, k)|

]

B < ENLZ (1+Lg)?,

||For

T 2

p1 (&a+2*)+Vo(&a+a™) LN

P2 (Ea+2%)
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RT 2 (b) R ) )
+ H L (G(F(6 b +a*) —6(F a6 F)+0") S s lE|? + yasas(Le/p + vas)e
©
2 < —vaV (&,k) + yasas(Le/p + vas)e?,  (38)

R . A
+H g (mre.) - g (7, 1)

(a) * 2
< llpe(&a+a™, k)|l

* * 11T *
+‘ p1 (§2+2")+Vo(atz )sz (E242")
||R|| 1ES (€5 1) — B 265 )|

Lg' or
i L (GRS SR

—10(Fy (" ) +a7) |
P )

-+ 1a(F;’f2 (&h k) +a*)

+ ||For

(b) 2
< EN[1+(1+Ly) >+ =2 | R|* (1+Ly)?

L2
NI (1420 L (L4 L)) =

where in (a), we used the Cauchy—Schwarz inequality and the
Lipschitz continuity of ¢;(x;) and Vf; (cf., Assumptions 2
and 4), while in (b), we used (34)-(36). With this bound at
hand, we now consider the Lyapunov function V introduced
in Lemma 4 to study the stability properties of the original
system (33). Then, by evaluating the increment of V' along the
trajectories of (33), forall k € Nand £ € D, we get

AV (£, k) =V (Fy (&, k) =D (&) b+ 1) = V (&, k)
@y ( (k) k+1) =V (& k)
( ’Y(gak)_Vp(é.)’k_kl)_V(F"/(ka)ak""l)

2)—va3||€||2+a4vllp(§)\\ (17, (6. &)= yp(©) I+ (. R)])

© 9 9 9
< —vyas €17 +~2a4 [lp (O 1F (€ B) | + v aa [lp (£l

(d)

< —yaz ||€]1* + y2a4as¢€ | Fy (€, k)| + v*asade’, (37)
where in (a), we add £V (F,(¢, k), k + 1), in (b), we use (32b)
and (32c) (cf., Lemma 4), in (c), we use the triangle inequality,
while in (d), we use (7). Now, since F, (&, k) is the sum of
Lipschitz continuous functions [see (18) and Assumptions 2
and 4-6], it is Lipschitz continuous too. Further, we recall that
F,(0,k) = Oforall £ € N. Hence, by denoting with L, > 0 its
Lipschitz continuity constant, we bound (37) as

2

AV (£ k) < —yag|[€]|* + 2vasas Lee €] + 77 asaze

@ 2 2
< —vas [|€]|” + yasas Lep [|€]]

+ yasasLeé® /p + 7 asate®

where in (a), we apply the Young’s inequality with parameter
p € (0, (a3 — aza)/(asas L)) considering an arbitrarily chosen
a € (0,a3/az), in (b), we rearrange the terms according to the
choice of p, and in (c), we use (32a). Now, we arbitrarily fix

v € (0,7), define ag:= %(% + vas), and bound (38) as
AV (&k) < —va (V (k) — ag) - (39)

Because of the definition of AV, the inequality (39) leads to
V(E,(&§ k) k+1) < (1—1a) V(E k) +€’aga.  (40)
Thus, by iteratively applying (40) and since 1 —vya < 1, we get
V(€8 k) < (1—7a)*V (€2,0) + €%as. 1)

The proof follows by combining (41) with (32a) and ||x* —
2*|| < ||€%|| [see the definition of ¢ in (30)], and by setting

= \/as/a1, ke :==+/1—~a,and B := \/ag/a;.

V. NUMERICAL SIMULATIONS

In this section, we test DELTA through numerical simulations.
We consider an instance of problem (1) with N = 20 agents. In
detail, for all 7 € {1, ..., N}, we consider the following setup.
We define the local cost functions f; as

T Ti
T [t
T

-b] [ ]+cq,
+ a;e U(z) + qi,

where z; € Rand o(z) := Y.V | m;2;/N. Further, the parame-
ters 7;, a;, b;, and ¢; and the entries of P; € R?*2 are drawn
uniformly from (0, 1) enforcing P; to be positive definite.
The entries of v; € R? and ¢; € R are drawn uniformly from
(0, 20). Then, we set dﬁl(k) = 5cos(2nk/4) and df ;(k) =
5sin(27k/4). We pick local neural networks composed of two
layers with 300 neurons equipped with the softplus function. As
for the learning problem (4), we consider the local cost functions

1
Q(fz(uw,z; Ug,i) —
Further, we pick z? sampled from a Gaussian distribution,
while 69 is chosen by considering the Xavier uniform initial-
ization [37]. We empirically tune v = 10~* and consider a
random Erd6s—Rényi graph with connectivity p = 0.5. Fig. 3(a)
shows the evolution of the relative cost error (f,(x*) —
fo(@*))/|fs(x*)|, where 2* is the optimizer of (1). We compare
Algorithm 1 with an implementation of the ZO single-point
method of [22] and with the distributed aggregative gradient
tracking (DAGT) method of [5], which uses the exact gradients
of f;. All simulations use the same stepsize and initial conditions.
All neural networks are implemented in TensorFlow, which
provides built-in automatic differentiation [38].

As predicted by Theorem 1, Fig. 3(a) shows that the se-
quence {x*}.cn generated by Algorithm 1 converges to a
neighborhood of x*. Then, Fig. 3(b) shows the evolution over

T

fi(zi,o(x)) = % [Uf;)] i [UT;)]

Ci(Ua,iy Uariy 0) = 6:)%H 1161

fi(Ua iy o iy
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Fig. 3. (a) Comparison between DELTA, DAGT [5], and DAGT Fig. 6. Robustness of DELTA to changes in the local costs. (a) Evolu-

with ZO gradient approximation by [22]. (b) Evolution over time of
IGGR, wh, 07) =V fo ().

0.4

10

> 0.2

04
T T T

0 50 101 150 200 0 02 04 06 08 1

k k 104

[[wh + o3 (xF)]|
(|2 + Vo fi sk, Wi + i (xF))]|
(=] (<1

Fig. 4. Evolution of the tracking dynamics. The dashed lines are the
global o(x*) (left) and Zj.vzl Vaf; (xF,o(x*),0%)/N (right). The solid
lines are their local agents estimates.

fi(xi, 64)
y<!_
filxi, 04)

X o
(a) (b)
< <
z Z
= =
X; o4 X, o4

© (d)

Fig. 5. Agent i perspective: evolution of the learned tangent space (in
orange) over the iteration compared to f; (in blue). (a) lteration £ = 0.
(b) lteration k& = 20. (c) lteration & = 500. (d) Iteration £ = 10 000.

time of the estimation error of the descent direction induced
both by the neural networks and the tracking mechanism, i.e.,

[|G(xF, wk, 0F) — V f,(xF)||, where G(x*, w¥, 0F) is the esti-
mated descent direction at iteration &, and thus, it reads as

G(xF, wh 0%) = Gy (xF, w" + p(xF), %)
+ Vo (x") (G (x*, wh + ¢(xF), 0%) + 2*).

Fig. 4 illustrates the timescale separation in Algorithm 1,
showing that the consensus mechanism converges in fewer
iterations than the optimization and learning components [cf.,
Fig. 3(a) and (b)]. In Fig. 5, we provide a graphical under-
standing of the learning capabilities of an agent. In detail, we
show the evolution of the learned tangent space to the local cost
f; around the current pair (x¥, w¥ 4+ #;(x¥)). Finally, we tested
the robustness of DELTA to changes in the local f;. In particular,
at iteration k = 10°, the parameters of each f; are perturbed by
subtracting random values drawn from a uniform distribution in
(0,0.1). Fig. 6 shows that after this sudden change, the algorithm

tion of the relative cost error. (b) Evolution of the norm of the descent
estimation error.

relearns the new cost function gradients and converges to a
neighborhood of the new optimal solution.

VI. CONCLUSION

In this article, we proposed DELTA, a data-driven distributed
algorithm for aggregative optimization in unknown scenarios.
DELTA combines an optimization-oriented part with a tracking
mechanism and a learning one. The latter takes on local neural
networks elaborating cost samples around the current solution
estimates to approximate their gradients. We analyzed DELTA
by using tools from system theory based on timescale separation
and averaging theory. In detail, we theoretically proved linear
convergence in a neighborhood of the optimal solution whose
size depends on the given accuracy capabilities of the neural
networks. Some numerical tests confirmed our findings.

APPENDIX
A. Preliminaries on Averaging Theory

We report [39, Thm. 2.2.2], which is a useful result in the
context of averaging theory. Consider the time-varying system

X =X+ 0F k), (42)

where y* € R"x is the system state, f : R™x x R x N — R™x
describes its dynamics, and v > 0 is a tunable parameter. We
now introduce a set of assumptions that allow for studying the
stability properties of (42) by considering the so-called averaged
system associated with (42). In particular, we impose these
conditions within a sphere B,.(0,,, ) of radius » > 0.

Assumption 7: The function f is piecewise continuous in
k and the limit

1 k+T
) = Jim = Y0 f(x,0,7), (43)
T=k+1
exists uniformly in k& € Nand x € B,(0,,). |

Once f,, is well posed, we can introduce the averaged system

associated with (42), namely
X]:v-’_l = va + 6fAV(X§V)7 (44)

with y¥, € R"x. Then, we enforce the following assumptions.
Assumption 8: The origin is an equilibrium point for
both (42) and (44), namely

J(0,7,k) =0, fw(0)=0,
forally > 0and k € N. |
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Assumption 9: There exist [y, l2, [y, 71 > 0 such that

£ Oy k) = FOC R <hlix =X
1£ 067 k) = FOGAY SR < Loy =~ x|l
HfAV(X) - fAV(XI)” <l HX - X/” ,

forall v,7" € (0,7], x, X' € B-(0n, ), and k € N. [ ]
Assumption 10: Let Af : R™ x N — R"x be defined as

Af(Xa k) = f(Xa 0, k) - fAv(X)'

Then, there exists a nonnegative strictly decreasing function
v(k) such that limy,_,» v(k) = 0 and

I kT

|75 a0 <vmi
L «k+T 0af(07)
HTZT—H1 IR C

uniformly in k € Nand x € B,(0,,). [ |

These assumptions ensure the following result.

Theorem 2 (See [39, Thm. 2.2.3]): Consider system (42) and
let Assumptions 7—10 hold. If there exists 4; > 0 such that, for
all v € (0, 741), the origin is an exponentially stable equilibrium
point of the averaged system (44), then there exists 5 € (0,71)
such that, for all v € (0, %), the origin is an exponentially stable
equilibrium point of system (42). |

B. Proof of Lemma 1

We point out that Assumption (3) implies that R AR is Schur.
Hence, for all ¢ > 0, there exist II; = HI > 0andIl; = H; >
0 solving the discrete-time Lyapunov equations

(RTAR) T, (RTAR) —TI, = —qI(y 14 (46a)
(RTAR) I, (RTAR) (46b)

where ¢ > 0 will be fixed later. Let IT := blkdiag(II;,II5) €
R2IV-1)d gpnd U7 : R2WV-Dd _ R be defined as
U (¢) = ¢IIC.

Being U quadratic, the conditions (24a) and (24c¢) are satisfied.
To conclude the proof, we show that (24b) is verified studying
the increment of U along the trajectories of system (23), i.e.,

AU(C) := U(AC + gs(%,¢,0)) — U(C)
= ("(ATIIA — T1)¢ + 2¢ " A gy (%, ¢, 6)
+ AGo(x", ¢, 0%) T M) AG, (x", (1, 0%), (47)

where M(II) := [0 R"TM]II[0 R"M]".Bylooking at the def-
inition of G5 [cf., (14)] and AG; [cf., (21)], since Vs f; is
Lipschitz continuous (cf., Assumption 4), we have

|AGy (R+2* W ,04+0%| < Lo |Rw. ||,

— 1y = —I(n_1)a,

(48)
forall w, € RY =14 Now, we use (46) to bound (47) as
AU () = —ql|Gill* = [1G2]® +2¢T AT Mg (%, ¢, 0)

+ AGo(x, ¢, 0) (R M) Ty (RTM)AG,(x, (1, 0)

~qllGa = lG I +2 |Gall | BT ARTI RA| | AGa(x, 1, )

+||(RTM)TL, (R M) HAGQ(X, , é)H2

(b)
<—q il = lI¢2))® + 2Ly ||RTARIL RA|| | RG | ||

+||(RTM) Ty (R M)|| L2 | RG |1, (49)

where in (a), we use the Cauchy—Schwarz inequality and
the definition of ¢y [cf., (22)], and in (b), we use (48).
Let us define k1 := |[(R" M) To(R" M)||L%||R||? and f12 :=
L, ||RT ARI; RA||||R||. Then, we compactly rewrite (49) as

lalll fa=r s [lcl
AU@S_[ ] [ 1H|<2||]' 0

fes K12
By the Sylvester criterion, we know that Py > 0 if and only if
61y

::PU

q>k1 and g > Ky + K.

Wesetq > q := k1 + /{%2, and thus, we bound (50) as

AU (C) < —Amin (PU) ||C||27

where Amin(Py) > 0 denotes the smallest eigenvalue of Py.
Hence, also (24b) is achieved, and thus, the proof concludes.

C. Proof of Lemma 2

By relying on the accuracy characterization (6¢), we get

1 -
E Zlk(;::l Pe (X + (E*, k) )

for all x € R™. Since #* is a minimizer of problem (4) for
k = K (cf., Assumption 5), it holds VQZ;C(f(, 0) = 0, which,
combined with (52), leads to S x_, pe(X + 2*, k) = 0 for all
x € R™. Thus, system (27) reduces to

Vol (%,0) = (52)

éfv+1 - ék - ’YVQEIC (}ZA\/; éfv) (53a)
=5 - GIUEL 0. (53b)
Now, let W : R™ x R™ — R be the Lyapunov function
S ~ o2 o
W(HAV7XAV) =a|by] + ||XAV|| 5

where o > 0 will be fixed in the following. Let us introduce the
increments AWg( s Xav) and AW, (QAV, X, ) defined as

AWG(QAVaiAV) = ||0AV 'YVQ&C(XAW AV)||2 ||9Av||2
AWX(éAV7)~(AV) = 'YGd(XAVa AV)H2

Then, by considering (éAV,iA\,) € R™ x R™ with (t‘jAv +6%) e
O, the increment of W along the trajectories of system (53) is

Aw(éAV7 >~(AV) = aAWy (éAV7 iAv) + AI/Vx(éA\u }N(AV)' (54)

% = [

As for AWy (éAV, Xav), we expand the square norm and obtain

AWG (éA\H iAV)

~ ~ ~ ~ ~ 2
= _27V2€/C (iAVa 9AV)T0AV + ’72 HVZKIC (iAv; 9AV)

2 2 ~ ~
\4 - - V € ~AV70AV
v <W+Le 7) H 2l (X )

2

)

(55)

(a)
2 2pe Ly
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where in (a), we use Vg@;g(f(/w, 0) = 0, the ,-strong convex-
ity of /c in ©, and the L,-Lipschitz continuity of Vol (cf.,
Assumption 6). Then, we expand AW, and obtain

AWX(éAV7 iAV)

’ 2

= _Q'YGd(f(Ava éAv)T}NCAV + '72 Héd(i/\w é/\v)

) ~ T ~
(; —29V [, (XAV +x )TXA\'

o 27(éd (iA‘” éAV) _éd(iAvv O))T}EA\/

R 2
G (R ) = G (R0 0) + G (5. 0) |

b) N T~ A 2
® —29V fo (R + %) "Ry + 272 HGd(XAV, O)H

+ 29| G5, B) G s 0| I

+277)| 6 0) G 0)|| (56)

where in (a), we add £V f, (X, + 2*) = G%(X,, 0), and (b) uses
the triangle and Cauchy—Schwarz inequalities and V f, (2*) =
C;'d(O7 0) =0. By Lipschitz continuity ofvlfi, ngi, and ¢; (cf.,
Assumptions 2 and 4), there exists Ly > 0 such that

||G (XAV7 AV) Gd(XAVa AV)H < LGHHAV -0

AV Ha
for all x,, € R™ and é,w, 0, ER™, By (57), j1-strong convexity
of f,, and L,-Lipschitz continuity of V f,,, we bound (56) as

AWX (éAV7 )N(AV)

(57)

2pp L 2 Ad (o 2
=Y [|Xav — — G Xavs O
< VWJFLIIIAII V(u L v)ll (R, 0)
+ 2vLo [[Za | ||9AV|| + 2’72L ||‘9AVH2 (58)
Let us arbitrarily set 3, € ( , j“ iLLT ) and By € ( , 5” iLLi ) and
define 45 := mln{ 5’” (0,%2)
and using (55)— (58) we bound AW [cf (54)] as
AW(HAV,)?AV)
AT -
- ’ Onll| |avBe —2v°L5 —vLg ’ O
B (1% |l —vLe Bz || 1%l
=:Pw(CE)

Choose a>ai:=(LZ(1+2v8:))/ BBz By the Sylvester crite-
rion, we get Py (o) > 0, and thus, we bound AW (x) as

AW (XAV) S _)‘-min (Pw(Oé)) HXAVH27

where Amin(Pw (cr)) > 0 represents the smallest eigenvalue of
Py and x,y := col(fu, X4y ). Thus, the exponential stability of
the origin is proved (see, e.g. [40, Thm. 13.11]).

D. Proof of Lemma 3

The proof relies on Theorem 2 (cf., Appendix A). Hence,
we need to check that Assumptions 7—10 are satisfied. First,
Assumption 7 is guaranteed by the periodicity of df ; and d; ,
(cf., Assumption 5). Second, Assumption 8 [i.e., the fact that

the origin is an equilibrium point of both (25) and the averaged
system (53)] is satisfied in light of (6¢) in Assumption 6 and
since 6* is the solution to (4) with & = IC (cf., Assumption 5).
Third, the Lipschitz properties in Assumption 9 follow from
Assumptions 5 and 6. Fourth, the periodicity of d’;’i and dfm-
(cf,, Assurnption 6) allows for satisfying Assumption 10 with
v(T) = 1 +T, where L > 0 depends on the Lipschitz constants

of V3¢ and V3/x. Finally, Lemma 2 proves that the origin is an
exponentially stable equilibrium of the averaged system (53).
Hence, by Theorem 2, there exist 7, € (0,7%2) and r > 0 such
that, for all v € (0,7;) and x° € X, the origin is an expo-
nentially stable equilibrium of (25). The proof follows by the
converse Lyapunov theorem (see, e.g., [39, Thm. 2.2.1]).

E. Proof of Lemma 4

The proof is based on timescale separation. First, Lemma 1
provides a Lyapunov function proving the global exponential
stability of the origin of (23), i.e., the boundary-layer system
associated with (18). Second, Lemma 3 provides a Lyapunov
function proving exponential stability of the origin of (28), i.e.,
the reduced system associated to (18). Third, the dynamics
of system (18) and the equilibrium map (19) are Lipschitz
continuous (see Assumptions 2 and 4-6). We thus guarantee
exponential stability of (0*,z*, h(0*,z*)) for system (18) by
slightly extending [41, Thm. I1.3]. In detail, the mentioned result
provides global results but requires global results in both the
boundary-layer and reduced system, while Lemma 3 (i.e., the
stability result of the reduced system) holds only locally. Hence,
we conclude that the origin is an exponentially stable equilibrium
point of system (18) for any initial condition (6°,%°, w9 ,20) €
D. The proof follows by the converse Lyapunov theorem; see,
e.g., [39, Thm. 2.2.1].
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