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Abstract. Within the three-class ROC analysis framework, we address
the problem of making inferences about a true class fraction (TCF),
given the remaining two. More precisely, we propose a procedure to esti-
mate the covariate-specific TCF3, i.e., the covariate-specific probability
of correct classification at the so-called early stage, when the values for
the true class fractions at first and third classes are fixed. An application
to a real dataset is also presented.
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1 Introduction

Three-class receiver operating characteristic (ROC) analysis is a widely utilized
statistical framework for assessing the discriminatory capability of a diagnostic
test (or biomarker) across three distinct disease states, as detailed in [9]. Let ¥
denote the diagnostic test outcome, typically measured on a continuous scale,
and let Y7, Y5, Y3 represent the test outcomes for individuals in classes 1, 2, and
3, respectively. Without loss of generality, we assume that higher test values
correspond to greater disease severity. Given thresholds ¢; and to, where 1 < to,
the true class fractions (TCFs) are defined as follows [10]:

91 = TCFl(tl) = PI‘(Yl S tl) = Fl(tl)
0y = TCFQ(tl,tg) = Pr(t1 <Yy < tg) = Fg(tg) — Fg(tl) (1)
0s = TCFg(tz) PI‘(Y}, > tg) =1- Fg(tg)

where F;(-) denotes the cumulative distribution function of Y; for j = 1,2, 3.
Within the context of three-class ROC analysis, a key focus lies in making
statistical inferences about one TCF given fixed values for the other two. Of
particular interest to medical practitioners is the evaluation of the probability
0>, which quantifies the diagnostic test’s ability to correctly classify individuals
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in the second disease class (commonly referred to as the early stage), while
ensuring predefined values for 6; and 63, corresponding to the first and third
disease classes, respectively. Over the past decade, various methodologies have
been proposed to estimate or construct confidence intervals for 6, conditional
on fixed values of §; and 65. Notable contributions include [1], [2], and [5].

However, in biomedical research, it is common for additional covariate infor-
mation (e.g., age, sex, comorbidities) to be collected alongside potential diagnos-
tic test results. These covariates may influence the performance of the diagnostic
test and associated accuracy metrics. To date, only [8] and [12] have proposed
methods that incorporate covariates into three-class ROC analysis.

In this study, we introduce a novel methodology for estimating the covariate-
specific TCF, i.e., the covariate-specific probability 65 of correct classification
at the early stage of disease, under fixed values of 6; and 63. Our approach is
grounded in quantile regression techniques [6] and logistic regression modeling
applied to a constructed “working” binary sample. Specifically, we utilize quan-
tile regressions to estimate covariate-specific thresholds corresponding to fixed
values of #; and 63. These thresholds are then used to generate a “working”
binary sample at specified covariate values. Subsequently, logistic regression is
employed to estimate the covariate-specific TCFq. Additionally, we extend our
methodology to estimate covariate-adjusted TCF9, maintaining fixed values for
91 and 93.

We demonstrate that the proposed estimators for both covariate-specific and
covariate-adjusted TCF5 are consistent and asymptotically normal. While the-
oretical derivations are omitted here for brevity, we focus on illustrating our
method through an application to a real-world dataset.

2 DModel setting and estimation

Let X = (X1,...,X,)" be a p-dimensional random variable describing covari-
ates measured together with test values, and let X1, X5 and X3 denote the
covariates associated with class 1, 2 and 3, respectively. Given a set of values
x of interest, let Fj(y;x) = Pr(Y; < y|X; = x) be the conditional cumulative
distribution function of Y;, and let F’ j_l(-;x) be the corresponding conditional
quantile function. The covariate-specific true class fractions are defined as fol-
lows:

01(t1;x) = Fi(t1;%),
O2(t1,t2; %) = Fa(te;x) — Fa(t1;x),
03(t2;x) = 1 — F(t2; %),
for t; < t9, at x.
Now, by controlling the levels of TCF; and TCF3 at 61y and 639, respectively,
we can obtain covariate-specific thresholds t19(x) = F; !(610;%) and too(x) =

Fy 1(1 — 030;x). As a consequence, the covariate-specific TCF2, at fixed values
of 619 and 639, is given by:

020(010, 030;%) = Pr (F; ' (0105x) < Ya < Fy '(1 = 030;%)| X2 =x) . (2)
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The covariate-adjusted TCF5, at fixed values of 61y and 639, is then defined as
020(610,30) = Pr (F] (0103 X2) < Yo < Fy'(1— 030;X2)) . (3)

Let x1, X2 and x3 be sets of covariate values from class 1, 2 and 3, respectively.
We use the linear quantile regression [6] to model covariate-specific thresholds,
ie.,

F (0103 %1) = 2{ , @(610), (4)
Fi (1 — 030;%3) = 23,,8(030), (5)

where z1 x, and z3x, are rows of design matrices, and a(-), B(-) are parame-
ter vectors depending on 619 and 3¢, respectively. The covariate-specific TCFa,
020(010, b30; X2), can be modeled by using a generalized linear model for a pro-
portion, for instance, we adopt a logistic model:

exp (23,x,7)

Pr (znga(Qlo) <Y < Z;—,x25(930)}x2 = X2) = m'
2,%x2

(6)

For j =1,2,3andi = 1,...,ny, let y;; be the observed test values, and x;; be
the associated observed covariate values. The estimates &(f19) and B(Ggo) are
obtained by the standard quantile regression method by R package quantreg
[7]. Given the estimates a(610), B (030) and the covariate values x2;, we can con-
struct “working” thresholds tAlo(xzi) = z{xﬁ_a(em) and tAgo(xzi) = z;xzi,@(ng),

and obtain binary “working” diagnostic responses for the second class as yo; =

I (z[ma(elo) <yo < z;x2i,8(930)>, for i = 1,...,ns. Then an estimator 7 is

obtained by implementing a standard GLM estimation process with the work-

ing sample as response and the covariate value x of interest. Consequently, an
exp(z;xfy)

estimate 69(610, f30; x) is obtained as Trexp(a3)" Finally, as

02(610,050) = E [1 (2] x,0(610) < Y2 < 23 x,8(030))]

from (3), in order to estimate the covariate-adjusted TCFq at fixed values of 61
and A3y we use the plug-in principle, i.e.

~

1 & . ~
02(010,030) = - dI (ZIxzia(glo) <y < ZgT,x,,ﬁ(%o)) :
i=1

Standard errors for the proposed estimators can be obtained by using bootstrap
procedures.

3 Real data analysis

In this section, we apply our proposed method to study the effect of some co-
variates on the ability of Bio-adrenomedullin (bio-ADM) to distinguish between
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levels of congestion in patients with new-onset or worsening heart failure [11].
Data were obtained from ‘A systems BlOlogy Study to TAilored Treatment
in Chronic Heart Failure’ (BIOSTAT-CHF [13]), a multicentre, multinational,
prospective observational study. Given clinical congestion score (CCS) values
obtained as the sum of peripheral oedema (0 to 3), jugular venous pressure (0,
1) and orthopnea (0, 1), “true” levels of congestion are defined as no congestion
(CCS = 0), mild congestion (CCS=1,2) and severe congestion (CCS=34,5). Of
the 2516 patients enrolled, we keep those with complete information on both
congestion score and bio-ADM. Among 1344 subjects, 427 (31.8%) are not con-
gested, 546 (40.6%) are mildly congested and 372 (27.6%) are severely congested.
See Figure 1 for a plot of the non-parametrically estimated marginal densities
by congestion level.

In our analysis, we estimate covariate-specific TCFy as well as covariate-
adjusted TCFs, including as covariates age, presence of diabetes and renal dis-
ease, and their interaction. The true class fractions are fixed as 619 = 0.2 and
030 = 0.6. The choice of these true class fractions, specifically the relatively low
value of 0.2 for the first category, is grounded in clinical considerations rather
than economic priorities. This decision reflects the understanding that misclas-
sifying a healthy individual into a category associated with mild or severe con-
gestion does not lead to significant clinical consequences. Such misclassifications
would typically prompt further diagnostic evaluations, which would ultimately
confirm the individual’s healthy status.

In the first quantile regression, only renal disease is significant, whereas in
the second, all clinical variables, that is, diabetes, renal disease and their in-
teraction, are significant. Table 1 presents the estimated thresholds fw(x) and
tAgo(x) as a function of age across four health conditions: no co-morbidities, renal
disease, diabetes, and both co-morbidities combined. Across all ages, patients
with no comorbidities consistently exhibit the lowest values for both thresholds.
At the same time, those with both renal disease and diabetes generally have
the highest thresholds, highlighting the combined effect of the two conditions
in the diagnosis of mild congestion. Specifically, renal disease alone results in
slightly higher thresholds than diabetes alone. Furthermore, as age increases,
threshold tAlo(X) for all groups shows a gradual rise, while threshold tAlo(x) for all
groups shows a gradual decrease, although the rate of change appears different
in different groups. Taking also into account that if no covariates are considered,
the estimated thresholds result to be 19 = 16.55, %\30 = 47.03, these findings
suggest that the presence of these co-morbidities, particularly when combined,
along with consideration of age, has a measurable impact on the diagnosis of
mild congestion, potentially reflecting a greater clinical burden.

As for the logistic regression on the “working” response, all covariates have
a significant effect. Figure 2 shows the covariate-specific estimates of TCFs.
Finally, the estimated covariate-adjusted TCF4 is 0.66, with a standard error of
0.0314, based on the bootstrap process with 200 replications. The corresponding
95% confidence interval is (0.59, 0.73).
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Age None Renal Dis.
tio(x) t30(x)|ti0(x) t30(x)
50| 15.04 44.73| 18.95 75.22
60| 15.28 42.01| 19.18 72.50
BIO-ADM by congestion level 70| 15.51 39.30| 19.42 69.79
0.04 80| 15.75 36.58| 19.65 67.07
90| 15.98 33.87| 19.89 64.36

Age| Diabetes Both

tl() (X) 'L’30 (X) tl() (X) 'L’30 (X)
50| 15.70 64.45| 19.32 62.90
60| 15.94 61.73| 19.56 60.19

S 70| 16.17 59.02| 19.79 57.47
80| 16.41 56.30| 20.03 54.76
0.00 90| 16.64 53.59| 20.26 52.04
0 25 50 75 100
e Table 1: Estimated thresholds #19(x)
Clinical congestion level [ ] o [[] + [[] 2 and 130(x), as a function of age when no
co-morbidities are recorded; in presence
Fig.1: Bio-ADM marginal den- of renal diseases; of diabetes; of both co-
sity by congestion level morbidities.

Estimated covariate-specific TCF,

0.8 =~
None
0.7 =
e P —— Renal disease
-
] - :
6 S —— Diabetes
o G35 Both
064 Estimated TCF; without covanates
0.5

50 80 70 80 90
Age

Fig. 2: Estimated covariate-specific TC Fy
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