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We compute tree-level gluon amplitudes as worldline correlators of vertex operators in a bosonic spinning
particle model. In this framework, the particle’s position degrees of freedom are extended by complex
bosonic variables that encode its spin. In the free theory, the model exhibits a first-class constraint algebra
whose gauging ensures the unitarity of the quantum theory. This algebra is a contraction of the slð2;RÞ
algebra, which is by itself a subalgebra of the Virasoro algebra. In string theory, gauging the Virasoro algebra
plays a similar role. Our model admits a consistent truncation to describe a pure spin-1 particle. Non-Abelian
interactions are introduced by using Becchi-Rouet-Stora-Tyutin (BRST) techniques, which allow us to
extract the vertex operators of the theory as suitable deformations of the BRST charge. BRST invariance is
central to ensuring the consistency of the tree-level amplitudes analyzed in thiswork.We discuss connections
with similar worldline constructions and comment on the potential relevance of this framework for
uncovering the structures underlying the double-copy program in gauge and gravitational theories.
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I. INTRODUCTION

We present a first-quantized approach to computing tree-
level gluon amplitudes using Becchi-Rouet-Stora-Tyutin
(BRST) methods and worldline path integrals, building on
the recent treatment of Ref. [1] and the seminal work of
Ref. [2]. Our framework is based on a bosonic particle that,
along with the usual geometric degrees of freedom describ-
ing the particle’s spacetime position, introduces bosonic
partners that encode the spin degrees of freedom. The
particle has a symmetry algebra that relates the spacetime
coordinates to some suitable bosonic partners, which are the
bosonic analogs of supersymmetric coordinates. Such alge-
bra is sometimes referred to as “bosonic supersymmetry.”
Traditionally, relativistic spinning particles are described

using Grassmann-valued degrees of freedom, related to the
coordinates via supersymmetry (see Refs. [3–5], with
extensions to higher spin discussed in Refs. [6,7]). The

alternative use of bosonic variables to treat particles with
integer spin has a long history, mainly rooted in string
theory [8–11]. However, it has been explored only spo-
radically in the context of worldline path integrals, as in
[12]. It has seen renewed interest in recent works, specifi-
cally in the context of Yang-Mills particles [1], which is the
focus of our present endeavor, in the new discussion of a
charged massive spin-1 particle [13], and in the study of
gravitational radiation from spinning bodies [14,15].
The traditional formulation of the spin-1 particle

involves complex fermionic partners ðψμ; ψ̄μÞ associated
with the particle coordinates xμ, along with a gaugedN ¼ 2

worldline supersymmetry. This structure leads to a first-
class constraint algebra, whose role is essential for estab-
lishing unitarity and ensuring that only the massless spin-
1 sector is propagated. This setup was thoroughly analyzed
in Ref. [16], where it was also shown that introducing a
quantized Chern-Simons coupling on the worldline enables
the propagation of a massless spin-1 particle—and more
generally the quanta of antisymmetric gauge fields—in
arbitrary space-time dimensions. However, it was also
pointed out that challenges arise when coupling the
model to background fields. Specifically, coupling to
electromagnetism breaks the local N ¼ 2 supersymmetry,
rendering the theory inconsistent. In contrast, coupling to
background gravity is viable and effectively employed in
Refs. [17,18] to study the gravitational one-loop effective
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action induced by vector and antisymmetric tensor
fields.
A breakthrough came with the work of Ref. [2], which

demonstrated that coupling to a Yang-Mills background is
feasible. Using BRST techniques, it was shown that a
nilpotent BRST charge can be maintained in the sector of
the Hilbert space corresponding to the non-Abelian spin-
1 degrees of freedom, provided the Yang-Mills background
satisfies its equations of motion. Tree-level amplitudes and
the one-loop beta function were thus computed within this
worldline approach.
Here, we aim to pursue a similar analysis using the

particle model based on bosonic oscillators. In Ref. [1], one
of us demonstrated that the model describes excitations of
arbitrary integer spin, and that a restriction to the spin-
1 sector admits a coupling to the Yang-Mills background,
yielding an alternative worldline representation of a non-
Abelian spin-1 particle. The analysis was carried out in the
operatorial BRST framework. In this work, we develop the
corresponding path integral formulation, compute color-
ordered tree-level amplitudes up to four points, and
address several technical aspects that are useful to
explore the rich structure that emerges in the first-quantized
picture.
In particular, we consider the path integral along the

infinite line, which we use to compute color-ordered tree-
level amplitudes. Let us point out that the infinite line
geometry implements automatically the Lehmann-
Symanzik-Zimmermann (LSZ) reduction [19–22], and
allows one to directly obtain on-shell amplitudes from
the worldline path integral. The infinite line constitutes the
main worldline that connects two external points and can be
chosen arbitrarily. It describes asymptotically free vector
particles. Vertices linking the worldline to the remaining
external (asymptotic on-shell) particle states emerge in part
from the perturbative expansion of the particle action,
leading to insertions of vertex operators. Insertion of
additional composite vertex operators, whose structure
shall be discussed in detail, are needed to obtain the
complete BRST-invariant color-ordered amplitudes.
The BRST symmetry is used to investigate, in general

terms, the structure and properties of the vertex operators—
both integrated and unintegrated—that contribute to the
construction of the color-ordered amplitudes. It serves as
the guiding principle for identifying whether additional
vertex operators, which we refer to as “pinch operators,”
must be inserted to restore BRST invariance when it is
broken in perturbatively constructed tree-level amplitudes.
The role of such composite pinch operators is to insert
entire subtrees into the main worldline. These generalized
vertex operators can be obtained either from the Bern-
Kosower pinching rules [23–28] or, in a second quantized
framework, by Berends-Giele recursion relations [29]. In
this work, we argue that the subtrees (or multiparticle
fields) can be obtained directly from a path integral on a

semi-infinite line, thereby generalizing a similar construc-
tion proposed in [22] for scalar amplitudes.
Although the overall framework outlined above employs

a bosonic particle model, the structure is conceptually
similar to the one proposed in [2], where a particle model
with fermionic oscillators was used. Here, we further
explore the role played by the BRST symmetry. Namely,
we show how the decoupling of BRST-exact operators in
correlation functions corresponds to the target-space Ward
identities, similarly to what occurs in string theory. This
analysis also justifies the need for multiparticle pinch
operators as a necessary condition to restore BRST invari-
ance. Technically, we find it useful to evaluate the pertur-
bative expansion of the path integral, and the execution of
checks of the BRST Ward identities, in terms of worldline
operator product expansions (OPEs), as in [2] and more
recently in [30–32]. They help organize the key algebraic
properties emerging from the path integral, which are
closely related to the homotopy algebra framework
employed in [1,33–38].
The rest of the paper is organized as follows. In Sec. II,

we introduce the free bosonic spinning particle model, set
up the path integral on the finite line, and review its
consistent coupling to a Yang-Mills background using
BRST techniques. We show how the vertex operators
naturally emerge from the BRST analysis. In Sec. III,
we compute tree-level color-ordered amplitudes, obtained
as correlation functions of vertex operators inserted along
open worldlines. We begin with the simpler three-gluon
amplitude, then proceed to the four-gluon amplitude,
comparing different worldline choices. This demonstrates
the independence of the result from the choice of a specific
worldline, and also highlights that selecting a worldline
connecting two of the least color-adjacent gluons leads to a
simpler computation. Section IV is dedicated to the analysis
of theWard identities satisfied by the amplitudes computed.
Section V contains our conclusions and outlook. Technical
details regarding the phase-space path integral are pre-
sented in the Appendix.

II. THE BOSONIC SPINNING PARTICLE
IN A YANG-MILLS BACKGROUND

A. The free spinning particle

We begin by outlining the structure of the free worldline
action of the bosonic spinning particle that we wish to use.
A natural starting point is the symplectic term

Ssymp ¼
Z

1

0

dτ½pμẋμ − iᾱμα̇μ�: ð2:1Þ

It defines the canonical Poisson brackets for the particle’s
phase-space coordinates and momenta ðxμ; pμÞ joined by
the bosonic oscillator pair ðαμ; ᾱμÞ. Here, μ is a Lorentz
index in theD-dimensional Minkowski target space, and ᾱμ
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is the complex conjugate of αμ. The elementary Poisson
brackets are given by

fxμ; pνg ¼ δμν ; fαμ; ᾱνg ¼ iδμν : ð2:2Þ
One may notice that the bosonic oscillators resemble a
worldline analog of the open string modes αμ�1. We now
define the following conserved phase-space functions:

H ¼ 1

2
p2; L ¼ αμpμ; L̄ ¼ ᾱμpμ; ð2:3Þ

which form a closed algebra under Poisson brackets

fL; L̄g ¼ 2iH; ð2:4Þ
while other independent brackets vanish. This algebra is
first class and bears a close resemblance to a supersym-
metry algebra, except that L and L̄ are bosonic rather than
fermionic. It corresponds to a contraction of the slð2;RÞ
algebra [8,10]. The charges (H;L; L̄) generate worldline
symmetries: H is the generator of τ-translations, while L
and L̄ mix the spacetime coordinates xμ with the oscillator
variables αμ and ᾱμ, respectively. Their structure is rem-
iniscent of the Virasoro generators L0 and L�1 of the
bosonic open string.
Upon quantization, the states of the theory are inter-

preted as those corresponding to massless particles, with
the spin degrees of freedom carried by the oscillator
variables αμ. To this end, one must impose the mass-shell
constraint p2 ¼ 0 by gauging the Hamiltonian H, and
eliminate remaining unphysical states by gauging the
“Virasoro-like” generators L and L̄. This gauging plays
a role analogous to the gauging of the Virasoro algebra in
string theory, where lightcone oscillator modes must be
removed to avoid negative-norm states.
The full worldline action, incorporating these gauge

symmetries, is given by

S ¼
Z

1

0

dτ½pμẋμ − iᾱμα̇μ − eH − ūL − uL̄�; ð2:5Þ

where eðτÞ is the einbein enforcing the mass-shell condition
H ¼ 0, and uðτÞ and ūðτÞ are complex Lagrange multipliers
enforcing L̄ ¼ L ¼ 0. The action is invariant under local
worldline reparametrizations and the bosonic analog of
supersymmetry, with infinitesimal transformations

δxμ ¼ ϵpμ þ ξᾱμ þ ξ̄αμ; δpμ ¼ 0;

δαμ ¼ iξpμ; δᾱμ ¼ −iξ̄pμ;

δe ¼ ϵ̇þ 2iuξ̄ − 2iūξ; δu ¼ ξ̇; δū ¼ ˙̄ξ; ð2:6Þ

where ϵðτÞ is the local parameter for worldline reparamet-
rizations, while ξðτÞ and ξ̄ðτÞ are complex gauge parameters
for the bosonic symmetry.

The quantum theory corresponding to this action has
been analyzed in [1] to identify covariantly the physical
sector of the Hilbert space, using both the Dirac quantiza-
tion method and the more general BRST approach. The
resulting spectrum was found to include an infinite tower of
bosonic spinning particles. This fact emerges by recalling
that the quantized phase-space coordinates obey the com-
mutation relations

½xμ; pν� ¼ iδμν ; ½ᾱν; αμ� ¼ δμν ; ð2:7Þ

with the αμ oscillators that act as creation operators on the
Fock vacuum j0i. The covariant analysis carried out in [1]
shows that, at occupation number s, defined according to
the number operator N ¼ αμᾱμ, the Hilbert space contains
THE particle’s excitations of spin s; s − 2;…; 0 for even s,
and s; s − 2;…; 1 for odd s. A quick way to see this is by
adopting the light-cone gauge, in which the bosonic
creation operators αi carry only transverse indices
i ¼ 1;…; D − 2. At level s, the action of s such creation
operators on the Fock vacuum yields states corresponding
to a totally symmetric wave function ϕi1���isðxÞ, which
includes all possible traces. Factorizing iteratively the
traces shows that the wave function naturally accommo-
dates spin states s; s − 2;… down to either 0 or 1, depend-
ing on whether s is even or odd.
In the rest of this section, we construct a path integral for

this model. One can anticipate some difficulties in the
construction. Considering a finite line, the gauge trans-
formation laws in (2.6) suggest that all the gauge fields
ðe; u; ūÞ should each acquire a modulus, with the set of
moduli collectively denoted by ð2T; u0; ū0Þ, where T is the
usual Schwinger proper time. After gauge-fixing the gauge
fields to the corresponding moduli, i.e., setting
ðe; u; ūÞ ¼ ð2T; u0; ū0Þ, one finds that the action (2.5)
reduces to

Sgf ¼
Z

1

0

dτ½p · ẋ − iᾱ · α̇ − Tp2 − ū0p · α − u0p · ᾱ�:

ð2:8Þ

An integration over the moduli, with T ∈Rþ and
u0; ū0 ∈R, produces for constant p; α; ᾱ

1

p2
δðp · αÞδðp · ᾱÞ; ð2:9Þ

which, on top of delivering the massless propagator, seems
to enforce the transversality of the oscillators. However, we
are going to argue that, for our purposes, we do not need to
consider the moduli for u and ū. The reason is that we
intend to restrict the model to obtain the propagation of
particles of fixed spin s only, and in particular s ¼ 1, to
describe massless gluons. To achieve such a projection, it is
useful to gauge the globalUð1Þ symmetry, generated by the
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number charge N ¼ αμᾱμ, and add a Chern-Simons cou-
pling, to obtain a constraint that projects physical states to
have occupation number s in the quantum setting.
Therefore, we gauge the global Uð1Þ symmetry

α0 ¼ eiϕα; ᾱ0 ¼ e−iϕᾱ;

u0 ¼ eiϕu; ū0 ¼ e−iϕū; ð2:10Þ

and add a Chern-Simons coupling with charge q, left
unspecified for the moment, to be related to the spin s. We
arrive at the modified action

S ¼
Z

1

0

dτ½pμẋμ − iᾱμα̇μ − e
1

2
p2 − ūαμpμ

− uᾱμpμ − aðαμᾱμ − qÞ�: ð2:11Þ

Here ðe; ū; u; aÞ are the full set of worldline gauge fields
that gauge the charges ðH;L; L̄; JÞ defined by

H¼1

2
p2; L¼αμpμ; L̄¼ ᾱμpμ; J¼αμᾱμ−q: ð2:12Þ

They satisfy the following Poisson bracket algebra:

fL;L̄g¼2iH; fJ;Lg¼−iL; fJ;L̄g¼ iL̄; ð2:13Þ

while other brackets vanish. It is a first-class algebra and
thus its gauging is consistent. Denoting by ðϵ; ξ̄; ξ;ϕÞ the
gauge parameters for the gauge fields above, we get the
following infinitesimal transformation rules for the gauge
symmetries of the action (2.11):

δxμ ¼ ϵpμ þ ξᾱμ þ ξ̄αμ; δpμ ¼ 0;

δαμ ¼ iξpμ þ iϕαμ; δᾱμ ¼ −iξ̄pμ − iϕᾱμ;

δe ¼ ϵ̇þ 2iuξ̄ − 2iūξ; δa ¼ ϕ̇;

δu ¼ ξ̇ − iaξþ iϕu; δū ¼ ˙̄ξþ iaξ̄ − iϕū: ð2:14Þ

Notice that the Uð1Þ gauge field a admits a modulus,
aðτÞ ¼ θ, which in turn prevents the emergence of moduli
for u and ū. A quantum massless spin-s particle is obtained
by quantizing precisely this action. Before proceeding with
the path integral quantization, let us clarify the relation
between the Chern-Simons coupling q and the spin s. This
relation generally depends on the quantization scheme that
is adopted, which we make explicit in the course of our
discussion.
Using canonical quantization, we recall that the quantum

operators satisfy the commutation relations in (2.7) with α
acting as creation operator. Then, of the charges in (2.12),
only J exhibits potential ordering ambiguities. We resolve
them by adopting a symmetric ordering prescription for the
oscillators. This is our chosen quantization scheme and
yields the quantum operator

J ¼ 1

2
ðαμᾱμ þ ᾱμα

μÞ − q

¼ αμᾱμ þ
D
2
− q

¼ N − s; ð2:15Þ

where we have used the commutation relations of the
oscillators, recognized the number operator

N ¼ αμᾱμ ð2:16Þ

which counts the occupation number in the Fock space of
states, and related the Chern-Simons coupling q to the real
parameter s by

q ¼ D
2
þ s: ð2:17Þ

Imposing the constraint à la Dirac to select a generic
physical state jϕi,

Jjϕi ¼ 0 ⇒ Njϕi ¼ sjϕi; ð2:18Þ

shows that physical states must have occupation number s.
This corresponds to having maximal spin s. Later, we
specialize to s ¼ 1, as we intend to focus on spin-1
particles. However, for the time being, we keep s arbitrary
and observe that it must be a non-negative integer in order
to find nontrivial solutions to the constraint equation, and
allow for a nontrivial quantum theory. This illustrates the
well-known fact that Chern-Simons couplings are
quantized.
Now, let us proceed with the worldline path integration

and derive the propagator for a fixed spin-s particle
(together with its lower spin tail, as discussed above).
We consider the path integral on the finite line, with fixed
initial and final states chosen to be momentum eigenstates
for the ðx; pÞ-variables and coherent states for the bosonic
oscillators. This leads to the path integral representation for
the particle propagator in momentum space

outhp0; αjp; ᾱiin ¼
Z

DXDG
VolðGaugeÞ e

iS; ð2:19Þ

which uses the action in (2.11). On the left-hand side, we
have indicated by p and p0 the momentum eigenstates and
α and ᾱ the coherent states for the oscillators (no confusion
should arise with this notation). Also, we have collectively
denoted the dynamical fields by by X ¼ ðxμ; pμ; αμ; ᾱμÞ
and the gauge fields by G ¼ ðe; ū; u; aÞ. Note that, to
impose boundary conditions on p, one must add boundary
terms to the action. Their final effect is to change the
symplectic term pμẋμ into −ṗμxμ, see the Appendix.
At this stage, we gauge-fix the gauge fields to their

respective moduli, setting ðe; ū; u; aÞ ¼ ð2T; 0; 0; θÞ, where
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T and θ denote the moduli. The latter must be integrated
over a suitable range of values and with a measure with a
normalization that can be fixed later. This way, we arrive at
an expression for the path integral on the finite line of the
form

outhp0;αjp; ᾱiin ∼
Z

dT
Z

dθ eisθ Detð∂τ − iθÞDetð∂τ þ iθÞ

×
Z

DX eiSgf ; ð2:20Þ

where the gauge-fixed action in the exponent reads

Sgf ¼
Z

1

0

dτ½−ṗμxμ − iᾱμð∂τ − iθÞαμ − Tp2� − iᾱð0Þαð0Þ:

ð2:21Þ

Here, we have extracted from the action the constant
Chern-Simons term, whose coupling q gets renormalized
to the physical value s. Also, we have included the
Faddeev-Popov determinants, and inserted the boundary
terms in the action, needed to match the quantum numbers
of the external states. Performing the path integral, and
normalizing appropriately the integration over the moduli,
while setting their correct range, we obtain

outhp0;αjp; ᾱiin ∼
Z

∞

0

dT
Z

2π

0

dθ
2π

ð2πÞDδD

× ðp − p0Þeisθee−iθᾱαe−iTp2

¼ ð2πÞDδDðp − p0Þ ð−iÞ
p2

Z
2π

0

dθ
2π

ee
−iθᾱαþisθ:

ð2:22Þ

Note that the ghost determinant, which has vanishing
Dirichlet boundary conditions, becomes θ independent
and can be normalized to 1, see the Appendix for details.1

Finally, performing the θ-integration, we find

outhp0;αjp; ᾱiin ¼ ð2πÞDδDðp − p0Þ ð−iÞ
p2

ðᾱαÞs
s!

: ð2:23Þ

In particular, for spin 1, obtained by setting s ¼ 1, we get

outhp0;αjp; ᾱiin ¼ ð2πÞDδDðp − p0Þ−iημν
p2

ᾱμαν: ð2:24Þ

We recognize the propagators of massless fields of spin s in
the Feynman gauge. The independent variables α and ᾱ
parametrize the coherent states and can be readily inter-
preted as the external polarizations.

This concludes our discussion of the path integral on the
finite line for the free spin-s particle. A natural extension
involves introducing a set of ghost fields (henceforth
denoted B C̄ and B̄ C) to exponentiate the Faddeev-
Popov determinants. Then, considering external states also
for them allows to explore the full BRST Hilbert space.
A final comment concerns the issue of gauge-fixing u

and ū. We observe that these gauge fields can be defined so
as not to possess associated moduli, so that the path integral
for the original action (2.5) can be performed without
the need to gauge the Uð1Þ symmetry. This leads to the
propagation of the full set of higher spin fields in the
Feynman gauge. Indeed, the path integral produces

outhp0; αjp; ᾱiin ¼ ð2πÞDδDðp − p0Þ ð−iÞ
p2

eᾱα; ð2:25Þ

which corresponds precisely to the sum over all spins
of Eq. (2.23).

B. Non-Abelian background

To compute tree-level gluon amplitudes, we couple the
bosonic spinning particle to a Yang-Mills background field

Aμ ≔ Aa
μTa; ð2:26Þ

where Ta are anti-Hermitian generators; we will consider
color-ordered amplitudes, thus the Lie algebra generators
will not play much of a role in the following. We extend the
gauge constraints by minimal coupling pμ → pμ − iAμ,
and by adding a nonminimal term with coupling constant κ
to the Hamiltonian,

LA ¼ αμðpμ − iAμÞ; L̄A ¼ ᾱμðpμ − iAμÞ;

HA ¼ 1

2
ðp − iAÞ2 − κF μνα

μᾱν; ð2:27Þ

with F μν ¼ ∂μAν − ∂νAμ þ ½Aμ;Aν�. The constraint alge-
bra (2.4) is broken by the field strengthF μν for any value of
κ, both at the quantum and classical level. Despite this,
suitable spin sectors of the model can be quantized
consistently, using BRST techniques; we shall briefly
review how such a construction works.
In canonical BRST quantization, one extends the theory

by adding fermionic antighost/ghost pairs ðB; C̄Þ, ðB̄; CÞ,
ðb; cÞ associated with the constraints ðLA; L̄A; HAÞ, respec-
tively, with anticommutation relations defined by

fB; C̄g ¼ 1; fB̄; Cg ¼ 1; fb; cg ¼ 1: ð2:28Þ

The quantum BRST operator corresponding to the con-
straints (2.27) is then given by

1The result is similar to that in Eq. (A15), but with α ¼ ᾱ ¼ 0,
which selects the vacuum as the external states.
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QA ¼ −2cHA þ iC̄LA þ iCL̄A − CC̄b

¼ cðDμDμ þ 2κF μνα
μᾱνÞ þ ðC̄αμ þ CᾱμÞDμ − CC̄b;

ð2:29Þ

where Dμ ¼ ∂μ þAμ and we identified pμ ≡ −i∂μ, keep-
ing for simplicity the same notation for classical and
quantum variables. The BRST operator QA is Hermitian
if one assigns suitable Hermiticity properties to the ghosts

c†¼c; b†¼b; C†¼−C̄; B†¼−B̄: ð2:30Þ

The extended BRST Hilbert space, on which the BRST
chargeQA operates, has a double grading. One corresponds
to the usual ghost number. The other one is associated with
the integer Uð1Þ charge given by the number charge N ,
which counts the number of αμ oscillators as in (2.16),
appropriately extended to account for the charge of the
ghost oscillators:

N ≔ αμᾱμ þ CB̄ þ BC̄: ð2:31Þ

In the previous section, when constructing the free path
integral, we gauged the N charge in (2.16) to project on the
spin-1 sector. Here, its extended version will still be used as
a projector, but we prefer to keep it outside the BRST
operator. It is defined to obey ½QA;N � ¼ 0, so that it
becomes consistent in the following to restrict the study of
the cohomology of the BRST operator to a prefixed Uð1Þ
charge sector. Quantization is consistent if Q2

A ¼ 0.
According to the analysis of [1], we have the following
situation, depending on the spin sector of the theory:

(i) If the background field Aμ is off-shell, only the spin
zero sector of the model (i.e., the subspace of the
Hilbert space with N ¼ 0) can be quantized con-
sistently. In this case, the coupling κ is irrelevant, as
the corresponding nonminimal term acts trivially.
This sector simply describes a colored scalar field in
the adjoint representation of the gauge group.

(ii) If the background field Aμ is on-shell, i.e., it obeys
the nonlinear Yang-Mills equations DμF μν ¼ 0, and
for κ ¼ 1 the model can be quantized also in the
N ¼ 1 sector. This is the case we are interested in,
where the worldline describes a gluon in a Yang-
Mills background.

In order to extract the gluon vertex operators and study
the path integral, we set κ ¼ 1 and proceed with a
Hamiltonian BRST gauge-fixing of the classical action.
Upon denoting graded coordinates and momenta by ZI ≔
ðxμ; αμ; c; C̄; CÞ and PI ≔ ðpμ;−iᾱμ;−ib;−iB;−iB̄Þ,
respectively, we choose Ψ ¼ iTb as the gauge-fixing
fermion related to the gauge choice ðe; u; ūÞ ¼
ð2T; 0; 0Þ. Thus, the gauge-fixed action reads

S ¼
Z

1

0

dτ½ŻIPI þ fQA;ΨgPB�

¼
Z

1

0

dτ½pμẋμ − iᾱμα̇μ þ ibċþ iB ˙̄C þ iB̄ Ċ−2THA�:

ð2:32Þ

Integrating out the momenta, we finally obtain the sigma
model action

S ¼ Sfree þ Sint; ð2:33Þ

where the free Lagrangian action, including the ghosts,
reads2

Sfree¼
Z

T=2

−T=2
dτ

�
1

4
ẋ2− iᾱμα̇μþ ibċþ iB ˙̄Cþ iB̄ Ċ

�
; ð2:34Þ

while the interaction terms are collected in

Sint ¼
Z

T=2

−T=2
dτ½iAμðxÞẋμ þ 2F μνðxÞαμᾱν�: ð2:35Þ

One can derive vertex operators from the above action in
the usual way, upon specializing the background gauge
field to a sum of plane waves, with definite momentum and
polarization. These will be the so-called integrated vertex
operators, which describe the emission/absorption of a
gluon from the worldline interior. One can already see from
(2.35) the need for a two-gluon vertex, arising from the
coupling to the non-Abelian field strength.
In the previous subsection, we have attributed the spin-

1 degrees of freedom to the worldline endpoints by
employing coherent states for the αμ oscillators. In the
following, we will find it more convenient to take simpler
boundary conditions, corresponding to a suitable vacuum
state, and create all external gluon states by means of vertex
operators. To do so, the vertex operators extracted from the
sigma model action (2.35) are not sufficient; therefore, in
order to discuss vertex operators more generally, together
with the issue of ghost zero modes, we will briefly revert to
canonical BRST quantization.

C. Vertex operators from canonical BRST quantization

Here we will briefly revisit the vertex operators as
consistent deformations of the free BRST charge. In
particular, we will review how the consistent coupling to
the background Aμ translates into the BRST invariance of
vertex operators. We will then motivate the definition of
integrated vertex operators in the canonical language.
Let us collectively denote bosonic oscillators and ghost

variables as

2The parameter τ is understood to be shifted and rescaled.
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αM ≔ ðC; αμ;BÞ; ᾱM ≔ ðB̄; ᾱμ; C̄Þ; ð2:36Þ

according to their Uð1Þ charge: ½N ; αM� ¼ αM and
½N ; ᾱM� ¼ −ᾱM. In canonical quantization, we define the
BRST “oscillator vacuum” j0i as the Fock vacuum annihi-
lated by the operators ᾱM and by the antighost b. In the path
integral formulation, the boundary conditions correspond-
ing to this vacuum at both endpoints of the worldline are
ᾱMð−T=2Þ ¼ 0, αMðT=2Þ ¼ 0 and bð�T=2Þ ¼ 0. Taking
also ẋμð�T=2Þ ¼ 0, it is natural to view the full BRST
vacuum as the tensor product of an eigenstate of zero
momentum with j0i, i.e., j0; 0i ¼ jk ¼ 0i ⊗ j0i. We thus
have

ᾱMj0; 0i ¼ 0; bj0; 0i ¼ 0; pμj0; 0i ¼ 0: ð2:37Þ

Although j0; 0i is not normalizable, we will always create
states with nonzero momentum by suitable vertex operators
at the boundary. These states have the standard plane wave
normalization

hk0; 0jcjk; 0i ¼ ð2πÞDδDðk − k0Þ; ð2:38Þ

where we recall that the basic overlap for the bc system
is h0jcj0i ¼ 1.
The subspace of the Hilbert space we are interested in is

the N ¼ 1 sector, which describes free spin-1 particles. A
generic state in this sector can be written as

hxjψi ¼ ψMðxÞαMj0i þ χMðxÞαMcj0i ð2:39Þ

in the position representation. Any such state is annihilated
by normal ordered operators with more than one ᾱM, a
feature that will be crucial for a consistent coupling to
Yang-Mills backgrounds or, equivalently, for the BRST
invariance of the vertex operators.
We define the unintegrated canonical vertex operator for

the gauge field as the linear deformation of the covariant
BRST operator (2.29):

QA ¼ Qþ VA þOðA2Þ; ð2:40Þ

where the free (A-independent) BRST differential reads

Q ¼ c□þ ðC̄αμ þ CᾱμÞ∂μ − CC̄b; ð2:41Þ

while the linear vertex operator is given by

VA ¼ ðC̄αμ þ CᾱμÞAμ þ cð2Aμ
∂μ þ ∂ ·Aþ 2fμναμᾱνÞ;

ð2:42Þ

upon denoting fμν ¼ ∂μAν − ∂νAμ the Abelian part of the
field strength. Expanding Q2

A at first order in Aμ produces

fQ;VAg ¼ cðανC̄ − CᾱνÞ∂μfμν − 3CαμC̄ᾱνfμν

− 2cðCανᾱμᾱρ þ αμανC̄ᾱρÞ∂μfνρ; ð2:43Þ

written in normal ordering. We see that the second and third
terms in (2.43) are of the form OMN ᾱMᾱN , with two
annihilation operators on the right. For this reason, they
kill any state in the N ¼ 1 sector. Since both Q and VA
commute with N , the restriction to any N ¼ s subspace
can be explicitly enforced by the projector

Ps ≔
Z

2π

0

dθ
2π

eiθðN−sÞ ≡ δN ;s; P2
s ¼ Ps: ð2:44Þ

Projecting (2.43) to the spin one subspace, we thus obtain

fQ;VAgP1 ¼ cðC̄αν − CᾱνÞ∂μfμνP1: ð2:45Þ

If the gauge field Aμ obeys the linearized Yang-Mills
equations, the unintegrated vertex operator is BRST invari-
ant under projection. It can thus be used to create
asymptotic gluon states that satisfy such free equations.
For the path integral on the circle, it is necessary to

enforce the constraint by inserting the projector P1, which
is equivalent to gauging the Uð1Þ symmetry. However,
when computing tree-level processes on an open worldline,
it is sufficient to have initial and final states with N ¼ 1 to
ensure that no state withN ≠ 1 is created at any stage. This
is so because N is conserved in the process, as all vertex
operators have charge zero and N commutes with the
gauge-fixed Hamiltonian.
In view of computing the path integral on the open line,

the above discussion brings a small subtlety. In order to
create all external states in the process by inserting vertex
operators, the Fock vacuum j0i is not the correct boundary
state, since it has charge N ¼ 0. In order to generate
physical states with vertex operators, the correct vacuum
state is

j1i ≔ Bj0i; h1j ≔ h0jB̄: ð2:46Þ

This state has N ¼ 1, obeys Qj1i ¼ 0 and can be viewed
as a constant Yang-Mills ghost. We will later present the
boundary conditions corresponding to the physical vac-
uum j1i.
We now come to discuss integrated vertex operators. To

this end, we start by splitting the unintegrated vertex VA
according to its dependence on the reparametrization
ghost c:

VA ¼ WA þ cVA; ð2:47Þ

where
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WA ¼ ðC̄αμ þ CᾱμÞAμ;

VA ¼ 2Aμ
∂μ þ ∂ ·Aþ 2fμναμᾱν: ð2:48Þ

The (integrand of) the integrated vertex operator is defined
via fb;VAg≡ VA. The rationale for this definition is that, if
fQ;VAg ¼ 0, the BRST transformation of VA is given by

½Q;VA� ¼ ½□;VA�; ð2:49Þ

upon using fQ; bg ¼ □. As we have previously discussed,
if Aμ obeys the linearized field equations fQ;VAg is not
identically zero, but does vanish on the projected
Hilbert space.
To integrate the vertex operator VA, we have to introduce

time dependence by switching to the Heisenberg picture.
Upon rescaling the gauge-fixed Hamiltonian to p2 ¼ −□,
we define time-dependent vertex operators via

VAðτÞ ≔ eiHτVAe−iHτ ¼ eip
2τVAe−ip

2τ; ð2:50Þ

with analogous formulas for any other operator. Since
½Q;H� ¼ 0, we can see that the BRST transformation of
VAðτÞ is a total derivative:

½Q;VAðτÞ� ¼ −½p2;VAðτÞ� ¼ i
d
dτ

VAðτÞ: ð2:51Þ

The BRST variation of the integrated vertex operator is
then given by

�
Q;

Z
τ2

τ1

dτVAðτÞ
�
¼ iVAðτ2Þ − iVAðτ1Þ: ð2:52Þ

Typically, this fails to vanish when the boundaries of the
integral reach other insertions. Perhaps, this is the most
direct way to see the need for nonlinear vertex operators:
they must be added to cure the failure of BRST invariance
at these insertion points.
The basic, unintegrated, bilinear vertex can be extracted

from the part of QA (2.29) quadratic in the gauge field,
namely

VA;A ¼ cðA2 þ 2½Aμ;Aν�αμᾱνÞ: ð2:53Þ

Wewill discuss the role of this vertex in the computation of
amplitudes as we go along.

D. Lagrangian vertex operators and color stripping

In order to compute color-ordered amplitudes, we have
to strip off color from the vertex operators and take the
gauge field to represent a single gluon state. For both VA
and VA, which are linear in Aμ, this is simply done by
removing the Lie algebra generator and taking the field to
be a plane wave with definite momentum and polarization:

AμðxÞ ¼ Aa
μðxÞTa ⟶ ϵμeik·x: ð2:54Þ

The derivative operator −i∂μ, when appearing in
Weyl-ordered expressions, reduces in the path integral
approach to the classical canonical momentum pμ without
further terms. For the free action (2.34) this coincides with
1
2
ẋμ, but in the sigma model (2.33) it is rather given by

1
2
ẋμ þ iAμ. This is ultimately the reason why the non-

linear vertices differ between the Hamiltonian and
Lagrangian path integrals. This correspondence allows
us to identify

2Aμ
∂μ þ ∂ ·A ⟶ eik·xð2ϵμ∂μ þ ik · ϵÞ ⟶ iϵμẋμeik·x;

ð2:55Þ

where we used the fact that the operator expression
2Aμ

∂μ þ ∂ ·A is already Weyl ordered.3 Proceeding in
the same way for all terms in VA and VA, we find the one-
gluon color-stripped vertex operator

Vϵ;kðτÞ ¼ Wϵ;kðτÞ þ cðτÞVϵ;kðτÞ; ð2:56Þ

where we recall that Vϵ;kðτÞ is to be used for integrated
vertices:

Wϵ;kðτÞ ¼ ϵμðCðτÞᾱμðτÞ þ C̄ðτÞαμðτÞÞeik·xðτÞ;
Vϵ;kðτÞ ¼ ðiϵμẋμðτÞ þ 2ifμνðkÞαμðτÞᾱνðτÞÞeik·xðτÞ; ð2:57Þ

and we defined fμνðkÞ ¼ kμϵν − kνϵμ.
The above vertex operators are not enough to compute

arbitrary amplitudes. As already mentioned, further non-
linear vertex operators are needed. The simplest one is
bilinear and can be seen directly from the action or the
BRST charge. In its Hamiltonian form, this bilinear vertex
is extracted from the BRST charge (2.29) and is given by
VA;A in (2.53). To properly strip off color, we assign the two
gluon states respecting the order in which the generators are
removed:

A2þ2½Aμ;Aν�αμᾱν¼ðAa ·Abþ4Aa
μAb

να
½μᾱν�ÞTaTb

⟶ ðϵ1 ·ϵ2þ4ϵ1μϵ2να
½μᾱν�Þeiðk1þk2Þ·x:

ð2:58Þ

The bilinear operator corresponding to the second term

V12ðτÞ ¼ 4ϵ1μϵ2να
½μðτÞᾱν�ðτÞeiðk1þk2Þ·xðτÞ; ð2:59Þ

where we have used the shorthand notation Vij ¼
Vϵi;ki;ϵj;kj , can be clearly derived from the action (2.35).

3Weyl ordering is tied to the construction of a regulated,
background gauge-invariant path integral, see e.g. [39].
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The first term corresponding toA2, however, is absent from
the Lagrangian action. This is because the canonical
momentum is given by 1

2
ẋμ þ iAμ. The effects of the

bilinear vertex ϵ1 · ϵ2eiðk1þk2Þ·xðτÞ are correctly taken into
account by contractions of the ẋμ factors with each other in
products Vϵ1;k1ðτÞVϵ2;k2ðσÞ. The vertex operator (2.59) is
thus the only two-gluon vertex to be used in the Lagrangian
path integral, as indeed implied by the interacting part of
the sigma model action (2.35).
Let us comment on the color structure of the bilinear

vertex. In computing full amplitudes, including color, the
bilinear vertex operator for particles i and j contributes a
color factor of the form trð� � �TiTj � � �Þ. This implies that
the two gluons created by Vij are necessarily color-
adjacent, which means that, in computing color-ordered
amplitudes, Vij is needed only if gluons i and j are adjacent
in the cyclic ordering 12…n.
Finally, as we shall discuss, additional nonlinear vertex

operators are required for the construction of amplitudes.
While the linear and quadratic vertex operators are
already encoded in the action—or equivalently, in the
BRST charge—further composite vertex operators, which
attach subtrees to a main worldline, arise from the
requirement of BRST-invariant amplitudes, thereby ensur-
ing the consistency of the theory. Although a derivation
of these operators from purely worldline considerations
remains perhaps incomplete, the analysis presented
in [22] for the scalar theory contains the essential
ingredients. We will return to this issue in the next
sections.

III. TREE-LEVEL GLUON AMPLITUDES

We now apply the formalism developed in the previous
sections to compute gluon scattering amplitudes at tree
level. To this end, following the analysis of [22], we take
the worldline to have infinite length, so that the proper
time T serves purely as an infrared regulator and drops out
of all computations. The amplitudes are obtained by
evaluating suitable correlation functions with insertions
of the vertex operators, previously derived by coupling the
worldline to a Yang-Mills background field. Before
delving into the explicit calculations, we briefly outline
how correlators are defined and evaluated on open
worldlines in our formalism. In what follows, all external
gluons are taken to be on-shell, though not necessarily
transverse.

A. Correlation functions on open lines

To project on states of zero momentum, the coordinate
trajectories are split as

xμðτÞ ¼ xμ0 þ zμðτÞ; żμð�T=2Þ ¼ 0; ð3:1Þ

where xμ0 is the zero mode, which enforces momentum
conservation. Coming to the oscillator vacuum, recall
that the boundary conditions corresponding to j0i at both
τ ¼ �T=2 are

h0j…j0i↔ ᾱMð−T=2Þ¼0; αMðT=2Þ¼0; bð�T=2Þ¼0:

ð3:2Þ

On the other hand, the physical vacuum j1i ¼ Bj0i is
characterized by ðB; b; B̄Þj1i ¼ 0. Upon denoting all ghosts
and antighosts as Ci ≔ ðC; c; C̄Þ and Bi ≔ ðB̄; b;BÞ, the
boundary conditions corresponding to the vacuum j1i are
then

h1j…j1i↔ ᾱμð−T=2Þ¼0; αμðT=2Þ¼0; Bið�T=2Þ¼0:

ð3:3Þ

Since all ghosts and antighosts have the same boundary
conditions, we can rewrite the free Lagrangian action (2.34)
as

Sfree ¼
Z

T=2

−T=2
dτ

�
1

4
ẋ2 − iᾱμα̇μ þ iBiĊi

�
: ð3:4Þ

Note that the basic overlap for the physical vacuum needs
three ghost insertions:

h1jCcC̄j1i ¼ 1: ð3:5Þ

In the path integral, this is reflected by the fact that
all CiðτÞ admit a zero mode, which needs to be saturated.
The basic expectation value for the ghosts is thus
given by

hCðτ1Þcðτ2ÞC̄ðτ3Þi ¼ 1: ð3:6Þ

From the quadratic action (3.4) with boundary conditions
(3.1) and (3.3), we derive the following two-point functions
(the ghost zero mode saturation is left implicit):

hᾱμðτÞανðσÞi ¼ ημνθðτ − σÞ;
hzμðτÞzνðσÞi ¼ −iημνGðτ; σÞ;
hżμðτÞzνðσÞi ¼ −iημν:Gðτ; σÞ;
hżμðτÞżνðσÞi ¼ −iημν:G:ðτ; σÞ; ð3:7Þ

where we denote derivatives with respect to the left and
right variables by left and right dots, respectively. The
z-propagator and its derivatives read
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Gðτ; σÞ ¼ jτ − σj − 1

T
ðτ − σÞ2 − 2

T
τσ −

T
6
;

:Gðτ; σÞ ¼ ϵðτ − σÞ − 2

T
τ;

:G:ðτ; σÞ ¼ −2δðτ − σÞ: ð3:8Þ

In particular, notice that the Neumann boundary condition
:Gð�T=2; σÞ ¼ 0 holds only at separate points. At coinci-
dent points one rather has :Gð�T=2;�T=2Þ ¼ ∓ 1. This
reflects the Weyl ordering of operators, that is implicit in
the path integral.4 This fact will be relevant when comput-
ing the three-gluon amplitude.

B. Color-ordered amplitudes

We now illustrate the construction above with explicit
computations, starting from the simplest test of the model:
the three-gluon amplitude. Then, we move on to the
calculation of the color-ordered four-point amplitude,
which we perform in two distinct ways. First, we select
the worldline connecting two of the least color-adjacent
particles, which we regard as a “smart” choice for computa-
tional reasons, as should be clear shortly. Then, we
reproduce the same calculation by choosing the “not-so-
smart” worldline, namely the one that connects two color-
adjacent particles. Throughout this section, we implicitly
factor out the momentum-conserving delta function, which
arises from the integral over the zero-mode xμ0. Every x

μðτÞ
in the vertex operators can thus be substituted with the
fluctuation zμðτÞ.

1. The three-gluon amplitude

Although the three-gluon amplitude vanishes for real
momenta due to kinematical reasons, its expression is still
nontrivial and can be compared with the standard field
theory result. Recall that we take external gluons to be on-
shell but not necessarily transverse, so that
k2i ¼ 0, ki · ϵi ≠ 0.
To saturate the ghost zero modes, we need all

three vertex operators to be unintegrated. This has a clear
geometric interpretation: two vertex operators are fixed at
asymptotic times τ ¼ �∞ to create the incoming and
outgoing worldline states, while the third one is fixed at
an intermediate time using the rigid translation invariance
on the infinite line. To compute the color-ordered
amplitude, we need to insert the three vertex operators
with a fixed (cyclic) order in time (see Fig. 1). The
remaining expectation value is taken with respect to zμ

and the other variables and gives the color-ordered ampli-
tude as

A123 ¼ hV1ðþ∞ÞV2ð0ÞV3ð−∞Þi; ð3:9Þ

where we used the shorthand i ¼ fϵi; kig for particle
labels.
Using the split ViðτiÞ ¼ WiðτiÞ þ cðτiÞViðτiÞ, the

above expression gives three contributions (as one needs
only one c-ghost insertion for obtaining a nonvanishing
result),

A123 ¼ hW1ðþ∞Þcð0ÞV2ð0ÞW3ð−∞Þi
þ hW1ðþ∞ÞW2ð0Þcð−∞ÞV3ð−∞Þi
þ hcðþ∞ÞV1ðþ∞ÞW2ð0ÞW3ð−∞Þi: ð3:10Þ

The expression (2.57) for ViðτiÞ suggests that
Við�∞Þ ¼ 0, thanks to the boundary conditions. As we
have already mentioned, however, this is not true due to the
self-contraction

ϵ · żðτÞeik·zðτÞ ∼ k · ϵ:Gðτ; τÞeik·zðτÞ þ � � � ; ð3:11Þ

and :Gðτ; τÞ does not vanish when τ → �∞. This term does
vanish for transverse gluons, which motivates us to
consider nontransverse polarizations in order to study its
effect.
Let us compute separately the three contributions in

(3.10). All correlators have a common “Koba-Nielsen”
factor, given by the contraction of the plane waves eiki·zðτiÞ,
which is trivial, due to momentum conservation and the on-
shell condition:

exp

�
i
2

X
ij

ki · kjGðτi; τjÞ
�

¼ exp

�
i
X
i<j

ki · kjjτi − τjj
�

¼ exp

�
−
iTðk21 þ k23Þ

2

�
¼ 1;

ð3:12Þ

where we used T=2 → ∞ as an infrared regulator. We
further use (3.6) for saturating the ghost zero modes. This
only gives relative signs between the three contributions.
The first term in (3.10) yields

FIG. 1. Diagrammatic representation of the color-ordered three-
gluon amplitude A123. The straight line denotes the insertion of
an unintegrated vertex operator at τ ¼ 0. The asymptotic end-
points of the worldline are depicted by a cross.

4For instance, the quantum operator corresponding to xμpν is
1
2
ðx̂μp̂ν þ p̂νx̂μÞ.
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hW1ðþ∞Þcð0ÞV2ð0ÞW3ð−∞Þi ¼ hϵ1 · ᾱðþ∞Þ½iżð0Þ · ϵ2 þ 4ik½μ2 ϵ
ν�
2 αμð0Þᾱνð0Þ�ϵ3 · αð−∞Þei

P
i
ki·zðτiÞi

¼ ϵ1 · ϵ3iϵ2 ·
X
i

ki:Gð0; τiÞ þ 4ik½μ2 ϵ
ν�
2 ϵ1μϵ3ν

¼ iðϵ1 · ϵ3ϵ2 · ðk3 − k1Þ þ 2ϵ1 · k2ϵ3 · ϵ2 − 2ϵ1 · ϵ2ϵ3 · k2Þ; ð3:13Þ

where in the second line we removed the ghost factor. The
above result is already the correct amplitude for transverse
gluons. The remaining two terms add the contributions
from the longitudinal modes:

hW1ðþ∞ÞW2ð0Þcð−∞ÞV3ð−∞Þi
¼ −hϵ1 · ᾱðþ∞Þϵ2 · αð0Þiϵ3 · żð−∞Þei

P
i
ki·zðτiÞi

¼ −ϵ1 · ϵ2ik3 · ϵ3:Gð−∞;−∞Þ ¼ −iϵ1 · ϵ2k3 · ϵ3; ð3:14Þ

where we used the fact that only the term with żμ in
Við�∞Þ contributes. The last term in (3.10) similarly gives

hcðþ∞ÞV1ðþ∞ÞW2ð0ÞW3ð−∞Þi
¼ −hiϵ1 · żðþ∞Þϵ2 · ᾱð0Þϵ3 · αð−∞Þei

P
i
ki·zðτiÞi

¼ −ϵ2 · ϵ3ik1 · ϵ1:Gðþ∞;þ∞Þ ¼ iϵ2 · ϵ3k1 · ϵ1: ð3:15Þ

By using momentum conservation, we can write the full
result in the manifest cyclic form

A123 ¼ i½ϵ1 · ϵ2ϵ3 · ðk1 − k2Þ þ ϵ2 · ϵ3ϵ1 · ðk2 − k3Þ
þ ϵ3 · ϵ1ϵ2 · ðk3 − k1Þ�: ð3:16Þ

This is the correct three-point amplitude even for non-
transverse gluons, as it coincides with the color-ordered
cubic vertex seen in the second quantized picture.

2. The four-gluon amplitude

For the four-point color-ordered amplitude, we start by
selecting the “smart” worldline, i.e., the one connecting
particles 4 in the past with particle 2 in the future (or,
equivalently, the one connecting particles 1 and 3; see
Fig. 2).5 The advantage in this choice of worldline comes
from the fact that we are allowed to integrate V1ðτÞ over the
entire line, without altering the cyclic order of the particles.
We are thus led to evaluate

A1234 ¼ hV2ðþ∞ÞV3ð0Þ
Z þ∞

−∞
dτV1ðτÞV4ð−∞Þi; ð3:17Þ

which, for transverse gluons (Vϵ;kð�∞Þ ¼ 0), reduces to

A1234 ¼
�
W2ðþ∞Þcð0ÞV3ð0Þ

Z þ∞

−∞
dτV1ðτÞW4ð−∞Þ

�
:

ð3:18Þ

Considering the overlap hCc C̄i ¼ 1, it simplifies to

A1234 ¼
�
ϵ2 · ᾱðþ∞Þeik2·zðþ∞ÞV3ð0Þ

×
Z þ∞

−∞
dτV1ðτÞϵ4 · αð−∞Þeik4·zð−∞Þ

�
: ð3:19Þ

The overall exponentials of the vertex operators will lead by
Wick contractions to

hei
P

i
ki·zðτiÞi¼e−

1
2

P
ij
ki·hzðτiÞzðτjÞi·kj ¼e

i
2

P
ij
ki·kjGðτi;τjÞ

¼ei
P

i<j
ki·kjjτi−τjj ¼e

i
2
ð−s12τþs23τþs31jτjÞ; ð3:20Þ

where we have used the basic two-point functions in (3.7)
and (3.8), noted that only the absolute value in Gðτi; τjÞ
contributes, and used the Mandelstam variables

sij ¼ ðki þ kjÞ2 ¼ 2ki · kj: ð3:21Þ

To display the separation in two channels, the final
answer is better written using the on-shell value of
s31 ¼ −s12 − s23, leading to

FIG. 2. Diagrammatic representation of the color-ordered four-
gluon amplitude A1234 with the smart choice for the worldline.
The wavy line denotes the insertion of an integrated vertex
operator, while, as before, the straight line denotes the one fixed
by translation invariance.

5It seems that the most convenient choice is a worldline that
connects two of the least color-adjacent particles.
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hei
P

i
ki·zðτiÞi ¼ eθðτÞð−iτs12Þþθð−τÞðiτs23Þ

¼ θðτÞe−iτs12 þ θð−τÞeiτs23 : ð3:22Þ

The integral in τ will split into the two regions τ > 0 and
τ < 0, corresponding to the s- and t-channels, respectively
(recall that there is no u-channel in the color-ordered
amplitude).
The remainder of the correlation function yields the

numerator contributions. To compute these, we can further
split the vertex operators ViðτÞ into their “scalar” and
“spin” parts as

ViðτÞ ¼ Vscal
i ðτÞ þ Vspin

i ðτÞ ð3:23Þ

with

Vscal
i ðτÞ ¼ iϵi · żðτÞeiki·zðτÞ;

Vspin
i ðτÞ ¼ 4ik½μi ϵ

ν�
i αμðτÞᾱνðτÞeiki·zðτÞ: ð3:24Þ

Omitting the contraction (3.22) of the plane waves, these
terms contribute to the correlator as follows:

h���Vscal
3 ð0ÞVscal

1 ðτÞ���i¼4θðτÞϵ2 ·ϵ4ϵ1 ·k2ϵ3 ·k4þ4θð−τÞð1↔3Þ−2iδðτÞϵ2 ·ϵ4ϵ1 ·ϵ3;
h�� �Vscal

3 ð0ÞVspin
1 ðτÞ���iþh���Vspin

3 ð0ÞVscal
1 ðτÞ���i

¼4θðτÞ½ðϵ2 ·k3ϵ3 ·ϵ4−ϵ2 ·ϵ3k3 ·ϵ4Þϵ1 ·k2−ðϵ2 ·k1ϵ1 ·ϵ4−ϵ2 ·ϵ1k1 ·ϵ4Þϵ3 ·k4� þ 4θð−τÞð1↔3Þ;
h���Vspin

3 ð0ÞVspin
1 ðτÞ���i

¼4θðτÞ½ϵ4 ·k3ðϵ3 ·ϵ1k1 ·ϵ2−ϵ3 ·k1ϵ1 ·ϵ2Þ−ϵ4 ·ϵ3ðk3 ·ϵ1k1 ·ϵ2−k3 ·k1ϵ1 ·ϵ2Þ� þ 4θð−τÞð1↔3Þ;
ð3:25Þ

where þð1 ↔ 3Þ means to exchange simultaneously ðϵ1; k1Þ with ðϵ3; k3Þ. Summing the three contributions above,
multiplied by the common scalar factor (3.22), and performing the τ integral gives the final result. This can be organized
upon introducing the following products:

mμ
2ðϵi; ϵjÞ ≔ ið2ϵi · kjϵμj − 2ϵj · kiϵ

μ
i þ ðkμi − kμj Þϵi · ϵjÞ;

mμ
3ðϵi; ϵj; ϵkÞ ≔ ϵi · ϵjϵ

μ
k þ ϵk · ϵjϵ

μ
i − 2ϵi · ϵkϵ

μ
j : ð3:26Þ

These products encode (for transverse gluons) the color-ordered Feynman rules for the cubic and quartic vertices,
respectively [37,40,41], and play a central role in the Berends-Giele recursion relations [29,36,42,43]. In terms of the
products above, one can rewrite the result coming from the path integral as

A1234 ¼
i
s12

m2ðϵ1; ϵ2Þ ·m2ðϵ3; ϵ4Þ þ
i
s23

m2ðϵ2; ϵ3Þ ·m2ðϵ4; ϵ1Þ þ iϵ2 ·m3ðϵ3; ϵ4; ϵ1Þ; ð3:27Þ

which highlights the two exchange diagrams and the contact quartic term. This is the correct color-ordered four-gluon
amplitude. It is customary to blow up the quartic vertex and define kinematic numerators as

n12 ≔ m2ðϵ1; ϵ2Þ ·m2ðϵ3; ϵ4Þ þ
s12
3

½m3ðϵ1; ϵ2; ϵ3Þ −m3ðϵ2; ϵ1; ϵ3Þ� · ϵ4;

n23 ≔ m2ðϵ2; ϵ3Þ ·m2ðϵ1; ϵ4Þ þ
s23
3

½m3ðϵ2; ϵ3; ϵ1Þ −m3ðϵ3; ϵ2; ϵ1Þ� · ϵ4;

n31 ≔ m2ðϵ3; ϵ1Þ ·m2ðϵ2; ϵ4Þ þ
s31
3

½m3ðϵ3; ϵ1; ϵ2Þ −m3ðϵ1; ϵ3; ϵ2Þ� · ϵ4; ð3:28Þ

where the various channels are sometimes identified with the standard names for the Mandelstam variables for four points:
12 → s, 23 → t, 31 → u. Upon using the following symmetry properties of the products:

m2ðϵi; ϵjÞ þm2ðϵj; ϵiÞ ¼ 0;

m3ðϵi; ϵj; ϵkÞ −m3ðϵk; ϵj; ϵiÞ ¼ 0;

m3ðϵi; ϵj; ϵkÞ þm3ðϵj; ϵk; ϵiÞ þm3ðϵk; ϵi; ϵjÞ ¼ 0; ð3:29Þ
the color-ordered amplitude can be recast in the compact form
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A1234 ¼ i
�
ns
s
−
nt
t

�
: ð3:30Þ

We shall now illustrate how a different choice for the
worldline would lead to the same result, albeit with
comparatively greater effort.
Not-so-smart worldline. Choosing instead the worldline

connecting the color-adjacent particles 1 and 4 in Fig. 2, we
have to compute three different contributions,

A1234 ¼ AI
1234 þAII

1234 þAIII
1234; ð3:31Þ

corresponding to three different diagrams (see Fig. 3).
Explicitly

AI
1234 ¼ −

�
V1ðþ∞Þ

Z þ∞

0

dτV2ðτÞV3ð0ÞV4ð−∞Þ
�
;

ð3:32Þ

AII
1234 ¼ ihV1ðþ∞Þcð0ÞV23ð0ÞV4ð−∞Þi; ð3:33Þ

AIII
1234 ¼ ihV1ðþ∞Þcð0ÞVpinch

23 ð0ÞV4ð−∞Þi; ð3:34Þ

where the phases are given by a factor of i for every
insertion corresponding to a real interaction vertex. The
first contribution AI

1234 arises from integrating the linear
vertex for particle 2, with the range restricted to preserve
the cyclic ordering of particles. Since gluons 2 and 3 are
color-adjacent, the bilinear vertex V23ðτÞ is also needed, as
discussed in Sec. II D. Using translation invariance, we
place it at τ ¼ 0. These two contributions, however, are not
sufficient to produce a gauge invariant amplitude, as we
will demonstrate in Sec. IV. The missing part, which we
denoted AIII

1234 above, involves a composite operator,
Vpinch
23 ðτÞ, which attaches to the worldline the cubic subtree

formed by particles 2 and 3. This pinch operator is nothing
but a vertex operator Vϵ23;k23 of the standard form (2.57),
with momentum k2 þ k3 and multiparticle polarization
given by ϵμ23 ¼ 1

s23
mμ

2ðϵ2; ϵ3Þ, to be further discussed in
the next section.
We start the computation with the first diagram AI

1234

(3.32), whose calculation is akin to the one for the smart
worldline. Taking transverse gluons and recalling the
overlap hCcC̄i ¼ 1, it simplifies to

AI
1234 ¼ −

�
ϵ1 · ᾱðþ∞Þeik1·zðþ∞Þ

Z þ∞

0

dτV2ðτÞV3ð0Þϵ4 · αð−∞Þeik4·zð−∞Þ
�
; ð3:35Þ

with the Koba-Nielsen scalar factor reducing to

hei
P

i
ki·zðτiÞi ¼ e−is12τ: ð3:36Þ

Splitting the vertex operators into scalar and spin parts as in (3.23), and omitting the contraction of the plane waves, the
numerator contributions are given by the following correlators:

h� � �Vscal
2 ðτÞVscal

3 ð0Þ � � �i ¼ −2iδðτÞϵ1 · ϵ4ϵ2 · ϵ3 þ 4ϵ1 · ϵ4ϵ2 · k1ϵ3 · k4;

h� � �Vspin
2 ðτÞVscal

3 ð0Þ � � �i þ h� � �Vscal
2 ðτÞVspin

3 ð0Þ � � �i
¼ −4½ϵ3 · k4ðϵ1 · k2ϵ2 · ϵ4 − ϵ1 · ϵ2k2 · ϵ4Þ − ϵ2 · k1ðϵ1 · k3ϵ3 · ϵ4 − ϵ1 · ϵ3k3 · ϵ4Þ�;
h� � �Vspin

2 ðτÞVspin
3 ð0Þ � � �i

¼ −4½k3 · ϵ4ðϵ1 · ϵ2k2 · ϵ3 − ϵ2 · ϵ3ϵ1 · k2Þ − ϵ3 · ϵ4ðϵ1 · ϵ2k2 · k3 − ϵ1 · k2ϵ2 · k3Þ�; ð3:37Þ

which is the same as in (3.25) but for τ > 0 and with ð1 ↔ 2Þ. Multiplying by the common scalar factor (3.36) and
integrating over τ we get

FIG. 3. Diagrammatic representation of the color-ordered four-gluon amplitude A1234 with the not-so-smart choice for the worldline.
As before, the wavy line denotes the insertion of an integrated vertex operator, while the straight lines denote the insertion of
unintegrated vertex operators at τ ¼ 0.

GLUON AMPLITUDES IN FIRST QUANTIZATION PHYS. REV. D 112, 105015 (2025)

105015-13



h� � �Vscal
2 ðτÞVscal

3 ð0Þ � � �i ¼ iϵ1 · ϵ4

�
ϵ2 · ϵ3 þ

4ϵ2 · k1ϵ3 · k4
s12

	
;

h� � �Vspin
2 ðτÞVscal

3 ð0Þ � � �i þ h� � �Vscal
2 ðτÞVspin

3 ð0Þ � � �i

¼ −
4i
s12

½ϵ3 · k4ðϵ1 · k2ϵ2 · ϵ4 − ϵ1 · ϵ2k2 · ϵ4Þ − ϵ2 · k1ðϵ1 · k3ϵ3 · ϵ4 − ϵ1 · ϵ3k3 · ϵ4Þ�;

h� � �Vspin
2 ðτÞVspin

3 ð0Þ � � �i

¼ −
4i
s12

½k3 · ϵ4ðϵ1 · ϵ2k2 · ϵ3 − ϵ2 · ϵ3ϵ1 · k2Þ − ϵ3 · ϵ4ðϵ1 · ϵ2k2 · k3 − ϵ1 · k2ϵ2 · k3Þ�: ð3:38Þ

The second diagram (3.33), with the bilinear vertex

V23ð0Þ ¼ ð2ϵ2 · αð0Þϵ3 · ᾱð0Þ − 2ϵ3 · αð0Þϵ2 · ᾱð0ÞÞeiðk2þk3Þ·xð0Þ; ð3:39Þ
yields the local contribution

AII
1234 ¼ 2iðϵ1 · ϵ2ϵ3 · ϵ4 − ϵ1 · ϵ3ϵ2 · ϵ4Þ: ð3:40Þ

We can recast the following partial contribution in a clearer form through the products (3.26):

AI
1234 þAII

1234 ¼
i
s12

m2ðϵ1; ϵ2Þ ·m2ðϵ3; ϵ4Þ þ iϵ2 ·m3ðϵ3; ϵ4; ϵ1Þ: ð3:41Þ

Finally, the third contribution (3.34) can be computed with the following pinch operator:

Vpinch
23 ð0Þ ¼ i

s23
m2μðϵ2; ϵ3Þðẋμð0Þ þ 4ðk2 þ k3Þνα½νð0Þᾱμ�ð0Þeiðk2þk3Þ·xð0ÞÞ: ð3:42Þ

Since the scalar factor coming from the plane waves is 1, this contribution reduces to

h� � �Vpinch
23 ð0Þ � � �ijscal ¼

i
s23

ϵ1 · ϵ4m2ðϵ2; ϵ3Þ · ðk4 − k1Þ;

h� � �Vpinch
23 ð0Þ � � �ijspin ¼

2i
s23

m2μðϵ2; ϵ3Þ½ϵ1 · ðk2 þ k3Þϵμ4 − ϵ4 · ðk2 þ k3Þϵμ1�; ð3:43Þ

which yields the t-channel part of the amplitude

AIII
1234 ¼ −

1

s23
m2μðϵ2; ϵ3Þ½ϵ1 · ϵ4ðk4 − k1Þμ þ 2ϵ1 · ðk2 þ k3Þϵμ4 − 2ϵ4 · ðk2 þ k3Þϵμ1�

¼ i
s23

m2ðϵ2; ϵ3Þ ·m2ðϵ4; ϵ1Þ: ð3:44Þ

The final result is thus given by the sum of the three individual contributions, reproducing the expected expression

A1234 ¼
i
s12

m2ðϵ1; ϵ2Þ ·m2ðϵ3; ϵ4Þ þ
i
s23

m2ðϵ2; ϵ3Þ ·m2ðϵ4; ϵ1Þ þ iϵ2 ·m3ðϵ3; ϵ4; ϵ1Þ: ð3:45Þ

This shows that theworldline connecting two color-adjacent
gluons requires as many correlators as field theory Feynman
diagrams. In addition, we have verified that the outcome
does not depend on the choice of the main worldline.

C. Path integral representation for Berends-Giele currents

As just seen in the latter case, the pinching contribution,
where gluons 2 and 3 are fused into a cubic subtree,

requires the introduction of the composite field

Aμ
23ðxÞ ¼

1

k223
mμ

2ðϵ2; ϵ3Þeik23·x: ð3:46Þ

The form of Aμ
23 is usually determined by the Bern-

Kosower pinching rules, or from the field theory color-
ordered Feynman rules. In this last part, we will show that
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the composite field can be computed directly from a
worldline path integral, with different boundary conditions.
In order to describe nonlinear fields via worldline

correlators, we follow the scalar example studied in [22],
and consider a semi-infinite worldline. We take the affine
parameter τ∈ ð−∞; 0�, so that the worldline has one real
boundary and an asymptotic one. Since the proper length of
the line is still infinite, there is no modulus for the einbein,
which we gauge fix to eðτÞ ¼ 2. At the asymptotic past we
want, as before, to project onto the zero-momentum
vacuum j1i ¼ Bj0i, so that we can create an asymptotic
gluon state by inserting Vϵ;kð−∞Þ. The vacuum j1i
corresponds to the asymptotic boundary conditions

ẋμð−∞Þ ¼ 0; ᾱμð−∞Þ ¼ 0;

B̄ð−∞Þ ¼ Bð−∞Þ ¼ bð−∞Þ ¼ 0: ð3:47Þ

At τ ¼ 0 instead, we want to project onto a position
eigenstate which, in order to support a vector field, is at
the same time a coherent state for αμ: hx; αjc. This bra state
corresponds to the boundary conditions

xμð0Þ ¼ xμ; αμð0Þ ¼ αμ; Bð0Þ ¼ Cð0Þ ¼ cð0Þ ¼ 0:

ð3:48Þ

Note that the appearance of the c ghost in the bra state
hx; αjc, corresponding to the boundary condition cð0Þ ¼ 0,
is due to the absence of c zero modes on the semi-infinite
line. The BRST invariant action with these boundary
conditions is given by

SDN ¼
Z

0

−∞
dτ

�
1

4
ẋ2 − iᾱ · α̇þ ibċþ iB̄ Ċ þ iC̄ Ḃ

�
; ð3:49Þ

where the subscript stands for Dirichlet-Neumann.
Coherently with the boundary conditions, the only ghost

that admits a zero mode is C̄, so that the saturation requires
hC̄ðτÞi ¼ 1. To compute correlation functions, we expand
the fields as backgrounds plus fluctuations

xμðτÞ¼xμþzμðτÞ; αμðτÞ¼αμþκμðτÞ; ᾱμðτÞ¼ κ̄μðτÞ;
ð3:50Þ

with vanishing (asymptotic) boundary conditions

zμð0Þ¼0; żμð−∞Þ¼0; κμð0Þ¼0; κ̄μð−∞Þ¼0:

ð3:51Þ

These lead to the two-point functions

hzμðτÞzνðσÞi¼−iημνGDNðτ;σÞ; hκ̄μðτÞκνðσÞi¼ημνθðτ−σÞ;
GDNðτ;σÞ¼jτ−σjþðτþσÞ; ·GDNðτ;σÞ¼ϵðτ−σÞþ1;

ð3:52Þ

with the Dirichlet-Neumann propagator obeying
GDNð0; σÞ ¼ 0 and ·GDNð−∞; σÞ ¼ 0.
As a first example, we compute the one-point function of

an unintegrated vertex operator placed at τ ¼ −T, to be sent
to infinity. The path integral over the fluctuations is
normalized to one, and we denote correlation functions
by h� � �iDN to remind us of the nontrivial boundary
conditions. The correlator yields

hVϵ;kð−TÞiDN ¼ eik·xhϵ · ðαþ κð−TÞÞeik·zð−TÞC̄ð−TÞiDN
¼ eik·xϵ · αheik·zð−TÞC̄ð−TÞiDN
¼ αμϵμeik·xe−iTk

2

: ð3:53Þ

We see that, as for the infinite line, if the momentum of the
asymptotic state is off-shell, the correlator vanishes in the
limit T → ∞, while for k2 ¼ 0 it gives αμϵμeik·x, thus
reproducing a linear on-shell state.
As a more interesting application, we try to reproduce the

nonlinear field Aμ
23 in (3.46) by inserting V3ð−∞Þ and

integrating V2ðτÞ over the line. Since both describe
asymptotic particles, the momenta are on-shell and their
polarizations are transverse. Taking care of the ghost zero
mode saturation, the correlator reads

i
Z

0

−∞
dτhV2ðτÞV3ð−∞ÞiDN ¼ ieik23·xhðiϵ2 · żðτÞ þ 4ik½μ2 ϵ

ν�
2 ðαμ þ κμðτÞÞκ̄νðτÞÞeik2·zðτÞ

× ϵ3 · ðαþ κð−∞ÞÞeik3·zð−∞ÞC̄ð−∞ÞiDN: ð3:54Þ

The contraction of the two plane waves yields the common factor

heik2·zðτÞeik3·zð−∞Þiz ¼ eik
2
23
τ; ð3:55Þ

where the subscript refers to the path integral over z. The term proportional to α · ϵ3 contributes as
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iα · ϵ3heik2·zðτÞeik3·zð−∞Þiϵ2 · żðτÞiz ¼ −α · ϵ3ϵ2 · k3eik
2
23
τ ·GDNðτ;−∞Þ

¼ −2α · ϵ3ϵ2 · k3eik
2
23
τ; ð3:56Þ

while the term with ϵ3 · κð−∞Þ yields

−4k½μ2 ϵ
ν�
2 heik2·zðτÞeik3·zð−∞Þðαμ þ κμðτÞÞκ̄νðτÞϵ3 · κð−∞Þiz;κ ¼ −4k½μ2 ϵ

ν�
2 αμϵ3νe

ik2
23
τ: ð3:57Þ

Finally, integrating over τ we obtain

i
Z

0

−∞
dτhV2ðτÞV3ð−∞ÞiDN ¼ 2i

k223
αμðϵ2 · k3ϵμ3 − ϵ3 · k2ϵ

μ
2 þ kμ2ϵ2 · ϵ3Þeik23·x

¼ 1

k223
αμðmμ

2ðϵ2; ϵ3Þ þ ikμ23ϵ2 · ϵ3Þeik23·x

¼ αμðAμ
23ðxÞ þ ∂

μλ23ðxÞÞ ¼ αμÃ
μ
23ðxÞ; ð3:58Þ

with the composite gauge parameter

λ23ðxÞ ¼
1

k223
ϵ2 · ϵ3eik23·x: ð3:59Þ

We have thus shown that the path integral with Dirichlet-
Neumann boundary conditions reproduces the desired field
Aμ
23, modulo a linear gauge transformation. We conclude by

noting that, in the computation of the four-gluon amplitude,
the difference between Ãμ

23 and Aμ
23 drops from the

correlation function, thus resulting in the same amplitude.

IV. WARD IDENTITIES

To establish that the amplitudes computed with this
method are gauge invariant, we have to discuss the BRST
symmetry of the path integral. Let us recall that to compute
amplitudes we use the free action

Sfree ¼
Z þ∞

−∞
dτ

�
1

4
ẋ2 − iᾱμα̇μ þ iBiĊi

�
; ð4:1Þ

with boundary conditions

ẋμð�∞Þ¼0; αμðþ∞Þ¼0; ᾱμð−∞Þ¼0; Bið�∞Þ¼0:

ð4:2Þ

The above action with these boundary conditions is
invariant under the BRST transformations

sxμ¼cẋμ− iðCᾱμþ C̄αμÞ;

sαμ¼1

2
Cẋμ; sᾱμ¼−

1

2
C̄ẋμ;

sc¼ iCC̄; sC¼0; sC̄¼0;

sb¼ i
4
ẋ2; sB¼1

2
α · ẋ− iCb; sB̄¼1

2
ᾱ · ẋþ iC̄b: ð4:3Þ

These transformations can be modified by adding trivial
terms that vanish on-shell as, for instance, cċ which can be
added to sc. In (4.3) we chose the simplest form, with no
such terms. The BRST differential so defined is nilpotent
only on-shell: s2 ≈ 0, where by ≈ we denote equality up to
equations of motion. This is expected from the gauge-fixed
theory in Lagrangian form. If one reintroduces momenta
pμ, the differential s can be made nilpotent off-shell. The
Noether charge corresponding to the BRST symmetry is
given by

Q ¼ −
1

4
cẋ2 þ i

2
ðCᾱþ C̄αÞ · ẋ − CC̄b; ð4:4Þ

which yields the free BRST operator (2.41) upon canonical
quantization. In the path integral formulation, one can use
the chargeQ inside correlation functions to generate BRST
transformations. More specifically, given a functional F, its
BRST transformation is given by the equal time commu-
tator

½Q;F�ðτÞ ¼ iðsFÞðτÞ: ð4:5Þ

A. OPE and equal-time commutators

To discuss equal time commutators and other operator
relations in the path integral formulation, we start with a
brief detour into the OPE. Similar to string theory, we will
call operator product the product of functions, viewed
inside correlators in the path integral:

FðτÞGðσÞ ≔ h� � �FðτÞGðσÞ � � �i: ð4:6Þ

These are then computed using Wick contractions and the
basic two-point functions. The simplest example is the OPE
of two zμ fluctuations, yielding
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zμðτÞzνðσÞ ¼ −iημνGðτ; σÞ þ ∶zμðτÞzνðσÞ∶: ð4:7Þ

The normal ordering symbol amounts to the prescription of
not performing Wick contractions within it. This immedi-
ately leads to h∶FðzÞ∶i ¼ Fð0Þ, where FðzÞ is an analytic
function of zμ. Another simple example is the OPE of żμ

(related on shell to the momentum operator via pμ ¼ 1
2
żμ)

with a normal-ordered function of z:

żμðτÞ∶FðzðσÞÞ ≔ −i
�
ϵðτ − σÞ − 2τ

T

	
∶∂μFðzðσÞÞ∶

þ ∶żμðτÞFðzðσÞÞ∶; ð4:8Þ

where we used the two-point function :Gðτ; σÞ ¼
ϵðτ − σÞ − 2τ=T. The OPE can then be used to define
equal time commutators via the regularized prescription

½A;B�ðτÞ ¼ lim
ϵ→0

ðAðτ þ ϵÞ − Aðτ − ϵÞÞBðτÞ

¼ lim
ϵ→0

Z
τþϵ

τ−ϵ
dσȦðσÞBðτÞ

¼ lim
ϵ→0

AðτÞðBðτ − ϵÞ − Bðτ þ ϵÞÞ

¼ −lim
ϵ→0

Z
τþϵ

τ−ϵ
dσ AðτÞḂðσÞ; ð4:9Þ

where the equivalence of the two definitions complies with
the (graded) antisymmetry of the commutator. An impor-
tant point of the above definition is that one takes the limit
ϵ → 0 after computing the OPE at separate points. In
particular, this assumes that the only operators in the
interval ½τ − ϵ; τ þ ϵ� are A and B, for otherwise the result
would not yield just the commutator ½A; B�ðτÞ. This is an
important subtlety that will play a role in the following.
As an example, we can compute the commutator

½żμ; ∶FðzÞ∶�. Using (4.8) and the definition for the com-
mutator we obtain

½żμ; ∶FðzÞ∶�ðτÞ ¼ −2i∶∂μFðzðτÞÞ∶
þ lim

ϵ→0
ð∶żμðτ þ ϵÞFðzðτÞÞ∶

− ∶żμðτ − ϵÞFðzðτÞÞ∶Þ: ð4:10Þ

Naively, żμðτ þ ϵÞ ¼ żμðτÞ, since ̈zμðτÞ ≈ 0 on-shell. Inside
correlation functions, ̈zμðτÞ contributes only to contact
terms, since ̈zðτÞzðσÞ ∼ δðτ − σÞ. Now, it is important that
in the regularized definition (4.9) one assumes that no
other operator sits in the interval ½τ − ϵ; τ þ ϵ�. This ensures
that limϵ→0 ∶ żμðτ þ ϵÞFðzðτÞÞ∶ is regular, finally
yielding

½żμ; ∶FðzÞ∶�ðτÞ ¼ −2i∶∂μFðzðτÞÞ∶; ð4:11Þ

which is the expected result. One can similarly define the

operator product at coincident points via Weyl ordering:

ðABÞðτÞ ≔ lim
ϵ→0

1

2
ðAðτ þ ϵÞ þ Aðτ − ϵÞÞBðτÞ; ð4:12Þ

which reproduces the OPE computed with the two-point
functions at coincident points. For instance, taking the
coincidence limit of (4.8), one has

żμðτÞ∶FðzðτÞÞ ≔ 2iτ
T

∶∂μFðzðτÞÞ∶þ ∶żμðτÞFðzðτÞÞ∶:
ð4:13Þ

A second useful example is the commutator of ż2 with
functions of z, since 1

4
ż2 corresponds to the gauge-fixed

Hamiltonian. Let us mention that one has to use the normal
ordered expression ∶ż2ðτÞ∶ to avoid divergences from self-
contractions. Keeping this in mind, we omit explicit normal
ordering symbols in the initial functions. To compute the
commutator, we evaluate the OPE at separate points:

1

4
ż2ðτ � ϵÞFðzðτÞÞ ¼ −

1

4

�
�1 −

2τ

T

	
2

∶ □FðzÞ∶

−
i
2

�
�1 −

2τ

T

	
∶żμ∂μFðzÞ∶

þ 1

4
∶ż2FðzÞ∶ ð4:14Þ

where on the right-hand side all zμ are evaluated at τ.
Above, we have already taken the limit ϵ → 0, taking into
account that it is regular inside normal ordered expressions.
The commutator is readily evaluated as

1

4
½ż2; FðzÞ� ¼ 2τ

T
∶□FðzÞ∶ − i∶żμ∂μFðzÞ∶; ð4:15Þ

where, again, all zμ are zμðτÞ. The above expression may
look somewhat unfamiliar because of the □F contribution
linear in time. However, looking at the result (4.13) one can
see that this is exactly the Weyl ordered expression at
coincident points, so that

1

4
½ż2; FðzÞ� ¼ −iżμ∂μFðzÞ ¼ −i

dF
dτ

; ð4:16Þ

which is the Heisenberg equation of motion.

B. BRST cohomology of vertex operators

We can now show that on-shell vertex operators with
transverse gluons are elements of the BRST cohomology.
We start by showing that vertex operators with polarization
ϵμ ¼ ikμ are trivial, manifesting the on-shell residual gauge
symmetry. Recall the unintegrated vertex operator Vϵ;kðτÞ:
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Vϵ;kðτÞ¼Wϵ;kðτÞþcðτÞVϵ;kðτÞ;
Wϵ;kðτÞ¼ ϵμðCðτÞᾱμðτÞþ C̄ðτÞαμðτÞÞeik·xðτÞ;
Vϵ;kðτÞ¼ iϵμðẋμðτÞþ2k ·αðτÞᾱμðτÞ−2k · ᾱðτÞαμðτÞÞeik·xðτÞ:

ð4:17Þ

Taking the polarization to be proportional to momentum,
we have

Vik;kðτÞ ¼ iðCᾱþ C̄αÞ · keik·z − ck · żeik·z; ð4:18Þ

where we have removed the zero mode x0, which in
amplitudes only gives momentum conservation. Using
the OPE as described in the previous section, we see that
Vik;kðτÞ is BRST-exact:

Vik;kðτÞ ¼ ½Q; eik·z�ðτÞ: ð4:19Þ

In a similar fashion, the integrated vertex operator Vik;kðτÞ
is a total derivative:

Vik;kðτÞ ¼ i
d
dτ

ðeik·zðτÞÞ: ð4:20Þ

Coming now to BRST closure, we compute the Q-
commutator of Vϵ;k. Using the on-shell condition and
transversality, we obtain

fQ;Vϵ;kg ¼ −3∶fμνðzÞαμᾱνCC̄∶
− 2i∶cðCᾱþ C̄αÞ · kfμνðzÞαμᾱν∶ ; ð4:21Þ

where fμνðzÞ ¼ 2ik½μϵν�eik·z. This is nothing but the func-
tional version of (2.43). We will now show that the right-
hand side above vanishes inside all correlation functions. In
particular, we want to prove that

h� � � ∶FðτÞᾱμðτÞC̄ðτÞ∶ � � �i ¼ 0;

h� � � ∶FðτÞᾱμðτÞᾱνðτÞ∶ � � �i ¼ 0; ð4:22Þ

for any functional FðτÞ and with arbitrary insertions of
vertex operators outside the normal ordering. This is the
path integral version of the statement, discussed in
Sec. II C, that normal ordered operators with more than
one barred oscillator annihilate every state in the N ¼ 1
sector of the Hilbert space.
To prove the first relation, we first notice that the

equation of motion ∂τC̄ ¼ 0 holds everywhere on the line,
since there are no insertions of the conjugate antighost B.
We can then push the ghost to the infinite past
C̄ðτÞ ¼ C̄ð−∞Þ, where it saturates its zero mode. Now
we write ᾱμðτÞ as

ᾱμðτÞ ¼
Z

τ

−∞
dσ∂σᾱμðσÞ; ð4:23Þ

using the boundary condition ᾱμð−∞Þ ¼ 0. The integral
above is zero almost everywhere, since the equation of
motion ∂τᾱ

μ ¼ 0 holds except at insertions of αν, where it
gives a contraction with a delta function. At this stage, we
need to invoke the Uð1Þ invariance of the vertex operators:
every insertion of αν necessarily comes with either a ghost
C̄, or another ᾱρ. In the first case, the insertion does not
contribute, since there is already a factor of C̄. In the second
case, the above integral produces a factor of ᾱρ at the
insertion point. One then starts the same procedure with ᾱρ

until it reaches the asymptotic past, which concludes the
proof. An analogous reasoning can be used to prove the
second equation in (4.22).
Since (4.22) holds in all correlation functions, we use it

as an operator equation in the sense of OPE. We have thus
shown that, inside correlation functions, the unintegrated
vertex operators are Q-closed:

fQ;Vϵ;kg ¼ 0: ð4:24Þ

Using the same arguments, in particular that equations of
motion hold when regularizing commutators by point
splitting, one shows that the Q-commutator of the inte-
grated vertex operator is a total derivative:

½Q;Vϵ;k� ¼ i
d
dτ

Vϵ;k: ð4:25Þ

In the following, we will show how to use these relations to
prove Ward identities.

C. Ward identities from BRST invariance

To see how to prove Ward identities, we start from the
somewhat trivial example of the three-point amplitude
A123. For transverse gluons, the amplitude (3.16)

A123 ¼ i½ϵ1 · ϵ2ϵ3 · ðk1 − k2Þ þ ϵ2 · ϵ3ϵ1 · ðk2 − k3Þ
þ ϵ3 · ϵ1ϵ2 · ðk3 − k1Þ�44 ð4:26Þ

vanishes when taking any polarization ϵμi to be proportional
to the corresponding momentum kμi , which is the Ward
identity. In the worldline formulation, the amplitude is
given by the correlator

A123 ¼ hV1ðþ∞ÞV2ð0ÞV3ð−∞Þi: ð4:27Þ

If we take the particle 1 to have ϵμ1 ¼ ikμ1, the corresponding
vertex operator is exact: V1ðτÞ ¼ ½Q; eik1·z�ðτÞ. The asymp-
totic vacuum j1i is BRST invariant, which translates to the
boundary condition Qð�∞Þ ¼ 0. Since the vertex operator
V1 is inserted at T=2 → þ∞, the equal time commutator
reduces to
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V1ðT=2Þ ¼ −lim
ϵ→0

eik1·zðT=2ÞQðT=2 − ϵÞ: ð4:28Þ

The idea is to “move” the BRST charge to the asymptotic
past, where it annihilates the vacuum. To do so, we use
the fact that Q is conserved, so that Q̇ ¼ 0 except at
insertions of other operators. Since there is no operator
insertion until τ ¼ 0, we haveQðT=2 − ϵÞ ¼ Qðτ�Þ for any
τ� ∈ ð0; T=2 − ϵ�. To move Q across V2ð0Þ we pick a
commutator contribution at τ ¼ 0. After that, QðτÞ remains
constant for negative times until it approaches V3ð−T=2Þ:

QðT=2 − ϵÞV2ð0Þ ¼ −V2ð0ÞQð−T=2þ ϵÞ þ fQ;V2gð0Þ
¼ −V2ð0ÞQð−T=2þ ϵÞ; ð4:29Þ

upon using the closure of V2ð0Þ. Since V3 is at the
boundary, and Qð−∞Þ ¼ 0, approaching it from the left
coincides with the commutator:

lim
ϵ→0

Qð−T=2þϵÞV3ð−T=2Þ¼fQ;V3gð−T=2Þ¼0; ð4:30Þ

which proves the Ward identity Ak123 ¼ 0.
For the next example, we consider the four-point

amplitude, computed with the smart worldline:

A1234 ¼
Z þ∞

−∞
dτhV2ðþ∞ÞV3ð0ÞV1ðτÞV4ð−∞Þi: ð4:31Þ

Upon taking ϵμ2 ¼ ikμ2 we have again that the corresponding
vertex operator is Q-exact:

V2ðT=2Þ ¼ −lim
ϵ→0

eik2·zðT=2ÞQðT=2 − ϵÞ: ð4:32Þ

We can use the same arguments to pushQ to the asymptotic
past, except when it has to go through the integrated vertex
V1ðτÞ, picking a contribution from the commutator. Upon
regularizing the asymptotic time with T=2 → þ∞ we
obtain

− lim
ϵ→0

heik2·zðT=2ÞQðT=2 − ϵÞV3ð0ÞV1ðτÞV4ð−T=2Þi
¼ heik2·zðT=2ÞV3ð0Þ½Q;V1�ðτÞV4ð−T=2Þi
¼ iheik2·zðT=2ÞV3ð0ÞV̇1ðτÞV4ð−T=2Þi; ð4:33Þ

where we used (4.25). Upon integrating over τ, we end up
with

A1k234

¼ lim
T→∞

iheik2·zðT=2ÞV3ð0ÞðV1ðT=2Þ−V1ð−T=2ÞÞV4ð−T=2Þi
ð4:34Þ

where the notation A1k234 highlights the use of a longi-
tudinal polarization for particle 2. Regardless of the

detailed structure, the above expression vanishes in the
limit T → ∞, because it has off-shell plane waves at
asymptotic times. To see this, let us focus on the first term
above with V1ðT=2Þ. The Wick contraction of the plane
waves gives

heiðk1þk2Þ·zðT=2Þeik3·zð0Þeik4·zð−T=2Þi

¼ exp

�
−
i
2
ðk1 þ k2Þ2T

�
⟶
T→∞

0; ð4:35Þ

since ðk1 þ k2Þ2 ¼ s ≠ 0. We thus see that the Ward
identity A1k234 ¼ 0 holds, thanks to the unrestricted inte-
gration range of V1ðτÞ. From this discussion, one can also
see that off-shell correlation functions (for which T is a
modulus) do not obey linear Ward identities.

1. Ward identity for the color-adjacent worldline

Using the not-so-smart worldline connecting particles 1
and 4, the four-gluon color-ordered amplitude requires
three separate correlation functions. Recalling that every
vertex (except the ones at infinity) requires an additional
factor of i, these are given by (3.32), (3.33), and (3.34)

AI
1234 ¼ ðiÞ2

�
V1ðþ∞Þ

Z þ∞

0

dτV2ðτÞV3ð0ÞV4ð−∞Þ
�
;

ð4:36Þ

AII
1234 ¼ ihV1ðþ∞ÞV23ð0ÞV4ð−∞Þi; ð4:37Þ

AIII
1234 ¼ ihV1ðþ∞ÞVpinch

23 ð0ÞV4ð−∞Þi: ð4:38Þ

As we have discussed in the previous section, the second
contribution AII

1234 comes from the insertion of the quad-
ratic vertex operator

V23ðτÞ ¼ 4cðτÞϵ½μ2 ϵν�3 αμðτÞᾱνðτÞeiðk2þk3Þ·xðτÞ; ð4:39Þ

corresponding to the quartic vertex. The third contribution,
instead, comes from “pinching” the gluons 2 and 3
into a cubic subtree attached to the worldline. This is done
by inserting an unintegrated vertex operator (2.56),
corresponding to a nonlinear field with momentum kμ23 ¼
kμ2 þ kμ3 and composite polarization

ϵμ23 ¼
1

k223
mμ

2ðϵ2; ϵ3Þ; ð4:40Þ

written in terms of the product (3.26).
The necessity for the second and third contributions to

the amplitude can be understood from studying its Ward
identities. To this end, we take the first gluon to have the
pure gauge polarization ϵμ1 ¼ ikμ1, so that V1 ¼ ½Q; eik1·x�.
Following the procedure described before, the three
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correlation functions contribute as

AI
k1234

¼ i
Z

∞

0

dτheik1·zðþ∞Þ d
dτ

V2ðτÞV3ð0ÞV4ð−∞Þi

¼ −iheik1·zðþ∞ÞV2ð0ÞV3ð0ÞV4ð−∞Þi;
AII

k1234
¼ −iheik1·zðþ∞ÞfQ;V23ð0ÞgV4ð−∞Þi;

AIII
k1234

¼ −iheik1·zðþ∞ÞfQ;Vpinch
23 ð0ÞgV4ð−∞Þi: ð4:41Þ

Compared to the smart worldline, the first correlator does
not vanish, since the τ integral receives a boundary
contribution from V2ðτÞ colliding with V3ð0Þ. Instead of
computing the full correlation functions, we will determine
the OPE V2ð0ÞV3ð0Þ at coinciding points, and show that it
cancels fQ;V23ð0Þ þ Vpinch

23 ð0Þg.
For later convenience, let us rewrite the unintegrated

vertex operator in the compact form

Vi ¼ ϵμi ðSμ þ icẋμÞeiki·x þ 2ickμi ϵ
ν
i Sμνe

iki·x; ð4:42Þ

where the time dependence is left implicit and we have
introduced the ghost-number one vector Sμ and the Lorentz
spin generator Sμν, defined by

Sμ ¼ C̄αμ þ Cᾱμ; Sμν ¼ αμᾱν − ανᾱμ: ð4:43Þ

Notice that, for k2i ¼ 0 and ki · ϵi ¼ 0, the vertex operator is
normal ordered. In computing the OPE, we will leave

equal-time products of ẋμ and functions of xμ as they are,
without taking contractions. This corresponds to the Weyl
ordering of the related operators. For instance, the product
eiki·xðτÞeikj·xðτÞ ¼ eiðkiþkjÞ·xðτÞ is Weyl ordered, not normal
ordered, unless the propagator Gðτ; τÞ vanishes. For equal-
time products of αμ and ᾱν we will use instead the OPE at
coincident times

ᾱμðτÞανðτÞ ¼ 1

2
ημν þ ∶ᾱμðτÞανðτÞ∶; ð4:44Þ

to take advantage of the fact that normal ordered expres-
sions with more than one barred field vanish in all
correlation functions due to charge conservation,
c.f. (4.22). Some useful examples are

SμSν ¼ −∶CC̄ðαμᾱν − ανᾱμÞ ≔ 0;

SμνSρ ¼ S̃½μην�ρ þ ∶SμνSρ ≔ S̃½μην�ρ; ð4:45Þ

where in the final results we have discarded all terms
vanishing inside correlators, and we have defined a second
ghost-number one vector

S̃μ ¼ C̄αμ − Cᾱμ: ð4:46Þ

Armed with these relations, we can determine the equal-
time OPE of the two vertex operators V2ð0Þ and V3ð0Þ.
Omitting the time dependence, we have

V2V3 ¼ ðϵμ2ðSμ þ icẋμÞ þ 2ickμ2ϵ
ν
2SμνÞðϵρ3ðSρ þ icẋρÞ þ 2ickρ3ϵ

σ
3SρσÞeik23·x

¼ 2icðϵ½μ2 ϵν�3 ẋμSν þ k½μ2 ϵ
ν�
2 S̃μϵ3ν − k½μ3 ϵ

ν�
3 S̃μϵ2νÞeik23·x

¼ cS̃μm
μ
2ðϵ2; ϵ3Þeik23·x þ 2icϵ½μ2 ϵ

ν�
3 ðẋμSν þ S̃μk23νÞeik23·x: ð4:47Þ

The quadratic vertex operator (4.39) can be written as

V23 ¼ 2cϵμ2ϵ
ν
3Sμνe

ik23·x; ð4:48Þ

and its equal-time commutator with Q can be computed as
fQ;V23g ¼ isðV23Þ, where the BRST differential s on the
worldline variables is given by (4.3). Its action on functions
is defined by the Leibniz rule, with the resulting expres-
sions corresponding to Weyl ordering. Discarding again all
terms with two barred fields in normal ordering, we obtain

isðV23Þ ¼ −2icϵ½μ2 ϵ
ν�
3 ðẋμSν þ S̃μk23νÞeik23·x; ð4:49Þ

yielding the OPE result

V2V3 þ fQ;V23g ¼ cS̃μm
μ
2ðϵ2; ϵ3Þeik23·x; ð4:50Þ

where all operators above are evaluated at equal times.

At this stage, the missing ingredient to establish the
Ward identity is to prove that the right-hand side of (4.50) is
Q-exact and, in particular, given by

cS̃μm
μ
2ðϵ2; ϵ3Þeik23·x ¼ −fQ;Vpinch

23 g: ð4:51Þ

To this end, we consider the vertex operator for an off-shell
field

VA ¼ AμðkÞðSμ þ icẋμÞeik·x þ 2ickμAνðkÞSμνeik·x; ð4:52Þ

where in general k2 ≠ 0 and k · AðkÞ ≠ 0. Its
Q-commutator is readily computed, yielding

fQ;VAg ¼ cS̃μð−k2Aμ þ kμk · AÞeik·x: ð4:53Þ

For the case at hand, Vpinch
23 ≡ VA23

is of the form (4.52) for
a composite field Aμ

23, where the momentum kμ23 ¼ kμ2 þ kμ3
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is off-shell and the polarization is given by

ϵμ23 ¼
1

k223
mμ

2ðϵ2; ϵ3Þ

≡ i
k223

ðϵ2 · k3ϵμ3 − ϵ3 · k2ϵ
μ
2 þ ðk2 − k3Þμϵ2 · ϵ3Þ: ð4:54Þ

One can easily check that k23 ·m2ðϵ2; ϵ3Þ ¼ 0 (this is
essentially the Ward identity for the three-point case), so
that (4.53) yields

fQ;Vpinch
23 g ¼ cS̃μð−k223ϵμ23 þ kμ23k23 · ϵ23Þeik23·x

¼ cS̃μð−k223ϵμ23Þeik23·x
¼ −cS̃μm

μ
2ðϵ2; ϵ3Þeik23·x; ð4:55Þ

thus proving (4.51) and hence the Ward identity.
Let us conclude by emphasizing that the above dis-

cussion demonstrates how the form of the composite field
(3.46) can also be inferred (albeit in a somewhat round-
about way) by demanding theWard identities. Moreover, as
expected, the Ward identity remains unchanged whether
one uses Aμ

23 or its gauge-transformed version Ãμ
23 (3.58),

since the two fields differ by a gauge transformation:

fQ;VÃ23
g ¼ fQ;VA23

g þ fQ; ½Q; λ23�g ¼ fQ;VA23
g;
ð4:56Þ

where λ23ðxÞ is given by (3.59) and we have used
fQ;Qg ¼ 0 together with the graded Jacobi identity of
(anti)commutators.

V. CONCLUSIONS AND OUTLOOK

In this paper, we have quantized the bosonic spinning
particle on the open worldline, with the aim of providing a
first-quantized description of gluon scattering amplitudes.
To this end, we considered an open worldline of infinite
proper length [19–21,44], with boundary conditions cor-
responding to zero-momentum asymptotic vacua. In this
way, all external gluons (including the two at the asymp-
totic endpoints of the line) are described by insertions of
suitable vertex operators, thus mimicking the worldsheet
techniques of string perturbation theory. In particular, the
infinite length of the line allowed us to bypass the LSZ
procedure [21,22], in that the correlation functions already
provide the on-shell and amputated amplitudes. Contrary to
string theory, however, linear vertex operators are not
sufficient to compute arbitrary amplitudes. In general,
one needs nonlinear vertex operators, describing the
insertion of entire subtrees on the main worldline. While
this is typically achieved by using the so-called Bern-
Kosower pinching rules [23,26,27,45], here we have argued
that these nonlinear vertex operators can be obtained as
well from worldline path integrals on a semi-infinite open

geometry [22]. Finally, to test our results, we have shown
how the Ward identities of the scattering amplitudes
descend from the BRST invariance of the worldline
correlators.
The framework presented in this work should be

extended to arbitrary multiplicities and, possibly, to loop
amplitudes. In particular, one would like to be able to prove
gauge invariance of arbitrary amplitudes by extending the
BRST analysis introduced here to general correlation
functions. Besides the point of principle, having a first-
quantized description of Yang-Mills amplitudes could help
in shedding light on the so-called duality between color and
kinematics in gauge theories [46,47], which underpins the
double copy construction of gravity amplitudes [48–50].
More specifically, it would prove beneficial to connect the
off-shell algebraic approach of [1,38,51] to the worldline
techniques employed in [52,53], where an algorithm
combining worldline integration by parts and Bern-
Kosower pinching rules was shown to produce gauge
theory numerators obeying color-kinematics duality.
Since the bosonic spinning particle can also accommodate
gravitons in its spectrum, it would be interesting to extend
the present framework to the spin-two sector of the theory.
There, one expects to need multigraviton vertices of
arbitrary order, but the linear ones should essentially be
the product of two gluon vertex operators, thus showing a
worldline incarnation of the double copy, along the lines
of [54,55].
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APPENDIX: PATH INTEGRAL IN PHASE SPACE

To study the propagator directly in momentum space, we
wish to consider the path integral representation of the
matrix element

hp0je−iHT jpi ¼
Z

DpDxeiS; ðA1Þ

where one could take H ¼ p2 as needed in the main text.
We study the simpler case H ¼ 0, which already captures
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all the essential aspects of our discussion. For simplicity,
we consider just one target space dimension. Then, the left-
hand side of (A1) reduces to

hp0jpi ¼ 2πδðp − p0Þ; ðA2Þ

which should be reproduced by the path integral on the
right-hand side. To take into account the boundary con-
ditions, that should be imposed on pðτÞ only, the action
takes the form

S ¼
Z

T

0

dτð−ṗxÞ: ðA3Þ

Of course, one could perform the path integral by first
integrating over p and then over x, which works well for
nontrivial quadratic Hamiltonians, like the free one,
H ¼ p2. This is well known. Here we wish to path integrate
in x first, leaving the path integral on p as the last one. To
do this, we notice that the paths xðτÞ should not contain any
boundary conditions, so that we can expand them by
extracting the constant path x0. That is, we parametrize

xðτÞ ¼ x0 þ x̃ðτÞ ðA4Þ

with
R
T
0 dτx̃ðτÞ ¼ 0. Then, we can write

Z
DpDx̃dx0e

−i
R

T

0
dτṗx¼

Z
DpDx̃dx0e

−ix0
R

T

0
dτṗ|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

∼δðp−p0Þ

e−i
R

T

0
dτṗx̃;

ðA5Þ

where p and p0 denote the boundary conditions that must
be imposed on pðτÞ. Of course, R T

0 dτṗ ¼ p0 − p. Then,
path integrating over x̃ðτÞ produces a delta functional δðṗÞ
leading to

Z
DpDxe−i

R
T

0
dτṗx ∼ δðp − p0Þ

Z
DpδðṗÞ

∼ Detð∂τÞδðp − p0Þ ∼ 2πδðp − p0Þ;
ðA6Þ

where the combined unfixed constants have been chosen
to match the expected result in (A2). This way of
computing the path integral allows us to bypass configu-
ration space and obtain results directly in momentum space.
Presumably, perturbation theory can be introduced by
building further on the above expression.
Let us also briefly outline the derivation of the other

“phase-space” path integral involved in our derivation, the

one for the bosonic oscillators,

Zðα; ᾱ; θÞ ¼
Z

αð1Þ¼α

ᾱð0Þ¼ᾱ
DᾱDαe

R
1

0
dτᾱμð∂τ−iθÞαμðτÞþᾱμαμð0Þ

¼ ee
−iθα·ᾱ; ðA7Þ

which was, for example, discussed and used in Ref. [56].
It corresponds to the usual (Euclidean) path integral for
the harmonic oscillator, though with an imaginary fre-
quency ω ¼ −iθ.
For θ ¼ 0, the latter reduces to the path integral

representation of the scalar product of the coherent states,

hαjᾱi ¼ eα·ᾱ ¼
Z

αð1Þ¼α

ᾱð0Þ¼ᾱ
DᾱDαe

R
1

0
dτᾱμα̇μðτÞþᾱμαμð0Þ; ðA8Þ

which can be used to fix the path integral normalization as
follows. Let us split the fields into background parts—
which satisfy the equations of motion α̇μ ¼ ˙̄αμ ¼ 0 and the
boundary conditions—and quantum fluctuations as

αμðτÞ ¼ αμ þ κμðτÞ; κμð1Þ ¼ 0; ðA9Þ

ᾱμðτÞ ¼ ᾱμ þ κ̄μðτÞ; κ̄μð0Þ ¼ 0: ðA10Þ

Thus, we get

eα·ᾱ ¼ eα·ᾱ
Z

κð1Þ¼0

κ̄ð0Þ¼0

Dκ̄Dκe
R

1

0
dτκ̄μκ̇μðτÞ; ðA11Þ

i.e.,

Z
κð1Þ¼0

κ̄ð0Þ¼0

Dκ̄Dκe
R

1

0
dτκ̄μκ̇μðτÞ ¼ 1: ðA12Þ

We can now apply the background splitting to the
θ-dependent path integral. We have

αμðτÞ ¼ eiθτðe−iθαμ þ κμðτÞÞ; κμð1Þ ¼ 0; ðA13Þ

ᾱμðτÞ ¼ e−iθτðᾱμ þ κ̄μðτÞÞ; κ̄μð0Þ ¼ 0; ðA14Þ

and, in turn,

Zðα; ᾱ; θÞ ¼ ee
−iθα·ᾱ

Z
κð1Þ¼0

κ̄ð0Þ¼0

Dκ̄Dκe
R

1

0
dτκ̄μκ̇μðτÞ ¼ ee

−iθα·ᾱ:

ðA15Þ

One may consult Ref. [56] for further details.
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