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Abstract

In the study of linear dispersive media, it is of primary interest to gain knowledge of
the impulse response of the material. The standard approach to compute the response
involves a Laplace transform inversion, i.e., the solution of a Bromwich integral, which
can be a notoriously troublesome problem. In this paper we propose a novel approach to
the calculation of the impulse response, based on the well-assessed method of the steepest
descent path, which results in the replacement of the Bromwich integral with a real line
integral along the steepest descent path. In this exploratory investigation, the method is
explained and applied to the case study of the Klein–Gordon equation with dissipation,
for which analytical solutions of the Bromwich integral are available, so as to compare
the numerical solutions obtained by the newly proposed method to exact ones. Since the
newly proposed method, at its core, consists of replacing a Laplace transform inverse with
a potentially much less demanding real line integral, the method presented here could be
of general interest in the study of linear dispersive waves in the presence of dissipation, as
well as in other fields in which Laplace transform inversion comes into play.

Keywords: transient waves in linear viscoelasticity; Klein-Gordon equation with dissipation;
steepest descent method

MSC: 41A60; 30E15; 44A10; 35L20; 33C10

1. Introduction
For uniaxial waves in an initially quiescent semi-infinite medium (x ≥ 0), the response

r(x, t) of the medium to a pulse r0(t) = r(0, t) is [1]:

r(x, t) =
1

2πi

∫
Br

r̃0(s) exp(s[t − n(s) x/c]) ds, (1)

where s is the Laplace parameter, r̃0(s) is the Laplace transform of the pulse r0(t), n(s) is
the Laplace transform of the medium refraction index, Br is the Bromwich path, and c is
the wave front velocity. When r0(t) = δ(t), its Laplace transform reads r̃0(s) = 1 so the
corresponding response (the propagator or the impulse response) is obtained inverting the
Laplace transform

r̃δ(x, s) = exp(−s n(s) x/c). (2)
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Then, the solution corresponding to the generic r0(t) is obtained by convolution

r(x, t) = r0(t) ∗ rδ(x, t) =
∫ t

0
r0
(
t − t′

)
rδ

(
x, t′

)
dt′. (3)

Another relevant initial response is that with Laplace transform

r̃n(x, s) =
exp(−s n(s) x/c)

s n(s)
, (4)

so rδ(x, t) can be obtained from rn(x, t) by partial derivative with respect to x. Of course,
the corresponding Laplace transforms exhibit the same singular points, i.e. those of n(s).

We have two ways to represent the solution of Equation (1); that is, versus x (at fixed
time t), and versus t (at fixed position x). In the first case, we have 0 ≤ x ≤ ct, while in the
second case, we have t ≥ x/c ≥ 0. Correspondingly, we introduce the parameters

µ =
x
ct

(0 ≤ µ ≤ 1), θ =
ct
x

(1 ≤ θ ≤ ∞). (5)

In order to decrease the computational difficulties for the Laplace inversion, we
propose to deform the original path of integration (the Bromwich path) in Equation (1)
into another equivalent to it (unless possible contributions of singularities) that is expected
to be more convenient, i.e., the steepest descent path through the saddle points of the
complex function

Fµ(s) = s[1 − µ n(s)], Fθ(s) = s[1 − n(s)/θ], (6)

according to our choice of representation in Equation (5). We refer to the reader to [2,3] for
a detailed explanation of the steepest descent method and its applications.

2. The Klein–Gordon Equation with Dissipation
A model equation for uniaxial waves in dispersive media with dissipation is the

Klein–Gordon equation with an additional term that takes into account of attenuation due
to dissipation. We refer to this equation as the Klein–Gordon with dissipation, i.e. KGD
equation [4]

rtt + a rt + b r − c2rxx = 0, (7)

where r = r(x, t) is the response variable, c2 denotes the square of the wave-front velocity,
and a, b are non-negative constants. If b = 0 the equation reduces to the so-called telegraph
equation , whereas if a = 0 we recover the classical Klein–Gordon equation without
dissipation. The space-time coordinates are taken in the quadrant x, t ≥ 0. Also, we keep
the usual boundary and initial conditions

r(0, t) = r0(t), lim
x→∞

r(x, t) = 0, (8)

r(x, 0) = rt(x, 0) = 0. (9)

The complex index of refraction associated to the KGD equation reads as

n(s) =

√
s2 + as + b

s
=

√
(s + a/2)2 + ∆

s
, ∆ = b2 − a2

4
. (10)

As a consequence, we write the following solutions in the Laplace domain:
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r̃δ(x, s) = exp
(
− x

c

√
(s + a/2)2 + ∆

)
, (11)

r̃n(x, s) =

exp
(
− x

c

√
(s + a/2)2 + ∆

)
√
(s + a/2)2 + ∆

. (12)

For the impulse response, we get (see [5], Equations (126) and (127), p. 213):

• If ∆ > 0,

rδ(x, t) = exp
(
− a x

2c

)
δ
(

t − x
c

)
(13)

− x
c

√
∆ exp

(
− at

2

) J1

(√
∆
(

t2 − x2

c2

))
√

t2 − x2

c2

Θ
(

t − x
c

)
,

• If ∆ < 0,

rδ(x, t) = exp
(
− a x

2c

)
δ
(

t − x
c

)
(14)

+
x
c

√
−∆ exp

(
− at

2

) I1

(√
−∆
(

t2 − x2

c2

))
√

t2 − x2

c2

Θ
(

t − x
c

)
,

where Θ(t) denotes the Heaviside theta function, and J1(t) and I1(t) are the Bessel
and modified Bessel function of first order, respectively ([6], Chaps. 49&52).

For the other response, we get (see [5], Equations (124) and (125), p. 213)

• If ∆ > 0,

rn(x, t) = exp
(
− at

2

) J0

(√
∆
(

t2 − x2

c2

))
√

t2 − x2

c2

Θ
(

t − x
c

)
, (15)

• If ∆ < 0,

rn(x, t) = exp
(
− at

2

) I0

(√
−∆
(

t2 − x2

c2

))
√

t2 − x2

c2

Θ
(

t − x
c

)
, (16)

where now J0(t) and I0(t) are the Bessel and modified Bessel function of zeroth
order, respectively. In particular case of the telegraph equation, i.e., b = 0, we get
∆ = −a4/4 < 0, and the corresponding response was found by Lee–Kanter for the
Maxwell model of linear viscoelasticity [7].

We wish to approximate the solutions rδ(x, t) and rn(x, t), computing the in-
verse Laplace transforms given in Equations (11) and (12), by means of the steep-
est descent method, and then compare the results to the exacts solution provided in
Equations (14) and (15). This method consists in replacing the Bromwich path with the
so-called steepest descent path (SDP), that requires finding the saddle points of the Fµ
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function defined in Equation (6). For the particular case of the KGD equation, insert
Equation (10) into Equation (6) to obtain

Fµ(s) = s − µ

√
(s + a/2)2 + ∆. (17)

We recall that the required steepest descent path (see [2,3]) is the path through saddle
points of Fµ along which the real part of Fµ attains its maximum value so that the imaginary
part of Fµ is constant. We note that the steepest descent path, denoted in the following as
γµ, depends on the parameter µ.

In order to proceed with the determination of the saddle points of Fµ, which are the
solution of F′

µ(s) = 0, and the steepest descent path γµ, it is convenient to discuss separately
the cases with ∆ < 0 and ∆ > 0. Indeed, we deal at first with the easiest case ∆ < 0 because
the corresponding γµ turns out to be a closed curve, while for ∆ > 0 the corresponding γµ

turns out to be a couple of open curves symmetric with respect to the negative real axis.
In the figures of the SDP, the saddle points are characterized by arrows that show

the direction of ascent along the lines of steepest descent, according the convection used
by Brilluoin.

3. The Determination of the Steepest Descent Path
3.1. Case ∆ < 0

If ∆ < 0, the saddle points of the function Fµ(s) are the following:

p1 = − a
2
−
√

−∆
1 − µ2 , p2 = − a

2
+

√
−∆

1 − µ2 , (18)

which are both real. The values of Fµ at the saddle points p1 and p2 are respectively
ϕ1 = φ1 + ω1 i and ϕ2 = φ2 + ω2 i with

φ1 = − a
2
+
(

1 − µ2
)√ −∆

1 − µ2 , (19)

φ2 = − a
2
−
(

1 + µ2
)√ −∆

1 − µ2 , (20)

ω1 = ω2 = 0. (21)

Since ϕ1 and ϕ2 are both real (i.e., the imaginary part of Fµ is zero in the two saddle points),
the steepest descent path is in this case a curve in the complex plane passing through the
two saddle points p1 and p2. In passing, we note that the branch points (namely, the points
for which the argument of the square root vanishes) are the following:

b1 = − a
2
−
√
−∆, b2 = − a

2
+
√
−∆. (22)

The branch points, as the saddle points, are on the real axis, and

p1 ≤ b1 < − a
2
< b2 ≤ p2, (23)

where the equal signs hold for the limit value µ = 0.
On the steepest descent path though the saddle points p1, p2, the imaginary part of

Fµ is constant (and equal to ω1 = ω2 = 0), therefore the steepest descent path is found
as follows:

Im
(

Fµ

)
= Im

(
s − µ

√
(s + a/2)2 + ∆

)
= 0. (24)
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Setting s = ξ + η i, and
√
(s + a/2)2 + ∆ = A + B i, with ξ, η, A, B ∈ R, we have

η − µ B = 0, (25)

(ξ + a/2)2 + ∆ = A2 − B2, (26)(
ξ +

a
2

)
η = AB, (27)

from which we readily find
(ξ + a/2)2

α2 +
η2

β2 = 1, (28)

with

α =

√
−∆

1 − µ2 , β = µα = µ

√
−∆

1 − µ2 . (29)

The steepest descent path γµ turns out to be a one-parameter family of ellipses with
semi-axes α and β, see Figure 1.

Figure 1. Steepest descent path for the case ∆ < 0 (blue curve). The red and black dots represent,
respectively, the saddle points and the branch points; the grey line represents the branch cut (values
of the parameters: a = 1, b = 0, c = 1, ∆ = −1/4; µ = 1/2).

3.2. Case ∆ > 0

In this case, the saddle points of the Fµ function are the following:

p1 = − a
2
− i

√
∆

1 − µ2 , p2 = − a
2
+ i

√
∆

1 − µ2 , (30)

which are complex conjugates. The values of Fµ at the saddle points p1 and p2 are, respec-
tively, ϕ1 = φ1 + ω1 i and ϕ2 = φ2 + ω2 i with
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φ1 = φ2 = − a
2

, (31)

ω1 = +
√

∆(1 − µ2), (32)

ω2 = −
√

∆(1 − µ2). (33)

The branch points (which are complex conjugates) are the following:

b1 = − a
2
− i

√
∆, b2 = − a

2
+ i

√
∆. (34)

We note that the saddle points, as well as the branch points, lie on the line ξ = −a/2
parallel to the imaginary axis, and their imaginary parts are such that

Im p1 ≤ Im b1 < 0 < Im b2 ≤ Im p2, (35)

where the equal signs hold for the limit value µ = 0.
In contrast to the case with ∆ < 0, the steepest descent path γµ is now made of two

branches: a branch through the saddle point p1, denoted as γµ,1, and a branch through the
saddle point p2, denoted as γµ,2.

Along the branch of the steepest descent path though the saddle point pk (k = 1, 2),
the imaginary part of Fµ is constant and equal to ωk, i.e.,

Im
(

Fµ

)
= Im

(
s − µ

√
(s + a/2)2 + ∆

)
= ωk. (36)

Proceeding as in the case with ∆ < 0, we find

η − µ B = ωk, (37)

(ξ + a/2)2 − η2 + ∆ = A2 − B2, (38)(
ξ +

a
2

)
η = AB, (39)

from which we find for k = 1, 2

(
ξ +

a
2

)2
=

(
η − ωk

µ

)2 (η − ωk)
2 + µ2(∆ − η2)

µ2η2 − (η − ωk)
2 , (40)

which defines the branch γµ,1 of the steepest descent path through the saddle point p1

(for k = 1), and the branch γµ,2 through the saddle point p2 (for k = 2). The steepest
descent path is defined as γµ = γµ,1 ∪ γµ,2. An analysis of Equation (40) reveals that the
two branches of the path γµ, i.e., γµ,1 and γµ,2, are symmetric with respect to the real axis,
see Figure 2.

An inspection of the properties of γµ,k shows that each branch of γµ,k has two horizon-
tal asymptotes given by

η = u± ≡
√

1 ± µ

1 ∓ µ
∆,

where, taking as parameter u = η, we have the parametrization

γµ,k(u) = gk(u) + i u, u− < (−1)ku < u+, (41)
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where

gk(u) = − a
2
± |u − ωk|

µ

√√√√ (u − ωk)
2 + µ2(∆ − u2)

µ2u2 − (u − ωk)
2 . (42)

Figure 2. Steepest descent path for the case ∆ > 0 (blue curve). The red and black dots represent,
respectively, the saddle points and the branch points; the grey line represents the branch cut (values
of the parameters: a = 1, b = 5/4, c = 1, ∆ = 1; µ = 1/2).

4. Numerical Evaluation of rδ(x, t)
4.1. Case ∆ < 0

In this case, γµ is a closed curve which can be easily parameterized as follows:

γµ(u) = − a
2
+ α cos u + i β sin u, 0 ≤ u < 2π, (43)

from which
γ′

µ(u) = −α sin u + i β cos u. (44)

Letting

fδ(x, t; s) =
1

2π i
exp

(
st − x

c

√(
s +

a
2

)2
+ ∆

)
, (45)

with the above parametrization, the integral along γµ turns into a real line integral (of the
complex fδ function) as follows:

rδ(x, t) =
∫

γµ

fδ(x, t; s) ds =
∫ 2π

0
fδ

(
x, t; γµ(u)

)
γ′

µ(u) du. (46)

The resulting integral can be numerically evaluated by means of a standard numerical
method, such as the adaptive Gauss–Kronrod quadrature. A comparative between numeri-
cal and exact results is shown in Figure 3, where the solution rδ(x, t) is plotted as a function
of x for several values of t.
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Figure 3. Comparison between exact and numerical solutions for the case ∆ < 0, for several values of
t (values of the parameters: a = 1, b = 0, c = 1, ∆ = −1/4).

4.2. Case ∆ > 0

Following the procedure outlined for the case ∆ < 0, and replacing the Bromwich
path by the descendent γµ, we have

rδ(x, t) =
∫

γµ,1∪γµ,2

fδ(x, t; s) ds = Iδ,1 + Iδ,2, (47)

where ∀k = 1, 2
Iδ,k =

∫
γµ,k

fδ(x, t; s) ds. (48)

Deploying the parametrization discussed above, we have

Iδ,k = (−1)k
∫ (−1)ku+

(−1)ku−
fδ

(
x, t; γµ,k(u)

)
γ′

µ,k(u) du, (49)

where γµ,k is given in (41) and (42), and γ′
µ,k(u) = g′k(u) + i. As for the case with ∆ < 0,

the Bromwich integral is therefore replaced by real line integrals, which can be evaluated
by means of standard algorithms. In Figures 4 and 5, comparisons between numerical and
exact results are plotted for two set of parameter values.

Figure 4. Comparison between exact and numerical results for the case with ∆ > 0 (values of the
parameters: a = 1, b = 5/4, c = 1, ∆ = 1, t = 64).
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Figure 5. Comparison between exact and numerical results for the case with ∆ > 0 (values of the
parameters: a = 10−4, b = 5, c = 2, ∆ = 4.9999999975, t = 100).

4.3. Useful Property of the Integrals for rδ(x, t)

Since the exact solutions given in Equations (13) and (14) are clearly real, and the
solutions given in Equations (47) and (46) are respectively equivalent to them, then
Equations (47) and (46) must be real as well. Therefore, we expect that the real line
integrals (of the complex function fδ) emerging from the application of the steepest descent
method must be real.

On this regard, we observe that the steepest descent paths are, in both cases with
∆ < 0 and ∆ > 0, symmetric with respect to the real axis, see Figures 1 and 2. For instance,
for the case ∆ < 0, we can split the integral given in Equation (46) as

rδ(x, t) (50)

=
∫ π

0
fδ

(
x, t; γµ(u)

)
γ′

µ(u) du︸ ︷︷ ︸
H1,δ

+
∫ 2π

π
fδ

(
x, t; γµ(u)

)
γ′

µ(u) du︸ ︷︷ ︸
H2,δ

.

We appreciate that, due to the symmetry properties of the paths and the features of the
integrand function f , the integrals H1,δ and H2,δ are complex conjugates, i.e., H2,δ = H̄1,δ,
which allows us to write

rδ(x, t) = 2 Re(H1,δ). (51)

This observation is beneficial because it guarantees to obtain a real solution without any
spurious imaginary part that could emerge from the numerical approximation of the
integrals H1 and H2.

In Figure 6, the integrand functions hk(x, t; u) = fδ

(
x, t; γµ,k(u)

)
γ′

µ,k(u) appearing
in (49) for an exemplary case are plotted
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Figure 6. Real and imaginary parts of the functions hk(x, t; u) = fδ

(
x, t; γµ,k(u)

)
γ′

µ,k(u) (k = 1, 2) as
functions of the variable of integration u (values of the parameters: a = 1, b = 5/4, c = 1, ∆ = 1,
t = 64, x = 16).

5. Numerical Evaluation of rn(x, t)
5.1. Case ∆ < 0

In this case, the parametrization γµ is given in (43). Letting

fn(x, t; s) =
1

2π i

exp
(

st − x
c

√
(s + a/2)2 + ∆

)
√
(s + a/2)2 + ∆

, (52)

the integral along γµ turns out to be a real line integral (of the complex function fn), so that

rn(x, t) =
∫

γµ

fn(x, t; s) ds =
∫ 2π

0
fn
(
x, t; γµ(u)

)
γ′

µ(u) du. (53)

Again, the resulting integral may be numerically evaluated by means of a standard nu-
merical method, such as the adaptive Gauss–Kronrod quadrature. A comparison between
numerical and exact results is shown in Figure 7, where the solution rn(x, t) is plotted as a
function of x for several values of t.
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Figure 7. Comparison between exact and numerical solutions for the case ∆ < 0, for several values of
t (values of the parameters: a = 2, b = 1/2, c = 1, ∆ = −1/2).

5.2. Case ∆ > 0

In this case, the parametrization γµ,k is given in (41). Consequently, we have

rn(x, t) =
∫

γµ,1∪γµ,2

fn(x, t; s) ds = In,1 + In,2, (54)

where ∀k = 1, 2
In,k =

∫
γµ,k

fn(x, t; s) ds. (55)

Deploying the parametrization discussed above, we have

In,k = (−1)k
∫ (−1)ku+

(−1)ku−
fn

(
x, t; γµ,k(u)

)
γ′

µ,k(u) du, (56)

where γµ,k is given in (41) and (42), and γ′
µ,k(u) = g′k(u) + i. As for the case with ∆ < 0,

the Bromwich integral is therefore replaced by real line integrals, which can be evaluated
by means of standard algorithms. In Figures 8 and 9, comparisons between numerical and
exact results are plotted for two set of parameter values.

Figure 8. Comparison between exact and numerical results for the case with ∆ > 0 (values of the
parameters: a = 1, b = 5/4, c = 1, ∆ = 1, t = 64).
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Figure 9. Comparison between exact and numerical results for the case with ∆ > 0 (values of the
parameters: a = 10−4, b = 5, c = 2, ∆ = 4.9999999975, t = 100).

5.3. Useful Property of the Integrals for rn(x, t)

Since the exact solutions given in Equations (15) and (16) are clearly real, and the
solutions given in Equations (54) and (53) are, respectively, equivalent to them, then
Equations (54) and (53) must be real as well. Therefore, we expect that the real line integrals
(of the complex function fn) emerging from the application of the steepest descent method
must be real.

Consequently, analogously to the result obtained previously, it turns out that

rn(x, t) = 2 Re(H1,n), (57)

where
H1,n :=

∫ π

0
fn
(
x, t; γµ(u)

)
γ′

µ(u) du. (58)

6. Conclusions
It is worth stressing that the method discussed here consists in turning the Bromwich

integral into a real line integral of a well-behaved function, for the solution of which is
well-established (and well-performing) quadrature formulas may be used.

Consequently, unlike the traditional usage of the steepest descent method to calculate
the asymptotic behavior of the Bromwich integral nearby the saddle points, here we
consider the entire steepest descent path. Therefore, our method does not provide an
asymptotic result, but an exact one, neglecting the computational error in the numerical
evaluation of the corresponding real line integral.

The possibly hard problem of finding rδ(x, t) is therefore transferred from the algo-
rithm for the numerical approximation of the Bromwich integral, to the analytical calcula-
tion (and parametrization) of the steepest descent path. This is in contrast to the majority
of the most popular algorithms available for the inversion of the Laplace transform, which
focuses on the numerical solution of the Bromwich integral (or other equivalent integrals in
the complex plane), which is a notoriously difficult task. Even the most popular algorithms
for the numerical inversion of Laplace transforms (see [8–10]) are known to provide, in
critical cases, solutions affected by very large errors, which—when the exact solution is not
available—can be difficult to spot, potentially leading to unreliable results.
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