
A Second Order Dry Glass Reference Perturbation Theory for
Modeling Sorption in Glassy Polymers: Applications to Systems

Containing Light Gases, Alcohols, and Water Vapor

Supplementary Information
Hasan Ismaeel 𝑎, Bennet D. Marshall𝑏, Eleonora Ricci𝑎, Maria Grazia De Angelis𝑎

𝑎Institute for Materials & Processes, School of Engineering, University of Edinburgh, Sanderson Building,
Robert Stevenson Road , Edinburgh, EH9 3FB, United Kingdom

𝑏ExxonMobil Technology and Engineering Company, Annandale, NJ, 08801, USA



A. Derivation of the Second Order Dry Glass Reference Perturbation
Theory

In the main manuscript, we expanded 𝜇𝑝 as follows:
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It is noteworthy to mention that the partial derivatives in equation 1 do NOT hold 𝜌𝑔 constant.
Using chain rule, the first order derivatives of 𝜇𝑝 can be written as:
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While the second-order derivatives are expressed as:
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Where :
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We adopt the following notation for the limits of the derivatives taken at infinite dilution:
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At infinite dilution, we defined the glassy density first-order derivatives as follows:
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Thus,the first and second order derivatives of 𝜇𝑝 in equation 1 reduce to:
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To resolve equation 9, the second order glassy density derivative at infinite dilution must be
defined. In this work, we assume that it is determined as follows:
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Where 𝛾𝑖𝑘 is a second-order adjustable parameter. Finally, by truncating the expansion in equation
1 at the second order and substituting in equations 8 and 11, a quadratic approximation of the
polymer’s chemical potential around the dry polymer’s density is obtained:
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B. Analytical Derivatives via Symbolic Differentiation for the PC-SAFT
Equation of State

The analytical derivatives are generated using the symbolic mathematics package SymEngine
[1] in Python. Once the symbolic expressions are obtained, they are converted into numerical
functions using a C++ wrapper for fast computation. This approach eliminates the need to
manually code individual derivatives. Instead, only the expression for the Helmholtz free energy
is coded, and all other derivatives are automatically computed through symbolic differentiation.

C. Resolving The Association Contribution to The Chemical Potential & Its
Derivatives

The unbonded site fractions 𝑋(𝑖)
𝐴 and 𝑌 (𝑖)

𝐵 and their derivatives are required to determine the
association free energy (𝑎̃𝐻𝐵) and its derivatives. To resolve the site fraction quantities, the
following equations are solved:
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𝑓 (𝑖)
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𝐴
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This set of equations can be concatenated into vector 𝐅,which is a function of the site vector 𝐗 and
the density vector 𝝆:

𝝆 =
[

𝜌1 … 𝜌𝑛
]𝑇 (15)

𝐗 =
[

𝑋(1)
𝐴 … 𝑋(𝑛)

𝐴 𝑌 (1)
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𝐵

]𝑇
(16)

𝐅(𝐗,𝝆) =
[

𝑓 (1)
𝑥 … 𝑓 (𝑛)

𝑥 𝑓 (1)
𝑦 … 𝑓 (𝑛)

𝑦

]𝑇
= 𝟎 (17)

Note that 𝑛 here also includes the polymer.In a nested loop, 𝝆 is solved in the outer loop, while
𝐗 is solved in the inner loop. Once the inner loop converges to solution 𝐗∗, the derivative of 𝐗∗

with respect to 𝝆 can be computed from the following system of linear equations:
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From there, the association contribution to the chemical potentials (𝝁𝑯𝑩 ∈ ℝ1×𝑛) can be
calculated:

1
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𝝁𝑯𝑩 =
(
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𝜕𝑿

)
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)

𝑿
(19)

For our purposes, we only require the derivatives of 𝜇𝐻𝐵
𝑝 (i.e. the polymer’s association chemical

potential), thus, the Jacobian of 𝜇𝐻𝐵
𝑝 is:
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)
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The Hessian matrix, on the other hand, is computed as follows:

𝑴 = 𝑱 𝑇 (21)

𝑯 =
(

𝜕𝑴
𝜕𝑿

)

𝝆

𝜕𝑿
𝜕𝝆

+
(

𝜕𝑴
𝜕𝝆

)

𝑿
(22)

In this work, the approximation 𝑋(𝑖)
𝐴 = 𝑌 (𝑖)

𝐵 was made. This assumption is reasonable for the
systems investigated, as both site types in component i are equally likely to form a bond. This
simplification reduces the complexity of computing the association contribution. For further
details, see references [2] and [3].
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