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Locality is a transversal principle that governs quantum dynamics of many-body systems. How-
ever, for cavity embedded systems, such fundamental notion is hindered by the presence of non-local
cavity modes, leaving space for new possible dynamical behaviors. Here, we investigate the real-
time dynamics of low-energy excitations in one dimensional Rydberg atom arrays coupled to a global
cavity mode. We derive an effective description in terms of a Tavis-Cummings-Ising model, whose
phase diagram features ordered and disordered phases. The non-local nature of the cavity mode
drastically affects the emergent meson and string dynamics. Mesons hybridize coherently with the
cavity photons, leading to composite meson-polaritons excitations. Strings, differently from local
interacting theories, acquire a finite kinetic energy thanks to non-local cavity-mediated interactions
between the underlying domain-walls. We then conclude by presenting a new concrete experimental
blueprint for a cavity QED Rydberg atom array simulator where the physics outlined in this work

can be realized.

Introduction. - There is presently considerable inter-
est in exploring the real time dynamics of strongly inter-
acting quantum matter in quantum simulators and com-
puters [1, 2]. A major goal of this endeavor is to shed light
on the role of low-lying excitations, in particular, in the
context of gauge theories and spin models, where basic
constituents such as mesons and strings play a prominent
role [3-9]. Remarkable recent experiments have begun to
investigate this within the realm of Abelian gauge the-
ories as well as Ising-like models, exploring string [10-
15] as well as meson-driven dynamics [16, 17] and false-
vacuum decay [18, 19]. The dynamics considered so far
has been driven by local couplings, which severely con-
strain the effective interactions between quasiparticles.
That is not generally the case for cavity embedded quan-
tum matter [20-24], an emerging class of quantum many
body systems characterized by the interplay between lo-
cal degrees of freedom (atoms [25-32], spin [33-42], elec-
trons [43-50]) and non-local cavity modes — leading to a
plethora of phenomena not accessible in traditional spin
models. It is thus an open question whether such cou-
plings to global modes can give rise to qualitatively new
meson and string dynamics, and whether that can be
experimentally probed.

In this work, we consider a setup consisting of an ar-
ray of neutral atoms, whose ground state is coupled to
a Rydberg state via a two-photon transition involving
a cavity field, see Fig 1(a). Our proposal builds upon
and combines outstanding achievements in the field of
cavity QED [25, 51, 52] and Rydberg atom experiments
[11, 53, 54], with the promise of achieving unexplored
regimes where both local and non-local interactions are
dominating over cavity losses and realize coherent light-
matter many body dynamics.

Within this setting, locally interacting spins couple
to a global mode in a controllable manner, realizing a

perfect setting where to investigate hybrid meson and
string dynamics. After deriving the phase diagram of the
model, we show that the cavity field has a drastic impact
on its low-energy dynamics: different types of solitons
emerge, featuring very distinct energetics due to cavity-
assisted processes. Some of the solitons can propagate
freely thanks to the cavity, while others are dynamically
blocked, and effectively stay confined due to energetics.

The effect of light onto composite objects is drastic.
Meson quasiparticles hybridize with light, generating a
meson-polariton excitation that immediately de-localizes
single mesons. In deconfined regimes instead, mesons
melt during the real-time dynamics via a multi-stage
local process involving a combination of spin and cav-
ity excitations. String dynamics is instead informative
about the fate of confinement in the presence of light.
Remarkably we observe that strings, independently of
their length, always acquire a finite kinetic energy, con-
trasting with local spin models where this is typically ex-
ponentially suppressed. This is due to cavity-mediated
long-range interactions solitons, allowing for an exchange
between string tension and kinetic energy. We illus-
trate this new class of dynamical behavior using exact
(ED) and matrix product states (MPS)[55-59] simula-
tions, and conclude our work by detailing a realistic ex-
perimental proposal.

Model Hamiltonian. - We consider a collection of
N Rydberg atoms coupled to single cavity mode via a
two photon transition through a far detuned intermedi-
ate state (see Fig. 1). This can be mapped onto a Tavis-
Cumming model with an antiferromagnetic Ising interac-
tion, in abbreviation Tavis-Cumming-Ising or TC-Ising.
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FIG. 1. (a) Sketch of the set-up under consideration, an array of individually controlled rydberg atoms coupled to a cavity
mode via a two-photon transition assisted by an external laser 2, giving a tunable coupling g = Qgo/A. (b-c) Phase diagram
of the TC-Ising model as a function of h, and G = gv/N via (b) the ground state charge sector @ (ED and N = 10) and (c)
photon number (DMRG); the latter at a fixed h, = —0.5 and varying G (red line of (b)). In both (b) and (¢) V = 4§ = 1. and
A = 0. (d) Sketch of the relevant low-energy degrees of freedom and their U(1) charge in the confined antiferromagnetic phase.

The Hamiltonian is [60]:
H=dafa+h.Y (16 +V> 667,
J J

+gY_ (a6] +aloy) +xata) a7, (1)
J J

where J is the cavity detuning, h, a staggered longi-
tudinal field achieved by AC Stark shifts coming from
the optical tweezers, V' the Rydberg-Rydberg interac-
tion truncated to the nearest neighbor for simplicity [61],
g = goS2/A the effective cavity-atom coupling strength
and \ = g3/A a cavity dependent Stark shift. A further
laser Qprcp is needed for state preparation purposes. We
set A = 0 for simplicity and V = 1.

Importantly the model has a U(1) symmetry associ-
ated to the number of photons and Rydberg excitations:

Q=d'a+) o)6;. (2)
J

In Fig. 1(b,c) we show the phase diagram obtained with
exact diagonalization (ED) and matrix product state
(MPS) simulations as a function of the collective light-
matter interaction G = gv/N and the longitudinal stag-
gered field h, with fixed interaction V' = 1. Two phases
are present (see Fig. 1(c) ), distinguished by the charge
sector () in which the ground state lives. The ground
state is antiferromagnetic when Q = N/2, corresponding
to the confined phase[62]. When the charge @ instead
changes we find an in-plane ferromagnet with sponta-
neous symmetry breaking (SSB) of the continuous U(1)
symmetry related to the charge @ [38, 63-65]. In Fig. 1(c)
we show the photon occupation for large systems ob-
tained with DMRG, highlighting the first order nature
of the transition [60]. The phase diagram is similar to
that of the longitudinal field Ising model, whose AFM

phase can also be understood as a confined phase of a Zy
lattice gauge theory. The strong coupling phase however
is here enriched by the U (1) SSB instead of being a simple
disordered paramagnet. Note that also Dicke-Ising mod-
els [39, 66] show the same feature with the SSB being of
a discrete Zy instead of a continuous U(1) symmetry.

In the following we will focus only on the AFM, or con-
fined, phases dynamical properties by studying the low
energy excitations depicted in Fig 1(d). Note also that
as long as the cost of creating a pair of domain walls 4V
is larger than the light-matter collective coupling gv/N,
their number is going to be approximately conserved.

Domain-wall propagation - The presence of a global
U(1) symmetry induces strong differences between do-
main walls formed by up-up or down-down spins, unlike
the standard phenomenology of Z5 symmetric Ising mod-
els. We thus introduce two domain wall densities:

D& = 151y40) (11l DP =111+ bl (3)

which measure the presence of domain walls of type A or
B at the bond between atom j and j+1 (j =0,...,N —
1). We study quenches of the light-matter interaction
g, starting from initial classical domain wall states (Fig.
1(d) ) with zero cavity photons. We remark that the
system has no quantum dynamics in absence of g.

In Fig. 2 we show ED results for the propagation of
type A (top row) and type B (bottom row) domain walls
in two different regimes for the cavity detuning (6 = 1
and § = 0). The timescale of the cavity-induced dynam-
ics is different in all four resulting cases but can be un-
derstood by simple perturbation theory. Starting from
the cavity detuned regime, § = 1, for domain walls of
type A we have a second-order process:

T [0) = [HAT) 1) — [t [0y, (4)
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FIG. 2. Single domain wall cavity-mediated dynamics via do-
main wall density (D D ) obtained with ED. The system is
initialized in a classical state with a single domain wall either
of (a,b) type A or type B (c,d). The cavity photon energy is
6 = 1 on the left (a,c) while § = 0 on the right (b,d). N =12,
V=1 ¢g=0.12and h, = 0.

with a rate J4 = ¢g?/d. The peculiarity of this process
is that the domain wall can only jump by two sites and
will remain type A, as indeed clear in Fig. 2(a). Type
B domain walls instead can only move through creation
and destruction of other domain walls, thus costing much
more energy. At lowest order:

LT 0) = [T 1) — [L1FT j0),  (5)

with a rate Jp = ¢g%/(0 + 4V) which effectively result in
an apparent freezing of the domain wall.

Moving to small photon frequencies é < g the propa-
gation mechanism changes. The main difference is that,
instead of being virtually populated by second-order pro-
cesses, now the cavity can be resonantly populated. For
example starting from a domain wall of type A we have:

[P 10) — [T 1) (6)

happening with a rate g. Here the domain wall type
can oscillate between A and B during the propagation as
a photon is coherently exchanged back and forth. The
other case of an initial condition with a domain wall of
type B (and no initial photons) does not allow these res-
onant processes but only the second order processes thus
still giving a frozen dynamics.

Meson-polaritons - Another important low-energy
excitation which can be built on top of an AFM ground
state is a single spin-flip, i.e., a magnon or, in connection
with the LGT interpretation, a meson. As for domain
walls, we can identify two different type of mesons A and
B corresponding respectively to a spin flipped up ({ to
1) and vice versa. In particular at g = 0 the simplest
meson states are classical configurations:

7/P)10) = 6F[AFM) |0)  (for j odd/even) (7)

FIG. 3. Meson-polariton dynamics (a,c) in a de-confined case
(h. =0, =0.5) and (b,d) in a confined case (h. =0.2, 6 =
4.4) obtained with ED. Top panels (a,b) show the dynamics
in real space via the meson density, while bottom panels (c,d)
show the evolution in time of key observables (total meson
number, photon number and their sum). V =1, g = 0.1 and
N =13.

where |AFM) is the Néel state with up (down) spins
on even (odd) sublattices and |0) the cavity vacuum, as
sketched in Fig.1(d). In order to track the dynamics of
these excitations we use the classical, type resolved, me-
son density:

A H\J 1TJT]+1><TJ ITJTJ+1|
JB i—1didien) (j—1didjal - (8)

In Fig. 3 we study the meson dynamics [67] starting from
a classical meson state (Eq. 7) in different regimes for h,
and 0, keeping g = 0.1. The leftmost panels (a,c) show
the dynamics in absence of confinement h, = 0. Here
the two domain walls forming the meson split-up and
propagate independently, as highlighted by a quickly de-
caying meson number fiya =) j frjA. In the right panels
(b,d), we show the emergence of confinement with a finite
h, = 0.2 for a cavity detuning § = 4V + 2h, = 4.4 which
makes cavity photons (§) and mesons (4V + 2h,) reso-
nant. Note that, despite confinement, only the combined
sum (blue) of number of photons (green) and meson (or-
ange) is conserved. This hybridization can be traced
back to the formation of collective meson-polariton states
which imprint a non-local dynamics on the initially lo-
cal meson excitation, i.e., a de-localization of the meson
on the whole spin-chain. In order to better understand
the physics at play, we explicitly construct the collective
states responsible for the meson-polariton formation:

1
Cy) = |[AFM)[1), |Co) = aH0). (9
IC) = | 1), 1Ca) Mﬂ%lﬂl) (9)
The dynamics within this subspace then reduces to a
simple two-level system dynamics:

VA 0 9V Nodd
(C;|H|Cy) = (g\/m 4V+2hz> + const.  (10)
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FIG. 4. String dynamics comparison between Ising model
(a,c) and TC-ising model (b,d) obtained with TDVP. Top
panels (a,b) show the domain wall density while the bottom
panel (c,d) present the bipartite mutual information Sy, (L —
[,1). In order to have comparable dynamics, we set h, = 0.1
in the Ising case and g = 0.1 in the TC-Ising one with § = 0;
both cases have V =1, h, = 0.2 and N = 23.

Kinetic terms for the mesons are order g* and thus ne-
glected in this simple picture. Still from the two state
model dynamics we can readily understand three impor-
tant properties. (i) The non-local meson-polariton os-
cillations are collective, controlled by G = gv/N, while
the local dynamics is controlled by g. (ii) At resonance,
0 = 4V + 2h, there is a stronger hybridization giving
rise to coherent Rabi oscillations. (iii) A local meson has
a vanishing overlap 1/v/N,qq with the collective states,
thus limiting the amplitude of the Rabi oscillations.

String dynamics - In the context of confining LGT
theories, an important role is played by string excita-
tions, namely bound states of two distant elementary ex-
citations. In the simple case of the Ising model, two dis-
tant domain walls feel a confining potential proportional
to their separation ry and the longitudinal field h,. This
induces an exponentially slow dynamics (h,/h.)"™ due
to the underlying locality of the LGT dynamics (repre-
sented by a local transverse field h, ). This phenomenol-
ogy is lost in the TC-Ising model where, independently
of rg, distant domain walls can interact via the exchange
of cavity photons. We illustrate this fundamental dif-
ference in Fig. 4 by direct comparison of the real-time
evolution of a string in the two cases of Ising model (a,c)
and TC-ising model (b,d), obtained via time-dependent
variational principle (TDVP) simulations [57, 60]. The
domain wall density (top panels) clearly shows that in the
local Ising case strings are effectively immobile, while in
the TC-Ising case strings can have a finite kinetic en-
ergy, comparable to that of single domain walls (Fig. 2).
In particular the process which allow for the motion of

arbitrary length strings r( is the following:

T0 ~ ro—1
AL 0) = [T I L) 1) —
,’_:0‘
[T 1) 0) (11)

with a rate J; = ¢2/(§ & 2h,) depending on whether
the hopping is towards the direction where the type A
domain wall is or not.

In order to confirm that the important emergent dy-
namical degree of freedom is the string and that single
domain walls do not move independently, we calculate
the mutual information (Fig 4(c,d)) between two subsys-
tem of length [ and L —I:

Sm(L=1,1) = S(p1.1) + S(pi1..L) — S(pe),  (12)

where S(px) is the von Neumann entropy of a subsystem
X being either the first [ atoms, the last L—1[ atoms or the
cavity c. In the case of the Ising model this just reduces to
twice the bipartite entanglement entropy. The important
different feature distinguishing the Ising and TC-Ising
case is the presence of a plateau already at early times
(t < 50) when the bipartition length [ varies along the
string (8 < [ < 14). This highlights the immediate build-
up of long-range correlations between the two domain
walls forming the end of the string, which then can move
coherently as a single object via the exchange of virtual
photons.

Ezxperimental blueprint. - The proposed experimen-
tal implementation uses 8"Rb atoms trapped in opti-
cal tweezers, though the model Hamiltonian and excita-
tion scheme described above are applicable to a range
of atomic species, including alkali [68] and alkaline-
earth-like atoms [69]. Rydberg control is achieved via
a two-photon excitation from the ground state |g) =
|551/2F =2,mp =—-2) to the Rydberg state |r) =
|7051/2, J=1/2,m; = 71/2> via an intermediate state
le) = |6P)5, F = 3,mp = —3) [11]. This transition is
driven by circularly polarized lasers at wavelengths of
420 nm and 1013 nm, respectively, with an intermediate
state detuning A ~ 27x0.5GHz. The set-up allows
for a simple state preparation scheme of specific initial
states [60].

The one-dimensional array of atoms is coupled to a
bow-tie cavity that sustains two counter-propagating uni-
directional modes, of opposite circular polarization. This
configuration balances the requirements of strong cavity
coupling, compatibility with Rydberg physics, and scal-
ability to large atom arrays. The cavity design provides
substantial optical access, enabling hundreds of optical
tweezers for single-atom control while maintaining a large
distance between the atoms and the dielectric surfaces
of the mirrors, thereby mitigating stray charge effects
on Rydberg atoms [70]. Importantly, this design also



achieves small mode volumes, ensuring the strong cavity
coupling essential for the proposed implementation [71].

Assuming a cavity waist (wg) of 3pum, a cavity length
of 6.9cm, a finesse of 50000 along with the mea-
sured decay rates and branching ratios of the 6Ps/o
states [72], the cavity parameters are {go,x,I'} = 27 X
{800 kHz,20 kHz,1.35 MHz}. Here, gy represents the
on-resonance atom-cavity coupling, x denotes the half-
linewidth of the cavity, and I' the full linewidth of the
intermediate state. Notably, planar ring cavities with
similar wo /). ratios have already been demonstrated for
the same finesse [71].

In order to minimize off-resonant scattering from the
intermediate state (I'Q?/A?) and maximize the two-
photon transition strength (go€2/A), we propose to oper-
ate the 1013 nm laser at a Rabi frequency Q ~ A/10 ~
2 x 50 MHz. The total effective atom decay, which
includes direct Rydberg decay I',. = 27 x 1.5kHz, is esti-
mated as vat/g = [[ + T(2/A)?]/g = 0.18. Togheter
with a cavity photon loss rate 2k/g = 0.5, this jus-
tify the choice of studying the coherent dynamics up to
tg < 10. As we discuss in detail in [60], simple post-
selection strategies which mitigate the effect of atom de-
cay are likely needed. The effect of photon loss is not as
severe due to small cavity population during the dynam-
ics [60].

Conclusions - We have studied real-time dynamics of
low energy excitations in a Tavis-Cumming-Ising model.
This highlights the non-trivial interplay between local
and non-local degree of freedoms, contrasted with usual
locally interacting models. Real time and space resolved
dynamics in particular is key to distinguish the degree
of “locality” of the emergent composite excitations in
the confined phase. We further expect new interesting
physics arising also in the deconfined phase, where non-
local interactions dominate from the start giving rise to
an otherwise forbidden continuous U(1) SSB in one di-
mension [38]. All these phenomena naturally arise in
a simple combination of two well-developed quantum
simulation platforms, Rydberg atom arrays [11, 53] and
atomic cavity QED [25, 51]. Nonetheless, the physical
ideas explored in such simple setting can be translated to
other cavity embedded quantum many-body systems [21—
24], where local and non-local emergent quasi-particles
coexist.
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Supplementary Material for “Local vs non-local dynamics in cavity-coupled Rydberg
atom arrays”

Zeno Bacciconi, Hernan B. Xavier, Matteo Marinelli, Devendra Singh Bhakuni, Marcello Dalmonte

DERIVATION OF THE HAMILTONIAN

In this section, we detail the derivation that motivates model Hamiltonian, Eq. (1), studied in the main text. The
system under consideration involves an atomic array put inside a cavity, as shown in Fig. S1, positioned in the maxima
of the cavity field. Atoms are excited from the ground state |g), to a Rydberg state |r), via an intermediate state
le). The ground-to-intermediate state transition is driven by an off-resonant cavity mode, characterized by a coupling
strength gg, assumed equal for all atoms, and detuning A. The subsequent transition from the intermediate state to
the Rydberg state is mediated by a classical laser field with a Rabi frequency 2 again assumed to be equal for all
atoms. The combined two-photon transition |g) <> |r) has detuning do. In the rotating frame, the model Hamiltonian
is expressed as Hrf = Ho + Hl, where

Hy = doa’a + (A + o) Zaee ijagg + VNN ZU”JTL,

Hl_gOZ“ 9 +al69%) +QZ (67 + 65" (1)

The Rydberg-Rydberg interaction is here truncated for simplicity. The canonical boson operator a annihilates cavity
photons, and projectors 6% = |a) (8] with a = g, e, and r describe atomic operators. Additionally, we introduce a
site-dependent detuning w; induced by AC Stark shifts from the optical tweezers, along with the nearest-neighbor
interaction Vyn for atoms in the Rydberg state.

Qprep|

9000000

FIG. S1. Light-atom setup. A linear Rydberg atom array is put inside a cavity. A two-photon transition is used to drive atoms
from the ground state to the Rydberg state.

In the far off-resonant limit A > 1, the intermediate state is barely occupied. We adlabatlcally eliminate it by
means of a Schrieffer-Wolff transformation defined as H' = ¢S fe . We consider a generator S = S, + S, where
S, and S represent contributions from the cavity and the laser. The generators are chosen so that their commutator
with H, produce {.SA',H'O} = —H,. Explicitly, they read:

Se=g0 > (A+wy) (@55 —ate?),
J
“ —1
$i=03" (A48 — Vawdyh — Vawsiny) (657 —67°). (52)

J

The laser term includes a site-dependent denominator operator Dj =A+dy— VNN&;S_l — VNN6§11. This operator is

diagonal in the eigenbasis of E[O, and accounts for the local atomic configuration. The commutators of the generators



with Hy are given by:

[Ses Ho| = =90 Yo (ae5? +ales), S Ho| = —@ 3 (a5 +57°). (S3)
J J
With this choice the condition {S’ , ﬁo] = —H, is met identically, and the effective Hamiltonian acquires the form:
\ PPN 1~ A .
Heff:PH0P+§P[S,H1}P+~--, (S4)

where P = H (1 — 6%°) is the projector onto the subspace without atoms in the excited state. The second-order
corrections to the Hamiltonian are obtained from the commutator [S, H 1] We find that the contribution coming

from S‘c reads

Ale 1o 200 X agg G002 g
P[SC,HJP:—Xa aZUj X Z )_|_...7 (S5)
J J
where we project the result to the manifold of interest, and approximate ﬁ R % + .-, as we concentrate on the
J

regime where A is the dominant energy scale, i.e., A > |w,|. Likewise, the contribution from S, is obtained from the
commutator:

ATaA ~A1a Q 202
P31, i) P = 200 S a6y +alod) — S-S ar (S6)
J

J

Note that terms arising from the commutation of ﬁ;l vanish under projection, and the final expression follows from

the large-A approximation ﬁj ~ A . Within this limit, the second-order effective Hamiltonian simplifies to

& AT A 1 Az VNN Az Az PN AfaA—
HeffzéaTa+§zj:hjaj e Z o’ ]+1+g2a aaj )+ Aé az (S7)

J

In passing to the spin notation we ignore additive constants and boundary terms. The mapping is achieved through
the identification [7;“ =637, with 67 = 67" — 699, The effective couplings are expressed as follows: § = do — Ngg /24,

hj =w; + Van — Qz/Aa 9= —go2/A, and A = 98/2A'

STATE PREPARATION

We here focus on the state preparation protocol. To realize the physics discussed in this work, the atoms are
initialized in the classical states described in the main text through a combination of global excitations and local
addressing beams that detune specific atoms from resonance. All atoms are initially trapped and prepared in the
ground state |g). To prepare atoms in the Rydberg state |r), the optical tweezers trapping these atoms are turned
off, and a two-photon excitation scheme is applied [11]. This scheme uses two laser beams that globally address the
array: a 1013nm beam (also used during subsequent coherent dynamics) and a 420 nm beam external to the cavity
(marked as Qprep in Fig. S1). The relative frequency of the lasers is chosen such that the cavity is detuned by several
tens of MHz from the 420 nm beam, avoiding the risk of populating the cavity mode with undesired photons. Atoms
still illuminated by the optical tweezers are detuned by tens of MHz from the two-photon excitation, ensuring they
remain in the ground state. This selective addressing allows the realization of the desired classical initial state. At
the end of the state preparation, the external 420nm beam is turned off, along with all optical tweezers, and the
frequency of the 1013 nm beam is adjusted to establish a two-photon resonance with the optical cavity.

MPS NUMERICAL DETAILS

We use an MPS ansatz for hybrid cavity-matter systems which has been already used for example in [50, 58]. The
cavity site is positioned on one end of the MPS, with a truncated Hilbert space IN,;. For ground state simulations
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FIG. S2. Ground state properties of the confined phase obtained with DMRG. (a) Von Neuman entanglement entropy of
a bipartition of l4: atoms plus the cavity (Il = 0 is the cavity-atom entanglement). (b-c) Connected correlation functions
showing the infinite range nature of correlations in the phase. In all panels we fix G = gV N =4.5, h, = 0.5, § =1 and A =0..

we use Np, = 200 and a maximum bond dimension x = 200 allowing us to keep the truncation error below 1078 in
the U(1) SSB phase which is the more entangled of the two. For TDVP dynamics done in the confined phase we use
Npn, =20 and x = 100. Here we find a poor performance of a simple 2-site TDVP update scheme when starting from
the classical states describe in the main text. We thus make use of global subspace expansion updates as introduced
in [57] and available in the library TenNetLib.jl [74]. Then, in order to calculate the mutual information we perform
a series of site swaps of the cavity site at specific times during the dynamics.

GROUND STATE DETAILS

We here report a more detailed study on the ground state properties of the confined phase, whose low-energy
dynamics is studied in the main text. In order to access large system size we use DMRG simulations with a mixed MPS
ansatz where the cavity sits at one side of the atom chain. In figure S2(a) we show the bipartite entanglement entropy
of the system as a function of bipartition size. At I, = 0 this correspond to the overall cavity-atom entanglement
entropy, which remains finite as the system size is increased. This contribution comes from virtual ground state
mixing of meson-polaritons discussed in the main text. Then in figure S2(b-c) we show two connected atom-atom
correlation functions, respecitely in plane and zz. They both show feature of infinite range correlations which become
less relevant in the N — oo limit. In particular the former decays as 1/N while the second one as 1/N?2.

EFFECT OF % RANGE INTERACTIONS

In this section we discuss the effect of the weak long-range tail of the Rydberg-Rydberg interaction. In this case
the Hamiltonian reads:

Hy, =data+h. Y (—1)67 + % > #656; +gY (aof +afer)+xatad o7 (S8)
J i#£] J J

Already the next-nearest neighbour term (i = j 4 2) gives contributions on the order of V/25 ~ 0.015V, smaller than
the values of g studied in the manuscript. In Figure S3 we quantitatively asses that the dynamics of domain-walls and
meson-polaritons is not affected by long-range interactions. In particular we can understand from the perturbation
theory arguments depicted in the main text that the propagation of single domain walls or the interaction between
distant ones in the case of strings, is not affected by the 7~ tail. This just modify the classical energy of a domain wall
to be 2V — 42% + 62% + ... irrespectively of its position or type (A or B) and thus do not affect string and domain wall
dynamics. Instead the meson-polariton dynamics is slighly changed as the resonance condition depends on the meson
energy. In particular the meson A energy in presence of r~% interactions becomes E,, = 4V +2h, — 4216 — 42% + ...~
4.34.

CAVITY LOSSES

The loss mechanism expected to be dominant in the set-up considered in this work is the loss of cavity photons,
with a rate k < g. We consider explicitly their effect on the single domain-wall dynamics via averaging quantum
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FIG. S3. Effect of r ¢ interaction on meson and domain wall dynamics. (a) Meson dynamics at h, = 0.2 and § = 4V +2h, = 4.4,
slightly missing the resonance condition because of a renormalized meson energy Er ~ 4.36. (b) Domain wall dynamics at
0 = h, = 0 left unchanged by the long-range part as the domain wall number does not change during the dynamics.
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FIG. S4. Effect of finite cavity photon losses k = ¢g/2 = 0.05 on domain wall dynamics for (a) off-resonant § = 1 and (b)
resonant § = 0 cavity detunings. The initial state is prepared with a boundary domain wall of type A. h, =0 and N = 8.

trajectories. In Fig. S4 we show two scenarios for the cavity detuning § = 0 (a) and § = 1 (b) in a case of of
weak-intermediate cavity losses K = g/2 = 0.05. In particular we look at the dynamics of a type A domain wall
initialized at the boundary of the atom array. This does not correspond to two actual initial rydberg atoms close to
each other, but just the addition of a further boundary longitudinal field mimicking the presence of another rydberg
atom. Note indeed that the bond at which the domain wall is j = —1, before the first atom.

The photon loss projects the system into states with a domain wall of type B instead of type A, giving the overall
effect of freezing the dynamics as Jg < Ja,g. The actual timescale at which the domain wall of type A decays into a
type B depend on the specific scenario. More in details we can see that the effect of photon losses is stronger on the
0 = 0 case where cavity photons are coherently generated during the dynamics and the lifetime for the domain wall

propagation is on the order of £~ !. Instead in the § = 1 case the cavity is only virtually populated (f,) ~ g—z, thus

inducing a longer lifetime for domain walls of type A of order ng—i.

ATOM DECAY AND POST-SELECTION

We here investigate the role of atom decay. The Rydberg state considered in this work has an intrinsic lifetime of
7 ~ 150 us leading to a decay rate to the ground state of I, = 27 x 1kHz. Virtual population of the intermediate
state leads to another decay channel for the rydberg state to the ground state of T'ers = I'(Q/A)? ~ 2m x 13kHz
leading to a total decay rate of the two-level atom (|r) and |g)) of gt = I'y + T'eyyr = 2m x 14kHz. This is explicitly
shown in Fig. S5(a) where decay of Rabi-oscillations |r) — |g) in the two level atom model is compared to the full
three level atom without integrating out the intermediate state. In Fig. S5(b) we further show the dependence of
Yat/g on Q/A for different choice of Rydberg atom principal numbers n.
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FIG. S5. (a) Decay of cavity-induced Rabi oscillations between the rydberg state and ground state at go = 27 x 0.8 MHz,
Q =27 x 50MHz and A = 27 x 500 MHz (g = go©2/A) in the 3-level atom scheme (orange) and in the effective 2-level atom
scheme (blu). In the three level atom both rydberg decay I', = 27 x 1kHz and intermediate state decay I'e = 27 x 1.35 MHz
are included, well accounted for by an effective two-level atom decay of vt = T'r + T'e(Q/A)%. (b) Effective atom decay in
the two-level atom ~,¢/g as a function of intermediate state detuning A/ for different Rydberg principal quantum number n,
assuming a rydberg decay I'" = I'7° (7—7?)3 with 7% = 27 x 1kHz

We now explore the effect that the atom decay has on the dynamics under consideration. In Fig. S6 we show
different scenario to exemplify of the dynamics of a single domain wall is affected[76]. In particular in (a) we show the

1
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FIG. S6. Effect of atom decay and cavity photon loss on the dynamics of a single domain wall of type A at g = 0.1V, § = 0.
and V = 1. Top row (a,b,c) shows the doain wall density obtained by averaging 1000 trajectories with respectively (a) no losses
2k = 0.,7at = 0. (b) only photon loss 2k/g = 0.5,74:/¢g = 0. (c) both photon and atom decay 2x/g = 0.5,7a¢/g = 0.18. Bottom
row (d,e) shows post-selection results (as described in the text) with both photon loss and atom decay 2x/g = 0.5,74¢/g = 0.18.

In particular (d) shows the number of accepted atom array measurements (Ngcceptea) and (e) shows the domain wall density
obtained from these snapshots.

unitary dynamics with no losses, in (b) the dynamics taking into account only photon loss, and in (¢) the dynamics
with both photon loss and atom decay. Each Rydberg decay from an the antiferromagnetic state correspond to the
creation of a pair of type B domain walls, a process which at the level of unitary dynamics is strongly suppressed due
to the high energy cost of a domain wall 2V > g. This allow for a simple post-selection strategy on the measured atom
array configurations (snapshots in the ¢ basis) consisting in just discarding measurements which show more domain
wall states than the initially prepeared state. The result of this procedure done by sampling 1000 quantum trajectories
is shown in the bottom row of Fig. S6. In particular panel (d) shows the number of accepted snapshots as a function
of time and panel (e) the resulting expectation value averaged over the accepted snapshots. For comparison, panel (c)
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is produced with the same 1000 trajectories but no post-selection on the snapshots. The probability of accepting a
trajectory is governed by e~ 7«t(Nr=D? with N, the number of initial Rydberg and not e~ 7*¢Nr* hecause this procedure
can only correct the Rydberg decay when the atom is not part of a domain wall. If the atom is part of a domain wall,
its decay will not increase the total number of domain walls but just turn a domain wall of type A into type B. The
number N, — 1 is the actual average number of atoms in the Rydberg state during the coherent evolution.
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