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Abstract

We rigorously analyse fully-trained neural networks of arbitrary depth in the Bayesian optimal
setting in the so-called proportional scaling regime where the number of training samples and
width of the input and all inner layers diverge proportionally. We prove an information-theoretic
equivalence between the Bayesian deep neural network model trained from data generated by a
teacher with matching architecture, and a simpler model of optimal inference in a generalized linear
model. This equivalence enables us to compute the optimal generalization error for deep neural
networks in this regime. We thus prove the “deep Gaussian equivalence principle” conjectured in
Cui et al. (2023). Our result highlights that in order to escape this “trivialisation” of deep neural
networks (in the sense of reduction to a linear model) happening in the strongly overparametrized
proportional regime, models trained from much more data have to be considered.

Keywords: Deep neural networks, Gaussian equivalence principle, Bayes-optimal learning, over-
parameterization, proportional regime, interpolation method

1. Introduction

Neural networks are exceptional tools in many applications such as image classification and speech
processing to name a few (Alzubaidi et al., 2021). They have therefore stimulated an unprecedented
interest in their behavior, which is still understood mostly at the empirical level. The reason is that
developing a quantitative theory for their performance is a challenging mathematical task. The chal-
lenge resides in the complex interaction of at least three aspects: i) their complex architecture; ii)
the impact of the data structure; iii) the complex dynamics of the optimisation algorithms used for
training. In the present paper, we shall focus on information-theoretical limits, which are algorithm-
independent, and structureless input data, in order to highlight the phenomenology induced by the
architecture alone, point ). In order to study the fundamental limits of learning a certain target
function, the correct framework to consider is the teacher-student scenario, where said target func-
tion plays the role of the “teacher” that generates the responses associated with the inputs. Then,
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a “student” model belonging to the same hypothesis class must learn the target based on these ex-
amples. In the present setting this entails that the teacher and student neural networks will have the
very same architecture and hyper-parameters, and only the realization of the teacher’s weights is to
be learnt. The importance of the teacher-student scenario was pinpointed in the seminal work of
Gardner and Derrida (1989) on the perceptron.

The Bayes-optimal generalization error for the perceptron and generalized linear model was
rigorously computed in Barbier et al. (2019). This model and the committee machine have been
intensively studied since the nineties. We refer the reader to the (non-exhaustive) list of contri-
butions: Barkai et al. (1992); Engel et al. (1992); Schwarze (1993); Schwarze and Hertz (1992,
1993); Monasson and Zecchina (1995); Saad and Solla (1995); Mato and Parga (1992); Engel and
Van den Broeck (2001); Aubin et al. (2018); Baldassi et al. (2019); Goldt et al. (2020a,b, 2022). For
these models where the number of hidden units is dimension-independent, the relevant interpolation
regime corresponds to a number of samples diverging proportionally to the input dimension.

Concerning settings with a large number of hidden units we have the series of works Nitanda and
Suzuki (2017); Sirignano and Spiliopoulos (2020); Aradjo et al. (2019); Nguyen (2019); Nguyen
and Pham (2020); Mei et al. (2018, 2019); Chizat and Bach (2018); Rotskoff and Vanden-Eijnden
(2022); Wu et al. (2022); Javanmard et al. (2020); Shevchenko et al. (2022); Shevchenko and Mon-
delli (2020); Mei et al. (2019), investigating online learning with SGD. Mean-field analyses of SGD
differ from the information-theoretical one. SGD produces a “one-shot estimator” for labels, which
is in general sub-optimal. Furthermore, in online learning, the student network sees one sample at a
time, whereas in Bayes-optimal learning the whole dataset is jointly exploited.

As evidenced by Mei et al. (2019), when few samples are provided to the neural network during
training, the weights are virtually fixed to their initialization, which is the setting captured by the
Neural Tangent Kernel of Jacot et al. (2021) and similarly studied in random feature models and lazy
training regimes (Rahimi and Recht, 2007; Li and Yuan, 2017; Rudi and Rosasco, 2017; Bach, 2017;
Li and Liang, 2018; Allen-Zhu et al., 2019; Du et al., 2019b,a; Lee et al., 2020; Arora et al., 2019;
Huang and Yau, 2020; Mei and Montanari, 2021; Ghorbani et al., 2019; Montanari and Zhong, 2020;
Gerace et al., 2020; d’Ascoli et al., 2020; Geiger et al., 2020; Dhifallah and Lu, 2020; Bordelon
et al., 2020; Hu and Lu, 2022; Schroder et al., 2024; Bosch et al., 2023; Schroder et al., 2023).

In Li and Sompolinsky (2021) the authors instead tackled the learning problem of all the weights
for deep linear networks whose width is proportional to the input dimension, see also Zavatone-Veth
et al. (2022). Their linear nature allows to solve the statistical mechanics of these networks by a
subsequent integration of the degrees of freedom associated with the network weights. A whole
subsequent line of work generalised their approach to tackle non-linear networks in the so-called
proportional regime, in which the number of training examples n and the sizes of all layers (dy)
diverge simultaneously and in a proportional way: Pacelli et al. (2023); Naveh and Ringel (2021);
Seroussi et al. (2023); Aiudi et al. (2025); Bassetti et al. (2024); Rubin et al. (2025). In this strongly
overparametrized proportional regime, these works show that some feature learning happens, in the
sense that the kernel learnt by the network adapts to the data w.r.t. to the fixed kernel that emerges in
the infinite width limit described by the neural network Gaussian processes (Neal, 1996; Williams,
1996; Lee et al., 2018; Matthews et al., 2018; Hanin, 2023). Still in the proportional regime but
closer to our setting, Cui et al. (2023) conjecture a formula for the Bayes-optimal generalization
error of a deep neural network using the replica method (Mézard et al., 1987). One key ingredi-
ent of their analysis is a “deep Gaussian equivalence principle” conjecture, a version of Gaussian
Equivalence Principle (GEP). Classical results support the validity of GEPs in high-dimensional
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inference (Sudakov, 1978; Diaconis and Freedman, 1984; Reeves, 2017; Meckes, 2012), such as
in the description of relevant observables for shallow neural networks (Goldt et al., 2020b, 2022).
Furthermore, the validity deep Gaussian equivalence principles has been proved at the level of de-
terministic equivalents for deep random feature models in Schroder et al. (2023).

In the present paper, we prove this deep Gaussian equivalence principle for the proportional
scaling regime (and slightly beyond) and, as a consequence, the associated replica symmetric for-
mula for the free entropy and generalisation error conjectured in Cui et al. (2023). Doing so, we
substantially improve over Camilli et al. (2023) which was limited to a shallow neural network and
did not reach the same convergence rates. The proof follows an induction strategy: in the considered
scaling regime, we are able to show that a network with L layers reaches the same Bayes-optimal
generalization error as a suitably tuned neural network with L — 1 layers. In order to achieve this,
we are required to prove that the non-linearity can be replaced by an “equivalent” linearity, which
amounts to prove a Gaussian Equivalence Principle.

Let us finally mention the analyses of the multi-layer inference models Aubin et al. (2020,
2019), and especially the multi-layer GLM of Gabrié et al. (2018); Chen and Xia (2023). Although
in the latter the weights are fixed, and thus not learnable as in our setting, it shares some common
challenges due to the multi-layer structure, especially related to the concentration properties w.r.t.
the quenched randomness of the model.

Notations. Bold notations are reserved for vectors and matrices. A vector x is a column vector; xT
is then a row vector. The Lo norm is ||x||? = xTx; xxT is a rank-one projector. E 4 is an expectation
with respect to the r.v. A; E is an expectation with respect to all ensuing r.v. ’s. V(A) is the variance
of A, and V4( - ) the variance w.r.t. A only conditional on the rest. For a function F’ of one argument
we denote F its derivative. [N] = {1,2,...,N}. We write E(---)2 = E[(---)?] > (E(---))? =
[E2(---). We shall abbreviate E[f(---)] = Ef(---). For any functions f and g, f = O(g) means
there exists a constant K such that | f| < K|g|. Hence, given ar.v. Z, f = O(Z) does not imply
Ef = 0, but rather |Ef| < E|f| < KE|Z|. 1y is the identity matrix in k dimensions. Starred
variables, e.g. a*, are the teacher’s weights. Non-starred variables, e.g. a, will denote the student’s
weights. X ~ P means that the r.v. is drawn from, or has law, P.

2. Definitions and main results

We consider a teacher-student setting, where the training set, namely the set of n input-response

couples Dy, = {(XELO), Y,) 1i=1- 1s generated by a teacher neural network with L layers fed with

structureless inputs X,(LO) NN (0, 14,). Responses Y, are assumed to be real numbers drawn from
an output channel accounting for possible randomness in the output:

aTx (@) )
Y, ~ Pout(- | pT; - ﬁé,’j) , ateR &R N(0,1) (1

where we have introduced the post-activations

W*(Z) Xl(f_l)

X0 — ©
a ( de—1

) eRY, W e R g e, @)

with the non-linearity ¢ applied component-wise. p > 0, and € > 0 can be taken to be zero and is
introduced here for later convenience. The positive integers (dg)é::O are thus the dimensions of the
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layers. We group the teacher’s weights in 8*() = (a*, (W*( )) 1)» and we assume all of them
are i.i.d. drawn from standard Gaussians:

L dy de—1
Wi R Pp=N(0,1), dP(9*) HdPg YITTI I arow 3)
{=1j=1 k=1
A convenient representation for (1) is the following:
* X( ) iid
YM:f<p T VA >+\/ZZM, Z, B N(0,1). @)

Here A, € RP, with p a given integer, is some possible stochasticity in the output and A is the
strength of the label noise. f : R — R is the readout function. The mapping between (1) and (4) is
realized by the identification

Pasty |0 = [ T exp [~ Sty - st a)? ®)

2mA
Therefore, suitable regularity hypothesis on f will also reflect in the output kernel P,,;.
The Bayes-optimal student network learns from Dy, and estimates the response associated with
anew input X,y € R% as

(L)

Vocw = [ 0E[Pou (v aTJXE“J + Venen) | D Xnew| dy (©)

where &,¢y ~ N (0, 1), and we have introduced the student’s post activations

(), ({=1)
x0), = <p<7w Zw ) e, WO e R e, %)

Vde-1
(0) €9)

with Xpew = Xew. Analogous relations hold for the student’s post activations x;,” associated with
inputs in the training set. The measure E[- | Dy] that enters (6) is the Bayes’ posterior measure,
and it shall be denoted also by (- )(©). The estimator (6) provably yields (see Barbier et al. (2019);
Camilli et al. (2023)) the minimum (average) generalization error

g(L) = E(Ynew - Ynew)2 ®)

where the expectation is w.r.t. to the law of the training set Dy, and the test data (X e, Ynew)-

We bypass the computation of the Bayes-optimal generalization error (8) by computing the
limiting Mutual Information (MI) between the training set Dy, and the teacher’s weights o*(L) .=
(a*, (W*O)L_ ) and the variables £* = (§.)}i=1- The MI can be written in a convenient way, in
terms of the normalization of the Bayes posterior

(L) 1 (L aTXLL)
aP(OM,€1Dy) = 55 dP(6 HdPefu out(Y|pf V) O

pn=1
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that is

<)
2,(Dy) = / [T EePo (Y 1 0 \/di + Vet )dP(eD). (10)

pn=1

With these notations the MI per data point rewrites as

aX()
NG

The last term is called free entropy and shall be denoted f,(LL) = %Elog Z1,(Dr). In addition, the
MI with L = 0, which means in the absence of hidden layers, has to be interpreted as the one of a
Generalized Linear Model (GLM), see Barbier et al. (2019). We can now state our main result.

1 1
- 1D(6*1) ¢ Dy) = ElogPout<Y1 1 p2 2 Jeer ) ~ ~ElogZ,(D1). (1)

Theorem 1 (Layer reduction) Let the activation and readout functions ¢, f € C?(R) be odd and
with bounded first and second derivatives. Let Z be a standard Gaussian, assume L > 1 and define
the coefficients

o0 =1,00=Ep*(Z\Jor 1), pe=B¢(Zyoi1), e =o00—001p}, (12)
for all ¢ € [L). Denote by d,,, = min{(dy)}_,}. Then

1 1 ['n n 1
1L px(L) ¢x. 7 L) p*(L—1) ¢x*. _

where IT(LL_I) (0*(L - gD 1—1) is the mutual information between the hidden teacher weights, £
and the data set D1 = {(XS))7 Y,l(L_l))}Z’:1 with responses drawn as

(L—1)

out( ‘ PPLa\/—

This Theorem shows that in the linear regime, at the information-theoretic level, layers can be
eliminated one by one paying the price of extra Gaussian noise. This is the manifestation of the
Gaussian Equivalence Principle in our setting. In fact, what the result asserts is that the non-linearity
for the last layer can be replaced by a linear equivalent. The values of the coefficients €, py, that
re-weight the two new terms appearing in the equivalent model with one less layer are the same
found in Mei and Montanari (2021); Goldt et al. (2020b); Hu and Lu (2022); Camilli et al. (2023).
One key ingredient needed to prove this type of result is the concentration of the free entropy
w.r.t. the teacher and data instance. Even though this is a natural conjecture, it becomes particularly
hard to prove in the multi-layer model due to the number of random parameters and their intertwined
dependences. We thus state here this stand alone result which may be of independent interest.

L-1
YD

+V/p2er + e»gu) (14)

Theorem 2 (Free entropy concentration) Consider the activation and readout function ¢, f as
in Theorem 1. Then there exists a non-negative constant C(f, @) such that

V(% log ZL(DL)) < O(f,¢) (% n di) . (15)
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The layer reduction Theorem can be iterated until exhaustion of the deep Bayesian network,
yielding a Generalized Linear Model. During the reduction process one needs to keep track of how
the re-weighting coefficients accumulate. After L — k reduction steps, which means k layers are
still left, the network model will then be described by equation (1), where p and € are replaced by
1y, and -y, respectively, defined as follows:

L L L
m=p [[ pi,  wm=et+r” > & [[ o2, (16)
i=k+1 j=k+1  i=j+1
where by convention HZL: r+1(+) =1,m = pand v7, = €. The coefficients in (16) match the ones
in Cui et al. (2023). The target model is the GLM where £ = 0, namely when all the L hidden
layers have been eliminated and only the readout layer remains. From our previous results, we have
the following Corollary, proved in Appendix F:

Corollary 3 (Mutual information equivalence) Under the same assumptions as Theorem I, the
following holds true:

1 1 n n 1
— 7)) g*(L) ¢*. _ 2 7(0)g*(0) gx*. — /
(0)

where I, (0*(0) , &% Dy) is the mutual information associated with the data set D with responses
#13¢ (0)

©) a2 2n *

The estimate in this corollary holds for finite sizes of layers and training set. Furthermore, it
identifies the scaling regime in which the two models become asymptotically equivalent, namely
when the right-hand side of (17) approaches zero as n, (dg)é’zo — 00. We denote any such scaling

limit by lim. Notice that this result shows that the trivialisation of deep neural networks in the
Bayesian optimal setting happens even beyond the proportional regime n = O(d). Indeed, the r.h.s.
of (17) vanishes also if n = o(d%Q). Notice also that from (0", £*; D) it is possible to obtain the
MI between 6" and D using the chain rule: 1,,(0*; D) = 1,,(0*,£*; D) — 1,(£"; D | 6™). The limit
of the last term in the latter is computed in Lemma 18.

The mutual information between the GLM teacher network weights and the corresponding train-
ing dataset is a quantity that has been studied in the literature (Barbier et al. (2019)), and its rele-
vance lies in the fact that the generalization error can be computed from it. As a consequence, we
can prove the following:

Theorem 4 (Generalization error equivalence) Under the same hypothesis of Theorem I we have
lim [ — @) =0, (18)
where E©) is the GLM generalization error associated with %I,(LO) (0*©) g% Dy).

It is important to note here that the deep neural network and the GLM are trained on two dif-
ferent datasets, each generated by the corresponding teacher network with a matching architecture.
Specifically, £ () is not the generalization error attained by a GLM trained on Dy..

The proof of Theorem 4 follows exactly that of Theorem 3 in Camilli et al. (2023) which is in
turn leveraging on that of Theorem 4 in Barbier et al. (2019).
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3. Outline of the proofs

3.1. Proof of Theorem 1

The proof uses an interpolation argument, similar to those used in the rigorous theory of spin-glass
(Guerra and Toninelli, 2002) and inference (Barbier and Macris, 2019). Since it does not change
the derivation, we select p = 1,e = 0 for clarity. The interpolation is defined at the level of the
inference problem itself. More specifically, define

a*T W*(L)X(Lil) VT (L-1)
Spi=v1—t H +Vip—=E 4 e ) 19
g Nnd S e AL Vi 2 )
al W (L)L) L=
=v1-1t £ +t X + V't (L), 20
St/,l, \/CTLSD( dLil ) pL \/F ELC,u, ( )

for any ¢ € [0, 1] and with independent Gaussian vector v* ~ N(0, 1,4, ) and i.i.d. standard Gaus-
sian noise variables CZ ’Cu , and x( ) — XELO). Let the responses be drawn from Y3, ~ ot (-
Sty). The parameters to infer in this model are 61 = (a*, (W*(®)) and v*. Let us introduce the
convenient notation uy (x) = log Pout(y | x), uy(z) = Ozuy(z), or sometimes just u, u’ for brevity.
For this model we shall have an interpolating training set D; = {(Y,, X;@)Z:ﬁ, an interpolating

Bayes posterior for 6*(L) | Dy, with expectation operator

dr—1
()= de ) T dPs(o: Hdpg (¢S exp (uri, (s0)) () @)
=1 pn=1

and an associated interpolating free entropy
- 1 1 L) =
Fat = ~Elog 2 = ~E log | dP(0")E, Hln (1) €XD <uytu(st#)) : 22)
'LL:
For future convenience we also introduce the expectation over the law of the dataset D;:

E(t)[‘] = EG*(L),V* / H dY;‘/M EXLO)7<;(L) exp (qu (St,u)> [-]. 23)
pn=1

Att = 0 the model is precisely the L-layer neural network, whereas at ¢ = 1 it reduces to the target
L — 1-layer neural network (recall p = 1,e = 0). Therefore, the goal is to control the derivative
of the interpolating mutual information (obtained simply from the interpolating free entropy) w.r.t.
t and to prove it is vanishing. Here we shall focus only on the contribution to the difference on the
Lh.s. of (13) given by the free entropies for L and L — 1 layers. The control of the first term on the
r.h.s. in (11) is deferred to the Appendix, see Lemma 17. The derivative of fn,t decomposes as

d

%fn,t = A1+ Ay + A3+ B (24)
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where, denoting u/ = 8 log Pout (Y | @)|e=s,, (notto be confused with ug,t ., (st)) and similarly

for higher derlvatlves (T

#9
T wHDX (LD wHDX (D
A= 10 z u e ’ 2
Yo \/F g tzl [ ( de1 ) o dr-1 } >
1 *TX(L 1) a*Tw*(L)X(L_l)
" o 2 ) 0 (26)
2: E() log tz “pL[ N (1—t)deLl}
1 €L (L
dStu
*E(t <Z“m (sin) >t‘ -

The statistical model associated with the posterior (21) fulfills a set of symmetries called Nishi-
mori identities, which are proved in Appendix A. These symmetries force B to vanish identically;
see Lemma 13. Notice also that A; and A, share a common term which in one case is added, and
in the other is subtracted. The reason for this operation is the following: in A the two terms in the
square parenthesis can be shown to have matching second moments, therefore they are supposed to
compensate and cancel each other, which ends up being the case. The proof requires an integration
by parts w.r.t. the Gaussian laws of v* and W*(X)_ and is deferred to Appendix E. Proving that A,
and Aj cancel each other requires more care. Let us explain the key ideas below.

Let us define o, := = w=L) X(L 2 /\ /dr—1and Uy, := (5,“,1/’ + uuuy for future convenience.

We start from A Wthh is the most challenging. A natural way to simplify the expression is to
integrate by parts the Gaussian readout weights a*, obtaining

1

1 n
A= Eplog 2 ) U g-[ole)To(ew) = prafeo(en)] (29)

pr=1

Notice that the sum over the data index p has doubled since the same weights are interacting with
all training sample. This will happen every time we integrate the network weights by parts. On the
*(L)

contrary, the variables ¢,
them in A3 yields

are different for every training sample, hence an integration by parts of

€1, "
Ag = o By log 2, Zl Upspe - (30)
'u,:

Thanks to the fact that E[U,, | X, X,, 6*(F)] = 0 (see Lemma 12), we can subtract from log Z;
its expectation without changing the value of the expressions. Therefore,

1 1 — n a 2 alola
pn=1

1 1 _ & 1
- §E(t) (ﬁ log Z; — fn,t) Z Uuua [‘P(au)T‘P(al/) - pLaLSD(aV)] . (3D
p#v,1
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Let us focus on the first line. The strategy is to bound it using Cauchy-Schwartz, separating the
difference between the random free entropy and its expectation from the summation over . This
yields a variance of the random free entropy that is O(y/1/n + 1/d,,) by Theorem 2. The other
factor produced by Cauchy-Schwartz is an expectation of a double sum over pu,v = 1,...,n.
For this, we can use the fact that E[U,, | X, 6*(1)] = 0 which restricts the sum to p = v.
Furthermore, using that E[Uﬁu | Xy, 6*(")] is bounded by a constant (see Lemma 12), we are
left with n expectations of the square parenthesis squared. Here the choice of py, and €7, becomes
crucial, and it allows us to prove that the expectation of such square is O(1/d,,) in Lemma 16.

The second line requires a more refined treatment. The summation over ;1 # v involves O(n?)
centered random variables, which seems to go against our statement. What saves the day is that for
1 # v the two terms in the square parenthesis are both tending to zero in the thermodynamic limit
and in addition their leading orders are canceling each other, leaving us with a faster decay rate.

In order to access these leading orders, we use a further circular interpolation, that paves the
way for a crucial integration by parts. More precisely, let 7 € [0, 7/2] be a second interpolating
parameter, and let W* be an independent copy of W) Define then

(L-1)
£ COST. (32)
L—-1

=R

The great advantage of this interpolation is that ¢, (7) := 0ra,(7) is independent of c,,(7) in the

X7

a,(T) = aysinT +

measure Ey . L) W because they are Gaussian (conditionally on X,SL_I)) and decorrelated. Using
the fundamental theorem of integral calculus we can rewrite the second line of (31) as

. /2 1 _ n 1 .
AP = /0 drE (- log 2 — fur) Y U 7-66u(7) © [ (0u(7)) = pu1] (o), (33)
n<v,l

where 1 € RY. is the all-ones vector, and o is the Hadamard entry-wise product. Notice that there is
a term related to the 7 = 0 point of the 7-interpolation, that contains only go(VNV*XELL_I) //dr-1).

This factor is independent of everything else under ., and since ¢ is odd it vanishes.

Now we finally have a Gaussian variable ¢, (7) (again, conditionally on XLL_l), i.e., w.r.t. the

measure of the weights) to integrate by parts which, importantly, lies outside of the non-linearity.
Another key point is that ¢, (7) is independent of a,(7), but not of the other ,’s. Hence, the

following correlations appear: E . w+x) [Gip(T)0vin] = 5inLL71) ‘X%Lfl) cos 7/dp,—1. Defining
Uy = Uy, Oy =+ w0, + wy,up,u; an integration by parts w.r.t. &, (1) then yields
w/2 1 3 n n X(Lfl) . X(Lfl)
AfT / dr cosTEg, (g log Z; — fn,t) > Y V= (34)
0 u<v,ln=1 L-1
dr w4 ’
a; o' (auy) @' (in(7)) — prL
X V11—t L 1%
izl /dL dL (10( ’Ll/)
/2 L F Y= XU XEY R ) —er

+ /0 dr cosTE) <ﬁ log 2, — fn,t> Mgl U P ; 4, O () .
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As we can see, now the scalar products between post-activations for different input data appear.
This is crucial, as the post-activations preserve the “quasi-orthogonality” of the inputs, meaning
E(X,(f) - X,(,E)/dg)Qk = O(min{(ds)‘_o} %) whenever ;1 # v, as proved in Lemma 10.

Bearing in mind this fact, for both terms in (34) the proof proceeds with Cauchy-Schwartz
inequality, separating the difference of free entropies from the summations over the training set
indices p, v and 1. For both mentioned terms, the other factor produced by Cauchy-Schwartz in-
equality is a square of multiple summations of training set indices. In any case, said summations are
simplified thanks to Lemma 12. Specifically, using E[U,..,, | X, X,, X, 0*H)) =0 = EU,. |
X, Xy, 0D and E[U2,, | X, X,, X, 0" D] E[U2, | X, X,,0%")] < C for some positive
constant C. This reduces the number of indices we are summing over. With only these few in-
gredients, the first term in (34) is shown to be of the claimed order. Concerning the second term,
one in addition needs to exploit that (Y, ¢’ (v, (7))/dr, — pr)? is concentrating to 0 thanks to the
definition of pr,. This concentration result requires a certain care and is dealt with in Lemma 9.

3.2. Proof of Theorem 2

In this section we discuss briefly the proof of Theorem 2. Even though it is formulated for the
model (1)-(4), we consider the interpolated model (19)-(21) as the concentration of its free entropy
is required in the proof of Theorem 1; it anyway recovers the initial model as ¢ = 0. To prove
the concentration of the free entropy f,, ; we adopt standard techniques such as Poincaré-Nash and
Efron-Stein inequalities. For details, we refer to Appendix G. We remind that f, ; is a function of

the random parameters (W*())L_| (X,(L0 , C#  Zus Ay)l—q, a*, v*, and defined as

Hp=1>

1 1 a
frt = - log Z; = nlog/dP(H(L))Ev HECLL)P()M(Y}M\SW), 35)
I

where Yy, = f(Si; Ay) + VAZ,. We will prove the concentration with respect to all random
) =15 second is 12 = (A,),
and lastly 3 = (W*)L_ 'a* v*). For this, we use the variance decomposition

parameters in several steps. The first batch is ¢ = (X u ,C,L (£) )

V(fn,t) = Eviﬁl (fn,t) + EVl/)Q (Ewl fn,t) + Vibs (Elﬁl P2 fn,t) . (36)

Since all elements of set ¢); are independent Gaussian variables, we bound the first term by the
Poincaré-Nash inequality (see Appendix G) as

v (s ) < e (B2 (23 (2R

©)
ox0

In what follows PZ ,(y | ) denotes the derivative of the kernel w.r.t. x. A similar definition holds
for y, and second derivatives. Also, for brevity we write P, = Py (Y2,]5¢,,). The derivatives with

respect to ¢ ;(L) are easily bounded due to the boundedness of f’ and Lemma 11:

‘8log Z

pY
3C;(L) < ’<—“>tf’(StM;AM)\/zE < VEC(.}“)(‘ZN‘2+1).

B
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An analogous formula also holds for the derivatives w.r.t. Z,,. Since E|Z,,|¥
ately obtain that the first two terms of (37) are of order n~!.

In the last term, the elements X i(;(t)) seem harder to access since they are hidden under the L
layers of non-linearity. In order to handle the corresponding derivative let us introduce, for any

1 <ty < /¥y < Lthedy, X dy,—1 matrix

= 0(1), we immedi-

@;(52_1)W*(€2)Qz(ZQ_Q)W*(EQ—l) o q,;i(&—l)w*(fl)

Vg1 ... dp, 1 ’

where &) := diag(¢/(W*DX Y /\/dy)) is a dp1 x dyy1 diagonal matrix. Then the derivative
wrt. X i(u) becomes compact:

Bt (38)

810g Z Pfj , (a*TBZ[lzL})i (V*TBZ[I:L—I])i
= (NS, AN (VT2 2 i, YV Pe i
aXi(S) <PM >f (St “)< NCT +Vipr o

pe (aTB[I:L]) ( TB[IL 1])z
I E T (g =) o

If all dy diverge with the same speed, the operator norm de_j{ 2E||W(*€) || = O(1) is bounded, which

leads to IEHB slbita] H O(1) (recall ¢ is Lipschitz). This, together with the Nishimori identities of
Appendix A, allows to bound the last term of (37) with C(f, ¢)n !

The second term of (36) is bounded with the standard technique of taking a pn dimensional
random vector A’, all elements of which are equal to those of A := {A,}, but one, whichis ani.i.d.
copy. Then we can evaluate the variance with respect to A by bounding E, f,, +(A) —Ey, fr.:(A’)
by means of Efron-Stein’s inequality recalled in Appendix G.

The third term of (36) is the most challenging one. Denote g := E, 4, fn,+. Thanks again to
the Poincaré-Nash inequality we have

L
E(g—E%g)QS;%E((WiZM) +Z (5 %)2+;E(§%>2. (40)

The derivatives w.r.t. a; and v; are treated in the similar way as the derivatives w.r.t. W;ge), so we

leave them to Appendix G. To give an idea of the proof, choose ¢ € {1, ..., L} and write

\/m(a*TBZ[é-i—l:L]{)Z(Z—l))iX(Z—l)

ju

g Py>f(StM,A)<

=By y [<
8W:7-( ) PP, Vdrde—
w1 L—1] £ #(0—1 -1
| Vi BT el |
Vdr-1de-1
We suppressed the p summation with the normalization n™", since (¢1,12) contains all the pa-
rameters that depend on p. Therefore the above expression is true for fixed arbitrary p. The two

resulting terms are of similar form, so we focus only on the first one. A naive estimate yields only
an O(1), which is not enough. To reach the right order, we need another integration by parts. To do

(41)

1
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so we employ a similar trick as the one described in the previous section, i.e., a circular interpolation

(0)

which replaces X’ by an independent copy XELO) of it:

X (0) (1) := XLO) sinT + XELO) cosT, T€[0,m/2].

n

Sative X (©) g (0) x(0) x(0)
Its derivative X,,”(7) w.r.t. 7 is independent of X’ (7) and E[ V ]“ (1)] = dubijcosT.
Respectively, in a recursive way we define X,(f) (1) = (WX 7)/+/d¢—1) and X

p(W*OX [~ /\/dg_1) for 1 < £ < L. With this we can replace X§'u i (41) by

(p(w;(gUXSZQ)) ) /ﬂ/Q ] d @(W;(Zl)ng) (7’))
B — T '
drs 0 dr dg—o

The first term yields a vanishing contribution, since it is independent of everything else in (41)
and its expectation is 0. The second one will give Zdo B*[1 =] (T)X,Eﬂ) (7), which allows us to

integrate by parts w.r.t. X,(,#)( ). However, since in (41) not only (PY ,/P,.) and Sy, but also
each @Z(k) (for k = ¢ —1,...,L — 1) inside BZ[ZH:L_”, depend on X,()g) (1), the calculations
become quite cumbersome. After integration by parts and some manipulations we end up with a
finite number of terms, the majority of which can be bounded easily using the Nishimori identity,
Lemma 12, and a bound on the expected spectral norm E||B*[1:¢2]|| (see Appendix G). However,
some of the terms will have a more special structure, in particular

E Z ‘ *(Z ’ dg(fl)IEl/OTr/2 Tr(ETdiag(e)G(T)G(T)Tdiag(e)E> dr+....

Here, matrices E and G(7) are products of several matrices of the type W*) /. /d;._1, CIJZ(k) (1)

and <I>Z(k) , while diag(e) is a diagonal matrix with vector e = a*TBZ[k1 *2] on the diagonal (for some
k1, k2). As already noted, the operator norms of the mentioned matrices are all order O(1), which
makes the operator norms of E and G(7) also bounded. This allows to evaluate such term using
the fact that for a symmetric semidefinite positive matrix A and any matrix B we have |Tr(AB)| <
|B||TrA:

@]E /OTF/Q - (ETdiag(e) G(T)G(T)Tdiag(e)E> dr

de—1
/2
= Z;J?E/O |E|?||G(7)||*Tr diag(e)?dr
c(f) Clfy)

/2
—IE/ E|?|G el|“dr <
LOE [ IEIPIGE) P leftr < =

Hence, as long as all d, are proportional we have V(f,,;) < C(f,¢)(£ + ﬁ)

4. Conclusion and perspectives

We have analysed deep neural networks in the Bayes-optimal teacher-student setting. Our main
result proves that in the proportional scaling regime where the input dimension dy, width (d;) and

12
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number of training samples n all grow large at fixed ratios, from the information-theoretic view-
point, hidden layers can be iteratively replaced by properly defined effective linear layers. Repeat-
ing this process until the exhaustion of all inner layers, the outcome is a fundamental equivalence
between deep neural networks and generalised /inear models in this setting. As a consequence, the
known rigorous results on generalised linear models directly give explicit formulas for the main
information-theoretic quantities of interest: mutual information and optimal generalisation error.

The main conceptual take-home message is that in order to escape this equivalence with linear
models, deep neural networks must be analysed beyond the proportional regime. This means that
the number of samples n must grow much faster than dy, (dy). Counting the number of trainable
parameters suggests that the non-trivial scaling corresponds to n = ©(max{d,}?) = ©(d3) when
all widths are proportional and the number of layers is fixed. This regime is of a fundamentally
different nature and comes with numerous technical challenges. Indeed, it has been resisting ap-
proaches based on statistical physics up to very recently, see Maillard et al. (2024); Xu et al. (2025)
for the analysis in the special case of quadratic inner activation function with Gaussian weights, and
Barbier et al. (2025) for a generic framework able to tackle any activation function and distribu-
tion of weights (which is closely related to Barbier et al. (2024)). This beyond-proportional scaling
regime is, from the authors’ perspective, an important one to focus on in order to make progress in
bridging the gap between theory and practice of modern neural networks.
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Appendix A. Nishimori identity

The Nishimori identities are a very general set of symmetries arising in inference in the Bayes-
optimal setting as a consequence of Bayes’ rule. They were initially discovered in the context of
the gauge theory of spin glasses Nishimori (2001), which possess a sub-region of their phase space,
called Nishimori line, where the most relevant thermodynamic quantities can be exactly computed,
and we can generally count on replica symmetry, namely the concentration of order parameters
Barbier and Panchenko (2022).

To introduce them, consider a generic inference problem where a Bayes-optimal statistician
observes Y that is a random function of some ground truth signal X*: Y ~ Py x(X*). Then the
following holds:

Proposition 5 (Nishimori identity) For any bounded function f of the signal X*, the data Y and
of conditionally i.i.d. samples from the posterior xJ ~ Pxiy (- 1Y), j=1,2,...,n, we have that

E(f(Y,X* x2 ...,x")) = E(f(Y,x},x%,...,x")) (42)

where the bracket notation { - ) is used for the joint expectation over the posterior samples (x7) j<ns
E is over the signal X* and data Y .

Proof The proof based on Bayes’ rule is elementary, see, e.g., Lelarge and Miolane (2017). |
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Appendix B. Lipschitz functions of sub-Gaussian random variables

In this section we collect Lemmas for the proof of Theorem 1. The first one hereby illustrates how to
use the notion of orthogonality, i.e. independence, between Gaussians to expand nonlinear functions
of them. This will be needed to handle the activation functions.

Lemma 6 (Orthogonal approximation) Let ) € C?(R) be an odd function with bounded first
and second derivatives, and g1,g2 € C'(R) where g1 is a Lipschitz function, and g, g5 have at
most polynomial growth. Let z1 and zo be two centered Gaussian random variables with covariance
Ezizj = Cyj, fori,j = 1,2. Let Ao = C12/Ca9. Then, for some constants Ly, Ly > 0

Bt (21)g2(22) — C1oEd (21)Egh(22)| < L1AT, (43)
[Eg1(21)g2(22) — Egi1(21)Eg2(22)| < L2Ara. (44)
Proof Define 219 = z1 — 22012/022 = 21 — Aq929, which rewrites as z;1 = 219 + Aq229. This

is nothing but Grahm-Schmidt orthogonalization procedure, used to make 27 | o independent on zs.
Using a Taylor expansion with integral remainder we have

1
Etp(21)g2(22) — A12Ey’ (21 12)Ez0g2(22) = A%z/ (1 — 8)Ey" (2110 + sA1929) 25 ga(22)ds
0

where we have used oddity of v to eliminate the zero-th order of the expansion. Now, using the fact
that v has second derivative uniformly bounded by a constant K, we get

By (2112 + sAlgzg)z%gg(ZQ)] < KIEz§|g2(zg)| <K 45)

thanks to the at most polynomial growth of go, for a proper constant . Then we reuse the same
argument for Ev)’(z119):

1
By (2112) — Ey'(21)] < A12/ E[Y" (21 — s22A12)22]ds < KAz, (46)
0
where we use that the boundedness of the derivatives of ), for a proper constant K. Together with
the integration by parts Ezag2(22) = C22Egh(22), this leads directly to (43).
For (44) instead, we have

1
IEg1(21)92(22) — Eg1(2112)Ega(22)] < Au/ E|g (2112 + sA1222)2292(22)| ds . 47)
0

In order to bound the remainder it suffices to use the fact that g; is Lipschitz, and the at most
polynomial growth of g2, g5. Then, to replace z; | 2 by z; in g; one uses the same strategy backward,
producing the same order of remainder. |

Following this, we need to make sure that the “quasi-orthogonality” condition of the inputs,
namely the exponential concentration property

(B s
do "

> e) < Cexp ( — 062) (48)

for any € > 0 and some C, ¢ > 0, propagates to all the post activations in some form. This is the
aim of the next Lemmas, which are stated for a general setting.
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Lemma 7 (Concentration propagation) Consider two deterministic vectors X,Y € R with Eu-
clidean norms ox and oy respectively, and W € RP*? q random matrix with i.i.d. centred sub-
Gaussian entries. Consider two Lipschitz functions ¢, € C(R), applied element-wise to vectors.
Then, for all e > 0

pe?

QLUXay(E + L(Txo'y)

p(|SVRIUWY) g g(WRy(WY)

’26) SQexp[—
p p

| @9
for some L > O depending on ¢, .

Proof Define for brevity o = W - X, 5 = W7 - Y. We start by considering one side of the bound,
as the other one follows from the same arguments. Using exponential Markov’s inequality we get

p(SVXIUWY) g oWRIWWY) ) mscrmstonion [ 52 (s
p p
for any s > 0. Let us introduce the generating function
5 2()¥(B) 5 2()¥(B)
gp(s) :=plogEe” » < p(Ee P — 1)
= sEo(a +pZ T E p(B)" . (51)

Now we can use the fact that ¢, ¢ are Lipschitz functions applied to sub-Gaussian random variables.
Hence ¢(«a), 1 () are sub-Gaussian random variables. As a consequence, there exists a L such that

o0
LO’Xo'y k' (sLoxoy)? 1
gp(s) — sEd(a)y(B) < Z B Fa ol (52)
P

which restricts us to choose s < p/(Loxoy ). Therefore, our bound on the probability becomes

(sLo'Xay)2 1
T T —se+ > “Tovo
(LWRIUOWY) _ joWRINWY) | )
p p
The result then follows from the choice s = pe/(Loxoy (e + Loxoy)). [ |

Lemma 8 (Moments bounds) Let k be a positive integer, and W, ¢, 1, X, Y as in Lemma 7.
Then

HWX)TYHWY)
p p

H(WX)TH)(WY) ‘k _ Cr(oxoy)F 54)

E| ,
ph/2

for a positive constant Cy, > 0 depending on ¢, ). Furthermore, if 1 € C%(R) is an odd function

with bounded first and second derivatives, then

g ¢WXIUWY) i Ciloxon)* )

’XTY‘ 2k
p T pk )

Ly XTY R+ L;(i‘w”2

for some positive constants C}, Ly, L), > 0 depending on ¢, .

22



REDUCTION OF DEEP NEURAL NETWORKS IN THE OVERPARAMETRIZED REGIME

Proof The first inequality follows from the tail integration. Define the shortcut notation ¢x =
»(WX), and similarly for ¢)x. Then

E ¢§<p¢¥ E¢;§p¢Y‘k _ k/oo dttk_lp(‘éf);(;ﬁ\( ch);(;DY‘ > t)
0

0 pt2
< 2k:/ dt th—1le 2Loxoy tFloxoy) (56)
0

We split the integral into two contributions and we bound them separately. The first one is

pt?

Loxoy . pt2 Loxoy — pt”
/ dt tk_le 2oxoy (tHloxoy) < / dt tk—le 1(Loxoy)? (57)
0 0

It suffices then to extend the integral to oo (the integrand is positive), and to perform the change of
variables ¢ — tLox oy //p to show that

Loxoy 2 - k
/ dt tk_1€_ 2LUXUYZ()1+L0XUY) S Ck‘% . (58)
0 p /

The second piece of the integral is instead

S -~ pt? b ___nt ., (oxoy)F
/ dttkile 2oyoy (+loxoy) < / dttkile ALoxoy < Ck( X kY) .
L L p

OX0Yy

(39

OX0Yy

One then just sets C, = 2k:(C~'k + C’k) and (54) is proved.
Equation (55) can be derived from (54) and Lemma 6 as follows. Firstly, by triangular and
Jensen’s inequality respectively we get:

PR < n(| R p i s )
p o p p p

T T k T k
< 2]{71E‘ ¢X¢Y B EfbxwY ’ | gk-1 ’E¢X¢Y ‘ . (60)
p p p

Secondly, the first term on the r.h.s. of the above can be bounded using (54). Thirdly, Lemma 6 on
E¢% vy /p readily yields the statement. [ |

Appendix C. Bounds for post-activations moments

Note that Lemmas 7 and 8 hold for any couple of vectors X, Y. In particular, (55) becomes pointless
when X =Y, because the bound does not vanish. On the contrary, in that case equation (54) gives
us the concentration of the norms of the post activations (W X) when choosing ¢ = ¢ = ¢. When
X and 'Y are instead quasi-orthogonal, (55) is the reflection in terms of moments of the propagation
of such quasi-orthogonality property to the post-activations p(WX), o(WY).

As a consequence of these Lemmas one has the desired moment control for all post-activations:
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Lemma 9 (Post-activations moments) Define the sequence of coefficients:

oo=1,00=Ep*(Z\/oi1), pe=E¢(Z\/707) (61)

where ¢ € [L] and Z ~ N(0,1). Let k be a positive integer and g(z) = ¢*(x), ¢’ (x) or zp(z).
Then

de w0 X(e_1)

1 i Ckp
E’d’f;g<cle_1> Eg(ZJoﬁ) _dﬁ)/l%]’ (62)

for a positive constant Cy, , > 0, where djo.q) = min{(ds)’_o}-

Proof The key proof is the one for g = ch. In that case the statement reads:

C

ke ) (63)

= k/2
d[O:@]

g X H2 ”ﬂ

We proceed by induction. For ¢ = 0 the statement is surely true. Now assume it holds for ¢ — 1.
The Lh.s. of (63) can be bounded via triangular and Jensen inequalities as

2 (e=1))12 k
< ok-1R HX H IEZg02<Z Xl )‘
dy de—1

tglg 21X VN2 ) b
+2 E’Ezgo (Z T)—Ezgo zval . ©4

The first of the two terms can be bounded simply using (54) for X =Y, ¢ = ¢ = . Let us focus
on the second. Define

X512 !
R:= IEZg(Z ﬁ) —Ez9(Z\Jor7) = EZ/O dsg'(Z(s))Z'(s) (65)
where
X (€-1)||2
Z(S) = Z(S Hd’—F(l—S)wO’g_l).
(—1

Since ¢, ¢’ are both Lipschitz there exists a constant K., such that |¢’(z)| < K,|z|. Hence

’ 2 [ X1 B
|R| < K, —Vor1|Ez|Z| ds (s 7 +(1—s)/or—1
0 f—1
—1) 2
1 |IX
=35 4” i 1‘ ~ e .

and therefore E|R|* < C” d[o K/ 1 for a positive constant C’:O & by the inductive hypothesis.

Given that the statement is true for g = 2, proving it for g = ¢’ follows exactly the same steps,
using (54) with ¢ = ¢’ and ¢ = 1. Analogously for g(x) = zp(z), (54) can be used with ¢ = ¢
and v = Id (recall that the first and second derivative of ¢ are bounded). |
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Finally, the quasi orthogonality of the inputs, i.e.

Xl(to) 'XI(JO) ’k < Ck

E) (67)
= k2
do dg
is shown to propagate to subsequent layers:
Lemma 10 (Quasi-orthogonality propagation) For all ¢ = 0,..., L, and a positive integer k
there exists positive a constant Cy, such that
X0 X0k o
IE‘ d < (68)
¢ d[O:E]
for all i # v, where d. = min{(ds)’_}.
Proof The proof proceeds by induction. The statement is certainly true for £ = 0.
Assume now it holds for £ — 1, and let us rewrite the 1.h.s. of the inequality as
1 W*( )X(Z 1) W*(E)X(E_l) k
BB Lo (e ) (WO Ty ®
WO | P 0 ® = (69)

Using the fact that ¢ is Lipschitz, and Cauchy-Schwartz inequality, it is clear that the above object
is bounded by a constant. Furthermore, from Lemma 9 and Markov’s inequality we know that

1) (£=1) 12
XY ‘ xS % Copy
—o0p_1| >0) < ——E|&—E—— — 0o/ < — (70)
(‘ dg 1 ) (52k dg 1 =1 dﬁ)é 1]521:

for any 6 > 0. If we call the event measured above B, 5, then there exist a positive constant Cj,
such that

1 *(Z)X;(ffl) VV*(K)X(efl) k C!
. W : e A | 1(B,s) < —k—.
IE’IEVV 0 dZQO( d£—1 ) (‘0( dg_l )’ (B#,(S) (B 75) = E“O/.il}ék (71)

Hence, up to an error we can afford, we can always use the fact that dy_1(oy_1 —0) < ||X (=1 H2
dy_1(op—1 + §). With this observation, using (55) we can bound (69) with

/ X(Z 1) X(Z 1)

c; . XD X1 o
o0 1 +6)% + LR ‘ +L’E(“—> (72)

d’“/Q( e-1+9) dp—q M\ dy_1 (001 — 9)
To conclude the proof it suffices to choose § = o,_1/2, and to use the inductive hypothesis. |
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Appendix D. Properties of the output kernel

Recall the definition (5) of the output kernel F,,;. Based on this we are able to prove certain
properties about uy;,, (St,) and its derivatives that are inherited from those of the readout function
f. For this section Pfut(y | =) denotes the derivative of the kernel w.r.t. . A similar definition
holds for y, and second derivatives.

We start with a computation of the derivatives of P,,;:

Lemma 11 Lety = Yy, = f(Siu; Ay) + VAZ,. Let f(-; A) be a C*(R) with bounded first and

second derivatives. Then there exists constant C( f) such that

T x PY (y|x T
e[ it o | [P Py <0+
(73)
Proof For the proof we refer to (Camilli et al., 2023, Lemma 17). |
Lemma 12 (Properties of P,,;) Recall the definition u,(x) := log Py (y | x). We denote u; =
uy () := Opuy (x). Furthermore, let

Upr = Sty (Stu) + s, (Sen)uys, (S (74)
Uiy = “%L(Stu)‘sw‘svn + “glfm(stu)ulew(stu)éun (75)

+ u/Ym (Stu)uy,, (St)dun + uéfm (Stu)uy,, (Stu)ug/t,, (Stn) -

If f(+; A) is a C*(R) with Pa-almost surely bounded first and second derivatives then
E[ugzm(St“) ’ Stll«] = E[Uuy ’ St,u.,Stz/] = 0, E[UHVW | Sw,St,,, St??] = Ofor,u 7é v,
E[(u/}/tu<stu)>2 | Stu] ) E[Uzr/ ‘ St,uvstl/] < C(f): E[Uiun ‘ St,ua Sthtn] < C/(f)foru 7& v

for some positive constants C(f), C'(f).

Proof By definition one has E[u’yt (Stu) | Stul = [dyP%,(y | Stu) = 0. For Uy, instead, we
first need to realize that Uy, = Pgﬁ(ﬁu | Sti)/ Pout(Yey | Stu) which implies E[U,,, | Si.] =
[ dyPZ%(y | Siu) = 0. Concerning the off-diagonal instead, conditionally on Sy, Sy, the remain—
ing disorder in the Y’s is independent, so for p # v we have E[U,,,, | Sy, Sw] = [ dyPZ,.(y |
Siu) [ dy'PE,(y' | Sp) = 0. Similar arguments hold for U,,,, when p # v.

For the boundedness of the derivatives it is sufficient to notice that
Pout Yo Stp) | 2
( Ytu( t,u)) Pout(Y;f,u‘St/,L) = (f)(| ;U«| )
the last inequality being true due to Lemma 11 and the fact that Y3, = f(Si.; A,) + VAZ - Now
it is immediate that after taking the expectation conditioned on Sy, we obtain a bound C'(f).
In order to deal with U, 31/ we rewrite

U2 — (5 (ngt(YtMSm) B (Pfut(YmIStu)f) N P2 (Yiu|Si) P ut(yw|5ty))
- 14
M\ Powt (Y| St Pout(Yiu|Sen) Pout(Yiu|Stp) Pout(Yiu|Su)
With the help of Lemma 11 one can see immediately that Ugy < C(f)P(Ztp, Z1,), where P is

some polynomial with even degrees. Once again, after taking expectation we get a bound by a
positive constant C/(f). Similar arguments hold for E[U2,,,, | Sty, St St). [
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Appendix E. Details for the proof of Theorem 1

For the sake of clarity the proof has been divided in lemmas.
Lemma 13 B in (28) is identically 0.

Proof This is just a consequence of the Nishimori identities in Appendix A. In fact,

1 " ds; 1 " dS;
Bi= B (Y uhy, (o) ), =~ Yty (Su) 5

n = n =
ds,
*ZE[ [y, (St) | Seul d;“ =0, (7

where we have used Lemma 12. [ ]

Then we turn to the term A in (26).

Lemma 14 A, = O(<1 + 37 >\/(117L>

Proof In the square parenthesis in (26) we integrate by parts v* and W*(X) | obtaining

1 1 - " a*o ¢ (ay,) X(L 2 X(VL_U
Ay = By (= log Z; — f V[—*T “]
2= (t)(n 08 Z¢ — fut) H;I Uwpr |pr —a d; . (78)
where we used the notation o, = W*(L)XLL_I)/\ /dr—1.
Using Cauchy-Schwartz inequality we can bound |As| as in
2 n n (L-1) (L—1) x(L-1) (L-1)
2 PL 1 Xy Xy X X\
A3 <V [Sloe 2 By 3 D UnlUn = —— —
wry=1nA=1
_ o*T a*o Sol(a,u) _a*T a*o gpl(an)
X (pL a 7(1]: >(pL a 76& ) . (79)

Recall that ¢ is Lipschitz, so p;, can be bounded by a constant. In addition, by Theorem 2, the
variance of the random free entropy contributes with O(1/n + 1/d,,) where d,, = min{(dy)%_,}.
In the summation over the indices u, v, n, A not all terms survive thanks to Lemma 12. The possi-
bilities are 4 = v and n = A, or p < v and 7 < A with = n and v = A. Another possibility is
w = v =mn = A, which is easily seen to be suppressed for combinatorial reasons. Also, recall that
E) [Uﬁ,, | Stu, Stv] < C(f) as proved in Lemma 12.

Therefore, there exists a constant C' such that

A2<C( +di)E(t) Zn: (

m =1

X&Lq) XD
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Notice that the only dependency on W*(£) is in a,,. Therefore, considering a brand new set of

variables Z; ~ N (0,1) we can recast the above as

A2 <C<n + di) f; E (XI(AL_ZL._)?(VL_DYEZa* (PL - i ((Z;TSOI(ZM/ W)f

81

With an exponentially small cost O(e~@2~29), for a given § and some constant ¢ > 0 thanks to
Lemma 7, one can assume that ||X£f)||2/dg > ]EHXg)HZ/dg —d,for{ =0,...,L — 1. Then, using
Lemma 10

. 4
(MR R
L—1 [0:df,—1]

for an appropriate constant & > 0. Furthermore, it is easy to check that replacing the (a )2’5 by 1
costs an overall O(d; ). Also,

£ - o 300 () <

dr-1 [0:dp—1]

by Lemma 9. Then, using Cauchy-Schwartz inequality one readily gets:

21
a=o((1+-) ). 84
2 =0((1+ a.) @ (84)
|
Lemma 15 Recall the definition of A9 in (33). A9 = O((1 + n/dp)vn/dm).
Proof Let us take (34) as a starting point. Define the two contributions:
(L 1) (L=1)
o - X
Al (r) = By ( log 2, — fu ) z Z Uy T
p<v,ln=1 L-1
aj ¢’ O‘m ¢ (iu(7)) — pL ‘
X Z N o(ai,) (85)
and
1 ) n x (L1 x(L=1) dr
of f _ © v 90 azu — PL '
A12 (T) - IE:(t) (5 log Z; — fn,t) Z U,uzz dr . Z (2 (Oéw) .
nu<v,l
(86)

Then Aoff f /2 COST(AOff( )+ A‘l)gf(r))dr
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Let us start from Aof ! (7). Using Cauchy-Schwartz’s inequality, and E[U ..., | S, Stw, Stn] =

0 together with E[U? ion | Sty Stws Sty] < C'(f), one can bound (Aoff( ))? as
(L 1) (L-1)
0 - Xy 2
(AT () < C" (¥ [ os 2] 3 3R, ( )
pn<v,1 n=1 -1
2
052
- Z )P DR ) @)

where we have computed the expectation over the a*’s. Since ¢ is Lipschitz, we can easily continue
the bound as in:

(A1 (r))? < O™ (V[ og 2] 3 Y B ( X( )”Xd% SNEE

p<v,ln=1 L-1

By splitting the last expectation again by Cauchy-Schwartz and Lemmas 9 and 10 we have

of f 2 n\2n
@2 =o((1+5-) &) (89)
where we have taken into account possible matchings 7 = p or n = v. The above bound is uniform
inT.

Analogous arguments apply to Agf (1)):

(L-1) (L-1)
X - Xy 2
- ) (1(BL) + 1(B5))

(AP (m)? = C(HVy [% IOth} i E(t)(

n<v,l dr—1
(35 (lanlr)) = )¢ aw) (¢ lasnn) = e (en) (g,
dr, dr,
i,7=1
In the above we have introduced the event
B = {IX{"V° 2 dp—1o1-1/2} ©n

that, thanks to (70) with k = 2 and 0 = 0,1 /2, occurs with probability at least 1—O((do. L_l])*z).
Since the double sum is bounded by a constant thanks to the Lipschitzness of ¢, it is easy to see that
the overall contribution deriving from 1(B¢) is O((1/n + 1/dy)n?/d2,).

We thus shift our focus on the contribution deriving from 1(By,). The diagonal terms, ¢ = j, in
the double sum above are easily bounded by O(dil) because ¢ is Lipschitz. Let us analyse instead
the off-diagonal terms for 7 # j. The expectation w.r.t. Eyy.(r) ) W only can be pushed till the
mentioned double sum, and for ¢ # j it yields an overall contribution:

dL(CiiL%_l) (-0 v+ [(#' (01(7)) = o)/ (an)]) " 92)

The above is an expectation of a bounded random variable w.r.t. two Gaussians with correlation
XD | x (=1

o) vy-01a(T) @1, = sin 7 —-— : (93)
’ L-1
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Therefore, by Lemma 6
Ewew v (@' (@1u(7)) = pr)¢ ()] = By v (¢ (@10(7)) = pL)| Ewecy @' (010

X (£ x (B
(|m9”w

) . (94)

Since ¢ is Lipschitz, and following from the proof of Lemma 9, restricted to the event B, we have

(L=1)2 (L-1) (L—1)

X X - Xy
vy (s (7)) — pu)ef o)) = o (B0 ) 20— )
L—1

dr—1
95)

By plugging this back into the inequality for (Agf (7))2, and using Lemmas 10 and 9, the event By,
contributes for O((1 + n/dy,)n/d2).

The statement follows from selecting the worst of the convergence rates, that is the one of
A (7).

Lemma 16 A3—A1:<<1+\/>>\/im>

Proof We take up the computation from (31). We have already proved that its second line is
controlled with O((1+n/d,,)v/n/dy,). To bound the first line of (31), that we denote by D hereby,
it is sufficient to use Cauchy-Schwartz’s inequality first, and Lemma 12:

1 X712, ale(on)y?
2 o 1 2.5 arpla)
D? < OV |- log Z,|E|e; R } (96)

for a positive constant C' > 0. Thanks to Lemma 9 we can replace ||X5L) 1?/dy, and o] (1) /dy,

with their expectations up to an O(d,,,}):

D% < CnVy, [ log 2] [0(d,") + (e1, = o1 + phon1)?] = O(dfn (1+ %)) 97)

where we used the definition of €;,. Combining the rate for D and the one for A‘l’f 7 we thus get the
statement. |

So far, we have proved that the free entropies of the original model and the reduced are as closed
as desired. It is finally time to deal with the first term of (11).

Lemma 17 Define
Wy 1= Elog Pout (V¥ | m2—=1 + e ™) 08
k og t\ 11 | 7k \/@ \/’kal (98)
where a*®) € R k= L or L — 1, and ny,, i, are deﬁned in (16). Recall that

)N out(’|77k \/» +\/>§1 k)>

vk

Then
W, — W] =0(d;?). (99)
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Proof Notice that a*(*) is independent on £*(¥). Therefore, letting Z ~ N(0, 1), we have
X172 X172
Uy =E [ dyPout (y | Z7\| A ’Yk) log Pout <y | Z7\| 4 'Yk) - (100

Recall p = 1m, e = 0 out of convenience, without loss of generality. Then n;, = 1,77, = 0. Itis
then convenient to introduce

(L) 12 (L—1)/9
X X
5(0) — ¢/ 1K) +<1_t)\/,o% X, on
dr, dr—1
and
Y(t) = E / Ay Pout(y | ZS(8)) 1og Pout (y | Z5(1)). (102)

It is then straightforward to see that W(0) = ¥;_; and ¥(1) = V. Using Lemma 12 the one can
readily show that

[¥(t)| < C(f)E|Z|E|S(t)] (103)

for some C(f) > 0. Using Lemma 9, and the fact that pro;_1 + €, = o, one readily gets the
result.
|

For completeness we also prove the following Lemma, which relates the various mutual infor-
mations
Lemma 18 Recall the definition

rxc (D)

* * * * * a*TX
1n(€5D|67) = H(D | 6%) ~ H(D| €,6) = ~ElogEePou (Vi | p= 21— + Vet
w1y (L)
a*TXy .
+ EE¢- log Pout (Yl ‘ PW + Vel > (104)

where £, ~ N (0,1) and Y1 is distributed as in (1). Then
In(£*7D ’ 9*) = _/dyEZ,é*Pout(y ‘ Z V pQUL + ﬁg*) logEﬁpothJ ’ Z V PQUL + ﬁg)

+ /dy]EzPom(y | Z/p2or + €)log Pout(y | Z+/pPor + €) + O(d;;}/?), (105)
where Z ~ N (0,1).

Proof For both terms the proof proceeds in the same way, by observing that

w1 (L) (L)
a' X X572
hiniinles SNV /4 2041 106
p o p dr (106)

where ~ denotes equality in distribution. Then one proceeds interpolating as in Lemma 17, and
using the concentration in Lemma 9. Note that for H(D | £*, 8™) it possible to join the Gaussians Z
and £* in a unique Gaussian, whereas for H (D | 8™) this is not possible which explains the presence
of the two variables £, £* in the first line of (105). |
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Appendix F. Complete network reduction

Iterating Theorem 1 it is possible to reduce the full network to a GLM in terms of mutual information
between dataset and teacher weights. To prove Corollary 3 holds with the coefficients (16) it is
sufficient to start from a network with k layers left, and infer the coefficients n_1, y,—1 starting

from g, V.
By the Layer Reduction Theorem we can replace

*TX(k) " *Tx(k 1)
gt VRGH — (o2 N +Vag) FVAEGE, a0

where a* € R% v* € R%-1 are two vectors with i.i.d. standard Gaussian components, and

x(k)
( , &, are two standard Gaussians. Hence we infer the recursion

Me—1 = TPl s  Vho1 = Me€hk + Yk - (108)

Using n;, = p,yr, = € then one readily gets (16) from the above recursion.

Appendix G. Concentration of free energy

In this section we prove the concentration of the free energy for the interpolated model described in
Section 3.1. For convenience we replicate here some of the main notations. We consider interpolat-
ing models of teacher and student between the nonlinear argument of the readout function for the
L-layer neural network and its corresponding linearized model:

a*T W*(L) X(L 1) X( 1)
S i=V1—t i NI 109
tp \/%90( i ) \[PL \/F + Viterg, (109)
— a’ w(L) X,(LL_l) vT ,S
St# T 1—- t\/ﬂ()D( del ) + \/Ep \/CT + Vv tELCM ’ (110)
and
Yip = f(Stu; AL) +VAZ, . (111)

We recall the corresponding random free entropy f, + and partition function Z;
frt = l1ogz = l1og dP(6")E ﬁ E .2y Pout (Yiu|5t,) (112)
n,t n t n v L C;(L Y out\ Ytp|Stp) -
:LL:
The main result of this section is

Theorem 19 For the activation and readout function p, f taken as in Theorem 1, there exists a
non-negative constant C( f, @) such that

V(% log ;) < C(/, @)(% + di) . (113)
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We remark that Theorem 2 is a direct consequence of the latter result, where ¢ is taken equal to 0.

We prove Theorem 19 in several steps, first we show concentration with respect to the set of

parameters ¢ = {Z,, (;(L),XLO) =1 using classical Poincaré-Nash inequality, after this, with

respect to g = {AH}Z using the corollary of Efron-Stein inequality, and finally, with respect to

Y3 = {(W*R)L v* a*}. We recall two classical concentration results, whose proofs can be
found in Boucheron et al. (2004), Chapter 3.

Proposition 20 (Poincaré-Nash inequality) Ler & = [£1,...,¢k]|T be a real Gaussian standard
random vector. If g : XX — Xis a continuously differentiable function, then

Vg(&) <E|Vg(9)]?. (114)

Proposition 21 (Bounded difference) Let & = [{1,...,Ek]T be a random vector with i.i.d. ele-
ments taking values in some space A. If function g : AKX — X satisfies

sup sup lg(z1,. . 2y k) — g1, .2l 2E)| <O (115)
1<i<K x1,...,x g ,xl; EA

for some C > 0, then
1
V{g(§)} < ZKCQ. (116)

In what follows we denote PY(y|z) := 0y Pout(y|z) and P*(y|z) := 0y Pout(y|z).

Lemma 22 There exists a non-negative constant C'(f, ) such that

Cf.9)

1 1 2
E(—log Z; — Ey, —log Zt) <
n n

Proof Since the elements of X C ~(L) ,and Z, for u = 1,...,n are jointly independent standard
Gaussian, we can use Proposmon 20 and write

EW( log 2 ) < —EHV% log Z|?

n do
810g Zy 1 0log Z, 0log Z, )
S (L) LSS (U L S s

For brevity in what follows we write P, = Out(Ym ]stu). Then, expressing the derivatives from the
first term, we get

‘Ologzt‘_K > (Sip; A \/E(<\/EC ()| Zu2 +1) .

The last inequality is true due to Lemma 11 and the fact that function f is bounded. Since Z,, is
Gaussian, all the moments of its absolute value are bounded with a constant, which gives us

)

E(@loth 2
n

oD ) sch=ns<
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The partial derivative with respect to Z,, gives a simple expression that also can be handled using
Lemma 11

‘810g Z4

57, |- @Kifﬂ < CUNIZP +1). 417

This gives us immediately I3 < C(f)n~!.

Before passing to the more challenging part, let us set some notation. First, set a:(zfl) =

W;-k(e) . Xff_l) /+/d¢—1. In what follows we will need to calculate derivatives of XZ(,Z) and xl(,z). The

chain rule gives us

w*® #(£—1) w*(1)x(©)
¢ J w i
8Xg('y) N 880(\/012—190( Vde—2 @(---QD( do ))
) (0)
0Xm aXW
=1 dp W%-(Z) Wf(éfll) Wfk(;)
= H Z (p/(a»fl(jﬁ—l)) sz—1¢/(a%(f—3)) Je—1je—2 ...w’(af(g)) I
<p1jp:1> J /dé—l Je—1 dy_s J1 /do

For 1 < /¢; < /{9 < L we denote dy, x dy,_; matrix

@;(@2_1)W*(£2)q);(€2—2) o q);(fl—l)w*(el)

Bl — (118)
v Vg1 ... dp, 1
and dyq X dyyq diagonal matrix 30 = diag(y’ (of{l(,g)), Y (az{)w)). Then previous expres-
sion can be rewritten as
ax)
- *[1:4]
anKE) = 0uwBji, - (119)

For the following calculations, it will be useful to find the order of the operator norm of Bl*,[él:&].

Since the first derivative of ¢ is bounded by some constant C(¢p), it is straightforward that the
operator norm ||¢>Z(Z)|| is also bounded with C'(¢). Lastly, the expected operator norm of high
dimensional matrices, say of size a X b, with i.i.d. standard Gaussian elements is of order O(y/a) =
O(+/b) with high probability. This entails

Lo

E|B; | < C(), | [1
p=~1

E[W-0)[2 _

1). 120
T = oW (120)

Similar bounds hold for any finite moment of the operator norm. Following the same lines we can
write the expression for the derivative of ng,) and define the students version of &5 and Bjl"'**2!
by removing stars from all involved parameters.

9zt
jv [1:4]

= OBl (121)
i
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Returning to 15, we have
dr—1 (L-1) T (L= yxr+(L
dlog 2, 0Xj, /PN (a1®, W),
To I (St A (VI =1
8Xi(£) ; 8X-(0) <Pu > S < Vdrdr_1
dL 1 ) P;f (aT(I)LL_l)W(L))

8X 0) Fn vdrdr—1

Plugging (119) and (121) in the latter expression and taking the sum over j we obtain

+\[PL\/K>

ouilD pr
E) 4 Vi~ o r i)

Olog Z; Pﬁ / (a* Bu[ ) ( *TBZ[LL_”)Z'
= (ZENps, AN (VI — 2 i A/ —
6Xz'(3) <P# >f( e #)( Vg, Vi dr—1
7 (aTBL ), Pz (viBLE,
VI (o2 2 )i WP iy
(g B v Ve E =)

Using twice the simple inequality (a + b)? < 2(a? + b?) as well as Lemma 11 and boundedness of
/' we get thee expression for I

1 & a*T _ . VT
I< g >0 [COE((+IZPP (I B IP + I =Byt )1))
pn=1

do Pm a 1 do Pm v [1:L—1] .
+<1—t>ZlE<pﬂ(%> ok B il

P dr—1

For the last two terms, we can bring square inside the Gibbs brackets with the help of Jensen
inequality and then we notice that obtained expressions inside the Gibbs brackets depend only on
Y}, and s, which allows us to use Nishimori identity by removing brackets and adding * to all the
parameters. After this we can bound each ratio which includes P,,; by using again Lemma 11. All
this will result in

n st L wry¥[1:L—
cmz[E<1+|Zu|2>2uaTBu“ 1P, EQ+ 22T

n2 dL dL,1
p=1

I <

L)

. . . *[1:
Since Z,,, a*, and v* are Gaussian and independent of Bu[ we have

n 2192 *[2 *[1:L] 2
I < C(f) 3 {E(1+ 1 Zu*)°Ella™|I"E[|B," ]

— n? dr,
p=1
x[1:L—1
E(L +|Z,*)’E||v*[*E|| B3 ]||2] _ CUe)
dr_1 - n ’
The last inequality being true due to (120) and the fact that E[|v*(©)||2 = O(dy). [ |

For the next step we denote h(A) = Ey, log Z;/n, as a function of all the elements A,, ; of A, for
1<i<kandl < p<n.
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Lemma 23 There exists a non-negative constant C( f, ) such that

1 1.\2 C
E(>h—Eah) < oire)
n n n
Proof We denote by A’ a vector such that A] ; = A, ; for i # v, i # j and A] ; is a random
variable with distribution P4, independent of all others. According to Proposition 21 it is sufficient

to prove that

(A" — h(a)| < CY22) (122)

If we denote by H (and H') the Hamiltonian corresponding to Z; (and Z; with A'), i.e.
n
H == "10g Pout(£(Siy; Ap) + VAZy|sy),
pn=1

H' = =108 Pout (f(Sip; Ap) + VAZuls1) —10g Pout(f (S AL) + VAZ,|su,).
pFEV

one can see that

h(A") — h(A) = %Ewl log <eH—H’>H > %Ew1<H . H’>H ,

the last step being true due to Jensen inequality. On the other hand h(A') — h(A) < n'Ey, (H —
H') jr. We recall the definition of P,y

Posly|2) = [ dﬁ’;ﬁ;f

Similarly, we obtain

exp [— i(y - f(rI:;A))Q} :

1= 2 S {(F(Sui Ar) = (i ) +VAZ)? — (F(Swi &) — flsui &)+ VBZ,)?)

- 2A
and
H-H< i<(f(5w; Ay) = f(suiA) +VAZ)? — (f(Swi Al) — f(suw; A) + VZZVP}G, ,

where ()¢ (or with G') defined as

_ [ Pa(aA)e s Ui fowBR()
J PA(dA)e_imu—f(stu;A))z

Qte

(123)

or with Y/, where A, is changed to A!,. Since f is bounded, we immediately obtain |H — H'| <
C(f)(1Z4]* + 1) and (122). Now, due to the Proposition 21, the statement of the Lemma is proved.
|

Finally, we prove the concentration with respect to (W*(e))ngl, a*, and v*. For this we denote
g= g((W*(E))é::l, a*, v*) = Ey, 4, log Z¢/n.

36



REDUCTION OF DEEP NEURAL NETWORKS IN THE OVERPARAMETRIZED REGIME

Lemma 24 There exists a non-negative constant C( f, ) such that

2 _Cfe
E(g—E%g) < (d )
m
Proof We use again Poincaré-Nash inequality and write
L dy de—1 dy, dr,—1
5o~ Bavoww) <30 S B(o) + 2 E(5) + L E(o)

Z 1 Z/ 1]/ 1 anz]z =1 Z ]:1
(124)
Concentration with respect to W+ To find the derivative of g with respect to W ( ) it would

be convenient to calculate first the general derivative of X /(”3 fork > ¢

*[l+1:k] £ x(£—1 /-1
8XI(?;€¢) B (BM[ + }(I)“( ))pigX]('w )

owr0 de—1 ’

ieje

where in the case of k = ¢ we set B*[(+1:4 — 1;,. Then the derivative of g is

LT NN [ Y A L i e
- R tps
8W*(f) 7 = P1,1b2 P,u 17 didpt

i

VipL(v *TB*[€+1L 1]¢. (- 1)) (- 1))}
+ .

Je b
Vdr—1de—1
*[L+1:L—1]

For ¢ = L the second term is obviously absent, to reflect this, we set B, = 0. It is worth
to notice, that 11 and 1) contain all elements with dependency of i, which means that each term in
the sum over p will be the same, so we can remove = Z and write

% _g [<Py>f (Spu; A >(\/17_t(a*TBZ el Xg(ful)
ow; O~ T Np, ST Virdi
\/iPL< *TB*[Z-HL 1](1) (e— 1)) X(z 1))}

jens
Vdr—1de—1

for fixed arbitrary . The two resulting terms are of the very similar form, to avoid repetitive
computations we will focus only on the first one, that we denote by E. Since later we will use the
usual inequality E(a + b)? < 2Ea? + 2Eb?, it is sufficient to bound EE?. One can see that by
estimating in a straightforward way we can achieve only the order of O(1), which is not what we
are aiming for. To reach the right order, we need another integration by parts and to be able to do

s0, we are introducing a circular interpolation which replaces X,(P ) by it’s independent copy X,&O)

XO(7) =X sinr + X cos T, (125)
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where 7 € [0, 7/2]. The nice properties of the new Gaussian variable X,(LO) (7) is that its derivative

with respect to 7, denoted X,(LO) (1), has simple correlations

(XX (7)) = 5,6, cos 7. (126)

XX ) =0, E 0%

- Ju

X-ELO) ,XLO) X,EtO)vXELO)

Respectively, in a recursive way we define X(e) (1) = (W*() K 1) / \/d¢—1) and X @
(WX Z Y/ /di_y) for 1 < ¢ < L, as well as o ( )—W*“+1 “ Y(r)/v/d; and &
W) Xff /\/d;.

First, let us deal with £ > 1. In such a case X,(f_l) = @(az(g_g) ), which can be rewritten us

w/2 d
ﬂ@w%zﬁ dr-L oD (7)) + (@) (127)

Since ¢ is an odd function and XELO) is independent of every other variable in g, the term containing

cp(d;:(g*z)) will collapse to 0, and we obtain immediately

E=E X«»/ (N (St A) @By b i & D)
wth’ (] 0 PH/ def—l dT

*(£—2)

Let us have closer look at the derivative of ¢ (« o (7)). Using the chain rule and (119) we get

d (¢-2) o X}, 1)( ) > (0) & [1:0-1] /_\ v (0)
ey ) = 3 X0 = Y B X0, a2
dr T\ N ,; 8X]§,) G ; Jep.u pu

where for any (1,05 € [1,..., L] matrix B/ wler: 32]( ) defined the same way as BZ%:M with X(O)

replaced by XELO) (7). With the help of (126) we integrate E by parts with respect to Gaussian
parameter X 12?} (1).

/2 pY 1 — t(a*TB*[@rl:L]@*(@*l))i / )
E = ZE’IZJ X(O) / COST|:<?M>f/(StN; AM) :; d . £:|X(0)B/,L,],€p
o L 0 7 m P

=1 + Iz + Is, (129)
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where we denoted

w/2 do Py 2 puy
R _ H / . 2 M / . 2
U E%,%,XELO)/O COSTZ ( <P#> f (SW’AM) +< P’LI, >f (StuaAu)

9S4, 1% t(a*TBZ[E-H:L](I);(Z—l))ig Bﬂm—u (7)
P, 8X,§?3 /drdy 1 Jepsp ’
/2 do PY\ /P? 0s PY* Os,
I, :=E ~(0)/ CosT Gl Y (il R (el K
Y12, Xy [y Z; ( <P# >< PN 8X;()g)> < P# 5X;(,g) >>
% #[0+1:L] 5 x(0—1
V1—t(a TBM[ * }<I>,L( ))iz 1]
/2 pY
. ~ K ! .
I3 := Zle17¢27XH/O COST<Pu >f (St Ap)
% #[0+1:L] 5 +(0—1
/deé—l X;)?L) Jeps K '

We start with the term I;. The first bracket can be bounded right away with Lemma 11, and since Z,,
is Gaussian and independent of rest of I; we also bound E, |Z,|* with a constant. The derivative
of Sy, is easily found with the help of (119), where after some simplification we have

+ <Rg>f”(5thp)>

X f/(St,u; A,u)

(7),

C(f) 7r/2 1 * *[1: *|1:4—
|| < deg_lEWXf(P)/o ’\/ﬂ(a TB#[l L]BM[IZ 1}T(T)+
1
L

V*TB;[lszl}B;[l:éfl]T(T» ‘

* *[l+1:L] *x(£—1
N(a TBH[Jr ].:I)H( i, |dT

ip .
-1

Separating two terms and using properties of operator norm several times as well as Jensen and
Cauchy-Swartz inequalities, we have

By |0 < SU) )/E[’ B2 ;e 2
— défl dL
10,7
[Ja*[]?[lv*|? #[1:L—1] 12| *[1:—1] 2 «[0+1:1) 121 g (£—1) )12 C(f.9)
——F——||B}}” BN B : P < ——=.
g BB ) By 2P < =

Let us move to /5. Thanks to (121), the derivative of s, has again two terms (one with a and second
with v, since they are of the same form, we will look only at the first one)

/2 T
< S, o [ (DR

\<aTBBZ”BL“Z““<T>>ﬁ\> 130

vy,

(s (T BB (7)), ) (7B, e )|
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After using Lemma 11 and Jensen inequality we get

/2 HaTB[l:L}B*[l:E—l]T(T) HQ Ha*TB*[Z—H:L]q)*(Z—l) H2
E I 2 o H H K 1 7 2\2
>in< O [T o ) - (14 12,2 dr

i0,Je

+ ... (131)

Lastly, separating quenched from annealed terms with the help of Cauchy-Swartz, we can get rid of
the Gibbs bracket by using again Jensen and Nishimori. This will leave as with moments of operator
norms of ||d_1/ *a* ||, IB]], etc., since all of them are of order O(1) we achieve the desired bound

E LI? < 132
> inf< gL (132)

i0,J¢

The final part of &2 we bound right away with

x/2, do (a*TB*[€+1:L}(IJ*(€_1))' ,
< I m ip *[1':6—1] .
|13] /7 wl,w,xu/ ‘pz:; [ NG }X,()?)B”’“p (1)|dT (133)

Variable X /(t(,)z)) appears in each ‘I>,Z(') inside BZ[Hl:L], so the derivative on the r.h.s. will be the sum
of L — ¢+ 1 terms. The generic k-th term of this sum is of form

vy " di— " A axy) Ve

e E

* *(L *(k+2 *(k) *(k+1
(3 T o) W ey WD 09, WD L)

ig

+

Z B*[l kDY, B,

Here, BZ refers to the same expression as By, where we take " instead of ¢’. Since the number
of such terms is finite (L — ¢ 4+ 1) we can focus only on one k € [¢ — 1,..., L — 1], as the others
are bounded in the same way (we denote them with ... in the following). Plugging the previous
equation into (133) we have

|13] < /w/2 d’f:le B*[l k+1]B*[1é 1]T( )iy, Bai, |dr +
\/7 ’l/) X, il ijo Biiy -
_O(f) /2 . B *[1:k+1]*[1:0—1]
B \/dzi—le’X“ /0 ‘(Eleag(e)BM B, (T))igjeldT + - ..
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With Jensen inequality we obtain

EY L)<

ieJe

/2 _ _
Z(f JE / Tr(ETdiag(e)B;“:’””B;[lﬁf*ﬂT(T)B;[M*”(T)B;“:’fﬂhdiag(e)E)dr+...
(-1 0
/2
< f;(f)E/ |E|?| B BT (1) |2 Tr diag(e)2dr + . ..
-1 0
c(f)

/2 B
= E/ [E|2B; BT (7)1 el fdr 4
dg—1 0

To come to this conclusion we used several times the fact that for a symmetric semidefinite positive
matrix A and any matrix B we have |Tr(AB)| < HBHTrA Now we can use Cauchy-Swartz

R (1). Which gives

and notice that moments of ||®,

d-1
EZ’L@]@ ‘1—3‘2 ( 6—1)‘
To conclude the proof of the Lemma we need to deal with the derivative with respect to W*(1).
This terms are very similar to what we had before

(g (A

'Ll]l

Vior(v Bt ey ), X )

Jip
Vdr—1dop

The only difference is that now we have a factor X ](?L which is Gaussian itself and allows us to
integrate by parts without introducing the circular interpolation. The calculations themselves will
be identical.

Concentration with respect to a* and v*. Derivatives of g with respect to these two vectors are
almost identical, so we demonstrate here only the part with 5?% .

n — (L) W
T R L |

Following the lines of the first part of this Lemma we introduce the circular interpolation (125)-(126)
and rewrite the previous expression as

o /2 pY \/1? do B*[lL] X(O)
. Ewl,wz/ [< “>f’(Sw;A ) Y () Xpu () dr. (134)

dar P, \/dL

Proceeding with the integration by parts with respect to X ,S?;(T) we obtain

*[1:L]
Jg m/2 do Py 1 V1—tB ()
_— = ]E 7’“ ! N A_ 1P d — I I 135
aa;k V1,2 /O ;COST[< Pp >f (St;u M)i| ng(;)/,) ﬁdL T 1+ 1o, ( )
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where we again denote

/2 do pY Pyy
h= Ewl,wxﬁ” /0 COSTZ (_ <PZ>2f,(Stu§Au)2 + < P, >f (Stus Ap )

n <1;/z>f”(5w; Au)) ox O NG ’

/2 do v po b
I, = Ewl,’l/a,f(u/o COSTZ1 ( — <;‘:><Piai‘z;§) > n <PP5L aijzé) >)

X f/(StpS A,LL)

Using (119) to calculate derivative of S, and bounding ratios of P, with Lemma 11, we obtain

C(f) T2 /1= ta' «[1: L] #[1:L] \[PLV #[1:L—1] o [1:L]
|| < NG whw’xu/ (TBli BM T(T) + i H B T(r ))Z

Taking the sum over ¢ of squared latter expression we obtain

Z’f 2 < 7) / (“FB*[lLB*[lL] H +H\/KB 1L UgelL H>

Again, since E|a*||2/dy, and E|B}?(7)| are all of order O(1), we obtain that S lh)? <
C(f,¢)/dr. Term I3 is handled very similar to (130), resulting in the bound }_, | Io|> < C(f, ¢)/dL,
which concludes the proof. |
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