ARCHIVIO ISTITUZIONALE
ONIVERSITA DI BOLOGNA DELLA RICERCA

Alma Mater Studiorum Universita di Bologna
Archivio istituzionale della ricerca

Linear-Quadratic Mean Field Games in Hilbert Spaces

This is the final peer-reviewed author’s accepted manuscript (postprint) of the following publication:

Published Version:

Federico, S., Ghilli, D., Gozzi, F. (2025). Linear-Quadratic Mean Field Games in Hilbert Spaces. SIAM
JOURNAL ON MATHEMATICAL ANALYSIS, 57(6), 5821-5853 [10.1137/24m1642895].

Availability:
This version is available at: https://hdl.handle.net/11585/1036131 since: 2026-01-10
Published:

DOI: http://doi.org/10.1137/24m1642895

Terms of use:

Some rights reserved. The terms and conditions for the reuse of this version of the manuscript are
specified in the publishing policy. For all terms of use and more information see the publisher's website.

This item was downloaded from IRIS Universita di Bologna (https://cris.unibo.it/).
When citing, please refer to the published version.

(Article begins on next page)

25 April 2026


http://doi.org/10.1137/24m1642895
https://hdl.handle.net/11585/1036131

arXiv:2402.14935v3 [math.OC] 1 Feb 2025

LINEAR-QUADRATIC MEAN FIELD GAMES IN HILBERT SPACES

SALVATORE FEDERICO, DARIA GHILLI, AND FAUSTO GOZZI

ABSTRACT. This paper represents the first attempt to develop a theory for linear-quadratic
mean field games in possibly infinite dimensional Hilbert spaces. As a starting point, we study
the case, considered in most finite dimensional contributions on the topic, where the dependence
on the distribution enters just in the objective functional through the mean. This feature allows,
similarly to the finite-dimensional case, to reduce the usual mean field game system to a Riccati
equation and a forward-backward coupled system of abstract evolution equations. Such a system
is completely new in infinite dimension and no results have been proved on it so far. We show
the existence and uniqueness of solutions for such system, applying a delicate approximation
procedure. We apply the results to a production output planning problem with delay in the
control variable.
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The theory of Mean Field Games (MFGs, hereafter, for short) is a powerful tool to study situa-
tions where many forward-looking players interact through the distributions of their state/control
variables. The starting foundation of this theory is usually dated in 2006, with the seminal pa-
pers by Lasry-Lions on the one side and by Huang-Caines-Malhamé [37, 38, 39, 40, 15] on the
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other side. Since then, a huge amount of work has been done in this area, both from the theo-
retical and the applied viewpoint; far to be exhaustive, we quote, as benchmark references for
our scopes, the nowadays classical contributions [7, 17, 18, 16].

However, an interesting topic in this area is still largely missing; that is, the case when the
state space of the system, and possibly also of the control space, is not ﬁnlte—dlmensmnal. In
control theory, this kind of problem arises, e.g., when the dynamics of the agent depends on
other variables beyond time, such as age or space, or when such dynamics is path-dependent.’

This paper constitutes a first attempt to fill this gap. We do it dealing with infinite dimen-
sional MFGs in the Linear-Quadratic (LQ) case; in another paper (see [31]), the more general
nonlinear cases under some assumptions (global Lipschitz regularity of the resulting Hamilton-
ian) that are not satisfied in the LQ case.

More precisely, we focus (as most of the literature on LQ MFGs in finite dimension, see e.g.
[7, 8]) on MFGs where the dynamics of the representative player is linear and independent on the
distribution; the coupling enters only in the cost functional (which is purely quadratic) through
the mean of the distribution of the players. This kind of structure is still suitable to investigate
a range of problems arising in several applications, see Section 5 below.

1.1. Some literature. First of all we recall that, beyond the basic references on MFGs in
finite dimension recalled at the beginning of the introduction, various papers have studied the
LQ MFG case with dependence on the distribution entering just through the mean in the
objective functional. We recall, in particular one of the papers establishing the first steps of
the theory [11], where a set of decentralized control laws for the individuals is obtained, and
the e-Nash equilibrium property is proved for such set (see also [13]); moreover, there one finds
also some examples to specific situations, such as the production output planning problem,
a suitable extension of which is the object of our Section 5. Other references, whose finite
dimensional techniques have been one of the departure points of our work, are the book [7]
(Chapter 6, Sections 6.1-6.3) and the paper [8]. We also refer to the books [17, 18] (and the
references therein) which provide a complete study of the probabilistic approaches to MFG and,
in their Chapters 2 and 7, investigate some classes of LQ problems. We also mention [19] for
an application to systemic risk. Finally we mention [3, 4] the first one giving explicit solutions
to a class of LQ problems in one dimension, where the objective function minimized by the
players is computed as an ergodic average over an infinite horizon and the second in dimension
greater than one giving necessary and sufficient conditions for the existence and uniqueness of
quadratic-Gaussian solutions in terms of the solvability of suitable algebraic Riccati and Sylvester
equations. We also mention that recently a new stream of research has been focusing on the so-
called submodular Mean Field Games, see e.g. [26, 27, 28]. The submodularity condition allows
to prove the existence of MFG solutions without using a weak formulation or the notion of
relaxed controls and using, instead, probabilistic arguments and a lattice-theoretical approach.

We now pass to references for the infinite dimensional setting used in this paper. A general
treatment of infinite dimensional ODEs, viewed as abstract evolution equations, is well estab-
lished since many decades, especially in the deterministic case; here we just quote two standard
references (cf. [0, 25]) one for the deterministic and one for the stochastic case, which is the one
of our interest.

Relying on that, starting from the work of Barbu and Da Prato [2] a large amount of work
has been done in the last 40 years on stochastic optimal control and Hamilton-Jacobi-Bellman
(HJB) equations in Hilbert spaces and is nowadays quite well-established too: we may mention
[30] for an extended overview of this theory, including results and references.

n these cases, a typical approach consists in lifting the dynamics into an infinite dimensional Ordinary
Differential Equation (ODE for short) containing unbounded terms. Roughly speaking, the infinite dimensionality
encloses the dependence on other variables (space, age) and/or the dependence on the past paths.
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On the other hand, also the theory of Fokker-Planck-Kolmogorov (FPK) equations in infinite
dimensional spaces has attracted the attention in the last decade with some valuable contri-
butions: we may mention [I1, 12, 9, 10, 23, 24]. Since MFGs analytically consist in coupled
forward-backward systems of HJB and FPK equations, it is therefore natural to try to merge
the aforementioned (separate) theories to fill the gap of a missing theory of MFGs in infinite
dimensional spaces.

The only papers about MFG in infinite dimensional spaces we are aware of is represented by
[32], where a specific example of an L(Q) case is treated in a setting which is different than the
one of the present paper, and the more recent paper [11], where MFGs of LQ with a structure
more general than ours is address, but only for short time horizon.

1.2. A Sketch of our setting. We begin by providing an overview of the general framework
of Mean Field Games (MFG) before introducing our specific setting. The study of equilibria
in N-player games when NN is large is a topic of significant interest in many applications, but
it poses considerable challenges. In particular, analyzing closed-loop Nash equilibria involves
solving a complex system of N coupled Hamilton-Jacobi-Bellman (HJB) equations. Mean Field
Games (MFG) theory formally arises by taking the limit of an N-player game as N — oo,
with the hope that the resulting limit system is more tractable and that its properties provide
insights into the equilibria of the N-player game for sufficiently large N. This research program
can be carried out under three main assumptions (see [17]): (i) the players are symmetric; (ii)
the interaction is of mean field type, meaning that only the overall distribution influences the
agents’ decisions, while the specific actions of individual players have no direct effect; (iii) the
players are “small,” in the sense that the decisions of a single player do not impact the mean-field
system. Under these assumptions, it is possible to study the limit problem (at least in some
meaningful cases) and establish connections between the limit system and the original N-player
game. More precisely, it can be shown that any solution of a Mean Field Game corresponds to
an e-Nash equilibrium of the associated N-player game (see [17], Part II, Chapter 6, Section 6.1).
Furthermore, in certain cases (though requiring much greater technical effort), one can prove
the convergence of Nash equilibria from the N-player game to the solution of the corresponding
Mean Field Game (see again [18] (Part II, Chapter 6, Sections 6.2 and 6.3) and [16] (Chapter
8, Section 8.2).

We now provide a sketch of our setting and of the resulting MFG. Let H be a separable
Hilbert space and P(H) the space of probability measures in H. Let us consider the following
stochastic optimal control problem with finite horizon T" > 0. The controlled dynamics of a
representative agent starting at time ¢ € [0,7) and dealing in a large population of agents,
evolves in a separable Hilbert space H and according to a linear controlled SDE of the form

(1.1) dX(s) = [AX(s) + Ba(s)|ds + cdW (s), X(t) ==,

where

(i) W is a cylindrical Wiener process defined on a filtered probability space and valued in
another separable Hilbert space K, and o € L(K; H) is a suitable diffusion coefficient and
L(K; H) is the Banach space of bounded linear operators from K to H endowed with the
usual sup-norm (see Section 2 for further details);

(ii) A, B are suitable linear operators and «(-) is the control process taking values in some
control space U and lying in a set of admissible processes A.

The aim of this representative agent is to minimize a cost functional also depending on the
overall distribution of the states of the other agents m : [0,7] — P(H), such as

T
J(t,z,a) =E [/t f(X(s),m(s),a(s))ds + h(X(T),m(T))| ,
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where f : H x P(H) xU — R and h : H x P(H) — R are given measurable functions. The
value function of the above control problem is

V(t,z) = inf J(t,z;a).
(t,x) o (t,z;c0)
The HJB equation associated to V is the following infinite dimensional parabolic PDE:
1
(1.2) op(t, ) + T [co*D?v(t,2)] + (Az, Dv(t, z)) ir + Humin(z, m(t), Dv(t, z))) = 0,

with terminal condition v(T,x) = h(x,m(T)), where (-,-)y denotes the inner product in H;
D, D? denote the first and second order Fréchet derivatives with respect to the z variable; and
where
(1'3) Hmzn($a m,p) = infan{f(:E, m, Oé) + <Ba7p>H}-
Call G(z,m,p) the argmax of the above formula and assume that it is a unique point. Heuris-
tically speaking, the HJB equation (1.2) allows, given the path of m(-), to find the optimal
feedback strategy

a’(t) = G(X(t), m(t), Dv(t, X(1)))
of the representative agent in terms of Dv. As well known (see e.g. [17] and [16]), denoting by X*
the optimally controlled state — depending on the given m(-) — and imposing the consistency
condition £(X*(s)) = m(s) for every s, where £(X) denotes the law of the random variable X,
one sets a problem that can be interpreted as the limit, as the number IV of agents tends to oo,
of the Nash equilibrium of the symmetric non-cooperative N-players game in which the strategic
interactions among agents only depend on the evolution of the probability distribution m(-) of
state variables of the agents. The above consistency condition rewrites as a FPK equation for
the distribution m(-), which is formally written as:

(14)  yml(tdz) — %Tr[aa*Dzm(t, da)] + div (DyHmin (2, m(t, dz), Do(t, z))) = 0,

with initial condition m(0,dz) = mo(dz), where mg is the initial distribution of the agents’
population and D, denotes the gradient of H with respect to the last variable.

Since we assume that f and h are purely quadratic and depends just on the mean of m(-)
(see (2.1)-(2.2)) the MFG system (1.2)-(1.4) can be reduced to a system of abstract ODEs.
Indeed, arguing as in the finite dimensional case (see [7, Ch.6] and [8]), one defines the variable
2(t) = [ Em(t, d€), and one guesses a quadratic structure v(t, z) = $(P(t)z, z) + (r(t), z) + s(t)
for the solution of the HIB equation, with unknown P(-),r(-),s(-). With this guess, the HJB-
FPK system (2.1)-(2.2) is rephrased in the following backward Riccati equation for P(-) (cf.

(2.9)):
P'(t)+ P(t)A + A*P(t) — P()BR'B*P(t) + Q + Q = 0,
(1.5)
P(T) = Qr +Qr,
and in the coupled system in (7(-),2(:)) (cf. (2.8) and (2.10)):
Z'(t) = (A— BRT'B*P(t))z(t) — BR™'B*r(t),
(1.6)
2(0) = 2o := /H:E mo(dz) € H.

' (t) 4+ (A* — P(t)BR™'B*)r(t) — QSz(t) = 0,
(1.7)
r(T) = —QpSr2(T).
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While the Riccati equation (1.5) falls into the already established literature on infinite dimen-
sional LQ control (see e.g. [0]), the latter coupled forward-backward system (1.6) and (1.7) is
completely new and need to be studied from scratch.

1.3. Our results and methods. Existence and uniqueness of solutions for the Riccati equation
(1.5) involving P(-) is, as said above, well known in the literature (see e.g. [21]). Proposition 3.1
recalls such basic result, together with some estimates which turn out to be useful in solving the
forward-backward system for (r(-),z(-)). To establish the existence for the forward-backward
system (1.6)-(1.7) the idea is to decouple such system looking, similarly to the finite dimensional
case, for solutions in the form

(1.8) r(t) = z()n(t)

for some n(-) : [0,7] — X(H), where ¥(H) denotes the set of linear bounded self-adjoint
operators from H to H.

We have to mention that the way of performing this decoupling here is much more delicate with
respect to the finite dimensional case. The main difficulty, as typically happens in dealing with
infinite dimensional dynamics, is represented by the fact that the operator A is unbounded, hence
we cannot rely on the notion of classical (i.e., C') solutions. The way to overcome such difficulty,
in the infinite dimensional literature, is to employ weaker concepts of solutions® and to develop
suitable approximations procedures. While this procedure has been already worked out to study
Riccati equation like (1.5), this is not the case for the case of our forward-backward system (1.6)-
(1.7) which presents different structure and difficulties. We outline the path we follow. First we
look at the system (1.6)-(1.7) where we substitute A with its Yosida’s approximants (A, )neN.
Then use the decoupling idea of (1.8) to get a Riccati equation for an approximating object
7y and, in turn, decoupled ODEs for approximating objects z, and r,. Then, dealing with the
weak topology of H, we take the limit as n — oo, relying on Ascoli-Arzeld’s Theorem in infinite
dimension, to get the (mild) solution to the original forward-backward system of ODEs. This
result is the first main result of the paper proven in Theorem 3.4.

As underlined above, the existence for the forward-backward system in z,,r, relies on the
existence of a solution 7, for the associated Riccati equation (see assumption 3.2 of Theorem
3.4). In the appendix we prove existence results for such Riccati equation in two cases: the first
one, more standard, for small time horizon (cf. Proposition A.2); the second one, under the
further assumption of nonnegativity of the operators —QS (cf. Proposition A.4).

As for the uniqueness issue, again we analyze two cases: the first one for small time horizon
(cf. Proposition 4.1); the second one, under the further assumptions i) and ii) of Theorem 4.2
on the operators —QS and —Q7S7. This result is proven in Theorem 4.2 which is the second
main result of the paper. Roughly speaking, these assumptions are satisfied either if the two
above operators are positive definite or if they are a projection on a closed subspace of H. Note
that the conditions on these operators are in the spirit of the classical monotonicity conditions
of Lasry-Lions ensuring uniqueness (see [39], Theorem 2.4), corresponding here to the case when
—QS and —Qp St are positive definite. In our context, this allows to treat problems where the
agent is willing to place themself in the opposite position with respect to the mean of the overall
system (see (2.1) and (2.2))3.

2Here we use the concept of mild solution, based on a generalization of the finite dimensional wvariation of
constants formula.

3In [8], where the finite dimensional case is studied, the authors prove uniqueness by requiring that the time
horizon is sufficiently small with respect to the certain operators involving the data of the problem (see [3, Prop.
3.5, 3.6]).
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1.4. On the applications. In Section 5, we propose an application to a production output
planning example with delay. In this example, the firms supply the same product to the market
and the production adjustments are affected also by the the past history of investments (so
called time-to-build). The aim of the firm is to find a production level which is close to the
price. We are able to apply our results to this example.

We believe that our techniques can be adapted to more general cases. In particular we mention
two of them. First the case in which there is an additional linear dependence on the distribution
and on the state in the objective functional (that is, in (2.1) and (2.2)). Second, the case like
the one of [32] where the operators —QS, —Q7St have the opposite sign with respect to ours.*
Indeed in both cases there seems to be room for improvement of our results that will be the
subject of forthcoming research.

1.5. Plan of the paper. Section 2 is devoted to write write down setup of our problem together
with a formal derivation of the system (1.5)-(1.7)-(1.6) from the HJB-FPK system (1.2)-(1.4),
and with the rigorous definition of solution of our LQ MFG (Definitions 2.2 and 2.3).

Section 3 is completely to the existence result, Theorem 3.4. Since the existence result strictly
depends on the somehow implicit Assumption 3.2, we present, in Appendix A, two results that
provide reasonably checkable conditions that guarantee that Assumption 3.2 is satisfied. Section
4 is devoted to the uniqueness results, Theorem 4.2. Section 5 is devoted to illthe ustrate an
example.

2. NOTATIONS AND FORMAL SETTING

Let (H,{,)m), (K,{-, ) k), (U,{-,-)u) be separable real Hilbert spaces and denote by |- |,
|- |k, | - |u, respectively, the norms induced by corresponding inner products; unless differently
specified, on H, K,U we consider the strong topologies, i.e. the ones induced by their norm.
We denote by L£L(H) the space of linear bounded operators L : H — H, by ¥(H) the subspace
of L(H) of self-adjoint operators, by X1 (H) the space of self-adjoint nonnegative operators and
by X TT(H) the space of self-adjoint positive operators. The space £(H) is considered endowed
with usual sup-norm

I Ll z(ery := sup |Lx|y,
|z| =1
which makes it a Banach space. With respect to this norm, X(H) and X% (H) are closed. Similar
notations are used with respect to the spaces K, U.

Similarly, we consider the Banach space £(U; H) of bounded linear operators from U to H

endowed with the usual sup-norm

| Ll zw:my == sup |Lx|g.
|z]r=1

By P(H) we denote the space of regular probability measures on H, where (see Def. 1.1 in [11])
a regular probability measure p on H is a probability measure defined on B(H) such that, for
all Borel sets B, one has supp u(F) = p(B) = infg u(G), where F' ranges over all closed sets
contained in B, and G ranges over all open sets containing B. The space P(H) is endowed
with the Borel o-algebra B(P(H)) induced by the norm of the total variation, that is, the Borel

4R0ugh1y speaking, this means that in our case the agents pay an additional cost if they stay near to the mean
(see assumption ii) and iii) of Theorem 4.2) whereas in [32] the agent pay an extra cost if they stay far from the
mean.
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o-algebra generated by the open sets of the topology induced by the norm of the total variation.”
For a possibly unbounded linear operator A : H — H, we denote by D(A) its domain.

Next, we consider the objects defined in the following assumption, which will be standing
throughout the paper.

Assumption 2.1.
(i) A: D(A) C H — H is a closed densely defined linear operator generating a Co—semigroup
(e!)y>0 on H;

(i) B € L(U; H);
(iii) Qr,Q € S+(H);
(iv) Qp,Q € S(H);

(v) Q+Q € X*(H),Qr + Qp € XF(H);
(vi) R € (U) such that (Ra, )y > e|al?, for some e > 05;

(vii) S,St € L(H; H);
(viii) o € L(K; H).

Let T > 0 denote a time horizon. Given x € H, u € P(H), a € U, set

@21) fowa) = 5 (oo + @aaln + (Q o5 [ enta)). =5 [ eutae)) |.

and

22) b = [@ealn + (@ (o1 [ entae)) o= [ cua0)) |.

We are interested in the solvability of the forward-backward coupled system of PDEs (1.2)-(1.4),
when f, h are as above; more explicitly,

—v(t,z) = %TI‘[O’O'*DQ’U(t,ZE)] - %(BR_lB*Dv(t,x),Dv(t,:17)>H + (Du(t,x), Az) g

[<Qx,x>H n <@ (x -5 [ ame. d&)) ca=5 [ eme ds>>H] ,

o1.0) = 5 @t + (o (2= 51 [ emit.a9)) . o=sr [ emrae)) |.

+

—
o
w
N~—
N =

5We recall the notion of norm of the total variation (see Def.3.1.4 in [5]). Consider a signed measure p on
H. Tt is possible to defined two set functions W (u,-) and W (u,-) respectively called upper variation and lower
variation, as follows

W (u, E) =sup{u(A)|A e B(H),AC E} VE € B(H)
W(u, E) =sup{—u(A)|Ae€ B(H),AC E} VE € B(H).

The variation of p is the set function

Hl(B) = W, B) + Wi, E) VE € B(H)
and its total variation is defined as the value of this measure on the whole space of definition, i.e.

[l = 1l (H).

6Note that, under these assumptions, R is invertible and R~" € =1 (U).
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my(t, dx) — %Tr[aa*D2m(t, dz)] + div (m(t, dz) (Az — BR_lB*Dv)) =0,
(2.4)

m(0,dz) = mo(dz),
where v : [0,T] x H — R and m : [0,7] — P(H) and the superscript * denotes the adjoint of a
given operator. We now show, in an informal way, how we can deduce the system (1.5)-(1.7)-(1.6)
from the HIB-FPK system (2.3)-(2.4),
First, we guess solutions v(t, z) to HIB (2.3) in quadratic form:
1
(25) U(t7$) = §<P(t)$v$>H + <’f’(t),3§‘>H + S(t)7
where
P:[0,T) =Xt (H), r:[0,7]— H, s:[0,T]—R.
Since
(2.6) Du(t,z) = P(t)z +r(t), D?v(t,z) = P(t),
the FP equation (2.4) becomes

(2.7) my(t, da) = %Tr[aa*Dzm(t, da;)] —div(m(t, dz) (A — BR™'B*P(t))z — BR™'B*r(t)) )

Consider the following formal integration by parts formulas for a scalar function ¢ : H — R and
a H-valued function w: H — H:

[ div(w@m(t. ) )oto) = [ wie) Dot mic.do)
and

/Tr[UJ*Dzm(t,dx)]go(:E):/ div[oo* Dm(t, dz)] ()
H H

= / (6*Dm(t,dz),c*Dp(z)) g = / m(t,dx) div(oo*Dp(x)) = / Tr[oo*D*p(z)] m(t,dz).
H H H
Let {ex }ren be an orthonormal basis of H and set the functions
T, H—R, z:][0,T]— H, zi : [0,T] — H,

as

e F e —— ::/me(t,dx), an(t) = (z(t),ek>H:/ i (2)mit, dz).

H
Using the above formulas and the fact that
D(m)(z) = ey, D*(mp)(z) = Og),
we get, from (2.7),
2. (t) = i/ 7 (z)m(t, dx) = / 7 (2)Oym(t, dx)
dt |y

H

= / () <%Tr [co*D*m(t,dz)] — div (m(t,dz) ((A— BR™'B*P(t))(z) — BR_lB*r(t)))>
H

= / ((A—= BR™'B*P(t))x — BR™'B*r(t), ex)n m(t, dx).
H
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Summing up over k, we get
(1) = 2 (e = / (A~ BR'B*P(t))x — BR'B*r(t)) m(t, dz)
k=1 H

— (A— BR'B*P(1)) / sml(t,dz) — BR-B*r(1) / m(t, dz)
H H

— (A— BR™'B*P(t))2(t) - BR™'B*r(t).
Hence, the FP equation reduces to the following H-valued abstract ODE for z:
2 (t) = (A— BR™'B*P(t))z(t) — BR™'B*r(t),
(2.8)
2(0) = 2o := /H:E mo(dx) € H.

Moreover, plugging the structure (2.5) into HJB (2.3) and considering (2.6), we get for P(¢) the
backward Riccati equation
P'(t) + P(t)A + A*P(t) — P(()BR™'B*P(t) + Q + Q = 0,
(2.9)
P(T) = Qr +Qr,
for r the backward equation
' (t) 4+ (A* — P(t)BR™'B*)r(t) — QSz(t) = 0,
(2.10)
T(T) = _GTSTZ(T)7

and the following explicit expression for s in terms of P, z,r:

2.11) () = % (@rS72(T), Sr(T))

T
- /t ETr[aa*P(s)] - %(BR_lB*T(S)J’(S»H + %@Sz(s)ﬁz(s)m ds.

With regard to the last four equation written, we notice that the only coupled are the ones for r
and z, that is (2.10) and (2.8). The system formed by these two equations is forward-backward
and can be considered as the core reduction of the original HIB-FP system.

We now introduce the concept of a solution that will be applied to the various equations,
specifically the so-called mild solutions. Since the operator A may be unbounded, the notion of
classical solutions (i.e., C'! solutions) is not suitable in this context. To overcome this limitation,
the infinite-dimensional literature (see [6]) employs weaker notions of solutions for ODEs. The
concept of mild solutions presented here is based on a generalization of the finite-dimensional
variation of constants formula.

Definition 2.2. Denote by Cs([0,T]; X7 (H)) the space of strongly continuous operator-valued
functions f:[0,T] = T (H), i.e., such that t — f(t)z is continuous for each xz € H.

(i) We say that P € Cs([0,T]; X7 (H)) solves the Riccati equation (2.9) in mild sense if, for
allz € H, t € 0,71,

T
Pt = T4 (Qp + Qe :c+/ D4 (Q 4 )l D ds

t

T
(2.12) _ / =DA% (P(s\BR-LB* P(s))e*D g ds.
t
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(ii) Given P € Cs([0,T]; =1 (H)), we say that (z,7) € C([0,T]; H?) solves the forward-backward
system (2.8)-(2.10) in mild sense if, for all t € [0,T],

t t
(2.13) 2(t) = etz — / e =IABRTIB*P(s)z(s)ds — / e =)ABRTIB*r(s)ds,
0 0
and
* b~ T * T * ——
(2.14) r(t) = 04 (—QTSTZ(T))—/ elsh4 P(S)BR_IB*T(S)CZS—/ DA QS 2 (s)ds.
t t

Given the above definitions, we can now provide the following.
Definition 2.3 (LQM mild solution to MFG). We say that a 4-uple
(P,r,z,8) € C5([0,T); 34 (H)) x C([0,T]; H?) x C([0, T); R)
is a Linear-Quadratic-Mean (LQM) mild solution to the MFG system (2.3)-(2.4) if
(i) P solves the Riccati equation (2.9) in mild sense;
(ii) The couple (r,z) solves the forward-backward system (2.8)-(2.10) in mild sense, with P as
in item (i);
(iii) s is given by the expression (2.11), with P,r,z as in items (i)-(ii).
The following remark will be used in the proof of existence.

Remark 2.4. Other concept of solutions to the above equations may be considered. Indeed, given
P e ([0, T); X1 (H)), mild solutions to (2.8)-(2.10) defined as in (2.13)-(2.14) are equivalent
to weak solutions to the same equations (see [0, Part II, Ch.1, Lemma 3.2 and Prop. 3.4]); that
is, for all p € D(A*), vp € D(A), and t € [0,T],

(6,21 = (6 200 + /0 (A%, 2(s))p ds — /0 (P(s)BR™ B¢, 2(s)) g ds

t
(2.15) — / (¢, BR™IB*r(s))p ds,
0
and

T
(W6 = (b ~QpSra(T)) + / (A, r(s))r ds
T t T
(2.16) - / (6, P(s)BR™VB*r(s)) g ds — / (6, QS2(s), d) ds.

3. EXISTENCE OF SOLUTIONS TO THE MFG SYSTEM
Let M > 1 and w € R be such that (see [0, Part II, Ch.1, Cor. 2.1])
(3.1) e ey, 1€ ooy < Me.
The Riccati equation (2.9) is uncoupled and may be studied autonomously.
Proposition 3.1. The Riccati equation (2.9) admits a unique mild solution P € C([0,T); X7 (H)).

Moreover,

wT ) 1a)
(3.2) S[%Ic)r] 1Pl eary < M?e* T(|Qr + Qrll ey + TIQ + Qllzan)-
telo,
Proof. For the existence and uniqueness of a mild solution in C,([0,T]; X" (H)) see [0], Part IV,
Chapter 2, Theorem 2.1 for the case R = I. The proof can be modified to cover also our case.”

See also, for the general case, the paper [21] Theorem 4.1 and Theorem 4.2 (with W = Q4+Q and G = Qr+Q)
or the book [22], Chapter 4, Lemma 4.3 and Lemma 4.6 (with M = Q + Q and G = Qr + Q;), dealing however
with other concepts of solutions.
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Let us prove (3.2). Let z € H. By definition of mild solution, we have

T
(P()z,2)i = (T (Qr + Qp)e" M, 2y + / (C7N(Q + Qe 2y ds
t

T
- / (RT'B*P(s)e* 4z, B*P(s)e* D 4z) ds.
t
Since R~! is nonnegative, we get

T
(P(t)z,z)g < (e(T_t)A* (Qr + @T)e(T_t)Am, x)g + / (e(s_t)A* (Q+ @)e(s_t)Am, x)gds
t

T
< [leT=IQr + Qr)e ™ O £y Il + /t 1eC79Y(Q + Q)e ™ 2y lalFyds.

< M2 (|Qr + Qrll oy + TINQ + Qllcgany) -
Recalling that P € X7 (H), we therefore conclude because of the equality
19Ny = sup [(Qu,z)m|, VQeI(H).

lz| =1

Let (An)nen C L(H) be the Yosida approximations of the operator A defined as
(3.3) A, =n*R(n,A) —nl,

where R(n, A) is the resolvent operator of A. For future reference, we recall some properties
concerning them (see [0, p. 102]): we have

(3.4) Mp:= sup [le e = sup [len]om) < o0,
t€[0,T],neN te[0,T],neN

(3.5) et ety en 5 ey Yt e [0,T), Vo € H,

and

(3.6) Apx — Az Yz € D(A), Alx — A*x  VYax € D(A").

In order to prove existence for the system (2.8)-(2.10), we need the following.

Assumption 3.2. Let P € Cs([0,T]; X7 (H)) be the mild solution to the Riccati equation (2.9)
provided by Proposition 3.1 and let (Ay) be the sequence of operators defined by (3.3).

(H1) For n € N, the Riccati equations

m(t) = (P()BR™'B* — A})nu(t) — na(t)(An — BR™'B*P(t))

(3.7) +QS + 1 (t) BRI B*ny (1),

nn(T) = _GTST7

admit strict solutions in the space CL([0,T]; X (H)); that is, there existn, : [0,T] — L(H)
such that, for alln € N,

(i) n(T) = —QrSr;
(ii) the map [0,T] — H, t — n,(t)x is differentiable for each t € [0,T] and x € H;
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(111) for all t € [0,T], x € H, it holds the equality
d

() = (P()BR™'B* — A} )i(t)x — 0o (t)(An — BR™'B*P(t))x

+ QSx +n,(t)BR™'B*n,,(t)x.
(H2) Under (H1), we have

(3.8) sup |lmn(8) [l g(ay < 0o

t€[0,T],neEN
Remark 3.3. An inspection of the use of Assumption 3.2 in the proof of Theorem 3.4 shows
that the former may be relazed by requiring that (H1) holds just definitively in n and by replacing
(H2) with

liminf sup |7, (t)]| () < 0.
=00 ¢el0,T)

We will discuss the validity of Assumption 3.2 in the Appendix (see Proposition A.4). Here,
we only notice that it is satisfied, in particular, without further assumptions if 7" is small enough
(cf. Remark A.3). We turn now to our existence result.

Theorem 3.4 (Existence). Let Assumption 3.2 hold. Then, there exists a LQM mild solution
to MFG.

Proof. The existence (and uniqueness) of mild solutions to (2.9) in Cs([0,T],X(H)™) is provided
by Proposition 3.1.

In order to show the existence of solutions to (2.8)-(2.10), we proceed in several steps. First,
we consider approximating versions of (2.8)-(2.10) with the Yosida approximations A, in place
of A and find a solution (z,,r,) by decoupling the system inspired by the finite dimensional
case (see [7], Chapter 6). Second, we prove estimates, uniform in n, on the constructed solution
(zp, ) of the approximating system. Third, we pass to the limit as n — oo by applying Ascoli-
Arzeld’s Thorem in metric spaces to get the (weak) convergence of (z,,r,) to a couple (z,r).
Fourth, we show that the limit (z,7) solves (2.8)-(2.10).

Step 1. We consider the approximating systems

21 (t) = (A, — BRT'B*P(t))z,(t) — BR™'B*r,(t),

(3.9)
2 (0) = 2o,
and
7, (t) + (A% — P(t)BR™'B*)r,(t) — QSz,(t) =0,
(3.10)
r(T) = =QpSr2a(T).
For the ODEs considered in this step, we use the notion of so called strict solutions;
that is, functions in the space C'*([0,7]; H) which satisfy the ODEs in the classical sense
for all ¢ € [0, T](®). To decouple the system, let us assume that a solution in this sense
to (3.9)-(3.10) exists in the form
(3.11) Tn(t) = 1 (t) 20 (1),

8This corresponds to the terminology of [6] (Definition 3.1(i), p. 129), combined with Proposition 3.3(ii), p. 133.
Cf. also the definition given in Assumption 3.2 for the operator-valued Riccati equation.



(3.15)

(3.16)

Step 2.

(3.17)

(3.18)

LINEAR-QUADRATIC MEAN FIELD GAMES IN HILBERT SPACES 13

with 1, € CL([0,T];2(H)), 1,(T) = —QSr, and z, € C*([0,7], H). We can decouple
the system in this manner because the solutions of the approximating system (3.9)-
(3.10) are strict. This is due to the fact that the operators A, are bounded, allowing
us to apply the classical product rule to differentiate (3.11). This is not feasible in the
original Riccati system, as in that case, the solutions cannot generally be assumed to
be strict.

Imposing this structure, one formally gets

Tn(t) = 10 (8)2n (£) + 7 (8) 2, (1),

and, plugging into (3.10), one gets

M ()2,(t) = (P()BR™ B — A7) () 2 (t) + @Sz (1) — 17, (1) 20 (1).
On the other hand, plugging into (3.9), we get

()2, (8) = 10 (t) (An — BR™IB*P(1))20(t) — na(t) BR™ B 15 (1) 2 (1)
Equating the two expressions above, we get the following equation for 7,:
= (P(t)BR™'B* — A%)na(t) + QS — nn(t)(A,, — BR™'B*P(t)) + n,,(t) BR™*B*n,,(2).
In this way, we have disentagled the system into
1, (t) = (P()BR™'B* — A} )i (t) — 1a(t)(An — BR™'B*P(t))
+QS + 1 (t) BRI B*n, (t),

nn(T) = _@TSTa
and
2! (t) = (A, — BR™IB*P(t))2,(t) — BR™1B*n, (t)2,(t),

n

zn(0) = 2.

By Assumption 3.2, (3.15) is a Riccati equation admitting a strict solution 7,. Plug-
ging its expression into (3.16), one gets a corresponding unique strict solution z, to the
latter. Then, defining r,, as in (3.11), one may use the formal computations (3.12)—
(3.15) and conclude that 7, so defined is actually a strict solution to (3.10). Hence, the
couple (zy,7,) so constructed is a strict solution to the coupled system (3.9)-(3.10).

Let 2z, 7, Ny be the functions defined in Step 1. We are going to give estimates uniform
in n for z,,r,. In the following, C' will be a positive constant, depending on the data of
the problem but independent of n € N, which may change from line to line.

i) (Estimates on z,) Clearly, being z, a strict solution to (3.16), it is also a mild
solution to the same equation; that is, for all ¢ € [0, T7,

t t
Zn(t) = etz — / elt=5)4 BRTIB*P(s) 2, (s)ds — / =54 BRI B*n. ()2 (5)ds.
0 0

Then, using (3.2), (3.8) and (3.4), we get

s ()l < C <|z0|H +/0 |zn(8)|Hds> e (0,1].

By the Gronwall’s Lemma, we then get

lzn(t)|lgr < C Vte|0,T].
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(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)
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Set now
Zo(t) = 2p(t) — ez, Wt e [0,T).
By (3.18) and (3.4), we get
IZ.(O)|g < C, Vtel0,T).
Then, still employing (3.17) and using (3.18), we also get the estimate
12, (t) — Zn(8) |y < Clt—s|, t,s€]0,T].
ii) (Estimates on r,) For the sequence {r, : [0,T7] — H },en, we proceed similarly.

We have, by the mild formulation

T
rn(t) = e(T_t)A;(—QTSTzn(T)) —/ e(s_t)A;P(s)BR‘lB*rn(s)ds
t

T
_ / eDAGS 2, (s)ds, Yt € [0,T).

t
Then, using (3.2), (3.4) and (3.18), we get

T
lrn(t)|g < C <\zn(T)]H +/t \Tn(s)\Hds> , Vtelo,T].

By (3.18) and the Gronwall’s Lemma, we then get
Irn(t)|g < C, Vtel0,T].
Set now
Pu(t) = rp(t) — T4 (—QrSr2n (1), € [0,T].
By (3.23), (3.18), and (3.4), we get
Pn(t)la < C.
Then, still employing (3.22) and using (3.2), (3.4), (3.20), and (3.23), we get the estimate
|Tn(t) — ()|l < Clt—s|, t,se]0,T].

Step 3. We are going to prove that the sequence {(z,, ) }nen admits a subsequence converging,

(3.27)

in a suitable sense, to a limit (z,7). Let p > 0 be such that Z, and 7, defined in the
previous step take value in
B, ={re€H: |z|g < p}

for all n € N (see (3.20)-(3.25)). The weak topology of the separable Hilbert space H
is metrizable on the ball B, (see, e.g., [13, Th.3.29]). Precisely, letting {a,}nen be a
dense subset of B, the distance

d(z,y) => 2" D(@ —y,an)ul, z,y€B,,
neN
induces the weak topology on B,. Notice that

d(ﬂ?,y) §p|$_y|H7 x)Z/GBp-

Then, given Step 2 and (3.27), we may apply Ascoli-Arzelad’s Theorem in the space
C([0,T]; (B,,d)) and get the existence of a subsequence, that with abuse notation we
still denote by {(Z,,7n)n}, and of a couple 2,7 € C([0,T]; (B,,d)) such that



(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

Step 4.

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)
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lim sup (d(Z,(t), 2(t)) + d(7n(¢), 7(t))) = 0,

n—oo [07T}
In particular, denoting by — the weak convergence in H,
Zn(t) = 2(t), 7u(t) —7F(t), Vte|0,T].
On the other hand, by [6], Part II, Chapter 1, Theorem 2.5 we have

lim sup |[( — e )|y =0, Voe H.
=00 10,7

Therefore, from (3.29) and (3.30), it follows that
Zo(t) = Zo(t) + enzg — Z(t) 4 ez =: 2(t) Yt e [0,T).
We may argue similarly for r, as follows. First of all, we note that by Lemma A.1
with
Fp =T 0% g, = —QrSran(T),
we obtain
04 (—QpSr2n(T)) = TN (=QpSr2(T)),  Vte[0,T].
Accounting for (3.29), it follows
'r'n(t) = fn(t) + e(T_t)A;(_@TSTzn(T))
— () 4+ T DA(QpSr2(T)) =:r(t) Vte|[0,T).

Notice that z,r € C([0,T]; Hy,), where H,, denotes the space H endowed with the weak
topology. Hence, we have proved that it exists a subsequence of {(z,, 7 )n}, still labeled
in the same way, and (z,r) € C([0,T]; Hy,) such that

2 (t) = 2(t), ro(t) —r(t), Vtel0,T].

Let us show that z defined by Step 3 solves (2.13). Due to Remark 2.4, z, is also a weak
solution to (3.9), that is for all ¢ € D(A*), t € [0,T],

(6, 2n () = (20011 + /0 (A, 20 (5)) 7 ds — /O (P*BR™ B¢, 2 (s)) g ds

— /t<¢, BR™'B*r,(s)) g ds.
We want now to take ghe limit as n — co. By (3.34), we have for each t,s € [0,T],
(@, 2n () — (9 2(1)) 1,
(P*BR™'B*¢, 2,(s))u — (P*BR™'B*¢,2(s)),
(¢, BR™'B*ry(s))u — (¢, BR™'B*r(s))u-

Moreover, for each s € [0,7],
[(A7¢, z2n(8)) i — (A"0, 2(s)) | < (A, — A) @, z2n(8)) | + [(A", 2n(s) — 2(5)) mr -
Now, on the one hand, by (3.34)
(A, 2n(s) — 2(s)m] = 0;
on the other hand, by (3.20), we have
(A7 =A%), 2n () r| < |(A7 — A%)olml2n(s) | < CI(A7, — A%)dlr — 0,
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where the latter convergence follows from (3.6). Therefore, combining (3.37), (3.38),
and (3.39), we get, for each t € [0,7],

(3.40) (A5, zn () — (A", 2(8)) -
Noting that, definitively in n,

sup [(A5,0, 20 (1)) m| < sup |2, (8)|u|Andly < |A"¢ly + 1,
te[0,7] (0,T7]

we may use dominated convergence to pass to the limit in (3.35) and use (3.36) and
(3.40) to conclude that

(9. 2(1))m = (b, 20)H +/0 (A, 2(s)) g ds

t t
+/ (P*BR™'B*¢,2(s))u ds _/ (¢, BR™'B"r(s))pz ds.
0 0

This says that z is a weak solution to (2.8). By Remark 2.4, it is also a mild solution
to the same equation, i.e. solves (2.13).

In a similar way, one may prove that that  defined by Step 3 solves (2.14), concluding
the proof.

O

4. UNIQUENESS OF SOLUTIONS

In this section, we prove two uniqueness results. We start with a result of this kind under the
assumption that 7" is small enough”. Set

Cpr = |BR'B*(lcu). Cg,s, = 1QrStlcan, Cos = 1QScm)-

Notice that the proof of the following result also provide, at once, the existence for small time
horizon, as it is based on the classic contraction argument (cf. also [11]).

Proposition 4.1 (Uniqueness for small time horizon). Let T > 0 be such that'°
(4.1) Cr = M*(Cg_ g, + Cos T) TCpre*e” CorfTH2T <,
with M,w as in (3.1). Then, the LQM mild solution to MFG is unique.
Proof. We consider the space C([0,T]; H) endowed with the usual sup-norm
|floo := sup | £ ()]
[0,7]

Consider the map
U:C(0,T];H) — C([0,T]; H)
where U(r) is the unique mild solution to (2.8) — that is, (2.13) holds. Then, consider the map
®:C([0,T);H) — C([0,T]; H)
where ®(z) is the unique mild solution to (2.10) — that is, (2.14) holds.
9Notice that the argument is based on the standard contraction fixed point, hence it would provide also

existence.
1OClearly, since

Jim M*(Cg, g, + CasT)TCpae?*™ OoroTH2T _
—

there exists 7' > 0 such that (4.1) holds.
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By construction, ¢ € C([0,T]; H) is a fixed point of ® o ¥ if and only if (CA, 1’(5)) is a solution
to the coupled system (2.13)-(2.14). We are going to prove that
(4.2) [(@oW)(r1)() = (Lo W)(r2)()|oc < Crlri() = r2()]os,  Vri,72 € C([0,T7]; H).

Due to (4.1), this guarantees the (existence and) uniqueness of a fixed point by the Banach-
Caccioppoli fixed point theorem. We proceed with some estimates.

Step 1. We prove a Lipschitz estimate for W. We write
(W(r)(t) — W (r2)(®)|a = |21(t) — 22(t) |0

t t
< / e =IABRTIB*P(s)(21(s) — z2(s))ds| + / e IABRTIB* (1 (s) — ro(s))ds
0 H 0 H
Now, recalling (3.2) and setting
(4.3) B = M*e*T(|Qr + Qrllcin + TIQ + Qllzam),

we have

/Ot e(t—s)ABR—lB*P(S)(Zl (S) B 22(3))d8

¢
< MewTCBR/B/ |21(s) — 22(s)|m ds.
H 0

Moreover,

t
/ U=SABRTIB (1 () — ro(s)ds
0

< Me“TTC'BR 171(-) — 72(:)|oo-
H

Then, combining the inequalities above and using Gronwall’s Lemma, we have
[U(r1)() = U(r2) (oo = |21(-) = 22( Voo < MTCpp €M™ CorBTHT |1y (1) — 1y ().
Step 2. We prove a Lipschitz estimate for ®. For i = 1,2, set y;(t) := r;(T — t). Then,

yi(t) = (A* = P(T — ) BR™'B*)y;(t) — QSz(T — 1),
yi(0) = —QrSt2(T);

that is, by the mild formulation
t
yi(t) = — e QrSrz(T) — / e =)A" P(T — §)BR™'B*y;(s)ds
0

t
—/ et Q8 2 (T — s)ds.
0
Then
ly1(t) — v2(t) |1

t
< MeTCg g, 21() = 2l + / =94 P(T — §)BR™B* (y1(s) — ya(s))ds

0
/t =N QS (21 (T — s) — 2o(T — 5))ds
0

Note that by (3.2) and (4.3) we have

H
+

H

/ot )Y P(T — s)BR™'B*(y1(s) — ya(s))ds

t
< Me“TBCpp / ly1(5) — 2 (s) mrds
H 0

and

/t =N Q8 (21 (T — s) — 2o(T — s))ds
0

< Me“TCosT|z1(-) — 22(-)]oo-
H
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Therefore, by Gronwall’s Lemma,
[@(21) () = (22) (oo = |r1(-) = 72()|oo
<M(Cy g, + CasT) MeTBOBRT+T |2 () _ o ()] 0.
Step 3. We may combine the previous estimates and get
(@0 W)(ri)() = (P oW)(r2)(-)|oo
< M(Cq, s+ CosT)|[¥(r1)(-) = ¥(r2) ()] €
< M%(Cpy o + CosT)TChr o2Me“T CppAT+2wT 1) = 72(-) oo,

QrS
completing the proof.

Me*TBCERrT+wT

O

Under some further assumptions, in particular requiring the dissipativity of the operators Q.S
and QpSt, we are able to prove that uniqueness holds true for large time horizon. Notice that
the assumption of dissipativity of the latter operators also ensures the validity of Assumption
3.2 (see Proposition A.4) and, in turn, the existence of a solution for large time horizon.

Theorem 4.2. (Uniqueness for large time horizon) Assume that:
(a) —QpSt,—QS € Xt (H);
(b) The following implications hold true:
(QrStx,7) =0 = QpSrx =0, (QSz,r) =0 = QSz=0.
Then, the LQM mild solution to MFG is unique.

Remark 4.3. Assumption (iii) on —QS (resp., on —QpSt) of the above Theorem 4.2 is satisfied
if, for instance, one of the following conditions holds:

() ~QS € S (H) (resp.. ~QrSr € BHH(H));
(ii) —QS (resp., —QrSt) is a projection onto a closed subspace of H.

Proof. Clearly, it suffices to prove uniqueness of (mild) solutions to the coupled system (2.8)-
(2.10). For that, let (z1,71) and (z2,72) be two solutions to the aforementioned system. Define
2:221—22, f’:zrl—Tg.

We are going to show that (2,7) = (0,0). We split the proof in several steps. In the following,
C will denote a positive constant, not depending on n, which may change from line to line.

Step 1. We notice that, given 7, we have that Z is the unique mild solution to

(4.4) Z(t) = (A— BR™'B*P(t))z(t) — BR™'B*#(t), 2(0) = 0;
similarly, given Z, we have that 7 is the unique mild solution to

(4.5) ' (t) 4+ (A* — P()BR™'B*)r(t) — QS2(t) =0, r(T) = —QpSt(T).
Clearly, by continuity of (z;,r;), for i = 1,2, we have,

(4.6) |7(t)| e, |2(8) | g < C YVt e[0,T).

The goal is now to compute %(é(t), 7(t)) . To achieve it, we pass through an approxi-
mation with the Yosida approximants (A,) of the operator A defined in (3.3).
Step 2. Let Z, be the unique strict solution to

(4.7) 2 (t) = (A, — BR™'B*P(t))z(t) — BR™'B*#(t), =2(0) =0,
and let 7, be the unique strict solution to
" (t) + (AY — P(t)BR™'B*)r(t) — QS2(t) =0, r(T)=—QpSr(T).
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We are going to prove that 2, — 2 and 7, — 7 uniformly on [0,7] as n — co. We prove
that for Z,; the same arguments can be applied to 7.
Since z, is a strict solution to (4.7), it is also a mild solution to the same equation;
that is, for all t € [0, 7],
t t
(4.8) Zn(t) = etnzy — / et=)4n BRTIB*P(5)4,(s)ds — / elt=9)4n BR™1B*}(s)ds.
0 0
On the other hand, since Z is a mild solution to (4.4), we also have
t t
(4.9) 3(t) = etz — / e=ABRIB*P(s)5(s)ds — / e=ABRTIB*?(s)ds.
0 0
By (4.8) and (4.9), we then get
t
Zn(t) — 2(t) = enzg — etz — / et~ BRTIB*P(s5)4,(s)ds
0

t t
(4.10) + / eUDABRTIB*P(s)2(s)ds + / <e<t—8>A — e<t—8>An) BR™'B*#(s)ds.
0 0
Using the equality

t t
‘/ (=94 BRTB" P(s)2,(s)ds + / e =ABR™B P(s)2(s)ds
0 0

t t
= / e BRTIB* P(s)(2(s) — 2a(s))ds + / (e“—s)f‘ — e<t—8>An) BR™'B*P(s)2(s)ds
0 0

into (4.10), we get

Set

t
hn(t) = ‘em”zo — etAzo|H + /0 ‘(e(t_s)A — e(t_s)A”) BR™'B*P(s)3(s) Hds

N /0 ! ‘(e(t—S)A _ e(t—s)An) BR-! B*f(s)‘H ds,

and

gn(t,s) = He(t_S)A"BR_lB*P(s)HE(H).

Then, (4.11) reads as

[2n(t) = 2() | < hn(2) +/0 gn(t; 8)|2(s) = 2n(s)|uds.

By Gronwall’s Lemma, we therefore get

t t
(4.12) 120(t) — 201 < hn(t) + / o (5)gn (£, 5)e % 9 E0)dr g
0
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Step 3.

Step 4.

(4.13)

Step 5.

(4.14)

(4.15)

(4.16)
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We now want to take the limit as n — oo in (4.12). First, by (3.5), we have
letnzg — et 20lg — 0 as n — oo.

Second, noticing that, by (3.2), (3.4), and (4.6), we have
((e“—s)A - e<t—S>An) BR‘lB*P(s)é(s)‘ <C vtelo,T),
by (3.5) and the dominated convergence Theorem we get
/ ‘ (t=s)4 _ e(t_S)A") BR_lB*P(s)é(s)‘Hds —0 asn—oo Vte[0,T].
Similarly,
t
/ ‘(e(t_s)A - e(t_s)A”> BR_IB*P(s)f*(s)‘H ds—0 asn—oo Vtel0,T].
0

Then, we have
hn(t) =0 asn — oo, forall t € [0,T].

On the other hand, by (3.2) and (3.4) we have
gn(t,s) <C VO<s<t<T.
Then, by the dominated convergence theorem, we get
|Zn(t) — 2(t)|lg = 0  asn — oo, Vt € [0,T].

Consider now the sequence

frni[0,T] =R, fult) := (Ea(t), 7n(t)) gVt € [0,T).
Then,

Ju(t) = f(t) := (2(t),7(t))s, unmiformly in ¢ € [0,T].
Moreover,

fi(t) = —(BR7IB*#(t), 7 (t)) 1 + (3n(t), QS2(t))m ¥t € [0,T].
Setting

w(t) := —(BR™'B*(t),?(t))m + (2(t),QS2(t))m,  t€[0,T],
we have
I (t) = w(t) uniformly on ¢ € [0, 7.
We may conclude that f is differentiable and f’ = w. This means that

Ca(0), 7)) i = (R BY#(0), B'#(0)) i + (20, Q200w vt € [0.7).

Considering that 2(0) = 0, and using Assumption 2.1(vi) and Assumption (a) of the
present theorem (on Q)S), we get

(B0, 7O =0, (), 7 (0w <0.

Moreover, recalling the terminal condition in (4.5) and using again Assumption (a) of
the present theorem (this time, on Q7S7), we have

(), #(T))u = (A(T), —=QrSr2(T))u = 0.
Therefore, combining (4.14) and (4.15), we obtain
(2(t),7(t))g =0 Vte[0,T].
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From (4.14)-(4.15), it follows (2(T"), =Q7pSr2(T))n = 0. Hence, by Assumption (b) of
the present theorem (on QrSt), we get

(4.17) —QrS72(T) = 0.
Moreover, using (4.16) and using Assumption 2.1(vi) into (4.13), we get
(2(t),QS%(t)r =0 Vte[0,T].
So, again by Assumption (b) of the present theorem (this time, on QS), we also get
(4.18) QS:(t) =0 Vte|0,T).

Then, using (4.17)-(4.18) into (4.5), we get 7#(t) = 0 for all ¢t € [0,T]. Finally, using the
latter into (4.4), we also deduce 2(t) = 0 for all ¢ € [0, 7], concluding the proof.

O

5. APPLICATION: A PRODUCTION OUTPUT PLANNING PROBLEM WITH DELAY

5.1. The model. We analyse a delayed version of a production output planning example in-
troduced in [14], Example A.

Consider n firms F;, with ¢ = 1, ..., n, supplying the same product to the market. Let us denote
by k; be the production level of firm F; and suppose k; is subject to the following controlled
stochastic dynamics:

dki(s) = [ai(s) + [0 b(&)ai(s + €)dE| ds + 0 dWi(s), 0<s<T,
ki(0) = k), ai(€) = 6i(€§) V€ € [~d,0].

(5.1)

Here «;(s) is the control variable denoting the rate of investment /disinvestment in new capacity
at time s. A fraction of this investment is immediately productive — this is accounted by the
term «;(s) — whereas another part takes time to become productive (so called time-to-build);
overall, this second part is represented by the term f_od b(&)avi(s+&)dE, where b € L?([—d,0]; R,)
is a kernel, and we refer to [1] for a detailed foundation of this last modeling feature. From the
mathematical point of view, this term makes the problem a control problem with delay in the
control variable, as can be appreciated also by the need of specifying an “initial past” for the
control variable by setting «;(§) = §;(€) for all £ € [—r,0]. Finally, we add an idiosyncratic
noise to the model represented by the term odW; in the dynamics, being the W;’s independent
Brownian motions.

Setting k(t) := L 3" | k;(t), we assume that the price of the product is determined according
to a linear inverse demand function:

(5.2) p(t) = n —~k(t),

where 77,7 > 0 are given parameters.!’ The firm F; adjusts the production level z; looking at
the current price of the product, considering that increasing price calls for more supplies of the
product to consumers and viceversa. The aim of the firm is to find a production level which is
close to the price that the current market provides, i.e. k;(t) = fp(t), where 8 > 0 is a constant.

HNote that the overall production level Q(t) = Y1, zi(t) is scaled by a factor % in the price function, since
we model the situation in which an increasing number of firms distributed over different areas join together to
serve an increasing number of consumers (see [14]). The model (5.2) is a simplified form of a more general price

model for many agents producing same goods proposed in [36].
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Precisely, the finite horizon cost of firm F; is
— 1 T
T (K, 0 F()) = 5 B [ | [0 = 30)? o] e+ () - ﬂpmﬂ ,
1

=3 E [/OT [(ki(t) —Bn+ 5%(:5))2 + m,-(t)2] dt + (ki(T) — Bn + ﬁny(T)f] ,

where r > 0. We aim at studying the case in which there is a big number of firms and solve the
problem by investigating the associated mean field game system. As usual in mean field game,
one considers the formal limit of the Nash equilibrium as n — oo and considers the optimization
problem for the representative agent in the mean field. Denoting by v(t) the distribution of the
population at time ¢ taken as given, the optimization problem of the representative agent is to
minimize

J (K, a;v) = % E [/OT [(k:(t) —Bn+ ﬁ'y/Rfu(t,d{)>2 + ra(t)?

where

dt + (k(T) - Bn+ﬁ7/R§V(T,d§)>2] ;

dk(s) = [a(s) + [0 b(&)als + 5)d5} ds +odW(s), 0<s<T,
k(O) = ko? a(f) = 5(6) Vf € [_d7 0]7

where W is a reference Brownian motion defined on a filtered probability space (2, F,F,P),
satisfying the usual conditions and « belongs to U := L]%([O, T]; R), the space of square integrable
processes adapted to . For future references, note that

(5.3)

2
(k_577+57/[R£V(d6)> +Ta2:gl(k7avy)+g2(kvy)7

where
2
g1 (k,a,v) = (k - B’Y/ SV(d§)> +ra?, go(k,v) = (Bn)* — 280k — 2nﬂ2v/ v (dg).
R R

5.2. Reformulation in Hilbert space. We preceed to reformulate the problem in a suitable
Hilbert space. We follow [33], where the same reformulation has been carried out for a more
general setting. Let us consider the space H = R x L2 where L%, := L?([-d,0;R). We
denote the generic element of H by = = (x,21(+)), where z¢ and z1(-) denote, respectively, the
R—valued and the L2_d— valued components. H is a Hilbert space when endowed with inner
product and norm

<$7y>H = Zo¥Yo +/

—d

0

0
2 ©n©)de,  |efi = |eol? + / GRS

Consider the linear closed unbounded operator

A:DA)YCHSH  (20,21(6)) <x1(0),—dl‘;§@> ,

with domain
D(A) = {(:130,:171(-)) € H: z,() e WH3([—d,0];R), z1(—d) = 0}.

The operator A is the adjoint of the linear closed unbounded operator

A* 1 D(A*) C H=H, (z0,21(-)) — <0, d”;;ég)),

with domain
D(A*) = {(z0,21(-) € R x W'*([=d,0};R) : 2o =21(0)} .
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It is well known that A* is the infinitesimal generator of a strongly continuous semigroup (see,
e.g., Chojnowska-Michalik [20] or Da Prato and Zabczyk [25]), so it is A. We define now the
bounded linear control operator

B:R—H, aw~ (1,b())a.

In [33, Prop. 2], it is proved that (5.3) is equivalent to the following abstract SDE in the Hilbert
space H

(5.4) dX(t) = (AX(s) + Ba(s))ds + GdW (s),
' X(0) =,
where  is a suitable transformation of the initial data (k,d(-)) and
G:R—H, ww~ (ow,0).

Given m : [0,7] — P(H) measurable, the objective functional of the representative agent is
then rewritten as

o,cm) =5 [ FX(0,00)me)it + hOxD)mr)]
where X (-) evolves according to (5.4) and
Fla 0, = 5 (910,00, 1%) + gal0, %)), ) =
where 1 € P(R) is the marginal of m € P(H) on R, that is
pl(A) = u(A x L?), A< BR).
The terms involving g; falls into our setting with the following specifications
U=R and R=2r,
S,Sr e L(H), Sx=Srx=—px,
Q,Qr € L(H), Q=Qr=0,
Q,Qr € L(H), Qx=Qrx = (z0,0).

The term involving go, despite the constant (5n)? is the linear term of the form

20+ B /]R Ev(d€) = (z,7) i + / (2, 7) rpa(d),

H
where n := (1,0) € H. This term can be inserted in our analysis as well, at the price of
small changes. Indeed, following the same computations as in Section 2, we find the same
Riccati equation as (2.9) and the same equation for z(-) as (2.8). The only differences are in the
equation for 7(-) which now reads as

' (t) + (A* — P(t)BR™'B*)r(t) — QSz(t) — (61,0) = 0

(gl (:EO) 07 MO) + g2 (:EOv /LO)) )

N =

(5.5)
r(T) = —=QrpStz(T) — (61,0),
and in the explicit expression for s in terms of P, z,r.
Then, we have the following result.
Theorem 5.1. There exists a unique LQM mild solution to the MFG above.

Proof. One can prove existence exactly as in Theorem 3.4. Uniqueness follows as in the proof
of Theorem 4.2, taking into account also Remark 4.3; indeed, by definition of @Q,Qr, S, ST,
assumptions (ii)-(iii) of that theorem are satisfied. O
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APPENDIX A.
A.1. A useful lemma.

Lemma A.1. Let {z,}, C H and © € H be such that x,, — x and let {F,}, C L(H) be such
that F; — F pointwise. Then

Fo,x, — Fx.
Proof. Let y € H. We write
<ann _any>H - <ann _Fxn7y>H + <Fxn _Fx7y>H

Since x,, — =, we have
On the other hand,

’<ann_FtTmy>H‘ = ‘(xna (F;_F*)y>H’ < ‘xn‘H ’(F;_F*)y’H < <Sup‘xn‘H> ‘(F;_F*)y’H — 0,
n
where we used that
sup |z | g < oo,
n
since x,, — x. The claim follows. O

A.2. On Assumption 3.2. The propositions below are concerned with the validity of Assump-
tion 3.2. In order to study the backward Riccati equation (3.7) we perform a time inversion and
study the following forward Riccati equation

m(t) = (=P(T —t)BR™'B* + A})nn(t) + nn(t) (A, — BR™'B*P(T — t))
—QS — () BR™' B*ny (1),

nn(o) = _@TST7
The notion of strict solutions to the previous equations is analogous to that of Assumption 3.2.

Proposition A.2. There ezists T > 0 such that there ezists a unique strict solution to (A.1),
in the sense of Assumption 3.2, in the interval [0, T].

Remark A.3. Note that Proposition A.2 implies that, if T > 0 is small enough — precisely,
smaller than the time T of the same proposition — then Assumption 3.2 is satisfied.

Proof. We will prove the existence of a solution in the ball

(A2) Bre = {g.€ C10, 71 20) < gl om0my < 7

for some r,7 > 0 to be fixed later and not depending on n. In particular, once we have existence
in B, , since r does not depend on n, it follows that (H2) holds.
Given 7 > 0, consider the map

L Cs([0, 7] X(H)) = Cs([0, 7] 3(H)),  f = Tnf,
defined, for (t,z) € [0,7] x H, by

t
Lon(f) )z = = QpSpetna — / e QSes M xds
0

- / t =) (P(r — s)BR™'B*f(s) + f(s)BR™'B*P(r — s) + f(s)BR™'B* f(5))e" =54z ds.
0



LINEAR-QUADRATIC MEAN FIELD GAMES IN HILBERT SPACES 25

A mild solution to (A.1) is a fixed point of I';,. Set

(A.3) r = 2ME QST e ()

and choose 7 > 0 such that the following two are true:

(A.4)
M:%{H@TSTHL(H)JFT[|@5\\£(H)+27‘HP(T—'5)Hcs([o,ﬂ;Z(H))HBR_lB*HL(H)JFTQHBR_lB*Hc(H)]} <r
and

(A.5) TM7 [2HP(T — ey o,z IBR™ B[l 2 + 27“HBR_1B*HL(H)] < %

Letting f € B, ; and recalling (3.1) and (A.4), we have for all ¢t € [0,7] and z € H

T (f) ()|
< M%{H@TSTH[:(HWT[H@SHE(H)JFWHP(T—t)Hcs([o,T];z(H))HBR_lB*HL:(H)+7‘2HBR_1B*HL:(H)} }!l’\H <,

so that

'n(Byr) C Brr

— )

Moreover, for all t € [0,7] and = € H,

Fn(f)(t)fv—Fn(g)(t)fE:/O I[P (r—5)BR™' B*(9(5)— f(5))+(g(s)—f(s)) BR™' B*P(7—5)

+ f(s)BR™'B*(g(s) — f(5)) + (g(s) — f(s))BR™'Bg(s)](s)e 4 xds

and then
ITn(f) = Tnl9)llos o720y = ts%p] ITn(£)(t) = Tnlg) ()l 2o
€|0,7
< TMZ|2||P(T =)l cuqio, iy 1 BR Bl 2 +27“HBR_IB*Hz(H>] ts%p} 1£(t) = 9Ol ey
€|0,7
1

IN

1
5 sup [F(0) = 9Ol = 515 = gllezormany
te[0,7]

where the last inequality follows from (A.5). Thus Iy, is a contraction in B, and by the
Banach-Cacciopoli fixed point theorem, there exists a unique mild solution f in B, ;.

Finally, since A,,, A% € L(H), we clearly have that f € C1([0,7];X(H)) and that it is a strict
solution to (3.7), i.e., in the sense of Assumption 3.2. O

The next proposition deals with the possibility of prolonging the strict solutions from local
ones to global ones. We need to set assumptions on QS, Q;St to achieve the goal; notice
that they correspond to parts of the assumptions required for the global uniqueness (cf. (a) in
Theorem 4.2).

Proposition A.4. If —~QS,—QpSt € X (H), then Assumption 3.2 holds true.
Proof. Step 1. Here we show that, for each solution f of (A.1) in [0,Tp] with Ty < T', we have
(A.6) 0< f(t)< Bl Vie[0.Th]
with
(A7) Br = MR(QrSrleu + TIQS | o)) *Psctoro I Nean BT
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(i) Here we prove the lower bound of (A.6), i.e., that
(A.8) Ft)=0 vtelo,Ty).
Note that f is the solution of the following in [0, Tp]:
F(8) = Lt f0)"£(8) + F(O)La(t, /(1) — QS 1(0) = ~TrSr,
where
Ln(t,o(t)) = A, — BR™'B*P(T —t) — %BR‘lB*cp(t).

Denote by Ul (t,s), where 0 < s <t < 7, the evolution operator associated with
L, (t, f(t)). Then

fw=4%m@&me—[WmﬂMmea

Since —QS, —QrSt € T (H), we get (A.8).
(ii) Here we prove the upper bound of (A.6), i.e., that
(A.9) f@) < prl Vtel0,Ty,

where fr is given in (A.7). For t € [0,Tp] and x € H, we have

t_

(f)x,z)gp = —(@TSTetA”m,etA”@H—/(QSeSA”m,eSA”a:>Hds
0

— /;(P(To — 8)BR™'B*) f(s)et=9An g (=) Ang) pds
— /;(f(s)BR_lB*P(TO — s)et=9)An g o= An gy 1 g
— /;(R_IB*f(s)e(t_s)A”a;, B*f(s)e(t_s)A”a:>H ds.
Since R is nonnegative, for all t € [0, Ty] and x € H, we have
/Ot(R_lB*f(s)e(t_s)A":E, B*f(s)e" ™4 g) yds > 0.

Therefore, for all ¢t € [0,Tp] and x € H we have

t_

A tAn . tAn sAn . SAn
9 = T ) - 9
(fx,z)g < —(QpSre "z, e "x)yy /(QSe x, e’ mxy g ds
0

t
- / (P(Ty — s)BR™'B* f(s)elt™9An g (=540 ) 1 ds
0
t
- / (f(s)BR™'B*P(Tjy — s)elt =9 4ng (=) 4n ) 1 ds,
0
which implies
[(fOz,2)n| < NQpStl e ME|x[f + TMEQS|| coml|E

t
+ 2M7F sup ||P(T0—t)Hc(H)HBR_lB*HL(H)/ 1 ()l 2oy |27 ds.
+€[0,T] 0
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Then, by the characterization of the norm of a self-adjoint operator we have for all
te [07 TO]

If ey < MENQrStll e + TINIQS £ )

t
+oM2 sup | P(To— e | BR™ B e / 1£() Ly ds
t€[0,To] 0

and by the Gronwall’s Lemma we have
—_ —_ 2 su _ —1 px*
1F Ol ey < MENQrST ceny +TIQS | 2ary)e™ T 3 Pecto.to) 1P To=leanlBEBrllean - vt ¢ [0, Ty,

from which we conclude (A.9).

Step 2. Here we prove the existence of a strict solution to (A.1) in the whole interval [0,T].
First of all, by Proposition A.2, we may construct a (unique) solution f of (3.7) in B, ,
given in (A.2) with r and 7 satisfying (A.3), (A.4), and (A.5). We proceed by a second
contraction on the ball

By m = {9 € Cs([r, 7+ s 2(H)) = 9y (trirn)zmy) < 7’1},

where 71 and 7 have to be chosen appropriately. The initial datum at t = 7 is f(7) and
we know that

1f (Tl 2y < Br

Following the arguments in the proof of Proposition A.2, we choose

r = 2M7215T

r —
51 + L MENQS | g ()

+ 2r I ME|P(T = )l ey (ortm)mmn | BR Bl iy + miriME| BR™ B¥|| ¢y < 71

—{ 1ok 1
M7 | 2| P(T = )|l oy 0.0+ ]y IBR™ B |l 2y + 2r1 | BR™ B || ooy | < 3

By these choices we obtain a unique solution f(¢) on [r, 7+71] such that f1(7) = f(7).
Then we stick the two solutions and we obtain a solution, that by some abuse of notation
we call again f, on [0,7 + 71]. This solution satisfies the a priori estimate (A.6). Hence

IfO ey < Br VE€ 0,7+ 7).

This implies that we can iterate the contraction procedure on the ball with radius r;
and interval [T + 71,7 + 271] with the same choice of r1,71. Then in a finite number k of
steps we reach T when 7+ k7 > T. By Step 1 this solution satisfies (H2) and the proof
is complete.

O
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