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Abstract

We analyze a dynamic game of transboundary pollution control in discrete time in a
stochastic framework in which the pollution stock affects the probability of shock realiza-
tions. We allow the likelihood of the most adverse shock realization to increase or decrease
with the pollution stock to represent the different effects that climate change may induce
on ecological and social dynamics. We contrast the noncooperative and cooperative sce-
narios to quantify the consequences of free riding on the economy’s stochastic steady state,
which is characterized by an invariant pollution distribution. In both the noncooperative
and cooperative frameworks the invariant distribution is supported on strictly positive
pollution levels, suggesting that even cooperation cannot ensure complete pollution erad-
ication. Under cooperation though the support is leftward shifted with respect to the
noncooperative case, and the size of such a leftward shift which quantifies the inefficiency
induced by free riding tends to be larger when the probability function increases with
pollution. Moreover, both noncooperation and cooperation nontrivially interact with the
monotonicity properties of the probability function affecting the shape of the steady state
pollution distribution over its support, thus making it difficult to draw general conclusions
on whether on average environmental outcomes under increasing probabilities are more
or less desirable than under decreasing probabilities.

Keywords: Dynamic games; Invariant Distribution; Transboundary Pollution; Uncer-
tainty
JEL Classification: C61, C63, Q50

1 Introduction

The dramatic effects of climate change on economies and societies have now become undeniable,
making climate mitigation one of the major challenges of our time (IPCC, 2022; Stern, 2022).

∗We wish to thank the Guest Editors and three anonymous referees for their constructive comments on an
earlier draft of the paper. We are also grateful to the participants in the MDEF2024 workshop (Urbino, Italy)
for insightful discussions. All remaining errors and omissions are our own sole responsibility.
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The increase in the frequency and severity of extreme weather events along with the reduction in
climate skepticism have widen the public support for environmental policy (Hornsey et al., 2022;
Shenoy et al., 2022). However, how to effectively implement mitigation measures is still not
clear, as the public good features of the natural environment promote free riding (Nordhaus,
2015; Battaglini and Harstad, 2016). Moreover, the complexity of environmental dynamics
makes policymaking particularly difficult since uncertainties and irreversibilities complicate the
assessment of the impacts of future events and of specific policy measures (Pindyck, 2000;
Cullenward et al., 2011). In particular, the profound uncertainty surrounding our planet’s
response to anthropogenic activities requires to specifically account for the risk of tipping
points and regime shifts, and thus that the bilateral economy-climate relation may endogenously
change over time and with environmental policy (Hall and Behl, 2006; Lenton et al., 2008).
While several papers separately discuss the effects of free riding and uncertainty on global
warming (Carraro and Siniscalco, 1993; Athanassoglou and Xepapadeas, 2012), very little is
known about how free riding may endogenously affect the uncertain environmental dynamics.
The goal of this paper consists thus to explore the mutual implications between free riding and
the endogenous nature of ecological uncertainty, along with their consequences on mitigation
policy.

We analyze a dynamic game of transboundary pollution in which two neighboring countries
determine their emission levels in a stochastic framework in which random non-production-
related emissions affect pollution dynamics. Emissions from non-economic (man-made or nat-
ural) sources augment total emissions generated by the countries’ production activities and
affect the overall natural pollution absorption since they are subject to a different decay from
economic-related emissions. Individual countries need to account for the presence of such shocks
in order to determine their emissions and for the fact that such shocks are not completely ex-
ogenous as the probability of shock realizations depends on the pollution stock. By affecting
pollution accumulation each country’s emissions contribute to determine the likelihood that
a more or less favorable shock will take place, suggesting that free riding nontrivially influ-
ences the uncertainty of environmental dynamics. We contrast the noncooperative and the
cooperative outcomes in the cases in which the probability function, determining the likelihood
of the most adverse shock realization, either increases or decreases with pollution in order to
quantify how the inefficiency induced by free riding through its consequences on environmental
uncertainty changes under these two alternative scenarios. These two alternative setups may
describe the effects of environmental degradation on different emission (man-made vs. natural)
sources, allowing us to characterize how environmental policy may change according to the
specific consequences of climate change on ecological and social dynamics. We explicitly derive
the optimal policy and dynamics showing that the economy converges to a stochastic steady
state characterized by an invariant pollution distribution.

We characterize how the properties of such an invariant distribution change in the noncoop-
erative and cooperative frameworks according to the features of the probability function. We
show that in both the noncooperative and cooperative frameworks the invariant distribution is
supported on strictly positive pollution levels, suggesting that pollution eradication does not
represent a long run possible outcome even under cooperation. Under cooperation though the
support is leftward shifted with respect to the noncooperative case, and the size of such a left-
ward shift which quantifies the inefficiency induced by free riding tends to be larger when the
probability function increases with pollution. Moreover, the properties of the probability func-
tion affect the shape of the pollution distribution over its support. Specifically, in the absence
of cooperation when the probability function decreases with pollution the invariant pollution
distribution tends to be more skewed towards the lower extreme of the support, while when it
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increases with pollution it tends to be more evenly distributed over the whole support with a
substantial mass concentrated towards the upper extreme. However, both noncooperation and
cooperation nontrivially interact with the monotonicity properties of the probability function
affecting the shape of the steady state pollution distribution over its support, thus making
it difficult to draw general conclusions on whether on average environmental outcomes under
increasing probabilities are more or less desirable than under decreasing probabilities.

Our paper is thus related to two different branches of the environmental economics litera-
ture, addressing the consequences of free riding and uncertainty respectively. A large number of
studies analyzes the consequences of free riding in transboundary pollution control frameworks,
stressing the difficulties to effectively implementing cooperation and quantifying the inefficiency
induced by noncooperation (Rubio and Ulph, 2007; Yeung, 2007; Masoudi and Zaccour, 2013;
Huang et al., 2016). On the other hand, several papers study the implications of uncertainty
on pollution accumulation, showing the importance of precautionary approaches to prevent
unpredictable and adverse outcomes in a number of different contexts (Tsur and Zemel, 1998;
de Zeeuw and Zemel, 2012; La Torre et al., 2017; Bretschger and Vinogradova, 2019). To
the best of our knowledge, the number of works relating free riding and uncertainty are more
limited (Yeung and Petrosyan, 2008; Masoudi et al., 2016; Fu et al., 2018), and none of them
specifically accounts for the effects of free riding on uncertainty through its consequences on
pollution accumulation which is instead a peculiarity of our setup. Indeed, by endogenizing
the probability of shock realizations we are able to assess how the inefficiency from free riding
changes according to the effects induced by climate change on ecological and social dynamics.
Moreover, our paper contributes also to the branch of economic theory analyzing the conse-
quences of state-dependent probability on economic dynamics. A few works study how the
dependency of the probability of shock realizations on a stock variable related to health affects
long run macroeconomic conditions, characterizing how the invariant steady state distribution
depends on the properties of the probability function (La Torre et al., 2019; 2023; 2024). How-
ever, none of these works relates state-dependent probabilities to environmental dynamics and
none of them analyzes the implications of strategic interaction through dynamic games, which
represent instead the core of our analysis.

The paper proceeds as follows. Section 2 introduces our game of transboundary pollution
under uncertainty in which the probability of shocks realization depends on the pollution stock.
Section 3 characterizes in closed-form the players’ noncooperative and cooperative equilibrium
emission levels, comparing their implications on the steady state pollution distribution. Section
4 numerically illustrates the implications of different properties of the probability function on
the steady state pollution distribution. Section 5 presents concluding remarks and suggests
directions of future research. Technicalities are postponed to appendix A

2 The Model

We consider a discrete time dynamic game of transboundary pollution control under uncertainty
in which random shocks have a twofold effect: they affect emissions and they affect pollution
decay (Masoudi et al., 2016). Moreover, by affecting the pollution stock individual players’
emission choices determine the probability of shock realizations.

Two identical neighboring countries, A and B, share a common environment which is de-
pleted by their polluting emissions, eA,t ≥ 0 and eB,t ≥ 0 respectively. Each country i = {A,B}
wishes to maximize its welfare given by the discounted sum (β > 0 is the discount factor) of
utilities. By assuming a one-to-one relationship between production and emissions, the instan-
taneous utility function is given by the difference between the benefits from production y (ei,t)
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and the environmental damages incurred, proxied by the pollution stock xt ≥ 0, d (xt). The
production benefit is assumed to take the following quadratic form: y (ei,t) = αei,t−

1
2
e2i,t where

α > 0 quantifies the economic gain associated with emissions, while the damage function has
the following linear form: d (xt) = γxt where γ > 0 measures the economic loss induced by
pollution. Pollution is a stock variable and its accumulation depends on countries’ total emis-
sions and the natural absorption capacity. Total emissions are Et = ν (eA,t + eB,t) where ν > 0
measures the inefficiency of production activities, while 0 < ω < 1 is the natural pollution
decay rate. Random shocks zt ≥ 0 are associated with non-production-related emissions which
thus affect both total emissions and natural absorption. Indeed, emissions from non-economic
sources have two different effects: (i) they additively increase total emissions contributing to
deteriorate the natural environment, and (ii) by being in nature different form economic-related
emissions, they are subject to a different decay from them and thus they modify the overall
natural absorption. Therefore, the pollution dynamic equation is given by the following ex-
pression: xt+1 = ν (eA,t + eB,t) + θzt + (1− ω) ztxt, where θ ≥ 0 measures the relative impact
of non-production-related emissions on pollution accumulation. For the sake of expositional
simplicity the pollution equation can be rewritten as:

xt+1 = ν (eA,t + eB,t) + δzt (xt + κ) , (1)

where δ = 1 − ω ∈ (0, 1) is the net (of natural absorption) pollution growth and κ = θ
δ
≥ 0

quantifies the overall effect of the exogenous shock. While eA,t ≥ 0 and eB,t ≥ 0 represent emis-
sions associated with economic production activities, the shock term represents the emissions
associated with other sources, such as man-made (transportation, power generation, daily life
activities) and natural (oceans, animals and plants) sources, as well as man-made and natural
disasters (nuclear and radiation accidents, oil spills, forest fires, volcanic eruptions). The im-
portance of non-production related emissions, both coming from man-made and natural sources
and disasters, has been extensively documented (Ivanova et al., 2016; Yue and Gao, 2018) and
thus the presence of such emissions needs to be effectively accounted for in the determination
of climate mitigation policy. However, such emissions cannot be directly controlled by national
authorities meaning that to a large extent they are exogenously given for them and national au-
thorities can only try to consider the uncertainty associated with such emissions in the process
of policymaking.

An important characteristic of the natural environment, and of the carbon cycle in particu-
lar, is that it endogenously changes responding to human activities. Therefore, the realization
of random shocks cannot be considered fully exogenous but it rather depends on the health of
the natural environment which is deteriorated by economic production. We account for this
peculiarity by allowing the probability of shock realizations not to be constant but to depend
on the pollution stock p (xt). Specifically, we assume that {zt}

∞

t=0 is a Bernoulli process taking
on two values such that at each date t:

zt =

{

rH with probability p (xt)
rL with probability 1− p (xt) ,

(2)

where rH ≥ 1 > rL > 0 such that both shock realizations additively increase the pollution
stock but the former (the latter) also increases (decreases) net pollution growth by reducing
(augmenting) its natural absorption capacity. Note the timing of the shock realization and of its
state-dependent probability: the probability p (xt) of the shock zt occurring at time t depends
on the pollution stock level xt at the same time t. Moreover, we consider two different scenarios
in which either p′ > 0 or p′ < 0: in the former (latter) case a larger pollution stock increases
(decreases) the probability of the realization of the most adverse shock associated with larger
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exogenous non-production-related emissions yielding a deterioration in the environmental self-
cleaning capacity and thus an increase in net pollution growth. These two alternative scenarios
may represent the different consequences that environmental degradation may generate on
ecological and social dynamics, and they deserve thus to be specifically accounted for in the
determination of mitigation policy. Indeed, deteriorating environmental conditions may put
under stress the ecological system resulting in more natural emissions and a reduced nature’s
capacity to absorb carbon emissions (p′ > 0 case). However, deteriorating environmental
conditions may also increase environmental concerns among individual agents who could modify
their behavior to reduce their ecological footprints, resulting in less man-made emissions and a
faster decay of the greener polluting activities (p′ < 0 case).

In the following we wish to characterize the players’ climate mitigation strategies and their
implications for pollution dynamics under an endogenous probability of shocks realization. In
order to do so we need to solve the players’ optimization problem in closed form, and this
requires us to specify the functional form of the probability function p (xt). As a matter of
analytical tractability and without loss of generality, we consider the following functional form:

p (xt) = a+
b− a

xt + κ
∈ (0, 1) , (3)

where 0 < a, b < 1 are scaling parameters such that κ > max
{

a−b
a
, b−a
1−a

}

and which determine
the properties of p (·). Indeed, if a > b the probability function will be increasing in pollution
(p′ > 0 case) while if a < b it will be decreasing in pollution (p′ < 0 case). Note that the
probability function turns out to be constant and thus independent of pollution whenever a = b.
In the following we mainly wish to understand how emissions depend on these parameters in
order to characterize how the endogenous dependence of shock realizations on the pollution
stock affect environmental outcomes.

3 The Equilibrium Outcome

We now analyze how the equilibrium outcome changes under cooperation and noncoopera-
tion. We start from the noncooperative case, in which each player maximizes its welfare with-
out internalizing the environmental externality. Different from a traditional dynamic game of
transboundary pollution, since in our setup the probability of the shock realization depends
on the pollution stock, players’ inability to internalize the externality has important effects on
the likelihood that less favorable shocks occur. We then move to the cooperative outcome in
which a social planner dictates the emission level to each player in order to maximize their joint
welfare. By doing so the planner affects also the likelihood that less favorable shocks occur.
Comparing the noncooperative and cooperative outcome will help us understanding how such
an extra layer of complexity in environmental dynamics impacts the size of the inefficiency
induced by free riding.

3.1 The Noncooperative Outcome

In a noncooperative setting, each player determines their emission level in order to maximize
their individual (expected) welfare. Given the initial pollution stock x0 ≥ 0, the optimization
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problem faced by each player i can be stated as follows:

max
ei,t

Wi = E

[

∞
∑

t=0

βt

(

αei,t −
1

2
e2i,t − γxt

)

]

(4)

s.t. xt+1 = ν (eA,t + eB,t) + δzt (xt + κ) . (5)

Since the players are ex-ante identical the equilibrium is characterized by symmetry and the
emissions of players A and B coincide. In the following we shall thus focus on the symmetric
equilibrium in which eA,t = eB,t = et. Next proposition characterizes the symmetric emissions
level and thus its implications for the evolution of pollution.

Proposition 1 Let Ω ≡ βγν

1−βδ[(1−a)rL+arH ]
. Assuming that δrH < 1 and α > Ω, the noncooper-

ative symmetric emissions level is:

eNC
t = eNC = α− Ω > 0, (6)

while the pollution dynamics is:

xt+1 = 2ν (α− Ω) + δzt (xt + κ) . (7)

Provided that the worst shock realization is not too large (which, as can be easily checked,
ensures that Ω > 0) along with the fact that the economic gain associated with emissions is
large enough, Proposition 1 states that the noncooperative symmetric emission level is constant
and thus pollution dynamics is to a large extent driven by random shocks—see (6) and (7).
Intuitively the emission level increases with the economic gain of emissions α while it decreases
with the discount factor β, the shock realizations rL and rH , the inefficiency of production
activities ν, and the economic loss induced by pollution γ. Moreover, it is interesting to observe
that emissions negatively depend on the probability parameter a while they are unrelated to b,
suggesting that the larger a the smaller the emission level and the slower pollution accumulation,
independent of whether the probability function is independent of pollution (a = b) or depends
on it, both in a positive (a > b) or negative (a < b) manner. Even if the characteristics of the
probability function are irrelevant for emissions, they turn out to critically determine the long
run steady state equilibrium of pollution.

Because of the presence of random shocks, and thanks to the assumption δrH < 1 that let
both maps (7)—i.e., for both realizations zt = rL and zt = rH—be contractions, the long run
equilibrium is represented by a stochastic steady state characterized by an invariant pollution
distribution. It can be proved that such a distribution has support contained in the interval
[

xNC
L , xNC

H

]

, whose extremes are given by:

xNC
L =

2ν (α− Ω) + δκrL

1− δrL
> 0 and xNC

H =
2ν (α− Ω) + δκrH

1− δrH
> 0, (8)

which turn out to be strictly positive under the assumption that δrH < 1 and α > Ω. Intuitively,
the range of the trapping interval

[

xNC
L , xNC

H

]

depends on the gap between the shock realizations
(rH−rL) and higher emissions shift the support rightward suggesting that higher pollution levels
(eNC = α − Ω) will be achieved in the long run. Therefore, a higher value of the parameter a
by decreasing emissions leads to a leftward shift of the support resulting into lower long run
pollution levels. Apart from such a limited discussion of how specific parameters may affect
the support of the invariant distribution, very little can be said analytically on the properties
of such a distribution thus in the following we will mainly proceed with numerical simulations
to illustrate the implications of the endogenous nature of shocks on long run pollution levels.
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3.2 The Cooperative Outcome

In a cooperative setting, a benevolent social planner determines the emissions level of each
player in order to maximize their joint (expected) welfare. Given the initial pollution stock
x0 ≥ 0, the optimization problem faced by the planner can be stated as follows:

max
eA,t,eB,t

W = WA +WB = E

[

∞
∑

0

βt

(

α (eA,t + eB,t)−
1

2

(

e2A,t + e2B,t

)

− 2γxt

)

]

(9)

s.t. xt+1 = ν (eA,t + eB,t) + δzt (xt + κ) . (10)

Next proposition characterizes the symmetric optimal emissions level and thus its implica-
tions for the evolution of pollution.

Proposition 2 Let Ω ≡ βγν

1−βδ[(1−a)rL+arH ]
. Assuming that δrH < 1 and α > 2Ω, the cooperative

symmetric emissions level is:

eCt = eC = α− 2Ω > 0 (11)

while the pollution dynamics is:

xt+1 = 2ν (α− 2Ω) + δzt (xt + κ) . (12)

Similar to what discussed in the previous subsection, provided that the economic gain
associated with emissions is large enough (actually, now the lower bound for α is double than
that for the noncooperative case), Proposition 2 states that the cooperative symmetric emission
level is constant and thus pollution dynamics is to a large extent driven by random shocks — see
(11) and (12). For cooperative emissions to be well defined the economic gain associated with
emissions needs to be larger than in the noncooperative case, as by internalizing the pollution
externality cooperation accounts for the external emissions cost imposed on the other player and
as such it requires a larger economic gain to make emissions worthwhile. The same comments
earlier discussed in relation to the role of specific parameters (including those related to the
probability function) on the noncooperative emission level apply also to the cooperative level.
The only relevant difference is that, as expected, cooperation implies less emissions (eC < eNC)
and thus slower pollution accumulation than in the noncooperative case.1

Also under cooperation, the long run equilibrium is represented by a stochastic steady state
characterized by an invariant pollution distribution. In this case such a distribution has support
contained in the interval

[

xC
L , x

C
H

]

, whose extremes are given by:

xC
L =

2ν (α− 2Ω) + δκrL

1− δrL
> 0 and xC

H =
2ν (α− 2Ω) + δκrH

1− δrH
> 0. (13)

Again, conclusions similar to those discussed earlier in the noncooperative case apply. The
only noticeable difference is that under cooperation, as emissions are lower than under non-
cooperation, the support of the invariant distribution is leftward shifted with respect to the
noncooperative case, suggesting that cooperation allows for lower pollution levels to prevail in
the long run. The size of this leftward shift, which quantifies the inefficiency induced by free
riding, is entirely determined by the difference between the cooperative and noncooperative
emission levels (

∣

∣eC − eNC
∣

∣ = Ω), which depends on ecological and economic parameters, as

1The cooperative outcome can be enforced by relying upon a payment distribution mechanism which splits the
economic surplus (i.e., the difference between the cooperative welfare and the sum of the players’ noncooperative
welfare) equally among the players (Yeung, 2007; Huang et al., 2016).
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as well as the probability parameter a. The larger a the larger Ω and thus the larger the gap
between the cooperative and noncooperative steady state pollution levels (on average). The
inefficiency from free riding increases thus when the probability of shock realizations depends
more strongly on pollution: as in the noncooperative scenario players fail to account for the ef-
fects of their emissions on the probability function through their impact on pollution, the more
the likelihood of shock realizations is linked to the pollution stock the larger the wedge between
the cooperative and noncooperative outcomes. As before, as we cannot say much analytically
we will proceed via numerical simulations to illustrate the implications of the endogenous nature
of shocks on the inefficiency induced by free riding.

4 Numerical Simulations

In this section we provide a few numerical examples to graphically illustrate the different
outcomes stemming from noncooperation and cooperation. Specifically, we shall generate an
approximation of the steady state to which each scenario converges in the long run, namely
the invariant distribution of the iterated function system with state-dependent probability
(IFSSDP2) associated to the optimal pollution dynamics defined in (7) and (12) for each sce-
nario, both characterized by two affine maps wL, wH (which are contractions because δrL <

δrH < 1), together with the state-dependent probabilities 1−p (xt) and p (xt) according to (3),
that is:

xt+1 =

{

wL (xt) = δrLxt + δκrL + 2ν (α− Ω) with prob. 1− p (xt) = 1− a− b−a
xt+κ

wH (xt) = δrHxt + δκrH + 2ν (α− Ω) with prob. p (xt) = a + b−a
xt+κ

,
(14)

xt+1 =

{

wL (xt) = δrLxt + δκrL + 2ν (α− 2Ω) with prob. 1− p (xt) = 1− a− b−a
xt+κ

wH (xt) = δrHxt + δκrH + 2ν (α− 2Ω) with prob. p (xt) = a+ b−a
xt+κ

,
(15)

respectively. Recall from (8) and (13) that the supports of the invariant distribution for each
IFSSDP above are contained in the following trapping intervals respectively:

[

xNC
L , xNC

H

]

=

[

2ν (α− Ω) + δκrL

1− δrL
,
2ν (α− Ω) + δκrH

1− δrH

]

, (16)

[

xC
L , x

C
H

]

=

[

2ν (α− 2Ω) + δκrL

1− δrL
,
2ν (α− 2Ω) + δκrH

1− δrH

]

. (17)

Without loss of generality, we fix the following parameters’ values:

δ = 0.6, θ = 0.3, ν = 1, α = 2, β = 0.95,
γ = 0.5, rL = 0.4, rH = 1, b = 0.5,

(18)

so that

κ =
θ

δ
= 0.5,

while we shall consider the following three scenarios for the probability parameter a.

1. a = b = 0.5, corresponding to a constant probability p (xt) = a + b−a
xt+κ

≡ 0.5 and an Ω

parameter’s value Ω = βγν

1−βδ[(1−a)rL+arH ]
= 0.7903,

2See La Torre et al. (2024) for a review of the technicalities and properties underlying the theory of IFSSDP.
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2. a = 0.8, corresponding to an increasing probability p (xt) = a + b−a
xt+κ

= 0.8 − 0.3
xt+0.5

and

an Ω parameter’s value Ω = βγν

1−βδ[(1−a)rL+arH ]
= 0.9530,

3. a = 0.2, corresponding to a decreasing probability p (xt) = a+ b−a
xt+κ

= 0.2+ 0.3
xt+0.5

and an

Ω parameter’s value Ω = βγν

1−βδ[(1−a)rL+arH ]
= 0.6751.

Clearly, in all three scenarios above for parameter a’s values, condition α > 2Ω of Propo-
sition 2 (itself implying condition α > Ω of Propositions 1) is always satisfied, including the
second one, a = 0.8, providing the tightest condition α = 2 > 1.9061 = 2Ω. All other pa-
rameters’ values have been set such to obtain two maps wL, wH in both IFSSDPs (14) and
(15) with images that do not overlap but are sufficiently close to each other so to have plots
of the successive approximations of the invariant distribution that are spread enough over the
intervals

[

xNC
L , xNC

H

]

and
[

xC
L , x

C
H

]

in (16) and (17); in this way the qualitative pattern of such
distributions are easier to appreciate in both cases.

When a = b = 0.5 both probabilities 1− p (xt) and p (xt) turn out to be constant and equal
to 0.5. Hence, the two IFSSDPs (14) and (15) defining the optimal pollution accumulation
dynamics under the noncooperation and cooperation regimes respectively are actually standard
iterated function systems (IFS):

xt+1 =

{

wL (xt) = 0.24xt + 2.5393 with probability 1− p (xt) ≡ 0.5
wH (xt) = 0.6xt + 2.7193 with probability p (xt) ≡ 0.5,

xt+1 =

{

wL (xt) = 0.24xt + 0.9586 with probability 1− p (xt) ≡ 0.5
wH (xt) = 0.6xt + 1.1386 with probability p (xt) ≡ 0.5,

with, according to (16) and (17), supports contained in
[

xNC
L , xNC

H

]

= [3.3412, 6.7983] and in
[

xC
L , x

C
H

]

= [1.2613, 2.8465] respectively. Figures 1(a) and 1(b) report the relevant portion of
the affine maps wL (grey) and wH (black) over each interval [3.3412, 6.7983] and [1.2613, 2.8465]
in the noncooperative and cooperative scenarios respectively, together with the identity map
(dashed) to emphasize the fact that each interval is trapping for the stochastic dynamical
system. From Figure 1 the key difference between the noncooperative and the cooperative
optimal dynamics is apparent: the latter happen to asymptotically concentrate on values much
lower than the former, as the points of the latter interval containing the support are on average
one half of those of the former.

As both maps wL, wH in each IFSSDP are (affine) contractions and probabilities 1− p (xt)
and p (xt) are constant, the standard theory on IFS (Barnsley et al., 2008; Kunze et al., 2012)
guarantees existence and uniqueness of an invariant distribution supported on (a subset of)
the intervals [3.3412, 6.7983] and [1.2613, 2.8465] for the noncooperative and cooperative cases
respectively. Such distributions can in all respects be considered as the steady states of the
relevant random dynamical system. However, as the images of the maps wL, wH do not overlap
(see Figure 1), the supports of such invariant distributions turn out to be fractals, specifically
Cantor-like sets, which, in turn, imply that the invariant measures supported on them are
singular with respect to the Lebesgue measure. This means that it is impossible to obtain a
closed form expression for the limiting invariant distribution and we must rely on a numerical
approximation in order to have a qualitative idea on what such distributions may look like. To
this purpose, we apply a Maple algorithm3 based on Algorithm 1 in La Torre et al. (2019) that
approximates successive iterations of the Markov operator associated with our IFSSDPs in (14)
and (15). Figure 2(c) shows the approximation of the invariant distributions obtained after

3The detailed code is available upon request.
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Figure 1: maps wL (xt) (grey) and wH (xt) (black) in the IFSs defining the optimal
dynamics—noncooperative case (left) and cooperative case (right)—when probabilities are constant:

1− p (xt) = p (xt) ≡ 0.5, i.e., a = b = 0.5.

the 6th iteration of our Maple algorithm starting from the uniform measure 1
xNC
H

−xNC
L

= 0.2893

on the interval [3.3412, 6.7983] (reported in Figure 2(a)) for the noncooperative outcome, with
Figure 2(b) emphasizing how the first iteration of the algorithm transforms the initial uniform
distribution. Similarly, Figures 2(d)–2(f) plot the same iterations of the algorithm starting form
the uniform measure 1

xC
H
−xC

L

= 0.6308 on the interval [1.2613, 2.8465] (reported in Figure 2(d))

for the cooperative outcome. The approximations of the steady states in Figures 2(c) and 2(f)
exhibit the same qualitative features: both distributions are skewed to the left and have the
same self-similar structure. Nonetheless, besides the cooperative outcome having an invariant
distribution concentrated on a support substantially shifted to the left with respect to the
noncooperative outcome, also the spikes on the left of the distribution in Figure 2(f) turn out
to be higher than the similar spikes in Figure 2(c); this implies that in the long run cooperation
foresees a higher probability of low values for the pollution stock than what noncooperation
envisages, thus providing further arguments in favor of cooperation.

For a = 0.8 the two IFSSDPs (14) and (15) defining the optimal pollution accumulation
dynamics under the noncooperation and cooperation regimes respectively are:

xt+1 =

{

wL (xt) = 0.24xt + 2.3939 with probability 1− p (xt) = 0.2 + 0.3
xt+0.5

wH (xt) = 0.6xt + 2.2139 with probability p (xt) = 0.8− 0.3
xt+0.5

,

xt+1 =

{

wL (xt) = 0.24xt + 0.3078 with probability 1− p (xt) = 0.2 + 0.3
xt+0.5

wH (xt) = 0.6xt + 0.4878 with probability p (xt) = 0.8− 0.3
xt+0.5

,

with, according to (16) and (17), supports contained in
[

xNC
L , xNC

H

]

= [2.9130, 5.9848] and in
[

xC
L , x

C
H

]

= [0.4050, 1.2195] respectively. The state-dependent probability p (xt) of the worst
shock realization, rH , is increasing, as shown in Figures 3(a) and 3(b) for the noncooperative and
the cooperative cases respectively—probabilities p (xt) (black) and 1−p (xt) (grey) are the same
in both figures, the difference lies in their supports, which are contained in different intervals:
[2.9130, 5.9848] and [0.4050, 1.2195]. Figures 3(c) and 3(d) report the relevant portion of the
affine maps wL (grey) and wH (black) over each interval [2.9130, 5.9848] and [0.4050, 1.2195]
in the noncooperative and cooperative scenarios respectively, together with the identity map
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Figure 2: top panels: initial uniform density (left), 1st (mid) and 6th (right) iterations of our
Algorithm to approximate the invariant distribution of pollution over [3.3412, 6.7983] in the

noncooperative case; bottom panels: initial uniform density (left), 1st (mid) and 6th (right) iterations
of our Algorithm to approximate the invariant distribution of pollution over [1.2613, 2.8465] in the
cooperative case. Both IFSs are characterized by constant probabilities: 1− p (xt) = p (xt) ≡ 0.5.

(dashed) to emphasize the fact that each interval is trapping for the stochastic dynamical
system. Again, from Figure 3 the key difference between the noncooperative and the cooperative
optimal dynamics is apparent: the latter happen to asymptotically concentrate on values much
lower than the former, as the points of the latter interval containing the support are on average
between one fifth and one sixth of those of the former.

Again, both maps wL, wH in each IFSSDP are (affine) contractions while now the truly state-
dependent probabilities 1 − p (xt) and p (xt) are Lipschitz, both with values strictly in (0, 1).
In this framework it is the theory on IFSSDP (La Torre et al., 2019; 2024) that guarantees
existence and uniqueness of an invariant distribution supported on (a subset of) the intervals
[2.9130, 5.9848] and [0.4050, 1.2195] for the noncooperative and cooperative cases respectively.
Similar to Figure 2, Figure 4 reports the plots obtained by iterating our Maple algorithm for
the IFSSDPs (14) and (15) under the state-dependent probabilities 1−p (xt) = 0.2+ 0.3

xt+0.5
and

p (xt) = 0.8 − 0.3
xt+0.5

starting from the uniform measures 1
xNC
H

−xNC
L

= 0.3256 on the interval

[2.9130, 5.9848] (reported in Figure 4(a)) and 1
xC
H−xC

L

= 1.2277 on the interval [0.4050, 1.2195]

(reported in Figure 4(d)). Already after the first iteration of the algorithm, Figures 4(b) and
4(e) start exhibiting some differences with respect to Figures 2(b) and 2(e): while the latter
figures look qualitatively similar to each other, in the former figures the relative heights of both
histograms change quite dramatically between noncooperation and cooperation, with the left
histogram slightly lower than the right one in Figure 4(b) but markedly higher than the right
one in Figure 4(e). Such characteristics, after six successive iterations, lead to Figures 4(c) and
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Figure 3: top panels: state-dependent probabilities 1− p (xt) = 0.2 + 0.3
xt+0.5 (grey) and

p (xt) = 0.8 − 0.3
xt+0.5 (black) when a = 0.8; bottom panels: the associated maps wL (xt) (grey) and

wH (xt) (black) in the IFSSDPs for the noncooperative case (left) and cooperative case (right).

4(f) exhibiting striking differences between the approximations of the invariant distributions
for the noncooperative and the cooperative models: the former plot reports an invariant dis-
tribution almost uniformly spreading the whole probability of pollution stock over its (fractal)
support—actually assigning some more probability closer to the right endpoint of the interval
[2.9130, 5.9848]—while the latter concentrates much more probability closer to the left endpoint
of interval [0.4050, 1.2195] and it is characterized by higher and more volatile spikes. Thus, as
in the previous scenario, not only the cooperative outcome has an invariant distribution con-
centrated on a support substantially shifted to the left with respect to the noncooperative
outcome, but, once again, also the spikes on the left of the distribution in Figure 4(f) turn out
to be higher than the similar spikes in Figure 4(c). Actually, under an increasing probability
for the worst shock realization, rH , such differences turn out to be significantly more amplified
than under constant probabilities, adding even stronger arguments in favor of cooperation.

For a = 0.2 the two IFSSDPs (14) and (15) defining the optimal pollution accumulation
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Figure 4: top panels: initial uniform density (left), 1st (mid) and 6th (right) iterations of our
Algorithm to approximate the invariant distribution of pollution over [2.9130, 5.9848] in the

noncooperative case; bottom panels: initial uniform density (left), 1st (mid) and 6th (right) iterations
of our Algorithm to approximate the invariant distribution of pollution over [0.4050, 1.2195] in the

cooperative case. Both IFSSDPs are characterized by the state-dependent probabilities
1− p (xt) = 0.2 + 0.3

xt+0.5 and p (xt) = 0.8− 0.3
xt+0.5 .

dynamics under the noncooperation and cooperation regimes respectively are:

xt+1 =

{

wL (xt) = 0.24xt + 2.7698 with probability 1− p (xt) = 0.8− 0.3
xt+0.5

wH (xt) = 0.6xt + 2.9498 with probability p (xt) = 0.2 + 0.3
xt+0.5

,

xt+1 =

{

wL (xt) = 0.24xt + 1.4196 with probability 1− p (xt) = 0.8− 0.3
xt+0.5

wH (xt) = 0.6xt + 1.5996 with probability p (xt) = 0.2 + 0.3
xt+0.5

,

with, according to (16) and (17), supports contained in
[

xNC
L , xNC

H

]

= [3.6445, 7.3745] and in
[

xC
L , x

C
H

]

= [1.8679, 3.9990] respectively. The state-dependent probability p (xt) of the worst
shock realization, rH , now is decreasing, as shown in Figures 5(a) and 5(b) for the noncooper-
ative and the cooperative cases respectively—probabilities p (xt) (black) and 1 − p (xt) (grey)
are the same in both figures, the difference lies in their supports, which are contained in dif-
ferent intervals: [3.6445, 7.3745] and [1.8679, 3.9990]. Figures 5(c) and 5(d) report the relevant
portion of the affine maps wL (grey) and wH (black) over each interval [3.6445, 7.3745] and
[1.8679, 3.9990] in the noncooperative and cooperative scenarios respectively, together with the
identity map (dashed) to emphasize the fact that each interval is trapping for the stochastic
dynamical system. Once more, from Figure 5 the key difference between the noncooperative
and the cooperative optimal dynamics is apparent: the latter happen to asymptotically con-
centrate on values lower than the former, as the points of the latter interval containing the
support are on average a bit larger than one half of those of the former.
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Figure 5: top panels: state-dependent probabilities 1− p (xt) = 0.8− 0.3
xt+0.5 (grey) and

p (xt) = 0.2 + 0.3
xt+0.5 (black) when a = 0.2; bottom panels: the associated maps wL (xt) (grey) and

wH (xt) (black) in the IFSSDPs for the noncooperative case (left) and cooperative case (right).

Also in this case, the theory on IFSSDP guarantees existence and uniqueness of an invariant
distribution supported on (a subset of) the intervals [3.6445, 7.3745] and [1.8679, 3.9990] for the
noncooperative and cooperative cases respectively. Similar to Figures 2 and 4, Figure 6 reports
the plots obtained by iterating our Maple algorithm for the IFSSDPs (14) and (15) under the
state-dependent probabilities 1−p (xt) = 0.8 − 0.3

xt+0.5
and p (xt) = 0.2 + 0.3

xt+0.5
starting from

the uniform measures 1
xNC
H

−xNC
L

= 0.2681 on the interval [3.6445, 7.3745] (reported in Figure

6(a)) and 1
xC
H
−xC

L

= 0.4692 on the interval [1.8679, 3.9990] (reported in Figure 6(d)). The first

iteration of the algorithm in Figures 6(b) and 6(e) portraits a qualitative picture similar to
that in Figures 2(b) and 2(e) for constant probabilities, exhibiting a tall, narrow histogram
on the left side and a lower, larger one in the right side of the trapping interval. Similarly,
six successive iterations yield Figures 6(c) and 6(f), exhibiting a qualitative pattern resembling
that in Figures 2(c) and 2(f), although now, in both the noncooperative and cooperative cases,
the spikes closer to the left endpoints of the supports turn out to be much more pronounced.

All in all, our simulations show that the decreasing probability for the worst shock real-
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Figure 6: top panels: initial uniform density (left), 1st (mid) and 6th (right) iterations of our
Algorithm to approximate the invariant distribution of pollution over [3.6445, 7.3745] in the

noncooperative case; bottom panels: initial uniform density (left), 1st (mid) and 6th (right) iterations
of our Algorithm to approximate the invariant distribution of pollution over [1.8679, 3.9990] in the

cooperative case. Both IFSSDPs are characterized by the state-dependent probabilities
1− p (xt) = 0.8 − 0.3

xt+0.5 and p (xt) = 0.2 + 0.3
xt+0.5 .

ization, rH , scenario produces a long-run invariant distribution not too different than that
produced by the constant probabilities scenario: in both regimes the support turns out to be
shifted to the left and the probability is higher for pollution stocks closer to the left endpoint in
the cooperative model compared with the noncooperative model. A somewhat different picture
is provided by the case in which the probability for the worst shock realization, rH , is increasing,
as, compared with the cases with constant and increasing probabilities, it determines a much
better outcome for the cooperative model (see Figures 4(c) and 4(f)), both in terms of a support
(much) closer to the origin and an invariant distribution (markedly) skewed to the left of its
support. Actually, as the pairs of maps wL, wH of the IFSSDPs in all three scenarios exhibit the
same qualitative properties, with wH having slope larger than that of wL (see Figures 1, 3(c),
3(d), 5(c) and 5(d)), a meaningful difference that might explain why the improvement of the
cooperative regime compared with the noncooperative regime is so conspicuous under increas-
ing probability p (xt) compared with the constant and decreasing cases may originate from the
fact that in the former case 1−p (xt) and p (xt) are steeper than in the decreasing probability
case, i.e., they behave like truly state-dependent probabilities, with a magnitude of up to 0.2
in their ranges (see Figures 3(a) and, especially, 3(b)). Conversely, Figures 5(a) and 5(b) show
a much flatter pair 1 − p (xt) and p (xt), with a magnitude of at most 0.03 in their ranges,
letting them behave as ‘almost constant’ probabilities, that is, in a fashion much closer to the
first scenario characterized by 1 − p (xt) = p (xt) ≡ 0.5. In fact, the main difference between
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the latter two scenarios is that in the constant probabilities case 1 − p (xt) and p (xt) are the
same and equal to 0.5, while in the decreasing probabilities case 1 − p (xt) turns out to be on
average much larger than p (xt) (around 0.7 the former and around 0.3 the latter according to
Figures 5(a) and 5(b)), a property that is consistent with invariant distributions having more
pronounced spikes closer to the left endpoints of the supports in this scenario compared with
the constant probabilities scenario (see Figures 2(c), 2(f), 6(c) and 6(f)).

A more comprehensive comparison based on the monotonicity property of the probability
p (xt) associated to the worst shock realization, rH , leads to mixed results, at least for our
parameters’ configuration in (18). If cooperation yields unequivocally better outcomes then
noncooperation independently of the monotonicity of p (xt), when we focus on the differences
between Figures 4 and 6 two contrasting effects are apparent. Under increasing p (xt) the
supports of the invariant distributions turn out to be closer to the origin than when p (xt) is
decreasing, both for noncooperation and cooperation, which clearly signals a better outcome
associated with increasing probabilities, both in the noncooperation and cooperation cases.
However, the shapes of the distributions tell an opposite story by actually concentrating more
mass close to the left endpoints of their supports when p (xt) is decreasing than when it is
increasing, which would suggest a better outcome associated with decreasing probabilities.
Therefore, it is not possible to draw a definite conclusion about the desirability of increasing
or decreasing probabilities.

We have conducted simulations also for different values of both parameters a and b of the
probability p (xt) and slightly different values for other parameters, confirming the qualitative
results we have presented above. However, we are aware that general properties of the outcomes
for noncooperation vs. cooperation and increasing vs. decreasing probabilities cannot be estab-
lished only under simulations’ results, also given the great number of interrelated parameters
(δ, θ, ν, α, β, γ, rL, rH , b and a) involved. In fact, a change in one parameter value requires
a total reshuffle of all the others’ in order to satisfy the assumptions of Propositions 1 and 2,
thus making comparisons between different scenarios based only on monotonicity properties
almost impossible. However, the general conclusions we can draw are the following: (i) inde-
pendently of the probability monotonicity, cooperation always leads to better environmental
outcomes than noncooperation, and (ii) state-dependent probabilities definitely contribute to
shaping the long-run invariant measure of the pollution stock, eventually determining where
on average distributes the whole mass over its support: either concentrating it on high spikes
closer to its left endpoint or dispersing it more evenly over the whole support.

5 Conclusions

Climate change is a major challenge that requires cooperation across national authorities to
effectively design appropriate policy response but cooperation implementation is complicated
further by the uncertainty associated with environmental dynamics. This paper aims to shed
some light on the mutual relations between free riding and the endogenous nature of ecolog-
ical uncertainty, stressing their implications for climate mitigation. Specifically, we analyze
a dynamic game of transboundary pollution control in which random non-production-related
emissions affect pollution dynamics by augmenting the total emissions generated by the pro-
duction activities and by affecting the overall natural pollution absorption. The probability of
the worst shock realization is endogenous and either increases or decreases with the pollution
stock, such that players’ actions affect the likelihood that a more or less favorable shock will
take place. We explicitly derive the optimal policy and dynamics under noncooperation and co-
operation showing that the economy converges to a stochastic steady state characterized by an
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invariant pollution distribution. Under cooperation the support of such an invariant distribu-
tion is leftward shifted with respect to the noncooperative case, and the size of such a leftward
shift which quantifies the inefficiency induced by free riding tends to be larger when the prob-
ability function increases with pollution. Moreover, as both noncooperation and cooperation
nontrivially interact with the monotonicity properties of the probability function affecting the
shape of the steady state pollution distribution over its support, it is difficult to draw general
conclusions on whether on average environmental outcomes under increasing probabilities are
more or less desirable than under decreasing probabilities.

To the best of our knowledge, no other paper has thus far analyzed the mutual implications
of free riding and ecological uncertainty in a way comparable to ours, and therefore we have
presented our arguments in the simplest possible setup. However, this has precluded us to
analyze some important issues underlying climate mitigation, in particular those related to
nonlinearities. Indeed, the traditional framework we have analyzed entails a linear damage
function which implies that the optimal policy is constant over time, such that players’ actions
turn out to have limited effects on the probability of shock realizations. It would be interesting
to understand how our results may change when the damage function is nonlinear and the
optimal policy depends on pollution. This is left for future research.

A Technical Appendix

A.1 Proof of Proposition 1

In order to write the Bellman equation associated with player’s A problem (4) independently
of time, let (x, z) be the pollution stock level and random shock value at any given time t and
use the dynamic constraint (5) to define the pollution stock level at time t + 1 as

y (x, z, eA, eB) = ν (eA + eB) + δz (x+ κ) ,

where eA denotes player’s A choice on emissions given some choice eB on emissions by player
B. Then, by using the short term y (x, z, eA, eB) to keep notation simple, the Bellman equation
reads as follows:

V (x, z) = max
eA≥0

{

αeA −
e2A
2

− γx+ β [1− p (y (x, z, eA, eB))]V (y (x, z, eA, eB) , rL)

+βp (y (x, z, eA, eB)) V (y (x, z, eA, eB) , rH)} .

Recall that, as we noted after the introduction of the Bernoulli process {zt}
∞

t=0 according to
(2), the probability of the shock z′ occurring at time t+1 depends on the pollution stock level
y (x, z, eA, eB) at time t + 1, i.e., p (y (x, z, eA, eB)). By guessing a value function of the form
V (x, z) = Ax+Bz (x+ κ) + C and using the state-dependent probability function form as in

17



(3), we can rewrite the Bellman equation as:

Ax+Bz (x+ κ) + C = max
eA≥0

{

αeA −
e2A
2

− γx+ β (Ay (x, z, eA, eB) + C)

+βB [rL + p (y (x, z, eA, eB)) (rH − rL)] (y (x, z, eA, eB) + k)}

= max
eA≥0

{

αeA −
e2A
2

− γx+ βAy (x, z, eA, eB) + βC

+βB

[

rL +

(

a +
b− a

y (x, z, eA, eB) + κ

)

(rH − rL)

]

(y (x, z, eA, eB) + k)

}

= max
eA≥0

[

αeA −
e2A
2

− γx+ βAy (x, z, eA, eB) + βBD (y (x, z, eA, eB) + k)

+βC + βB (b− a) (rH − rL)] ,

where in the second equality we used (3) and in the last equality we have set

D = arH + (1− a) rL.

Substituting the full expression y (x, z, eA, eB) = ν (eA + eB)+δz (x+ κ) into the last equation,
we easily get

Ax+Bz (x+ κ) + C = max
eA≥0

[

αeA −
e2A
2

− γx+ βAνeA + βAνeB + βδ (A+BD) z (x+ κ)

+βBDνeA + βBDνeB + βBDκ+ βC + βB (b− a) (rH − rL)] .

As the RHS is strictly concave in eA, FOC with respect to eA on the RHS yields the unique
maximizer:

e∗A = α + βν (A +BD) ,

provided that it is strictly positive. Substituting e∗A into the Bellman equation, it becomes:

Ax+Bz (x+ κ) + C = α2 + αβν (A+BD)−
1

2
[α + βν (A+BD)]2 − γx

+ βν (A+BD) [α + βν (A +BD)] + βδ (A+BD) z (x+ κ)

+ βν (A+BD) eB + βBDκ+ βC + βB (b− a) (rH − rL) .

Finally, by applying the method of indeterminate coefficients to the last equation, it is straight-
forward to obtain the two key constants:

A = −γ and B = −
βγδ

1− βδD
= −

βγδ

1 − βδ [arH + (1− a) rL]
,

and, in turn, the (constant) optimal policy:

eNC
A = α−

βγν

1− βδD
= α−

βγν

1− βδ [arH + (1− a) rL]
= α− Ω,

which is the expression in (6); note that the assumption α > Ω in Proposition 1 guarantees that
the optimal policy e∗A = eNC

A is strictly positive, while the assumption δrH < 1 ensures that
Ω > 0. The expression for C is cumbersome and irrelevant to determine the optimal policy,
thus we do not report it here. Repeating the same analysis for player B, leads to the same FOC
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with respect to eB, the same values for A and B and, eventually, the same optimal (constant)
policy, so that:

eNC
B = eNC

A = eNC = α−
βγν

1− βδ [arH + (1− a) rL]
= α− Ω.

Substituting these constants into the pollution dynamic equation (5) easily yields the expression
in (7).

A.2 Proof of Proposition 2

This proof follows very closely the previous one, thus here we report only the key steps. The
Bellman equation associated with player’s A problem (9)–(10) reads as follows:

V (x, z) = max
eA,eB≥0

{

α (eA + eB)−
1

2

(

e2A + e2B
)

− 2γx

+β [1− p (y (x, z, eA, eB))]V (y (x, z, eA, eB) , rL)

+βp (y (x, z, eA, eB)) V (y (x, z, eA, eB) , rH)} .

Note that now the social planner chooses both values eA and eB at once. By guessing a value
function of the form V (x, z) = Ax + Bz (x+ κ) + C, using the state-dependent probability
function form as in (3) and substituting the full expression y (x, z, eA, eB) = ν (eA + eB) +
δz (x+ κ), after some algebra the Bellman equation turns out to be:

Ax+Bz (x+ κ) + C = max
eA,eB≥0

{

[α + βν (A+BD)] (eA + eB)−
1

2

(

e2A + e2B
)

− 2γx

+βδ (A+BD) z (x+ κ) + βBDκ+ βC + βB (b− a) (rH − rL)} ,

where, again, we have set D = arH + (1− a) rL. FOC separately with respect to eA and eB on
the RHS yield the unique maximizer:

e∗A = e∗B = α + βν (A+BD) ,

provided that it is strictly positive. Substituting e∗A and e∗B into the Bellman equation easily
leads to:

Ax+Bz (x+ κ) + C = [α + βν (A +BD)]2 − 2γx+ βδ (A +BD) z (x+ κ)

+ βBDκ+ βC + βB (b− a) (rH − rL) .

Finally, by applying the method of indeterminate coefficients to the last equation, it is straight-
forward to obtain the two key constants:

A = −2γ and B = −
2βγδ

1 − βδD
= −

2βγδ

1− βδ [arH + (1− a) rL]
,

and, in turn, the (constant) optimal policy:

eCA = eCB = α−
2βγν

1− βδD
= α−

2βγν

1− βδ [arH + (1− a) rL]
= α− 2Ω,

which is the expression in (11); note that the assumption α > 2Ω in Proposition 2 guarantees
that the optimal policy e∗A = eNC

A is strictly positive. The expression for C is cumbersome and
irrelevant to determine the optimal policy, thus we do not report it here. Substituting these
constants into the pollution dynamic equation (10) easily yields the expression in (12).
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