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A Asymptotic identifiability

From , we have the mode-k second moment matrix I'®) decomposed as
n

k) — LAk, (Tll Z matk(}'t)A;Akmatk(ft)T) Ak + nplk Z E [matk(&)matk(&)q

Pk t=1 t=1
1 n
= Ay (n ;matk(}})matk(]—})T> Al + 72 E [matk (&:)maty (&) ]
k
=T® 4T, (A1)
Let us define T := A, AT. Under Assumption [ (i), we have for all k € [K
x =AML Ay Under Assumption (i), we have for all k € [K],

—ATAk =1,
P—k

for all p’s. This, together with Assumption |2} leads to

1 =~ 1 1
— HI‘&’“) — I‘gf)H < oo |[A% (n Z maty, (F;)maty(F;) | — g )> Al = o(1). (A.2)
t=1

Assumptions (i) and [2] indicate that the 7 non-zero eigenvalues of 1~‘§f) are distinct and

diverging linearly in p; as pr — oo, which is inherited by the r; leading eigenvalues of I‘;k)
from and Weyl’s inequality (see Lemma below). From this, it follows that the 7y
common factors are pervasive across the p; cross-sections of maty(x:) for all £ € [K]. On
the other hand, I‘ék) has bounded eigenvalues for all pg, either under Assumptions or see
Lemma Then, thanks to Weyl’s inequality, these observations lead to a diverging gap
between the leading rj, eigenvalues of I'®) and the remainder, which ensures that the latent
components x; and & are separable in all K modes asymptotically as pr — co.

For any non-negative definite matrix A, let u;(A) denote its j-th largest eigenvalue. Also,

let us write ,u;kj) = ,uj(l"gck)).

Lemma A.1. Suppose that Assumptions @ hold. Then for each k € [K]|, the ry non-zero

etgenvalues of Fx) and I‘( ) denoted by ,u;kz and ﬁ;k;, J € [ri], respectively, satisfy
Law o ®
pk X).] ij (1)7
I (& k
Lot — | = o).

Proof. By Assumption (1] (i),

() AT (k)
—IA, Ay =T
pe I F k f



and thus for all j € [rg],

Since r; non-zero eigenvalues of f‘;k) are identical to those of I‘gck) A;Ak, the first statement
holds. The second statement follows from evoking (|A.2]) with the first one. O

Lemma A.2. Suppose that Assumption @ and either of Assumptions or@ hold.
Then, there exists a constant Ce > 0 that may depend on €, such that HI‘ék)H < Cew? for all
ke [K].

Proof. Firstly, under Assumptions I‘ék) is diagonal such that

o] < e

Z > I€0ll5 < w?.

t=1 IEHk/ [pk/}:ikzz'

Next, let us write the elements of maty(&;) by & e+ for @ € [pg] and £ € [p_i], and denote by
| - ||1 the matrix norm induced by the vector ¢;-norm. Under Assumption we have for

all i € [pyl,

HI‘( I < max

Z Z Z gk zétgk,jét”

| b kJE[Pk J €] ¢€lp_s]
coeli — j
<SS Y S iedaeansnslesaconn (- 257
J€lpK] te[n] €€p_4]
< max 8w? exp <—CO€’Z_‘7’> < Cuw?,
i€[px] 1+e€

J€px]

where the first inequality follows from Lemma and the second from Assumption
This establishes that HI‘ék)H < HI‘ék)Hl < Cw?. O

B Proofs

Throughout, for a matrix A = [a;#] € R™*", we write its Frobenius norm by ||A|r = |A|2
and write |A|o = maxX;c[my) MaXy e[y |as|- By O and 0, we denote a matrix or a vector of zeros

whose dimensions depend on the context. We write a,, < b, and a,, = O(b,,) interchangeably.

~

Also, with some abuse of notation, we write A = B + o(1) for two matrices A and B of

compatible, fixed dimensions, if the equality holds element-wise.

We write the pairs of eigenvalues and eigenvectors of T'k) by (1 (k), e§k)), with ,ugk) > ul(,]z),

and similarly define (,u;;, ;;) for I‘ Jin (A.1). We also write Ej, = [egk), ce eﬁ’;)] and E, j =
[e ;k% e@ak] (1] Assumption I 2/ indicates that there exist pairs of fixed, positive constants
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(ag.k),,B](- ), j € [rk], such that 61k) > ,u(k) > gk) > ﬁék) > .. (k) > BT > u( ) > 047(]:),

firke
( (k)

where fj). denotes the j-th largest eigenvalue of I’ P We frequently write

Xt := matg(X) = [Xyiit, it € [pi], @ € [p—i)], and
X (1) = maty (X (7)) = [Xf 0 4(7), 0 € [pr], i € [p-]],

and Zy (1) = X} (1) — E(X],,(7)). By Cc > 0, we denote a constant that depends only on e

which may differ from one instance to another. We write r_j = r/rj with r = Hszl Tk

B.1 Preliminary lemmas

Lemma B.1. Suppose that Assumptz’ons (1) and@ hold. Then for any i,V € [[1_,[pk] and
t € [n]:

() |1 X5 (Dlly < 1 Xiilly S |Filo +w for any v € [1,2 4 2€].

(’L’L) E(|Xit7t(7')Xit,’t(7-)|V) S 7_2(1/—1—6)(’]_‘t|§+2€ +w2+26) for any v € [2700)'
(i) [E(X], (7)) — E(Xi4)] S P2 (| |22y 2426,
(iv) [E(XE (1) X} (7)) — E(X5a X )| S 72| F 372 + w?t2).

Proof. For the first inequality follows by construction. Under Assumption (1] (ii),

K
Z Z Fivewinct H)\Zk]k HrkS‘K’Ftb (B.1)
k=1

’XilmiK:
J1€[r1] JKG[TK] =
by Cauchy-Schwarz inequality, for any (iy,...,ix)" € Hk 1Ipk]. Combined with Assump-
tion [B[(D)} we have || Xi¢ll, < xiel + [1&iells S |Fil2 +w by Minkowski inequality.
For note that

(’X X ( )‘ ) <E [min(‘Xit(T)XF,t(T)‘V,TQV)]

— r2E [min (‘Xit (1) Xy, (7) V,1>]
1+e

T2
< T2(V_1_E)\/HXltHQi%EHXI t”%i%z

t t
< S2E ‘Xi,t(T));i’,t(T)
T

< CETZ(V—l—e)(|ft|g+2e + w2+2€),

where the last inequality follows from |(i)| and C,. inequality.

For we have
|E(X{, (7)) —E(Xi)| <E [(Xi,t — sign(Xj;)) 'H{|Xi,t|>r}] <E [|Xi,t\ x>}
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1+2e 1
< [ Xigllo4e - P(I Xl > 7) 702 < 77172 X 1315

2+42€
< CET—l—2e(|]:t|§+26 + w2+2€),

which follows from Holder’s, Markov and C, inequalities combined with
For note that for all i,i’ € [[r_,[px] and t € [n], we have

X5 X = XiaXiy| < ‘(XiiXiGt = sign(Xi, Xie ) 7°) 1 x> 11, 57

+

Xialfx, 1<y (Xt — sign(Xiv)7) Lx, 150y | + ‘Xi’,t]l{\Xi/AgT} (Xt — sign(Xit)7) Ijjx; 157y

< | X X (H{|xi,t|>7}ﬂ{|xi/,t|>7} L X <y H{\Xi,t|sf}ﬂ{\xi/,t|>f})

< | X X i (H{|Xi,t|>r} + ]I{|Xi,7t\>7}> :
Then by we have

[ECXE ()X (7)) — E(XiuXi0)| < E || XX

(H{|Xi,t|>7} + Hﬂxigt\w})}
< Xl o2el| X tllogae [P Xin] > 7) + P(| Xirs| > 7)] 7

”Xi,tH%j—Qe + HXi/,t”gfi-Qe
7-26

S Xt ll242¢ | Xir e 2426 -

S CET—Qe(’ftg—&-Qe + w2+2€).

O]

Lemma B.2 (Lemma 1 of Wang and Tsay| (2023))). For any a-mizing time series {Y; }1cz and
measurable function f(-), the sequence of the transformed process { f(Y;) }tez is also a-mizing

with its mizing coefficients bounded by those of the original sequence.

Lemma B.3 (Corollary A.2 of |[Hall and Heyde| (1980)). Suppose that X and Y are ran-
dom wvariables which are G and H-measurable, respectively, for o-algebra G and H, and that

1X oy, 1Y ||y < 00 for some vy, va € (1,00) with v;* + vyt < 1. Then,
-1 -1
|Cov(X, V)] < 81X [y 1Y [loola(G, H)) 0 72,

where (G, H) = sup 4eg pey |[P(AN B) — P(A)P(B)].

Lemma B.4. Let S, g, S € RPXP denote symmetric, non-negative definite matrices fulfilling

(a subset of ) the following conditions.
(C1) S has r non-zero eigenvalues uj, j € [r] withr < p, satisfying [p~ p; —v;| = o(1), where

512%2‘11>522-~204r—1>5r2%204r>0,

with some pairs of positive constants (aj, B;), j € [r].



(C2) p*1||/S\ - gHF = Op(Cn,p) where Gy p — 0 as n,p — 0.
(C3) IS =S| < C1 < .
(C4) max(|S|oo, [Sloe) < Ca < 0.

Denoting the pairs of eigenvalues and eigenvectors of§ by (Lj,€;5), j > 1, let us write M =
diag(ftj, j € [r]) and E = [€ij, i € [p], j € [r]], and analogously define (pj,e;), M and E
(resp. (1ij,€;5), M and E) for S (resp. S).

(i) Suppose that|(C1),[(C2) and|(C3) hold. Then, there exist diagonal matrices J,J € RP*P
with +£1 on their diagonal such that

|E ~ BJllr = 0p(Gup) and ||B — EI|lp = Op(Gup Vo).

(i) Suppose that|(C1),|(C2) and|(C3) hold. Then,

p M = M| = Op(Cuyp)y P M =M = Op(Cup V),
pHMil - Mil” = Op(Cnyp) and pHMil - Mil” = Op(Cnp Vpil)-

(iii) Suppose that|(C1), |(C3) and|(C4) hold. Then, there exists a constant Cs > 0 such that

max max |€;;| < Cap~'? and max max |e;;| < Cap~ /2.

JElr] i€lp] J€lr] i€lpl
Proof. For note that by Chebyshev’s inequality and |(C2)| we have

1 ~ ~ ~ o~
EW—SHSIS—QMZOP@W%

K=

Also by Weyl’s inequality and we have |11; — ;| < Cy for all j € [p]. Then by Theorem 2
of [Yu et al.| (2015) and there exists such J satisfying

2v2r||S — S|
min (g — fa, fir — fr41)

PCnp B
OPQmmmy—@m—2a¢wwoCo>_O“%”'

|E-EJ|p <

The second result follows from the analogous arguments.
For by Weyl’s inequality and |(C2)| for all j € [p],

1 1 ~ ~
—; — il < =|[|S =S| =O0p Cnp) s
p|ﬂ] NJ| pH | ( p)



from which the first statement follows. Also from and p~ 1, > o, +o(1) and thus
p e > ap +o(1) — Crp~tand p i, > o +0(1) — Cip~t + Op(Cn,p), which imply that the
matrices p*1M and pilﬁ are asymptotically invertible with

650"

< oy (07

1
< ———
= (1t op(1)

Further, we have

—~\ —1 —~—\ —1
H (M)~ (r7'M)
1 ~
3 2 My = gl rp?
< = OP < Cn, >
p- u] Pt p2 "

JEIr]

<lm) -

The second and the fourth claims follow similarly.
To see that holds, note that

Si= Y hyleyl® < O,

JE[r]

which implies that max;ep max;ep, [6;5] < Co/v/p(ar +o0(1)) — C1 < C3/,/p for some Cs >
0. Similarly, the second claim follows.
O

B.2 Proof of Theorem [

We first derive an initial rate of estimation for I'®)(7), from which that of Ag(7) follows;
under Assumption |5, the second claim in (B.3)) gives the rate in Theorem [I| together with
Lemma [B.9l

Proposition B.1. Suppose that Assumptions [}, [3 and[3 hold, as well as either of Assump-

tz'on or Assumption @ For each k € [K], recalling the definition of 7',(1]2 in (10), we set

T = nﬁ’fg. Then, there exist diagonal matrices Jk,./]\k € R"™*Tk qith +1 on their diagonal

entries such that as min(n,p1,...,px) — 00,
1 x 1
L |50 - 1| = 0 ( 0 v>, B.2
|EO@ 1P| = 0r (vl v (B2)
~ ~ ~ 1
HEk( EkaH =Op <¢7(z;)a) and HEk(T) - EchJkH =Op (1/)7(1]‘})3 v pk> , (B.3)

with ngzz)) defined in (L1)).

From here on, we make Assumption For each k € [K], denote by ﬁk(T) € R"™*"k the diag-



onal matrix containing the eigenvalues ﬁ(k) (1), j € [r], of T®)(7) on its diagonal. From now

J
on, we suppress the dependence on 7 where there is no confusion. By Weyl’s inequality, (B.2)),

Lemma and Assumption [2] we have
Asax (p;;ll\//\lk) < 6§k) + 0P<1) and  Amin (p;;lﬁk) > CV?(«IZ) + OP(1)7 (B4)

which ensures the asymptotic invertibility of pglﬁk. Also Lemma shows that

—inr )7t -1 -1 (k) 1 1
(Pk Mk) < H(Pk M, k) H +Op (UnpV o) = Tor()=0p(1), (B
ark
where M, = diag(u;k}, ... ,u&k}k) Next, we decompose T*) as

14 1
—TW = — 3" 7,7,
Pr np it St

te[n]
1 1
Y ZE (X)) D E(XE) 2
te[n] ten)
1 1
e LS ) K - X)L ST E (XL - X B
t€(n] te(n]
1 1
+ o Z E(Xpot)E(Xpy) | = T1 + Toq + Too + Ts1 + Tao + p—kl"gc), (B.6)
te[n]

where the last equality follows from Assumption |1| (i). Then, noting that f‘(’“)ﬁk = Ekﬁk,
making use of the decomposition in , we have

~ 1 . /1 ~\!
Ey, — —AH, = (T + 1oy + T2+ T31 + T32) Ey (Mk> ;
v/ Pk Dk

. 1 ~ /1 —~\"!
with Hj = maty, (F;)mat,(F;) "A E (M) ,
k n\/ﬁtez[;} k(Fr)maty(F)  Ap Eg oo M

by Assumptions [1] (i). This, together with Lemmas [B.6}{B.§ and (B.5)), shows that

R 1—e (k)
LHF@)_F@H —op [ Mat L Ve ) (B.7)

Dk VD—k Pk Pk

R 1 N lee 1 (k)
E,—- —AH|| =0 n__y—v 22 B.8
H g N R F (x/npk Pk Pk (B:38)




We conclude the proof by noting that

~ 1 1 ~
L[| < = D [ Fels - —= | Akl Ex|
" te[n] Pr

< (M) 1w?(1 + 0p(1))

1 - \!
()
Dk

by Assumptions and (B.5)), and hence

~

~ 1 ~ ~ 1 ~ ~ o
I, =E Ey = —E]AH, +op(1) = —H} A} A H, + op(1) = H Hy, +0p(1), (B.9)
Pk Pk
by Assumptions 1] (i)

B.2.1 Proof of Proposition

Proof of (B.2). We suppress the dependence on 7 where there is no confusion. Denote by

k =S ~(k
) = [%'(j)]z',jE[pk} and T*) = ['Vi(j)]ivje[m]' Then,

~(k
’Y@j E(’Yi(j )) =:T145 + Ta;.

5 —%(jk)’ < ‘E(%(f)) 7 ‘Jr

By Lemma and Assumption we have

T < Xltc,ii’,tXltf,jz",t) — E(Xkiir 1 Xjirt)|
t€ [n] 7/ €[p—i]
1 2w2+2€
S —5 > (IR + W) < =—— (B.10)
[ g

Next, we proceed to bound T3 ;; separately under Assumptions @ and

Under Assumption By Lemma [B.2] the sequence {Yjj s, t € [n], £ € [p_g]} formed by
concatenating {Yjj ¢ }brepn) with Yije: = Xj 0, X5 ot~ E(X} tX,tw.m), is also a-mixing with
the mixing coefficient as in Assumption Then for some v > 2, by Lemma we have

v—2
(Cov(Yiges Vi)l < 81¥igellullVigwallo ([t — ul)) 5, where (B.11)
¥igeally = E (| X5 Xes — E(Xi i X[ ") < 27E (| XG0 Xirjeu|”) (B.12)

by C, inequality. Noting that

Z ijéta

ze [p—x] t€[n]

10



we combine (B.11)—(B.12)) with Lemma and Assumption 4] and obtain

1
1 T2,35l5 < )2 > 1Cov(Yijun Vi)l
Pk t,u€ln] LE€[p_j]
P 242¢ 242¢ co(v —2)|t — u|
S—— Y (Fl+w) v (|Fu+w) v exp (-
nZp_g v
t,u€n|
g D (1 Fila+w) (| Fulz +w) Fexp (C(]H_u'>
~ 9o u
n“p— tuel] 3log(np_)
W og(np.)

np_g

by setting v = 2 + log ™! (np_;). In third inequality above, we use that

4(v—1—¢ —
T% < 7_2(1fe+log Ynp_y)) 5 722

Noting that the upper bounds on |T7 ;| and ||T5;;||2 do not depend on i, j or k, it follows
that

S o1+ 1 Hf(k) _ E(f<k>)H
e ’ Dk
Z,]E[pk;}

2+42e¢ 1 _ 1 B ﬁre
_op (w 1 preiee, floglon k>> o (wz(ogmp 2) )
T np—g np—g

by Markov’s inequality, with 7 < 7'7(33 in ([L0).

F

Under Assumption WLOG, for notational convenience, we fix £k = 1 and denote by
X (10050, Guizat ™ BT (i) KT, Gtz )
for i,j € [p1]. By Lemma[B.2] we have Y = {Yjj5, , +, i1 € [p1], 2 <1 < K, t € [n]}, a strongly
mixing random field with the mixing coefficient as in Assumption Then by Lemma
and Assumption we have for some v > 2,

io.x = (i2,...,iK). Let us define Yjj;, .+ =

‘COV(Yij,iQ;K,t? Yij,i’Q:K,u)

S 8||}/;j7i2:K7t|

colv = 2)(1t = ul + Sf i — i)
y||nj,ig:K,u||yexp<— i )

from the observation that max(maxao<i<g i — 7, [t — u|) > K_l(ZfiQ lig — af| + |t — ul).
Further,

“}/ij:iZ:K,t”ll: ,5 T2(V?176)(‘ft‘§+26 + w2+26)

11



for all 4, j,i2.x and t, see (B.12)) and Lemma Noticing that

To45 = E ®fy E Yij ot

tE[n] 41€[pi]

we have with v = 2 + 1og_1(np),

1 K
2 < W Z ®l:2 Z COV(YijviQ:Kat7Yij,i/2:K7u)

t,u€n] i1, €[pi]
O Z D1e D Vil Vi el
) 11,5, €[p1]
K . .
y (co<u—2><rt—u|+zlz2|u—zﬂ>>
exXp | — K]/
4(rv—1—¢)
242¢ v—2)t—u
ST S Rk P (R ) exp (- 2N
tue[n]
2) |4 — 1
><H I )
=2 HZE[PZ]
7272 colt — ul
< 2 14e 1+e IV Lt
ST 2 Y (Rl ) (Rl exp( 3K10g(np)>
t,ue(n]
K
XHL Z exp< coli; — Zl’) w2+267_2—2€ce(K10g(np))K’
Llp < 3K log(np) np_1
1=2"""419,€[p]

where the final inequality follows from Assumption The above upper bound does not
depend on ¢, j or k and thus it follows that

B k|5 e)

F F
Pk 1,J€[px]
K K T
=Op WQ;FQE +w!tert=e log_(np-r) ) _ Op | w? <10g (np)> :
T np_g np—g

by Markov’s inequality, with 7 =< T,s]fg in ((10).

Finally, combining the bound on pllef(k) — TW||p with Lemma the proof of the first

claim is complete. O
Proof of (B.3]). Let us set S = I‘gck), S =T® and S = T®. Then thanks to Lemma we
have /Lgf;, j € [rg], fulfil the condition |(C1)|in Lemma Also, |7 — I‘&k)H = ||I‘§k)|| <
w? from Lemma These establish that I‘gf) and T®) meet |(C3)| in place of S and S.

12



Combining this with (B.2)) (playing the role of [(C2))), the claim follows from Lemma
O

B.2.2 Supporting lemmas
Lemma B.5. Let Assumptions[1} [4,[3 and[{] or[] hold. For each k € [K], we have
- - -1 1
(%) = ) =0 (vt v ),

where M, j, = diag(u( ). ,,ugcklk)

Proof. As noted in the proof of (B.3), I'® and T'") fulfil the conditions |(C1)| and |(C3)|
in Lemma in place of S and S, respectively. The conclusions follow from (B.2) and

Lemma UJ

Lemma B.6. Let Assumptions[1} [4 [ and[4] hold. For each k € [K], we have

M1—5 n
sztzkt = n_ ‘”’ :
inl VIP—k Pk \/297:

Proof. Note that

2 2
2
2z | 2 Bl < s |2 (ZnZi, — € (Z0i2L,) )
te(n] ten]
2
— > E (zktzkt) = Uy + Uy,
te(n]

Then with Zy; = [Z 0+, © € [pi], £ € [p—)], we have

2
2
E(Ul)gm Z E Z Z (Zrit s Zr,jos — E(Zpio s Zr jes))
P i | \teln o)
2
S n2p2 Z Z Z |C0V(Zk:,if,tZk,jZ,t7Zk,im,qu,jm,u)‘

1,j€ [pk] £,me Lp,k] tue [n]

2
=73 Z Z Z |CoV(Zi,i0t Lk jt > Zie,it,ulh,jiun)

1,j€[px] L€[p—k] t,u€(n]

2 co(v —2)|t —u
X X X Msiseal, N Zhsta el exp (- 22

iaje[pk] ée[pfk] t,’lLE[TL]

IN

13



4(1/ 1—¢)

(k
n e 242¢ t—
) 7 ”’) S Y (B @) S (Fl + ) exp(—CO'“')

i€lpr] L€lp_1] tiueln] 3log(np—x)

t_
i 2 X3 (ol o exp (-2

i,5€[pr] L€[p_1] t,u€ln

i#]
(k)\2—2¢ M2—2e (k) Ml—e 2
S (Tmp) log(np,k)—i— n S n,p 4 n
np n VPE  \/TP—k

with v € {2 + log *(np_y),2 + 2¢} for the case of i = j and i # j, respectively, the first
equality is due to the cross-sectional independence (Assumption , the third inequality
holds due to Lemmas and and Assumption the fourth due to Lemma
and and the penultimate one follows from Assumptions and As for Us, notice
that 3, E(ZMZ;J) is a diagonal matrix such that

2 2

2\ 2
oip (w2 3 eda ) sp (2 X i) 5 (3)

i€ lpa] te[n] L€p_x i€ p] t€[n] L€[p_s] Pk

by Lemma and Assumption Collecting the bounds on U; and Us and by Markov’s

inequality, the conclusion follows. O

Lemma B.7. Let Assumptions @ @ and hold. For each k € [K], we have

Ml—e
Z EX = n
Z )T = Or (m)

te(n]

Ml—e
ZEX )Zi, :0P< n )
ten] vV IP—k

Proof. With E(X}, ;) = [E(X} ;). 7 € [pr], £ € [p—¢]], we have

2

1
E np tz[:] Zk,tE(X}c,t)T
en

1
<n2 3 Z Z Z E(XF 00)E(XE jmu) COV(Zr it e, Zhimou)

1,J€pk] &, mEp_i] t,u€ln]

Z Z Z E(Xk o) E(XG jou) CoV(Zi ity Zrio)

i,j€[pr] L€lp—1] t,u€n]
co(v —2)|t — u|
A W -
N

S7121102 Z Z Z |E(XF 0. E(XE o)

i:je[pk] Ze[pfk] tvue[n]
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t— M2—2e
Z Y 2 (Rl +w?(Fulz+w) eXP( i u’)ﬁ -
1+4+¢€

i,j€ k] Lelp_r] trueln] 1Pk

with v = 2 4 2¢, where the first equality is due to the cross-sectional independence (Assump-
tion , the second inequality holds due to Lemmas and and Assumption
the third due to Lemma and the last one follows from Assumptions and

The second result follows by the analogous arguments. O

Lemma B.8. Let Assumptions @ @ and or@ hold. For each k € [K], we have

1 My \/log(np-i) M,

— 1> EXE)EX, — X)) 20P< ") =

Pl (Tnp)€ VIWP—k
| t N N o

Z E(Xk: — Xt)E(Xk) || =Op ( (k)) - No=dk
Tnp)© -

te(n]

Proof. With E(X},; — Xg) = [E(X] ;. — Xkiiet); i € [px], £ € [p—]], we have

2
Z E(X}, ) E(X}, — X))
tG[n] P
= Z TL2 2 Z Z E(lei,ié,t)E(Xl:;,im,u)E(le;,j&t - Xk,jf,t)E(X]27jm7u - Xk,jm,u)
1,5€[p] £melp_g] tyue(n]
th‘Q T w 3+25(’f ‘2 +w)3+25
DI DD D
~ (k) ¢
i,je[pk] IZ ;ME[p_k] t,u€ln] (T ,p)2+4

2
witdeps? < [ Mi/log(np—i) Mle
(e () VPR

where the first inequality is due to Lemma and and the second from Assump-
tion and The second result follows by the analogous arguments. O

Lemma B.9. Let Assumptions [1] and [4 hold. For each k € [K], there exists a matriz
H; € R"™*"r satisfying H;—Hk =1,,, such that

1
—AH, =E, ;.
/pk X7

15



Proof. By definition,

1
E M, =TWE, , = Ay, - > maty(F)matp(F) " | AL By,

te(n]

_.pk)
=Ty

where Hf‘;’c) || = O(1) under Assumptions and Let us set
H; = /ol AL By o (M 1)
Then, we have

_ 2
H;Hk = pk(MX’k)ilE;’kAk (Fgck)) AkTEX,k(MX,k)il

= (M) B AT AT ALY ATE, (M) = 1,

B.3 Proof of Theorem 2

Throughout, we suppress the dependence on 7 where there is no confusion. For each k € [K],

we decompose | NOOREIEPY

1 5
R = Z Xt DD, (X,)"
pk te[n]
= TT > 7,D\D; Zy,
p te(n]
1 PN .
+— > ZyDyDJE (X + — Z E (X}, DD} Z,,
n tE[n] te[n
+— Z E (X%, — Xz:) DiDJE(XE,)"
tE[n]
R T
+ n— > E(Xpy)DpDy E (X, — Xps)
p ten]
1 PN 1
+ = Z E(Xp.) <DkDg — AkA{> E(Xp) "
np P—k
te(n]
1
E(Xp) ARALE(Xps) "
nkaQ_k tg[;]
1
—T1+T21+T22+T31+T32+T4+pkf() (Blg)
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where rg(k) is defined in (A.1). Based on this, we derive the following rate of estimation for
®):0 (1)

Proposition B.2. Let Assumptions @ and@ hold. Then for each k € [K],
1 (v
2 Hrw),m (r) - TP H

M\ ) (v | g MA 1y
under Assumptzon@,

_ 1
P (wn,p V2 helRN\ (k) @)
under Assumption [3,

with 7 = %) chosen as in .

Proof. Noting the decomposition in (B.13]), we obtain the desired rates by collecting the
bounds on T7-T} derived in Lemmas [B.12HB.15 O

For each k € [K], denote by 1\\//_[/5:} (1) € R™>"k the diagonal matrix containing the eigenvalues
,ug )[]( ), 7 € [r], of T®:l(7) on its diagonal. By Proposition Lemma [B.16| and
the arguments analogous to those adopted in proving (B.4) and (B.5), we have p,;lﬂ//ﬂj]

asymptotically invertible and

<t op(1) = 0p(1). (B.14)

Let us set

-1
H _ TATH 1vm>
= maty(Fy) Ay DDy Agmaty(F) A By M ,
Hy, nfpki k(F) A DyD] Agmaty(Fy) <pkk

such that

1 ~ 1] 1 ~ T T[] ( [1}) 1
ﬁk kLig n tg[ ] ( k,t) kL ( k,t) k .

Then noting that f‘(k)»[l}]égj] = EQ]ME], we have

Em - \/TA H[I] (1 +Toy +To2 +T31 + T32) E[l] <pkME€1]>

17



By Lemmas and (B.14),

M 1y, k) (el M P,
OP[/npkvpvwn,p<\/;T:+ vn >\/ \/ﬁp:|
under Assumption [4]

M1y g R) \ MAl
Op <m\/p\/¢n,pvﬁp

under Assumption

=1 > (1]
EY - — AH
H S/ P

We conclude the proof by noting that

- 1 1 —n\ !
Hm < - F2IALIRIA (M[1]> < (alk))=1,,2 1+ op(1
IH || < n oD g{;}! tl2 [ Akl [ Akl 2 M < (o))" w (1 +op(1))

by Assumptions |1 and and (B.14)), and hence
L
Pk

I, = ENTEY = —@MTATAF 1 op(1) = @ TEY 4 0p(1).

k

B.3.1 Supporting lemmas
Throughout, we suppress the dependence on 7 where there is no confusion.

Lemma B.10. Let Assumptions (1}, [ [3, and[f] or[3 hold, and define
Dk:EK@"‘®Ek+1®Ek_1®"'®E1.

Recall Jy, and jk from Proposition and ﬁk from Theorem . Then for all k € [K], with
7 =7%) chosen as in (10), we have:

(i) Letting Iy =Jx @ @ Jjp1 @ T ® - @ I,
[Be -~ D] = 02 (453).
(i) LettingI_j = Jpy1 @ Jp_1 ®@ -+~ @ Ty,

~

Dy —

AT

—or| > (utv)

Pk KeK]\{k} Pr

18



(iii) Suppose that Assumptz'on holds. Letting H,=Hy® ® ﬁkH Hy 1® - ® ﬁl,

~ 1 ~
HDk ———ALH_;
\V/P—k

(k") Ml—e 1
= Op > ( P n_y )
K e[K)\{k} VPr A/ MP—k' DK
(iv) There exists some constant C' > 0 such that |Dg|eo < C'p:/,lf/2 and | Akl < C.
Proof. WLOG, we consider the case where k = 1. Note that,

D, —DJ | =(Ex —Exdg)®}_x 1 By + (Exdg) © (Bx_ 1 —Ex 1Jk 1) @}_g_o Epy
+...+ ®2/:KEka & (EQ — E2J2)

such that

2
v D0 < e T [
k=K-1

2
+ | ExJ k|| HEK—l _EK—lJK—IH H HEk’
f =K —2

3 K
+ ...+ H HEkaH HEQ—EQJQH =0Op (Z wﬁle))>
k'=K k'=2

by in Proposition which proves The proofs of and take the analo-
gous steps, the former utilising and the latter (B.§)), and thus is omitted. For [(iv)
observe that by Lemma Assumption (3| and Cauchy-Schwarz inequality, |T*)|o <
n1 Zte[n]ﬂ}}@ +w?) < 2w?. Combining this with the arguments used in the proof of (B.3),

by Lemma we have

C/

V Pk
for all k& € [K] and some constant C’ > 0, which proves the first claim with C' = (C")%~1.
The second claim follows with C = AX~! due to Assumption [1 (ii). O

Lemma B.11. Let Assumptions[1} [4,[3 and[]] or[5 hold. Then for all k € [K],
Hﬁkﬁ[ - DkD{H = Op (ng’f})) . (B.15)

Also, under Assumption [,

PN 1 Ml—e 1 ¢£Lk/)
HD@{ —— A AL =0p| > n__ oy — v ) (B.16)
Dk el gk \VP=K DK N

19



while under Assumption [5,

~ A 1

=op| > < ,g’f;)vl) . (B.17)

welRT\ Kk} e
Proof. By Lemma we have

~ o~ —~ ~ T
HDkDZ - DkD;H < HDk (Di — DI )

(B D)7 =0n (1)

which proves (B.15]). Similarly under Assumption

P 1 [~ 1 ~ \'
D,D; — p—kAkA{ < ||Dg <Dk — pAkJ_k>
. ~ = 1
4D, - AT HJ, H H A
k D k k k Tfk k
N1
—op | ¥ (utpvo)
ETN Ph

which follows from Lemma Proposition and Assumption [1] (i), thus prov-
ing (B.17)).

Recall that Hy € R"™*"k is asymptotically invertible with |Hg| = Op(1). Further, under
Assumption [4] by Theorem [I} we have

PN PN lee 1 w(k)
I, =E,/E,=H,H; +Op n_ oy — v 2P
" F F D=k Pk /Dy

taking steps analogous to those used in (B.9). From the above, it follows that HITI,;1 | =0p(1)
and by the same token, we have Hﬁ:}CH = Op(1). Then, we have

S 1 PP 1 N o
~ Ml—e 1 wgf/) 1 . -
< |Dx{L , +Op n__y oy Y . AH HH:kH
* k,e%:\{k} VIP—k  Pr /Dy Pk

Ml—e 1 r(Lk/)
:OP Z ( n V. v ¢ P
ek \VP=K Pk /Py

by Lemmas Then,

PN 1
D,D; — ﬂAkA;

20



~ ~ 1 ~
D; <Dk - pAka>

1 1
H<Dka— km) = kA;

Ml € 1 7(1’C )
=op| < v —v—2 ],
pelk ey \VIPR P VP
which proves (B.16)). [

Lemmas analyse the terms involved in (B.13]).

Lemma B.12. Let Assumptions @ and@ hold. For each k € [K], we have the followings:
(i) Under Assumption

> 7, DyDLZ;, | = Op
ten)

(k) 7 1—e
n,p n,p d’mp M, ( 1 (k)> 1
Vv vk )y =
VP \[ \/> P b

(ii) Under Assumption [5,

. 1
> 7,,DyDJZ],|| = Op <¢gfg, vV > .

Pl e p

Proof of Lemma. Let us write

A 1 A
"y Z ZkJDkDgZ;—,t < o Z Ly, (DkD;r - DkD;r) Z;—,t

te(n] te(n]
Z Zy DD Z) || = Uy + Us. (B.18)
te[n]
By Lemma [B:17]
2
1 ~ o~ 2
P<mm > 2 | X Zeieiigne | DD -DiD[| (B.19)
i.j€lpe] Lmelp_r] \teln]
\%1
where

2
E(W1) < e S0 D Cov(Zhiet Zigms Dritu ik jmou)
2

Z Z Z E(ZrittZkjme) | = Vig+ Via.

1,j€[pk] LmeElp_r] \tE€[n]
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From Lemmas and and and Assumptions and
2 co(v—2)|t—u
ViiS 535 Y. O > N ZkitsZkjmillvl| Zein Zk jmull exp <— ( ) ‘)

n2 v
P~ jeon] tmelp—s] tueln]

2 co(v —2)|t — u|
2 2 X 1zl ZRlow (-2

i€[pr] L€[p_k] t,u€ln]

b S Y S 1l Zegmall

i,3€[pr] &:mE[p_k] t,u€(n]

IN

1#] {#m
co(v—2)|t—u
X HZ’C’M,U”VHZk,jm,u v €XP <— ( y)| |>
k)| 4v=1-¢9)
(Tép) v 2+2e 2+42¢ C(]|t _ U|
< X™P) 7 e 2 -  colt—ul
~ nzp Z (’ t|2 +w) (| u’? +w) exp 310g(np_k)
t,u€ln]
! 2 2 Co€|t - u|
+ n2 Z ([Ftl2 + w) (| Ful2 + w)” exp <—1+6
t,u€ln]

k)\2-2¢ —2¢ k —\?
< cdmpP 7 loglp-r) | Miee  (vhy | M,
Dk np—k n VP Vn

with v € {2 + log~}(np_p),2 + 2¢} for the case of i = j and i # j, respectively. Also by
Lemma and Assumptions and we have

2 2
2 5 11 TN B
Vig = w22 Yo D E@u) | S % Y (FB+?) | S P

i€lpi] £€[p—k] \t€[n] t€[n]

Combining the bounds on Vi ; and Vi o with (B.15) and (B.19)), by Markov’s inequality,

(k) 1—e 2
np vV ML vV i &gf) .
VPE Voo )T

As for U, writing Dy, = [dé];), e p_kl, g € [r—gl],

Uy =0Op

2

2
EUD <=5 >, E[D. D Y. dé’;)dgf; (Zksiet Zr,jmt — E(Zi,iet Zk,jm,t))

i,5€[p] ten] £L,mep_g] g€[r—k]
2
2
+ n2p? Z E (Zk,tDkDEZ;,J =: Vo1 + Vao.
ten]
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Then, by Assumptions and {4} Lemmas and [B.2] [B.3] and [B.10][(iv)]

(k) (k
Vai S Z > >y dgq & g/q) dfn)q Cov(Z,it,t Zi,jm,ts Zk,it! ok, jm u)

1,J€[pr] £,/ ;m,m’E[p_k] ¢,¢' E[r—_i] t,u€n]

k)
e DD So> ddldid | Zuics Zaim il Zie
i€lpr] £,/ ,;mm/'E€[p_1] q,q €[r_i] t,u€n]
(Lm)=(¢',m’) or
(¢m)=(m’ ') or
,0")y=(m,m’)

XeXp(_co(u—i)ﬁ-Ul) Z SO S dPahala®,

%JG[pk] melp_r] q,9'€lr_x] t,u€ln]
i#]

colv —2)|1t—u
’jm’tH”HZkyif:UHVHZk,jm,u”u exp <_ : 7/)| |>

( (k))2 2¢

Tn,p

colt — u
S (Fils + @) Fula + w) € exp (—0")

N pPrP_y tuen] 3 log(np_k)

M2—2e 1+ 14+ 006’7‘5 — u|
+272_]g Z (|Ftl2 + w) (| Ful2 +w) " exp (—1+€>
t,u€ln]

Ml—e 2
SJ wn,p 4 n
VP Vnp—k

with v € {2+log™ ! (np_4),2+2¢}. Also, since EQ e mep_u] 2oqelr_a] dé’;)dsﬁng’M’tZk’jm?t) =0
for i # j due to Assumption we have

2

1 CO D DD DA
Pr] " feln] €lp_i] aclr_s]
2 4
1 1 w
<max — | — Fil2 + w? S =
ma ”te%(' i) | 5o

due to Assumption Im and Lemma, Em Collecting the bounds on V51 and V32, we
obtain by Markov’s inequality,

\

UQ:OP(\f Vnp_g

wn,p Ml € y w2> ’

and thus

(k)

1—e
Uy +U;=0p n\;j’p\/zf;’,p\/Mf (1 vwﬁff%)v;]
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which completes the proof. O

Proof of Lemma[B.19|(ii] We continue with the decomposition in (B.18). WLOG, we fix
k = 1. Then from Lemma and and Assumption

Vii S Z o > > 200t 21, 0l 21, 2yl
i,j€[pr] i3 €[pi] tu€(n]
K . .
< exp (_m(u— JEUESSEL —zm)
14
4(v—1—¢)

(ro) ™ 1 242¢ 242¢ colt — ul
LV ——— F (| F, > _ v B
S S Rk ) (R ) e (g

t,u€(n]
AIL S e ()
ey = 3K log(np)

c KK(ﬂ%V K (1)2
< &2 VWP <

. og™ (np) S (¥np)
with v =2 + logfl(np,k). Similarly, from Lemma and Assumption

2

2
Vipg = n2p? Qie[K) Z Z E(Z13t 21 4)
i1 €[pt] [n]

1 co(v = 2) ek in — iy
S oo T |5 i o (— Ko
i1 €[pl] _tG[n]
111 2cp€li; — i,| C€w4
111 T 2 )< .
e s T 5 oo (-505) <5

te[n} } 7’1»7’ G[p ]

with v = 2 + 2e. These arguments apply to all k£ € [K] and thus combining the bounds on
Vi1 and Vi o with (B.15) and (B.19), by Markov’s inequality,

1\ -
oon[ (o) ]

As for Us, note that

2
1
EQU}) <2E | ||— 3" (2,DiD{ 2], — E(Z,D:D{ 2], ))
p ten]
2
1
+2- > E(2uDiDIZL )| = 2E(IVA ) + 26V ),

te(n]
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with V, = [Vpij, 1,7 € [p]]], £ = 1,2. Setting v = 2 + log™*(np), we have

71
n2p2p? Z ®l 2 Z ’COV (ZL(Z}BQ:K),tZL(j»bz:K),t’ Zly(iycz:K),UZL(J}de)U) |
—1 ¢ uen] ay,bi,cr,di€[pi]

8C’ 72
g e D O Y N ZGaneiZ Gl 12 e w2 G sl X
—1 ¢ uen] ar,bi,c,di€[pi]

exp{_cow— 2)[Jt — ul + min(Sis lar — al, s (b — al, 3ol lar — dil, s b —dm]}

Kv

4(v—1—¢)

1)) dv=1-9)
(ki) = e ) (g B e colt —ullv ~2)
S e 2 (kT 0 ) (Il e e (-2 <

H Z exp <_co(u—2)min(\al—cl|,]bl—cl\’|al_dlubl_dl|)>

Kv

T colt —ul)

< \mp Ite | jl+e 1+e 1+e _ ol

S tEE[:]<|f| J(Fulb +w >exp( 3K10g<np>>x
uc|n

K .
I ¥ e _comin(la; — ¢, b — a, |ag — di, |by — di)
P 3K log(np)

1=2 ay,by,c1,d1€[pi]
1 _
w2+2e( ())2 2¢

1
< Tn,p b-1 logK(?’Lp) < (w7(’b,127)2

where the first inequality follows from Lemma Em the second from Assumption I.
and Lemmas |B.2] n and [B.3 . the third from Lemma [B.]] E (ii)| and the penultimate one from
Assumption Analogous arguments apply to all k& € [K] such that

E(IVIIP) < > Vil S @)* (B.20)
1,5 € [px]
Next, continuing to fix k = 1, for all i,j € [p1], it holds that

Vaij < — Z®z 2 Z Z détlg)dn}bé‘cov (Zl (iiz: )t Zl,(j,i’QZK)ﬂf)‘

te[n i1,9,€[p1] g€[r—1]

C r—1
S Z@’z 2 Z 121, G isro) it o1 21,03, o) el

npp 1 te[n] 11,17 €[p1]

e (_m(u — 2)(li =4l + Sy lir — zEI))
Kv

027"_1 606‘7; — ]‘ 2 9 K C()E’Z'l — Z”
- eXp( K(1+6)log(np)> (72 + ) [ eXp( K(1+6)>
pi

"pp-1 ten] 1=2 iy,i/€[p1]
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< Cew? < co€li —j[)
S exp [ ———=
P K(l+¢)

with v = 2 4 2¢, where the second inequality follows from Lemma and Lemma
the third from Lemma and the last from Assumption . Similar arguments hold

for all k¥ € [K], and thus

Vol < [Valli € Y [Vag,

JEPk]

<

Putting together the bounds on ||V||, £ = 1,2, we have

1
Uy =Op <¢7(l]2 V p> .

Combining the bound on Uy with that on Uj, the proof is complete.

Lemma B.13. Let Assumptions @ and@ hold. For each k € [K

(i) Under Assumption

1 ~ ~
— 1> ZeDiDIEX])"
te[n]

1 o~ o~
LI ecxi.opubi ],

ten]
(ii) Under Assumption [3,
1 PR
— > Zy Dy DJE(X},) "
te[n]

1 PR
- Z E(X},)DiD, Z),
P te(n]

Proof of Lemma . Let us write

1
np ' p

te(n] ten]

1
— Z.: DD EXE N =: Uy + Us.
+n Z kD Dy E(X 1) 1+ Uz

te(n]

26

Cow?

P 1 PR
— I3 ZeDDJEXE)T | < — | 2y, (DkD,I . DkD{) E(XS,)T

(B.21)

O]

, we have the followings:

(B.22)



By Lemma we have

2

D DRD DR D DR UL S Hﬁkﬁ{—DkD,jHQ

i,j€[pk] L meEp—k] \t€[n]

|4

where, by Lemmas and and Assumptions and
1
EWh) = ) S D EX X jmn)CoV(Ziitts Dit)

4,j€pk] &mE[p—k] t,u€ln]
1
57 Z Z Z |E Xk]mt ijmu)’

4,j€[pr] &melp—i] tucln]
(v —2)[t —
v

co€lt — u| - Ce M2 2622
I+e -

1
S 5 D (1Bl +w)(Fulo +w) exp <_

t,ue(n]

n

with v = 2 4 2¢, which leads to

1—e
e ()

by Markov’s inequality and (B.15]). Similarly, additionally evoking Lemma

2

B < s 20 BN D0 D0 D dig B ) Zain

1,5€[pr] L,mep_i] q€[r_i] t€n]
(k
= Z Z Z Z dﬂq)qu tq' £n)q
i,j€[pk] &mm/€[p_i] q,¢' €[r—k] t,u€[n]
X E(X jim,t) E(Xk jms ) COV(Zit ts Zit,n)

1 co€lt — u| ceM272%
.7-"t2+w2.7-"2+w2exp(— < L
g 2 (ks (Rl ) st

AN

leading to

M-
Us = Op ( > ,
\V/1P—k

which completes the proof of the first claim. The second claim follows analogously. O

Proof of Lemma. We continue with the decomposition in (B.22)) and fix £k = 1. By
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Lemmas and and Assumptions and

E Z ®l 2 Z Z ]12 )E(X{,(j,ié:K),’U,)COV(ZL(iaiZ:K)vt’Zl?(iviQ:K)7U)
:JE[PI] ”77' e[pl} t UG[TL]
1
D DI LI DIND D = C RN e AR
i,j€[p1] i1,3,€[p1] tu€n]
co(v —2)|t — ul
<2 il 2 i) u||uexp( 2)

1
S =5 O (1Fil2+w)*(Fulz + @) exp <_

t,u€ln]

co€lt — u]) < Cc K M 226212

K(l+¢) n

with v = 2 4 2¢, which leads to

Mli-e€ _
U =0p <\;ﬁ¢£k;))>

As for Uy, WLOG, we fix k = 1 for notational convenience. Then,

n2p p_ Z ®l 2 Z Z s(J,c2:x) t)E(Xi(j»dQ;K):t)

1,5€[p1] ay,by,cr,di €[py] tu€n]

E(U3) <

X COV(Zlv(ian:K)vt7 Z17(i?b2¢K)’u>

t t
n2p p Z ®l 2 Z Z E(XL(jaCQ:K)’t)E(Xli(j»dZZK)7t)

i,5€p1] ay,by,cr,di€[pr] tu€[n]
co(v = 2)(|t — ul + 3Ly it — if])
X N Z1,5,80.50),t 10 11 21, b, g ) ull v €XD (‘ K(v—2)
11 coelt — ul
LS (P e ()
np—l nt%n}(‘ t‘2 ) (‘ U‘Q ) p K(1+6)
Xﬁl T ex < coe|z'l—z'g|> _ e KR 2ep 22
- DI K(l+e€) )™ np—k ’
1=2""4;,4€[p]

with v = 2 4 2¢, by Assumptions and [5| and Lemmas [B.1][(i)} [B.3] and [B.10][(iv)}] Hence
by Markov’s inequality,

1—e
mor(25)
np

Combining the bound on Us with that on Uy, the proof of the first claim is complete. The

second claim is proved analogously. O

Lemma B.14. Let Assumptions @ and@ hold. For each k € [K|, we have the followings
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under either Assumptions[{] or [5:

1 R "
EZEOQJ—Xwﬂ%Dwxxaf'ZOP((mwﬁ),

np te[n] Tn,p
1 ~ o~ T M,

nip Z E (Xk,t) DkD,;rE (X}cﬁt — X]Wg) == OP <(,€)¢7(112) .
t€n] Tnp

Proof. Let us write

— Z E(Xi,t - Xk,t)f)kf);E(X}c,t)T

ten]

—_

< | 3 B}~ Xi) (DiDf - D] ECXL) |

te(n]

1
+— > E(X}, — X ) DD E(XL )| = Us + Vs,

p te(n]

By Lemma we have

2

1 ~ o~ 2
Ut < w2 oD | DD EX ks — Xkt E(XE jmot) HDkar - DkD;H
i.5€[pk] £melp—k] \t€ln]

|4

where, by Lemmas and and Assumption and

2

2
1 M, w?t2e M
VS| —am—— D (Fh+w)?™ | <|—— =(7Ful)
(k))1+26 Z (T}L@)HQC Tr(fg P

n(Tnp te[n]

which, together with (B.15)), leads to
M. _
o= o Yttty
Tn,p

Similarly, additionally evoking Lemma

IN

1 k
U2 e Z Z Z Zdgq)dgi()]E(X]tc,mt—Xk,ié,t)E(Xltc,jm,t)

i,5€pr] \&mE[p_k] ¢€lr_i] tE[n]
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2

2
1 342 My (k)
S RGNS Z(|ft|2 +w) S <k¢n,p ,

n(Tnp) teln) Tr(ug
leading to
M,
Uy =0 ((k)wr(ﬂ)’> :
Tn,p
which completes the proof of the first claim. The second claim is proved analogously. O

Lemma B.15. Let Assumptions 1], [4 and[5 hold. For each k € [K], we have the followings:

(i) Under Assumption

1 P 1
- Z E(Xp.) <DkD; - AkA;> E(Xp)"
np e Pk

\

O (M%_G = w%?)
pr— P
WelK\{k} A/ NPk P! \/ﬁk’

(i) Under Assumption [5,

1

np

~ o~ 1 / 1
D E(Xk) (DkD;I —MAkAZ) EXi) | =or| > <w£’fp)v )

tefn) Ke[K]\{k} Pr

Proof of Lemma[B.15[(i) By Lemma we have

2
1 D N 1 T T
o t;} E(Xp.) (Dka — p_kAkAk) E(Xg.)
n

2

1 PN 1 2
S 2 > > | 2 B B(X ) HDkDII - pkakAZ

isj€lpr] tmelp-k] \teln] r
U1
By Lemma and Assumption we have
2
1
U, < | = 2] <4
13 nZ(\ft|2+w) Sw
te[n]
which, in combination with (B.16)), leads to the claim. O
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Proof of Lemma[B.15[(ii). The proof takes analogous steps as in that of Lemma
except that we evoke (B.17) in place of (B.16])). O

Lemma B.16. Let Assumptions @ @ (md 07’@ hold. For IVIE] (1) € R"™*"% denotes the

diagonal matriz containing the eigenvalues ﬁ§k) (1), 7 €[ri], of (k)0 (1) on its diagonal, we

—0p <plk [ - rg{m”) _

Proof. Having I‘gck) fulfil the condition |[(C1)|in Lemma in place of S and Proposition
take the role of [(C2)| the conclusions follow from Lemma O

have

H (e M) (e M)

Lemma B.17. For some sequence of matrices Ay = [aiji],Cy, t € [n], and some matric B

of compatible dimensions,

2

2
STABC <SS i 1B

te(n] F i,j ||t€[n] F

Proof. Writing B = [b;] and C; = [cgm ), by Cauchy-Schwarz inequality,

2

Y ABC ZZ SN aijibjecoms
te[n]

F Jj L teln]
2

<ZZZZ N aiecoms | IBIE =S| aiC ||Bu%.

m te(n] 5,7 |[t€[n] F

B.4 Proof of Theorem [3|

Throughout, we suppress the dependence on 7 where there is no confusion.

B.4.1 Proof of Theorem @

For each k € [K], analogously as in (B.13)), we may write

1
(k) v/ D[l} D[l} TZ
i ptz k.t ( ) k.t
€[n]
1 ~ -
oo > 2D O TE (XL ST E(XE) DY) 2
te[n] ten]
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. S
o S E(X), - X)) DD TE (X))
te[n]

1 =1 451 T
o 3 EX) D D)) TE (XS, — X

te[n]
1 BT L T T, trw
+ — E(Xy, (D D - —ArA, ) EXy) +—T
np tezm ( t) k ( k ) Dk k ( t) Pk X
1
=T +To1 +Too+T31+T32+ Ty + p—l“i’“), (B.23)
k

where T{" is defined in (A1). Then by ([3), (B:31), (B-34), (B39) and Lemma we

have

1w M= 1
2 Hrw),[?] _ F;MH =op| Y —2—v=]. (B.24)
Pk kelK]V np-r P

Next, denote by 1\\//122} (1) € R"™*"k the diagonal matrix containing the eigenvalues ,L\Z;.k)’p] (1),7 €

[ri], of I®).2 (1) on its diagonal. By (B.24]) and Lemma and the arguments analogous
to those adopted in proving (B.4)) and (B.5]), we have plgllvlf] asymptotically invertible and

o\ L 1
H(pklMEf]) < =+ op(1) = Op(1). (8.25)
apy
Let us set
-1
s 1 TR LT T TV[2]<1 vm)
H =—— mat (F) A, D' (D Agmaty(F) AL E —M ,
k n\/p—kpktg} k(t)kk(k) k k(t) kY i k

such that by Assumption (1] (i),

1

~ 12 1 ~ 1], 1 o (1 g\ 7!
\/pkangg] = — 3 EXp) DY D) TEX,) TEY <ME€]> .

te(n] Pk

Then from (B.23]), we may write

1

52
k \/]Tk

- - 1 <o\ ¢
Aka] =T +Ton+Too+T31 +T32) EE] <pkME]> ;

from which we derive that

1—e (k) 1—e 1—e (k)
O - IV RVCLY Y > M, My * ¥
VPl P VP gy VPR vnoo bk
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M= 1
=Op Z
(k,E[K] N p)

by (B.25)), (B.31)), (B.34), (B.39) and (13). Finally, the conclusion follows from that

- 1 1 <o\ 1
2 (el [ qu—} ATV NALITTY <M[Q]> < (@)W (14 0p(1))  (B.26
I < s t;n]\ lal AwlP I A ) { My < (ap)) ' (1 +op(1))  (B.26)

by Assumptions |1] and and (B.25)), and hence

- - 1 < - - -
L, = (E)TED = E(HWAEARHE] +op(1) = EDTHZ +0p(1).

B.4.2 Proof of Theorem @

For any k € [K] and i € [pg], we have

\/ﬁ (RF) - Aps )

Z [Zk”D[l}(D[l}) Zkt+z ki tD[l]( [”)TE (X )
te(n]

pr

+E(X5,,) DO T2, + E (XL, — X)) DUOM)TE (XS,
-1 —1
~ ~ ~ ~ 1
+E<Xk,i-,t>DL”<DL]> E (Xt~ X) | (Ef] () B (o) )

b Z {z AJDUOMNTZ], v E X, DO TZ],

te [n]

+E(XG it — Xnit) DLH(]V)E})TE (X}c,t)T

FE(Xi) DL D) TE (X, — Xp0) | B I} <pkMxk>

1 <1 [ 1 -1
1 Z <D[1] (DT - AkAg> E(X},) EJ) (Mxk>
Pk Pk

tEn]

1
\/ PPk

1
\/ PPk

-1
T < 1
Z Zy;. tAkAk (X}ct - Xk,t) Ex,kJE] <pkMxk>

te[n]

. 1 -1
D Tt ARALE (Xy) E T} (MX"“>
by Pk

=U +Us+Us+ Uy +

oNT Y 1 -
3" Zi o Agmaty(F) T (A7) T <Mxk> ;o (B27)
np_g Pk

te[n]
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where E, ;, and jf] are defined in Lemma [B.24] and A} = plzl/QE;kAk € R™*"k Under the
conditions made in (13, by (B.32), (B.35)), (B-40) and Lemma (iii), we have

U M= 1 M= 1
1 _ OP < n V. ) Z n Vv =
N VIP=k D)\ i VPP
Similarly, (B33), (B:38), and (B-AT) give
Us M}l 1 M¢\/log(np_x) 1
Op V V ,

N V- \ Pk (T,S’fgy p
(B.37) leads to
U- lee lee 1
bo—op Ml > M)
P—k W e[ K\ [k} P—k p

and finally, by (B-38),

=0
VIP—k r A/ MP—k

&

1—¢ 1+4+2¢
Uy M, M,

Then under the additional conditions made in Theorem namely that ,/np_r = o(p)
and M,, = M, we have

max(Uy, Us,Us,Us) = op(1) as min(n,p,...,prx) — 00. (B.28)

Next, let us define Y; € R"* as

1 5 1 T
Y, = <M k‘) JU AT mat (F) | —— AR Z, .. ..

pk X k k ( ) \/f k,l 7t
In what follows, we derive the asymptotic distribution of n~1/2 Zte[n] Y; which, in view of
the decomposition in (B.27)), determines the asymptotic distribution of KE@ after appropriate
centering and scaling.

. k .

Recalling that \Il(tL = diag(Cov(Zy,itt, Zkitu), £ € [p—k]), we have

1;7

2,tu

o

co€lt —u
< max |Cov(Zuia Zrien)l < (File +w)(|Fuls +w)exp |~ =)
L€[p_y] 1+4+¢€
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by Lemmas and Then,

a* .— Cov Z Y,

tE[n
- 1 -1
— Z ( > JPET, Agmaty (F) AL ®") Apmaty,(F,)TALE, 13} (pMW)
k

i,tu
tue [n]

1

S mate(F)AL ) Armaty(F)T | ALE @)+ o(1)
np—g

i,tu

t,u€n]

Z matk(Ft)A;\Il(k) Agmaty(F,) " (I‘Eck))_1 +o(1)

2,tu

" tu€ln]
by Assumptions (1 (i), [2| and and Lemmas and (iv). Also, it can be shown
that

2] < £ & S EblRLFL + 0k + e (25 o)

t,u€(n]

5 M2—26w2+260

€9

from Assumptions [2| and We now verify the conditions in Equations (3), (7) and (8)
of Merlevede and Peligrad (2020) for a’ Y, with any a € Bg(1), where By(1) := {b € R"* :
bl = 1}.

Equation (3). By Assumptions and and and Lemmas

and (iv), for any j € [rg] and a € Ba(1),
2 2
IkAkH : \ft\QHATZm tH2

1 -1
()
Pk tem)

< - Z ‘Ftb Z Z (SkquZk zét”?

k tem) Le[p_i] q€[r—]

-~ Z la™ Y3 <

t€ [n]

% Y IFP(Fil2 +w)? S WM (B-29)
ten)

By using the arguments analogous to those leading to (B.29)), we derive that

o)

la"Ye]i < 7ETI<:Ak

4
1
IFBES 5 | D > OviaZi

P q€lr_x] \L€lp_i]
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| Pl
2
5 2 Z Z 6k,£q5k,5/q6k,f”q/516,@/”(1’E(Zk,if,tzk,’w/,tZk,l’@”,tZk,if“/,t)
Pk qaclr_i) oo omep_y)
{e,0y={¢" ¢'"} or
{CeT}={0 0"} or
feem=leemy

S |ft|§(|ft|2 + W)4- (B.30)

Also for any ¢ > 0,

la"Y |3 < [Fel3 (1l +w)?

ne2 ne?

P <\aTYt\ > \/ﬁa) <

Combined, we derive that

S E(RTYP Taryeym) < - 30\l Vil PaTY] > Vire)

te[n te(n)

3 4—2¢, ,242¢
<

<1 3 | Fel3(1Fl2 + w)
vne ~ Vne

—0
te(n]

as n — 0o, where the first inequality follows from Hoélder’s inequality.

Equations (7) and (8). Using the arguments adopted in (B.30), for any j € [rg] with
0=2,

- Z la’ Y35 < Z | Fi|3(|Filo + w)? S w222
te[n} te[n}

for all n > 1. The second claim in Equation (7) and that in (8) are met by Assumption
and Lemma due to the discussions in Section 2.1.1 of Merlevede and Peligrad (2020).
Equipped with the above, we can show that by Corollary 2.2 of Merlevede and Peligrad
(2020)), we have for any a € Ba(1),

f > a'Yi - A, (0.a7@a)

te[n]

as min(n, p1,...,px) — oo. This, combined with Cramér-Wold theorem (cf. Theorem 29.4 of
Billingsleyl, 1995, completes the proof in combination with (B.28)).
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B.4.3 Supporting lemmas

Lemma B.18. Let the conditions in Theorem[3 hold. Then for all k € [K],

DIDY)T - L aa]
P—k

_o E Mle 1
P /P —k! p

k'e[K]\{k}

Proof. The proof proceeds analogously as in the proof of Lemmas |B.10|((iii)| and [B.11] with
Theorem [2] (and (13)) in place of Theorem O

In proving Lemmas |B.19HB.21] we omit that the results are derived under the conditions
made in Theorem [3] and also the dependence on .

Lemma B.19. For each k € [K], we have

~ (1] ;o< [1
ool DS Z,, DV (D TZ],

te[n]
Ml—e 1 @Z)r(zk) Ml—e r(Lk) Ml—e 1
=0Op n__y— v =P n__y IRy Ty B.31
( vnooo\poope) E[KZ]:\{k} VP& P NVb-k D (B:31)

Also, for any i € [p],

Z Zkz LLD[l] ])TZT

te[n)
lee 1 (k) lee (k) lee 1
=0 By —v—=£ n___y Py 0 \/— , B.32
P(ﬁ P mk,eu%:\{k}m N (B.52)

-1
ZZ BB TZT B, TP <1MX7,€>
Pk

te(n]

1—e¢ (k) 1—e (k) 1—e¢
Cop | L (M, L, v 5 My 1wy My 1

VPe \ Vo D Dk k,e[K]\{k}m VP \ Pk \/W p
(B.33)

Proof. To prove (B.31)), let us write

Z ZktD 1] 1] TzT S — Z Z; < ]) plkAkAg> ZL
te(n] te(n] -
1
Z AALZL | = U + U
np || p_ ktez[qg] ktekag Lt 1 2-
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By Lemma [B:17]

2
1
Z Z ZZk,ié,tZk,jm,t HDD]( [1]) » —ARAL
i,j€[pk] &:melp_i] \t€[n] B

1%

2

I

where V7 is bounded analogously as the corresponding term in the proof of Lemma
Hence, with Lemma by Markov’s inequality,

Unp | M w? M, 1
Uy=0 Ly V— ) =
e (\/pk vnoo /P e | p

k'e[K\{k}

As for Uy, we adopt the analogous arguments as those employed in bounding Us in the proof
of Lemma in combination with Lemma which yields

.
Uy =0 Py v,
2T ( N/ RV

and thus

lee 1 w(k) lee ’Ezk]z Ml €
V —
VR RN/

1
U +Uy=0p ( n V —
el ky V" VP Vnpkp

which completes the proof of the first claim. The claim in (B.32) follows following the analo-
gous steps.
For (B.33)), we proceed similarly with some modifications. Let us write

Dk ~ =
vPi Zde.’th](Dg])TZLEX,k

p ten]

D 1
< VPE > Zy t< DT — 5 kAkAQ) Zy Ay,

np te(n]

nﬂ > Lyt ARALZLE k|| = Us + Uy
PPk ||
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By Lemma [B.17| with E, j, = [e;]fgj,i € [pkl, 7 € [re]l,

2
DB - L aa]

X2 | XX BwZiamn,

Y

= 9,2
"/pkp— k gelr] tmelp_i] \iclpr] teln] Pk
V3
where
E(V n2 Z Z Z Z qu X] qCOV(Zk zEtZk:,]mtka il qu] mu)
PRP2k C0 ) e 57 Cloe] ol
2
k
tomr 2 2 | XY A i) | = Vo +Vaa

k qelry) tmelp_y] \j€lpk] te[n]

From Lemmas and IB.2| B.3and [B.24] (i) and Assumptions and

1 2 2 CO(V - 2)|t — u|
WSy X% 1l Zaloew (-2

Le[p_i] t,u€(n]

+nzlp2 S > 1zl Zagm,

Jj€e ka} ¢me Lpfk} tue [TL}

(_%@mum>

(ﬂslfzg)z 2 Z (|f| + )1+e(|]_-’ + )1+e ( CO’t—u‘ )
S w w2 +w) Cexp | ———F——
nkap,k, ] e 2 3log(np_k)
1 9 9 co€lt — ul
e, 3 (Bt P17k exp (-

2 P /DK

K)o _ k —\ 2
< ey loglnp i) | My (i) | My
Di np—k o

with v € {2 + log~}(np_p),2 + 2¢} for the case of j = i and j # i, respectively. Also by
Lemma and Assumption (4, we have
2 2
4

1 1 1 w
Va2 S n2p? Z Z E(Zlg,ié,t) S — " Z(|ft|§ +u?) ] S —.

telp_x] \teml A= kb

S

Combining the bounds on V31 and V32 with Lemma we have by Markov’s inequality,

Us =0 1 ( 7("0]2 M, w2> Z M, 1
5=0p ~
VPE\VPE - Ve VP )\ T m P
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As for Uy, writing Ay = [0k.q, ¢ € [P—k), ¢ € [r—k]], we can upper bound E(U}) b

n2pkp, Z .

2
Z Z Z Z egclf;qdkafq’ék,mq’ (Zk:,iz,tzk;,jm,t — E(Z it Lk jm t))
qe[r,c te(n] j€[pr] &mEp—i] ¢ E[r—k]
2
2
+—— | D_E (Zk,tAkA;Zg,tEx,k) =: Vi1 + Vag
" PED—k te(n]

Then, by Assumptions and |4) Lemmas and [B.2} [B.3 [B.10|[(iv)| and [B.24] (i)

Vii S 2t Z Z Z Cov(Zy it,4 ke, jmts Zh,it! o jm’ u)

k jelpr) €0/ mm €[p_y] tueln]

1

S 2 . > |
K-k £ m,m/E[p_g] tu€ln]
¢,m)=(',m') or
,m)=(m' L") or

co(v—2)|t—u
,qu,im’,qu/ €xp <_ ( ]/)‘ |)

(6= ()
Z Z . . A . <_CO(1/—2)|t—u]>
vl R jelp] emelp—i] tueln] Y
JFi
(Tr(zkp))Q 2 1+ 1+ < Co’t — u| )
S-S5 Filo +w) T (|Fulz +w) Texp | — 57—
o t%n](l tl2 +w) (| Ful2 + w) STog(np_r)
M2—2e coelt —u
b 3 (B4 ) (Rl ) e (- 20
N PrP_j, t,u€(n] te

2
VPEP /TP —kDP
with v € {2 + log™}(np_i), 2 + 2¢} for when i = j and i # j, respectively. Besides, we have

2

2
4
zz | <=L 0RE w

2
b el o] p

Vig S =

due to Assumptions [1] I, Im I. (i)l and Lemma [B.10] Em (iv)l Collecting the bounds on V1 and
V4,2, we obtain by Markov’s inequality,

1 (e, M) WP
VP \ Pk D=k |

Combining the bounds on Uz and Uy and evoking Lemma [A.1] and (B.26) completes the
proof.

Uy =0Op

O]
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Lemma B.20. For each k € [K], we have

1 S0 TE(xt \T My,~¢ My~ 1
—I>° Ze D (D) TEXG) || = Op 3 . (B.34a)
P\l icm) v welkNky VPR VP

M)—€ M}~€ 1
EX;,)DHOMN Tz =0 n S . (B.34b
tze[n ) P\ v s ) | B

k'e[K]\{k}

Also, for any i € [pg],

VBN 7, DUBI)TEXE )T

np

Ml—e Ml € 1
P( v (k/eu%:\{k}v i L ))

te(n]
(B.35a)
Dk M€ M, 1
VRIS~ gxs BB 2| = op Z
(L2 vn K\(ky VPR VP
(B.35b)
and
Pk < (1] =[]\ T <[2] < 1 )1
vIE E(XS,. D (D)2 E T2 —M
np tez[::] ki t ) et Tx kY | ok X,k
Ml € Ml € 1
= Op - Z (B.36)
VIPE \ ey VPR VP
P = [1] % 1 o
VPE SN Ziis <D£€”(D£j])T - AkA;j> E(X%,) Eyid < MX,k)
np by P—k Pk
Ml—e M= 1
=Op e > v |, (B.37)
welrngry VPRSP
iz 302 (1 -
VP 3 Ziia AVATEXS, — Xpo) TE ) (Mxk>
P\ Pk
Ml . M 1+2¢
=Op W( (k)> . (B.38)
7p

Proof. For the proof of the first claim in (B.34), let us write

Z Z tD 1] 1] TE(Xt )
te(n]

~ ~ 1
> Zig <D£§<DL”>T - Al ) E(X},)T

te(n]
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+— Zi i ARATEXS )T || = UL + Un.
nppktez[;] kt=k k;( ) 1 2

By Lemma we have

1 2

I
P—k

s Y Y X A e

i,5€[pr] Emep_g] \t€[n]

Vi
As shown in the proof of Lemma

vy < M
1) >

n

which, together with Lemma leads to

U, = 0p | 222
Vi \ ey VIPH b

lee Z Ml € 1

Also, we follow the steps in bounding U, appearing in the proof of Lemma [B.13 E., )l to show

1—e
mor(25)
np

which completes the proof. The second claim therein as well as those in (B.35)) follow analo-

gously.
For the claim in (B.36), let us write

T Z E(XEi.e) D[l Dm)TZkt

np te(n]

<Y B (ﬁwﬂr

1
— ALAL|ZE
=Top k k) E,t B,k

ten]
Pk
n\ﬁ ZE( b)) ARALZL B, gl =: Us + Us.
PP—k tem]
By Lemma we have

2

k ~ 1], 1
Z Z Z Ze;,;’qE(Xltf,ié,t)Zk,jm,t HDL”(DL”)T—ARAR

k geire mel_i] \jelp tei Pk

2

o n2pkp_

Vs
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where, by Lemmas and (i) and Assumptions and

E(V3) = nQpp S X D (@ EXE i E(X i) COV( D jints Zigma)
Ek qelri) tmelp- 1] jelpe) tueln]
1 co€lt — ul ceM2—26y% 2
< Fi 2(|F, 2 - < < ,
Sy X (e (Rl oy () < X0
t,u€ln]
Then from Lemma

Ml—e Ml € 1
Us=Op | —2 > =
VIPE \weimng VP 'y

Similarly, additionally evoking Lemma

2

E(US) <

Z E Z Z Z Z egclf;q(sk,fq’(sk,mq/E(Xltc,iz,t)zk,jm,t

q€[ry] JElpk] £ me[p_k] ¢’ €[r_i] t€[n]
S 3D S S DD SRR R

k q€[re] J€[pr] L4/ mEp_i] ¢',q¢" E[r_] t,u€[n]

X E(Xk,iﬁ,t)E(Xk,ié’,u)cov(zk,jm,t; Zk.jmu)

1 coelt —ul\ ceM2726%H2¢
1+e€ ~ np

- n2pkp A

< Y (1File +w)?(|Ful2 + w)? exp

t,u€n]

)

n2p

which leads to

Ml €
Ui = 0p ( ) |
V1P
Collecting the bounds on Us and Uy and evoking Lemma and (B.26)) completes the proof.
For the claim in (B.37)), let us write

1
S 20 (BB - L Ava] ) EXE) B

te[n]

By Lemma [B.I7 we have

2
2
~ 1], 1 1
> nzp p Z Z Z Z exquk it E( Xk]m t) HDL}(DL])T - ﬂAkAg
MOk qelry) emelp—] \j€lpa] teln] -
Vs
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where, by Lemmas and (i) and Assumptions and

E(V5 n2 Z Z Z Z 6 :]q X.7 'q szjmvt)E(X’;j,mﬂ)cov(zk’w’t’ Zk,iﬁ,u)
pkp, q€lr] Lmep_k] 3,5’ €lpr] tu€ln]
1 9 9 co€lt — ul
S n2 Z (IFtl2 + w)* (| Ful2 + w)” exp <—1_|_6
t,u€ln]

_ _ 2
CeM,% 26w2+26 < M% €
~ \/ﬁ )

n

which leads to

lee lee 1
Us = Op | == Y. ——V-
welk\ry VPR P

by Markov’s inequality and Lemma Combined with Lemma the proof is complete.
Finally, for (B.38)), we write

Pk
U6 = L Z Zk,z,tAk?A]—crE(X}:ﬁ:,t - X—k;,t)TEXJC

PPk te(n]

By Lemmas [B.1||(iii)| and [B.10||(iv)| and those arguments adopted in bounding Us,

E(UE)

| /\

Z E Z Z Z Z egclf;q(SW‘I'(Skva’E(Xlz,jm,t — Xk jm,t) Zrio

k qefry) JElpK] £ymE[p_i] ¢’ €[r_i] t€[n]

- Z Z Z Z Z X Jq x Vi q(sk ¢q' Ok, mq’ Ok £q Ok,m/q""

o2 4
n
Prply 9€lr) 4.5 Elpr] Lmm! €lp_y) ¢’ " €lr—] tueln]

X E(Xk,jm,t - Xk,jm,t)E(Xk,j’m’,u - Xk,j’m’,u)COV(Zk,if,ta Zk,i@,u)

1 3+2¢ 3+2¢ coclt — ul
o O (Filz + @) Fuly +w)P ¥ exp (-
n2p_k (i) 2 o

nzpkp_

2
1+2¢
Cew2+25Mé+26 < Mrlb_e <Mn>
b

<
 np_i(ri)zrae ~ \ Vipok \ o)

which leads to

lee M 1+42¢
Us=0p | 22— -
Vip—i \ 28

Tn,p

Evoking Lemma and (B.26|) completes the proof of (B.38). O
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Lemma B.21. For each k € [K], we have

1 = (1] =1 T Mgy/log(np_y) M}~
. Z E (X}gt — Xkt) DL}(DE)TE (Xit) =0Op < &) T , (B.39a)
P te(n] (Tn,p)e P—k
1 1] MeL/1 - Ml-e
1y E (X)) BB TE (XL, - X,) || = 0p ( nV %i(np k) My ) '
np te(n] (Tnp)© VIP—k

Also, for any i € [pg],

Pk <]~ T
{; D7 E(Xfia— X)) DD TE (X))

o My \/log(np—r) M,
e V)

te(n]

VPk =151 T
2 E Xk DYDY TE (X, — Xi)

o (Mi/loglp ) M
p— P . s
Wy v

ten]
(B.40D)
and
P = 1]~ <o (1 -1
B (i X0 DY) E (X1 B (M)
np ten] Pk
_0p Mgy/log(np_y) M, (B.Ala)
() VAR )
P 1] = <o (1 -1
\7/1} 3 E(Xp) DYDY TE (X, — Xis) | Eypd)) (pchxﬁk)
te(n]

MeEL/1 B 1—e
=0Op ”@~ My : (B.41b)
(7'7&72,)6 /D —k

Proof. For the proof of (B.39), let us write

1 ]~
— > B — XD D) TEXE )T
p te(n]
1 1], 1
<o | X et - X (BB - Al ) Exi)”
te(n] -
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1
pkp k

+ > E(XG — Xk AyALEX ) || = Ur + Ua.

te(n]
By Lemma we have

2

1 ], 1
P < n2p2 Z Z Z E(Xlz,w,t — Xb,it, o E(X} Jm, t) HDQ](DE@H)T - FAI@AII

i,j€lpr] &;melp_y] \t€n] a

2

9

where the proof of Lemma and Lemma show that

1—e
Uy — Op %%@)} Z M, 1
Tn,p welrpfry VPF p

Also, proceeding similarly as in the arguments in the proof of Lemma for bounding Us

M, M¢ log(np_i) 1
Up=0 | —5¢) | =0p [ —2 : ,
(Fes o v

which completes the proof of the first claim. The second claim in (B.39) as well as those
in (B.40)) are proved following the analogous steps.
For the the proof of (B.41]), let us write

therein, we obtain

Pk 1] 51
\7/1; Z E(X}an,t - Xk,i-,t)DL](DL])TE(XZ:,t)TExk
p ten)
Pk ~ (1] 5 [1
LTS e~ X (BB - AT ) EXE ) T
te(n]

Dk
L Z E(X}c,i-,t - Xk,i-,t)AkAgE(X}c,t)TEx,k =: Us + Ua.

PP~k te[n]

By Lemma we have

Z Z Z Z 6;12-,1E(X/f;,w,t - Xk,if,t)E(Xltg7jm7t)

q€[ri] Lmelp_i] \Jj€lpr] t€n]

Vs

- nzpkp %

2

~ - 1
D) - = Acal
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where, by Lemmas [B.1][(i)}, [(iii)] and [B.24] (i) and Assumption and
Z Z Z Z e Jq x J q

k qelre] emelp_i] 4.3’ €lpr] tueln

X E(Xpins = Xniet)E(Xk o0 — Xk,ié,u)E(Xk,jm,t)E(Xitc,jfm,u)
2

<t 342 | < Myw?*2¢ 2 My (k) i
~ (k)y14-2 Z(|ft\2+w) ~ (T(k’))1+Qe - Wd]"’p
n?p n?p

n(Tnp) 2 (e

n2pkp,

which, together with Lemma leads to

M, My 1
Us =Op m¢(13)7 )

Tnp welr\(ky VPF p

Similarly, additionally evoking Lemma

VAN

1
UZ_W SUXY X X Y etk Oma B i — Xait)E(X i)
—k qelri] \jelprl tmelp_i] ¢’ €lr_i] teln]
2

2
: Mn MEn/1 _ Ml—e
n(Tn,p) +2e t€(n] Tn,p (Tn,p)e m

leading to
M,
Uy=0 ((;g)@bgzzl) :
Tn,p

Collecting the bounds on Us and U4 and evoking Lemma and (B.26]) completes the proof.

The remaining claim is proved following the analogous steps. O

<

Lemma B.22. For each k € [K], we have

Z E(X <D[11(Dm)

tE[n

N AT) EXi)'|| =0 > My vl
kA k,t =0Op -
welK\ky VP b

Proof. By Lemma we have

2

1 ~ ~ 1
= 1S EXi) (DL”(DL”)T - pAMZ) E(Xps) "

nsp

te[n] F
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2

1 ~ 1] ,<[1 1
S 2 Yo > | D B E(XE ) HDL](DL])T - kaAkAZ
i,5€[pr] Emep_g] \t€[n]

2

F

Uy

By Lemma and Assumption we have

2
1
U, < | = 2] <A
22 0ARw?) e
te[n]
which, in combination with Lemma [B.18] leads to the claim. O

Lemma B.23. Let the conditions in Theorem@ hold. For 1\\//122} (1) € R"™*"k denoting the

(k),[2] (1), § € [ri], of T®R(1) on its diagonal,

diagonal matrix containing the eigenvalues ,Ej

we have

12, ) 7t . -1 M= 1
p, M (7) - (pk Mxﬁk) H =0p Z v
(e >

Proof. The proof proceeds analogously as in Lemma with (B.24) in place of Proposi-
tion and thus is omitted. O

Lemma B.24. Let the conditions in Theorem[3 hold.
(1) |Ey kloo < Cp/,;l/2 with some constant C' € (0,00).

(ii) There exists a diagonal matriz jE] € R"™ %"k with £1 on its diagonal, such that

B2 -t -or | £ ]

(iii) With 3P € Rrexs from (ii), it holds that

- - -1 -« _
EE] (7) (p,?lME] (7')> B Ex,kJE] (pI;IMX’k) '

Ml—e 1
—or| Y v
np_g P

k' €[K]

(iv) There exists a diagonal matriz Jy, € R™ "k with £1 on its diagonal, such that we have
—1/2 T
pp PET A = T+ o(1).

48



Proof. Firstly, note that
IT® | < medw? +0(1)

under Assumptions [I] I and [3|[(i)] Then, due to (B.24), the conditions [[CL)}{(C3)| are met
with § = S = I‘§<) and S = I'®):[2 which leads to (i) and (ii) from Lemma [B.4/(i)| and

As for (iii), since

~ ~ -1 ~ _
B () (' M)~ By (o M)

)

< 820 - B (M) "+ 1Bt (M) - )

the claim follows from Lemma [B.23| and (B.25)). Finally, from repeated application of As-
sumptions [T and [2]

1 1
—AJE k<M k) = A}
kX, Pk X pi/g

—ATAk maty (F;)maty (F) " (ATE )
o tez[n] (Ft) (Ft) A

=i (\[ AJE, ) +o(1).
k‘

Evoking Lemma , we have p,?l/ZA;Ex,k =Jp +o(1). O

B.5 Proof of Theorem [

For notational convenience, we omit the dependence on 7 and ¢, where ¢ = 2 under Assump-

tion [4f and ¢ = 1 under Assumption [5| throughout the proof.

B.5.1 Proof of

Let define A := ®j;_ Ay, A= ®1,1€:K1VX;€ and H := ®,1€:KItIk. Then, it follows that H'H =
I, + op(1) such that H is asymptotically invertible. Combining this with Assumption
Theorems [2| (under Assumption [5) and |3| (under Assumption , we have

under Assumption

\1[ |A -t - Or (Shet Jiims ¥ 3) (B.42)

1—e — X
Op (Zke[K] \]/\/Iﬁ Y % Y% wn,p> under Assumption [5]
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by the arguments adopted in Lemma Further, the same error bounded is inherited

to [[AH™" — Al|, as
Op (Zke[K] y% \% %) under Assumption [}
e - (B.43)
np_y v p vV Unp

e
VP Op (Eke[K] = ) under Assumption [f]

Next, noting that vec(F;) = p~*ATvec(X}), we write
LT XH-1 LT
A (A _AH ) vee (Fi) + ATvec() = Us +Up. (BA4)

~ ~

vec(F) — H lvec(F) =

Then by (BA3),

1.x e
Ol < CIAN||A ~ AE| |7
1—e
Op <\.7:t\2 : ZkE[K] \]/V[% V %) under Assumption
- 1—e — .
Op <\.7:t\2 D kelK] % v % v wn,p) under Assumption

Also, writing
L rx a LT T
== (A — AH) vec(&;) + ;H A vec(&) =: Vo1 + Voo,

Us
b

we have from (B.42)),

11~ -
V21l < » HA — AH|| |vec(&:)l2

My=© .
Op (w 2kelK] TV %) under Assumption
% % v zﬁmp) under Assumption

1—e
My

Op (“’ 2 kelk] yipr

from the observation that under Assumption
(B.45)

E (vec(&0l3) < po?”
With some notational abuse, denote by A = [\, i € [Tr—;[pkl, j € [Tre;[7+]]. Under As-

sumptions [4 we have
2

ce(favee) -2 X e[| X e
p 2 p R
i€] 1= [pk]

. TTK
J€llk=1lre]
TW2

-y ¥ ME) S

JETTL i) €T [pk]
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by Assumption (i), which leads to |[Va 2|2 = Op(wp~/?). Under Assumptions

% (‘ATvec Et)‘ > —pl2 Z Z AijAigCov(ie, i t)

JEIThmy ] 14 €T Thz [px]

SZ%Z

Kv
ii’erK 1[px]
H Z _CO€|7:]<; —Zk| < @
K(l+e )™~ p
’Lk’b E[p ]

with v = 2 + 2¢, due to Lemma and thus we have |Va 2|2 = Op(wp_l/Q).

B.5.2 Proof of

From the proof of ,

2 2

—AT (A - _/VXI:I_1> vec (F) 1./VXTvec(Et)

2
+=

ten]

2 2

Then by (B.43]) and Assumption

1~ ce
0115 AP A= AF 3 1

Gn]

Op |w Zke[K (\]/\/[L>QV2}2]

€

As for Us, by the arguments analogous to those adopted in the proof of ,

2
U2 < = Z ’VGC £t ‘2 ' (A AH) H + — H ATVGC(ft)
" i) " tem]
2 M )21 .
Op W™ X ke (\/,{;,ﬁ> vV under Assumption [4]
- 2 ME—¢ 2 1 ") i
Op |w* > ke (=) V3 V¥, | under Assumption

which completes the proof.

o1

(_cow— 2)[i — ]2

under Assumption

2 —
Op |w? D ke[K] ( m) v I% \ 1/1,%4 under Assumption [f

)

=:U; + Us.



B.5.3 Proof of Theorem

Due the condition that M,, = M and max¢ (x| pr = o(n), we have /p = o(ming¢ (x| /7P—%)-
From Lemma (ii), analogously as in Lemma we have

S 11
E-E JH:O v, (B.46)
H X F kez[;ﬂ np—r P

where Ey :=E, g ®...QE, 1, E .= }VEK®...®]§1, and J := jK®...®jl € R™" denotes
a diagonal matrix with +1 on its diagonal. Also, from Lemma (i), it follows that

Eyloo Sp712 (B.47)
As in , we write
VD (vec(]?t) — }vlflvec(.i’-"t)) = \}ﬁ]ﬁ (A - _/VXIvlfl) vec(Fy) + (]VE — Exj)T vec(&:)
+ jE;vec(&) = U+ Uz + jEIvec(&).

By the arguments analogous to those adopted in the proof of , we have U; = op(1). Also,
from (B.45) and (B.46)),

- AT /P 1
Uy = (BE—EJ -0 v— || =op(1).
2 < X ) vec(&r) = Op | kez[;q ViD—k /P op(l)

The leading term, J E;vec(Et), has the covariance matrix
Y, := Cov (:]/E;—vec(&)> — E] Cov (vec(&,)) Ey, (B.48)
such that under Assumption
1| < w?.
With some abuse of notation, let us write E, = [ey 5, 1 € [Tre,[pr), § € [Tf—,[rx]]. Then,

" T
E;(rvec(gt) = Z (exijéi,t,j S H[rﬂ) =: Z Yi:.
k=1

e[, i) i€ T o]
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For any a = (aj, j € [[r,[r+]])" with |a|y = 1, due to Assumption

Z Var(a'Y;i;) = Var (aTE;vec(&)) = Var (aTEIvec(Et)> > c§aTEIEXa = c¢,
. K
i€] [i=1[px]

where c¢ € (0,00) is a constant satisfying minierK (o] Var(&) > ce. Also thanks to (B.47)),
=1

242
T 2+2 2+2 24+2¢, —
Z la’ Yig 2122 = Z Z a5€x.ij Hfi,tHQiQE SwitpTe
i€l Tie, [px] i€l Tis, o) | \J€lTiz, [ra]
under Assumption Altogether, we have
T 2+2
2ierrs e 12 Yill2To¢ wt2epe
T 14+e ~ Cl—l—e — 0
[Zieﬂ,ﬁil[pk] Var(a Yi,t)] 3
as min(py,...,px) — oco. Hence, for any a € R” with |aJo = 1, we have

Z a'Y;; — N,.(0,a" Y;a)
i€l Tz [px]

by the Lyapunov condition (cf. Theorems 27.3 and 29.4 of Billingsley, 1995|) which, in com-

bination with Cramér-Wold theorem, leads to
E, vec(&;) —q N;(0,Y)

as min(py,...,px) — o0o. This, combined with the bounds on U; and U, and that Jisa

diagonal matrix of signs, completes the proof.

B.6 Proof of Proposition

Below, we omit the dependence on the truncation parameter 7 where there is no confusion.
The proof takes analogous steps as the proof of Theorem 3.9 of [Barigozzi et al| (2022).
Throughout, we denote the j-th largest eigenvalue of a square matrix A by A;(A).

Note that for ?,(Cm_l) > 1y, it holds that for

N(m) _ fa(m) Bl f(m) r(m)
D" =E" @ oEheoE o ok,

we have ﬁ,im) (]’j](cm))‘r - ﬁk(ﬁk)T non-negative definite since the difference is composed of

the outer products of non-negative definite matrices, which in turn follows from that E](Cm) =
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[Ej, f},(cm)] with E;E,&m) = O. Then, noting that

Fk)(m) _ (k) ZX <D(m (D™ - ﬁk(ﬁk)T) (X5
we have for all j € [rg],

sz/\ <f(k)7(m)) = ]Tk’\ < T )> = O‘g'k) + Op(pnp)s (B.49)

where the first inequality follows from Weyl’s inequality, and the second from Assumption

Proposition and the condition on p,,. Also, since

P  F(k(m iz (1-DO)T) (X1

np_g

is also non-negative definite, it follows that

_ () :
Ly (f00m) < Ly, (509) < {ﬁ- +Oplpny) for 1<j <y, 550
Pk

Dk Op(pnp) for 7 >r.+1,

by Weyl’s inequality, (B.2)) and Assumptlonl From and (B.50)), we have

5 L 0p(pn
ﬁgkﬂm) %-I—in(p,p) =0p(l) for 1 <j<r,—1,
W < gj (+ 1;(Pn,p)
Hifr "+ P %;’p = 0p(1) for j =741,
and
~(k k
M?Ek)’(m) a7("k) —+ OP(pn,p) o —1
), = = P 08
Mrk-‘rl + Pn,p Pr.p
as min(n, pi,...,px) — 00, which completes the proof.
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C Complete simulation results

C.1 Tensor time series
C.1.1 Set-up

Data generation. The following data generating process is taken from [Barigozzi et al.
(2023) with modifications to augment the difficulty of the estimation problem. We draw en-
tries of Ay independently from Unif[—1,1]. With ¢ = ¢ = 0.3, we introduce serial dependence
to Ff and & as

vec(Fy) = ¢ -vec(Fiq) + V1 — @2 - ey, (C.1)
vec(£5) = ¢ - vec(€s_,) + /T — 97 - vec(V)).

Here, we generate V;, € RP1*P2%P3 guch that vec(V;) = ®,1€:K2,1€/2vt, where each ;. has p,;l

in the off-diagonals and ones on the diagonal. Also, e, € R” and v, € RP have i.i.d. zero-
mean random elements drawn from either the standard normal distribution and the scaled t¢3
distribution such that Var(e;;) = Var(vy) = 1. Note that the cross-sectional correlations
induced by the above X do not conform to the strong mixing condition made in Assump-
tion[5] Nonetheless, the results show that the proposed tail-robust methods are able to handle
mild cross-sectional correlations, see also Appendix for the results obtained under the
scenarios where 3, are Toeptliz matrices.

We consider

(T1) p1 = p2 = p3 = 10,

(T2) p; =100 and ps = p3 = 10,

(T3) p1 = 20, p2 = 30 and p3 = 40,

while varying n € {100, 200,500}. Once X = x§ + & is generated, we additionally consider

the situations where the observed data A; are contaminated by outliers:

(O1) Outliers are introduced to the idiosyncratic component. Specifically, we randomly select
O C Hszl[pk] x [n] with its cardinality |O] = [onp]. Then for (i,t) € O, we set X;; =
sit - Uiy with sjy ~jiq Unif{—1,1} and Uj; ~jiq Unif[@ + 12, Q + 15] with @ set to be the
max(1 — 100/(np),0.999)-quantile of | X7,[; otherwise Xj, = X7, if (i,#) ¢ O.

(O2) Outliers are introduced to the factors. Specifically, we randomly select O C Hle[rk] X
[n] with its cardinality |O| = [onr]. Then for (j,t) € O, we set fi; = sj - Uj with sj¢ ~iia
Unif{—1,1} and Uj; ~iiq Unif|@ + 12, Q + 15] with @ set to be the max(1 —100/(nr),0.999)-
quantile of [f7,], while f;; = f;; otherwise.

Either under or when ¢ = 0, there are no outliers and we have X;; = X7, for all

iand ¢.
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Performance assessment. To assess the performance of any estimator Ay, € RPE*"% in

loading space estimation, we compute

Erry, = \/1 —tr (HKkHAk) /T, where TIn = A(ATA)IAT. (C.2)
To assess the quality in common component estimation, for any estimator X, we evaluate

S |2
Err, (T) = Dtet Xt — Xt (C.3)

ZteT ’Xt|%

with 7 = [n] (‘all’) and 7 = {n —10+1,...,n} (‘local’).
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C.1.2 Estimation of loadings and common component

No outlier. See Figures and Tables for the results from the loading
and the common component estimation obtained under (T3), in the absence of

any outlier.

Gaussian Gaussian Gaussian t t t
n =100 n =200 n =500 n =100 n =200 n =500

T e
o0 o

method [ Tunc [l iPe [l rRrFa [ Preave

Figure C.1: Loading estimation errors measured as in for each mode (z-axis) for
Trunc, iPE, RTFA and PreAve over varying n € {100,200, 500} and the distributions for
Fi and & (Gaussian and t3) in the absence of any outlier, averaged over 100 realisations
per setting, for |(T1)H(T3)| (top to bottom). In each plot, the y-axis is in the log-scale
and all errors have been scaled for the ease of presentation.
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Gaussian Gaussian Gaussian t t t
n =100 n =200 n =500 n =100 n =200 n =500

aini mn ww i ole w
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all local all local all local all local all local all local

method . Trunc . noTrunc . iPE . RTFA . PreAve

Figure C.2: Common component estimation errors measured as in with 7 = [n]
(‘all’y and T = {n—10+1,...,n} (‘local’) for Trunc, noTrunc, iPE, RTFA and PreAve
over varying n € {100,200, 500} and the distributions for F; and &; (Gaussian and t3) in
the absence of any outlier, averaged over 100 realisations per setting, for |(T1)H(T3)|(top
to bottom). In each plot, the y-axis is in the log-scale and all errors have been scaled
for the ease of presentation.
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Table C.1: Loading estimation errors of Trunc, noTrunc, iPE, RTFA and PreAve mea-
sured as in for each mode scaled by 100, over varying n € {100, 200,500} and the
distributions for F; and &; (Gaussian and t¢3) in the absence of any outlier. We report
the mean and the standard deviation over 100 realisations for each setting.

Trunc iPE RTFA PreAve

Model n Dist Mode Mean SD Mean SD Mean SD Mean SD
(T1) 100 Gaussian 1 2.628 1.723 2.536 1.209 2.537 1.211 4.122 1.678
2 2.528 1.305 2.469 1.216 2.469 1.214 3.953 1.168
3 2616 1.908 2.488 1.15 2.487 1.145 3.976 1.387
ts 1 2288 1.018 2.733 3.586 2.319 1.036 5.139 5.921
2 2425 1.045 3.065 5.603 2.438 1.042 5.189 6.777
3 2368 0.811 2.924 4.276 2.421 0.864 5.199 5.565
200 Gaussian 1 1.821 0.852 1.81 0.839 1.81 0.841 2.79 0.913
2 1892 0.789 1.879 0.778 1.879 0.779 2.741 0.839
3 2141 1.653 2.124 1.623 2.124 1.626 2.94 1.347
ts 1 1.86 0.819 2.637 4.933 1.874 0.844 4.672 10.607
2 1969 0.947 2.692 4.92 1.973 1.013 4.604 9.930
3 1.909 0.75 2.743 5.998 1.916 0.753 4.67 8.578
500 Gaussian 1 1.504 0.769 1.497 0.76 1.497 0.76 1.751 0.600
2 1439 0.658 1.433 0.65 1.433 0.65 1.825 0.697
3 1.53 0.928 1.523 0.919 1.523 0.92 1.789 0.598
ts 1 1.619 0.937 1984 3.444 1.576 0.899 2.594 7.028
2 1.496 0.901 2.091 5.507 1.451 0.855 2.315 5.518
3 1.574 1.146 2.124 5.016 1.535 1.124 2.548 6.563
(T2)] 100 Gaussian 1 1.91 0.296 1.91 0.297 1.91 0.297  3.948 0.882
2 0618 0.184 0.616 0.182 0.616 0.182 1.398 0.472
3 0616 0.172 0.613 0.17 0.613 0.17 1.398 0.475
t3 1 1.932 0.302 2 0.338 1.991 0.334 4.263 0.990
2 0634 0.192 0.649 0.207 0.647 0.205 1.501 0.533
3 0.623 0.198 0.636 0.198 0.633 0.196 1.514 0.524
200 Gaussian 1 1.404 0.183 1.404 0.183 1.404 0.183 2.883 0.617
2 0.474 0.144 0.471 0.143 0.472 0.143 1.048 0.458
3 0.452 0.121 0.45 0.119 0.45 0.119 1.006 0.285
ts 1 1.358 0.179  1.398 0.19 1.39 0.188  4.061 7.863
2 0.421 0.106 0.427 0.106 0.424 0.106 1.705 6.855
3 0.434 0.117 0.442 0.123 0.439 0.121 1.816 7.468
500 Gaussian 1 0.873 0.123 0.872 0.123 0.872 0.123 1.711 0.341
2 0.3 0.105 0.299 0.105 0.299 0.105 0.62 0.189
3 0306 0.104 0.305 0.103 0.305 0.103 0.62 0.169
t3 1 0.87 0.125 0.889 0.128 0.885 0.129 1.815 0.388
2 0298 0.111 0.304 0.114 0.303 0.113 0.655 0.207
3 0.293 0.093 0.296 0.093 0.294 0.094 0.632 0.245
(T3)] 100 Gaussian 1 0.541 0.09 0.541 0.091 0.541 0.091 1.329 0.276
2 0671 0.093 0.671 0.092 0.671 0.092 1.591 0.276
3 0.775 0.093 0.774 0.093 0.774 0.093 1.719 0.260
ts3 1 0.554 0.087 0.574 0.096 0.569 0.092 1.381 0.288
2 0.69 0.108 0.71 0.11 0.704  0.102 1.69 0.374
3 0764 0.095 0.787 0.102 0.783 0.099 1.856 0.329
200 Gaussian 1 0.39 0.066 0.39 0.066 0.39 0.066  0.913 0.155
2 0.478 0.063 0.478 0.063 0.478 0.063 1.092 0.163
3 0.563 0.069 0.563 0.069 0.563 0.069 1.278 0.237
ts 1 0392 0.065 0.401 0.068 0.4 0.067  0.963 0.221
2 0.47 0.07 0.48 0.074 0.479 0.074 1.124 0.180
3 0.547 0.073 0.56 0.077 0.558 0.076  1.292 0.225
500 Gaussian 1 0.245 0.032 0.245 0.032 0.245 0.032 0.573 0.092
2 0306 0.039 0.306 0.039 0.306 0.039 0.682 0.094
3 0362 0.043 0.361 0.043 0.361 0.043 0.801 0.104
ts 1 0.246 0.036 0.251 0.036 0.25 0.036  0.586 0.110
2 0.29 0.032 0.295 0.033 0.294 0.033 0.686 0.097
3 0338 0.039 0.344 0.04 0.343 0.04 0.763 0.110
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Table C.2: Common component estimation errors of Trunc, noTrunc, iPE, RTFA and
PreAve measured as in with 7 = [n] (‘all’) and T = {n —10+1,...,n} (‘local’)
scaled by 1000, over varying n € {100,200,500} and the distributions for F; and &
(Gaussian and t3). We report the mean and the standard deviation over 100 realisations
for each setting.

Trunc noTrunc iPE RTFA PreAve
Model n Dist Range  Mean SD Mean SD Mean SD Mean SD Mean SD
(T1)| 100 Gaussian All 33.059 15.354 32.308 10.698  32.055 10.013  32.054 10.011 34.086 10.340
Local 33.672 15.405 33.029 11.869 32.774 11.258 32.773  11.256 34.76 11.408
t3 All 31.183 13.386 33.805 15.601 41.629  78.458  33.892 15.701 50.089 120.027
Local 33.997 18.401 37.496 25.511 41.886 47.967 37.619 25.818 47.986 66.670
200  Gaussian All  32.088 12.048 32.097 12.054 32.076 12.021 32.076  12.022 32.781 11.908
Local 32.546 13.063 32.553 13.08  32.532 13.049  32.533 13.051 33.24 12.926
t3 All  29.567 8.576 31.541 10.577  41.377 80.622 31.617 10.966 58.644 161.159
Local 33.361 14.938  40.306 58.31 67.13 291.068 41.535 70.138 101.211  522.470
500 Gaussian All 30.972  9.427  30.979 9.43 30.971 9.42 30.971 9.421 30.965 9.211
Local  31.368 9.513 31.374 9.514 31.367 9.509 31.367 9.509 31.376 9.441
t3 All  30.688 11.532 31.927 13.292 50.174 188.124 31.918 13.429 54.479 233.345
Local 33.396 15469 34.785 16.551 36.763  24.055  34.744 16.527  42.108 74.449
(T2)] 100 Gaussian All 3.239 0.968 3.239 0.968 3.238 0.967 3.238 0.967 4.703 1.638
Local  3.239 1.062 3.24 1.063 3.239 1.062 3.239 1.062 4.703 1.693
t3 All 3.189 0.958 3.385 1.061 3.416 1.081 3.412 1.079 5.048 1.759
Local 3.488 1.246 3.73 1.463 3.769 1.511 3.76 1.488 5.46 2.130
200  Gaussian All - 3.295 0.86 3.295 0.86 3.295 0.859 3.295 0.859 4.07 1.154
Local 3.323 0.996 3.323 0.996 3.323 0.996 3.323 0.996 4.102 1.274
t3 All 2.959 0.733 3.133 0.811 3.146 0.817 3.143 0.816 18.284 118.031
Local 3.273 1.189 3.54 1.459 3.556 1.476 3.552 1.47 15.347 86.214
500 Gaussian All 3.037 0.867 3.037 0.868 3.037 0.867 3.037 0.867 3.3 0.954
Local  3.077 0.976 3.077 0.976 3.077 0.976 3.077 0.976 3.34 1.062
t3 All - 2,932 0.863 3.068 0.917 3.073 0.919 3.072 0.919 3.371 1.025
Local 3.421 1.267 3.599 1.485 3.604 1.489 3.602 1.486 3.91 1.577
(T3) 100  Gaussian All 1.28 0.252 1.28 0.251 1.28 0.251 1.28 0.251 1.824 0.385
Local 1.281 0.29 1.281 0.291 1.281 0.291 1.281 0.291 1.825 0.416
t3 All 1.227 0.267 1.304 0.305 1.313 0.311 1.31 0.305 1.905 0.485
Local 1.334 0.411 1.403 0.432 1.41 0.433 1.408 0.433 2.024 0.587
200  Gaussian All 1.265 0.269 1.265 0.269 1.265 0.269 1.265 0.269 1.542 0.342
Local 1.272 0.333 1.272 0.333 1.272 0.333 1.272 0.333 1.552 0.399
t3 All 1.194 0.245 1.257 0.269 1.26 0.271 1.259 0.271 1.538 0.330
Local 1.339 0.433 1.406 0.45 1.409 0.45 1.409 0.45 1.698 0.510
500 Gaussian All 1.222 0.215 1.222 0.215 1.222 0.215 1.222 0.215 1.328 0.231
Local 1.246 0.28 1.246 0.28 1.246 0.28 1.246 0.28 1.353 0.295
i3 All 1.13 0.205 1.178 0.218 1.179 0.218 1.178 0.218 1.279 0.237

Local 1.252 0.459 1.303 0.49 1.304 0.49 1.304 0.49 1.408 0.504
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Outliers in the idiosyncratic component. See Figures [C.3HC.§ and Tables [C.3}-
for the results from loading and common component estimation obtained under
with outliers in the idiosyncratic component under

Gaussian Gaussian Gaussian t t t
n =100 n =200 n =500 n =100 n =200 n =500

1 2 3 1 2 3 1 2 3 1 2 3 1 2 3 1 2 3

method [l Tunc [l iee [l rrFa [ Preave

Figure C.3: Loading estimation errors measured as in for each mode (z-axis)
for Trunc, iPE, RTFA and PreAve over varying n € {100, 200,500}, distributions for F;
and &; (Gaussian and t3) and the percentages of outliers in the idiosyncratic component
under (0 € {0.1,0.5,1}, top to bottom), averaged over 100 realisations per setting.
In each plot, the y-axis is in the log-scale and all errors have been scaled for the ease of
presentation.
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Gaussian Gaussian Gaussian t t t
n =100 n =200 n =500 n =100 n =200 n =500

all

local all local all local all local all local all local
method . Trunc . noTrunc . iPE . RTFA . PreAve

Figure C.4: [(T1)| Common component estimation errors measured as in (C.3|) with 7 =
[n] (‘all’) and T = {n—10+1,...,n} (‘local’) for Trunc, noTrunc, iPE, RTFA and PreAve
over varying n € {100,200, 500}, distributions for F; and &; (Gaussian and t3) and the
percentages of outliers in the idiosyncratic component under |(O1)| (¢ € {0.1,0.5,1}, top
to bottom), averaged over 100 realisations per setting. In each plot, the y-axis is in the
log-scale and all errors have been scaled for the ease of presentation.

32

©
%710

N}

32

©
%G°0

N

3

® N

%T

N}

62



Gaussian Gaussian Gaussian t t t
n =100 n =200 n =500 n =100 n =200 n =500

1 2 3 1 2 3 1 2 3 1 2 3 1 2 3 1 2 3

method [l Tunc [l iee [l rrFa [ Preave

Figure C.5: Loading estimation errors measured as in for each mode (z-axis)
for Trunc, iPE, RTFA and PreAve over varying n € {100, 200, 500}, distributions for F;
and & (Gaussian and t3) and the percentages of outliers in the idiosyncratic component
under (0 € {0.1,0.5,1}, top to bottom), averaged over 100 realisations per setting.
In each plot, the y-axis is in the log-scale and all errors have been scaled for the ease of
presentation.
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Gaussian Gaussian Gaussian t t t
n =100 n =200 n =500 n =100 n =200 n =500

all

local all local all local all local all local all local
method . Trunc . noTrunc . iPE . RTFA . PreAve

Figure C.6: [(T2)| Common component estimation errors measured as in (C.3)) with 7 =
[n] (‘all’) and T = {n—10+1,...,n} (‘local’) for Trunc, noTrunc, iPE, RTFA and PreAve
over varying n € {100,200, 500}, distributions for F; and &; (Gaussian and t3) and the
percentages of outliers in the idiosyncratic component under |(O1)| (¢ € {0.1,0.5,1}, top
to bottom), averaged over 100 realisations per setting. In each plot, the y-axis is in the
log-scale and all errors have been scaled for the ease of presentation.
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Gaussian Gaussian Gaussian t t t
n =100 n =200 n =500 n =100 n =200 n =500

1 2 3 1 2 3 1 2 3 1 2 3 1 2 3 1 2 3

method [l Tunc [l iee [l rrFa [ Preave

Figure C.7: Loading estimation errors measured as in for each mode (z-axis)
for Trunc, iPE, RTFA and PreAve over varying n € {100, 200, 500}, distributions for F;
and & (Gaussian and t3) and the percentages of outliers in the idiosyncratic component
under (0 € {0.1,0.5,1}, top to bottom), averaged over 100 realisations per setting.
In each plot, the y-axis is in the log-scale and all errors have been scaled for the ease of
presentation.
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Gaussian Gaussian Gaussian t t t
n =100 n =200 n =500 n =100 n =200 n =500

all

local all local all local all local all local all local
method . Trunc . noTrunc . iPE . RTFA . PreAve

Figure C.8: [(T3)| Common component estimation errors measured as in (C.3)) with 7 =
[n] (‘all’) and T = {n—10+1,...,n} (‘local’) for Trunc, noTrunc, iPE, RTFA and PreAve
over varying n € {100,200, 500}, distributions for F; and &; (Gaussian and t3) and the
percentages of outliers in the idiosyncratic component under |(O1)| (¢ € {0.1,0.5,1}, top
to bottom), averaged over 100 realisations per setting. In each plot, the y-axis is in the
log-scale and all errors have been scaled for the ease of presentation.
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Table C.3: Loading estimation errors of Trunc, iPE, RTFA and PreAve measured as
in for each mode scaled by 100, over varying n € {100, 200,500}, the distributions
for F; and & (Gaussian and t3) and the percentages of outliers in the idiosyncratic com-
ponent under (0 € {0.1,0.5,1}). We report the mean and the standard deviation
over 100 realisations for each setting.

Trunc iPE RTFA PreAve

n Dist % Mode Mean SD Mean SD Mean SD Mean SD
100 Gaussian 0.1 1 2.627 1.391 2.827 1.382 2.803 1.358 4.656 1.872
2 2.515 1.298 2.694 1.29 2.669 1.27 4.417 1.274
3  2.619 1.651 2.799 1.576 2.77 1.532 4.426 1.421
0.5 1 2.786 1.834 3.718 1.426 3.663 1.41 6.316 2.185
2 2717 1.391 3.709 1.434  3.654 1.413 6.173 1.471
3 3.057 4.338 4.125 4.559 4.025 4.117 6.316 2.449
1 1 2.955 1.611 4.985 2.104 4.922 2.046 8.471 3.368
2 2.796 1.354 4.641 1.729  4.577 1.703 8.111 2.426
3 3.146 3.55 5.012 3.651 4.931 3.557 8.23 3.057
t3 0.1 1 2.445 1.13 3.18 3.723 2.724 1.137 6.257 6.588
2 2.532 1.046  3.475 5.56 2.84 1.071 5.865 6.362
3 2492 0.811 3.304  4.258 2.791 0.857 6.574 7.600
0.5 1 2.704 1.117  4.467 3.796 4 1.403 8.454 7.001
2 2.853 1.29 4.781 5.555  4.178 1.584 8.909 8.310
3 2.822 1.014 4.787 4.504 4.251 1.726 8.275 6.292
1 1 3.07 1.5 5.939 4.143 5.491 2.282 11.769 9.398
2 3.064 1.276  6.105 5.561 5.479 1.935 11.781 7.872
3 3.174 1.221 5.925 4.357 5.45 1.821 12.107 8.759
200 Gaussian 0.1 1 1.867 0.879 2.033 0.924 2.014 0.925 3.157 1.030
2 1.917 0.803 2.052 0.828 2.037  0.829 3.087 0.895
3 2.176 1.716 2.304 1.61 2.293 1.623 3.303 1.474
0.5 1 2.001 1.087 2.763 1.386 2.72 1.378 4.52 1.341
2 2.02 0.817 2.699 1.027 2.67 1.013 4.28 1.242
3 2.276 1.822 2.943 2.068 2.906 2.01 4.456 1.793
1 1 2.028 0.894 3.314 1.379 3.278 1.357 5.835 1.885
2 2.114 0.818 3.454 1.186 3.417 1.174 5.874 1.824
3 2.356 1.905 3.67 2.54 3.638  2.494 5.941 2.680
ts 0.1 1 2.059 1.179 2.975 4.911 2.224 1.011 5.241 10.557
2 2.181 1.781 2.955 4.812 2.24 0.969 5.217 10.078
3 2.128 1.11 3.083 5.96 2.243  0.861 5.318 8.649
0.5 1 2.261 1.009 3.811 4.923 3.097 1.229 7.055 11.282
2 2.475 1.76 4.13 5.13 3.459 2.118 7.449 11.591
3 2.425 1.194 4.143 5.903 3.345 1.417 7.345 9.450
1 1 2.428 0.984 4.839 4.977 4.15 1.606 8.912 10.954
2 2951 3.819 5.378 6.324 4.685  4.441 9.095 11.277
3 2.634 1.539 5.365 6.085  4.565 1.867 9.091 9.797
500 Gaussian 0.1 1 1.517  0.767 1.588  0.756 1.576  0.757 2.044 0.697
2 1.455 0.667 1.554 0.693 1.542 0.693 2.068 0.710
3 1.544  0.942 1.62 0.957 1.61 0.959 2.055 0.659
0.5 1 1.562  0.762 1.981 0.82 1.955 0.811 2.842 0.827
2 1.504  0.658 1.951 0.776 1.93 0.762 2.765 0.810
3 1.598 0.92 2.027 0.987  2.005 0.97 2.861 0.891
1 1 1.66 0.875 2.48 1.033 2.46 1.023 3.655 1.212
2 1.579 0.684 2.42 0.928 2.396  0.927 3.551 1.206
3 1.687 0.91 2.514 1.088 2.482 1.082 3.736 0.997
ts 0.1 1 1.711 0.982 2.19 3.427 1.785  0.936 3.043 7.266
2 1.585 0.904 2.375 5.595 1.749 1.493 2.782 5.557
3 1.679 1.216 2.462 5.175 1.843 1.571 3.045 7.105
0.5 1 1.875 0.934 2.928  3.469 2.827  3.296 4.46 7.377
2 1.823 1.043 3.178 5.649 3.057 5.625 4.391 7.050
3 1.855 1.401 3.284  5.537 3.167 5.334 4.795 8.137
1 1 2.06 1.082  3.811 3.677 3.73 3.579 5.948 7.491
2 1.958 1.034 3.937 5.828 3.846 5.846 5.741 7.186
3 2.063 1.351 4.336  5.745 4.233 5.614 6.323 8.622
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Table C.4: |(T1)| Common component estimation errors of Trunc, noTrunc, iPE, RTFA
and PreAve measured as in with 7 = [n] (‘all’) and 7 = {n — 10+ 1,...,n}
(‘local’) scaled by 1000, over varying n € {100, 200,500}, the distributions for F; and
& (Gaussian and t3) and the percentages of outliers in the idiosyncratic component
under (0 €{0.1,0.5,1}). We report the mean and the standard deviation over 100
realisations for each setting.

Trunc noTrunc iPE RTFA PreAve

n Dist % Range  Mean SD Mean SD Mean SD Mean SD Mean SD
100  Gaussian 0.1 All  33.455 11.008 41.982 12.705 42.268 12.783 42.231 12.762 44.875 13.268
Local 34.236 12.184  43.343 14.76 43.629 14.814 43.59 14.804 46.221 15.120
0.5 All 39.472  28.619 81.07 22.955 82.76 23.121 82.629 23.004 87.389 23.500
Local 40.134 28.032  83.248 26.692 84.784 26.419 84.643 26.272 89.314 26.639
1 All 43.663  22.63  129.657  34.885  133.993  36.913 133.83 36.82 142.188  38.378
Local  44.045 23.667 133.009  40.867  137.319  42.679  137.169  42.612  145.811  44.147
t3 0.1 All  34.229  14.747  47.738 19.901 56.128 80.231 48.256 20.241 68.019  123.378
Local 36.736  19.468  52.354 29.875 57.33 50.403 52.955 30.455 68.558 88.547
0.5 All 42,013 20.211 103.713  38.781  114.855  87.771  106.823  40.888  131.397  133.746
Local 44.458 22906 113.305 49.078  121.201 62.55 116.917  51.737  136.548  90.990
1 All  51.305 28.153 171.686  60.751  186.443  99.973  178.438  64.033  216.495 159.991
Local 50.076  35.75  189.954  90.185  201.948 99.06 197.386 93.25 231.41  130.627
200 Gaussian 0.1 All  33.446  12.403 42.314 14.657 42.462 14.629 42.45 14.632 43.417 14.457
Local 34.026 13.991  43.589 16.943 43.732 16.928 43.722 16.937 44.685 16.797
0.5 All  37.051 12.683  83.436 25.433 84.441 25.899 84.382 25.846 86.53 25.590
Local 38.104 15.155  86.765 33.922 87.772 34.597 87.72 34.54 89.781 34.020
1 All 41.301 14.369 134.554  39.238  136.884  40.526  136.812  40.472 141 41.095
Local 42.153 16.987 137.415  50.171  139.829  51.761  139.755  51.687  144.087  51.772
t3 0.1 All  36.882 29.685  47.316 13.574 56.977 81.289 47.332 13.821 75.979  167.662
Local 39.758 24.284  58.658 62.066 84.756  283.443  60.097 75.538 122.24  530.052
0.5 All  48.936  33.266 109.872  27.741  120.934  88.181  111.324  29.002  145.495 191.421
Local 47.946 28949 129.931  85.113 156.03  279.577 134.074  106.16  199.005 535.579
1 All  58.339 33.636 187.416 45.39 201.597  98.858 191.49 47.834 226.3 185.902
Local 59.732 61.851 215.859 115.161 252.076 353.252 224.423 145.083 292.548 571.622
500 Gaussian 0.1 All 32.224 9.539 41.677 11.489 41.748 11.518 41.74 11.518 41.879 11.299
Local  32.563  9.652 41.692 12.974 41.763 13.007 41.755 13.006 41.873 12.870
0.5 All  36.617 10.658  84.782 20.29 85.231 20.485 85.208 20.469 85.817 20.326
Local 37.521  12.05 88.152 26.985 88.615 27.183 88.593 27.177 89.182 27.014
1 All 42,041 13.695 138.582  31.401  139.616  31.787  139.582  31.779  140.812  31.727
Local  43.236 13.997 144.556  37.509  145.626 38 145.595  37.996 146.83 38.043
t3 0.1 All 42,516 55.806  52.435 17.619 70.818  189.486  52.702 18.566 75.683  238.988
Local 41.268 20.601  58.996 27.027 61.259 31.348 59.187 27.09 67.386 82.774
0.5 All  59.966 69.622 134.113  40.508  153.303 197.561 152.764 194.281 159.805  254.390
Local 53.404 37.459 151.241 73.12 155.068  74.906 154.86 74706  162.092  105.748
1 All  69.85 71.463 235.957  69.586  257.054 211.767 256.694 210.392 264.881  270.685

Local 65.513 49.217 264.334 129.118 270.066 131.648 269.859  131.429  280.553 158.214
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Table C.5: Loading estimation errors of Trunc, iPE, RTFA and PreAve measured as
in for each mode scaled by 100, over varying n € {100, 200,500}, the distributions
for F; and & (Gaussian and t3) and the percentages of outliers in the idiosyncratic com-
ponent under (0 € {0.1,0.5,1}). We report the mean and the standard deviation
over 100 realisations for each setting.

Trunc iPE RTFA PreAve

n Dist % Mode Mean SD Mean SD Mean SD Mean SD
100 Gaussian 0.1 1 1.949 0.302 2.197 0.335 2.194 0.335 4.528 0.977
2 0.637 0.19 0.7 0.219 0.7 0.219 1.635 0.650
3  0.631 0.165 0.69 0.156 0.69 0.156 1.579 0.494
0.5 1 2.073 0.305 3.122 0.452  3.117 0.451 6.471 1.558
2 0.689 0.191 0.975 0.252 0.974 0.252 2.296 0.763
3 0.681 0.176  0.955 0.243 0.953 0.243 2.296 0.755
1 1 2.197  0.295 3.972 0.541 3.968 0.54 8.227 1.691
2 0.764 0.216 1.307 0.404 1.305 0.404 3.025 1.103
3 0737 0.183 1.241 0.302 1.239 0.302 2.964 0.897
t3 0.1 1 2.037 0.284 2.595 0.396 2.583 0.394 5.632 1.295
2 0.691 0.2 0.838 0.252 0.836  0.252 1.905 0.582
3 0.681 0.218 0.832 0.257  0.829  0.257 2.023 0.671
0.5 1 2.31 0.333  4.212 0.528  4.201 0.527 9.186 2.544
2 0.825 0.218 1.354 0.349 1.35 0.347 3.228 1.243
3 0.842 0.27 1.325 0.416 1.322 0.418 3.153 0.933
1 1 2.568  0.433 5.682 0.761 5.672 0.758 13.284 4.824
2 0988 0.343 1.819 0.513 1.816  0.511 4.324 1.715
3 1.013 0.357 1.835 0.492 1.833 0.491 4.428 1.492
200 Gaussian 0.1 1 1.438 0.188 1.634  0.207 1.631 0.206 3.321 0.696
2 0487 0.141 0.536  0.146 0.535 0.145 1.206 0.471
3 0463 0.125 0.517 0.14 0.515 0.14 1.169 0.313
0.5 1 1.541 0.188 2.347 0.267 2.343  0.267 4.738 0.825
2 0.535 0.153 0.759 0.242 0.759 0.241 1.663 0.622
3 0.501 0.128 0.716  0.171 0.714 0.17 1.658 0.480
1 1 1.628 0.191 2.966 0.33 2.963  0.329 6.047 1.004
2 0.568 0.152 0.936 0.221 0.936  0.221 2.181 0.700
3  0.548 0.141 0.945 0.237 0.943 0.237 2.194 0.571
ts 0.1 1 1.445 0.188 1.912 0.245 1.9 0.242 5.136 8.030
2 0.47 0.108  0.592 0.153 0.588 0.151 2.197 7.773
3 0478 0.125 0.598 0.141 0.592  0.139 2.173 7.713
0.5 1 1.673 0.299 3.277 0.42 3.267 0.42 7.996 8.033
2 0.587 0.175 0.997 0.233 0.995 0.231 3.193 8.080
3 0.582 0.184 1.015 0.262 1.014 0.26 3.333 8.098
1 1 1.86 0.37 4.446 0.584 4.438 0.584 11.622 11.228
2 0734 0.27 1.39 0.453 1.389  0.453 4.192 7.281
3 0.727 0.265 1.436  0.432 1.433 0.432 4.457 8.761
500 Gaussian 0.1 1 0.895 0.124 1.019 0.136 1.017 0.137 1.977 0.334
2 0.305 0.101 0.333 0.105 0.332 0.105 0.719 0.203
3 0313 0.103 0.342 0.107 0.342  0.107 0.724 0.212
0.5 1 0.964 0.125 1.471 0.18 1.468 0.179 2.835 0.432
2 0333 0.103 0.481 0.139 0.479 0.138 1.011 0.292
3 0343 0.104 0.495 0.141 0.494 0.141 1.049 0.278
1 1 1.037 0.129 1.904 0.221 1.902 0.22 3.667 0.620
2 0353 0.101 0.585 0.147 0.584  0.147 1.335 0.394
3 0.369 0.114 0.628 0.202 0.627 0.202 1.396 0.387
t3 0.1 1 0.973 0.174 1.345 0.194 1.336  0.193 2.727 0.654
2 0352 0.125 0.453 0.136 0.45 0.135 0.995 0.296
3 0336 0.101 0.435 0.129 0.432 0.129 0.935 0.347
0.5 1 1.202 0.32 2.475 0.399 2.466  0.396 4.987 1.673
2 0.493 0.238 0.809 0.263 0.806 0.264 1.823 0.606
3 0457 0.195 0.752 0.197 0.75 0.198 1.792 1.293
1 1 1.386 0.378 3.466  0.525 3.459  0.524 7.296 4.967
2 0.601 0.347 1.156  0.425 1.153  0.425 2.478 0.876
3 0.574 0.376 1.052 0.327 1.05 0.328 2.487 1.848
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Table C.6: Common component estimation errors of Trunc, noTrunc, iPE, RTFA
and PreAve measured as in (C.3) with 7 = [n] (‘all’) and 7 = {n — 10+ 1,...,n}
(‘local’) scaled by 1000, over varying n € {100, 200,500}, the distributions for F; and
& (Gaussian and t3) and the percentages of outliers in the idiosyncratic component
under (0 € {0.1,0.5,1}). We report the mean and the standard deviation over 100
realisations for each setting.

Trunc noTrunc iPE RTFA PreAve
n Dist % Range Mean SD Mean SD Mean SD Mean SD Mean SD
100 Gaussian 0.1 All  3.386 0.987 4.331 1.217 4.447 1.25 4.445 1.25 6.358 2.078
Local  3.394 1.085 4.359 1.371 4.474 1.401 4.473 1.4 6.377 2.181
0.5 All  3.885 1.06 8.778 2.317 9.395 2.505 9.391 2.504 13.363 4.801
Local  3.917 1.163 8.873 2.696 9.489 2.866 9.485 2.865 13.459 5.051
1 All 4471 1.105 14.294  3.659 15.556  4.028 15.553  4.027  21.898 6.696
Local  4.504 1.268 14.508  4.278 15.765  4.584  15.761 4.583  22.101 7.051
ts 0.1 All 3.57 0.903 5.834 1.616 6.119 1.726 6.112 1.725 8.953 2.964
Local  3.909 1.365 6.525 2.46 6.825 2.561 6.815 2.548 9.774 3.706
0.5 All  4.781 1.204  15.554  4.009 16.924  4.448 16.913  4.446  24.693 9.733
Local  5.222 2.285 17.558  6.896 18.974  7.245 18.961 7.237  26.983 11.547
1 All  6.218 1.975 27.79 7.025  30.669 8 30.655 7.994  48.173  24.651
Local  6.472 2.862 31.45 12.39  34.461 13.093 34.446 13.087 52.518  27.648
200 Gaussian 0.1 All  3.456 0.878 4.533 1.078 4.6 1.091 4.599 1.091 5.618 1.447
Local  3.481 0.984 4.566 1.151 4.633 1.161 4.631 1.161 5.654 1.475
0.5 All 3.963 0.947 9.474 2.048 9.823 2.116 9.821 2.116 11.832 2.614
Local  3.959 1.122 9.31 2.448 9.659 2.502 9.657 2.502 11.675 2.918
1 All  4.568 1.001 15.64 3.248 16.337  3.397 16.335  3.397 19.636 4.168
Local  4.598 1.18 15.658  3.938 16.361  4.078 16.359  4.078 19.638 4.710
ts3 0.1 All 3.399 0.805 6.202 1.495 6.376 1.546 6.37 1.544  23.003  125.475
Local  3.726 1.464 6.922 2.684 7.102 2.728 7.095 2.726  20.405  94.925
0.5 All  4.761 1.722 18.484  4.462 19.375  4.702 19.368 4.7 39.278  129.314
Local  5.254 3.575  20.459  8.403  21.363 8.526  21.356  8.525  38.494  100.490
1 All  6.795 7.052  33.871 8.471  35.764 8993  35.755 8992  64.334 138.470
Local  6.376 4.543  37.113 15.608 39.062 15.908 39.051 15.908 63.372 106.823
500 Gaussian 0.1 All 3.192 0.881 4.279 1.114 4.305 1.119 4.305 1.119 4.652 1.211
Local  3.235 1.008 4.349 1.345 4.376 1.35 4.375 1.35 4.724 1.435
0.5 All  3.708 0.927 9.276 2.152 9.416 2.186 9.415 2.186 10.124 2.364
Local  3.756 1.061 9.421 2.52 9.56 2.55 9.559 2.55 10.267 2.700
1 All  4.338 0.977  15.581  3.482 15.87 3.546 15.869  3.546 17.062 3.887
Local 4.341 1.112 15.557 4.123 15.847 4.174 15.846 4.175 17.031 4.463
ts3 0.1 All 3.73 1.269 7.698 2.127 7.794 2.153 7.791 2.152 8.468 2.494
Local  4.467 2.449 9.169 3.951 9.269 3.965 9.265 3.963 9.96 4.217
0.5 All 5.913 3.336  26.174  7.492  26.705  7.658 26.7 7.656  29.105 10.262
Local  7.057 5.516  31.172 13.033 31.721 13.108 31.716 13.105 34.14 14.662
1 All  10.176  21.525 49.302 14.104 50.48  14.439 50.474 14.437 57.388  38.512
Local  8.854 6.464  59.032 26.021 60.274 26.311 60.268 26.308 67.403  44.782
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Table C.7: Loading estimation errors of Trunc, iPE, RTFA and PreAve measured as
in for each mode scaled by 100, over varying n € {100, 200,500}, the distributions
for F; and & (Gaussian and t3) and the percentages of outliers in the idiosyncratic com-
ponent under (0 € {0.1,0.5,1}). We report the mean and the standard deviation
over 100 realisations for each setting.

Trunc iPE RTFA PreAve
n Dist % Mode Mean SD Mean SD Mean SD Mean SD

100  Gaussian 0.1 0.557 0.094 0.632 0.11 0.632 0.11 1.537  0.312
0.689  0.093 0.78 0.103 0.78 0.104 1.86 0.291

0.797 0.093 0.904 0.103 0.904 0.103 2.011 0.265

0.5 0.602  0.093 0.902 0.139 0.901 0.138 2.2 0.430
0.748 0.093 1.122 0.147 1.122 0.147 2.655 0.380

0.858 0.099 1.284 0.148 1.283 0.148 2.944 0.396

1 0.656  0.103 1.172 0.182 1.171 0.183 2.835 0.533

0.808 0.097 1.442 0.173 1441 0.173 3.449 0.488

0.925 0.096 1.664 0.175 1.663 0.175 3.746 0.591

t3 0.1 0.595 0.095 0.779 0.128 0.774 0.124 1.947 0.533
0.741 0.112 0.988 0.148 0.981 0.145 2.877 5.488

0.821 0.099 1.101 0.132 1.096 0.131 2.562 0.431

0.5 0.723 0.158 1.373 0.201 1.37 0.2 3.423 0.688

0.873 0.181 1.659 0.248 1.656 0.247 4.603  5.479
0.969 0.159 1.904 0.221 1.9 0.22 4.507  0.730

0.828 0.236 1.849 0.309 1.847 0.308 5.215 5.174
0.999  0.247 2.25 0.3 2.247  0.299 6.17 5.254
1.098 0.229 2.572 0.319 2.57 0.319 6.792  5.085

200 Gaussian 0.1 0.398  0.067  0.446 0.07 0.446 0.07 1.068  0.175
0.493 0.06 0.558 0.061 0.558 0.062 1.284 0.195

0.578 0.071 0.657 0.078 0.656 0.078 1.481 0.237

0.5 0.44 0.072 0.659 0.096 0.659 0.096 1.544 0.249
0.535 0.07 0.806 0.105 0.806 0.106 1.868 0.263

0.633 0.068 0.957 0.104 0.957 0.104 2.164 0.299

1 0.48 0.074 0.853 0.126 0.852 0.126 2.023 0.335

0.587 0.068 1.062 0.131 1.062 0.13 2.375  0.347

0.683 0.069 1.223 0.124 1.222 0.124 2.77  0.404

t3 0.1 0.437 0.081 0.605 0.092 0.603 0.092 1.447 0.405
0.531  0.099 0.739 0.112 0.736 0.112 1.719 0.295

0.606  0.098 0.854 0.13 0.852  0.129 1977 0.337

0.5 0.563 0.226 1.104 0.238 1.102 0.238 2.682 0.819

0.672 0.227 1.336 0.234 1334 0.234 3.192 0.629
0.759 0.209 1.554 0.229 1.552  0.227 3.63 0.661

0.673  0.297 1.525 0.347 1.523 0.346 3.842 1.160
0.791 0.275 1.859 0.258 1.858 0.257 4.585 1.024
0.892 0.272 2133 0.291 2131 0.291 5.083  1.042

500 Gaussian 0.1 0.2563  0.033 0.29 0.04 0.29 0.04 0.666  0.101
0.315 0.04 0.358 0.045 0.358 0.044 0.816 0.116

0.371  0.043 0.42 0.048 0.419 0.048 0.944 0.125

0.5 0.275 0.033 0.416 0.053 0.416 0.052 0.976 0.143
0.345 0.041 0.524 0.06 0.524 0.06 1191  0.143

0.407 0.045 0.611 0.064 0.611 0.064 1.359 0.174

1 0.3 0.038 0.545 0.068 0.545 0.068 1.256 0.182

0.379  0.049 0.683 0.09 0.682 0.09 1.545 0.212

0.441 0.045 0.789 0.083 0.788 0.083 1.766 0.203

t3 0.1 0.285 0.056 0.427 0.059 0.425 0.059 1.01 0.182
0.337 0.056 0.513 0.059 0.511 0.059 1.163 0.167

0.396 0.065 0.604 0.064 0.601 0.064 1.327 0.195

0.5 0.381 0.109 0.819 0.123 0.818 0.122 1.968 0.310

0.456 0.14 1.012 0.129 1.011 0.128 2.334 0.400
0.525 0.165 1.162 0.176 1.16 0.176  2.561  0.382

0.468 0.169 1.158 0.193 1.157 0.193 2.776 0.535
0.552  0.213 1.419 0.181 1418 0.181 3.288 0.523
0.63 0.234 1.623 0.246 1.622 0.246 3.687 0.618

W N = W N = W N = W N = W N = W N = W N = W N = W N = W N = W N = W N = W N = W N = W N = W N = W N = W N =
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Table C.8: Common component estimation errors of Trunc, noTrunc, iPE, RTFA
and PreAve measured as in (C.3) with 7 = [n] (‘all’) and 7 = {n — 10+ 1,...,n}
(‘local’) scaled by 1000, over varying n € {100,200,500}, the distributions for F; and
& (Gaussian and t3) and the percentages of outliers in the idiosyncratic component
under [(O1)[ (¢ € {0.1,0.5,1}). We report the mean and the standard deviation over 100

realisations for each setting.

Trunc noTrunc iPE RTFA PreAve
n Dist % Range Mean SD Mean SD Mean SD Mean SD Mean SD
100 Gaussian 0.1 All 1.351 0.254  1.766 0.32 1.803 0.326 1.803 0.326 2.533 0.476
Local  1.354 0.3 1.772 0.395 1.809 0.4 1.808 0.4 2.541 0.537
0.5 All 1.607  0.277 3.741 0.627 3.929 0.66 3.929 0.66 5.465 0.967
Local  1.621 0.32 3.749 0.763 3.937 0.788 3.937 0.788 5.468 1.078
1 All 1938 0.297 6.204 0.968 6.594 1.036 6.593 1.036 9.135 1.563
Local 1.948 0.352 6.188 1.246 6.578 1.298 6.578 1.298 9.126 1.810
t3 0.1 All  1.408 0.27 2.628 0.559 2.738 0.589 2.734 0.585 6.104  22.733
Local 1.549 0.59 2.865 0.946 2.975 0.96 2.972 0.96 6.371  22.330
0.5 All 2,022 0.577 7.957 1.554 8.491 1.683 8.488 1.682 14.171  22.377
Local 2.24 1.306  8.715 3.145 9.262 3.196 9.259 3.195  15.064 21.899
1 All 2741 1.007 14.682 2986  15.767  3.257 15.764  3.256  29.664 70.941
Local 3.025 1.996 16.476 5.812 17.614 5.954 17.611 5.954 28.85  41.863
200 Gaussian 0.1 All 1.342  0.273  1.788 0.342 1.807 0.345 1.807 0.344 2.184 0.434
Local 1.357  0.343 1.818 0.446 1.837 0.449 1.837 0.449 2.217 0.528
0.5 All 1595 0.284  3.868 0.656 3.971 0.674 3.971 0.674 4.765 0.841
Local 1.602 0.363  3.898 0.848 4.001 0.862 4 0.862 4.8 1.006
1 All 1937 0.307 6.538 1.04 6.749 1.075 6.749 1.075 8.05 1.343
Local 1947 0.394 6.617 1.354 6.828 1.378 6.827 1.378 8.136 1.602
ts3 0.1 All 1.489 0.36 3.103 0.6 3.174 0.617 3.173 0.617 3.81 0.741
Local 1.733 0.996 3.534 1.462 3.608 1.462 3.607 1.462 4.275 1.657
0.5 All  2.398 1.241 10.437 2.149 10.795 2.216 10.794 2.215 12.995 2.735
Local  2.942 3.15 11998 5899 12.374 5945 12.372 5944  14.677  6.936
1 All  3.388 215 19.624  3.984 20.379  4.123  20.378  4.122  24.875 = 5.427
Local 4.144 4.844 22,629 10.679 23.418 10.742 23.416 10.741 28.171 12.722
500 Gaussian 0.1 All 1.299 0.219 1.766 0.278 1.774 0.279 1.774 0.279 1.923 0.301
Local 1.322  0.294 1.793 0.401 1.801 0.402 1.801 0.402 1.95 0.424
0.5 All 1571  0.231  3.976 0.542 4.019 0.548 4.019 0.548 4.333 0.586
Local 1.591 0.306  4.022 0.73 4.065 0.734 4.064 0.734 4.38 0.766
1 All 1926 0.255 6.774 0.88 6.862 0.893 6.862 0.893 7.388 0.962
Local 1.953 0.352  6.841 1.325 6.928 1.335 6.928 1.335 7.456 1.400
t3 0.1 All 1.541 0.443 3.894 0.696 3.935 0.703 3.935 0.702 4.232 0.751
Local 1.74 0.844 4.378 1.624 4.42 1.628 4.419 1.628 4.722 1.659
0.5 All 2776 1.715  14.781 2.767  15.002 2.81 15.001 2.81 16.144  2.983
Local 3.131 2.438 16.71 6.14 16.938  6.181 16.937  6.181 18.099  6.319
1 All 4107 3.145 28.423 5.344 28.894 5.426 28.893 5.426 31.221 5.884
Local 4.518 4.241 31.646 11.523 32.147 11.617 32.145 11.617 34.526 11.974
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Outliers in the factors. See Figures [C.9HC.14] and Tables [C.9HC.I4] for the results
from loading and common component estimation obtained under |[(T1)H(T3)[ with out-
liers in the factors under In this scenario, we cannot recover F; prior to the
contamination by outliers since all cross-sections of the observed &; are contaminated
by the outliers. Nonetheless, we observe that the loadings and x; (post-contamination)
are well-estimated by Trunc. In line with the theory (Theorem @, the estimation

error tends to increase with the increase in the proportion of outliers.

Gaussian Gaussian Gaussian t t t
n =100 n =200 n =500 n =100 n =200 n =500

1 2 3 1 2 3 1 2 3 1 2 3 1 2 3 1 2 3

method [ Tunc [l iPe [l rrFa [ Preave

Figure C.9: Loading estimation errors measured as in for each mode (z-axis)
for Trunc, iPE, RTFA and PreAve over varying n € {100,200, 500}, distributions for
Fi and & (Gaussian and t3) and the percentages of outliers in the factors under
(0 € {0.1,0.5, 1}, top to bottom), averaged over 100 realisations per setting. In each plot,
the y-axis is in the log-scale and all errors have been scaled for the ease of presentation.
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Gaussian Gaussian Gaussian t t t
n =100 n =200 n =500 n =100 n =200 n =500

all

local all local all local all local all local all local
method . Trunc . noTrunc . iPE . RTFA . PreAve

Figure C.10: Common component estimation errors measured as in (C.3|) with
T =[n] (‘all’) and T = {n — 10+ 1,...,n} (‘local’) for Trunc, noTrunc, iPE, RTFA
and PreAve over varying n € {100,200, 500}, distributions for F; and &; (Gaussian and
t3) and the percentages of outliers in the factors under [(O2)| (¢ € {0.1,0.5,1}, top to
bottom), averaged over 100 realisations per setting. In each plot, the y-axis is in the
log-scale and all errors have been scaled for the ease of presentation.
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Gaussian Gaussian Gaussian t t t
n =100 n =200 n =500 n =100 n =200 n =500

1 2 3 1 2 3 1 2 3 1 2 3 1 2 3 1 2 3

method [l Tunc [l iee [l rTea [ Preave

Figure C.11: Loading estimation errors measured as in for each mode (z-
axis) for Trunc, iPE, RTFA and PreAve over varying n € {100,200, 500}, distributions
for F; and &; (Gaussian and t3) and the percentages of outliers in the factors under
(0 € {0.1,0.5, 1}, top to bottom), averaged over 100 realisations per setting. In each plot,
the y-axis is in the log-scale and all errors have been scaled for the ease of presentation.
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Gaussian Gaussian Gaussian t t t
n =100 n =200 n =500 n =100 n =200 n =500

all

local all local all local all local all local all local
method . Trunc . noTrunc . iPE . RTFA . PreAve

Figure C.12: Common component estimation errors measured as in (C.3|) with
T =[n] (‘all’) and T = {n — 10+ 1,...,n} (‘local’) for Trunc, noTrunc, iPE, RTFA
and PreAve over varying n € {100,200, 500}, distributions for F; and &; (Gaussian and
t3) and the percentages of outliers in the factors under [(O2)| (¢ € {0.1,0.5,1}, top to
bottom), averaged over 100 realisations per setting. In each plot, the y-axis is in the
log-scale and all errors have been scaled for the ease of presentation.
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Gaussian Gaussian Gaussian t t t
n =100 n =200 n =500 n =100 n =200 n =500

1 2 3 1 2 3 1 2 3 1 2 3 1 2 3 1 2 3

method [l Tunc [l iee [l rTea [ Preave

Figure C.13: Loading estimation errors measured as in for each mode (z-
axis) for Trunc, iPE, RTFA and PreAve over varying n € {100,200, 500}, distributions
for F; and &; (Gaussian and t3) and the percentages of outliers in the factors under
(0 € {0.1,0.5, 1}, top to bottom), averaged over 100 realisations per setting. In each plot,
the y-axis is in the log-scale and all errors have been scaled for the ease of presentation.
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Gaussian Gaussian Gaussian t t t
n =100 n =200 n =500 n =100 n =200 n =500

all

local all local all local all local all local all local
method . Trunc . noTrunc . iPE . RTFA . PreAve

Figure C.14: Common component estimation errors measured as in (C.3|) with
T =[n] (‘all’) and 7 = {n — 10+ 1,...,n} (‘local’) for Trunc, noTrunc, iPE, RTFA
and PreAve over varying n € {100,200, 500}, distributions for F; and &; (Gaussian and
t3) and the percentages of outliers (o € {0.1,0.5,1}, top to bottom), averaged over 100
realisations per setting. In each plot, the y-axis is in the log-scale and all errors have
been scaled for the ease of presentation.
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Table C.9: Loading estimation errors of Trunc, iPE, RTFA and PreAve measured as
in for each mode scaled by 100, over varying n € {100, 200,500}, the distributions
for F; and &, (Gaussian and ¢3) and the percentages of outliers in the factors under
(0 €{0.1,0.5,1}). We report the mean and the standard deviation over 100 realisations
for each setting.

Trunc iPE RTFA PreAve
n Dist % Mode Mean SD Mean SD Mean SD Mean SD

100  Gaussian 0.1 2.415 1.876 2278 1.034 2.279 1.037 3.875 1.545
2.326 1.32 2.238 1.08 2.238 1.079  3.792 1.253

2,552 3.733 2198 0.966 2.197 0.964 3.764 1.434

0.5 1.507 0.651 1.471 0.543 1471 0.545 2.692 0.977
1.555 0.775  1.523 0.72 1.523 0.719  2.605 0.933

1.493 0.642 1.471 0.587 1471 0.587 2.584 0.845

1 1.145 0.431 1.14 0.43 1.14 0.433 2.073 0.741

1.121 0414 1.116 0.412 1.116 0.412 1.889 0.572

1121 0.502 1.119 0.501 1.119 0.501 2.05 0.750

t3 0.1 2.075 0.797 2.416 3.66 2.01 0.782  4.159 4.215
2.216  0.966 2.729 5.495 2.127 0.924 4.39 5.347

2.209 0.847 2,606 4.508 2.101 0.727 4.541 5.134

0.5 1.195 0.448 1.194 0.425 1.166 0.4 2.442 1.025

1.295 0472 1312  0.549 1.263 0.462 2.586 1.586
1.234 0398 1.248 0.427 1.203 0.358 2.578 1.561

0.851 0.23 0.862 0.25 0.842 0.229 1.753 0.673
0.884 0.284 0.914 0.383 0.88 0.289  1.786 0.747
0.885 0.298 0.896 0.309 0.874 0.29 1.802 0.687

200 Gaussian 0.1 1.585 0.694 1.564 0.678 1.565 0.679  2.509 0.891
1.656 0.695 1.645 0.688 1.645 0.689 2.498 0.808

1.831 1.385 1.811 1.345 1.811 1.347 2.613 1.484

0.5 1.009 0397 1.005 0.396 1.005 0.397 1.784 0.525
1.072 0.387 1.068 0.384 1.069 0.385 1.71 0.538

1.156 0.76 1.15 0.756  1.151 0.757  1.809 0.658

1 0.78 0.257 0.778 0.258 0.778  0.257 1.343 0.404

0.778 0.258 0.777 0.257 0.776  0.257 1.366 0.405

0.852 0.454 0.849 0.451 0.849 0.452 1.384 0.522

t3 0.1 1.576  0.758  2.038 3.59 1.534 0.72 3.826 9.825
1.593 0.718 1918 2.637 1.533 0.644 4.183 10.317

1.545 0.581 2.19 5.65 1.505 0.565 3.518 5.420

0.5 0.897 0.419 0.931 0.506 0.881 0.414 1.555 0.630

0.896 0.347 0.928 0.517 0.871 0.334 1.616 0.719
0.886 0.277 0.928 0.494 0.869 0.272 1.566 0.615

0.637 0.192 0.649 0.237 0.625 0.186 1.136 0.390
0.648 0.229 0.667 0.3 0.638 0.225 1.216 0.560
0.65 0.195 0.662 0.235 0.64 0.194 1.135 0.358

500 Gaussian 0.1 1.251 0.655 1.245 0.647 1.245 0.648 1.558 0.568
1.188 0.546 1.182 0.536 1.181 0.536  1.579 0.512

1.285 0.743  1.279 0.74 1.279  0.741 1.576 0.467

0.5 0.771  0.325 0.767 0.323 0.767 0.323 1.073 0.330
0.753  0.277 0.751  0.276 0.75 0.276  1.099 0.347

0.767 0.373 0.766 0.373 0.766 0.373  1.066 0.295

1 0.544 0.224 0.543 0.223 0.542 0.223  0.852 0.274

0.544 0.202 0.543 0.202 0.543 0.202 0.848 0.268

0.581 0.256 0.579 0.256 0.579 0.256  0.838 0.242

t3 0.1 1.22 0.709 1.58 3.408 1.191 0.669  2.197 6.414
1.13 0.625 1.713 5478 1.104 0.605 2.012 5.513

1.23 0.875 1.768 5.127 1.195 0.835 2.15 5.979

0.5 0.667 0.299 0.944 2.692 0.655 0.29 1.415 4.459

0.607 0.278 1.168 5.422 0.599 0.277 1.456 5.517
0.651  0.376  1.049 3.83 0.64 0.355 1.48 5.144

0.45 0.174 0.655 2.008  0.442 0.17 0.732 0.233
0.425 0.149 0.946 5.059 0.422 0.143 1.057 3.531
0.441 0.229 0.707 2.561 0.436 0.22 0.73 0.305

WNF|[WNRFE [ WNHFE [ W[ WD | WD | WD | WD | W | W | W | WNFE | W[ W[ WD WD W | W=
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Table C.10: Common component estimation errors of Trunc, noTrunc, iPE, RTFA
and PreAve measured as in with 7 = [n] (‘all’) and T = {n—10+1,...,n} (‘local’)
scaled by 1000, over varying n € {100, 200, 500}, the distributions for F; and &; (Gaussian
and t3) and the percentages of outliers in the factors under (0 €{0.1,0.5,1}). We
report the mean and the standard deviation over 100 realisations for each setting.

Trunc noTrunc iPE RTFA PreAve
n Dist % Range Mean SD Mean SD Mean SD Mean SD Mean SD
100 Gaussian 0.1 All  30.938 40.311 27.567 10.331 27.09 8.464 27.089 8.464 29.024 9.080
Local 33.127 35.111 30.493 13.661 29.976 11.932 29.976 11.932 31.914 12.370
0.5 All  14.614 5.135 14.48 4.689 14.445 4.633 14.445 4.633 15.398 4.940
Local 17.564 8.874 17.566 8.878 17.535 8.829 17.534 8.828 18.486 8.983
1 All 9.032 2.763 9.027 2.763 9.024 2.763 9.024 2.763 9.6 2.940
Local 10.613 5.993 10.612 5.996 10.61 5.995 10.61 5.995 11.2 6.085
ts 0.1 All  26.006 12.283  26.411 12.607 31.938 57.573  26.277 12.562  34.995 65.368
Local 30.569 17.588 31.794 20.747 33.713 26.996 31.722  20.87 36.316  29.472
0.5 All 11.163 4.834 11.368 4.935 11.401 4.953 11.342 4.904 12.705 6.752
Local 16.349 11.237 16.642 11.726 16.658 11.737 16.616 11.731 17.893 11.960
1 All 6.49 2.787 6.589 2.847 6.603 2.856 6.583 2.845 7.15 3.130
Local 7.743 5.667 7.827 5.783 7.835 5.789 7.821 5.781 8.407 5.899
200 Gaussian 0.1 All  26.147 10.189 26.122 10.135 26.1 10.098 26.101 10.099 26.777 10.272
Local 28.654 14.543  28.655 14.55 28.633 14.509 28.633 14.511 29.281 14.556
0.5 All 14.03 5.16 14.022 5.156 14.02 5.153 14.02 5.153 14.396 5.150
Local 18.545 11.559 18.544 11.56 18.542 11.559 18.542 11.559 18.917 11.585
1 All 8.935 3.246 8.931 3.246 8.93 3.245 8.93 3.245 9.179 3.284
Local 12.311 7.982 12.309 7.984 12.308 7.983 12.308 7.983 12.553 8.005
ta 0.1 All  22.249 6.565 23.004 7.664 28.682  52.623  22.982 7.797 42.115  122.632
Local 29.79 16.019 31.991  23.092 38.13 57.329 32.165 24.722 52.687 127.384
0.5 All  10.089 3.136 10.339 3.539 10.408 3.932 10.329 3.54 10.689 3.681
Local 15.83 12.669 16.684 15.145 17.041 17.383 16.682  15.194 17.04 15.154
1 All 6.055 1.787 6.188 2.044 6.206 2.144 6.184 2.046 6.401 2.259
Local 9.413 8.219 10.249 12.98 10.414 14.311 10.255 13.05 10.645 14.730
500 Gaussian 0.1 All  24.782 7.499 24.775 7.495 24.77 7.49 24.77 7.49 24.824 7.319
Local 27.414 11.115 27414 11.114 27.41 11.113 27.41 11.113  27.451 10.997
0.5 All  13.626 4.076 13.621 4.075 13.621 4.074 13.62 4.074 13.704 4.042
Local 17.421 9.794 17.42 9.795 17.419 9.795 17.419 9.795 17.499 9.777
1 All 8.63 2.561 8.626 2.561 8.626 2.561 8.626 2.561 8.7 2.564
Local 11.029  6.947 11.028  6.948 11.027  6.949 11.027  6.949 11.098 6.936
ts 0.1 All  21.868 7.997 22.755 9.187 36.51 141.46  22.751 9.252 40.021 176.553
Local 29.237 16.434 29.871 16.804 32.561 29.594 29.848 16.788 36.738  68.349
0.5 All 10.172  3.431 10.512  3.923 17.669 73.514 10.511  3.933  20.002  96.155
Local 15.185 13.995 15.343 14.071 17.284 23.15 15.338 14.067  19.292 40.375
1 All 6.074 2.029 6.258 2.294 10.023 38.78 6.257 2.292 7.256 10.680

Local  9.216 7.626 9.29 7.645 10.984 18.065  9.289 7.643 9.864 8.892

80



Table C.11: Loading estimation errors of Trunc, iPE, RTFA and PreAve measured
as in for each mode scaled by 100, over varying n € {100,200,500}, the distri-
butions for F; and &; (Gaussian and t3) and the percentages of outliers in the factors
under (0 €{0.1,0.5,1}). We report the mean and the standard deviation over 100

realisations for each setting.

Trunc iPE RTFA PreAve

n Dist % Mode Mean SD Mean SD Mean SD Mean SD
100  Gaussian 0.1 1 1.766 0.275 1.765 0.274 1.765 0.274 3.565 0.777
2 0.562 0.164 0.558 0.163 0.558 0.163 1.331 0.437
3 0.56 0.155 0.556 0.154 0.556 0.154 1.307 0.454
0.5 1 1.271 0.208 1.269  0.208 1.269 0.208 2.632 0.637
2 0.406 0.111 0.402 0.111 0.402 0.111 0.939 0.344
3 0.391 0.101 0.39 0.102 0.39 0.102 0.922 0.348
1 1 0.994 0.161 0.993 0.161 0.993 0.161 2.032 0.515
2 0.32 0.086 0.319 0.085 0.319  0.085 0.759  0.351
3 0.302 0.078 0.3 0.077 0.3 0.077  0.682  0.207
t3 0.1 1 1.745 0.285 1.776 0.3 1.768 0.297 3.897 1.109
2 0.562 0.176  0.567 0.18 0.566  0.179 1.302 0.411
3  0.555 0.165 0.56 0.165 0.558 0.165 1.381 0.465
0.5 1 1.138 0.195 1.164 0.227 1.152  0.203 2.427 0.640
2 0364 0.114 0.365 0.116 0.362 0.115 0.909 0.367
3  0.372 0.102 0.375 0.102 0.373 0.1 0.938 0.301
1 1 0.842 0.127 0.856 0.137 0.848 0.128 1.735 0.515
2 0.265 0.078 0.265 0.078 0.264 0.078 0.65 0.274
3 0.265 0.073 0.268 0.071 0.266 0.071 0.657 0.219
200 Gaussian 0.1 1 1.264 0.173 1.263 0.173 1.263 0.173 2.543 0.528
2 0.42 0.126  0.418 0.124 0.418 0.124 0.908 0.262
3  0.401 0.111 0.399 0.11 0.399 0.11 0.934 0.255
0.5 1 0.91 0.122  0.909 0.122 0.909 0.122 1.796  0.346
2 0.292 0.081 0.29 0.08 0.29 0.08 0.624 0.197
3  0.294 0.081 0.293 0.08 0.293 0.08 0.653  0.201
1 1 0.718 0.097 0.717 0.097 0.717 0.097 1.398  0.286
2 0.232 0.075  0.231 0.075 0.231 0.075 0.506  0.153
3  0.217 0.051 0.217  0.051 0.217  0.051 0.506  0.143
t3 0.1 1 1.167 0.155 1.186 0.16 1.18 0.159 3.033 5.680
2 0.355 0.095 0.36 0.098 0.358 0.096 1.36 5.206
3  0.365 0.105 0.37 0.107 0.368 0.105 1.558 6.641
0.5 1 0.761 0.104 0.77 0.105 0.767  0.105 1.867  2.577
2 0.229 0.0563 0.233 0.056 0.231 0.054 1.048 5.154
3 0.237 0.063 0.24 0.062 0.238 0.063 1.101 5.291
1 1 0.585 0.077 0.588 0.078 0.586 0.078 1.183 0.244
2 0.173 0.047 0.173 0.044 0.172 0.043 0.411 0.139
3 0.184 0.044 0.184 0.043 0.183 0.043 0.411 0.125
500 Gaussian 0.1 1 0.774  0.111 0.774  0.111 0.774 0.111 1.504  0.298
2 0.263 0.092 0.263 0.091 0.263 0.091 0.567 0.177
3 0.267 0.092 0.266 0.092 0.266  0.092 0.542  0.159
0.5 1 0.556  0.078 0.556 0.078 0.556  0.078 1.064 0.192
2 0.184 0.058 0.184 0.057 0.184 0.057 0.384 0.120
3 0.187 0.056 0.187 0.056 0.187 0.056 0.395 0.116
1 1 0.442 0.064 0.441 0.064 0.441 0.064 0.824 0.140
2 0.141 0.047  0.141 0.047  0.141 0.047  0.308 0.096
3 0.149 0.042 0.149 0.042 0.149 0.042 0.302 0.079
ts 0.1 1 0.734 0.104 0.744 0.106 0.741 0.106 1.502  0.320
2 0.248 0.095 0.252 0.096 0.251 0.096 0.545 0.161
3 0.245 0.07 0.246 0.069 0.245 0.069 0.508 0.201
0.5 1 0.485 0.068 0.489 0.068 0.488 0.068 0.959 0.200
2 0.157 0.055 0.158 0.055 0.157 0.056 0.343 0.093
3 0.152 0.043 0.154 0.043 0.153 0.042 0.33 0.105
1 1 0.368 0.054 0.371 0.055 0.369  0.055 0.727  0.151
2 0.118 0.039 0.119 0.04 0.119 0.04 0.262 0.078
3 0.119 0.031 0.12 0.031 0.12 0.031 0.252  0.071
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Table C.12: Common component estimation errors of Trunc, noTrunc, iPE, RTFA
and PreAve measured as in with 7 = [n] (‘all’) and T = {n—10+1,...,n} (‘local’)
scaled by 1000, over varying n € {100, 200, 500}, the distributions for F; and &; (Gaussian
and t3) and the percentages of outliers in the factors under (0 €{0.1,0.5,1}). We
report the mean and the standard deviation over 100 realisations for each setting.

Trunc noTrunc iPE RTFA PreAve

n Dist % Range Mean SD Mean SD Mean SD Mean SD Mean SD
100  Gaussian 0.1 All  2.734 0.833 2732 0.833 2.731 0.832 2731 0.832 3.872 1.314
Local 3.017 1.114 3.016 1.116 3.014 1.116 3.014 1.116 4.19 1.584
0.5 All 1.452  0.449 1.451 0.449 1.45 0.448 1.45 0.448  2.046 0.700
Local 1.758 0.925 1.758 0.925 1.758 0.925 1.758 0.925 2.38 1.098
1 All 0911 0.279 0.91 0.279 0.91 0.279  0.91 0.279  1.258 0.418
Local 1.078 0.813 1.078 0.813 1.078 0.813 1.078 0.813  1.431 0.887
ts3 0.1 All 2552 0.799 2636 0.843 2.648 0.852 2.644 0.85 3.98 1.580
Local  3.16 1.347 3.297 1.508 3.314 1.534 3.308 1.52 4.779 2.235
0.5 All 1.149 0363 1.175 0.374 1.181 0.377 1.178 0.375 1.689 0.557
Local 1.788 1.246 1.835 1.272 1.843 1.277 1.838 1.274 2.4 1.368
1 All  0.669 0.202 0.681 0.208 0.684 0.208 0.682 0.208  0.954 0.315
Local 1.1 1.043 1.12 1.045 1.123 1.045 1.121 1.045 1.4 1.092
200 Gaussian 0.1 All 2.684 0.714 2.683 0.713 2.683 0.713 2.683 0.713 3.263 0.885

Local 2.886 1.158 2.884 1.158 2.883 1.158 2.883 1.158 3.472 1.291

0.5 All 1.465 0391 1465 0.391 1.465 0.391 1.465 0.391 1.743 0.475
Local 1.844 1.174 1.844 1.174 1.844 1.173 1.844 1.173 2.128 1.228

1 All 0.938 0.247 0938 0.247 0.938 0.247 0.938 0.247 1.11 0.300
Local 1.22 0.929 1.22 0.929 1.22 0.929 1.22 0.929 1.397 0.961

t3 0.1 All 2.209 0.555 2279 0.584 2.285 0.586 2.283 0.585 12.353  95.291
Local 2.849 1.459 3.014 1.679 3.021 1.69 3.018 1.685 10.568  69.896

0.5 All  1.025 0.263 1.05 0.274 1.051 0.274 1.0561 0.274 6.444 51.611
Local 1.436 1.032 1.49 1.076  1.491 1.076 1.491 1.076 8.338 66.068

1 All 0.62 0.16 0.63 0.165 0.631  0.165 0.63 0.165 0.755 0.210
Local 0.77 0.378  0.794 0.39 0.794 0.39 0.794 0.39 0.919 0.412

500 Gaussian 0.1 All 2453 0.716 2453 0.716 2.453 0.716 2453 0.716 2.654 0.781
Local 2.65 1.021 2.65 1.021 2.65 1.021 2.65 1.021 2.853 1.057

0.5 All 1.352 0.382 1.352 0.382 1.352 0.382 1.352 0.382 1.449 0.407
Local 1.693 0.947 1.693 0.947 1.693 0.947 1.693 0.947 1.793 0.956

1 All  0.864 0.248 0.864 0.248 0.864 0.248 0.864 0.248 0.923 0.264
Local 1.158 0.862 1.158 0.862 1.158 0.862 1.158 0.862 1.217 0.868

t3 0.1 All  2.158 0.646 2.224 0.671 2.226 0.672 2.225 0.672 2.425 0.730
Local 3.015 1.523 3.132 1.717 3.134 1.72 3.134 1.718 3.344 1.762

0.5 All 1.02 0.316 1.043 0.324 1.043 0.324 1.043 0.324 1.124 0.348
Local 1.842 1.528 1.889 1.646 1.889 1.647 1.889 1.646 1.973 1.658

1 All  0.614 0.191 0.625 0.194 0.625 0.194 0.625 0.194 0.672 0.208
Local 1.021 0.988 1.079 1.289 1.08 1.29 1.079  1.289 1.128 1.298
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Table C.13: Loading estimation errors of Trunc, iPE, RTFA and PreAve measured
as in for each mode scaled by 100, over varying n € {100,200,500}, the distri-
butions for F; and &; (Gaussian and t3) and the percentages of outliers in the factors
under (0 €{0.1,0.5,1}). We report the mean and the standard deviation over 100

realisations for each setting.

Trunc iPE RTFA PreAve

n Dist % Mode Mean SD Mean SD Mean SD Mean SD
100  Gaussian 0.1 1 0.5 0.088 0.5 0.089 0.5 0.089 1.196 0.253
2 0.618 0.081 0.618  0.081 0.618  0.081 1.467  0.238
3 0.715 0.09 0.715  0.091 0.715  0.091 1.609 0.275
0.5 1 0.359 0.06 0.359 0.06 0.359 0.06 0.853  0.190
2 0.45 0.068 0.449 0.068 0.449 0.068 1.07 0.235
3 0.513 0.068 0.512 0.068 0.512  0.068 1.186 0.273
1 1 0.282 0.047  0.281 0.047  0.281 0.047  0.681 0.172
2 0.341 0.046  0.341 0.046  0.341 0.046 0.829 0.198
3 0396 0.049 0.396 0.049 0.396 0.049 0.902 0.184
t3 0.1 1 0.498 0.087 0.509 0.094 0.504 0.087 1.249 0.311
2 0.614 0.096 0.625 0.099 0.622 0.097 1.503 0.364
3 0.695 0.094 0.707 0.097 0.704 0.095 1.675 0.290
0.5 1 0.321 0.055 0.329 0.057 0.326 0.057 0.895 0.271
2 0.397 0.063 0.404 0.063 0.402 0.063 1.025 0.292
3 0449 0.064 0.455 0.064 0.453 0.064 1.117  0.287
1 1 0.238 0.037 0.241 0.038 0.24 0.037 0.599 0.176
2 0.292 0.046 0.296 0.047 0.294 0.046 0.75 0.219
3 0.333 0.04 0.337 0.04 0.335 0.04 0.828 0.197
200 Gaussian 0.1 1 0.352 0.06 0.351 0.06 0.351 0.06 0.823 0.144
2 0.429 0.058 0.429 0.057 0.429 0.057 0.995 0.177
3 0.505 0.061 0.505  0.061 0.505 0.061 1.138  0.211
0.5 1 0.25 0.038 0.25 0.038 0.25 0.038 0.585 0.117
2 0.309 0.041 0.309 0.041 0.309 0.041 0.708 0.129
3 0366 0.048 0.365 0.048 0.365 0.048 0.838 0.149
1 1 0.202 0.029 0.202 0.029 0.202 0.029 0.471 0.099
2 0.242 0.035 0.242 0.035 0.242  0.035 0.555  0.113
3 0.285 0.036 0.285 0.036 0.285 0.036 0.64 0.116
t3 0.1 1 0.332 0.054 0.336 0.055 0.335 0.055 0.826 0.219
2 0.401 0.059 0.406 0.059 0.405 0.06 0.975  0.190
3 0471 0.064 0.479 0.065 0.477  0.065 1.135 0.230
0.5 1 0.217 0.037 0.219 0.038 0.219 0.038 0.563 0.183
2 0.268 0.039 0.27 0.039 0.27 0.039 0.651 0.148
3 0.308 0.044 0.312 0.044 0.31 0.045 0.73 0.166
1 1 0.169 0.028 0.171 0.029 0.17 0.029 0.397 0.098
2 0.202 0.027 0.203 0.027 0.203 0.027 0.479 0.096
3 0.237 0.033 0.238 0.033 0.238 0.033 0.548 0.100
500 Gaussian 0.1 1 0.216 0.029 0.216 0.029 0.216 0.029 0.502 0.082
2 0.27 0.036 0.27 0.036 0.27 0.036 0.61 0.091
3 0.32 0.036 0.319 0.036 0.319 0.036 0.703 0.086
0.5 1 0.155 0.022 0.155 0.022 0.155  0.022 0.363  0.062
2 0.196 0.026 0.195 0.026 0.195 0.026 0.445 0.075
3 0.229 0.027 0.229 0.027 0.229 0.027 0.508 0.066
1 1 0.126 0.019 0.126 0.019 0.126 0.019 0.292 0.054
2 0.156  0.021 0.156  0.021 0.156  0.021 0.355  0.058
3 0.18 0.022 0.18 0.022 0.18 0.022 0.403 0.057
ts 0.1 1 0.205 0.031 0.208 0.031 0.207 0.031 0.486  0.083
2 0.242 0.027 0.245 0.029 0.244 0.028 0.573 0.089
3 0284 0.035 0.288 0.036 0.288 0.036 0.642 0.116
0.5 1 0.135 0.019 0.137 0.019 0.136 0.019 0.316 0.053
2 0.164 0.02 0.166 0.02 0.165 0.02 0.377 0.068
3 0.188 0.021 0.19 0.022 0.19 0.022 0.426  0.069
1 1 0.103 0.015 0.104 0.015 0.103 0.015 0.242  0.043
2 0.125 0.015 0.126  0.015 0.125 0.015 0.289  0.045
3 0.146 0.016 0.147 0.017 0.146 0.017 0.324 0.051
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Table C.14: Common component estimation errors of Trunc, noTrunc, iPE, RTFA
and PreAve measured as in with 7 = [n] (‘all’) and 7 = {n—10+1,...,n} (‘local’)
scaled by 1000, over varying n € {100, 200, 500}, the distributions for F; and &; (Gaussian
and t3) and the percentages of outliers in the factors under (0 €{0.1,0.5,1}). We
report the mean and the standard deviation over 100 realisations for each setting.

Trunc noTrunc iPE RTFA PreAve

n Dist % Range Mean SD Mean SD Mean SD Mean SD Mean SD
100  Gaussian 0.1 All  1.082 0.221 1.082 0.221 1.082 0.221 1.082 0.221 1.527 0.340
Local 1.169 0.389 1.169 0.389 1.169 0.389 1.169 0.389 1.622 0.500

0.5 All  0.579 0.115 0578 0.114 0.578 0.114 0.578 0.114 0.816 0.189

Local 0.773 0.414 0.772 0414 0.772 0414 0.772 0.414 1.012 0.458

1 All  0.359 0.068 0.359 0.068 0.359 0.068 0.359 0.068 0.498 0.103

Local 0.472 0.297 0472 0.297 0471 0.297 0471 0.297 0.613 0.326

i3 0.1 All 0.983 0.226 1.018 0.239 1.021 0.242 1.02 0.239 1.475 0.364

Local 1.172 0.523 1.204 0.539 1.208 0.538 1.207 0.538 1.696 0.671

0.5 All 0441 0.096 0.453 0.1 0.454 0.101  0.453 0.1 0.681  0.180

Local 0.619  0.492 0.63 0.497 0.631 0.497 0.631 0.497 0.863 0.538

1 All  0.258 0.055 0.264 0.058 0.265 0.059 0.264 0.058 0.383 0.098

Local 0.325 0.251 0.329 0.252 0.33 0.252 0.33 0.252  0.458  0.290

200 Gaussian 0.1 All  1.032 0.223 1.032 0.223 1.032 0.223 1.032 0.223 1.253 0.285
Local 1.116 0.413 1.116 0.413 1.116 0.413 1.116 0.413 1.339 0.463

0.5 All  0.565 0.123 0.564 0.123 0.564 0.123 0.564 0.123 0.679 0.153

Local 0.699 0.439 0.699 0.439 0.699 0.439 0.699 0.439 0.812 0.460

1 All 0361 0.079 0.361 0.079 0.361 0.079 0.361 0.079 0.431 0.102

Local 0.451 0.321 0.451 0.321 0.451 0.322 0.451 0.322 0.521 0.340

i3 0.1 All 0.9 0.189 0.928 0.199 0.929 0.2 0.929 0.2 1.142 0.253

Local 1.104 0.473 1.138 0.487 1.139 0.487 1.139 0.487 1.358 0.516

0.5 All 0416 0.088 0.425 0.091 0.426 0.091 0.426 0.091 0.52 0.116

Local 0.576 0.401 0.588 0.406 0.588 0.406 0.588 0.406 0.684 0.419

1 All  0.252 0.0564 0.257 0.056 0.257 0.056 0.257 0.056 0.308 0.068

Local 0.314 0.239 0.319 0.241 0.32 0.241 0.32 0.241  0.372  0.245

500 Gaussian 0.1 All 0984 0.176 0984 0.176 0.984 0.176 0.984 0.176 1.066 0.189
Local 1.146 0.334 1.146 0.334 1.146 0.334 1.146 0.334 1.229 0.344

0.5 All  0.545 0.097 0.545 0.097 0.545 0.097 0.545 0.097 0.588 0.105

Local 0.73 0.376 0.73 0.376 0.73 0.376 0.73 0.376  0.774  0.379

1 All  0.349 0.062 0.349 0.062 0.349 0.062 0.349 0.062 0.377 0.067

Local 0.472 0.301 0.472 0.301 0472 0.301 0472 0.301 0.5 0.303

ts 0.1 All  0.829 0.151 0.854 0.156 0.854 0.156 0.854 0.156 0.925 0.171

Local 1.104 0.521 1.136 0.54 1.136 0.54 1.136 0.54 1.208 0.546

0.5 All  0.391 0.069 0.4 0.07 0.4 0.07 0.4 0.07 0.431  0.076

Local 0.631 0.465 0.648 0.489 0.648 0.489 0.648 0.489 0.679 0.492

1 All  0.235 0.041 0.239 0.042 0.239 0.042 0.239 0.042 0.257 0.046
Local 0.354 0.312 0.36 0.316 0.36 0.316 0.36 0.316 0.378 0.316
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C.1.3 Factor number estimation

See Tables for the results from factor number estimation obtained under |(T1)
(T3), with outliers introduced to the idiosyncratic component under [(O1)]

Table C.15: with n = 100. Factor number estimation results from Trunc, iPE, RTFA
and PreAve over varying n € {100,200, 500}, the distribution for F; and &; (Gaussian and t3)
and the percentage of outliers in the idiosyncratic component under (0€{0,0.1,0.5,1}).
We report the mean and the standard deviation over 100 realisations per each setting.

Trunc iPE RTFA PreAve
Dist % Mode Mean SD Mean SD Mean SD Mean SD

Gaussian 0 1 255 0.657 292 0307 292 0307 281 0.394
2 254 0688 297 0223 297 0223 2.81 0.394

3 259 0683 296 0197 296 0.197 2.86 0.349

0.1 1 251 068 289 0345 2.89 0345 2.82 0.386
2 254 0688 295 0261 296 0243 2.81 0.394

3 259 0683 295 0219 295 0219 2.88 0.327

0.5 1 2583 0674 278 0484 2.77 0489 278 0.416
2 253 0.688 288 0.409 2.87 0.418 2.8 0.402

3 259 0683 289 0373 289 0373 2.84 0.368

1 1 249 0.703 2.69 0.563 2.7 0.56 2.67  0.493
2 251 0689 275 0539 276 0.534 2.8 0.402

3 257 0.7 2.8 0.492 2.8 0.492 2.76  0.452

t 0 1 256 0.729 3 0.246 2,99  0.225 2.8 0.426
2 253 0703 296 0425 291 0404 2.68 0.490

3 249  0.759 3 0.284 297 0223 2.74 0.441

0.1 1 253 0745 296 0315 296 0315 283 0.403
2 251 0718 291 0452 291 0404 2.69 0.506

3 247 0.758 298 0284 296 0.243 2.71  0.456

0.5 1 249 0772 275 0657 279 0591 273 0.489
2 248 0.731 277 0.601 281 0526 2.61 0.549

3 245 0.77 2.82  0.557 2.81 0545 2.69 0.486

1 1 243 0807 259 0.726 2.6 0.725  2.68  0.530
2 248 0.731 264 0.659 2.64 0.674 253 0.594

3 243 0782 2.71 0.64 2.71 0.64 2.62  0.528

85



Table C.16: [(T1)| with n = 200.

Trunc iPE RTFA PreAve

Dist % Mode Mean SD Mean SD Mean SD Mean SD
Gaussian 0 1 2.61 0.665 2.92 0.273 2.92 0.273 2.89 0.314
2 2.55 0.73 2.95 0.261 2.95 0.261 2.9 0.302
3 2.57 0.685 2.95 0.261 2.95 0.261 2.84 0.368
0.1 1 2.59 0.683 2.92 0.273 2.92 0.273 2.88 0.327
2 2.53 0.745 2.95 0.261 2.95 0.261 2.91 0.288
3 2.55 0.702 2.91 0.351 2.91 0.351 2.84 0.368
0.5 1 2.59 0.683 2.85 0.386 2.87 0.338 2.9 0.302
2 2.53 0.731 2.87 0.442 2.88 0.433 2.87 0.338
3 2.55 0.702 2.85 0.435 2.85 0.435 2.83 0.378
1 1 2.54 0.731 2.76 0.534 2.79 0.498 2.86 0.349
2 2.52 0.731 2.79 0.537 2.8 0.532 2.84 0.368
3 2.55 0.702 2.79 0.498 2.79 0.498 2.81 0.394
t 0 1 2.66 0.623 2.91 0.404 2.91 0.379 2.75 0.435
2 2.5 0.732 2.97 0.332 2.95 0.297 2.72 0.473
3 2.4 0.778 2.95 0.359 2.95 0.33 2.63 0.506
0.1 1 2.63 0.63 2.89 0.399 2.88 0.433 2.71 0.478
2 2.43 0.756 2.95 0.33 2.94 0.312 2.67 0.514
3 2.41 0.793 2.91 0.429 2.92 0.367 2.63 0.506
0.5 1 2.61 0.65 2.79 0.537 2.79 0.537 2.71 0.478
2 2.44 0.756 2.8 0.512 2.85 0.479 2.66 0.517
3 2.35 0.796 2.78 0.561 2.83 0.493 2.61 0.530
1 1 2.57 0.671 2.62 0.708 2.61 0.695 2.69 0.486
2 2.44 0.743 2.74 0.597 2.7 0.595 2.66 0.497
3 2.34 0.794 2.56 0.715 2.59 0.698 2.56 0.574
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Table C.17: [(T1)| with n = 500.

Trunc iPE RTFA PreAve

Dist % Mode Mean SD Mean SD Mean SD Mean SD
Gaussian 0 1 2.56 0.671 2.91 0.288 2.91 0.288 2.84 0.368
2 2.56 0.641 2.91 0.321 2.91 0.321 2.82 0.386
3 2.57 0.714 2.97 0.223 2.97 0.223 2.88 0.327
0.1 1 2.53 0.688 2.85 0.359 2.85 0.359 2.85 0.359
2 2.55 0.642 2.9 0.333 2.9 0.333 2.82 0.386
3 2.57 0.714 2.96 0.243 2.96 0.243 2.88 0.327
0.5 1 2.49 0.718 2.75 0.539 2.75 0.539 2.84 0.368
2 2.55 0.642 2.81 0.443 2.83 0.428 2.81 0.394
3 2.56 0.715 2.91 0.351 2.91 0.351 2.88 0.327
1 1 2.48 0.717 2.67 0.604 2.67 0.604 2.81 0.394
2 2.55 0.642 2.73 0.51 2.73 0.51 2.8 0.402
3 2.54 0.731 2.84 0.465 2.86 0.427 2.87 0.338
t 0 1 2.61 0.68 2.86 0.427 2.84 0.443 2.8 0.426
2 2.55 0.716 2.91 0.379 2.91 0.379 2.86 0.377
3 2.63 0.646 2.89 0.399 2.88 0.409 2.83 0.403
0.1 1 2.61 0.68 2.83 0.451 2.83 0.451 2.79 0.433
2 2.55 0.716 2.86 0.472 2.86 0.472 2.87 0.367
3 2.58 0.684 2.85 0.458 2.86 0.45 2.78 0.440
0.5 1 2.59 0.653 2.76 0.534 2.75 0.539 2.78 0.462
2 2.55 0.716 2.75 0.575 2.73 0.601 2.83 0.403
3 2.58 0.699 2.78 0.543 2.79 0.518 2.77 0.468
1 1 2.54 0.702 2.56 0.729 2.57 0.714 2.73 0.489
2 2.57 0.7 2.55 0.744 2.59 0.712 2.8 0.426
3 2.53 0.731 2.7 0.644 2.7 0.644 2.78 0.440
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Table C.18: with n = 100. Factor number estimation results from Trunc, iPE, RTFA
and PreAve over varying n € {100, 200, 500}, the distribution for F; and &; (Gaussian and ¢3)
and the percentage of outliers in the idiosyncratic component under |[(O1)| (¢ € {0,0.1,0.5,1}).
We report the mean and the standard deviation over 100 realisations per each setting.

Trunc iPE RTFA PreAve

Dist % Mode Mean SD Mean SD Mean SD Mean SD
Gaussian 0 1 3 0 3 0 3 0 3.02  0.141
2 2.73 0.548 2.99 0.1 2.99 0.1 2.88 0.327
3 2.81 0.465 3 0 3 0 2.89 0.314
0.1 1 3 0 3 0 3 0 3.02 0.141
2 273 0.548 2.99 0.1 2.99 0.1 2.87  0.338
3 2.81 0.465 3 0 3 0 2.87 0.338
0.5 1 3 0 3 0 3 0 3 0.000
2 2.71 0.574 2.98 0.141 2.98 0.141 2.87 0.338
3 2.8 0.471 3 0 3 0 2.87 0.338
1 1 3 0 3 0 3 0 3 0.000
2 2.7 0.577 2.98 0.141 2.98 0.141 2.87 0.338
3 2.8 0.471 3 0 3 0 2.83 0.378
t 0 1 3 0 3 0 3 0 3 0.000
2 2.733 0.546 3 0 3 0 2.713  0.476
3 2683 0.615 3 0 3 0 2.713 0.476
0.1 1 3 0 3 0 3 0 3 0.000
2 2713 0.554 3 0 3 0 2.693  0.485
3 2683 0.615 3 0 3 0 2.693 0.485
0.5 1 3 0 3 0 3 0 3 0.000
2 2693 0.579 2.98 0.14 2.98 0.14 2.693 0.485
3 2663 0.621 2.99 0.1 2.99 0.1 2.663  0.496
1 1 3 0 3 0 3 0 3.455 0.933
2 2693 0579 296 0.196 296 0.196 2.683 0.488
3 2634 0644 296 0.196 296 0.196 2.673 0.492
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Table C.19: [(T2)| with n = 200.

Trunc iPE RTFA PreAve

Dist % Mode Mean SD Mean SD Mean SD Mean SD
Gaussian 0 1 3 0 3 0 3 0 3 0.000
2 2.79 0.478 2.99 0.1 2.99 0.1 2.89 0.314
3 272 0.57 3 0 3 0 2.89 0.314
0.1 1 3 0 3 0 3 0 3 0.000
2 2.79 0.478 2.99 0.1 2.99 0.1 2.89 0.314
3 271 0.591 3 0 3 0 2.89 0.314
0.5 1 3 0 3 0 3 0 3 0.000
2 2.78 0.484 2.99 0.1 2.99 0.1 2.88 0.327
3 2.7 0.595 3 0 3 0 2.86  0.349
1 1 3 0 3 0 3 0 3 0.000
2 2.77 0.489 2.97 0.171 2.97 0.171 2.87 0.338
3 269 0.598 3 0 3 0 2.85  0.359
t 0 1 3 0 3.02 0.141 3 0 3 0.000
2 2.798 0.494 3.01 0.175 299 0.101 2.828 0.379
3 2.758 0.454 3.02 0.141 3 0 2.737 0.442
0.1 1 3 0 3.02 0.141 3 0 3.01 0.101
2 2.798 0.494 3.01 0.175 2.99 0.101 2.798 0.404
3 2.758 0.454 3.02 0.141 3 0 2.727  0.448
0.5 1 3 0 3.01 0.101 3 0 3.091  0.380
2 2778 0.526 2.97 0.224 2.96 0.198 2.798 0.428
3 2.747 0.459 3.01 0.101 3 0 2.717 0.453
1 1 3.01 0.101 3.02 0.141 3.01 0.101 4.596 1.911
2 2768 0.531 2.97 0.266 2.96 0.244 2.788 0.435
3 2.747 0.459 3 0 3 0 2.667 0.535
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Table C.20: [(T2)| with n = 500.

Trunc iPE RTFA PreAve

Dist % Mode Mean SD Mean SD Mean SD Mean SD
Gaussian 0 1 3 0 3 0 3 0 3.01 0.100
2 2.8 0.426 3 0 3 0 2.87 0.338
3 266 0.623 3 0 3 0 2.88  0.327
0.1 1 3 0 3 0 3 0 3.01  0.100
2 2.8 0.426 3 0 3 0 2.88 0.327
3 266 0.623 3 0 3 0 2.89 0.314
0.5 1 3 0 3 0 3 0 3 0.000
2 2.78 0.462 2.99 0.1 2.99 0.1 2.87 0.338
3 264 0.644 3 0 3 0 2.89 0.314
1 1 3 0 3 0 3 0 3.02 0.141
2 2.77 0.468 2.97 0.171 2.97 0.171 2.88 0.327
3 264 0.644 3 0 3 0 2.89 0.314
t 0 1 3 0 3 0 3 0 3 0.000
2 269 0.563 3 0 3 0 2.85  0.359
3 286  0.427 3 0 3 0 2.88  0.327
0.1 1 3 0 3 0 3 0 3.01  0.100
2 269 0.563 3 0 3 0 2.84  0.368
3 285 0.435 299 0.1 2.99 0.1 2.88  0.327
0.5 1 3 0 3 0 3 0 3.4 0.791
2 2.64 0.595 2.98 0.141 2.97 0.171 2.81 0.394
3 279 0537 299 0.1 2.99 0.1 2.89 0.314
1 1 3 0 3 0 3 0 6.62 3.296
2 263 0.597 293 0.256 293 0.256 2.82 0.386
3 279 0537 296 0243 296 0.243 2.86 0.349
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Table C.21: with n = 100. Factor number estimation results from Trunc, iPE, RTFA
and PreAve over varying n € {100, 200, 500}, the distribution for F; and &; (Gaussian and ¢3)
and the percentage of outliers in the idiosyncratic component under |[(O1)| (¢ € {0,0.1,0.5,1}).
We report the mean and the standard deviation over 100 realisations per each setting.

Trunc iPE RTFA PreAve

Dist % Mode Mean SD Mean SD Mean SD Mean SD
Gaussian 0 1 298 0.2 3 0 3 0 3 0.000
2 3 0 3 0 3 0 3 0.000
3 3 0 3 0 3 0 3 0.000
0.1 1 297 0.223 3 0 3 0 3 0.000
2 3 0 3 0 3 0 3 0.000
3 3 0 3 0 3 0 3 0.000
0.5 1 297 0.223 3 0 3 0 3 0.000
2 3 0 3 0 3 0 3 0.000
3 3 0 3 0 3 0 3 0.000
1 1 2.97 0.223 2.98 0.2 2.98 0.2 3 0.000
2 3 0 3 0 3 0 3 0.000
3 3 0 3 0 3 0 3 0.000
t 0 1 299 0.1 3.03 0.223 3.03 0.223 3 0.000
2 3 0 3.03 0.223 3.03 0.223 3 0.000
3 3 0 3.03 0.223 3.03 0.223 3 0.000
0.1 1 2.97 0.223 3.02 0.2 3.02 0.2 2.97 0.171
2 298 0.2 3.03 0.223 3.02 0.2 3 0.000
3 3 0 3.03 0.223 3.02 0.2 3 0.000
0.5 1 2.99 0.301 2.99 0.301 2.99 0.301 2.98 0.141
2 2.99 0.225 3 0.284 3 0.284 2.99 0.100
3  3.02 0.2 3.02 0.2 3.02 0.2 3 0.000
1 1 2.96 0.243 2.92 0.394 2.94 0.343 2.99 0.100
2 2.98 0.2 2.99 0.225 3.01 0.1 3.02 0.200
3 3 0 3.01 0.1 3.01 0.1 3.01 0.100
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Table C.22: [(T3)| with n = 200.

Trunc iPE RTFA PreAve

Dist % Mode Mean SD Mean SD Mean SD Mean SD
Gaussian 0 1 3 0 3 0 3 0 3 0.000
2 3 0 3 0 3 0 3 0.000
3 3 0 3 0 3 0 3 0.000
0.1 1 3 0 3 0 3 0 3 0.000
2 3 0 3 0 3 0 3 0.000
3 3 0 3 0 3 0 3 0.000
0.5 1 3 0 3 0 3 0 3 0.000
2 3 0 3 0 3 0 3 0.000
3 3 0 3 0 3 0 3 0.000
1 1 3 0 3 0 3 0 3 0.000
2 3 0 3 0 3 0 3 0.000
3 3 0 3 0 3 0 3 0.000
t 0 1 298 0.141 3 0 3 0 2.99  0.100
2 3 0 3 0 3 0 2.99  0.100
3 3 0 3 0 3 0 3 0.000
0.1 1 2.96 0.243 2.97 0.223 2.97 0.223 2.99 0.100
2 3 0 3 0 3 0 2.99  0.100
3 3 0 3 0 3 0 3 0.000
0.5 1 2.96 0.243 2.93 0.326 2.93 0.326 2.99 0.100
2 3 0 2.98 0.2 2.98 0.2 2.99  0.100
3 3 0 2.98 0.2 2.98 0.2 3 0.000
1 1 2.95 0.297 2.91 0.379 2.92 0.367 2.98 0.141
2 2.98 0.2 2.98 0.2 2.98 0.2 2.99 0.100
3 2.98 0.2 2.98 0.2 2.98 0.2 3.02 0.141
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Table C.23: [(T3)| with n = 500.

Trunc iPE RTFA PreAve

Dist % Mode Mean SD Mean SD Mean SD Mean SD
Gaussian 0 1 3 0 3 0 3 0 3 0.000
2 3 0 3 0 3 0 3 0.000
3 3 0 3 0 3 0 3 0.000
0.1 1 3 0 3 0 3 0 3 0.000
2 3 0 3 0 3 0 3 0.000
3 3 0 3 0 3 0 3 0.000
0.5 1 3 0 3 0 3 0 3 0.000
2 3 0 3 0 3 0 3 0.000
3 3 0 3 0 3 0 3 0.000
1 1 3 0 3 0 3 0 3 0.000
2 3 0 3 0 3 0 3 0.000
3 3 0 3 0 3 0 3 0.000
t 0 1 2.99 0.1 3 0 3 0 2.98 0.141
2 3 0 3 0 3 0 3 0.000
3 3 0 3 0 3 0 3 0.000
0.1 1 2.99 0.1 3 0 3 0 2.98 0.141
2 3 0 3 0 3 0 3 0.000
3 3 0 3 0 3 0 3 0.000
0.5 1 2.98 0.141 2.96 0.197 2.96 0.197 2.98 0.141
2 3 0 3 0 3 0 3 0.000
3 3 0 3 0 3 0 3 0.000
1 1 2.97 0.171 2.89 0.373 2.89 0.373 2.98 0.141
2 3 0 2.99 0.1 2.99 0.1 3 0.000
3 3 0 3 0 3 0 3.01  0.100
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C.1.4 Asymptotic normality
]

We investigate the asymptotic normality of the loading estimator JVXE . For this, we generate
the tensor time series as described in Section but to avoid the estimation of the rotation
matrix PVIE}, set (r1,72,73) = (1,1,1) and scale (now vectors) Ag = (Mk11,.--, Mepp1) | € RPF,
to have |Agle = 1 for all k € [K]. Also, to study the validity of the asymptotic normality
without being hampered by the difficulties from estimating the long-run variance in the limit
in Theorem particularly in the presence of heavy tails, we set ¢ = = 0.

For each realisation, we compute

2

p VAP RN (T) = skAk 1)
ki —
’ )

(B ()12

for all i € [py] and k € [K],

where s € {—1,1} denotes the sign set to be median;cjy, sign(j\gf]i(T) - Ak,i1). The variance

(%)

estimator EISZ (1) is obtained as

&(r) = (D)~ Var | (maty(X(r);. — mati(x§(r)):) DY (T,

where f‘;k) =nt 2 teln] F2, %: denotes the estimator of the common component and Xt(7)

E] = p:}c/QA[]Q(] ®.. .®./v\£€2_]H ®./VXE]_1 ®.. .®./VX[12], and Vz;() denotes the
sample variance operator. Repeating the experiments over B = 100 realisations, we generate
the Q-Q plot of Zy ., ¢ € [px), k € [K], b € [B], against the standard normal distribution for
each setting while varying (p1, p2, p3) under distributions of &; and F; (Gaussian
and t3) and n € {100,200, 500}, see Figures C.17

We observe that as n (within each figure) and py’s (from to increase, the approxi-
mation by the standard normal distribution improves, even when the data are generated from
the t3 distribution. While the asymptotic normality of the loading estimator in Theorem
is derived under spatial independence, the mild cross-sectional dependence introduced as de-
scribed in Appendix does not influence the approximation greatly.

its truncated version, D
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Figure C.15: Q-Q plot of the sample quantiles of Zy 1,7 € [p], k € [K], b € [B]
(y-axis), against the quantiles from the standard normal distribution (z-axis) over varying
n € {100, 200,500} (left to right) and the distributions for 7 and & (Gaussian and t3, top
to bottom) over B = 100 realisations per setting. In each plot, the y = z line is given in red.
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Figure C.16: Q-Q plot of the sample quantiles of Zy 1,7 € [p], k € [K], b € [B]
(y-axis), against the quantiles from the standard normal distribution (z-axis) over varying
n € {100, 200,500} (left to right) and the distributions for 7 and & (Gaussian and t3, top
to bottom) over B = 100 realisations per setting. In each plot, the y = z line is given in red.
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Figure C.17: Q-Q plot of the sample quantiles of Zy 1,7 € [p], k € [K], b € [B]
(y-axis), against the quantiles from the standard normal distribution (z-axis) over varying
n € {100, 200,500} (left to right) and the distributions for 7 and & (Gaussian and t3, top
to bottom) over B = 100 realisations per setting. In each plot, the y = z line is given in red.
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C.1.5 Additional simulation results

Stronger serial dependence. We investigate the performance of Trunc against its com-
petitors when the degree of serial dependence in the tensor time series is stronger. For this,
we focus on the model with fixed n = 200 and F; and &; generated from scaled t3 dis-
tributions, where stronger serial dependence is introduced to F; by considering ¢ € {0.7,0.9}
in (C.1). See Figures and where we observe that the proposed Trunc exhibits good

performance regardless of ¢ and thus is insensitive to the degree of serial dependence.

0% 0.1% 0.5% 1%

1 2 3 1 2 3 1 2 3 1 2

method [ Trunc [ iPE [l RTFA [l PreAve
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[

N

0% 0.1% 0.5% 1%
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3
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(e

N

Figure C.18: with (p1,p2,p3) = (20,30,40): Loading estimation errors measured as
in for each mode (z-axis) for Trunc, iPE, RTFA and PreAve averaged over 100 realisa-
tions per setting, over varying o € {0,0.1,0.5,1} when n = 200 and F; and &, are generated
from scaled t3 distributions, with ¢ in set to be ¢ = 0.7 (top) and ¢ = 0.9 (bottom).
The y-axis is on a log scale and all errors have been scaled for better presentation.

Convergence of the iteratively projected loading estimators. We investigate the
convergence behaviour of the iterative estimator proposed in Section Focusing on the
model we fix n = 200 and the distributions of F; and &; to be the (scaled) t3, and report
the loading estimation errors as measured in for KLO] = A (initial estimator) and KLL]
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Figure C.19: with (p1,p2,p3) = (20,30,40): Common component estimation errors
measured as in for each mode (z-axis) for Trunc, noTrunc, iPE, RTFA and PreAve
averaged over 100 realisations per setting, over varying o € {0,0.1,0.5,1} when n = 200 and
Fy and &; are generated from scaled t3 distributions, with ¢ in set to be ¢ = 0.7 (top)
and ¢ = 0.9 (bottom). The y-axis is on a log scale and all errors have been scaled for better
presentation.

for « € {1,2,...,10} (we omit the dependence on 7 for simplicity), see Figures [C.20HC.21
The results indicate that after the initial large drop between the errors of _/VXECO] and Kgcl], and
the slight one between those of KE:] and j\if], there is little difference in the performance of

JVXE:], t € {2,...,10}, which supports our proposal of using the twice iterated estimator.

3 as Toeplitz matrix. Recall the data generating process for & from Appendix [C.1.]

(when no outlier is present):
vec(&;) = ¢ - vec(&-1) + V1 — 2 - vec(Vy),

where V; € RP1*P2xP3 guch that vec(V;) = ®,1€:K2,16/2vt and the entries of v; are i.i.d. To

further understand the impact of cross-sectional correlations on our estimators, we con-
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Figure C.20: [(T3)|with (p1, p2,p3) = (20, 30,40), n = 200 and F; and &; generated from scaled

t3 distributions: Loading estimation errors measured as in for KE for . € {0,1,...,10}
(z-axis) over 100 realisations per setting, with varying o € {0,0.1,0.5,1} (left to right). We
display mean error curves with the shaded regions representing the interquartile range. The
y-axis is on a log scale and all errors have been scaled for better presentation.
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Figure C.21: Zoomed in version of Figure where we display the estimation errors from
ALL] for v € {1,...,10} (z-axis).

sider the situations where 3, is a Toeplitz matrix, ie. 3, = [@~7| i,7 € [pg]], with
¢ € {0.5,0.7,0.9}; such a scenario better conforms to the strongly mixing random field
condition in Assumption [5], compared to the one considered in the main text. We fix n = 200,
(p1,p2,p3) = (20,30,40), (r1,72,73) = (3,3,3) and generate F; and vy from scaled t3 dis-
tributions. In addition to ‘Trunc’, which refers to the twice-iterated estimator ./VXE] (1), we
also present the results from the ten-times-iterated estimator ./VXE:O] (1) which is referred to as
‘mTrunc’, see Figure for the results.

We observe that in the presence of weaker cross-sectional correlations in & with ¢ € {0.5,0.7},
Trunc is performing as competitively as, or better than the competitors including mTrunc.
This supports that in the presence of weak cross-sectional dependence, the additional iter-

ations performed by mTrunc do not appear to make much difference, thus confirming the
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earlier observation on the fast convergence of the iteratively projected estimator. On the
other hand, with ¢ = 0.9, we see a large difference between the outputs from Trunc and
mTrunc. This is attributed to that such strong cross-sectional dependence in & may be
regarded as being driven by extra ‘factors’; indeed all factor number estimators including
ours tend to over-estimate the number of factors with 75, > 5, when the true factor numbers
are (r1,7r2,73) = (3,3,3), see also Figure In other words, the data generating process
with ¢ = 0.9 may be considered as an extreme situation and Trunc shows invariably good

performance in the presence of sufficiently weak cross-sectional correlations.

~ o < o o
— - 0 |
-
N
S 4 = °
o
o
i
0 S ;. °
o o - o o
© - ° o °
©
< o ° ° 0 o °
o <
° o
o o ~ o °
° o Oo,
©000000000000 ©00000000000000000000 900000000000000000000000000000
T T T T T T T T T ™ © 7 T T T T
5 10 15 20 0 5 10 15 20 25 30 0 10 20 30 40

Figure C.22: Toeplitz scenarios with n = 200, (p1, p2,p3) = (20, 30,40) and F; and & are gen-
erated from scaled t3 distributions: The ordered eigenvalues from I'*) () (initial estimator)
for k € {1,2,3} (left to right) on a single realisation when ¢ = 0.9 and ¢ = 0.1.
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Figure C.23: Toeplitz scenarios with n = 200, (p1,p2,p3) = (20,30,40) and F; and &; are
generated from scaled t5 distributions: Loading estimation errors measured as in for each
mode (z-axis) for Trunc, mTrunc, iPE, RTFA and PreAve averaged over 100 realisations per
setting, over varying o € {0,0.1,0.5,1} (left to right) and ¢ € {0.5,0.7,0.9} (top to bottom).
The y-axis is on a log scale and all errors have been scaled for better presentation.
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C.2 Vector time series
C.2.1 Set-up

Data generation. We adopt the following vector time series factor model (K = 1) from
Ahn and Horenstein, (2013):

T
o 1-— ,02
Xt = Z)\ijfjt +&it, it = meit’
j=1

min(i+J,p)

eit = peip—1+ (1 — Bvi + B Z v, 4 € [p], T € [n],
{=max(i—J,1)

where r = 3 and \;; ~iig N(0,1). We set p = = J = 0 in the ‘independent’ scenario while
(p,B,J) = (0.5,0.2, max(10,p/20)) in the ‘dependent’ scenario. Following He et al. (2025),

we consider the five models for the generation of f;; and v;:
(V1) fjt and vy are i.i.d. random variables from the standard normal distribution.

(V2) fj+ and v; are i.i.d. random variables from the scaled ¢35 distribution such that Var(fj;) =
Var(vi) = 1.

(V3) fj: are generated as in while v;; are generated as in

(V4) fj+ and vy are ii.d. random variables from symmetric a-stable distribution with the
skewness parameter set at 0, the scale parameter at 1, the location parameter at 0 and
the index parameter a = 1.9 (we use the R package stabledist (Wuertz et al., 2016

for data generation).

(V5) fj¢ are i.i.d. random variables from skewed t3 distribution with the slant parameter 20

(we use the R package sn (Azzalinil, |2023)) for data generation), while v;; are generated

as in[[VA]

For the stable distribution considered in and the second moment does not exist
with the choice of o = 1.9.

With X7, generated as above, we consider the situation where the observed data X;; are
contaminated by outliers. For this, we randomly select O C [p] x [n] with its cardinality
|O| = [onp]. Then for (i,t) € O, we set Xz = si - Uy with s ~uq {—1,1} and Uy ~iq
Unif[@ + 12, Q + 15] with @ set to be the max(1 — 100/(np),0.999)-quantile of | X7 |, while
Xit = X5, otherwise; if p = 0, we have X;; = X, for all ¢ and ¢t. We vary n,p € {100, 200, 500}
and o € {0,0.1,0.5,1} x 1072,
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Performance assessment. To assess the factor loadings space estimation performance, for

any estimator A we compute

Erry = /1 - tr (IIT14) /r, where Tx = A(ATA)'AT. (C.4)
To evaluate the quality in common component estimation, for any estimator x; we evaluate

Sier Xt — xil3
Erry (T) = tg: Xl
teT 1Xtl2

(C.5)
with 7 = [n] (‘all’) and 7 = {n —10+1,...,n} (‘local’).

Competitors. In applying the proposed truncation-based estimator (hereafter referred to
as ‘Trunc’), we select the truncation parameters 7 and x as described in Section and
obtain the estimators A(r) = \/ﬁE(T) and x¢(7, k) = E(r)E(7)TX}(k). For comparison, we
consider an ‘oracle’ version of the proposed truncation-based methodology where we utilise
the true (unobservable) loading matrix and common component for the selection of truncation
parameters. Additionally, we include the classical PC-based estimator (‘PCA’) as well as the
method proposed by He et al| (2022)) for high-dimensional elliptical factor model (‘RTS’),
and the two methods based on minimising vector-variate (‘(HPCA’) and element-wise (‘IHR’)
Huber losses proposed by He et al. (2025]), all implemented in the R package HDRFA (He et al.,
2023)).

C.2.2 Results

For each setting, we generate 100 realisations and report the average and the standard devia-
tion (in brackets) of the evaluation metrics in (C.4)—(C.F)), see Figures We observe
that different robust methods perform the best in different scenarios; IHR shows good per-
formance across many scenarios, closely followed by Trunc. On the other hand, for common
component estimation, we see overwhelming evidence favouring Trunc over other competitors
in some scenarios such as and which supports the use of data truncation for factor

estimation.
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Figure C.24: Loading estimation errors measured as in in different scenarios
(V5)| (z-axis) for Trunc, PCA, RTS, HPCA and IHR over varying n ({100,200}), with and
without temporal dependence in the idiosyncratic component and the percentage of outliers
({0,0.1,0.5,1}), averaged over 100 realisations per setting. Here, p = 100.
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Figure C.25: Common component estimation errors measured as in with 7 = [n] (‘all’)
in different scenarios |(V1)H(V5)| (z-axis) for Trunc, PCA, RTS, HPCA and IHR over varying
n ({100,200}), with and without temporal dependence in the idiosyncratic component and
the percentage of outliers ({0,0.1,0.5,1}), averaged over 100 realisations per setting. Here,
p = 100.
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Figure C.26: Common component estimation errors measured as in (C.5) with 7 = {n — 10+
1,...,n} (‘local’) in different scenarios [(V1)H(V5)| (z-axis) for Trunc, PCA, RTS, HPCA and
IHR over varying n ({100,200}), with and without temporal dependence in the idiosyncratic
component and the percentage of outliers ({0,0.1,0.5,1}), averaged over 100 realisations per
setting. Here, p = 100.
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Figure C.27: Loading estimation errors measured as in in different scenarios
(V5)| (z-axis) for Trunc, PCA, RTS, HPCA and IHR over varying n ({100,200}), with and
without temporal dependence in the idiosyncratic component and the percentage of outliers
({0,0.1,0.5,1}), averaged over 100 realisations per setting. Here, p = 200.
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Figure C.28: Common component estimation errors measured as in (C.5) with 7 = [n] (‘all’)
in different scenarios |(V1)H(V5)| (z-axis) for Trunc, PCA, RTS, HPCA and IHR over varying
n ({100,200}), with and without temporal dependence in the idiosyncratic component and

the percentage of outliers ({0,0.1,0.5,1}), averaged over 100 realisations per setting. Here,
p = 200.
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Figure C.29: Common component estimation errors measured as in (C.5) with 7 = {n — 10+
1,...,n} (‘local’) in different scenarios [(V1)H(V5)| (z-axis) for Trunc, PCA, RTS, HPCA and
IHR over varying n ({100,200}), with and without temporal dependence in the idiosyncratic
component and the percentage of outliers ({0,0.1,0.5,1}), averaged over 100 realisations per
setting. Here, p = 200.
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D Additional empirical results

D.1 Euro Area macroeconomic data

Continuing with EA-MD analysed in Section [6, Figure plots the output from the ratio-

based factor number estimation as 7 varies.
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Figure D.1: EA-MD: Factor number estimators (y-axis) against the varying values of the
truncation parameter 7 (z-axis, in log scale) for k = 1 (left) and k = 2 (right).

Figure[D.2)plots the output from the CV procedure described in Section [3.5]for the truncation

parameter selection.
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Figure D.2: EA-MD: CV measure in @D with varying 7 (z-axis, in log scale); 7oy =~ 5.306.

Complementing Figure [d] that visualises the loading matrices obtained with and without trun-
cation, Table[D.I]summarises their ranges. Focusing on the estimators from Trunc, we observe
that the elements of j\i[f} (1) are of the same sign across the 8 countries, indicating that the
three factor time series aggregating the 37 indicators, are loaded onto the 8 countries in the
same direction. This shows the evidence of a common EA factor, and that the correlations
among the economic variables are similar within the 8 countries considered. Overall, Italy,
Spain, Netherlands, and France have the larger loadings out of the 8 countries. The ele-

ments of ij[;} (7) exhibit clusterings based on the grouping of the macroeconomic indicators.
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Specifically, the first factor is strongly related to various confidence indicators such as the
Economic Sentiment Indicator (ESENTIX) and, to a lesser extent, to the unemployment rate
(UNETOT). The second factor is strongly related to Industrial Production (IDs starting with
IP), and thus to real economic activity. The third factor is a nominal one, strongly related

to price indexes such as the overall Harmonized Index of Consumer Prices (HICPOV).

Table D.1: EA-MD: The range of the elements of ./VXE] (1), & € {1,2}, and that from the
(2]

Varimax rotated KQ (1), for Trunc and noTrunc.
Ix[f] (1) K[QQ] (1) K[QQ] (1) after rotation

Trunc  (0.622,1.266) (—1.103,2.645) (—1.158,2.659)
noTrunc  (0.432,1.638) (—1.145,2.945) (—1.172,2.928)

Forecasting exercise. We perform a forecast exercise to further illustrate the effect of
truncation, whose result is summarised in Table Denoting by N = 236 the number of
observations prior to 2022-01 and n = 257 the total number of observations, we sequentially
produce a one-step ahead forecast for the two indicators, the growth rate of the industrial pro-
duction manufacturing index (IPMN) and the difference of the core consumer prices inflation
(HICPNEF),ont € {N+1,...,n}, each time using all the preceding observations as the train-
ing data. For this, fixing (71,72) = (1, 3), we estimate the loadings and the factors with and
without the proposed truncation, fit a vector autoregressive (VAR) model to the vectorised
factors with its order selected by Akaike information criterion, generate their one-step ahead
forecast and then combine the latter with the loading estimates to produce the final forecast.
With some abuse of notation, we denote the forecast at given i € [p;] x {IPMN, HICPNEF}
and time t by )?i’:tl +_1» where x € {Trunc, noTrunc} denotes whether the truncation is per-
formed or not throughout the estimation procedure. Then, we inspect the forecast error

Err¢(x) = Ai’:ﬂt_l — Xit|, * € {Trunc, noTrunc}. (D.1)

As each new observation arrives, we update the loading and the factor estimates and the VAR

fitted to the estimated factors, which is repeated until the end of the dataset is reached.

D.2 US macroeconomic data

FRED-MD is a large, monthly frequency, macroeconomic database maintained by the Federal
Reserve Bank of St. Louis (McCracken and Ngj 2016)) and has been analysed frequently in
the time series factor modelling literature as a benchmark. We use the dataset spanning the
period from 1960 to 2023 (n = 767). Removing the time series with missing observations, we
have p = 111 variables in total. All time series are individually transformed to stationarity as

suggested in McCracken and Ngj (2016)), see their Appendix I for full details of variable-specific
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transformations. Further, to handle the heterogeneity in the scale of the variables, we center
and standardise each time series. We opt to use the mean and the standard deviation in place
of the more robust statistics such as the median and the mean absolute deviation (MAD),
as some indicators have MAD very close to zero over some rolling windows considered in the
forecasting exercise described below.

We consider two approaches for factor number estimation: The first one, proposed in |Alessi
et al.| (2010)), applies the information criteria of Bai and Ngjf (2002) to the subsets of the data
of varying dimensions and sample sizes in order to mitigate the arbitrariness in the choice of
constants applied to the penalty. The second is the ratio-based estimator in Section with
7 = min([p/2],20) = 20. Since their performance depends on the choice of the truncation
parameter 7, we examine the outputs from the two methods with varying values of 7, see
Figure For the first approach, the three information criteria of |Bai and Ng (2002) with
different penalties attain consensus over the most 7 values at ¥ = 5, while the second one
favours 7 = 3. For comparison, the Huber PCA-based estimator (He et al., 2025)) gives i = 4.
Below we present the forecasting results with 7 € {3,5} and demonstrate that regardless of

its choice, the proposed estimator performs competitively.

® o ©00000000000000000000000000000000000

o Ic1
2 1c2
H + 1c3
o 4 A ~ - ooo 0000000000
T T T T T T T T T T T T

05 10 20 5.0 10.0 20.0 05 10 20 5.0 10.0 20.0

Figure D.3: FRED-MD: Factor number estimators (y-axis) against the varying values of the
truncation parameter 7 (x-axis, in log scale) generated by the information criterion-based
method of |Alessi et al.| (2010) (left) and by the ratio-based estimator in Section (right).

Forecasting exercise. We compare the forecasting performance of the proposed truncation-
based estimator against the non-robust counterpart. We also considered the method proposed
by [He et al.| (2025) but do not report the results due to its numerical convergence issues.

Let X;; denote the variable of interest to forecast, which may be any one of the p variables.
For given window size T and forecasting horizon h > 1, let )?i,t+h|T denote the h-step ahead
forecast of the i-th variable based on the past observations at {t — T + 1,...,t}, obtained as
an estimator of the best linear predictor Proj(X; ;44|Xu, u < t), where Proj(-|z) denotes the

linear projection operator onto the space spanned by z (Stock and Watson, 2002). In line
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with the tail-robust method described in Section [3| we propose the estimator

~

Xivonr(mow) = @) (To(r, 1) TEy (1) (M (7)) "L Fi(w),

where Ty(7,h) = T ZZ_:};_T_H XEHT)(XE ()T, E,(7) and M;(r) contain the leading 7
eigenvectors and eigenvalues of f‘t(T, 0), respectively, and ¢; is the unit vector with its i-th
element set to one; see also Barigozzi et al.| (2024). We refer to such an estimator combined
with the truncation parameters chosen via CV (see Section as ‘Trunc’, while the one
combined with 7 = kK = 0o (i.e. no truncation) by ‘noTrunc’. Following Trucios et al. (2021),
we compare their forecasting performance in a rolling window-based exercise with T" = 12 x 10
(10 years).

At given t, we aggregate the forecasting error over the forecasting horizons h € [24], as

124

_ y'ed )
Y Z ‘Xi,t-&-h\T — it+h
h=1

Erry (%) , % € {Trunc,noTrunc},

and also write Err;(x) = (n — T — 24)7! Z?:_:,%il Erry(x). Out of the p = 111 variables, we
have Err;(Trunc) < Err;(noTrunc) for 106 variables with 7 = 3, and the inequality holds for
all p variables with 7 = 5, see Figure [D.4

To further investigate whether the two methods perform significantly differently at any point
during the forecasting exercise, we employ the fluctuation test proposed by |Giacomini and
Rossi (2010) (implemented in the R package murphydiagram (Jordan and Krueger, |2019)),
and focus on two variables, the growth rate of the industrial production total index (INDPRO)
and the difference of the consumer prices inflation index (all items, CPTAUCSL). The test
requires a tuning parameter p € (0,1) which determines the bandwidth [p(n — 24 — T)]
over which the moving average of the forecasting error differences is produced, and it is
recommended that g > 0.2; we consider u € {0.2,0.3,0.4}. Figures display the
difference in the forecasting errors and the results from the fluctuation test with 7 € {3,5}
and p € {0.2,0.3,0.4}. Regardless of the choice of 7 or 1, we observe that the two approaches
perform significantly differently in forecasting over certain periods where Trunc is favoured
over noTrunc. Such intervals correspond to where the estimation involves the data from the
Great Financial Crisis (2007-09) and Covid-19 pandemic (2020-21). The raw difference in
forecasting error shows that entering the crisis period, Erry(Trunc) — Erry(noTrunc) may
initially increase as the forecasting target itself is highly anomalous, but it is followed by a
sharp decrease indicating that the robust approach benefits from truncating such anomalous

observations in estimation.
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Figure D.4: Err;(Trunc) — Err;(noTrunc) for all i € [p] (z-axis) after standardisation by the
overall standard deviation, with 7 = 3 (top) and ¥ = 5 (bottom). The first four letters for
each variable’s ticker are given as the x-axis labels. Horizontal lines are drawn at y = 0.

115



INDPRO: difference in the loss

INDPRO: mu = 0.2
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Figure D.5: Industrial production total index: Err;(Trunc)—Err;(noTrunc), T+1 <t <n—
24 (top left) and the corresponding fluctuation test statistics computed with p € {0.2,0.3,0.4}
along with the two-sided critical values at the significance level & = 0.1. When the fluctuation
test statistic falls below the lower solid line, Trunc outperforms the noTrunc and vice versa.
Here, we set 7 = 3.
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CPIAUCSL. difference in the loss CPIAUCSL: mu = 0.2
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Figure D.6: Consumer prices index (all items): Errj(Trunc) —Err;(noTrunc), T+1 <t <n—
24 (top left) and the corresponding fluctuation test statistics computed with p € {0.2,0.3,0.4}
along with the two-sided critical values at the significance level & = 0.1. When the fluctuation
test statistic falls below the lower solid line, Trunc outperforms the noTrunc and vice versa.
Here, we set 7 = 3.
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Figure D.7: Industrial production total index: Err;(Trunc)—Err;(noTrunc), T+1 <t < n—
24 (top left) and the corresponding fluctuation test statistics computed with p € {0.2,0.3,0.4}
along with the two-sided critical values at the significance level & = 0.1. When the fluctuation
test statistic falls below the lower solid line, Trunc outperforms the noTrunc and vice versa.
Here, we set 7 = 5.
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Figure D.8: Consumer prices index (all items): Errj(Trunc) —Err;(noTrunc), T+1 <t < n—
24 (top left) and the corresponding fluctuation test statistics computed with p € {0.2,0.3,0.4}
along with the two-sided critical values at the significance level & = 0.1. When the fluctuation
test statistic falls below the lower solid line, Trunc outperforms the noTrunc and vice versa.

Here, we set 7 = 5.

119



References

Ahn, S. C. and Horenstein, A. R. (2013). Eigenvalue ratio test for the number of factors.
Econometrica, 81:1203-1227.

Alessi, L., Barigozzi, M., and Capasso, M. (2010). Improved penalization for determining
the number of factors in approximate static factor models. Statistics €& Probability Letters,
80:1806—1813.

Azzalini, A. A. (2023). The R package sn: The skew-normal and related distributions such as
the skew-t and the SUN. Universita degli Studi di Padova, Italia. R package version 2.1.1.

Bai, J. and Ng, S. (2002). Determining the number of factors in approximate factor models.
Econometrica, 70:191-221.

Barigozzi, M., Cho, H., and Owens, D. (2024). Fnets: Factor-adjusted network estimation and
forecasting for high-dimensional time series. Journal of Business € FEconomic Statistics,
42(3):890-902.

Barigozzi, M., He, Y., Li, L., and Trapani, L. (2022). Statistical inference for large-dimensional
tensor factor models by iterative projections. arXiv preprint arXiv:2206.09800.

Barigozzi, M., He, Y., Li, L., and Trapani, L. (2023). Robust tensor factor analysis. arXiv
preprint arXiw:2303.181635.

Billingsley, P. (1995). Probability and Measure. John Wiley & Sons.

Giacomini, R. and Rossi, B. (2010). Forecast comparisons in unstable environments. Journal
of Applied Econometrics, 25(4):595-620.

Hall, P. and Heyde, C. C. (1980). Martingale Limit Theory and its Application. Academic
Press.

He, Y., Kong, X., Yu, L., and Zhang, X. (2022). Large-dimensional factor analysis without
moment constraints. Journal of Business & Economic Statistics, 40(1):302-312.

He, Y., Li, L., Liu, D., and Zhou, W. (2023). HDRFA: High-Dimensional Robust Factor
Analysis. R package version 0.1.4.

He, Y., Li, L., Liu, D., and Zhou, W.-X. (2025). Huber principal component analysis for
large-dimensional factor models. Journal of Econometrics, 249:105993.

Jordan, A. and Krueger, F. (2019). murphydiagram: Murphy Diagrams for Forecast Compar-
isons. R package version 0.12.2.

McCracken, M. W. and Ng, S. (2016). FRED-MD: A monthly database for macroeconomic
research. Journal of Business & Economic Statistics, 34(4):574-589.

Merlevede, F. and Peligrad, M. (2020). Functional clt for nonstationary strongly mixing
processes. Statistics €& Probability Letters, 156:108581.

Stock, J. H. and Watson, M. W. (2002). Forecasting using principal components from a large
number of predictors. Journal of the American Statistical Association, 97(460):1167-1179.

Trucios, C., Mazzeu, J. H., Hotta, L. K., Pereira, P. L. V., and Hallin, M. (2021). Robust-

ness and the general dynamic factor model with infinite-dimensional space: identification,

120



estimation, and forecasting. International Journal of Forecasting, 37(4):1520-1534.

Wang, D. and Tsay, R. S. (2023). Rate-optimal robust estimation of high-dimensional vector
autoregressive models. The Annals of Statistics, 51(2):846-877.

Wuertz, D., Maechler, M., and Rmetrics core team members (2016). stabledist: Stable Dis-
tribution Functions. R package version 0.7-1.

Yu, Y., Wang, T., and Samworth, R. J. (2015). A useful variant of the Davis—Kahan theorem
for statisticians. Biometrika, 102:315-323.

121



	Asymptotic identifiability
	Proofs
	Preliminary lemmas
	Proof of Theorem 1
	Proof of Proposition B.1
	Supporting lemmas

	Proof of Theorem 2
	Supporting lemmas

	Proof of Theorem 3
	Proof of Theorem 3 (i)
	Proof of Theorem 3 (ii)
	Supporting lemmas

	Proof of Theorem 4
	Proof of (14)
	Proof of (15)
	Proof of Theorem 4 (ii)

	Proof of Proposition 1

	Complete simulation results
	Tensor time series
	Set-up
	Estimation of loadings and common component
	Factor number estimation
	Asymptotic normality
	Additional simulation results

	Vector time series
	Set-up
	Results


	Additional empirical results
	Euro Area macroeconomic data
	US macroeconomic data


