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Abstract 
Stochastic dynamic analysis frequently relies on the assumption of time independence of linear systems 

and the stationarity of stochastic excitations, facilitating a variety of engineering studies. Nevertheless, these 
assumptions may not consistently remain valid, particularly in cases of structural vibrations induced by 
nonstationary extreme winds, and can lead to inaccurate predictions. The excitations in these scenarios have 
notable nonstationary characteristics because of the unstable nature of the flow. In addition, when aeroelastic 
forces are considered, the combined aerodynamic-mechanical system transforms into a linear time-varying 
system with aerodynamic damping and stiffness that change over time. In this work, a state augmentation 
approach for computing the multimode vibrations of a long-span bridge under nonstationary wind conditions 
is presented. The methodology integrates both nonstationary turbulence-induced forces and unsteady motion-
induced forces. The coupling between motion-induced forces and bridge vibrations renders the system 
damping and stiffness matrices both time-varying and asymmetric; this results in complex-valued modes and 
coupled dynamics that cannot be adequately captured by a single-degree-of-freedom (SDOF) model. The 
proposed multi-degree-of-freedom (MDOF) approach is a stochastic calculus-based method that avoids 
complex modal analysis. The statistical moments of all orders for the responses of the MDOF systems are 
derived via Itô's formula and the stars and bars approach. Compared with existing approaches, the new 
approach is both reliable and efficient, demonstrating its potential for accurate and efficient analysis of 
nonstationary vibrations in complex engineering systems. 
Keywords 

Nonstationary wind; Multimode buffeting; Moment equations; Linear time-varying system; Itô’s formula. 
1 Introduction 

The stochastic analysis of dynamic systems has long been crucial in mechanical and structural engineering 
[1] and is driven by the growing need to assess structural reliability from a probabilistic perspective. Typically, 
both structures and excitations are believed to have unchanging features over time. Excitations are treated as 
stationary processes, and systems are regarded as linear time-invariant. These assumptions often provide 
adequate precision for a broad range of applications, including vehicle-track dynamic systems subjected to 
track irregularities [2] and civil structures exposed to synoptic winds [3, 4]. However, in certain scenarios, 
these assumptions may not hold true, leading to inaccuracies. For example, when a train passes a bridge, the 
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coupled system exhibits time-dependent features [5], and extreme wind events such as typhoons and 
downbursts display significant nonstationary characteristics [6, 7], with time-varying means and nonstationary 
fluctuations. Unlike stationary processes, which have consistent physical meanings, nonstationary processes 
can be characterized in multiple ways, such as through wavelet spectra [8] and Hilbert spectra [9]. 
Nevertheless, these techniques often lack a clear explanation in terms of physical phenomena, especially in 
regard to the local distribution of energy across different frequencies. Consequently, the original signal using 
these spectra is difficult to accurately reconstruct. Priestley’s evolutionary spectra provide a theoretical 
framework that explains the energy distribution of processes that are not steady across different frequencies 
and their evolution over time. The presence of time-dependent characteristics in systems and nonstationary 
excitations causes challenges for stochastic dynamic analysis. 

The focus of this study is on structural vibrations induced by nonstationary winds, which have gained 
considerable attention in recent years [6, 7]. Nonstationary flows can cause rapid fluctuations that have the 
potential to increase aerodynamic forces, resulting in greater structural responses [10]. Traditional buffeting 
analysis typically relies on modal superposition methods, which often disregard the aerodynamic coupling 
effects among modes. Importantly, slender structures, such as long-span bridges, inherently possess modes 
that are closely spaced. [11]. As bridge spans increase, concerns arise regarding the influence of aerodynamic 
damping and stiffness on structural dynamics and the potential for coupling effects in multimode buffeting 
vibrations [12]. This highlights the necessity of incorporating motion-induced forces for accurate predictions 
of buffeting responses; this topic has received increasing attention in recent decades [13]. When aeroelastic 
effects are considered [14], the coupled aerodynamic-mechanical system is defined as a linear time-varying 
(LTV) system [15] since the aerodynamic stiffness and damping vary with time because of the changing 
kinetic pressure. Notably, the system response for LTV systems is not stationary [16], even in the case of 
stationary excitations. Brusco and Solari [14] accounted for aeroelastic forces and calculated the vibrations of 
thin structures exposed to nonstationary thunderstorm flows by integrating the equation of motion in the time 
domain. Nonetheless, the literature on these effects remains limited since classical methodologies are designed 
primarily for synoptic winds [17]. Consequently, statistically evaluating nonstationary responses is 
challenging, particularly when unsteady effects are considered [3, 4]. 

To statistically characterize nonstationary responses, Monte Carlo simulations [18] can generate 
numerous time-history samples from the evolutionary spectrum [19, 20]. Nevertheless, these simulations 
quickly become computationally demanding when a large number of samples are needed to obtain reliable 
results [1, 21]. Kareem et al. [17], building on Priestley’s evolutionary spectra theory [19, 20] and the seminal 
work of Davenport [3, 4], expanded the widely accepted wind loading chain from analysis in the stationary 
frequency domain to the nonstationary regime in the time-frequency domain. In the generalized wind loading 
chain, the response spectrum is determined by multiplying the evolutionary wind spectra, the instantaneous 
aerodynamic admittance, and the fixed mechanical admittance [22]. This approach has since been applied [23] 
to predict nonstationary buffeting responses in the presence of aerodynamic forces with time-varying 
coefficients. To handle systems with time-varying features, this approach considers the system to be fixed 
within each small sliding time window [24, 25], reducing the problem to determining the fixed admittance 
function and the stationary responses in each window. Thus, this method is more suitable for systems with 
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gradually changing features. An alternative time-frequency approach, the pseudo excitation method proposed 
by Lin et al. [26], is capable of considering both time-varying characteristics and nonstationary excitations 
simultaneously [25, 27]. This is achieved by expanding the pseudo excitation in the frequency domain and 
then integrating the corresponding response in the time domain. Concerns arise with these time-frequency 
approaches if the response spectrum is not of interest, but only its statistical moments are needed. As noted in 
[28], the total computing time is consumed mainly when the spectrum is integrated and is approximately 
proportional to the number of frequencies. The precise integration method [29] can be employed to improve 
computing efficiency, but it still requires calculations in the frequency domain. 

In parallel with the abovementioned contributions, Grigoriu [30-32] proposed a seminal work utilizing 
stochastic calculus [33, 34] to study linear systems with stationary non-Gaussian inputs expressed as 
polynomial functions of Gaussian processes. The core idea is that the excitations can be approximated by 
filtered Brownian motions [1], allowing dynamic equations to be transformed into stochastic differential 
equations. By using Itô’s formula [34], the response moments can be immediately computed by solving the 
so-called moment equations, achieving high efficiency and avoiding the need for frequency domain analysis. 
This method is closely related to the Fokker-Planck (FPK) equation [35]. The moment equations can be 
equivalently derived by applying the Mellin transform to the FPK equation [36, 37], converting the partial 
differential equation describing the probability density function into an algebraic equation in terms of 
statistical moments. The potential of this method has been extensively examined by several researchers for 
both non-Gaussian excitations [1, 38, 39] and nonlinear systems with nonlinear and parametric excitations 
[40, 41]. When dealing with non-Gaussian scenarios, the moment equations are derived as a closed set of 
algebraic equations. This allows for the calculation of high-order moments to characterize the non-Gaussian 
behavior of the responses. Revisiting this concept, Cui et al. [42] considered the multimodal coupling effect 
and calculated the response moments of long-span bridges under non-Gaussian wind turbulence. In the case 
of nonlinear systems, nonlinearity renders the system unclosed; thus, moments of the current order depend on 
moments of higher orders that have not yet been determined. To address this, additional closure tactics [43] 
need to be introduced to make the problem solvable. 

As discussed, even though the method has been established for decades, its application has focused 
predominantly on theoretical aspects, such as closure methods, fractional Brownian motion [44], and 
fractional moments [37], with limited practical applications reported for analyzing nonstationary vibrations, 
especially for time-varying systems. This presents significant practical challenges. A recent work by Lei et al. 
[45] demonstrated the potential of this method for nonstationary buffeting analysis considering aeroelastic 
forces. The methodology involved significant changes, such as transforming algebraic moment equations in a 
stationary case into differential equations in a nonstationary case. However, that application was limited to a 
system with only one degree of freedom (DOF) and employs quasi-steady theory [14] in modeling 
aerodynamic forces. As shown by Cui [42], applying this method to multi-DOF systems and considering 
higher-order moments have significantly complicated the process; thus, manual derivation of the moment 
equations is virtually impossible. 

Moreover, as the aeroelastic effect becomes increasingly pronounced in bridge dynamics with increasing 
bridge span [11, 46, 47], accurate modeling of turbulence-induced and motion-induced forces, including 
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unsteady effects, becomes essential. The modeling of the aerodynamic forces on bluff bodies has been 
conducted predominantly in the frequency domain [48] to capture their frequency-dependent nature, 
commonly referred to as the unsteady aerodynamic effect. Inspired by seminal studies on thin airfoils [49], 
Scanlan introduced flutter derivatives [48], which relied on experimental quantification to characterize 
unsteady motion-induced forces on bridge decks with harmonic motions. However, for bridge decks subjected 
to arbitrary motions and turbulence, the use of convolution techniques to calculate aerodynamic forces in the 
time domain was impractical because of difficulties in transforming these frequency-dependent aerodynamic 
parameters into impulse response functions. To address this challenge, Chen and Kareem [50] approximated 
aerodynamic transfer functions in a rational function format, enabling an easy inverse Fourier transform to 
derive unsteady aerodynamic forces in the time domain using a set of linear differential equations. Additionally, 
Diana et al. [51-53] proposed rheological models that use mechanical elements such as springs, dampers and 
masses to reproduce both motion-induced and turbulence-induced forces in the time domain. By introducing 
additional DOFs, these models provide effective solutions for considering fluid-structure interactions in time-
domain analyses. Note that these problems become more difficult when non-Gaussian and nonstationary 
conditions are included. the challenges posed by multi-DOF systems and unsteady aerodynamic effects need 
to be solved to expand the practicability of the moment equation approach. 
 The objective of this study is to propose a state augmentation method for calculating the multimode 
vibrations in long-span bridges subjected to nonstationary wind. The nonstationary wind speed is modeled as 
the superposition of a time-varying mean and a uniformly modulated process using Priestley’s evolutionary 
theory. The model incorporates both the unsteady aerodynamic forces induced by structural motions and 
nonstationary turbulence. The dynamic equations of the coupled wind-bridge system include the effects of 
time-varying aerodynamic damping and stiffness and are described as a linear time-varying system. By 
applying Itô’s Formula, the stochastic vibration problem is transformed into a deterministic problem, and the 
statistical response moments are obtained by solving a set of first-order differential equations. This approach 
directly addresses time-dependent and nonstationary characteristics without relying on spectral or frequency-
domain analysis, distinguishing it from existing methods such as the pseudo excitation method or the 
evolutionary wind loading chain. The proposed approach is first verified in a stationary case by comparing 
the results with those obtained using the well-established frequency-domain approach. This method is 
subsequently applied to compute nonstationary responses to realistic nonstationary wind conditions, and a 
specific procedure is introduced to preprocess the wind data. The benefits of the proposed approach and the 
nonstationary characteristics of the responses are discussed in detail. This study is regarded as an extension of 
the study by Lei et al. [45], generalizing the previous study of an SDOF case to an MDOF model including 
unsteady aerodynamic forces. 
2 Formulation of the state augmentation method 

This section first establishes the proposed methodology from a theoretical perspective, ensuring its 
generality and applicability across various engineering problems. The application of this methodology to the 
specific case of bridge buffeting is demonstrated in the following section. 
2.1 Statement of the problem 

A linear time-varying (LTV) system with 𝑁  DOFs under nonstationary Gaussian excitations is 
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considered. The dynamic equations of the system are represented by a set of linear differential equations with 
coefficients that change with time: 

𝐌𝐗̈ + 𝐂(𝑡)𝐗̇ + 𝐊(𝑡)𝐗 = 𝐅(𝑡) (1) 
where 𝐌 is the mass matrix,	 𝐂(𝑡) is the time-varying damping matrix, 𝐊(𝑡) is the time-varying stiffness 
matrix, 𝐅(𝑡) is the nonstationary excitation vector, and 𝐗 is the displacement response vector. 

Nonstationary processes can be defined in multiple ways [9, 54, 55], in contrast to stationary processes, 
which have a definite definition of the power spectrum. The focus of this work is exclusively on the 
evolutionary process proposed by Priestley [19, 20]. This nonstationary process can be considered the output 
of a linear filter through which stationary processes pass, and it provides a meaningful representation of the 
local distribution of energy over frequencies and its evolution over time. In this study for simplicity, the 
nonstationary excitation 𝐅(𝑡) is represented by a uniformly time-modulated model [6], which applies to the 
majority of real-world engineering problems [18]: 

𝐅(𝑡) = 𝐀(𝑡)𝐅!(𝑡) (2) 
where 𝐀(𝑡) is the modulation function and 𝐅!(𝑡) is the derived stationary process. 

The dynamic equation is converted to its state-space form by substituting Eq. (2) into Eq. (1): 
d
d𝑡
3
𝐗
𝐗̇
4 = 3 𝟎 𝐈

−𝐌"#𝐊(𝑡) −𝐌"#𝐂(𝑡)4 3
𝐗
𝐗̇
4 + 3

𝟎
𝐌"#𝐀(𝑡)𝐅!

4 (3) 

2.2 Augmented states of the system and the excitation 
According to [30, 32], a multivariate Ornstein-Uhlenbeck (OU) process 𝐙(𝑡) can be used to approximate 

the stationary process 𝐅!(𝑡) and follows a stochastic differential equation: 
d𝐙(𝑡) = −𝛂𝐙(𝑡)d𝑡 + 𝚯d𝐖(𝑡) (4) 

where 𝛂 and 𝚯 are time-independent positive definite coefficient matrices; and 𝐖(𝑡) is a multivariate 
Wiener process with components that are mutually independent and satisfies E[d𝐖 ∙ d𝐖$] = 𝐈%d𝑡, with 𝐈% 
being the identity matrix and E[∙] being the expectation operator. The Wiener process is commonly used to 
represent Brownian motion, and its derivative is the white noise Gaussian process. Note that the dimensions 
of 𝐙(𝑡) and 𝐖(𝑡) are denoted as 𝑀 here to account for situations where the size of OU processes can be 
different from the system dimensions, and this aspect will be considered in Section 3.5. Eq. (4) essentially 
acts as a linear filter that transforms the white noise signal associated with 𝐖(𝑡) into colored noise, i.e., OU 
processes. This transformation allows the OU processes to approximate the system excitations. 𝛂 and 𝚯 can 
be obtained by fitting the PSD matrix of the OU process, 𝐒𝐙𝐙(j𝜔) = (−j𝜔𝐈% + 𝛂)"#𝚯𝚯$(j𝜔𝐈% + 𝛂$)"#, 
with that of 𝐅!(𝑡). The autocovariance matrix 𝐊𝐙𝐙 can be calculated using the Lyapunov equation [56]: 

𝛂𝐊𝐙𝐙 + 𝐊𝐙𝐙𝛂$ = 𝚯𝚯$ (5) 
The fitting procedure for the OU process is detailed in Section 4. 

Since the OU process is characterized by a first-order differential equation and corresponds to a 𝜔"' 
order in its PSD, a slight mismatch with the wind load always occurs since the wind spectrum typically has a 
slope of approximately -5/3 at high frequencies. This may lead to inaccuracies in predicting the nonstationary 
buffeting response in the high-frequency range, particularly when higher-order modes of structures are 
considered. To address this fundamental issue, incorporating fractional derivatives may be beneficial, although 
the implementation would require complex mathematics and could substantially alter the proposed 
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methodology, such as involving fractional-order moments. Nevertheless, this technique enhances the precision 
of buffeting prediction, especially as the number of DOFs increases. The incorporation of fractional 
derivatives is being considered in ongoing research. 

By substituting Eq. (4) into Eq. (3), the system states and excitations can be represented as the following 
augmented equation: 

d H
𝐗
𝐗̇
𝐙
I = H

𝟎 𝐈 𝟎
−𝐌"#𝐊(𝑡) −𝐌"#𝐂(𝑡) 𝐌"#𝐀(𝑡)

𝟎 𝟎 −𝛂
I H
𝐗
𝐗̇
𝐙
I d𝑡 + H

𝟎
𝟎
𝚯
Id𝐖 (6) 

Eq. (6) is considered a stochastic differential equation [33] of the Itô-type form: 
d𝐘(𝑡) = 𝐠(𝐘(𝑡), 𝑡)d𝑡 + 𝐡(𝐘(𝑡), 𝑡)d𝐖 (7) 

where 𝐘(𝑡) is an 2𝑁 +𝑀-dimensional vector of augmented states, and 𝐠(𝐘(𝑡), 𝑡)  and 𝐡(𝐘(𝑡), 𝑡) are 
functions of 𝐘(𝑡) and 𝑡. By introducing OU processes, the buffeting equation is converted into a stochastic 
differential equation, enabling the application of relevant stochastic calculus theories. 
2.3 Differential equations satisfied by statistical moments 

𝜉(𝐘(𝑡), 𝑡) is assumed to be a scalar-valued function of the augmented states 𝐘(𝑡) and time 𝑡 , for 
instance, the moments function of𝐘(𝑡) is defined as follows: 

𝜉(𝐘) =P𝑋(
)!

*

(

P𝑋̇(
+!

*

(

P𝑍(
,!

%

(

(8) 

where 𝑋(, 𝑋̇( and 𝑍( represent the 𝑖-th element of the states 𝐗, 𝐗̇ and 𝐙, respectively. The exponents 𝑎(, 
𝑏( and 𝑓( are the corresponding nonnegative integer exponents. 

According to Itô’s formula [34], the total derivative of 𝜉(𝐘(𝑡), 𝑡) is expanded in the form of a stochastic 
differential equation: 

d𝜉 = X
𝜕𝜉
𝜕𝑡
+ [∇𝐘(𝜉)]$𝐠 +

1
2
Tr(𝐡$[H𝐘(𝜉)]𝐡)^ d𝑡 + [∇𝐘(𝜉)]$𝐡d𝐖 (9) 

where H𝐘(𝜉)  and ∇𝐘(𝜉)  denote the Hessian matrix and the gradient vector of 𝜉  with respect to 𝐘 , 
respectively. The superscript T is the transpose operator, and Tr(∙) denotes the trace of a matrix. 

Since the expectation of d𝐖 is zero, by evaluating the expectation of Eq. (9) [30], an intricate stochastic 
differential equation is reduced to the following solvable deterministic differential equation: 

d
d𝑡 E

[𝜉] = E 3
𝜕𝜉
𝜕𝑡4 + ` E3

𝜕𝜉
𝜕𝑌(

𝑔(4
'*.%

(

+
1
2 ` ` Ec(𝐡𝐡$)(/

𝜕'𝜉
𝜕𝑌/𝜕𝑌(

d
'*.%

/

'*.%

(

(10) 

where 𝑌( is the 𝑖-th element of 𝐘(𝑡), and 𝑔( is the 𝑖-th element of 𝐠(𝐘(𝑡), 𝑡). In particular, E[𝜕𝜉/𝜕𝑡] is 
zero if there is no explicit time dependence in 𝜉, e.g., Eq. (8), and dE[𝜉]/d𝑡 is not constant zero in the case 
of nonstationary 𝐘 [30]. 
 By considering E[𝜕𝜉/𝜕𝑡] = 0 and substituting Eq. (8) into Eq. (10), Eq. (10) expands to the following: 
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Moreover, the expected value of the moments function on each side of Eq. (11) is exactly the statistical 

moment of 𝐘 . For brevity, the statistical moment Eg∏ 𝑋(
)!*

( ∏ 𝑋̇(
+!*

( ∏ 𝑍(
,!%

( i  is denoted as 

m(𝑎#, ⋯ , 𝑎* , 𝑏#, ⋯ , 𝑏* , 𝑓#, ⋯ , 𝑓%) and the summation of the exponents 𝑠 = ∑ (𝑎( + 𝑏()*
(1# + ∑ 𝑓(%

(1# , is the 
moment order. The left-hand side of Eq. (11) is represented by ṁ(𝑎#, ⋯ , 𝑎* , 𝑏#, ⋯ , 𝑏* , 𝑓#, ⋯ , 𝑓%), which 
represents the first derivative of the moment of order 𝑠. On the right-hand side of Eq. (11), the first three 
summations come from the gradient term of Eq. (10) and consist of the function 𝐠 and the first-order 
derivative. Since 𝐠 is a linear function of the states 𝐗, 𝐗̇ and 𝐙, the moments in the first three summations 
have the same order of 𝑠 but with different combinations of exponents. The two remaining terms on the RHS 
of Eq. (11) come from the Hessian matrix term of Eq. (10) and consist of the constant Hessian matrix 𝐡 and 
second-order derivatives. Consequently, the corresponding moments have the order of 𝑠 − 2. In particular, 
the moments in Eq. (11) will be zero when any exponent is negative, and m(0,⋯ , 0,0,⋯ , 0, 𝑓#, ⋯ , 𝑓%) are 
the known statistical moments of OU excitations when 𝑎( = 𝑏( = 0. 

By substituting all possible combinations of exponents with a given order of 𝑠 , Eq. (11) can be 
reorganized as follows: 

𝐦̇! = 𝐏#(𝑡)𝐦! + 𝐐#(𝑡) + 𝐏'𝐦!"' + 𝐐' (12) 
where 𝐦! and 𝐦!"' represent vectors containing all unknown statistical moments of order 𝑠 and 𝑠 − 2, 
respectively. 𝐏# , 𝐏' , 𝐐#  and 𝐐'  are the coefficient matrices associated with system properties and the 
statistical moments of OU processes. 

These formulas constitute the state augmentation method (SAM). The statistical moments are described 
by a set of first-order differential equations, i.e., Eq. (12). Given initial values, the moments of each order 𝑠 
can be determined immediately by solving Eq. (12) without undergoing an intermediate stage, such as the 
response spectrum. Importantly, the response moments of higher order are dependent on lower-order moments, 
as described by Eq. (12). Specifically, moments of order 𝑠 depend on moments of order 𝑠 − 2, necessitating 
solving the moment equations in a recursive manner, closed by imposing the boundary condition 𝐦3 = 𝟏. 
However, an exception exists: second-order moments (𝑠 = 2) depend on zero-order moments (𝑠 = 0), which 
are the known moments of Ornstein-Uhlenbeck (OU) excitations. This allows second-order moments to be 
directly obtained by solving the moment equations without recursion. Since only the second-order moments 
are of interest in this research, the moment equations can be directly solved. However, solving the equations 
for higher-order moments, such as skewness (𝑠 = 3) and kurtosis (𝑠 = 4) in non-Gaussian problems, requires 
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first obtaining moments of lower order, such as the mean (𝑠 = 1) and variance (𝑠 = 2), involving a recursive 
process. 
2.4 Combinations of the exponents 

Once the statistical moment equations, i.e., Eq. (12), have been derived, the statistical moments of the 
nonstationary responses of systems with any number of degrees of freedom (DOFs) can be easily evaluated. 
However, as the number of DOFs increases, manually deriving the moment equations becomes impractical 
due to the complexity involved, especially for linear time-varying (LTV) systems with many DOFs. 

To address this challenge, a strategy for assembling the differential equations (Eq. (12)) is needed. In 
essence, the issue boils down to determining all possible combinations of the moments and the total number 
of these combinations. This translates to solving a single linear equation that contains multiple variables, as 
follows: 

𝑎# +⋯+ 𝑎* + 𝑏# +⋯+ 𝑏* + 𝑓# +⋯+ 𝑓% = 𝑠 (13) 
under the condition of all nonnegative integer variables, i.e., 𝑎( ≥ 0 , 𝑏( ≥ 0  and 𝑓( ≥ 0 . This can be 
equivalently converted into the following equation: 

𝑎#4 +⋯+ 𝑎*4 + 𝑏#4 +⋯+ 𝑏*4 + 𝑓#4 +⋯+ 𝑓%4 = 𝑠 + 2𝑁 +𝑀 (14) 
where the variables are converted as follows: 𝑎(4 = 𝑎( + 1 ≥ 1, 𝑏(4 = 𝑏( + 1 ≥ 1 and 𝑓(4 = 𝑓( + 1 ≥ 1. 

The stars and bars approach [57] from combinatorics can be employed to solve this problem. The 
technique helps determine how to distribute a given number of indistinguishable items (stars) into distinct 
groups (bins) with no empty groups. For example, if there are 𝑠 + 2𝑁 +𝑀 stars to be allocated across 2𝑁 +
𝑀 bins, the problem can be visualized by inserting 2𝑁 +𝑀 − 1 bars between the stars, ensuring that no bin 
is empty, as illustrated in Figure 1. 

★★★★|★|★★|★★★★★|★ 
Fig. 1. 2𝑁 +𝑀 − 1 bars producing 2𝑁 +𝑀 bins containing a total of 𝑠 + 2𝑁 +𝑀 stars. 

 
By combining this combinatorial method with symbolic calculations [58], the moment equations for 

dynamic systems can be automatically constructed with any number of DOFs and for response moments of 
any order. 
3 Nonstationary buffeting of long-span bridges 

In this section, the nonstationary vibrations of long-span bridges under nonstationary winds are 
investigated using the state augmentation method developed in Section 2. The multimode dynamics of the 
bridge are considered to demonstrate the ability of the proposed approach to analyze nonstationary vibrations 
in multi-DOF structures. 
3.1 Dynamics of bridge deck motions 

Long-span bridges always have modal frequencies that are closely spaced [11]. In these flexible structures, 
significant coupling effects in multimode vibrations can arise because of the asymmetric aerodynamic 
damping and stiffness matrices when motion-induced forces are considered in buffeting analysis. Therefore, 
in this study, both nonstationary buffeting forces and motion-induced forces are included to predict the 
buffeting responses of the bridge. 
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The dynamic equation governing the motions of the bridge deck excited by nonstationary buffeting forces 
and motion-induced forces is as follows: 

𝐌5𝐗̈5 + 𝐂5𝐗̇5 + 𝐊5𝐗5 = 𝐅!6 + 𝐅+ (15) 
where 𝐌5 , 𝐂5  and 𝐊5  are the mass, damping and stiffness matrices of the deck, respectively. The 
displacement vector 𝐗5 represents the motion in three directions at each node 𝐗5( = [𝑝( ℎ( 𝛼(]$	(𝑖 =
1,⋯ ,𝑁): sway 𝑝(, hover ℎ( and pitch 𝛼(, where 𝑁 is the total number of nodes. The vectors 𝐅+ and 𝐅!6 
represent nonstationary buffeting forces and motion-induced forces, respectively, consisting of nodal forces 
in three directions: drag forces 𝐷+ and 𝐷!6, lift forces 𝐿+ and 𝐿!6, and pitching torques 𝑀+ and 𝑀!6. The 
motions of the deck induced by nonstationary aerodynamic forces are shown in Figure 2. 

 
Fig. 2. Motions of the deck induced by the nonstationary aerodynamic forces. 

 
3.2 Unsteady motion-induced forces in the time domain 

The motion-induced forces for the deck with harmonic motions can be derived using Scanlan’s flutter 
derivatives [48], which yields the following frequency-domain form: 

x
𝐷y(!6

𝐿z(!6

𝑀y(!6
{ =

1
2𝜌𝑈

'Δ𝐿 x
𝐾'(𝑃7∗ + j𝑃#∗) 𝐾'(𝑃9∗ + j𝑃:∗) 𝐾'(𝑃;∗ + j𝑃'∗)𝐵
𝐾'(𝐻9∗ + j𝐻:∗) 𝐾'(𝐻7∗ + j𝐻#∗) 𝐾'(𝐻;∗ + j𝐻'∗)𝐵
𝐾'(𝐴9∗ + j𝐴:∗ )𝐵 𝐾'(𝐴7∗ + j𝐴#∗)𝐵 𝐾'(𝐴;∗ + j𝐴'∗ )𝐵'

{ x
𝑝̅(
ℎz(
𝛼z(
{ (16) 

where	 𝐷y(!6, 𝐿z(!6 and 𝑀y(!6 are the frequency-dependent complex-valued amplitudes of the 𝑖-th nodal forces 
𝐅(!6, and j is the imaginary unit; ℎz(, 𝑝̅( and 𝛼z( are the amplitudes of motion; Δ𝐿 is the element length; 𝐵 
is the width of the deck; 𝑈 represents the mean wind speed; 𝜌 = 1.25	kg/m; and represents the air density; 
𝐾 = 𝜔𝐵/𝑈  and is the reduced frequency, where 𝜔  is the circular frequency; and 𝐻(∗ , 𝑃(∗  and 
𝐴(∗	(𝑖 = 1, 2,⋯ , 6)  are flutter derivatives that are dependent on the reduced frequencies and geometric 
configurations of the deck. Given the relatively small magnitudes of the wind fluctuations and system 
responses compared with the mean wind speed, the variation in the effective wind attack angle is neglected, 
and the motion-induced forces are linearized around the mean static position. 

The flutter derivatives are experimentally quantified only at discrete values. To facilitate the inverse 
transformation of motion-induced forces to the time domain, Roger’s approximation technique [59] is 
employed to fit the flutter derivatives to rational functions: 

x
𝐾'(𝑃7∗ + j𝑃#∗) 𝐾'(𝑃9∗ + j𝑃:∗) 𝐾'(𝑃;∗ + j𝑃'∗)𝐵
𝐾'(𝐻9∗ + j𝐻:∗) 𝐾'(𝐻7∗ + j𝐻#∗) 𝐾'(𝐻;∗ + j𝐻'∗)𝐵
𝐾'(𝐴9∗ + j𝐴:∗)𝐵 𝐾'(𝐴7∗ + j𝐴#∗)𝐵 𝐾'(𝐴;∗ + j𝐴'∗)𝐵'

{ = 𝐀(,#!6 + j𝐾𝐀(,'!6 + (j𝐾)'𝐀(,;!6 +`
j𝐾𝐀(,=.;!6

j𝐾 + 𝑑=!6

>"#

=1#

(17) 

where 𝐀(,#!6 , 𝐀(,'!6 , 𝐀(,;!6 , 𝐀(,=.;!6 , and 𝑑=!6 ≥ 0 are frequency-independent coefficients and can be calibrated 
by fitting the data using the nonlinear least squares approach. The first three terms represent the aerodynamic 
stiffness, damping and mass, respectively. The unsteady aerodynamic effect is considered in rational terms, 
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where 𝑚!6 represents the level of approximation accuracy. Note that in this study, the only source of the 
system’s time-varying characteristic is the variation in the mean wind speed, which leads to time-varying 
kinetic pressure and, consequently, time-varying stiffness and damping matrices. Since the changes in the 
mean wind speeds are substantially slower than those of the structural responses, the inverse Fourier 
transformation of the force-motions can be performed as if the transfer matrix is fixed at each time instant. 
 The time-domain motion-induced forces can then be derived using an inverse Fourier transform method: 

𝐅(!6 =
1
2𝜌𝑈

'Δ𝐿�𝐀(,#!6 𝐗5( +
𝐵
𝑈𝐀(,'

!6 𝐗̇5( +
𝐵'

𝑈' 𝐀(,;
!6 𝐗̈5( +`𝛟(,=

!6

>"#

=1#

� (18𝑎) 

The variables 𝛟(,=
!6 	are introduced to account for the unsteady effect and satisfy the following equation: 

𝛟̇(,=
!6 = −

𝑑=!6𝑈
𝐵 𝛟(,=

!6 + 𝐀(,=.;!6 𝐗̇5( (18𝑏) 

The unsteady self-excited forces in Eq. (15) can thus be expressed as follows: 

𝐅!6 =
1
2𝜌𝑈

'Δ𝐿�𝐀#!6𝐗5 +
𝐵
𝑈𝐀'

!6𝐗̇5 +
𝐵'

𝑈' 𝐀;
!6𝐗̈5 +`𝛟=

!6

>"#

=1#

� (19𝑎) 

in which the following is defined: 

𝛟̇=
!6 = −

𝑑=!6𝑈
𝐵 𝛟=

!6 + 𝐀=.;!6 𝐗̇5 (19𝑏) 

where 𝐀=!6 	is the partitioned diagonal matrix of 𝐀(,=!6 	(𝑖 = 1,⋯ ,𝑁). 
The bridge tower has decoupled aerodynamics in the longitudinal and transverse directions due to its 

symmetric configuration and enable an SDOF model, as in previous research [45]; however, the vertical and 
rotational aerodynamics of bridge beams are inherently coupled due to their asymmetric configuration, as 
indicated in Eq. (16). This coupling leads to a typical MDOF dynamics problem (further discussions are 
provided in Section 3.5). 
3.3 Nonstationary buffeting forces 

As suggested in [6], the frequency content of nonstationary wind changes relatively slowly over time. In 
this study, nonstationary wind fluctuations are represented by the uniformly time-modulated model: 

𝑢(𝑡) = 𝛽?(𝑡)𝑢!(𝑡) (20𝑎) 
𝑤(𝑡) = 𝛽@(𝑡)𝑤!(𝑡) (20𝑏) 

where the time-modulation functions 𝛽?(𝑡) and 𝛽@(𝑡) are slowly varying. 𝑢!(𝑡) and 𝑤!(𝑡) are derived 
zero-mean stationary Gaussian processes. Considering the large cyclone radius to bridge scale and virtually 
constant topographic features above the sea, the wind field around the bridge site is assumed to be horizontally 
homogeneous. Therefore, 𝑈y(𝑡) , 𝛽?(𝑡)  and 𝛽@(𝑡) , the turbulence intensity, and the wind spectra are 
assumed to be uniformly distributed across the bridge. The partial coherence condition is considered for 𝑢!(𝑡) 
and 𝑤!(𝑡) at different nodes by using the exponentially decaying law for their coherence functions, as will 
be later detailed in Section 3.4. Note that 𝑢(𝑡) and 𝑤(𝑡) degrade into stationary wind fluctuations when 
𝛽?(𝑡) and 𝛽@(𝑡) are constants. By using this model, the unsteady buffeting forces 𝐅(+ can be rewritten as 
follows: 

𝐅(+ = 𝛽?(𝑡)𝐅(+? + 𝛽@(𝑡)𝐅(+@ (21) 
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where 𝐅(+? and 𝐅(+@ are the unsteady buffeting forces contributed by 𝑢(!(𝑡) and 𝑤(!(𝑡) at the 𝑖-th node, 
respectively. Analogous to motion-induced forces, for stationary wind fluctuations with complex sinusoidal 
oscillations, 𝐅(+? and 𝐅(+@ are given by the following: 

𝐅(+? =
1
2𝜌𝑈∆𝐿 x

2𝐵𝐶A𝜒A$
2𝐵𝐶B𝜒B$
2𝐵'𝐶%𝜒%$

{ 𝑢(!(𝑡) =
1
2𝜌𝑈∆𝐿𝛘(

?𝑢(! (22𝑎) 

𝐅(+@ =
1
2𝜌𝑈∆𝐿 x

𝐵(𝐶A4 − 𝐶B)𝜒A%
𝐵(𝐶B4 + 𝐶A)𝜒B%
𝐵'𝐶%4 𝜒%%

{ 𝑤(!(𝑡) =
1
2𝜌𝑈∆𝐿𝛘(

@𝑤(! (22𝑏) 

where 𝑢(!(𝑡) and 𝑤(!(𝑡) are complex-valued sinusoidal wind fluctuations; 𝜒A$, 𝜒A%, 𝜒B$, 𝜒B%, 𝜒%$ and 
𝜒%% are admittance functions that are dependent on the reduced frequencies and deck configuration; 𝐶A, 𝐶B 
and 𝐶% are the force coefficients of the mean drag, lift and pitching torques, respectively; 𝐶A4 = d𝐶A/d𝛼, 
𝐶B4 = d𝐶B/d𝛼 and 𝐶%4 = d𝐶%/d𝛼 are their derivatives around the mean angle of attack; and 𝛘(? and 𝛘(@ 
are the vectors of the admittance functions and force coefficients, respectively. Similar to the approach used 
for flutter derivatives, the admittances are approximated as rational functions: 

𝛘(? = 𝐀(,#? +`
j𝐾𝐀(,=.#?

j𝐾 + 𝑑=?

>$

=1#

(23) 

where 𝐀(,#? ,	 𝐀(,=.#?  and 𝑑=? ≥ 0 are frequency-independent coefficients. Consequently, an inverse Fourier 
transform method can be applied to derive the time-domain buffeting forces: 

𝐅(+? =
1
2𝜌𝑈∆𝐿 ` 𝐀(,=?

>$.#

=1#

𝑢(! −
1
2𝜌𝑈∆𝐿`

𝑑=?𝑈
𝐵

>$

=1#

𝛟(,=
? (24𝑎) 

where 𝑢(! represents the stationary longitudinal wind fluctuations at the 𝑖-th node. The additional variables 
𝛟(,=
? 	(𝑙 = 1,⋯ ,𝑚?) satisfy the following equation: 

𝛟̇(,=
? = −

𝑑=?𝑈
𝐵 𝛟(,=

? + 𝐀(,=.#? 𝑢(! (24𝑏) 

In this manner, the nonstationary buffeting forces in Eq. (15) are described as following: 
𝐅+ = 𝛽?(𝑡)𝐅+? + 𝛽@(𝑡)𝐅+@ (25𝑎) 

in which the following can be defined: 

𝐅+? =
1
2𝜌𝑈∆𝐿 ` 𝐀=?

>$.#

=1#

𝐮! −
1
2𝜌𝑈∆𝐿`

𝑑=?𝑈
𝐵

>$

=1#

𝛟=
? (25𝑏) 

𝛟̇=
? = −

𝑑=?𝑈
𝐵 𝛟=

? + 𝐀=.#? 𝐮! (25𝑐) 

where 𝐀=? are the partitioned diagonal matrices of 𝐀(,=? 	(𝑖 = 1,⋯ ,𝑁). For conciseness, similar formulas for 
buffeting forces caused by vertical turbulence are not presented here; they can be obtained by replacing 𝑢 
with 𝑤. 

Note that, owing to the lack of available unsteady aerodynamic force models for nonstationary winds, 
these forces are currently calculated by the simple expedient use of stationary routines based on the flutter 
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derivatives and admittance functions. This approach can yield satisfactory results in the context of slowly 
varying mean wind speeds [46, 47]. Nevertheless, reliable aerodynamic models specific to nonstationary wind 
conditions need to be developed in future studies. 
3.4 State-space equations in modal coordinates 

By using the modal-superposition method, the deck motions can be represented in modal coordinates as 
𝐗5 = 𝚿𝐪, where 𝐪 is the modal coordinate vector for 𝑛 modes of interest and 𝚿 is the modal shape matrix 
of dimensions 3𝑁 × 𝑛. The generalized dynamic equation is then derived as follows: 

𝐌C𝐪̈ + 𝐂C𝐪̇ + 𝐊C𝐪 = 𝐐!6 + 𝛽?𝐐+? + 𝛽@𝐐+@ (26) 
where 𝐌C = 𝚿$𝐌5𝚿 , 𝐂C = 𝚿$𝐂5𝚿  and 𝐊C = 𝚿$𝐊5𝚿  are the modal mass, damping and stiffness 
matrices, respectively. The generalized motion-induced force vector 𝐐!6 = 𝚿$𝐅!6 is given as follows: 

𝐐!6 =
1
2𝜌𝑈

'Δ𝐿�𝐀#
!6,C𝐪 +

𝐵
𝑈𝐀'

!6,C𝐪̇ +
𝐵'

𝑈' 𝐀;
!6,C𝐪̈ +`𝐪=!6

>"#

=1#

� (27𝑎) 

𝐪̇=!6 = −
𝑑=!6𝑈
𝐵 𝐪=!6 + 𝐀=.;

!6,C𝐪̇ (27𝑏) 

where 𝐀=
!6,C = 𝚿$𝐀=!6𝚿	(𝑙 = 1,⋯ ,𝑚!6 + 3) are the generalized frequency-independent coefficients, and 

𝐪=!6 = 𝚿$𝛟=
!6 	(𝑙 = 1,⋯ ,𝑚!6) are generalized additional variables to consider the unsteady effect of motion-

induced forces. Similarly, the generalized buffeting force vectors 𝐐+? = 𝚿$𝐅+?  and 𝐐+@ = 𝚿$𝐅+@  are 
expressed as follows: 

𝐐+? =
1
2𝜌𝑈∆𝐿 ` 𝐀=

?,C𝐮!
>$.#

=1#

−
1
2𝜌𝑈∆𝐿`

𝑑=?𝑈
𝐵

>$

=1#

𝐪=? (28𝑎) 

𝐪̇=? = −
𝑑=?𝑈
𝐵 𝐪=? + 𝐀=.#

?,C 𝐮! (28𝑏) 

where 𝐀=
?,C = 𝚿$𝐀=?	(𝑙 = 1,⋯ ,𝑚? + 1) and 𝐪=? = 𝚿$𝛟=

?	(𝑙 = 1,⋯ ,𝑚?). 
By substituting the expressions for 𝐐!6  and 𝐐+?  into the generalized dynamic equation, it is 

transformed to its state-space form: 
𝐘̇ = 𝓐(𝑡)𝐘 + 𝓑?(𝑡)𝐮!,C +𝓑@(𝑡)𝐰!,C (29) 

where 𝐘 = g𝐪$ 𝐪̇$ 𝐪#!6
$ ⋯ 𝐪>"#

!6 $ 𝐪#?
$ ⋯ 𝐪>$

? $ 𝐪#@
$ ⋯ 𝐪>%

@ $i
$

; 𝓐(𝑡) , 𝓑?(𝑡)  and 

𝓑@(𝑡) are matrices of deterministic time-varying coefficients; and 𝐮!,C = 𝐀?,C𝐮! and 𝐰!,C = 𝐀@,C𝐰! are 

generalized stationary fluctuations with 𝐀?,C = �𝐀#
?,C$ ⋯ 𝐀>$.#

?,C $�
$

	 and 𝐀@,C =

�𝐀#
@,C$ ⋯ 𝐀>%.#

@,C $�
$

. The spectral density matrices for 𝐮!,C and 𝐰!,C are given by the following: 

𝐒𝐮",' = 𝑆?𝐀?,C𝓒𝐮(𝐀?,C)$ (30𝑎) 
𝐒𝐰",' = 𝑆@𝐀@,C𝓒𝐰(𝐀@,C)$ (30𝑏) 

where 𝑆? and 𝑆@ are PSDs of the derived stationary turbulences in the longitudinal and vertical directions, 
respectively. 𝓒𝐮  and 𝓒𝐰  are time-invariant coherence function matrices used to consider the spanwise 
correlation of wind fluctuations, of which the (𝑖, 𝑗) entry is defined as follows: 
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Coh¦𝑥( , 𝑥/ , 𝜔¨ = exp ¬−
𝑐?𝜔­𝑥( − 𝑥/­
2πmax[𝑈y(𝑡)]

° (31) 

where 𝑥( is the spanwise coordinate of the 𝑖-th node, and 𝑐! is the decay coefficient for longitudinal turbulence. 
Note that the correlation of the longitudinal and vertical turbulences is disregarded. 
3.5 Statistical moment equations of nonstationary buffeting responses 

The stationary Gaussian processes 𝐮!,C  and 𝐰!,C  are approximated individually by multivariate OU 
processes, i.e., 𝐮!,C ≈ 𝐙?(𝑡) and 𝐰!,C ≈ 𝐙@(𝑡), which satisfy the stochastic differential equation: 

d𝐙?(𝑡) = −𝛂?𝐙?(𝑡)d𝑡 + 𝚯?d𝐖?(𝑡) (32𝑎) 
d𝐙@(𝑡) = −𝛂@𝐙@(𝑡)d𝑡 + 𝚯@d𝐖@(𝑡) (32𝑏) 

where 𝛂? , 𝚯? , 𝛂@  and 𝚯@  are the corresponding coefficient matrices, and 𝐖?  and 𝐖@  are the 
corresponding Wiener processes, which are mutually independent. 

By substituting Eq. (32) into Eq. (29), the augmented states are written as follows: 

d H
𝐘
𝐙?
𝐙@
I = H

𝓐 𝓑? 𝓑@
𝟎 −𝛂? 𝟎
𝟎 𝟎 −𝛂@

I H
𝐘
𝐙?
𝐙@
I d𝑡 + H

𝟎 𝟎
𝚯? 𝟎
𝟎 𝚯@

I d �𝐖
?

𝐖@� (33) 

This equation is recognized as an Itô-type stochastic differential equation of the following form: 
d𝕐(𝑡) = 𝐠(𝕐(𝑡), 𝑡)d𝑡 + 𝐡(𝕐(𝑡), 𝑡)d𝐖 (34) 

where 𝕐 = [𝐘$ 𝐙?$ 𝐙@$]$ is the augmented state vector and 𝐖 = [𝐖?$ 𝐖@$]$. 
The statistical moment equation for bridge buffeting can subsequently be derived as a set of first-order 

differential equations of the same form as Eq. (12) by following the procedure outlined in Section 2.3. 
Note that the engagement of motion-induced forces renders the overall damping and stiffness matrices 

asymmetric; this results in a complex modal analysis if a time-domain or frequency-domain method is used. 
The MDOF model reveals that in the presence of the aerodynamic effect, the rotational center may shift 
upstream or downstream, as shown by Figure 12 from [60] and is closely associated with the downwash effect 
of aerodynamics [61]. The shift in the rotational center causes the vertical motions to be polluted by torsion, 
leading to fully coupled modes and, consequently, complex-valued modal frequencies and shapes. The 
detailed illustrations can be found in Appendix A. Apparently, these effects cannot be simply explained by 
SDOF models. Instead, in this study, an MDOF model is proposed to avoid complex modal analyses, and a 
stochastic calculus-based method is used to solve the multimode vibrations more efficiently. 

In the context of nonstationary wind, time-varying mean wind speeds cause variations in kinetic pressure, 
leading to time-varying aerodynamic damping ratios and stiffness. This results in a distinctly time-varying 
aero-structural coupled system. Traditional frequency-domain approaches assume that the system is fixed 
within short windows, reducing the problem to time-invariant systems subjected to stationary excitations, as 
in the work of [17]. The entanglement of the asymmetric aerodynamic matrices with LTV systems further 
complicates the calculation since complex eigenvalue analysis will need to be conducted in each time window 
to update the real-time modal information. However, this assumption is valid only for slowly varying mean 
wind conditions and requires a CQC method due to asymmetry, resulting in further intensive calculations. 

In contrast, the proposed method does not involve the above difficulties. It effectively accounts for the 
features of coupled DOFs and structural modes in long-span bridges by incorporating partially correlated 
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Ornstein-Uhlenbeck (OU) processes; these processes capture the interaction of modes via coefficients 𝛂 
(drift) and 𝚯 (diffusion). Instead of proceeding to complex eigenvalue analyses, the method pivots its basis 
to Itô’s lemma, which is equivalent to the Fokker-Planck equation with time-varying coefficients; this 
inherently addresses the time-varying characteristics owing to the coupling of nonstationary aerodynamic 
forces and structures, and subsequently establishes the moment evolution equation directly without further 
assumptions. 

While the application of Itô's formula provides a novel and effective approach for analyzing nonstationary 
wind effects in structural engineering, several limitations should be considered. First, the accuracy of the 
results depends heavily on the quality of the wind speed data, particularly the statistical properties, including 
time-varying mean wind speeds and time modulation functions; these properties may significantly vary across 
different environments and different time-frequency analysis techniques. Furthermore, the computational 
complexity increases with the number of DOFs in the system, potentially limiting its application to very large 
or highly complex structures. Additionally, the assumptions made in nonstationary aerodynamics modeling, 
such as the linearity and Gaussian nature of the loading, may not fully capture the real-world complexities of 
wind-structure interactions. These limitations should be addressed in future research by developing more 
advanced models that can accommodate the nonlinearities and non-Gaussian behaviors and improve the 
efficiency of computational algorithms. 
4 Numerical applications 

With the established theoretical foundation, this section provides the calculation of the bridge buffeting 
response under various wind scenarios. The method is first validated through a two-step procedure, followed 
by discussions on the physical insights gained from the analysis of multimode nonstationary buffeting. 
4.1 Stationary wind excitation and buffeting responses 

Given the current limitations in available methods for directly validating nonstationary vibrations in 
MDOF systems, a step-by-step validation approach is adopted to demonstrate the reliability of the proposed 
state augmentation method. The reliability of the proposed method includes two key aspects: its reliability in 
investigating nonstationary vibration problems and its effectiveness in handling multi-DOF vibration 
problems. The first aspect has been demonstrated in a previous study [45] by simulating the nonstationary 
buffeting of a single-DOF system under nonstationary wind conditions, where nonstationary vibrations were 
validated using the Monte Carlo method and the pseudo excitation method. To validate the second aspect and 
assess the computational efficiency, the proposed approach is applied to compute the multimode vibrations of 
a model bridge excited by stationary turbulence. The results are compared to those obtained using the well-
established frequency domain method (FDM) [62]. Note that the validation for the nonstationary case justifies 
its ability to address time-varying modes; thus, the validated effectiveness is not affected by the number of 
DOFs considered. The validation for the MDOF case justifies its reliability in reproducing mode-coupling 
effects and correlated loadings, and the validated effectiveness is independent of whether the problem is 
stationary. For conciseness, a further consolidated validation of a 2-DOF nonstationary problem is provided 
in Appendix B. Real-world nonstationary buffeting simulations are presented in the subsequent section. 

As illustrated in Figure 3, the bridge has a deck width of 49.7	m and a main span of 1666	m. In the 
interest of simplicity and generality, only the first symmetric torsional mode and a prior symmetric vertical 
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mode of the first order (two modes in total, producing moment equations of dimension 26) are considered, 
with modal frequencies of 𝑛#FG = 0.1049	Hz and 𝑛#FH = 0.2987	Hz, respectively, based on modal analysis 
results. To enhance the robustness of the validation, an additional calculation model that considers the first 
asymmetric torsional and vertical modes has been included, and the corresponding modal frequencies are 
𝑛#IG = 0.0858	Hz and 𝑛#IH = 0.266	Hz. The static force coefficients and their derivatives are experimentally 
measured at zero angle of attack and are defined as follows: 𝐶A = 0.825, 𝐶B = −0.048, 𝐶% = 0.011, 𝐶B4 =
3.158 and 𝐶%4 = 0.367. 

 
Fig. 3. Model of the long-span suspension bridge. 

 
For the stationary wind field, Von Kármán- and Panofsky-type spectra are adopted to represent the 

longitudinal and vertical wind turbulence, respectively. The corresponding turbulence intensities of 𝐼? and 
𝐼@ are assumed to be 0.1, and the turbulence integral lengths 𝐿? = 76.4	m and 𝐿@ = 16.9	m are obtained 
using the formulas given in [7]. The turbulence coherence decay coefficients 𝑐? = 𝑐@ = 10 are adopted. A 
series of mean wind speed cases, ranging from 10	m/s to 45	m/s, are examined to validate the results. 

Calibration of the coefficient matrices 𝛂 and 𝚯 is a crucial step in the SAM, allowing OU processes to 
accurately represent the generalized stationary fluctuations, e.g., 𝐮!,C . The total buffeting responses are 
influenced primarily by two factors: the resonant response and the background response. The value of 𝛂 can 
be determined by fitting 𝐒𝐮",' and 𝐒𝐙$ at the modal frequencies because of the narrowband characteristics 
of the resonant response. Note that the engagement of the motion-induced forces slightly altered the natural 
frequencies, as illustrated in Appendix A, and the fitting at the on-wind natural frequencies is considered a 
further improvement. 𝚯 can then be found by ensuring that the autocovariance matrices of 𝐙? and 𝐮!,C 
match, thereby ensuring an accurate background response. The comparison between each component of 𝐒𝐮",' 
and 𝐒𝐙$ of the fitted OU processes for the symmetric mode case is shown in Figure 4 for a mean wind speed 
𝑈 = 40	m/s. 

 
 (a) PSD of the first fluctuation component (b) PSD of the second fluctuation component 
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 (c) Cross PSD of the fluctuation components 

Fig. 4. PSD comparisons between the generalized stationary fluctuations and the fitted OU processes. 
 

The root mean square (RMS) results for the vertical and rotational displacements of the deck at the 
midspan for symmetric-modal vibrations are displayed in Figure 5; the responses at the quarter span for 
asymmetric-modal vibrations obtained using the proposed SAM and the classical FDM are also included. The 
results from the classical FDM are obtained by integrating stationary response spectra across 500 frequency 
points. 

 
 (a) Vertical displacement (Symmetric) (b) Rotational displacement (Symmetric) 

 
 (c) Vertical displacement (Asymmetric) (d) Rotational displacement (Asymmetric) 
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Fig. 5. Comparisons of the RMS vertical and rotational displacement responses of the deck at the mid-span 
for symmetric-modal vibrations and at the quarter-span for asymmetric-modal vibrations, as calculated by 

SAM and FDM. 
 

As shown in Figure 5, the results obtained by SAM and by FDM agree very well, demonstrating the 
reliability of the SAM in determining the buffeting response. Additionally, SAM shows a significant 
computational efficiency advantage over FDM. In this study, an Intel Core i7 4-Core computer with 16 GB of 
RAM and a maximum frequency of 3.4 GHz is used. SAM required an average computing time of 3.4 s, 
whereas the average computing time for FDM (without parallel computing) was approximately 434 s. The 
entire running time of FDM is approximately proportional to the number of frequencies because its major 
effort is used in the determination of the response spectra at each discrete frequency. In contrast, SAM enables 
the immediate calculation of the response moments by solving the moment equations only once. 
4.2 Nonstationary wind excitation and buffeting responses 

In this section, the SAM is applied to calculate the responses of the model bridge under realistic 
nonstationary wind conditions, which consist of a time-varying mean and uniformly time-modulated 
fluctuations. To demonstrate the method's capabilities, the first symmetric torsional mode and the three 
previous symmetric vertical modes (four modes in total, giving moment equations of dimension 100) are 
considered, and the frequencies for the second and third vertical modes are as follows: 𝑛'FG = 0.1366	Hz and 
𝑛;FG = 0.2256	Hz, respectively. The flutter derivatives used in the analysis are derived from wind tunnel 
experiments [63]. 

The nonstationary wind speed model is derived from the Typhoon Hagupit record, which was measured 
in China during its passage in September 2008. During the typhoon, a high-precision 3-axis ultrasonic 
anemometer was used to record wind speed data at a frequency of 10 Hz over a 24-hour period, from 18:00 
on the 23rd to 18:00 on the 24th (GMT+8). The details of these measurements are provided in [64, 65]. Three 
orthogonal wind fluctuation components and mean wind speeds were extracted from the collected data. The 
vertical turbulence was assumed to follow a zero-mean distribution, and the longitudinal wind component was 
aligned perpendicular to the bridge axis. The time history of the longitudinal wind speed is shown in Figure 
6. To represent the nonstationary characteristics of Typhoon Hagupit well, two segments (12-13 h and 19-20 
h) are selected for buffeting analysis. Detailed time histories of these wind segments are provided in Figure 7; 
here, the data reveals a steadily increasing trend in the first segment and a periodically changing trend in the 
second segment. 



 18 

 
Fig. 6. Time history of the longitudinal wind speed of the recorded Typhoon Hagupit in September 2008. 

 
   (a) 12-13 h  (b) 19-20 h 

Fig. 7. Time histories of the longitudinal wind speed of the selected segments of the Typhoon Hagupit 
record. 

 
The discrete wavelet transform (DWT) [6] is used to extract the time-varying mean wind speed 𝑈y(𝑡) 

and zero-mean nonstationary fluctuations 𝑢(𝑡) and 𝑤(𝑡). The order 20 Daubechies wavelet (db20) with a 
10-level decomposition is employed in this process. Figure 8 shows the derived time-varying mean wind 
speeds and zero-mean nonstationary fluctuations for both wind segments. The higher cutoff frequencies of the 
mean wind speeds are approximately 0.005 Hz; this value is significantly lower than the primary frequency 
of the concerned bridge modes (0.1049 Hz) and justifies the consideration of slowly varying mean wind speeds 
in kinetic pressure. The solid red lines in Figure 8 (c)-(f) represent the time-varying standard deviations of the 
nonstationary fluctuations, 𝜎?(𝑡) and 𝜎@(𝑡), and the estimation process is detailed below. 
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 (a) Time-varying mean, 12-13 h  (b) Time-varying mean, 19-20 h 

 
 (c) Nonstationary longitudinal fluctuations, 12-13 h  (d) Nonstationary vertical fluctuations, 12-13 h 

 
 (e) Nonstationary longitudinal fluctuations, 19-20 h  (f) Nonstationary vertical fluctuations, 19-20 h 

Fig. 8. Wind speed model extracted from the selected wind segments from the Typhoon Hagupit record. 
 

The extracted nonstationary fluctuations are represented using the uniformly time-modulated model, 
where the modulation function 𝛽(𝑡)  is simplified as the normalized standard deviation [14], e.g., 
𝜎?(𝑡)/𝜎?,JKL. The standard deviation 𝜎?(𝑡) is estimated using the Nadaraya-Watson estimator and the kernel 
regression method [6, 66]: 
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𝜎?'(𝑡) =
∑ [𝑢(𝑡()]'𝐾M(𝑡 − 𝑡()*
(1#
∑ 𝐾M(𝑡 − 𝑡()*
(1#

(35) 

where the kernel 𝐾M(𝑡) = · #
√'OM

¸ exp ·− P(

'M(
¸ is a Gaussian function scaled by a bandwidth 𝛿 and 𝑁 is the 

total number of data points. The estimation results are plotted as solid curves in Figure 8 (c)-(f). The derived 
stationary fluctuation is obtained as follows: 

𝑢!(𝑡) =
𝑢(𝑡)
𝛽?(𝑡)

(36) 

The PSD of 𝑢!(𝑡) is estimated using Welch’s method, which provides a frequency resolution of 0.0024 
Hz. To account for the possibility that the PSD of 𝑢!(𝑡) may not comply with widely used wind spectra, a 
general spectrum form [6, 67] is adopted to fit the PSD estimate: 

𝑆?"(𝑛) =
6𝑢∗'𝐴

(1 + 𝐵𝑛5))5(
(37) 

where 6𝑢∗' corresponds to the variance of the fluctuations, 𝐴, 𝐵, 𝑑# and 𝑑' are fitting parameters and 𝑛 
is the frequency. The fitted parameters for each case are listed in Table 1. 

Table 1. The estimated parameters in Eq. (36) for each wind segment. 

Case 𝑢∗ (m/s) 𝐴 𝐵 𝑑# 𝑑' −𝑑#𝑑' 

𝑢!, 12-13 h 1.696 11.19 17.76 1.05 1.779 -1.868 
𝑤!, 12-13 h 0.638 2.7 2.27 0.981 2.385 -2.34 
𝑢!, 19-20 h 0.759 21.86 38.33 1.165 1.725 -2.01 
𝑤!, 19-20 h 0.364 8.0 11.71 1.03 1.678 -1.728 

Figure 9 displays the time histories of 𝑢!(𝑡), and the corresponding PSD estimates with fitted wind 
spectra are presented in Figure 10. As shown, the spectral slopes in the high-frequency region roughly align 
with the Kolmogorov slope of −5/3; this result is consistent with the analysis in [6]. 

 
 (a) Longitudinal wind, 12-13 h  (b) Vertical wind, 12-13 h 
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 (c) Longitudinal wind, 19-20 h  (d) Vertical wind, 19-20 h 

Fig. 9. Time histories of the derived stationary fluctuations. 

 
 (a) Longitudinal wind, 12-13 h  (b) Vertical wind, 12-13 h 

 
 (c) Longitudinal wind, 19-20 h  (d) Vertical wind, 19-20 h 

Fig. 10. PSD estimates and the fitted PSD of the derived stationary fluctuations. 
 

As in the previous verification, the coefficient matrices 𝛂 and 𝚯 are calibrated to match the generalized 
stationary fluctuations. The calibration results of 𝐒𝐙$ and 𝐒𝐙% and their comparisons with 𝐒𝐮",' and 𝐒𝐰",' 
are omitted for brevity. Figure 11 shows the time-varying RMSs of the vertical and rotational displacements 
of the deck at the midspan for each wind segment case. The bridge is assumed to be initially at rest when 
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subjected to each wind segment. For comparison, the traditional time-frequency analysis technique is further 
used to calculate stationary responses in each subdivided 10-minute window by treating each wind segment 
as stationary. 

 
 (a) Vertical displacement, 12-13 h  (b) Rotational displacement, 12-13 h 

 
 (c) Vertical displacement, 19-20 h  (d) Rotational displacement, 19-20 h 

Fig. 11. Time-varying RMSs and stationary RMSs of the displacement responses of the bridge deck at the 
midspan under excitation of Typhoon Hagupit. 

 
As illustrated in Figure 11, the RMS results vary significantly over time, exhibiting pronounced 

nonstationary characteristics. The trend in variation closely follows that of the corresponding mean wind speed 
since the time-varying mean wind speed directly amplifies or attenuates the excitation intensity. This also 
affects the motion-induced forces, causing variations in aerodynamic damping and partially accounting for 
the observed trend similarity. 

Moreover, significant discrepancies are noted between stationary and nonstationary responses in each 
window. The initial responses to each wind segment from the stationary results are consistently greater than 
those of the nonstationary responses, which are more pronounced in Figure 11 (c) and (d); this is likely caused 
by a lack of “build-up’’ time for nonstationary vibrations to reach a stationary state, as reported by several 
studies [18, 22]. However, since the stationary analysis overlooks the peak of nonstationary excitations, the 
nonstationary response steadily increases as energy accumulates and eventually surpasses the stationary result. 
A noticeable discrepancy in the vertical displacement results from 12:10~12:20 h is that the nonstationary 
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response is nearly four times greater than the stationary response. Field measurements [64] and wind record 
data indicate substantial changes in the wind speed and direction during the passage of the typhoon eye at 
approximately 12:00 h, with an almost complete reversal of the wind direction after landfall. 

To better illustrate the changes during eye passage, Figure 12 shows detailed time histories of 
nonstationary longitudinal and vertical winds from 12:10 h to 12:20 h, along with time-varying mean wind 
speeds and zero-mean nonstationary fluctuations derived via time-frequency analysis. The wind speed clearly 
exhibits significant non-stationarity and non-homogeneity; here, the wind remains calm until the speed 
drastically changes at approximately 12:16 h. 

 
 (a) Longitudinal wind  (b) Vertical wind 
Fig. 12. Time histories of the longitudinal and vertical wind speeds recorded during Typhoon Hagupit from 

12:10 h to 12:20 h. 
 

A detailed study on multimode buffeting under Typhoon Hagupit from 12:10~12:20 h is conducted using 
the SAM. The first symmetric and asymmetric torsional modes, along with all prior vertical modes, are 
considered (seven modes in total, giving moment equations of dimension 301) to ensure comprehensive results. 
Figure 13 shows the RMS results of the nonstationary vertical and rotational displacements of the deck at the 
midspan and quarter span. Stationary responses obtained using the FDM are also provided for comparison. 
Additionally, the computational efficiency of the proposed SAM in relation to system dimensions is provided 
in Table 2. Note that, to be comparable the computation time is estimated for the simulation over 0~600 s. 

 
 (a) Vertical displacement (mid-span) (b) Rotational displacement (mid-span) 
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 (c) Vertical displacement (quarter-span)  (d) Rotational displacement (quarter-span) 
Fig. 13. Time-varying RMS and stationary RMS displacement responses of the bridge deck at the midspan 

and quarter span under the excitation of Typhoon Hagupit from 12:10 h to 12:20 h. 
Table 2. Computational time required for the SAM with respect to system dimensions 

System dimension 2 DOFs 4 DOFs 7 DOFs 

Size of moment equations 26 100 301 
Time 3.4 s 238 s 2451 s 

As shown in Figure 13, nonstationary responses initially align with stationary responses because of the 
weak nonstationary characteristics of the wind speed from 12:10 h to 12:16 h. However, as the wind speed 
drastically changes during eye passage, the nonstationary response continues to increase, ultimately becoming 
four times greater than the stationary result. In the stationary buffeting analysis, the transition in wind speed 
development is disregarded by treating the entire 10-minute segment as a stationary process. This introduces 
the effect of peak clipping by averaging the wind load, potentially overlooking nonstationary excitation peaks 
and leading to lower responses. For transient extreme wind events such as downbursts, simple stationarity 
treatment may yield conservative results [45], whereas for long-running nonstationary winds such as typhoons, 
it may fail to capture true peak responses, resulting in potential risks. 
5 Conclusion 

In this work, a state augmentation approach for calculating the nonstationary vibrations of a long-span 
bridge under nonstationary wind is presented. This approach builds upon previous work relevant only to 
systems with a single DOF, extends it to multi-DOF systems and incorporates unsteady effects. The buffeting 
response is predicted by considering both the unsteady aerodynamic forces induced by nonstationary 
turbulence and structural motions. The aerodynamic-mechanical system is time-varying because of the 
changing mean wind speed, leading to nonstationary responses even in cases of stationary wind. Moreover, 
the involvement of motion-induced forces causes the system damping and stiffness matrices to be asymmetric, 
leading to coupled modal vibrations that cannot be sufficiently captured by SDOF models. The proposed 
MDOF approach is based on stochastic calculus, eliminates the need for complex modal analysis, which is 
typically required in coupled dynamics, and effectively explains the mechanism of the modal coupling effect. 

The essential steps in the proposed approach are as follows. First, the Ornstein-Uhlenbeck process is 
employed to approximate the stationary excitations derived from the nonstationary excitations by adopting a 
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uniform time-modulation model. Second, the stochastic form of the buffeting differential equations is derived 
by assembling the OU excitations and system states into an augmented vector. Furthermore, by using Itô's 
formula, the stochastic buffeting equations are converted into a set of first-order differential equations that 
describe the evolution of response moments over time. The stars and bars approach, combined with symbolic 
calculations, enable the automatic generation of the moment equations for dynamic systems with any number 
of DOFs and for response moments of any order. 

The effectiveness of the proposed method is demonstrated through comparisons with the well-established 
frequency domain method in a stationary vibration case. The FDM requires significant computational effort 
for spectrum operations across numerous discrete frequencies, whereas SAM is far more efficient. In the 
nonstationary vibration case, the results reveal significant variations in the RMS response over time, reflecting 
patterns in the time-varying mean wind speed. These results confirm that the proposed approach is capable of 
accurately capturing nonstationary features of the vibrations. These findings indicate that stationary buffeting 
analysis may yield conservative estimates for transient extreme wind events and fail to capture true peak 
responses for long-running nonstationary winds. The proposed state augmentation method, on the other hand, 
provides a more accurate analysis, enhancing safety and reliability in engineering practices. 
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Appendix A 

To illustrate the mode-coupling effect of a wind-induced vibration problem, the stationary vibrations of a 
two-mode bridge deck under stationary white-noise turbulence are investigated. The first symmetric vertical 
mode and the first symmetric torsional mode, i.e., 𝑛#FG = 0.1049	Hz and 𝑛#FH = 0.2987	Hz, are considered, 
and other parameters can be referenced from Section 4. The original modes of the deck do not meet a modal 
coupling problem. When motion-induced forces are engaged, the overall damping and stiffness matrices 
become asymmetric due to the aerodynamic effect, as reported in Eq. (16). Figure A shows the normalized 
PSDs of the vertical and torsional displacements at the mid span with motion-induced forces considered or 
not considered. 
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 (a) Vertical response (b) Torsional response 
Fig. A1. Normalized response PSDs of a two-DOF deck under stationary white-noise turbulence with 

motion-induced forces considered or not considered and a mean wind speed of 40 m/s. 
As expected, when disregarding motion-induced forces (the SDOF model), the response PSD of a certain 

mode presents only one peak at its modal frequency. However, when motion-induced forces are considered, 
the vertical response PSD, which is supposed to have only one peak, shows an additional peak at the torsional 
frequency. Figure A1 (b) shows that the dominant frequency in the torsional response PSD slightly shifts to 
the left as the wind speed increases with respect to the non-motion-induced force case. 
Appendix B 

To further consolidate the effectiveness of the proposed method in simulating multimode nonstationary 
vibrations, the nonstationary vibrations of a two-mode model bridge subjected to synthetic nonstationary wind 
are simulated, and the results are compared with those of Monte Carlo method (MCM) simulations. The 
parameters of the model bridge are referenced from Section 4, and only the first symmetric vertical mode and 
the first symmetric torsional mode are considered. The nonstationary wind field consists of an analytical time-
varying mean wind speed model, which is illustrated in Figure B1 (a) and can be referenced from [45], and a 
stationary vertical turbulence, of which the PSD is shown in Figure B1 (b). The vertical turbulence intensity 
of 𝐼@ = 𝜎@/𝑈yJKL = 15% is considered, and turbulence in the longitudinal direction is disregarded. 

 
 (a) Mean wind speed (b) PSD of vertical turbulence 

Fig. B1. Synthetic nonstationary wind speed model. 
By following the same procedures of calibrating parameters, as described in the previous sections, the 

state augmentation method (SAM) is then applied to calculate the instantaneous RMS responses of the vertical 
and rotational displacements at the mid span, as shown in Figure B2. The MCM simulation results are 
estimated using over 20000 samples. Only comparisons between 0~600 s are presented. 
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 (a) Vertical displacement (b) Rotational displacement 

Fig. B2. Time-varying RMSs of the mid-span displacements of a two-mode model bridge under synthetic 
nonstationary winds. 

As shown in Figure B2, the results from the SAM and the MCM agree very well, further demonstrating 
the effectiveness of the proposed method in simulating multimode nonstationary vibrations. Note that the 
calculation time to run the SAM is approximately 3.1 s, which is quite similar to that in Section 4.1; this results 
incidentally justify the stable efficiency across different wind fields. However, the MCM required 
approximately 11 hours to obtain the statistics and was largely consumed in generating numerous excitation 
samples all over the frequency points and evaluating time-varying statistics all over the time instants. 
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