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Abstract

We study quantum neural networks made by parametric one-qubit gates and fixed two-qubit gates in
the limit of infinite width, where the generated function is the expectation value of the sum of single-
qubit observables over all the qubits. First, we prove that the probability distribution of the function
generated by the untrained network with randomly initialized parameters converges in distribution to
a Gaussian process whenever each measured qubit is correlated only with few other measured qubits.
Then, we analytically characterize the training of the network via gradient descent with square loss
on supervised learning problems. We prove that, as long as the network is not affected by barren
plateaus, the trained network can perfectly fit the training set and that the probability distribution
of the function generated after training still converges in distribution to a Gaussian process. Finally,
we consider the statistical noise of the measurement at the output of the network and prove that
a polynomial number of measurements is sufficient for all the previous results to hold and that the
network can always be trained in polynomial time.
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1 Introduction

The last years have witnessed the surge of artificial intelligence powered by deep neural networks, which
have achieved an enormous success in several fields such as speech recognition, computer vision and
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natural language processing, up to the recent development of large language models such as GPT-4 [1–
6]. Quantum neural networks constitute a quantum counterpart of deep neural networks. The functions
that they generate are the expectation value of a quantum observable (such as the number of qubits in
the 1 state) measured on the output of a quantum circuit made by parametric one-qubit and two-qubit
gates. The parameters are usually trained variationally with stochastic gradient descent. Quantum neural
networks have the promise to add the power of quantum computers to the capabilities of deep neural
networks [7, 8]. Indeed, embedding classical data into a Hilbert space whose dimension is exponential
in the number of qubits may give access to computations that are classically hard to perform [9, 10].
In particular, [11] provided an example of a family of datasets – based on the discrete logarithm – that
only a quantum classifier can learn efficiently. However, in all the known examples where quantum neural
networks show quantum advantage, the right parameters need to be known a priori and put in by hand,
and it is unknown whether they could be found variationally. Indeed, there is no problem of practical
interest yet where variationally trained quantum neural networks can provably outperform classical
neural networks. Furthermore, the training of quantum neural networks can suffer from bad local minima
[12, 13] or gradients whose size decreases exponentially with the number of qubits [14], a phenomenon
called “barren plateaus”. The possible solutions that have been proposed to avoid the issue of barren
plateaus consist in changing the cost function of the network. Ref. [15] considered untrained quantum
neural networks with random parameters and proved that local cost functions (i.e., cost functions that
are made by the sum of local terms acting on few qubits each) do not suffer from the issue, provided
that the depth of the network is at most logarithmic in the number of qubits [16]. Ref. [17] proposed
more general cost functions that arise from the quantum generalization of optimal mass transport and of
the Lipschitz constant of [18] and are robust with respect to quantum operations acting on few qubits.
However, a rigorous proof of the efficacy of these solutions is still lacking, and it has been conjectured
that all the architectures for quantum neural networks that do not suffer from barren plateaus can be
simulated efficiently on a classical computer [19].

A fundamental breakthrough in the mathematical understanding of the functioning of classical deep
neural networks has been the proof that, in the limit of infinite width, the training is always able
to perfectly fit the training examples while at the same time avoiding overfitting. More precisely, a
series of works [20–26] has proved that in the limit of infinite width, the probability distribution of the
function generated by a deep neural network trained with stochastic gradient descent on a supervised
learning problem converges to a Gaussian process. Such Gaussian process always perfectly fits the training
examples, and its mean and covariance can be computed analytically given the training data and the
architecture of the network [27–35]. These results prove that the limit of infinitely many parameters is
smooth and analytically solvable, and provide the first rigorous mathematical foundation to classical
machine learning. The proof of these results is based on the following intermediate steps:

• The probability distribution of the function generated by an untrained deep neural network with
random parameters converges to a Gaussian process;

• The variation of any single parameter during the whole training is infinitesimal, but since the number
of parameters is infinite, all the infinitesimal variations add up to a finite change in the generated
function. Such regime is called “lazy training”.

This classical breakthrough has stimulated the study of overparameterized quantum neural networks,
which has been initiated in [36], while their lazy-training regime has been studied in [37]. Ref. [38] proved
that the training of quantum neural networks with constant depth happens in the lazy regime in the
limit of infinite width and is capable of perfectly fitting the training examples. However, quantum neural
networks with constant depth do not have any hope of quantum advantage since the past light-cone
of each measured qubit has constant size and its classical simulation is efficient. Ref. [39] considers the
opposite limit, where the depth is high enough such that the number of parameters grows exponentially
with the number of qubits and the network can reproduce any unitary, and proves the lazy training and
the trainability of the network in such a regime. Ref. [40] proves that, in the same regime, the probability
distribution of the function generated at initialization converges to a Gaussian process.

1.1 Our results

In this paper, we generalize to the quantum setting the breakthrough in classical machine learning
presented above. We consider quantum neural networks trained on supervised learning problems where
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the generated function is the expectation value of the sum of single-qubit observables over all the qubits1

and prove for the first time trainability in the limit of infinite width in any regime where the depth is
allowed to grow with the number of qubits as long as barren plateaus do not arise. To be precise, our
conclusions are still valid even if only a fraction of the derivatives of the model function is exponentially
suppressed, while the norm of the gradient (or, equivalently, the covariance of the model function at
initialization, as in Lemma 4.30) is not exponentially suppressed. We stress that quantum circuits that
are deep enough to forbid a naive efficient classical simulation but not too deep such that they do not
suffer from barren plateaus do exist. Indeed, barren plateaus are not present whenever the measured
observable is local and the depth of the circuit scales logarithmically with the number of qubits [16].
Such depth still allows the size of the past light-cone of each measured qubit to scale as a power of the
number of qubits (see subsection 2.5 for more details). In this case, a näıve classical simulation would
require exponential time.

Our first result states that the probability distribution of the function generated by a randomly
initialized quantum neural network in the limit of infinite width converges in distribution to a Gaussian
process when the parameters on which each measured qubit depends influence only a small number of
other measured qubits (Theorem 3.7).

We then consider quantum neural networks trained in continuous time with gradient flow, and prove
that the training happens in the lazy regime and is able to perfectly fit the training set (Theorem
4.10). Contrarily to [38], our results allow for a depth growing with the number of qubits and are thus
valid in regimes with hope of quantum advantage (see subsubsection 4.1.3 for a detailed comparison).
Furthermore, we prove that the dependence of the model on the parameters can be approximated with
its linearized version around the value of the parameters at initialization (Theorems 4.12 and 4.14). The
corresponding linearized evolution equation has an analytical solution that determines the probability
distribution of the function generated by the trained network, which is a Gaussian process whose mean
and covariance can be computed analytically (Corollary 4.9). Building on such results, we prove that
the probability distribution of the function generated by the trained network converges in distribution
to the Gaussian process above (Theorem 4.15).

We then focus on the issues related to real physical setting of the training of the network. On the
one hand, we need to consider that the training takes place in discrete time steps, and we discuss the
convergence of the gradient descent. On the other hand, we have to take into account that the function
generated by a quantum neural network is the expectation value of a quantum observable, which can only
be estimated via measurements. In this regard, we prove that a number of measurement polynomial in
the number of qubits is enough to ensure all the previous results (Theorems 5.4 and 5.9). In particular,
the probability distribution of the function generated by the quantum neural network converges in
distribution to a Gaussian process also in the presence of statistical noise. The above results on the
evolution of quantum neural networks in the noisy setting are our most important achievement. Indeed,
they prove the trainability of the model in polynomial time with respect to the number of qubits, which
is a necessary condition for quantum advantage, and prove that the limit of infinitely many parameters
is smooth. Furthermore, thanks to the above results, the Seeger’s generalization bounds for Gaussian
processes [42] can be applied to any trained quantum neural network satisfying the hypotheses of our
paper in the limit of infinite width. In particular, our results prove that such limit does not trivialize
the generalization properties of quantum neural networks. Indeed, Seeger’s generalization bound can be
nontrivial even if, being infinitely wide, the network has infinitely many parameters with a finite training
set2.

Finally, differently from the main works which have studied the initialization of quantum neural
networks [40, 43], we go beyond the standard assumption that the feature space is a finite set. Indeed,
we rigorously prove that the convergence to a Gaussian process, both at initialization and during the
training, is valid also when we consider an infinite feature space (Theorem 6.4). This achievement not
only makes the mathematical treatment of our results complete, but also gives a precise physical insight:
our proof ensures the existence of a lower bound to the rate of convergence to the Gaussian process

1Our model differs from [41], where a single single-qubit observable, or more generally an observable with eigenvalues ±1, is
chosen: in that setting the convergence of the training has been proved to be slower than in the classical case. In our case, on the
contrary, the convergence is exponential in the training time.

2Of course, depending on the specific training set and on the specific neural tangent kernel of the considered quantum architecture,
Seeger’s generalization bound can become trivial, but this does not happen systematically for the only fact that the parameters
are more than the training examples.
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Table 1 Notation concerning the properties of the circuit at initialization.

Symbol Description Introduced in

m number of qubits in the parameterized quantum circuit subsubsection 2.2.1
L number of layers in the parameterized quantum circuit Def. 2.2
[ℓm] layer-qubit representation Def. 2.3
Θ ∈ P vector of the parameters of the quantum circuit, belonging to the parameter

space; typically P = [0, π]Lm
subsubsection 2.2.1

|Θ| number of parameters |Θ| := dimP = Lm ibid
x ∈ X input vector, belonging to the input (or feature) space X ; typically X =

[0, π]dimX
ibid.

U(Θ, x) parameterized quantum circuit (unitary operator) ibid.
f(Θ, x) function generated by the quantum neural network, often called original model ibid.
N(m) normalization factor of the model ibid.
Mi (extended) future light cone of the parameter i

}
Def. 2.4, Def. 2.5
and Cor. 2.5Nk (extended) past light cone of the observable k

|M| maximal cardinality of a future light cone in the circuit Def. 2.6
|N | maximal cardinality of a past light cone in the circuit ibid.

which does not depend on the particular discretization of the feature space. In particular, the rate of
convergence will not trivialize to zero as the the discretization is refined.

Summarizing, this paper identifies the limit of infinite width as a regime in which quantum neural
networks are provably efficiently trainable whenever they do not suffer from barren plateaus. Therefore,
despite results such as [12, 13] prove that problems other than barren plateaus can affect the trainability
of variational quantum algorithms, we prove that barren plateaus are the only obstacle that can affect
the trainability of quantum neural networks (at least in the limit of infinite width). Therefore, our results
constitute the first step to prove that useful and provably trainable quantum neural networks do exist.

Having proved that sufficiently wide quantum neural networks that satisfy our hypotheses are effi-
ciently trainable, we hope that our paper will stimulate the practitioners of quantum machine learning
to consider wide architectures. We stress that such architectures do not actually require a quantum com-
puter with as many qubits as their width. Indeed, as we explain in more detail in subsubsection 2.3.3
(see, in particular, Remark 2.9), the expectation value of each measured one-qubit observable can be
estimated independently, and such estimate requires only the qubits in the past light-cone of the mea-
sured qubit. We further stress that our hypotheses are extremely general, and any sequence of quantum
neural networks with increasing width and with not too large depth will satisfy them. What are the best
wide architectures for a given supervised learning problem is a fundamental question that will need to
be answered by experiments.

The article is organized as follows.
In section 2, we fix the setup and the notation of the paper. In section 3, we prove that the function

generated by a quantum neural network with random parameters in the limit of infinite width is a
Gaussian process. In section 4, we consider quantum neural networks trained in continuous time and
prove that the trained model is able to perfectly fit the training set and that the probability distribution
of the generated function generated by the trained network is a Gaussian process. In section 5, we consider
quantum neural networks trained with discrete gradient descent taking into account the statistical noise,
and prove that all the previous results are still valid. In section 6, we extend our result to the general
case of an infinite input space. We conclude in section 7. In Appendix A we show, by means of a
counterexample, that a circuit violating our hypotheses can generate a function that is not distributed as a
Gaussian process. In Appendix B, we compute some architecture-independent bounds for the cardinalities
of the light cones.

In order to improve the readability of the paper, section 3, section 4, section 5 and section 6 start
with the presentation of the results, whose proofs are deferred to the second part of the section.

2 Quantum neural networks and light cones

Quantum neural networks constitute the main paradigm in quantum machine learning [7]. In order to
give a quantitative description of their behaviour at initialization and during training, in this section we
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Table 2 Notation concerning the training of the circuit.

Symbol Description Introduced in

n number of examples in the training set subsection 2.1

D training set, whose elements are denoted by (x(i), y(i)) for i = 1, . . . , n ibid.
X vector containing the inputs of the training set ibid.
Y vector containing the outputs of the training set corresponding to X ibid.
f lin(Θ, x) linearized model subsection 4.4

K̂Θ(x, x′) empirical neural tangent kernel Def. 4.1
NK(m) normalization factor of the empirical neural tangent kernel ibid.
K(x, x′) analytic neural tangent kernel Def. 4.2
K̄(x, x′) (uniform) limit of the analytic neural tangent kernel in the limit of infinitely many

qubits
Ass. 4.3

K̄ abbreviation for K̄(X,XT ) ibid.
λK
min smallest eigenvalue of K̄ ibid.

Table 3 Notation concerning the training of the circuit (continuation).

Symbol Description Introduced in

t continuous or discrete training time subsubsection 4.1.1
F (t) vector containing the model function evaluated in the inputs of the dataset, i.e.,

F (t) = f(Θt, X)
subsection 4.2

F lin(t) vector containing the linearized model function evaluated in the inputs of the
dataset, i.e., F lin(t) = f lin(Θlin

t , X)
subsection 4.4

η learning rate, which enters the gradient flow equation and is a function of m subsubsection 4.1.1
and Ass. 4.6

η0 resized learning rate (which does not depend on m) Ass. 4.6
L(Θ) cost function for the original model according to the training set Def. 2.1

and subsection 4.4
Θt parameter vector evolving via gradient flow (or gradient descent) according to the

cost function
subsubsection 4.1.1

Llin(Θ) cost function for the linearized model, sometimes called linearized cost function subsection 4.4
Θlin

t parameter vector evolving via gradient flow (or descent) according to the linearized
cost function

ibid.

will fix a rather generic architecture (see Figure 2), which covers a very large class of situations of interest.
Moreover, most of our results can be straightforwardly generalized to slightly different architectures3.

In the whole paper, we consider a sequence of quantum neural networks with increasing number of
qubits m, and we study the limit of infinite width m→ ∞. The key point of this section is to identify some
global quantities which describe the physical features of this generic architecture. We will state all our
results in terms of such quantities, without introducing further assumptions on the circuit. Conversely,
if one wants to check if a specific circuit satisfies our theorems, only such global quantities have to be
computed4:

m = number of qubits in the circuit,

L = number of layers of the circuit,

|M| = maximal dimension of the future light cone of a parameter,

|N | = maximal dimension of the past light cone of an observable,

N(m) = normalization constant of the model.

All these quantities may depend on the numer of qubits m and, as we will discuss in subsection 2.5, their
mutual growth as m → ∞ will control the good behaviour of the circuit. The physical meaning of the
light cones is depicted in Figure 5, Figure 6 and Figure 8.

The main notations used in this article are summarized in Table 1, Table 2 and Table 3.

3For instance, one could consider two-qubit parameterized gates instead of one-qubit ones, or consider local observable acting
on O(1) qubits instead of one-qubit observables. This would produce different constants in the bounds we will present.

4If, on the one hand, dealing only with global quantities that ignore the detailed structure is a great simplification, on the other
hand we should not deduce that all the circuits which are indistinguishable in these quantities can be considered equivalent for
the machine-learning problem. Indeed, the specific structure of the circuit typically may improve (or hinder) the learning process
and the generalization capacity of the model.
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2.1 The dataset of examples

Let X ⊆ RdimX be the feature space (or input space) and let Y ⊆ R be the output space. Given a
training set D = {(x(i), y(i))}i=1,...,n ⊆ X × Y, we will call n = |D| the number of examples and we will
represent it in a vectorized form as follows

X =


x(1)

x(2)

...
x(n)

 , Y =


y(1)

y(2)

...
y(n)

 . (2.1)

Given any function g : R → R, we will often use the following notation:

g(X) :=


g(x(1))
g(x(2))

...
g(x(n))

 , g(XT ) :=
(
g(x(1)) g(x(2)) · · · g(x(n))

)
(2.2)

Similarly, for any bivariate function K : R×R → R we will write K(X,XT ) to indicate the n×n matrix
with entries

(
K(X,XT )

)
ij

:= K(x(i), x(j)) for 1 ≤ i, j ≤ n.

Assumption 2.1 We assume that the set of the possible inputs X is finite.

Remark 2.1 (The case of infinite input space) In a concrete setting we will typically have a finite amount of digits
to codify our inputs (over a bounded interval), so it is reasonable to suppose X to be finite. Even though we will
present all our results under the assumption that X is finite – this allows to provide simpler and less technical
proofs – all the final statements holds even when X is infinite. The reader interested in this technical treatment
of the infinite case can consult section 6, where we provide complete proofs for this more general setting.

Definition 2.1 (Mean squared error) As a cost function associated to the training set D, we will consider the
mean squared error :

L(Θ) =
1

n

n∑
i=1

1

2

(
f(Θ, x(i))− y(i)

)2
=

1

2n
∥f(X)− Y ∥22. (2.3)

2.2 The model function: a quantum circuit

2.2.1 Layers, parameters and observables

Following the notations of [38], let L be the number of parameterized layers of the circuit, which might
depend on the number of qubits m.
Let θ1, . . . , θLm be the parameters of the circuit, which we will compactly write in the vector

Θ =


θ1
θ2
...

θLm

 , (2.4)

whose dimension will often be denoted as |Θ|. A circuit is a finite composition of parameterized layers.
We need to clearly define the structure of a layer and how the parameterized gates are arranged.

Definition 2.2 A layer is the unitary operation Uℓ(Θ, x) ∈ L(H) (1 ≤ ℓ ≤ L) resulting from
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1. the application on each qubit of a different parameterized single-qubit gate Wi(Θ) ∈ L(C2); each
parameterized gate depends on a single parameter θi, which is different for each gate,

followed by

2. a set of one-qubit and two-qubit gates acting on disjoint qubits, i.e., each qubit can be acted on by
at most one gate; each gate may depend only on the input x; the resulting unitary operation will be
called Vℓ(x) ∈ L(H).

Fig. 1 On the left, an internal structure of V (x) which is forbidden according to Definition 2.2: the entangling gate acting
on the qubits 2 and 3 must be moved to a new layer. The structure on the right is allowed.

To clarify the second point, it is useful to look at Figure 1 as an example: the internal structure of
V (x) on the left is not allowed according to our definition of layer, since qubit 3 interacts with both qubit
2 and qubit 4. On the contrary, the structure on the right is allowed, since each qubit interacts with at
most one different qubit.

In Figure 2 a circuit composed of L layer is represented.

Fig. 2 Our parameterized quantum circuit.

We introduce a convenient notation for the indices of the parameters.

Definition 2.3 (Layer-qubit representation) Each parameter index i ∈ {1, . . . , Lm} can be represented in the
form i = m(ℓ− 1) + k, with ℓ ∈ {1, . . . , L}, k ∈ {1, . . . ,m}. k refers to the qubit involved in the single-qubit gate
parameterized by θi, while ℓ refers to the layer in which such gate acts, as in Figure 3. The following compact
notation, which we call layer-qubit representation of the parameter index i, simplifies the above form:

i = [ℓm] ≡ m(ℓ− 1) + k. (2.5)

Therefore, a layer Uℓ can be written as

Uℓ(Θ, x) = Vℓ(x)
(
W[ℓ1] ⊗W[ℓ2] ⊗ · · · ⊗W[ℓm]

)
(Θ)

= Vℓ(x)Wℓ(Θ), (2.6)

8



Fig. 3 The layer-qubit representation.

where
Wℓ(Θ) =

(
W[ℓ1] ⊗W[ℓ2] ⊗ · · · ⊗W[ℓm]

)
(Θ). (2.7)

The action of the circuit on the initial state |ψ0⟩ is described by the unitary operation

U(Θ, x) = UL(Θ, x) · · ·U2(Θ, x)U1(Θ, x), |ψout⟩ = U(Θ, x) |ψ0⟩ . (2.8)

Let O ∈ L(H) be the observable of the circuit, i.e., the measurement we are interested to perform on
|ψout⟩.

Assumption 2.2 O is a local observable given by the sum of single qubit observables Ok:

O =

m∑
k=1

Ok = O1 ⊗ 12 ⊗ · · · ⊗ 1m

+ 11 ⊗O2 ⊗ 13 ⊗ · · · ⊗ 1m

+ · · ·+
+ 11 ⊗ · · · ⊗ 1m−1 ⊗Om. (2.9)

For each k, we assume that Tr[Ok] = 0 and that the spectrum of Ok is contained in the interval [−1,+1], as in
the case of Pauli observables. We further assume that the parameterized single qubit gates of the circuit Wi(θi)
can be written in terms of hermitian operators Gi with spectrum {−1,+1} :

Wi(θi) = e−iGiθi . (2.10)

Therefore, the function f( · , x) is componentwise periodic with period π for any x ∈ X .

Remark 2.2 Whenever the spectrum of Gi is {−1,+1} for any i = 1, . . . , Lm (as in the case of Pauli rotation
gates), in the basis diagonalizing Gi we have that

Wi(θi) = exp

[
−i
(
1
−1

)
θi

]
=

(
e−iθi

eiθi

)
(2.11)

is a periodic function of θi, with period5 π. Therefore, the domain of Θ can be identified with the compact set
P = [0, π]Lm.

Remark 2.3 We stress that our results strongly depends on choosing O as the sum of single-qubit observables
over all the qubits. Indeed, if O is given by a single single-qubit observable, or more generally by an observable
with eigenvalues ±1, the training does not in general happen in the lazy regime [41].

We are going to consider, as a model function, the expected value of the measurement of M on the
initial state |0m⟩ ≡ ⊗m

k=1 |0⟩k ∈ H, up to a normalization N(m):

f (m)(Θ, x) =
1

N(m)
⟨0m|U†(Θ, x)OU(Θ, x)|0m⟩

5up to an irrelevant phase.
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=
1

N(m)

m∑
k=1

f
(m)
k (Θ, x), (2.12)

where we defined
f
(m)
k (Θ, x) = ⟨0m|U†(Θ, x)OkU(Θ, x)|0m⟩. (2.13)

N(m) is determined by the covariance function of the model at initialization, i.e., when the parameters
Θ are randomly initialized before the training (see Assumption 3.6). A circuit suffering of the problem
of barren plateaus would have a normalization N(m) exponentially decreasing as a function of m.

Remark 2.4 Because of Assumption 2.2, f
(m)
k (Θ, x) are bounded functions:

|f (m)
k (Θ, x)| ≤ 1. (2.14)

We will use f(Θ, x) instead of f (m)(Θ, x), and fk(Θ, x) instead of f
(m)
k (Θ, x) in order to have a cleaner notation.

2.2.2 The encoding of the input

The internal structure of Vℓ(x) can be arbitrary as long as the second point of Definition 2.2 is ensured,
i.e., each qubit interacts at most with one different qubit. This general requirement will be enough for
the discussion of the case with finite X , so the following restriction is meaningful only for the reader
interested in the general case of infinite X (section 6).

Let Sℓ be the set of the couples {i, j} of qubits i, j interacting in the layer ℓ. If a qubit i does not
interact with any other qubit in the layer ℓ then we will just add the singlet {i} to Sℓ. Given this definition
we will suppose that the unitaries V (x) have the form

Vℓ(x) =
∏

E∈Sℓ

dimX∏
k=1

U
(ℓ)
E,k

∏
j∈E

e−ixkKℓ,j
k (2.15)

where

1. U
(ℓ)
E,k is an arbitrary non parameterized unitary acting only on the qubits belonging to E;

2. Kℓ,j
k acts only on the qubit j;

3. Either Spec(Kℓ,j
k ) = {−1,+1} (in this case, the ℓ-th layer encodes xk nontrivially in the qubit j) or

Kℓ,j
k = 0 (in this case, the ℓ-th layer does not encode xk in the qubit j).

Fig. 4 The general structure of a feature encoding layer (above) for m = 3, dimX = 3 and Sℓ =
{
{1, 2}, {3}

}
according

to (2.15) with a couple of examples.
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As a consequence of the third point, the model function f(Θ, · ) is componentwise periodic, with period
π for any Θ ∈ X , so we will consider X = [0, π]dimX . In conclusion,

U(Θ, x) = VL(x)WL(Θ) · · ·V1(x)W1(Θ),

f(Θ, x) =
1

N(m)
⟨0m|U†(Θ, x)OU(Θ, x)|0m⟩.

(2.16)

Remark 2.5 In Definition 2.2 we asked each qubit to be acted on by at most one gate per layer. Even if in (2.15)
it might appear that more than one gate per qubit is acting, it is sufficient to notice that Vℓ(x) can be rewritten
in the form

Vℓ(x) =
⊗
E∈Sℓ

U
(ℓ)
E (x), (2.17)

where U
(ℓ)
E (x) are single-qubit or two-qubit unitaries fixed by (2.15), to conclude that Definition 2.2 holds.

2.3 Light cones

2.3.1 Light cones and their extensions

Fig. 5 Extended light cone M13 = {1, 6, 7} of the parameter θ13 for the circuit in the figure. Here m = 7, X = [0, π]2,
|Θ| = 21. Informally, the set M13 is the answer to the question: what are all the observables that may depend on the
parameter θ13?

Light cones are objects which, together with N(m), characterize the global properties of the
architecture of the circuit and will be crucial to understand the interplay between

1. conditions for trainability,
2. conditions for quantum advantages.

In this subsection we are going to introduce the light cone of a parameter and of a local observable, and
we will define the local Hilbert space of an observable. We start from a simple definition, which is useful
to understand the meaning of these sets (Definition 2.4). Then, we will give an operative definition to
build some sets containing the light cones: we will call them extended light cones (Definition 2.5). Since
the second definition allows cleaner proofs and upper bounds, we will use it in all the computations of
the following sections.

Definition 2.4 (Light cones) For any parameter index i ∈ {1, . . . , |Θ|} we define the future light cone L f
i of the

parameter θi as the subset

L f
i = {k ∈ {1, . . . ,m} : fk(Θ, x) depends on θi}. (2.18)

Besides, for any qubit index k ∈ {1, . . . ,m} we define the past light cone L p
k of the qubit k as the subset

L p
k = {i ∈ {1, . . . , |Θ|} : fk(Θ, x) depends on θi}. (2.19)

11



Fig. 6 Extended light cone N3 = {1, 2, 3, 4, 9, 10, 16, 17} of the observable f3(Θ, x) for the circuit in the figure. Here
m = 7, X = [0, π]2, |Θ| = 21. Hloc is the local Hilbert space associated to f3(Θ, x). Informally, the set N3 is the answer to
the question: what are all the parameters that may influence the observable f3(Θ, x)?

Both L f
i and L p

k are useful to track the dependence of the observables on the parameters. More pre-
cisely, we want to understand which observables are affected by the random initialization of a parameter
and by its evolution during the training. The following definition generalizes these sets (see Corollary
2.5), giving an operative way to build them by the only knowledge of the interactions between the qubits
of the circuit.

For any circuit U , we need to define some auxiliary sets:

Iℓ,k = {k′ ∈ {1, . . . ,m} : the qubit k interacts with (2.20)

the qubit k′ in the layer ℓ} ∪ {k},

J ℓ
k =


IL,k ℓ = L⋃

k′∈J ℓ+1
k

Iℓ,k′ ℓ < L , (2.21)

N ℓ
k =

⋃
k′∈J ℓ

k

{[ℓ k′]}. (2.22)

In particular J 1
k is the set of qubits in the past light cone of the observable k, i.e., the qubits involved

in the computation of its expectation value. The family of interactions {Iℓ,k}ℓ=1,...,L;k=1,...,m will be
denoted as IU . When we will consider the sets (2.21) and (2.22) referred to a different circuit U ′, we will
use the notation

J ℓ
k

∣∣∣
U ′
, N ℓ

k

∣∣∣
U ′
. (2.23)

Now we have all the ingredients to define a generalization of the light cones.

Definition 2.5 (Extended light cones) Given any qubit index k ∈ {1, . . . ,m} we define the extended past light
cone Nk of the qubit k as the subset of the parameter indices {1, . . . , |Θ|} given by

Nk =

L⋃
ℓ=1

N ℓ
k . (2.24)

Furthermore, given any parameter index i ∈ {1, . . . , |Θ|}, we define the extended future light cone Mi of the
parameter θi as the subset of the qubit indices {1, . . . ,m} with the following property:

Mi = {k ∈ {1, . . . ,m} : i ∈ Nk}. (2.25)
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Lemma 2.3 (Constructive definition of the extended future light cones) As a consequence of Definition 2.5, we
have a procedure to construct the extended future light cones of the parameters using the family of interactions IU :

M[Lk] = IL,k ℓ = L,

M[ℓk] =
⋃

k′∈Iℓ,k

M[(ℓ+1) k′] ℓ < L. (2.26)

Proof Using (2.22),

[ℓk] ∈ Nk′ ⇐⇒ [ℓk] ∈ N ℓ
k′ ⇐⇒ k ∈ J ℓ

k′ , (2.27)

and by Definition 2.5,

M[ℓk] = {k′ : [ℓk] ∈ Nk′} = {k′ : [ℓk] ∈ N ℓ
k′} = {k′ : k ∈ J ℓ

k′}. (2.28)

By (2.21), if ℓ < L,

k ∈ J ℓ
k′ ⇐⇒ k ∈ Iℓ,k̄ for some k̄ ∈ J ℓ+1

k′ ⇐⇒ k̄ ∈ Iℓ,k for some k̄ ∈ J ℓ+1
k′ , (2.29)

so
M[ℓk] = {k′ : k ∈ J ℓ

k′} =
⋃

k̄∈Iℓ,k

{k′ : k̄ ∈ J ℓ+1
k′ } =

⋃
k̄∈Iℓ,k

M[(ℓ+1) k̄]. (2.30)

Finally,
M[Lk] = {k′ : k ∈ IL,k′} = {k′ : k′ ∈ IL,k} = IL,k. (2.31)

□

Definition 2.6 The maximal cardinalities of the extended light cones will be denoted as

|M| = max
i

|Mi|, |N | = max
k

|Nk| (2.32)

and, for any integer k ≥ 1, the sum of the k-th power of the cardinalities of Mi will be called

Σk =

|Θ|∑
i=1

|Mi|k. (2.33)

Remark 2.6 Clearly, the simplest upper bound to Σk in terms of |M| is

Σk ≤ Lm|M|k. (2.34)

2.3.2 The circuit seen by a local observable

The aim of this subsubsection is to determine the gates in the circuit on which the expected value of
each local observable actually depends (see Figure 7). We start from the following remark.

Remark 2.7 According to Definition 2.2, we can rewrite

Vℓ(x) =
∏

{(k,k′):k′∈Iℓ,k}/∼
V

(k,k′)
ℓ , (2.35)

where V
(k,k′)
ℓ is a unitary operation acting only on the qubit k and on the qubit k′, and ∼ is the equivalence

relation (k, k′) ∼ (k′, k). The order of the product of the unitaries V
(k,k′)
ℓ is irrelevant, since they commute as

they act on different Hilbert spaces.

Definition 2.7 (Pruning of a circuit) The pruning operation [ · ]k (k = 1, . . . ,m) of the circuit U to which the
family IU is associated, [

U
]
k
=
[
ULUL−1 . . . U1

]
k
=

[
L∏

ℓ=0

Vℓ(x)Wℓ(Θ)

]
k

, (2.36)

is the circuit obtained from U by replacing, for any k′, k′′ ∈ {1, . . . ,m} and ℓ ∈ {1, . . . , L},

W[ℓk′] → 1 ⇐⇒ [ℓk′] /∈ N ℓ
k , (2.37)

V
(k′,k′′)
ℓ → 1 ⇐⇒ k′′ ∈ Iℓ,k′ and {k′, k′′} ∩ J ℓ

k = ∅. (2.38)
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Fig. 7 Above: the entire circuit. Below: the part of the circuit which contributes to the computation of
⟨0m|U†(Θ, x)O7U(Θ, x)|0m⟩. We will call it the “pruned” circuit.

Lemma 2.4 (Fundamental property of the pruning operation) Given any circuit U(Θ, x) according to Definition
2.2 and a local observable Ok acting only on the qubit k, for any |ψ⟩ ∈ H the following identity holds

⟨ψ|U†(Θ, x)OkU(Θ, x)|ψ⟩ = ⟨ψ|
[
U(Θ, x)

]†
k
Ok

[
U(Θ, x)

]
k
|ψ⟩. (2.39)

Proof We prove (2.39) by induction on L. If L = 0, U = 1 and [U ]k = 1, the claim holds. Let us now consider a
circuit composed of L > 0 layers

U = ULUL−1 . . . U2U1 (2.40)

and assume the claim for L− 1 layers. The unitary

U ′ = ULUL−1 . . . U2 (2.41)

represents a circuit of L− 1 layers. Since the sets J ℓ
k and N ℓ

k are defined starting from the last layer, the circuits
U and U ′ have in common

J ℓ
k

∣∣∣
U

= J ℓ−1
k

∣∣∣
U ′

and N ℓ
k

∣∣∣
U

= N ℓ−1
k

∣∣∣
U ′

∀ ℓ > 1 (2.42)

Let
∣∣ψ′〉 = U1 |ψ⟩; by inductive hypothesis

⟨ψ′|(U ′)†OkU
′|ψ′⟩ = ⟨ψ′|

[
U ′]†

k
Ok

[
U ′]

k
|ψ′⟩

= ⟨ψ|U†
1

[
U ′]†

k
Ok

[
U ′]

k
U1|ψ⟩

= ⟨ψ| (V1W1)
† [U ′]†

k
Ok

[
U ′]

k
(V1W1) |ψ⟩. (2.43)

Suppose {k′, k′′} ∩ J ℓ
k = ∅ where k′′ ∈ I1,k′ ; then

V
(k′,k′′)
1 commutes with

[
U ′]

k
(2.44)
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since
[
U ′]

k
acts as the identity on the qubits k′, k′′, due to the definition of the pruning operation combined with

the elementary property J ℓ
k ⊆ J ℓ+1

k for any ℓ = 1, . . . , L− 1. Furthermore, because k ∈ J ℓ
k , both k

′ and k′′ are
different from k, whence (

V
(k′,k′′)
1

)†
OkV

(k′,k′′)
1 = Ok

(
V

(k′,k′′)
1

)†
V

(k′,k′′)
1 = Ok. (2.45)

Similarly, if [ℓk′] /∈ N ℓ
k , then

W[1k′] commutes with
[
U ′]

k
and Ok. (2.46)

As a consequence,

⟨ψ′|(U ′)†OkU
′|ψ′⟩ = ⟨ψ| (V1W1)

† [U ′]†
k
Ok

[
U ′]

k
(V1W1) |ψ⟩

= ⟨ψ|
[
U ′V1W1

]†
k
Ok

[
U ′V1W1

]
k
|ψ⟩

= ⟨ψ|
[
U
]†
k
Ok

[
U
]
k
|ψ⟩, (2.47)

which proves (2.39) for L layers. □

As a corollary, we can show the property anticipated above.

Corollary 2.5 (Extended light cones generalize the light cones) The following relations hold

L p
k ⊆ Nk, L f

i ⊆ Mi. (2.48)

Proof If fk(Θ, x) depends on θ[ℓk′], then, by Lemma 2.4 the parameter must appear also in the pruned circuit[
U(Θ, x)

]
k
. (2.49)

By definition of pruning, the dependence on the parameter θ[ℓk′] is not removed if and only if [ℓk′] ∈ N ℓ
k . Since

Nk =

L⋃
ℓ=1

N ℓ
k (2.50)

then θ[ℓk′] ∈ Nk, whence

Nk ⊇ L p
k . (2.51)

This implies that

L f
i = {k : i ∈ L p

k } ⊆ {k : i ∈ Nk} = Mi. (2.52)

□

Remark 2.8 Since the extended light cones are immediate to construct6 using Definition 2.5, from now on we
will consider only them and, with a slight abuse of notation, we will simply refer to them as “light cones”.

In the following sections, when we will need to emphasize the dependence of a local observable fk(Θ, x)
on the subset of parameter {θi : i ∈ Nk}, we will use the notation (borrowed from [38]) fk(ΘNk

, x)
instead of fk(Θ, x). More generally, if we will need to underline the dependence of a function g(Θ) on a
subset S ⊆ {θ1, . . . , θLm}, we will write g(ΘS) instead of g(Θ).

2.3.3 Light cones, local Hilbert spaces and classical simulability

As we can clearly notice by looking at Figure 7 and as Theorem 2.4 implies, the Hilbert space involved
in the computations of the output fk(Θ, x) of a local observable is smaller that H. This motivates the
following definition.

Definition 2.8 (Local Hilbert space) If we denote as H1,H2, . . . ,Hm the Hilbert space associated to the qubits
1, 2, . . . ,m, the local Hilbert space associated with a local observable Ok is defined as

Hk
loc =

⊗
k′∈J 1

k

Hk′ . (2.53)

6Instead, the original light cones may be more difficult to construct, when some cancellations of the dependencies occurs or

when Gi = 0 for some i. The knowledege of the family IU is insufficient to define L p
k and L f

i , while is the only object involved
in the construction of Nk and qMi.
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In particular

dimHk
loc = 2|J

1
k |. (2.54)

Lemma 2.6 (Sufficiency of the local Hilbert space) The computation of fk(Θ, x) requires only linear-algebra
operations in Hk

loc.

Proof Because of Theorem 2.4, the only qubits involved in the computation of fk(Θ, x) are the ones on which [U ]k
acts nontrivially. In particular, [U ]k is the identity outside the tensor product of the Hilbert spaces of the qubits

L⋃
ℓ=1

Iℓ
k = I1

k , (2.55)

where we used that Iℓ+1
k ⊆ Iℓ

k for any ℓ = 1, . . . , L− 1. Such tensor product is (2.53). □

A necessary condition to achieve a quantum advantage with respect to classical computations is the
requirement that the dynamics of a quantum circuit must be hard to simulate classically. The linear-
algebra operations required to compute the model function f(Θ, x) are of the order of m times the
operations required to compute a local observable fk(Θ, x). The order of the number of these operations
is O(poly(dimHloc)).

Lemma 2.7 (Necessary condition for quantum advantages) We can estimate the dimension of the local Hilbert
space:

2|N |/L ≤ max
k

dimHk
loc ≤ 2|N | (2.56)

Therefore, a necessary condition to achieve a quantum advantage is that |N | grows superlogarithmically with the
number of qubits.

Any logarithmic or sublogarithmic growth of |N | excludes any superpolynomial quantum advantage.

Proof By Definition 2.5, and using the fact that N 1
k ⊇ N ℓ

K for any ℓ = 1, . . . , L,

Nk =

L⋃
ℓ=1

N ℓ
k → |Nk| ≤ L|N 1

k | and |N 1
k | ≤ |N |, (2.57)

Since |N 1
k | = log2 dimHk

loc,
|Nk|
L

≤ log2 dimHk
loc ≤ |N |. (2.58)

Taking the maximum over k,
|N |
L

≤ max
k

log2 dimHk
loc ≤ |N |. (2.59)

□

Remark 2.9 The fact that the outcome of any local observable only depends on the state reduced to the local
Hilbert space has operational consequences when the circuit has to be experimentally realized and gives further
insights about the meaning of the infinite width limit in quantum neural networks.

1. Concerning the implementation, wide architectures do not actually require a quantum computer with
as many qubits as their widths: the number of qubits which are needed in the laboratory is not m, but
maxk log dimHk

loc = maxk |J 1
k | (see (2.54)), since the expectation value of each measured one-qubit

observable can be estimated independently, and such estimate requires only the qubits in the past
light-cone of the measured qubit. Without producing architectures which can be naively classically
simulated, it is possible to choose |J 1

k | = O((ϵ logm)d) with d ≥ 2 and ϵ > 0 smaller than a certain
threshold, as we will discuss in detail in subsection 2.5. This means that the effective number of qubits
needed to run a quantum neural network of size m is much smaller than m.

2. Since number of qubits involved in the light cones is the key determining the effective size of the
implemented network and the classical (non-)simulability properties, we should think about maxk |J 1

k |
as the effective width of the circuit.
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2.3.4 Architecture-independent bounds and geometrically local circuits

Is it possible to estimate the cardinalities of the light cones without knowing the specific structure of the
circuit? Yes, it is, but the bounds are very weak:

|M| ≤ 2L |N | ≤ 2L+1 Σn ≤ 2m2nL (2.60)

For the derivation of these bounds, see Appendix B.

Fig. 8 Light cones M[1 8] and N7 for a geometrically local circuit. Since each qubit interacts only with neighbouring
qubits, the growth of the light cones is polynomial in the number of layers L.

All the bounds obtained for the most generic architecture using 2-qubit gates are exponential in L,
which in general is not a good dependence if we are interested in the case L = L(m). These estimates –
which accounts also for the worst case – are typically too loose since, in a physical implementation with
many qubits, the reasonable assumption that only neighbouring qubits interact7 turns this exponential
behaviour into a polynomial growth. This can be informally realized by looking at Figure 8. In particular,
the dependence on the number of qubits is of the order

dimHloc = 2O(Ld), |N | = O(L · Ld), |M| = O(Ld), (2.61)

where d is the dimension of the lattice on which qubits are arranged. We will not enter into the details
of these circuits since in our theorems we never assume geometrical locality, and all the theorems will be
stated in terms of the maximal cardinalities of the light cones.

We will come back to the problem of the exponential dependence on the number of layers in
subsection 2.5.

2.4 Random initialization of quantum circuits

We say that a circuit is randomly initialized when the parameters θi are sampled from independent (not
necessarily identical) distributions. At the moment, we do not add any assumption on these distributions
other than the independence and the following requirement.

Assumption 2.8 The final layer is chosen so that, for any k = 1, . . . ,m,

E[fk(Θ, x)] = 0. (2.62)

7Such architectures are called geometrically local [38].
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Now we show that any circuit U(Θ, x) with traceless local observables satisfies (2.62) by means of a
specific final layer of local parameterized gates. To understand how this works, let us consider the simpler
case in Figure 9 where the observables are Pauli Z.

Fig. 9 The zero mean hypothesis can be obtained by adding a final layer.

Let us add a final layer

UL+1(Θ) = RX(θ[(L+1) 1]) ⊗RX(θ[(L+1) 2]) ⊗ · · · ⊗RX(θ[(L+1)m]), (2.63)

where

RX(θ) = e−iθσX σX =

(
1

1

)
. (2.64)

Therefore

f ′k(Θ, x) = ⟨0m|U†(Θ, x)U†
L+1(Θ)

11 ⊗ · · · ⊗ 1k−1 ⊗ Zk ⊗ 1k+1 ⊗ · · · ⊗ 1m

UL+1(Θ)U(Θ, x) |0m⟩
= ⟨0m|U†(Θ, x)

11 ⊗ · · · ⊗ eiθ[(L+1) k]σXZke
−iθ[(L+1) k]σX ⊗ · · · ⊗ 1m

U(Θ, x) |0m⟩ , (2.65)

where Xk and Zk are respectively σX and σZ acting on the qubit k. Using the fact that

σiσj = δij + iϵijkσk (2.66)

and
e−iθn̂·σ⃗ = 1 cos θ − in̂ · σ⃗ sin θ with |n̂| = 1, (2.67)

we see that

eiθσXσZe
−iθσX = (1 cos θ + iσX sin θ)σZ(1 cos θ − iσX sin θ)

= (1 cos θ + iσX sin θ)(σZ cos θ + σY sin θ)

= σZ cos2 θ + σY cos θ sin θ + σY sin θ cos θ − σZ sin2 θ

= σZ(cos2 θ − sin2 θ) + σY 2 sin θ cos θ

= σZ cos 2θ + σY sin 2θ. (2.68)

If θ is uniformly distributed in [0, 2π], then

E[cos 2θ] = 0 and E[sin 2θ] = 0. (2.69)

So, if, for all k = 1, . . . ,m, θ[(L+1) k] is uniform in [0, 2π] and independent of θ1, . . . , θLm, then

f ′k(Θ, x) = ⟨0m|U†(Θ, x)11,...,k−1 ⊗ Zk cos 2θ[(L+1) k] ⊗ 1k+1,...,mU(Θ, x) |0m⟩
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+ ⟨0m|U†(Θ, x)11,...,k−1 ⊗ Yk sin 2θ[(L+1) k] ⊗ 1k+1,...,mU(Θ, x) |0m⟩ (2.70)

= fk(Θ, x) cos 2θ[(L+1) k] + gk(Θ, x) sin 2θ[(L+1) k];

E[f ′k(Θ, x)] = E[fk(Θ, x)]E[cos 2θ[(L+1) k]] + E[gk(Θ, x)]E[sin 2θ[(L+1) k]] = 0, (2.71)

for all k ∈ {1, . . . ,m} where

fk(Θ, x) = ⟨0m|U†(Θ, x) (11,...,k−1 ⊗ Zk ⊗ 1k+1,...,m)U(Θ, x)|0m⟩
gk(Θ, x) = ⟨0m|U†(Θ, x) (11,...,k−1 ⊗ Yk ⊗ 1k+1,...,m)U(Θ, x)|0m⟩

(2.72)

is the output of the original circuit, which does not depend on θ[(L+1) k]. The general case is analogous.
The following lemma will be crucial to prove – in terms of the cardinalities of the light cones – that

randomly initialized quantum neural networks yield model functions distributed as Gaussian processes.

Lemma 2.9 (Dependent observables at random initialization) For any k = 1, . . . , m, let

Pk = {k′ ∈ {1, . . . ,m} : fk′(Θ, x) is not independent of

fk(Θ, x) at random initialization}. (2.73)

Then
|Pk| ≤ |M||N |. (2.74)

Proof If the observables fk(Θ, x) and fk′(Θ, x) are not independent, then there is a parameter on which both
the qubit k and the qubit k′ depend:

Pk ⊆ {k′ ∈ {1, . . . ,m} : Nk ∩Nk′ ̸= ∅}

= {k′ ∈ {1, . . . ,m} : ∃i ∈ Nk ∩Nk′}

=
⋃

i∈Nk

{k′ ∈ {1, . . . ,m} : i ∈ Nk′}

=
⋃

i∈Nk

{k′ ∈ {1, . . . ,m} : k′ ∈ Mi}

=
⋃

i∈Nk

Mi. (2.75)

Therefore
|Pk| ≤ |Nk|max

i
|Mi| ≤ |N ||M|. (2.76)

□

2.5 Some examples and the estimate of N(m)

In the theorems of convergence and of trainability that we are going to prove in the next sections, the
hypotheses will have the form

lim
m→∞

Lαmβ |M|γ |N |δ

N(m)
= 0 (2.77)

for some α, β, γ, δ > 0 according to the precise statement. It is important to provide concrete examples
of architectures for which it is possible to estimate N(m), |M| and |N | so that the existence of valid
candidates of circuits is ensured.

The example provided by E. Abedi & al. in [38] (see Figure 10) is a circuit in which

N(m) =
√
m, |M| = O(L), |N | = O(L2), L is fixed. (2.78)

As we will see, in general β < 1
2 , therefore this kind of circuit always satisfies all our theorems. However,

since dimHloc = 2O(L) = O(1), such circuit is classically simulable, so we do not expect to achieve
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Fig. 10 The example described in [38].

quantum advantages with such architecture.
A suitable class of circuits for investigating quantum advantages is the one studied by J. C. Napp in [16],
where the following bound is provided

N(m) ≥
√
m

2CL
for some fixed C. (2.79)

In a generic setting, the number of qubits in the past light cone of any observable Ok can grow as

|J 1
k | = O(2L). (2.80)

Under the hypothesis of geometrical locality (i.e., each qubit can interact only with the nearest neighbour
qubits), a d-dimensional lattice of qubits has

|J 1
k | = O(Ld). (2.81)

Let us assume to choose L = ϵ log2m. Without assumptions on the geometrical locality, |J 1
k | = O(mϵ),

which is an upper bound, so any growth |J 1
k | = Θ(mϵ′) with ϵ′ ≤ ϵ can be achieved by an appropriate

choice of the interactions. In this case, each condition of the form (2.77) can be satisfied for ϵ, ϵ′ small
enough

lim
m→∞

(log2m)αmβ+(γ+δ)ϵ′

m1/2−Cϵ
= 0 (2.82)

since in all our results the hypothesis appears with β < 1/2. However, the local Hilbert spaces have a

superpolynomial dimension 2m
ϵ′

. In the geometrically local setting, we can choose |J 1
k | = Θ((ϵ log2m)d);

if d ≥ 2, then the local Hilbert spaces still have a superpolynomial dimension, since 2(ϵ log2 m)d =

mϵd logd−1
2 m. Besides, each condition of the form (2.77) can be satisfied for ϵ small enough.

We should mention that the exponential decrease of N(m) on the number of layers is a manifestation
of the phenomenon of barren plateaus, which will be discussed in subsubsection 4.1.2. We will not further
investigate the particular architectures which satisfy our theorems, but our statements will be motivated
by the existence of examples such as the ones we have just presented.

As a final remark, we explain the deep reason to avoid in general the further simplification given by
Lemma B.1. This lemma would reduce the hypothesis to the simpler (but stronger) form

lim
m→∞

Lαmβ2(γ+δ)L

N(m)
= 0 (2.83)

which requires only the knowledge of N(m) and L. The exponential dependence on L (combined with
the behaviour N(m) = O(

√
m), which in general is not tight) constrains L to be at most logarithmically

dependent on m. The same bottleneck appears in the case of barren plateaus. Even though this constraint
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does not impede a priori the achievement quantum advantages, such limit on the growth of L with respect
to m might not be intrinsic: in particular, in the case of specific architectures avoiding barren plateaus,
the simplification of Lemma B.1 would fictitiously rule out more interesting behaviours of L(m). This is
the reason why it is important to keep the explicit dependence on the maximal cardinalities of the light
cones in the hypothesis of the theorems proved in the following sections.

3 Quantum neural networks with random parameters are
Gaussian processes

In this section we are going to consider the random initialization of the parameters of the model func-
tion: {θi}i=1,...,Lm, are therefore random variables, which we assume to be independent and identically
distributed. The goal of this section is to study the conditions under which the function generated by the
quantum neural network is distributed as a Gaussian process as in the classical case (Theorem 3.7) and
to fix reasonable assumptions on the output of the randomly initialized circuits (see Assumption 3.6).

Fig. 11 The uniform random initialization in the parameter space P = [0, π]Lm.

As discussed in Remark 2.2, a typical parameter space could be P = [0, π]Lm with periodic boundary
conditions – which is a torus. Besides, a typical initialization could be the uniform one (with respect to
Lebesgue measure on the subset [0, π]Lm ⊆ RLm). These particular choices are a convenient example to
fix ideas on a possible initialization, but the assumptions and the theorem we will state in this section
will be more general.

Differently from the classical neural networks [21], we cannot follow an inductive procedure by per-
forming the limit m→ ∞ layer by layer: in our case, the number of qubits is the same in all the layers.
Moreover, as discussed in subsubsection 2.3.3, the number of layer must grow with the number of qubits
when we look for quantum advantages. Hence, if we proved that the output is distributed as a Gaussian
process for any fixed L, this would be insufficient: the limit L → ∞ could be performed only after the
limit m→ ∞, but the dependence L(m) requires a unique limit m→ ∞ in both the spatial (number of
qubits) and temporal (number of layers) directions.

Our approach to face these issues is to consider the global properties of the random outputs and, in
particular, their dependency relations. On the one hand, the strategy and the physical intuition behind
the central limit theorem are important (see Theorem 3.2). On the other hand, looking back at the
discussion about light cones and dependence between the local measurements, it is easy to realize that
the model function is a sum of functions which, in general, are not independent. However, let us fix
k ∈ {1, . . . ,m} and consider the observable fk(Θ, x) after a random initialization of the parameters, which
are independent random variables. For narrow enough light cones, the number of observables fk′(Θ, x)
whose output is not independent of the outcome of fk(Θ, x) will be slowly growing with respect to the
total number of qubits. This situation is depicted in Figure 13. Such behaviour can be thought as an
approximate version of the hypothesis of the central limit theorem. If the deviations from the standard
hypothesis are somehow “small”, the result will still be valid.
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Our results improve and generalize the discussion of [38] by means of quantitative bounds which are
valid for any dependence L(m) and which will be used to determine the behaviour of the circuit in the
limit m→ ∞.

The outline of this section is the following: first, we will introduce the basic notions about the Gaussian
processes and the theory of cumulants, and we will state some technical theorems from the literature to
support quantitatively the intuition just presented (see subsection 3.1). Then, we will fix and discuss some
assumptions about the output of the circuit (see subsection 3.2). Combining the technical results with
these assumptions, we will prove the main theorem of the section (Theorem 3.7): a sufficient condition
of the form (2.77) to ensure the convergence to the output to a Gaussian process. Finally, we will show,
by means of a counterexample, that a circuit violating the hypothesis we will have just stated does
not produce, in general, an output distributed as a Gaussian process (see Appendix A). Even though
we expect that out hypotheses can be relaxed and the statement of the convergence theorem can be
extended to a larger class of circuits using a different strategy for the proof, this observation excludes a
generalization to any variational circuit.

3.1 Central limit theorem and generalizations

In this subsection we recall some fundamental definitions and results which serve as an introduction to
our results and strategies. We start defining a Gaussian process (see [44] for more details).

3.1.1 Gaussian processes and the central limit theorem

Definition 3.1 (Stochastic process) A stochastic process is a collection of random variables {Xα}α∈A, which
defined on a common probability space.

When two random variables X and Y have the same distribution, we write X ∼ Y .
Given µ ∈ R and σ2 > 0, we write X ∼ N (µ, σ2) when X is a random variable with the following
Gaussian probability density function:

p(x) =
1√

2πσ2
e−

(x−µ)2

2σ2 , x ∈ R. (3.1)

If µ ∈ RN is a vector and K ∈ RN×N is a positive-definite matrix, we write X ∼ N (µ,K) when X is a
random vector of RN with the following multivariate Gaussian probability density function:

p(x) =
1

(2π)N/2

1√
detK

e−
1
2 (x−µ)TK−1(x−µ), x ∈ RN . (3.2)

Definition 3.2 (Gaussian process) A stochastic process {Xα}α∈A is said to be a Gaussian process (GP) if every
finite collection of random variables has a multivariate Gaussian distribution, i.e., for any finite subset F ⊆ A
there exist a vector µF ∈ R|F | and a positive semidefinite covariance matrix KF ∈ R|F |×|F | such that

{Xα}α∈F ∼ N (µF ,KF ). (3.3)

In particular, if we define the mean function µ : A→ R and a covariance function K : A×A→ R as

µ(α) = E [Xα] , (3.4)

K(α, α′) = E
[(
Xα − µ(α)

)(
Xα′ − µ(α′)

)]
, (3.5)

then µF and KF can be seen as the vector and the matrix produced by the evaluations of these functions:

µF = µ(F ), KF = K(F, FT ). (3.6)

The mean function and the covariance function characterize the Gaussian process. Therefore, we will
refer to the distribution of {Xα}α∈A by writing

{Xα} ∼ GP (µ,K). (3.7)
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As an example, the random output of a function f : [0, 1] → R can be distributed as a Gaussian process.
In this case, we are setting A = [0, 1], and we are considering µ : [0, 1] → R and K : [0, 1] × [0, 1] → R so
that

{f(x)}x∈[0,1] ∼ GP (µ,K). (3.8)

Each sample of this distribution consists in a particular function f which is defined at each x ∈ [0, 1].
If we repeated many times the sampling, we would notice that the shape of the function is statistically
affected by µ(x) and K(x, x′). In particular, if we fixed a point x1 ∈ [0, 1] and we isolated the value f(x1)
of each sample, we would notice that

E[f(x1)] = µ(x1). (3.9)

A similar discussion can be done for the covariance of the values of the function and, more generally,
for the distribution of any finite subset of values of the functions in the sample. The notion of Gaussian
process, as in the classical setting, will be necessary to describe the output of the quantum circuit in the
limit of infinitely many qubits.

In order to state the central limit theorem, we recall one of the equivalent definitions of the convergence
in distribution (see e.g.[45, 46]).

Definition 3.3 (Convergence in distribution) Let X be a real valued random variable and let X1, X2, X3, . . .
be a sequence of real-valued random variables. The sequence X1, X2, X3, . . . converges in distribution to X if

lim
k→∞

E[f(Xk)] = E[f(X)] (3.10)

for any bounded and continuous function f : R → R. We will use the notation

Xk
d−→ X. (3.11)

Lemma 3.1 (Equivalent definition of the convergence in distribution) Let X be a real-valued random variable
and let X1, X2, X3, . . . be a sequence of real-valued random variables. Then

Xk
d−→ X as k → ∞ (3.12)

is equivalent to

lim
k→∞

P
(
Xk ≤ x

)
= P

(
X ≤ x

)
for any x ∈ R such that

x 7→ P
(
X ≤ x

)
is continuous. (3.13)

Proof See e.g. [45]. □

Theorem 3.2 (Central limit theorem) Let X1, X2, X3, . . . be a sequence of i.i.d. random variables with

E[Xi] = 0 Var[Xi] = σ2 (3.14)

and let X ∼ N (0, σ2). Then

1√
m

m∑
k=1

Xk
d−→ X as m→ ∞. (3.15)

Proof See [46]. □

The following result is used in the proof of the central limit theorem and we will need it to prove
Theorem 3.7.

Theorem 3.3 (Lévy’s continuity theorem) Let X1, X2, X3, . . . be a sequence of random variable with character-
istic functions

ϕk(t) = E
[
eitXk

]
k ≥ 1. (3.16)

If there exists a random variable X whose characteristic function ϕ(t) is the pointwise limit of ϕk(t), i.e.

lim
k→∞

ϕk(t) = ϕ(t) ∀t ∈ R, (3.17)

then Xk converges in distribution to X:

Xk
d−→ X. (3.18)
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Proof See e.g. [46–48]. □

Since, in our case, fk(Θ, x) is not a sequence of i.i.d. random variables – the local observables are
neither identically distributed nor independent – we need a strategy to generalize Theorem 3.2. This is
the aim of the following paragraph.

3.1.2 Cumulants and dependency graphs

The strategy to prove Theorem 3.7 is based on the theory of cumulants of a random variable, which we
briefly recall (see [49]):

Definition 3.4 (Cumulants) Given a real-valued random variable X, its cumulants κj ≡ κj(X), j ∈ N, are the
defined as

κj(X) = (−i)j d
j

dtj

∣∣∣∣
t=0

logE
[
eitX

]
, (3.19)

provided that the derivative exists.

It is easy to prove that
κ1(X) = E[X], κ2(X) = Var[X], (3.20)

when they exist. If the characteristic function is r-times differentiable, an equivalent characterization of
the cumulants of order j = 1, . . . , r is provided by the Taylor expansion:

logE
[
eitX

]
=

r∑
j=1

κj
j!

(it)j + o(tr) as t→ 0. (3.21)

Now we introduce the theory of dependency graphs following [50]. It will be the key tool to support and
quantify the intuition that a circuit in which two local observables are “often” independent yields an
output behaving as one would expect by the central limit theorem, even though the hypotheses are not
satisfied.

Definition 3.5 Given a family of random variables {Xα}α∈A, a graph G with vertex set V is called a dependency
graph for the family if the following property holds: whenever V1 and V2 are disjoint subsets of V such that
there are no edges in G with one end in V1 and one in V2, the subfamilies of random variables {Xα}α∈V1

and
{Xα}α∈V2

are mutually independent. We stress that there is no assumption of independence within each of the
sets {Xα}α∈V1

and {Xα}α∈V2
.

The dependency graph of a family of random variables might not be unique: the complete graph is
always a valid dependecy graph. However, as we will see in the next theorems, we look for dependency
graph having as few edges as possible.

In Figure 12 we see an example of a dependency graph for a quantum circuit. The edges connect the
index of the observables which are not mutually independent. We should prove that, for our case, this
procedure to construct a dependency graph is compatible with Definition 3.5. Indeed, this statement is
not generalizable to any family of random variables. An example of a triple of random variables which
are independent in pairs but not globally independent can be found in [51, 52]. The case of the quantum
circuit we are considering is not affected by this problem.

Lemma 3.4 Let us consider a quantum circuit as in section 2 with m qubits. Let G = (V,A) be the graph with
vertices V = {1, . . . ,m} and edges E defined by

(k, k′) ∈ E ⇐⇒ fk(Θ, x) and fk′(Θ, x)

are not independent at random initialization

i.e., k′ ∈ Pk. (3.22)

Then, G is a dependency graph for {fk(Θ, x)}k∈V according to Definition (3.5).
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Fig. 12 A dependency graph for the circuit on the left compared with the trivial graph with no edges (independent
observales) and the complete graph (all the variables are pairwise dependent). Informally speaking, the dependency graph
of the circuit seems somehow closer to the trivial graph than the complete graph, since “far” observables are independent.

Remark 3.1 As already asserted in section 2, in all our discussion we assume that the parameters θ1, . . . , θm
are independent random variables. We will not repeat every time this assumption, which will be almost always
implicit.

Proof Recalling that

Pk = {k′ ∈ {1, . . . ,m} : fk′(Θ, x) is not independent of

fk(Θ, x) at random initialization}

⊆ {k′ ∈ {1, . . . ,m} : Nk ∩Nk′ ̸= ∅}

= {k′ ∈ {1, . . . ,m} : ∃ i ∈ {1, . . . , Lm} such that k ∈ Mi and k
′ ∈ Mi}. (3.23)

Therefore, if k′ /∈ Pk, then the observables

fk(ΘNk
, x) and fk′(ΘNk′ , x) (3.24)

are functions of different parameters. Therefore, if V1 and V2 are subsets of V such that

∀ k ∈ V1 ∄ k′ ∈ V2 such that k′ ∈ Pk, (3.25)

then the sets ⋃
k∈V1

Nk and
⋃

k′∈V2

Nk′ (3.26)

are disjoint:  ⋃
k∈V1

Nk

 ∩

 ⋃
k′∈V2

Nk′

 =
⋃

k∈V1

k′∈V2

Nk ∩Nk′ = ∅ (3.27)

since Nk ∩ Nk′ = ∅ for any k ∈ V1, k
′ ∈ V2. Noticing that the family {fk(Θ, x)}k∈V1

depends on
⋃

k∈V1
Nk

and the family {fk′(Θ, x)}k′∈V2
depends on

⋃
k′∈V2

Nk′ , we conclude that they are independent, because they
depend on different independent random variables. □

We define the maximal degree D of a graph G = (V,E) as the maximum number of edges incidenting
on any fixed vertex

D = max
k∈V

deg k = max
k∈V

|{k′ ∈ V : (k, k′) ∈ E}|. (3.28)

Now that we are able to construct a dependency tree for our circuit, let us state the following technical
theorem:
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Theorem 3.5 ([50]) For any integer r ≥ 1, there exists a constant Cr with the following property. Let {Xα}α∈V

be a family of random variables with dependency graph G . We denote with N = |V | the number of vertices of G
and D the maximal degree of G . Assume that the variables Xα are uniformly bounded by a constant A. Then, if

X =
∑
α∈V

Xα, (3.29)

one has

|κr(X)| ≤ CrN(D + 1)r−1Ar (3.30)

with

Cr = 2r−1rr−2. (3.31)

The upper bound (3.30) was stated by Janson in [53]. Döring and Eichelsbacher established in [54]
that the bound, according to the original proof, holds with Cr = (2e)r(r!)3. Féray, Méliot and Nikeghbali
[50] found the new bound (3.31) by giving a new proof of (3.30).

3.2 Convergence to a Gaussian process

The following assumption fixes the expectation value of the model function at random initialization and
the asymptotic behaviour of the normalization N(m).

Assumption 3.6 Where not otherwise specified, we will assume that the distribution of the independent random
variables θ1, . . . , θ|Θ|, the architecture of the quantum circuit and the normalization N(m) chosen are such that

E[fk(Θ, x)] = 0 ∀x ∈ X (3.32)

and
lim

m→∞
sup

x,x′∈X

∣∣E[f(Θ, x)f(Θ, x′)]−K(x, x′)
∣∣ = 0, (3.33)

where K : X × X → R is an arbitrary bivariate function from the feature space to the real numbers with strictly
positive diagonal elements, i.e.

K(x, x) > 0 ∀x ∈ X . (3.34)

Therefore N(m) is chosen so that the limit m → ∞ yields a finite nontrivial covariance function.
This assumption does not fix a unique normalization, since a multiplicative constant or asymptotically
negligible corrections to N(m) produce other valid normalizations. Such ambiguity is irrelevant in the
following discussion: after choosing the circuit we want to study, we will always assume to have fixed a
possible normalization among the ones satisfying Assumption 3.6.

Remark 3.2 Assumption 3.6 implies that the operator norm of O
N(m)

does in general scale with m. Indeed, let us

consider the toy model where the expectation values of each Ok are independent. Then, to get a finite nonzero
variance we need N(m) =

√
m, making the operator norm of O

N(m)
scale as

√
m.

Remark 3.3 The architecture we introduced in section 2 satisfies (3.32) by Assumption 2.8.

Remark 3.4 The reader may be worried that the existence of the limit (3.33) may be a very restrictive hypothesis.
However, we will now show that such limit always exists for any sequence of quantum neural networks satisfying
the remaining hypotheses upon taking a suitable subsequence.

1. Due to the multiplicative degree of freedom in the definition of N(m) for each m, we can suppose to fix
a constant c (not depending on m) that uniformly bounds the matrix elements |E[f(Θ, x)f(Θ, x′)]| ≤ c
for any x, x′ ∈ X .

2. Since we assumed that the set of input is finite (Assumption 2.1), by a standard compactness argument
it is possible to identify a subsequence (mk)k∈N such that the limit

K(x, x′) := lim
k→∞

E[f (mk)(Θ, x)f (mk)(Θ, x′)] (3.35)

exists.
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3. We can now study the properties of the circuits defined by this subsequence. To simplify the notation,
in the rest of the paper we will not refer to any subsequence, but all our results can easily be generalized
to such case.

Fig. 13 For narrow enough light cones, the number of observables which are not independent of fk(Θ, x) is small with
respect to the total number of observables in the limit m → ∞.

Now that for any k ∈ {1, . . . ,m} we can estimate the number of the observables which are not
independent of fk(Θ, x) at random initialization (Lemma 2.9) and that we know how to construct the
dependency graph G of the quantum circuit (Lemma 3.4), we can give an upper bound to the maximal
degree of G and apply then Theorem 3.5. Combining the result with a strategy analogous to the proof
of the central limit theorem, we obtain the following Theorem, which is the main result of this section.

Theorem 3.7 (Gaussian process at initialization) Given θ1, . . . , θ|Θ| independent random variables, suppose
that Assumption 3.6 holds and that

lim
m→∞

m|M|2|N |2

N3(m)
= 0. (3.36)

Then, as m→ ∞, x 7→ f (m)(Θ, x) converges in distribution to a mean zero Gaussian process with covariance
function K defined in Assumption 3.6:

f (m)(Θ, x)
d−→ f (∞)(x) ∼ GP (0,K) m→ ∞. (3.37)
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3.3 Proof of Theorem 3.7

Before proving Theorem 3.7, we need to show that the hypothesis (3.36) implies a control on the growth
of the light cones with respect to the normalization constant (see Corollary 3.9) due to an upper bound
of the normalization constant (Lemma 3.8).

Lemma 3.8 Assumption 3.6 implies the following bound: there exists m̄ ∈ N for any m ≥ m̄.

N(m) ≤ C
√
m
√

|M||N |. (3.38)

Proof We recall that we assumed that fk(Θ, x) are bounded observables:

|fk(Θ, x)| ≤ 1 ∀k ∈ {1, . . . ,m} ∀x ∈ X , ∀Θ ∈ P. (3.39)

By Assumption 3.6 there exists m̄x ∈ N such that, for any m ≥ m̄x

0 <
1

2
K(x, x) ≤ E[f2(Θ, x)]. (3.40)

Hence, for m ≥ m̄x, K(x, x) can be estimated as

1

2
K(x, x) ≤ 1

N2(m)

m∑
k,k′=1

E[fk(Θ, x)fk′(Θ, x)]

=
1

N2(m)

m∑
k=1

 ∑
k′∈Pk

E[fk(Θ, x)fk′(Θ, x)] +
∑

k′ /∈Pk

E[fk(Θ, x)]E[fk′(Θ, x)]


=

1

N2(m)

m∑
k=1

∑
k′∈Pk

E[fk(Θ, x)fk′(Θ, x)]

≤ 1

N2(m)

m∑
k=1

∑
k′∈Pk

E[|fk(Θ, x)||fk′(Θ, x)|]

≤ 1

N2(m)

m∑
k=1

∑
k′∈Pk

1 ≤ 1

N2(m)
mmax

k
|Pk| ≤

1

N2(m)
m|M||N |. (3.41)

where the last inequality follows from Lemma 2.9. Let

Cx = max

{ √
2√

K(x, x)
,

N(m)
√
m
√

|M||N |

∣∣∣∣
m=1,...,m̄x−1

}
. (3.42)

With such a definition of Cx, the following inequality holds not only for m ≥ m̄, but more in general for any
m ≥ 1:

N(m) ≤ Cx
√
m
√

|M||N | ∀x ∈ X , (3.43)

so
N(m) ≤ C

√
m
√

|M||N | ∀m ≥ 1, (3.44)

where
C = inf

x∈X
Cx. (3.45)

□

Corollary 3.9 If

lim
m→∞

m|M|2|N |2

N3(m)
= 0, (3.46)

then

lim
m→∞

|M||N |
N(m)

= 0. (3.47)
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Proof First, by Lemma 3.8,

m|M|2|N |2

N3(m)
≥ m|M|2|N |2

C3m3/2|M|3/2|N |3/2
=

1

C3

√
|M||N |√
m

(3.48)

which implies

lim
m→∞

|M||N |
m

= 0. (3.49)

Besides, using again Lemma 3.8

1 ≤ C

√
|M||N |

√
m

N(m)
, (3.50)

therefore

|M||N |
N(m)

=

(
|M|2|N |2

N2(m)

)1/2

≤

(
C

√
|M||N |

√
m

N(m)

|M|2|N |2

N2(m)

)1/2

=
√
C

(
|M||N |
m

)1/4(
m|M|2|N |2

N3(m)

)1/2

, (3.51)

whence

lim
m→∞

|M||N |
N(m)

≤
√
C lim

m→∞

(
|M||N |
m

)1/4

lim
m→∞

(
m|M|2|N |2

N3(m)

)1/2

= 0. (3.52)

□

We now have all the ingredients to prove Theorem 3.7.
We fix a finite collection xA = (x(α), α ∈ A). Let ξ ∈ R|A| and ∥ξ∥1 =

∑
α |ξα|. The characteristic

function of the finite collection of random variables f (m)(Θ, xA) is

ϕm(ξ) = E
[
exp

{
if (m)(Θ, xA) · ξA

}]
= E

[
exp

{
i

1

N(m)

m∑
k=1

fk(Θ, xA) · ξA

}]
, (3.53)

where

fk(Θ, xA) · ξA ≡
∑
α∈A

fk(Θ, x(α)) · ξα. (3.54)

We rename

Y (m) ≡ 1

N(m)

m∑
k=1

fk(Θ, xA) · ξA (3.55)

and we introduce a fictitious variable t such that ϕm(ξ) = ϕm(ξ, t = 1):

ϕm(ξ, t) = E
[
exp(itf (m)(Θ, xA) · ξA)

]
= E

[
exp(itY (m))

]
. (3.56)

As we saw in paragraph 3.1.2, log ϕm(ξ, t) can be expanded in terms of the cumulants of Y (m):

κ(m)
r ≡ (−i)n d

r

dtr
log ϕm(ξ, t) → log ϕm(ξ, t) =

∞∑
r=1

κ
(m)
r

r!
(it)r. (3.57)

As we proved in Lemma 3.4, a valid dependency graph G = (V,E) of the quantum circuit is

V = {1, 2, . . . ,m} E = {(k, k′) ∈ V × V : k′ ∈ Pk}, (3.58)
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where

Pk = {k′ ∈ {1, . . . ,m} : fk′(Θ, x) is not independent of

fk(Θ, x) at random initialization}. (3.59)

Calling

D = max
k∈V

deg k, (3.60)

by means of Lemma 2.9 we can bound

D = max
k∈V

∣∣{(k, k′) ∈ V × V : k′ ∈ Pk}
∣∣ = max

k∈I
|Pk| ≤ |M||N |. (3.61)

The random variable Y (m) is a sum of uniformly bounded random variables by Assumption 2.2:∣∣∣∣ 1

N(m)
fk(Θ, xA) · ξA

∣∣∣∣ ≤ ∥ξ∥1
N(m)

(3.62)

Therefore, Theorem 3.5 can be applied:

|κ(m)
r | ≤ 2r−1rr−2m(D + 1)r−1

(
∥ξ∥1
N(m)

)r

≤ m

D

(
4∥ξ∥1D
N(m)

)r

rr. (3.63)

Using the following inequality for the factorial [55]

e
rr

er
≤ r! → rr ≤ err!, (3.64)

we further estimate

|κ(m)
r | ≤ m

D

(
4e∥ξ∥1D
N(m)

)r

r!. (3.65)

In this way, we can control the tail T (t, ξ) of the Taylor expansion of log ϕm(ξ, t):

T (t, ξ) :=

∞∑
r=3

κ
(m)
r

r!
(it)r, (3.66)

|T (t, ξ)| =

∣∣∣∣∣
∞∑
r=3

κ
(m)
r

r!
(it)r

∣∣∣∣∣ ≤
∞∑
r=3

|κ(m)
r |
r!

tr

≤
∞∑
r=3

m

D

(
4e∥ξ∥1tD
N(m)

)r

= (4e∥ξ∥1t)3
mD2

N3(m)

∞∑
r=0

(
4e∥ξ∥1tD
N(m)

)r

≤ (4e∥ξ∥1t)3
m|M|2|N |2

N3(m)

∞∑
r=0

(
(4e∥ξ∥1t)

|M||N |
N(m)

)r

. (3.67)

The following bounds hold for fixed t and ξ. If, by hypothesis,

lim
m→∞

m|M|2|N |2

N3(m)
= 0, (3.68)
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then, by Corollary 3.9, we must also have

lim
m→∞

|M||N |
N(m)

= 0, (3.69)

which implies, for some m0 (which depends on t and ξ),

(4e∥ξ∥1t)
|M||N |
N(m)

≤ 1

2
∀m ≥ m0. (3.70)

Therefore

|T (t, ξ)| ≤ (4e∥ξ∥1t)3

2

m|M|2|N |2

N3(m)
∀m ≥ m0 → lim

m→∞
T (t, ξ) = 0. (3.71)

So we can expand

log ϕm(ξ) = log ϕm(ξ, 1) = κ
(m)
1 (ξ) − 1

2
κ
(m)
2 (ξ) + T (ξ, 1). (3.72)

Recalling that A is finite and using the summation convention over α and β, we can compute

κ
(m)
1 = E[Y (m)] = 0 because of the (3.32), (3.73)

κ
(m)
2 = E[(Y (m))2] − E[Y (m)]2 =

1

N2(m)

m∑
k,k′=1

ξα E[fk(Θ, x(α))fk′(Θ, x(β))] ξβ , (3.74)

→ κ
(m)
2 → ξα K(x(α), x(β)) ξβ as m→ ∞ because of the (3.33). (3.75)

Since the logarithm is a continuous function, we have pointwise convergence:

lim
m→∞

ϕm(ξ) = exp

{
−1

2
ξαK(x(α), x(β))ξβ

}
. (3.76)

This is the the characteristic function of a multivariate random variable (whose distribution is jointly
Gaussian), so we can conclude by Lévy’s theorem 3.3.

Remark 3.5 (A counterexample for large light cones) The hypotheses under which Theorem 3.7 holds are very
general, since the proof is based only on the dependency relations between the observables. Many studied examples
of circuits respecting the most general structure of a variational circuit could be considered, even with arbitrary
(and artificial) parameter dependence and distribution. It is interesting to notice that, if we relax the hypothesis
on the growth of the light cones, we can exhibit a circuit that violates Theorem 3.7. An explicit construction is
done in Appendix A.

4 Trained quantum neural networks are Gaussian processes

4.1 Introduction

4.1.1 Training quantum neural networks

As in the classical setting, the aim of the training is the minimization of a cost function L(Θ,D) (from
now on, we will omit the dependence on D) based on the discrepancy between the model function
f(Θ, x(i)) and the training labels y(i). This can be done in continuous time by the gradient flow method.
The vector of the parameters evolves according to the differential equation

Θ̇t = −η∇ΘL(Θt), (4.1)
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Fig. 14 Gradient flow in the parameter space

where η > 0 is a constant which resizes the time. This equation ensures that the cost is decreasing during
the evolution (see Figure 14)

d

dt
L(Θt) = Θ̇t · ∇ΘL(Θt) = −η∥∇ΘL(Θt)∥22 ≤ 0. (4.2)

The problem of the minimization of the cost is, in general, non-convex, so the convergence to a global
minimum is not ensured. We are going to discuss this issue in subsubsection 4.1.2.

Since the computation of the model function in a concrete setting happens in discrete time, the
minimizing procedure will be by described by the gradient descent method, which consists in the update
of the parameters according to the rule

Θt+1 − Θt = −η∇ΘL(Θt). (4.3)

Besides, we should notice that the right-hand side of (4.3) is exactly known only performing an infinite
amount of measurements, since the model function is defined as an expectation value (and, at the moment,
we do not have a procedure to compute the derivatives of the model function). In a real setting, we will
be able to perform only a finite amount of measurements of the output of the circuit. Therefore, we will
need to substitute the RHS with an estimator of the gradient.
In this section, in order to understand the behaviour of the circuit during the training procedure and to
focus on the main properties of the limit m → ∞, we will start considering the gradient flow equation
without noise. Later, in the next section, we will understand how to deal with the discrete time and the
noise, and we will prove that the limit m→ ∞ allows us to solve a non-convex optimization problem.

Remark 4.1 We stress that the parametric unitary operator U(Θ, x) encodes both the input x and the trainable
parameters Θ. Therefore, the training does not generate a single state of m qubits, but rather a parametric family
of states {U(Θ, x)|0m⟩}x∈X that depend on the input x. For this reason, training the quantum neural networks
considered here is not equivalent to finding a low-energy state of a given Hamiltonian, and the two tasks may
have very different complexities. Therefore, results on the classical easiness of finding low-energy states such as
[56] may not apply in the scenario considered in this paper.

4.1.2 Trainability: the loss landscape and barren plateaus

Before entering into the details of the equations of our model, let us discuss briefly the possible landscapes
that may appear in a generic optimization task and the consequences on the gradient-flow training. We
will also mention the main problems discussed in the current literature.
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Fig. 15 Convex L(Θ).

When L is a convex8 function, then the convergence to the minimum is guaranteed, whatever the
result of the initialization is (see Figure 15).

Fig. 16 Non-convex L(Θ).

On the contrary, a generic non-convex cost function may be characterized by maxima, saddle points,
local minima which are stationary points for the gradient flow evolution. In particular, after a random
initialization in which the initial set of parameters is sampled far from a global minimum, the gradient
flow evolution could lead to a local minimum, where the naive algorithm stops: the cost function cannot
be further minimized by a continuous evolution of the parameters. Therefore, the result is not the one
expected (see Figure 16).

Fig. 17 Barren plateaus scenario.

Different problems may arise in the training of a quantum circuit. The main problem is constituted
by barren plateaus (see e.g. [14–16, 58]), depicted in Figure 17: in some classes of circuits, typically
when they are very deep, after a random initialization of the parameters the optimization landascape
is characterized by gradients with a norm that decays exponentially with the number of qubits. This
means that the convergence of the training is slow and that the estimate of the expectation value of the

8There are various shades of convexity, which can provide different results concerning the rate of convergence of the minimization
procedure. For a survey on the main definitions, see [57].
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gradient, in order to be precise enough, requires an exponentially large amount of measurements. This
would hinder any potential speedup of the quantum algorithm.

Fig. 18 Swampland of local minima.

There are other possible obstacles: in some class of shallow circuits which does not exhibit barren
plateaus, the loss landscape can be swamped with many local minima which are far from the global
minimum [13] (see Figure 18). If the local minima are rare with respect to global minima, the initialization
procedure and the consequent training can be iterated until the global minimum is reached. But if the
landscape is dense of local minima, we may have a too large number of iterations necessary to find a
starting point for which the training converges to optimal parameters.

Fig. 19 Our scenario: lazy training.

We are going to prove that the limit m→ ∞ yields a very peculiar landscape (see Figure 19), which
has many features in common with the one of wide classical neural networks. First, the minimum of the
empirical cost approaches to zero as the number of qubit increases: the model becomes able to fit the
dataset. Second, fixed any δ > 0, with probability at least 1−δ over random initialization, the parameters
evolve succesfully from the starting point Θ0 to a minimizer Θ∗ which is increasingly close to Θ0 as
m → ∞ (lazy training). The closeness of Θ0 and Θ∗ allows to compare the model with its first-order
Taylor expansion around Θ0. This comparison is motivated by the fact that an analytic solution for the
linearized model is computable and its probability distribution during training is known.

In order to achieve these results – and to generalize them to the noisy setting in section 5 –, we follow
a strategy which combines some ideas from [22], [38] and [59].

1. In subsection 4.2, we translate the gradient flow equation (4.19) into a differential equation for the
model function (4.22) and we define the empirical neural tangent kernel (Definition 4.1), which is a
bivariate symmetric function of the input space appearing in (4.22) and describing the evolution of
the randomly initialized network during the training.

2. In subsection 4.3, we define the analytic neural tangent kernel as the expectation value of the empirical
neural tangent kernel (Definition 4.2) and we study its properties.

3. In subsection 4.4, we introduce the linearized version – which is the first order Taylor expansion – of
the model (4.34) and we compute its evolution equations under gradient flow.
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4. In the first part of subsection 4.5, we show that the empirical neural tangent kernel with the parameters
initialized randomly concentrates on its expectation value (Theorem 4.7), using a strategy which
generalizes the proof of [38]. Differently from [38], our bounds are quantitative and they hold not
only in the case with a fixed number of layers and with a geometrically local architecture, but for any
dependence of the number of layers with respect to the number of qubits and for any architecture.
As a consequence of our concentration inequality, we show that the linear model is distributed as a
Gaussian process during all the evolution in the limit of infinitely many qubits (Corollary 4.9).

5. In the second part of subsection 4.5, we generalize the classical proof of [22] to the quantum setting
in order to show that, as the number of qubits increases, the trained model converges to the examples
– i.e., the cost function converges to zero – and the parameters are increasingly close to their value
at initialization (Theorem 4.10).

6. In the last part of subsection 4.5, with some computations involving the size of the light cones, we
show that the discrepancy between the model and its linearized version is small if the parameters
are close to their value at initialization (Theorem 4.23). As a consequence, we show that the model
converges to its linearized version in the limit of infinitely many qubits (Theorem 4.12). This result is
a strong generalization of Theorem 4.2 of [38]: not only we consider the more general setting of a non-
fixed number of layers and of generic architectures, but we also extend the convergence of the model
to the linearized version from the dataset to all the input space. Furthermore, in [38] the convergence
to the linearized model at any time can be achieved only by performing first the limit of infinitely
many qubits, while for a circuit with finite size their bound diverges as t2; clearly it is a fictitious
divergence, since the training is convergent. Our bounds are valid for any time also in the (physical)
finite size case.

7. As a consequence of the previous results, we conclude that the model function converges to a Gaussian
process in the limit of infinitely many qubits (Theorem 4.15). This is the main result of this section.

Most of these strategies are valid also in the noisy setting with a discrete time evolution, provided that
the variance of the estimator of the gradient is sufficiently small. We will prove in section 5 that there
is a polynomial9 upper bound on the variance which ensures an exponentially fast convergence of the
training as in the simpler setting of this section.

4.1.3 Lazy training in the quantum setting

Before presenting our results, let us briefly review the results of a recent work about lazy training for
quantum neural networks. In particular, we will focus on the statements and the bounds that we need
to improve in order to achieve our convergence results.

E. Abedi, S. Beigi and L. Taghavi study in [38] a generalization to the quantum setting of the results
of [60] for the classical case. In particular, they consider a geometrically local circuit10 having a fixed
number of layers. They prove the following results, which hold in the limit of infinitely many qubits:

1. the neural tangent kernel (see (4.8)) concentrates on its expectation value at random initialization
(Theorem 4.1);

2. the evolution of the parameters is small during the training, so the linearized model behaves similarly
to the original model (Theorem 4.2).

Let us quote the precise statement of the theorems proved by [38]. Differently from the notation we
used so far, the parameters are labelled θ1, . . . , θp in [38].

Theorem 4.1 ([38]) Let f(Θ, x) be a model function associated to a geometrically local parameterized quantum
circuit on m qubits with a fixed number of layers

f(Θ, x) =
1√
m

m∑
k=1

fk(Θ, x), fk(Θ, x) = ⟨0m|U†(Θ, x)OkU(Θ, x)|0m⟩, (4.4)

such that ∥∥∥∥ ∂

∂θj
U(Θ, x)

∥∥∥∥ ≤ c,

∥∥∥∥ ∂2

∂θi∂θj
U(Θ, x)

∥∥∥∥ ≤ c ∀i, j ∈ {1, . . . , |Θ|}. (4.5)

9with respect to the number of qubits
10More precisely, [38] requires that the qubits are arranged on nodes of a bounded-degree graph, that the two-qubit gates can

be applied only on pair of qubits connected by an edge and that the observable is a sum of terms, each of which acts only on a
constant number of neighboring qubits.
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Suppose that the observable O is also geometrically local given by

O =

m∑
k=1

Ok, (4.6)

where Ok acts on the k-th qubit and possibly on a constant number qubits in its neighborhood, and satisfies
∥Ok∥L ≤ 1. In this case the model function is given by (4.4). Suppose that θ1, . . . , θp are chosen independently

at random. Then, for any x, x′ ∈ Rd we have

P
(
|K̂Θ(x, x′)− E[K̂Θ(x, x′)| ≥ ϵ

)
≤ exp

(
−Ω

(
m2ϵ2

pc4

))
, (4.7)

where
K̂Θ(x, x′) := ∇Θf(Θ, x) · ∇Θf(Θ, x

′), (4.8)

Remark 4.2 We will introduce a normalization NK(m), depending on the number of qubits, in the definition of
the (empirical) neural tangent kernel K̂Θ(x, x′) (see Definition 4.21).

Theorem 4.2 ([38]) Let f(Θ, x) be a model function associated with a parameterized quantum circuit satisfying
the assumptions of Theorem 4.1. Suppose that a dataset D

D = {(x(1), y(1)), . . . , (x(n), y(n))} with x(i) ∈ Rd and y(i) ∈ R (4.9)

is given. Assume that at initialization we choose Θ0 = (θ1(0), . . . , θp(0)) independently at random, and apply the
gradient flow to update the parameters in time by

Θ̇t = −∇ΘL(Θt), (4.10)

where L(Θ) is the mean squared error. Then, the followings hold.

1. For any 1 ≤ j ≤ p we have

|∂tθj(t)| = O

(√
L(Θ0)

m

)
. (4.11)

2. For any x, x′ we have

|∂tK̂Θt(x, x
′)| = O

(√
L(Θ0)

m

)
. (4.12)

3. Let f lin(Θ, x) be the function associated to the linearized model, i.e.

f lin(Θ, x) = f(Θ0, x) + ∇Θf(Θ0, x) · (Θ − Θ0). (4.13)

Suppose we train the linearized model with its associated loss function
d

dt
Θlin

t = −∇ΘLlin(Θlin
t )

Θlin
0 = Θ0,

Llin(Θt) =
1

n

n∑
i=1

(
f lin(Θ, x(i)) − y(i)

)2
. (4.14)

Then, for all t we have(
1

n

n∑
i=1

(
f(Θt, x

(i)) − f lin(Θlin
t , x(i))

)2)1/2

= O

(
L(Θ0)t2√

m

)
. (4.15)

and

|L(Θt) − Llin(Θlin
t )| = O

(
L(Θ0)3/2t2√

m

)
. (4.16)

We improve both these results:
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1. We will consider a more general setting in which the number of layers is not fixed and can grow with
the number of qubits. This is a necessary condition to achieve a quantum advantage, as we discussed
in section 2. Furthermore, our discussion will not be restricted to the class of geometrically local
circuits: the only locality assumption we will state will concern the observable measured at the end
of the circuit. Therefore, we will generalize (4.7) to our larger class of circuits and we will provide
a quantitative bound (Theorem 4.7): the constant c appearing in (4.48) can be explicitly computed
following the proof we give.

2. As remarked in [38], the bounds of Theorem 4.2 are effective when the cost function at initialization
does not depend on the number of qubits. More precisely, it is enough that L(Θ0) = o(m1/3) in order
not to trivialize (4.12), (4.12), (4.15) and (4.16) as m→ ∞. [38] claims to expect this property when
the model at initialization approaches a Gaussian process, but no proof concerning the probability
distribution of the function is provided. In section 3 we have proved that, in the limit of infinitely many
qubits, the function generated by a quantum neural network with randomly initialized parameters
converges to a Gaussian process when the parameters on which each qubit depends influence only a
small number of other qubits (Theorem 3.7). Therefore, the cost function at initialization is bounded,
with high probability, by a constant (Corollary 4.16).

3. We will prove that the whole training takes place in the lazy regime: the displacement of each param-
eter from its initial value is bounded by quantity which is convergent as t→ ∞ for m fixed, and which
is arbitrarily small as m→ ∞ (Theorem 4.10), i.e.

sup
t

∥Θt − Θ0∥∞ ≤ C(m), with lim
m→∞

C(m) = 0. (4.17)

A bound on the derivative of the form (4.11) does not imply the stronger property (4.17). The same
improvement will be done for (4.12) in Corollary 4.11: we will prove that the neural tangent kernel is
frozen on its value at initialization.

4. Furthermore, the bounds (4.15) and (4.16) become trivial as t → ∞ with m fixed. We will prove a
quantitative bound for the distance between the original model and its linear approximation over the
entire input space with no divergences for t→ ∞ and m fixed (Theorem 4.12).

4.2 Gradient flow and neural tangent kernel

We call Θt the evolution of Θ0 under gradient flow. We will sometimes use the compact notation

F (t) =


f(Θt, x

(1))
f(Θt, x

(2))
...

f(Θt, x
(n))

 , where (x(i), ·) ∈ D n = |D| (4.18)

or similar vectorized forms of the model function. Using the gradient flow equation

Θ̇t = −η∇ΘL(Θt), (4.19)

and the chain rule, the equations for the evolution of the parameters and the model function can be
rewritten as follows Θ̇t = −η∇Θf(Θt, X

T )∇f(Θt,X)L(Θt)

d

dt
f(Θt, x) =

(
∇Θf(Θt, x)

)T
Θ̇t = −η

(
∇Θf(Θt, x)

)T∇Θf(Θt, X
T )∇f(Θt,X)L(Θt)

. (4.20)

Definition 4.1 (Empirical NTK) We define the empirical neural tangent kernel (NTK) as

K̂Θ(x, x′) =
1

NK(m)

(
∇Θf(Θ, x)

)T∇Θf(Θ, x
′), (4.21)

where NK(m) is a normalization factor, which will be specified by Assumption 4.3.
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The set of equations (4.20) becomes Θ̇t = −η∇Θf(Θt, X
T )∇f(Θt,X)L(Θt)

d

dt
f(Θt, x) = −η NK(m) K̂Θt(x,X

T )∇f(Θt,X)L(Θt)
. (4.22)

4.3 Assumptions and properties of the NTK

In the previous subsection we introduced the empirical NTK. Now, we introduce its expectation value
over random initialization of the parameters and we discuss some properties.

Definition 4.2 (Analytic NTK) The analytic NTK K is defined as the expectation value of the empirical NTK
K̂Θ over random initialization of the parameters:

K(x, x′) ≡ E
[
K̂Θ(x, x′)

]
. (4.23)

Assumption 4.3 We assume that we can choose a normalization NK(m) such that there exists a limit function
K̄ : X × X → R

lim
m→∞

sup
x,x′∈X

|K(x, x′)− K̄(x, x′)| = 0 (4.24)

not identically zero. We also assume that the minimum eigenvalue of the finite11 matrix K̄ ≡ K̄(X,XT ) is strictly
positive: λKmin > 0.

Remark 4.3 We stress that, provided that Assumptions 3.6 and 4.3 are satisfied, the architecture of the quantum
neural networks can be completely arbitrary. In particular, we do not need to assume that the qubits are arranged
on a regular lattice with 2-qubit gates acting only between neighboring qubits.

Remark 4.4 Proceeding as in Remark 3.4, the limit (4.24) always exists upon taking a suitable subsequence.

Since K̄ is a finite matrix, its spectrum is bounded. In particular, we will call λKmax its maximum
eigenvalue.

As in the case of N(m), we are left with some degrees of freedom in the choice of NK(m) under
Assumption 4.3: a global factor or negligible corrections do not change that requirement. As we will see,
a multiplicative factor α > 0 in

K → αK (4.25)

would rescale
λKmin → αλKmin. (4.26)

Since λKmin will regulate the rate of convergence of the training (see Theorem 4.10), in the face of this
rescaling one may question the well-definedness of this quantity. As we will see, an arbitrary parameter
η0 will always multiply λKmin in the expression of the rate of convergence: therefore, any rescaling constant
can be absorbed in η0, and this simply represents a reparametrization of the continuous time in the
gradient flow equation.

Assumption 4.4 From now on, we will assume that the parameters {θi}i=1,...,Lm are distributed as independent
uniform random variables in [0, π], i.e., the initialization of the circuit is uniform in the parameter space P =
[0, π]Lm.

Under Assumption 4.4, we can more explicitly write

K(x, x′) =
1

NK(m)

∫
[0,π]Lm

dLmθ

(π)Lm

∑
i

∂θif(Θ, x)∂θjf(Θ, x). (4.27)

11The number of examples in D is assumed to be finite.
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Remark 4.5 As we will prove later (see Theorem 4.15), the analytic NTK, together with the training set and
the covariance at initialization, fully characterizes the probability distribution of the function generated by the
quantum neural network in the limit of an infinite number of qubits. In the classical setting, there are some
standard architectures which have been extensively studied (e.g. fully connected or convolutional neural networks).
For such architectures, a closed formula is known for the corresponding analytic NTK. In the quantum setting,
there are no standard architectures which have been proved to be more suitable for a quantum advantage yet.
Therefore, as mentioned in the previous sections, we will never fix any specific architecture of the quantum circuit
in our work, but we will only study the general properties holding for arbitrary overparameterized quantum
neural networks. As a consequence, we will not provide any closed formula for the analytic NTK in the quantum
setting. However, computing a closed formula for the analytic NTK for any finite size circuit is theoretically
always possible by a direct (and inefficient) calculation, as discussed in Appendix C.

As we saw in the previous sections, N(m) has to grow rapidly enough in order to ensure that a
hypothesis of the form (2.77) is verified. The main limit to this request is due to barren plateaus. Since,
as we will see, (2.77) is going to be generalized to

lim
m→∞

Lαmβ |M|γ |N |δ(
NK(m)

)µ
N(m)

= 0 (4.28)

for some exponents α, β, γ, δ and µ that will be specified later, we may wonder if there is an analogous
problem with NK(m). The aim of next lemma is to show that – differently from N(m) – NK(m) does not
suffer from the problem of a potential too weak growth12. Furthermore, we will prove that a condition
(4.28) can always be translated into the slightly stronger form (2.77).

Lemma 4.5 (Bounding the NTK normalization) If Assumption 3.6 and Assumption 4.3 are satisfied, then

Ω(1) ≤ NK(m) < O (|N |) , (4.29)

which means that there exist c1, c2 > 0 and m0 ∈ N such that, for any m ≥ m0

c1 ≤ NK(m) ≤ c2|N |. (4.30)

Proof See subsection 4.7. □

Remark 4.6 Since we are interested in the case L = O(poly(m)), we have that

|N | ≤ |Θ| = Lm = O(poly(m)) → NK(m) = O(poly(m)) (4.31)

independently of the behaviour of N(m). Therefore, a superpolynomial suppression of N(m) in (4.28) cannot be
solved by the growth of NK(m). However, due to the lower bound on NK(m), we see that the problem of barren
plateaus is rooted in the normalization N(m) of the function and does not involve NK(m).

Remark 4.7 As a consequence of this lemma, the estimates we will present in the following can be simplified if
we set

1

NK(m)
≤ c (4.32)

or, without loss of generality,
1

NK(m)
≤ 1 (4.33)

by a rescaling of the normalization NK(m). This of course may weaken the upper bounds or make the hypotheses
of the theorems stronger, but it allows us to present the inequalities (4.28) in the cleaner form (2.77) which does
not involve the computation of the asymptotic behaviour of NK(m).

12Because of the form of (4.28), a too weak growth would mean NK(m) = o(1) as m → ∞.

39



4.4 Analytic solution for the linearized model

As we will prove, the first order Taylor expansion around the values of the parameters at initialization is
an approximation of the model which becomes increasingly accurate as the number of qubits is large. As
in the classical case, this linear approximation allows an exact solution of the evolution equations in the
case of the mean squared error. Therefore, when the number of qubits is large, the analytical solution
for the linear model becomes a precious result to understand the evolution of the original model, which
cannot be computed analytically. So, let us start introducing the linearized model function:

f lin(Θlin
t , x) = f(Θ0, x) + ∇Θf(Θ0, x)T (Θlin

t − Θ0). (4.34)

The set of equations (4.22) for the linearized model reads Θ̇lin
t = −η∇Θf(Θ0, X

T )∇f lin(Θt,X)Llin(Θlin
t )

d

dt
f lin(Θlin

t , x) = −η NK(m) K̂Θ0
(x,XT )∇f lin(Θlin

t ,X)Llin(Θlin
t )

, (4.35)

where Llin is the loss function computed on D using the linearized model instead of the original model.
We recall that n = |D|. In the case of the mean squared error, the solution of (4.35) can be analytically
computed. We recall that

L(Θ) =
1

n

n∑
i=1

1

2

(
f(Θ, x(i)) − y(i)

)2
=

1

2n
∥f(X) − Y ∥22. (4.36)

After writing the gradient of the loss function with respect to the function,

∇f(Θt,X)L(Θt) =
1

n
f(Θt, X) − Y, (4.37)

the equations of both the original and the linearized model become
Θ̇t = − η

n
∇Θf(Θt, X

T )(f(Θt, X) − Y )

d

dt
f(Θt, x) = −ηNK(m)

n
K̂Θt(x,X

T ) (f(Θt, X) − Y )
, (4.38)


Θ̇lin

t = − η
n
∇Θf(Θ0, X

T )(f lin(Θlin
t , X) − Y )

d

dt
f lin(Θlin

t , x) = −ηNK(m)

n
K̂Θ0(x,XT )

(
f lin(Θlin

t , X) − Y
) . (4.39)

Using the notation introduced above, the equations of evolution for the model and its linearized version
evalued at the dataset inputs read

Ḟ (t) = −ηNK(m)

n
K̂Θt

(F (t) − Y ), (4.40)

Ḟ lin(t) = −ηNK(m)

n
K̂Θ0

(F lin(t) − Y ), (4.41)

where K̂Θ0
≡ K̂Θ0

(X,XT ) and F lin(t) = f lin(Θlin
t , X). In order to write the analytical solution for a

new input, we assume K̂Θ0
to be invertible13. The solution of (4.41) gives the evolution of the linearized

function evalued at the inputs of the dataset. By definition F lin(0) = F (0):

F lin(t) = e−η
NK (m)

n tK̂Θ0 (F (0) − Y ) + Y. (4.42)

13This is ensured asymptotically by Assumption 4.3 and by the statements (4.7) and (4.24).
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For a new input x ∈ X

d

dt
f lin(Θlin

t , x) = −ηNK(m)

n
K̂Θ0

(x,XT ) · (F lin(t) − Y )

= −ηNK(m)

n
K̂Θ0

(x,XT )e−η
NK (m)

n K̂Θ0
t(F (0) − Y ). (4.43)

Therefore

f lin(Θlin
t , x) = f(Θ0, x) − K̂Θ0(x,XT )K̂−1

Θ0

(
1− e−η

NK (m)

n K̂Θ0
t
)

(F (0) − Y ). (4.44)

Assumption 4.6 As m increases, we fix a constant η0 > 0 and we rescale the learning rate

η =
n

NK(m)
η0. (4.45)

Hence, (4.44) reads

f lin(Θlin
t , x) = f(Θ0, x)− K̂Θ0

(x,XT )K̂−1
Θ0

(
1− e−η0K̂Θ0 t

)
(F (0)− Y ). (4.46)

The theorems in the following subsection show that, in the limit m → ∞, {f lin(Θlin
t , x)}x∈X is a

Gaussian process and f(Θt, x) converges to f lin(Θlin
t , x).

4.5 Convergence to the linearized model

The following theorem is a generalization of [38, Theorem 1] to quantum circuits which are not
geometrically local and whose number of layer may depend on m.

Theorem 4.7 (NTK concentration at initialization) Calling m the number of qubits and L(m) the number of
layers, let us assume that

lim
m→∞

1

N2
K(m)

Σ2|M|2|N |2

N4(m)
= 0. (4.47)

When a parameterized quantum circuit is initialized at random, i.e., the parameters θi are independent random
variables, the empirical NTK converges in probability to the analytic NTK as m→ ∞. In particular, there exists
a constant c such that, for any x, x′ ∈ X , we have

P
[
|K̂Θ(x, x′)−K(x, x′)| ≥ ϵ

]
≤ exp

[
−cN2

K(m)
N4(m)

Σ2|M|2|N |2
ϵ2
]

≤ exp

[
−cN2

K(m)
N4(m)

Lm|M|4|N |2
ϵ2
]
. (4.48)

Proof See subsection 4.8. □

Remark 4.8 The hypothesis (4.47) can be simplified with the (slightly stronger) request

lim
m→∞

Lm|M|4|N |2

N4(m)
= 0, (4.49)

which may be easier to be operationally verified, since the computation of Σ2 and NK(m) are not required.

Denoting
p−→ the convergence in probability, and recalling that the convergence in probability implies

the convergence in distribution [45], we are going to prove, informally speaking, the following implication:

f(Θ0, · )
d−→ f (∞)( · )

K̂Θ0
(x, x′)

p−→ K(x, x′) → K̄(x, x′)

}
→

lim
m→∞

f lin(Θlin
t , x)

can be written in terms of

f (∞)( · ) and K̄( · , · ).

(4.50)
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The advantage of writing limm→∞ f lin(Θlin
t , x) in terms of f (∞)( · ) and K̄( · , · ) is that the first object is

a random variable with a known Gaussian process distribution, while the second object is a deterministic
function. So, the distribution of limm→∞ f lin(Θt, x) can be defined by means of the following corollaries
of Lemma 4.7.

Corollary 4.8 If (4.47) and Assumption 4.3 hold, the empirical NTK appearing in the solutions (4.46) of the
equations of the evolution under gradient flow converges in probability to the limit function K̄ of the analytical
NTK. Therefore

f lin(Θlin
t , x)

d−→ f (∞)(x)− K̄(x,XT )K̄−1
(
1− e−η0K̄t

)
(F (∞) − Y ) (4.51)

as m → ∞. At the RHS, f (∞)(x) and F (∞) = f (∞)(X) are the random variables obtained in the limit m → ∞
over random initialization according to Theorem 3.7.

Proof See subsection 4.9. □

Corollary 4.9 (The linearized model is a GP during all the evolution) As m→ ∞, {f lin(Θlin
t , x)}x∈X converges

in distribution to a Gaussian process {f (∞)
t (x)}x∈X with mean and covariance

µt(x) = K̄(x,XT )K̄−1
(
1− e−η0K̄t

)
Y, (4.52)

Kt(x, x
′) = K0(x, x

′)

− K̄(x,XT )K̄−1
(
1− e−η0K̄t

)
K0(X,x

′)

− K̄(x′, XT )K̄−1
(
1− e−η0K̄t

)
K0(X,x)

+ K̄(x,XT )K̄−1
(
1− e−η0K̄t

)
K0(X,X

T )
(
1− e−η0K̄t

)
K̄−1K(X,x′). (4.53)

Proof See subsection 4.9. □

Now we state the theorems which prove that f(Θt, x) and f lin(Θlin
t , x) are asymptotically close as

m→ ∞, adapting the strategy presented in [22] to the quantum setting.
First, we show that the model converges to the examples as t→ ∞ and that it enters the lazy regime as
m→ ∞, i.e.

1. both supt≥0 ∥Θt − Θ0∥∞ and supt≥0 ∥Θlin
t − Θt∥∞ converge to zero in the limit of infinitely many

qubits;
2. as a consequence, the linear model becomes an increasingly good approximation of the original model

during the training.

Therefore, the distribution of the trained model with many qubits will be close to the distribution of the
linearized model.

Theorem 4.10 (Convergence to the examples and lazy training) Let us assume that the hypotheses of Theorem
3.7 and of Theorem 4.7 are satisfied and that Assumption 4.3 holds. For any δ > 0, there exist m̄ ∈ N and some
constants R0, R1 such that, when applying gradient flow with learning rate η = n

NK(m)
η0, for all m ≥ m̄ the

following inequalities hold with probability at least 1− δ over random initialization for all t ≥ 0:

∥F (t)− Y ∥2 ≤ R0

√
n log(2n) e−

η0λK
min
3 t, (4.54)

∥Θt −Θ0∥∞ ≤ R1

λKmin

n
√

log(2n)
|M|

NK(m)N(m)

(
1− e−

1
3η0λ

K
mint

)
. (4.55)

Proof See subsection 4.10. □
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Remark 4.9 The (4.54) is equivalent to

L(Θt) ≤
1

2
R2
0 log(2n)e

− 2
3η0λ

K
mint. (4.56)

As in the classical case, the consequence of the lazy training is that the NTK is “freezed” on its
initialization value.

Corollary 4.11 (Freezing of the NTK) Let us assume that the hypotheses of Theorem 3.7 and of Theorem 4.7
are satisfied and that Assumption 4.3 holds. For any δ > 0, there exist m̄ ∈ N and a constant R2 such that,
when applying gradient flow with learning rate η = n

NK(m)
η0, the following inequality holds for all m ≥ m̄ with

probability at least 1− δ over random initialization:

sup
t

sup
x,x′∈X

|K̂Θ0
(x, x′)− K̂Θt

(x, x′)| ≤ R2

λKmin

n
√

log(2n)
Σ1|M|3|N |

N2
K(m)N3(m)

. (4.57)

Proof See subsection 4.11. □

As we will prove in subsubsection 4.6.3 (see, in particular, Theorem 4.23), the lazy behaviour of
the training ensures that the second order corrections becomes negligible in the limit of infinitely many
qubits provided that the parameter at which the model is evaluated are the same:

|f(Θ, x) − f lin(Θ, x)| ≤ Lm|M|2|N |
N(m)

∥Θ − Θ0∥2∞. (4.58)

This upper bound, combined with the lazy training estimate (4.55), will lay the foundations for the bound
which takes into account the difference in the trajectories Θt and Θlin

t (see Lemma 4.13 and Theorem
4.14):

|f(Θt, x) − f lin(Θlin
t , x)| ≤

(
C

(λKmin)3
+ C ′

)
n3 log(2n)

L2m2|M|6|N |2

N5(m)
logN(m), (4.59)

for some C and C ′, with high probability.
Let us see more in detail the statements that lead to the convergence of the evolution of the original

model to the evolution of the linearized model, which is a Gaussian process.

Theorem 4.12 (Uniform convergence to the linearized model) Let us assume that the hypotheses of Theorem
3.7 and of Theorem 4.7 are satisfied and that Assumption 4.3 holds. For any δ > 0, there exist a constant R1 > 0
and m̄ ∈ N such that the following inequality holds for all m ≥ m̄ with probability at least 1 − δ over random
initialization:

sup
t

sup
x∈X

|f(Θt, x)− f lin(Θt, x)| ≤

(
R1

λKmin

)2

n2 log(2n)
Lm|M|4|N |
N2

K(m)N3(m)
. (4.60)

Proof See subsection 4.11. □

Remark 4.10 Since the LHS of (4.60) contains a supremum over x ∈ X , when

lim
m→∞

Lm|M|4|N |
N2

K(m)N3(m)
= 0, (4.61)

the model converges to its linear approximation uniformly in x.

Now we have to take into account the fact that the equation of evolution for the parameters Θt and
Θlin

t involve different cost functions – the original and the linearized ones – so they are in general different
after t = 0. We therefore need a control on their discrepancy.
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Lemma 4.13 (The parameters differ at the second order) Let us assume that the hypotheses of Theorem 3.7
and of Theorem 4.7 are satisfied and that Assumption 4.3 holds. Then, for any δ > 0 there exists C1, C2 and an
integer m0 ∈ N such that, for any m ≥ m0,∥∥Θt −Θlin

t

∥∥
∞ ≤

(
C1

(λKmin)
3
+ C2

)
n3 log(2n)

Lm|M|5|N |2

N4(m)
logN(m) (4.62)

with probability at least 1− δ.

Proof See subsection 4.12. □

Thanks to the previous lemma, we can now control the discrepancy between the two models taking
into account the different trajectories in the parameter space.

Theorem 4.14 (The original evolution is close to the linear evolution) Let us assume that the hypotheses of
Theorem 3.7 and of Theorem 4.7 are satisfied and that Assumption 4.3 holds. Then, for any δ > 0 there exists
C1, C2 and an integer m0 ∈ N such that, for any m ≥ m0

|f(Θt, x)− f lin(Θlin
t , x)| ≤

(
C3

(λKmin)
3
+ C4

)
n3 log(2n)

L2m2|M|6|N |2

N5(m)
logN(m) (4.63)

with probability at least 1− δ.

Proof See subsection 4.13. □

The following theorem is the main result of this section.

Theorem 4.15 (Quantum neural networks as Gaussian processes) Let us assume that a circuit satisfying
Assumption 4.3 and such that

lim
m→∞

L2m2|M|6|N |3

N5(m)
logN(m) = 0 (4.64)

is randomly initialized according to Assumption 3.6 and is trained using the gradient flow evolution (4.19).
Then, for any t ≥ 0, in the limit of infinitely many qubits m→ ∞, {f(Θt, x)}x∈X converges in distribution

to a Gaussian process {f (∞)
t (x)}x∈X with mean and covariance

µt(x) = K̄(x,XT )K̄−1
(
1− e−η0K̄t

)
Y, (4.65)

Kt(x, x
′) = K0(x, x

′)

− K̄(x,XT )K̄−1
(
1− e−η0K̄t

)
K0(X,x

′)

− K̄(x′, XT )K̄−1
(
1− e−η0K̄t

)
K0(X,x)

+ K̄(x,XT )K̄−1
(
1− e−η0K̄t

)
K0(X,X

T )
(
1− e−η0K̄t

)
K̄−1K̄(X,x′). (4.66)

Proof See subsection 4.14. □

4.6 Some useful lemmas

In this subsection we motivate and prove some lemmas which will be frequently used in many of the
proof concerning the convergence of the training.

4.6.1 Loss function at initialization

The first statement is a corollary of Theorem 3.7 and consists in a bound on the mean squared loss at
initialization. The role of this theorem is to fix – with high probability – the highest value of the mean
squared error that the randomly initialized model could produce in the limit of infinitely many qubits.
This result is not immediate, since, even though the local observables are bounded and, if m is fixed,
also the model is bounded, the model function could in principle diverge for some inputs in the limit of
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infinitely many qubits. Therefore, the loss at initialization could be arbitrarily large. Furthermore, this
result lays the groundwork for a proof of an exponential convergence of the form

L(Θt) ≤ Ce−t/τ ∀m ≥ m0 for some C, τ,m0 > 0. (4.67)

Indeed, (4.67) implies an upper bound to the loss at initialization.

Corollary 4.16 Let us assume that the hypotheses of Theorem 3.7 are satisfied. Then, for any δ > 0, there are
a constant R > 0 and integer m0 ∈ N such that

P(∥F (0)− Y ∥2 ≤ R) ≥ 1− δ ∀m ≥ m0 (4.68)

over random initialization, where

R = R0(δ,max
i

|y(i)|,K)
√
n log(2n). (4.69)

Remark 4.11 If L is the mean squared error, the claim is equivalent to

∀m ≥ m0 P
(
L(Θ0) ≤

1

2
R2
0

)
≥ 1− δ. (4.70)

Proof We recall that K(x, x) > 0 for any x ∈ X by Assumption 3.6. Let

σ2i = K(x(i), x(i)), σ = max
1≤i≤n

σi and y = max
1≤i≤n

|y(i)|. (4.71)

By Theorem 3.7, the random variables {f(Θ0, x
(i))}i=1,...,n converge in distribution to {f (∞)(x(i))}i=1,...,n,

which are Gaussian random variables with mean zero and variance σ2i . Given a constant R to be fixed later, for
any i = 1, . . . , n we can compute

P
[
|f (∞)(x(i))− y(i)| ≥ R√

n

]
= P

[
f (∞)(x(i)) ≥ R√

n
+ y(i)

]
+ P

[
−f (∞)(x(i)) ≥ R√

n
− y(i)

]
, (4.72)

which can be estimated using Chernoff bound [61]:

P
[
|f (∞)(x(i))− y(i)| ≥ R√

n

]
≤ exp

[
− 1

2σ2i

(
R√
n
+ y(i)

)2
]
+ exp

[
− 1

2σ2i

(
R√
n
− y(i)

)2
]

≤ 2 exp

[
− 1

2σ2i

(
R√
n
−
∣∣y(i)∣∣)2

]
. (4.73)

Let

R0(δ, y,K) =

(√
1 +

1

log 2
log

2

δ
+

y√
2σ

√
log 2

)√
2σ (4.74)

and
R = R0

√
n log(2n). (4.75)

Then

R =
√
n

[
√
2σ

√
log(2n) +

log(2n)

log 2
log

2

δ
+ y

√
log(2n)

log 2

]
(4.76)

≥
√
n

[
√
2σ

√
log(2n) + log

2

δ
+ y

]
(4.77)

≥
√
n

[
√
2σi

√
log

4n

δ
+ |y(i)|

]
for any i = 1, . . . , n. (4.78)

Since
R√
n

≥
√
2σi

√
log

4n

δ
+ |y(i)| ≥ |y(i)|, (4.79)
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we can bound (4.73) as follows

P
[
|f (∞)(x(i))− y(i)| ≥ R√

n

]
≤ 2 exp

[
− 1

2σ2i

(
R√
n
−
∣∣y(i)∣∣)2

]

≤ 2 exp

− 1

2σ2i

(
√
2σi

√
log

4n

δ

)2


≤ 2 exp

[
− log

4n

δ

]
=

δ

2n
. (4.80)

Since the random variables {f(Θ0, x
(i))}i=1,...,n converge in distribution to {f (∞)(x(i))}i=1,...,n, there exists

m0 ∈ N such that

P
[
|f(Θ0, x

(i))− y(i)| ≥ R√
n

]
≤ 2P

[
|f (∞)(x(i))− y(i)| ≥ R√

n

]
∀m ≥ m0 (4.81)

because of Lemma 3.1. Therefore,

P
[
|f(Θ0, x

(i))− y(i)| ≥ R√
n

]
≤ δ

n
. (4.82)

The union bound ensures that

P
[
|f(Θ0, x

(i))− y(i)| ≤ R√
n

∀i ∈ {1, . . . , n}
]
≥ 1− δ. (4.83)

So, with probability at least 1− δ,

∥F (0)− Y ∥22 =

n∑
i=1

(
f(Θ0, x

(i))− y(i)
)2

≤
n∑

i=1

R2

n
= R2. (4.84)

□

4.6.2 Lipschitzness of the model

The aim of this subsection is to compute the Lipschitz constant of the model, of its gradient and of the
NTK. In particular, we will prove that

|f(Θ, x) − f(Θ′, x)| ≤ 2
Σ1

N(m)
∥Θ − Θ′∥∞, (4.85)

∥∇Θf(Θ, x) −∇Θf(Θ′, x)∥∞ ≤ 4
|M|2|N |
N(m)

∥Θ − Θ′∥∞, (4.86)

|K̂Θ(x, x′) − K̂Θ0
(x, x′)| ≤ 16

Σ1|M|2|N |
NK(m)N2(m)

∥Θ − Θ0∥∞. (4.87)

(4.85)-(4.87) imply

|f(Θ, x) − f(Θ′, x)| ≤ 2
Lm|M|
N(m)

∥Θ − Θ′∥∞, (4.88)

∥∇Θf(Θ, x) −∇Θf(Θ′, x)∥∞ ≤ 4
|M|2|N |
N(m)

∥Θ − Θ′∥∞, (4.89)

|K̂Θ(x, x′) − K̂Θ0(x, x′)| ≤ 16
Lm|M|3|N |
N2(m)

∥Θ − Θ0∥∞. (4.90)

Even though it is not suitable to discuss quantum advantages and barren plateaus, the example of
[38], which we already introduced in subsection 2.5, turns out to be particularly useful to describe the
behavior of the lazy training in in the new light of the previous inequalities. Indeed, recalling that, in
this example,

L is fixed and N(m) =
√
m, (4.91)

we have

|f(Θ, x) − f(Θ′, x)| ≤ c1(L)
√
m ∥Θ − Θ′∥∞, (4.92)
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∥∇Θf(Θ, x) −∇Θf(Θ′, x)∥∞ ≤ c2(L)√
m

∥Θ − Θ′∥∞, (4.93)

|K̂Θ(x, x′) − K̂Θ0
(x, x′)| ≤ c3(L)∥Θ − Θ0∥∞. (4.94)

The fact that the Lipschitz constant of the model diverges with m is a necessary condition for the
lazy training; otherwise, any evolution yielding a small change in the parameters

∥Θt − Θ0∥∞ = o(1) as m→ ∞ (4.95)

would asymptotically be uneffective to modify the output from the initial value to the expected label
according to the dataset. Also the decreasing Lipschitz constant of the gradient is meaningful: a lazy
change in the parameters induces a small change in the gradient, which therefore remains closer to the
one of the linearized model. Finally, from the Lipschitz constant of the kernel we understand that it is
the lazy regime to ensure the freezing of the kernel to its initial value.

The starting point to prove the Lipschitzness lemmas is the following statement.

Lemma 4.17 (Uniform bounds on the derivative of the observables) The function ∂θi∂θjfk(Θ, x) is continuous
with respect to Θ and the following bounds hold for any i, j ∈ {1, . . . , Lm}:

|∂θifk(Θ, x)| ≤ 2, (4.96)

|∂θi∂θjfk(Θ, x)| ≤ 4, (4.97)

|∂θi∂θjf(Θ, x)| ≤ 4
|Mi ∩Mj |
N(m)

. (4.98)

Proof Let ∥ · ∥ be the norm of the Hilbert space of the physical states, and let ∥ · ∥L be the operator norm

∥O∥L = sup
∥v∥≤1

∥Ov∥. (4.99)

By Assumption 2.2 ∥Ok∥L ≤ 1 for all k ∈ {1, . . . ,m}, so

|fk(Θ, x)| =
∣∣∣⟨0|U†(Θ, x)OkU(Θ, x)|0⟩

∣∣∣ ≤ 1. (4.100)

Furthermore, by Assumption 2.2, the generators of the unitaries encoding the trainable parameters have spectrum
{−1,+1}. In quantum circuits like these, the derivatives of the expectation value of any observable with respect
to any parameter can be written in terms of other expectation values computed for “shifted” parameters. These
identities are indeed known as parameter shift rules (see (14) in [62]):

∂θifk(Θ, x) = fk(Θ +∆(i), x)− fk(Θ−∆(i), x) ∆
(i)
j :=

{
π
4 j = i

0 j ̸= i.
(4.101)

Therefore, we immediately see that

|∂θifk(Θ, x)| ≤ |fk(Θ +∆(i), x)|+ |fk(Θ−∆(i), x)| ≤ 2 (4.102)

Similarly, using a parameter shift rule for fk(Θ±∆(i), x) we get

∂θj∂θifk(Θ, x) = ∂θjfk(Θ +∆(i), x)− ∂θjfk(Θ−∆(i), x)

= fk(Θ + 2∆(i), x)− fk(Θ, x)− fk(Θ, x) + fk(Θ− 2∆(i), x),

= fk(Θ + 2∆(i), x)− 2fk(Θ, x) + fk(Θ− 2∆(i), x), (4.103)

whence

|∂θj∂θifk(Θ, x)| ≤ |fk(Θ + 2∆(i), x)|+ 2|fk(Θ, x)|+ |fk(Θ− 2∆(i), x)| ≤ 4. (4.104)

□

We need this further result to identify the Lipschitz constants we are looking for.
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Lemma 4.18 (Bounded differential on a convex implies Lipschitz) Let f : U → Rn be continuously differentiable,
where U ⊆ Rm is convex. If the differential of f is bounded, i.e.

K = max
x∈U

∥df(x)∥L <∞, (4.105)

then

∥f(y)− f(x)∥ ≤ K∥y − x∥ ∀x, y ∈ U . (4.106)

Proof See e.g. [63]. □

We finally need the following technical estimate.

Lemma 4.19 The following upper bound holds:

max
1≤j≤|Θ|

|Θ|∑
i=1

|Mi ∩Mj | ≤ |M|2|N |. (4.107)

Proof Let us define
Sj = {i ∈ {1, . . . , |Θ|} : Mi ∩Mj ̸= ∅}, (4.108)

so that we can write

|Θ|∑
i=1

|Mi ∩Mj | =
∑
i∈Sj

|Mi ∩Mj | ≤
∑
i∈Sj

|Mj |, (4.109)

max
1≤j≤|Θ|

|Θ|∑
i=1

|Mi ∩Mj | ≤
(
max
j

|Sj |
)(

max
j

|Mj |
)
. (4.110)

An estimate of the cardinality of Sj can be done by means of the following rewriting

Sj = {i ∈ {1, . . . , |Θ|} : Mi ∩Mj ̸= ∅} (4.111)

= {i ∈ {1, . . . , |Θ|} : ∃k ∈ 1, . . . ,m : i ∈ Nk ∧ j ∈ Nk}
= {i ∈ {1, . . . , |Θ|} : ∃k ∈ Mj : i ∈ Nk ∧ j ∈ Nk}
= {i ∈ {1, . . . , |Θ|} : ∃k ∈ Mj : i ∈ Nk}, (4.112)

|Sj | ≤ |Mj |max
k

|Nk| = |Mj∥N |. (4.113)

Therefore,

max
1≤j≤|Θ|

|Θ|∑
i=1

|Mi ∩Mj | ≤
(
max
j

|Mj |
)2

|N | ≤ |M|2|N |. (4.114)

□

Lemma 4.20 (Lipschitzness of the gradient) The following inequalities hold:

|∂θif(Θ, x)| ≤ 2
|Mi|
N(m)

, (4.115)

∥∂θif(Θ, X)∥2 ≤ 2
√
n

|M|
N(m)

, (4.116)

∥∇Θf(Θ, x)∥1 ≤ 2Σ1

N(m)
≤ 2L

m

N(m)
|M|, (4.117)

∥∇Θf(Θ, x)−∇Θf(Θ
′, x)∥∞ ≤ 4

|M|2|N |
N(m)

∥Θ−Θ′∥∞. (4.118)
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Proof (Lemma 4.20) We will use the bounds of Lemma 4.17 and the notation introduced in the proof of Theorem
4.7:

∂θif(Θ, x) =
1

N(m)

m∑
k=1

∂θifk(ΘNk
, x) =

1

N(m)

∑
k∈Mi

∂θifk(Θ, x), (4.119)

|∂θif(Θ, x)| ≤
1

N(m)

∑
k∈Mi

|∂θifk(Θ, x)| ≤ 2
|Mi|
N(m)

, (4.120)

which is (4.115). Moreover,

∥∂θif(Θ, X)∥2 =

√√√√ n∑
j=1

(
∂θif(Θ, x

(j)))
)2 ≤ 2

√
n

|Mi|
N(m)

≤ 2
√
n

|M|
N(m)

, (4.121)

which proves (4.116). We can also estimate

∥∇Θf(Θ, x)∥1 =

Lm∑
i=1

|∂θif(Θ, x)| ≤
2

N(m)

Lm∑
i=1

|Mi|

=
2Σ1

N(m)
≤ 2L

m

N(m)
|M|, (4.122)

so that (4.117) is verified.
In a similar way

|∂θi∂θjf(Θ, x)| ≤
1

N(m)

∑
k∈Mi∩Mj

|∂θi∂θjfk(Θ, x)| ≤ 4
|Mi ∩Mj |
N(m)

. (4.123)

If we fix any x ∈ X and we call

hx(Θ) = ∇Θf(Θ, x), (4.124)

Lemma 4.17 ensures that hx(Θ) is a continuously differentiable function. Given any v ∈ R|Θ|, the differential of
hx(Θ) (with respect to Θ) acts as

dhx(Θ)v =

|Θ|∑
i=1

∂θi∇Θf(Θ, x) vi. (4.125)

The operator norm of dhx(Θ) : (R|Θ|, ℓ∞) → (R|Θ|, ℓ∞) is given by

∥dhx(Θ)∥ℓ∞→ℓ∞ = sup
∥v∥∞≤1

∥dh(Θ)v∥∞

≤ sup
∥v∥∞≤1

∥∥∥∥∥
|Θ|∑
i=1

∂θi∇Θf(Θ, x) vi

∥∥∥∥∥
∞

= sup
|vi|≤1

max
1≤j≤|Θ|

∣∣∣∣∣
|Θ|∑
i=1

∂θi∂θjf(Θ, x) vi

∣∣∣∣∣
≤ sup

|vi|≤1
max

1≤j≤|Θ|

|Θ|∑
i=1

|∂θi∂θjf(Θ, x)|

= max
1≤j≤|Θ|

|Θ|∑
i=1

|∂θi∂θjf(Θ, x)|

≤ 4

N(m)
max

1≤j≤|Θ|

|Θ|∑
i=1

|Mi ∩Mj |. (4.126)

Using Lemma 4.19, we have that

∥dhx(Θ)∥ℓ∞→ℓ∞ ≤ 4
|M|2|N |
N(m)

. (4.127)

So, the uniform bound on the convex domain P of Θ ensures, by Lemma 4.18, that

∥∇Θf(Θ, x)−∇Θf(Θ
′, x)∥∞ ≤ 4

|M|2|N |
N(m)

∥Θ−Θ′∥∞ (4.128)

and this finally proves (4.118). □
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Lemma 4.21 (Lipschitzness of the model) The following inequality holds:

|f(Θ, x)− f(Θ′, x)| ≤ 2
Σ1

N(m)
∥Θ−Θ′∥∞. (4.129)

Proof Using Lemma 4.18 and Lemma 4.20:

|f(Θ, x)− f(Θ′, x)| ≤ max
Θ∈P

∥df(Θ, x)∥L∥Θ−Θ′∥∞, (4.130)

where

∥df(Θ, x)∥L = sup
∥v∥∞≤1

∣∣∣∣∣
Lm∑
i=1

∂θif(Θ, x) vi

∣∣∣∣∣
≤ ∥∇Θf(Θ, x)∥1 ≤ 2

Σ1

N(m)
. (4.131)

Therefore

|f(Θ, x)− f(Θ′, x)| ≤ 2
Σ1

N(m)
∥Θ−Θ′∥∞. (4.132)

□

Lemma 4.22 (Lipschitzness of the NTK) The following inequality holds:

|K̂Θ0
(x, x′)− K̂Θ(x, x′)| ≤ 16

Σ1|M|2|N |
NK(m)N2(m)

∥Θ0 −Θ∥∞. (4.133)

Proof By Lemma 4.20, we have

|K̂Θ0
(x, x′)− K̂Θ(x, x′)|

=
1

NK(m)
|∇Θf(Θ0, x) · ∇Θf(Θ0, x

′)−∇Θf(Θ, x) · ∇Θf(Θ, x
′)|

=
1

NK(m)

∣∣∣(∇Θf(Θ0, x)−∇Θf(Θ, x)
)
· ∇Θf(Θ0, x

′)

+∇Θf(Θ, x) ·
(
∇Θf(Θ0, x

′)−∇Θf(Θ, x
′)
)∣∣∣

≤ 1

NK(m)

(∥∥∇Θf(Θ0, x)−∇Θf(Θ, x)
∥∥
∞
∥∥∇Θf(Θ0, x

′)
∥∥
1

+
∥∥∇Θf(Θ, x)

∥∥
1

∥∥∇Θf(Θ0, x
′)−∇Θf(Θ, x

′)
∥∥
∞

)
≤ 4|M|2|N |
NK(m)N(m)

(∥∥∇Θf(Θ0, x
′)
∥∥
1
+
∥∥∇Θf(Θ, x)

∥∥
1

)
∥Θ0 −Θ∥∞

≤ 16
Σ1|M|2|N |

NK(m)N2(m)
∥Θ0 −Θ∥∞. (4.134)

□

4.6.3 Original model, linearized version and lazy training

The following Theorem 4.23 claims that the difference between the original and the linear model at
any input point is bounded by a diverging factor multiplied by the square of the infinity norm of the
difference between the initial parameters and a new choice of the parameters. The square is crucial, since
in the lazy regime ∥Θt − Θ0∥∞ is suppressed by a factor 1/N(m) (see Theorem 4.10), which would not
be sufficient to ensure the convergence to the linearized model without such square.

Theorem 4.23 (Discrepancy between the original and the linearized model) For any Θ0 ∈ P defining the
linearized model, we have the following upper bound:

|f(Θ, x)− f lin(Θ, x)| ≤ Lm|M|2|N |
N(m)

∥Θ−Θ0∥2∞. (4.135)
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In order to understand how the convergence follows from the previous inequality, we can consider
again the example of [38], i.e.

L is fixed and N(m) =
√
m. (4.136)

In this case, we can bound, by Theorem 4.10,

∥Θt − Θ0∥∞ ≤ c√
m
, (4.137)

so that

|f(Θt, x) − f lin(Θt, x)| ≤ c′
m√
m

(
c√
m

)2

∝ 1√
m
. (4.138)

Therefore, in the limit m→ ∞ we have uniform convergence

f(Θt, · ) → f lin(Θt, · ). (4.139)

Let us see in the proof how a fine estimate of the second derivative using light cones ensures the result.

Proof We apply the multivariate version of Taylor’s theorem with integral remainder to f(Θ, x) with respect to
the parameters.

f(Θ, x) = f(Θ0, x) +∇f(Θ0, x)
T (Θ−Θ0) +

Lm∑
i,j=1

Rij(Θ, x)(θi − θi,0)(θj − θj,0) (4.140)

with

Rij(Θ, x) =
1

2

∫ 1

0
(1− t)∂θi∂θjf(Θ0 + t(Θ−Θ0), x) dt. (4.141)

By Lemma 4.17,

|Rij(Θ, x)| ≤
1

2

∫ 1

0
(1− t)

(
4
|Mi ∩Mj |
N(m)

)
dt =

|Mi ∩Mj |
N(m)

(4.142)

So

|f(Θ, x)− f lin(Θ, x)| =

∣∣∣∣∣∣
Lm∑
i,j=1

Rij(Θ, x)(θi − θi,0)(θj − θj,0)

∣∣∣∣∣∣
≤

 Lm∑
i,j=1

|Mi ∩Mj |
N(m)

 ∥Θ−Θ0∥2∞

≤ 1

N(m)

(
Lm max

1≤j≤Lm

Lm∑
i=1

|Mi ∩Mj |

)
∥Θ−Θ0∥2∞. (4.143)

Using Lemma 4.19, we eventually estimate

|f(Θ, x)− f lin(Θ, x)| ≤ Lm|M|2|N |
N(m)

∥Θ−Θ0∥2∞. (4.144)

□

4.6.4 The minimum of the loss for the linear model and the convergence of the
kernel

In this subsubsection we show that the linearized model, for sufficiently large m yields

minΘ∈RLmLlin(Θ) = 0 (4.145)

with high probability, where Llin is the mean square error for the linearized model. If the linear model
is able to perfectly fit the dataset – i.e., Llin(Θ∗) = 0 for some Θ∗ ∈ RLm – and the training converges
to the global minimum of the cost, then, in the limit of infinitely many qubits, also the original model,
which is close to its linearized version in the lazy regime, will be able to perfectly fit the dataset.
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Remark 4.12 In this subsubsection we will use the result of Theorem 4.7. Even though the proof of Theorem 4.7
is delayed to subsection 4.8 for a cleaner presentation, such proof will not use any result of this subsubsection.

The starting point is a convergence lemma, which will be used in different proofs.

Lemma 4.24 (Convergence of the minimum eigevalue) Suppose that the matrix elements of a sequence of n×n
symmetric matrices Mm converge in probability to the matrix elements of a positive matrix M∞ ≻ 0:

lim
m→∞

P[|(Mm)ij − (M∞)ij | ≥ ϵ] = 0 ∀ i, j ∈ {1, . . . , n} ∀ δ > 0. (4.146)

Let λMmin > 0 be the minimum eigenvalue of M∞. Then, for any δ > 0 and η ∈ (0, 1) there exist m0 ∈ N such
that, for all m ≥ m0,

Mn ≻ ηλMmin1 (4.147)

with probability at least 1− δ.

Proof The convergence in probability implies that

lim
m→∞

P[∥Mm −M∞∥F ≥ ϵ] = lim
m→∞

P

 n∑
i,j=1

|(Mm)ij − (M∞)ij |2 ≥ ϵ2


≤ lim

m→∞
P
[
max
ij

|(Mm)ij − (M∞)ij | ≥ ϵ/n

]
≤ lim

m→∞

n∑
i,j=1

P
[
|(Mm)ij − (M∞)ij | ≥ ϵ/n

]
= 0. (4.148)

Therefore, for any δ > 0, there exist m1(ϵ) ∈ N such that, for any m ≥ m0(ϵ),

∥Mm −M∞∥F < ϵ (4.149)

with probability at least 1 − δ. Let Fm = M∞ −Mm. Since ∥Fm∥F < ϵ, the maximum eigenvalue of |Fm| is
λm < ϵ, so

Fm ⪯ |Fm| ⪯ λm1 ≺ ϵ1. (4.150)

Let λMmin be the minimum eigenvalue of M∞. The previous equation implies that

M∞ −Mm ≺ ϵ1 → Mm ≻M∞ − ϵ1 ⪰ (λMmin − ϵ)1. (4.151)

Since λMmin is positive and ϵ > 0 is arbitrary, letting ϵ = (1− η)λMmin > 0 – which fixes m0 – the claim holds. □

Then, we need a translation of Assumption 4.3 into a property of the gradient of the function at
initialization which will be used to fit the dataset in the overparameterized regime.

Lemma 4.25 If (4.47) holds, then for any x, x′ ∈ X , Assumption 4.3 implies the convergence in probability of
K̂Θ0

(x, x′) to K̄(x, x′) over random initialization.

lim
m→∞

P
[
|K̂Θ0

(x, x′)− K̄(x, x′)| ≤ ϵ
]
= 1 ∀ ϵ > 0. (4.152)

Proof Given ϵ > 0, by Assumption 4.3, there exists m̄ ∈ N such that

|K(x, x′)− K̄(x, x′)| ≤ ϵ

2
∀m ≥ m̄ ∀x, x′ ∈ X . (4.153)

Therefore, ∀m ≥ m̄ ∀x, x′ ∈ X ,

|K̂Θ0
(x, x′)− K̄(x, x′)| ≤ |K̂Θ0

(x, x′)−K(x, x′)|+ |K(x, x′)− K̄(x, x′)|

≤ |K̂Θ0
(x, x′)−K(x, x′)|+ ϵ

2
. (4.154)

Furthermore, by Theorem 4.7, if m ≥ m̄

P
[
|K̂Θ0

(x, x′)− K̄(x, x′)| ≤ ϵ
]
≥ P

[
|K̂Θ0

(x, x′)−K(x, x′)|+ ϵ

2
≤ ϵ
]

= P
[
|K̂Θ0

(x, x′)−K(x, x′)| ≤ ϵ

2

]
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≥ 1− exp

[
−cN2

K(m)
N4(m)

|M|2|N |2Σ2

( ϵ
2

)2]
. (4.155)

Hence

lim
m→∞

P
[
|K̂Θ0

(x, x′)− K̄(x, x′)| ≤ ϵ
]
= 1. (4.156)

□

Lemma 4.26 Let n = |D|. If (4.47) and Assumption 4.3 hold, then for any δ > 0, there exists m0 ∈ N such
that, for any m ≥ m0,

{∂θif(Θ0, X)}1≤i≤Lm is a complete set of vectors for Rn (4.157)

with probability at least 1− δ over random initialization.

Proof Since, by Lemma 4.25, as m→ ∞

K̂Θ0
(X,XT ) =

1

NK(m)

Lm∑
i=1

∂θif(Θ0, X)∂θif(Θ0, X
T ) (4.158)

converges in probability to K̄(X,XT ), which is strictly positive by Assumption 4.3, there exists m0 ∈ N such that
K̂Θ0

(X,XT ) is strictly positive for all m ≥ m0 by Lemma 4.24 with high probability over random initialization.
Calling

vi =
1√
N(m)

∂θif(Θ0, X) ∈ Rn, (4.159)

we can rewrite

K̂Θ0
≡ K̂Θ0

(X,XT ) =

Lm∑
i=1

viv
T
i . (4.160)

Since

1. K̂Θ0
is strictly positive, it is invertible, so its range is Rn,

2. the range of K̂Θ0
is Span{vi}1≤i≤Lm,

we conclude that
Span{vi}1≤i≤Lm = Rn. (4.161)

□

Now we are ready to prove the following statement.

Corollary 4.27 For any δ > 0 there exists m0 ∈ N such that

minΘ∈RLmLlin(Θ) = 0 ∀m ≥ m0 (4.162)

with probability at least 1− δ over random initialization.

Proof Using Lemma 4.26,
{∂θif(Θ0, X)}1≤i≤Lm (4.163)

is definitely a complete set of vectors for Rn with high probability. So, there exists α1, . . . , αLm such that
Y − f(Θ0, X) ∈ Rn can be written as a linear combination:

α1∂θ1f(Θ0, X) + · · ·+ αLm∂θLm
f(Θ0, X) = Y − f(Θ0, X). (4.164)

So, choosing

Θ = Θ0 +

 α1

...
αLm

 , (4.165)

we have

Llin(Θ) =
1

n

n∑
i=1

1

2

(
f lin(Θ, x(i))− y(i)

)2
=

1

2n
∥f(Θ0, X) +∇Θf(Θ0, X)T (Θ−Θ0)− Y ∥22

=
1

2n
∥f(Θ0, X) + (Y − f(Θ0, X))− Y ∥22 = 0. (4.166)

□
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4.7 Proof of Lemma 4.5

We need some preliminary statements in order to prove Lemma 4.5.

Lemma 4.28 Assumption 4.3 implies that each diagonal term of K̄ = K̄(X,XT ) is strictly positive:

K̄(x, x) > 0 ∀ (x, · ) ∈ D. (4.167)

Proof By Assumption 4.3, K̄ is a strictly positive matrix, so its diagonal elements are strictly positive. □

Corollary 4.29 Under Assumption 4.3, the following property of K̄ holds:

∃x ∈ X such that K̄(x, x) > 0 K(x, x) > 0. (4.168)

Proof Fix x ∈ X such that (x, ·) ∈ D. By Lemma 4.28, we know that K̄(x, x) > 0. Furthermore, by Assumption
3.6, K(x, x) > 0. □

Lemma 4.30 Under the Assumption 4.4, the following inequalities hold for all x ∈ X

4E
[
f2(Θ, x)

]
≤ E

[
∥∇Θf(Θ, x)∥2

]
≤ 4 |N |E

[
f2(Θ, x)

]
. (4.169)

The following statement is an improvement of [16, Lemma 1] for our case: in the proof we use stronger
bounds, in order to obtain a more effective constraint to our purpose.

Proof Since f(Θ, x) is periodic with period π in each component, we can consider the Fourier series decomposition

f(Θ, x) =
∑

v∈ZLm

f̃v(x)e
2iΘ·v where f̃v(x) =

∫ π

0

Lm∏
i=1

(
dθi
π

)
e−2iΘ·vf(Θ, x). (4.170)

f(Θ, x) is of the form

f(Θ, x) =
〈
0
∣∣∣U†(Θ, x)MU(Θ, x)

∣∣∣0〉
= ⟨0|S†

1W
†
1 (Θ)S1 · · ·W †

L(Θ)S†
L+1MSL+1WL(Θ) · · ·S2W1(Θ)S1|0⟩, (4.171)

where

Wi(Θ) =

m⊗
i=1

e−iθiGi . (4.172)

We can consider the projectors P±
i on the eigenspaces of Gi:

Gi = P+
i − P−

i P+
i + P−

i = 1 (4.173)

In this way, we can rewrite

Wi(θi) = e−iθiGi = e−iθiP
+
i eiθiP

−
i

= e−iθiP
+
i (P+

i + P−
i )eiθiP

−
i

= e−iθiP+
i + eiθiP−

i . (4.174)

This means that in
f(Θ, x) = ⟨0|S†

1 · · ·W
†
i (θi) · · ·S

†
L+1MSL+1 · · ·Wi(θi) · · ·S1|0⟩ (4.175)

the only dependence on θi will appear as

f(Θ, x) = e−2θif (i,−1)(Θ, x) + f (i,0)(Θ, x) + e+2θif (i,+1)(Θ, x), (4.176)

where f (i,ℓ)(Θ, x) does not depend on θi. Therefore, we know that

∃i ∈ {1, . . . , Lm} : vi /∈ {0,±1} → f̃v(x) = 0, (4.177)

so we can restrict the sum of the Fourier expansion to

f(Θ, x) =
∑

v∈{0,±1}Lm

f̃v(x)e
2iΘ·v. (4.178)
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Writing f(Θ, x) as sum of local observables depending on a limited light cone, we can further restrict the set of
v such that f̃v(x) ̸= 0. Let

supp(v) = {i ∈ {1, . . . , Lm} : vi ̸= 0}. (4.179)

Then

f̃v(x) =

∫ π

0

Lm∏
i=1

(
dθi
π

)
e−2iΘ·v

m∑
k=1

fk(ΘNk
, x)

=

m∑
k=1

∫ π

0

∏
i/∈Nk

(
dθi
π
e−2iθivi

)∫ π

0

∏
i∈Nk

(
dθi
π
e−2iθivi

)
fk(ΘNk

, x)


=

m∑
k=1

χNk
(supp(v))

∫ π

0

∏
i∈Nk

(
dθi
π
e−2iθivi

)
fk(ΘNk

, x)

 , (4.180)

where

χNk
(supp(v)) =

{
1 if supp(v) ⊆ Nk

0 otherwise
. (4.181)

Hence,
f̃v(x) ̸= 0 → ∃ k ∈ {1, . . . ,m} : supp(v) ⊆ Nk. (4.182)

This means that
f̃v(x) ̸= 0 → |supp(v)| ≤ max

1≤k≤m
|Nk| = |N |. (4.183)

The function f(Θ, x) is differentiable, hence

∂θjf(Θ, x) = 2i
∑

v∈{0,±1}Lm

vj f̃v(x)e
2iΘ·v. (4.184)

By Parseval’s identity

E
[
f2(Θ, x)

]
=

∑
v∈{0,±1}Lm

∣∣∣f̃v(x)∣∣∣2 , (4.185)

E
[(
∂θjf(Θ, x)

)2]
= 4

∑
v∈{0,±1}Lm

v2j

∣∣∣f̃v(x)∣∣∣2 . (4.186)

(4.187)

Using the fact that in the sum of (4.186) only the terms multiplied by vj ∈ {0,±1} contribute to the result,

E
[(
∂θjf(Θ, x)

)2]
= 4

∑
v∈{0,±1}Lm

vj ̸=0

v2j

∣∣∣f̃v(x)∣∣∣2 = 4
∑

v∈{0,±1}Lm

vj ̸=0

∣∣∣f̃v(x)∣∣∣2 , (4.188)

E
[
∥∇Θf(Θ, x)∥2

]
= 4

Lm∑
j=1

∑
v∈{0,±1}Lm

vj ̸=0

∣∣∣f̃v(x)∣∣∣2

= 4
∑

v∈{0,±1}Lm

∑
j:vj ̸=0

∣∣∣f̃v(x)∣∣∣2
= 4

∑
v∈{0,±1}Lm

supp(v)
∣∣∣f̃v(x)∣∣∣2

≤ 4 |N |
∑

v∈{0,±1}Lm

∣∣∣f̃v(x)∣∣∣2 = 4 |N |E
[
f2(Θ, x)

]
. (4.189)

For the other inequality, we start again from (4.186) and, calling 0 = (0, . . . , 0) ∈ ZLm,

E
[
∥∇Θf(Θ, x)∥2

]
=

Lm∑
j=1

E
[(
∂θjf(Θ, x)

)2]
= 4

∑
v∈ZLm

Lm∑
j=1

v2j

∣∣∣f̃v(x)∣∣∣2
= 4

∑
v∈ZLm\{0}

v2
∣∣∣f̃v(x)∣∣∣2 ≥ 4

∑
v∈ZLm\{0}

∣∣∣f̃v(x)∣∣∣2

55



= 4
∑

v∈ZLm

∣∣∣f̃v(x)∣∣∣2 − 4
∣∣∣f̃0(x)∣∣∣2 . (4.190)

Now we notice that

E [f(Θ, x)] =
∑

v∈ZLm

f̃v(x)E
[
e2iΘ·v

]
=

∑
v∈ZLm

f̃v(x)

Lm∏
j=1

E
[
e2iθjvj

]
=

∑
v∈ZLm

f̃v(x)δv,0 = f̃0(x). (4.191)

By Assumption 3.6,
E [f(Θ, x)] = 0 → f̃0(x) = 0. (4.192)

Therefore

E
[
∥∇Θf(Θ, x)∥2

]
≥ 4

∑
v∈ZLm

∣∣∣f̃v(x)∣∣∣2 = 4E
[
f2(Θ, x)

]
. (4.193)

□

To prove Lemma 4.5 we are going to use Lemma 4.30 in order to bound the normalization NK(m)
in terms of the normalization N(m) and of the geometric quantities related to the architecture of the
circuit. We will use this notation:

Km(x, x′) = E [f(Θ, x)f(Θ, x′)] . (4.194)

From Assumption 3.6, there exist a limit covariance function K : X × X → R

lim
m→∞

Km(x, x′) = K(x, x′). (4.195)

Now we are ready to prove Lemma 4.5.
As in Corollary 4.29, let x ∈ X such that both K̄(x, x) and K(x, x) are positive. We notice that

K(x, x) =
1

NK(m)
E
[
∥∇f(Θ, x)∥2

]
Km(x, x) = E

[
f2(Θ, x)

]
. (4.196)

Therefore, the results of Lemma 4.30 can be restated as

4Km(x, x) ≤ NK(m)K(x, x) ≤ 4 |N |
√

Km(x, x) (4.197)

Dividing by K(x, x),

4
Km(x, x)

K(x, x)
≤ NK(m) ≤ 4|N |

√
Km(x, x)

K(x, x)
. (4.198)

Since Km → K and K → K̄ as m→ ∞, there exist m0 such that, for any m ≥ m0,

1

2
K(x, x) ≤ Km(x, x) ≤ 2K(x, x),

1

2
K̄(x, x) ≤ K(x, x) ≤ 2K̄(x, x). (4.199)

which implies, for all m ≥ m0,

K(x, x)

K̄(x, x)
≤ NK(m) ≤

(
8
√

2

√
K(x, x)

K̄(x, x)

)
|N |. (4.200)

4.8 Proof of Theorem 4.7

We need the following lemma.
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Lemma 4.31 (McDiarmid’s concentration inequality [64]) Let X1, . . . , Xn be independent random variables,
each with values in X. Let f : Xn → R be a mapping such that, for every i ∈ {1, . . . , n} and every
(x1, . . . , xn), (x

′
1, . . . , x

′
n) ∈ Xn that differ only in the i-th coordinate (i.e., ∀ j ̸= i, xj = x′j),

|f(x1, . . . , xn)− f(x′1, . . . , x
′
n)| ≤ ci. (4.201)

For any ϵ > 0

P (f(X1, . . . , Xn)− E[f(X1, . . . , Xn)] ≥ ϵ) ≤ exp

(
− 2ϵ2∑n

i=1 c
2
i

)
. (4.202)

Following the strategy of [38], we show that the hypotheses of McDiarmid’s concentration inequality
4.31 are satistied by K̂Θ.

K̂Θ(x, x′) =
1

NK(m)
∇Θf(Θ, x) · ∇Θf(Θ, x′)

=
1

NK(m)

1

N2(m)

m∑
k,k′=1

|Θ|∑
j=1

∂θjfk(Θ, x) ∂θjfk′(Θ, x′)

=
1

NK(m)

1

N2(m)

m∑
k,k′=1

∑
j∈Nk∩Nk′

∂θjfk(Θ, x) ∂θjfk′(Θ, x′). (4.203)

In order to clarify when a term depends or not on a particular parameter θi, we use the notation

fk(ΘNk
, x) instead of fk(Θ, x), (4.204)

so that we emphasize that fk depends only on θi with i ∈ Nk.
Let Γ ⊆ {1, . . . ,m} × {1, . . . ,m} × {1, . . . , |Θ|} be the set defined as

Γ = {(k, k′, j) : j ∈ Nk ∩Nk′}. (4.205)

Let

Tk,k′,j(ΘNk∪Nk′ ) = ∂θjfk(ΘNk
, x) ∂θjfk′(ΘNk′ , x

′), (4.206)

so that we can rewrite

K̂Θ(x, x′) =
1

NK(m)

1

N2(m)

∑
(k,k′,j)∈Γ

Tk,k′,j(ΘNk∪Nk′ ). (4.207)

We fix i ∈ {1, . . . , |Θ|} and we ask that θj = θ′j for all j ̸= i. In order to compute K̂Θ(x, x′)− K̂Θ′(x, x′),
we notice that

i /∈ Nk ∪Nk′ → Tk,k′,j(ΘNk∪Nk′ ) − Tk,k′,j(Θ
′
Nk∪Nk′ ) = 0, (4.208)

so we define

Γi = {(k, k′, j) : j ∈ Nk ∩Nk′ , i ∈ Nk ∪Nk′}. (4.209)

Therefore, using the bound of (4.96), |Tk,k′,j | ≤ 4. This implies

K̂Θ(x, x′) − K̂Θ′(x, x′) =
1

NK(m)

1

N2(m)

∑
(k,k′,j)∈Γi

(Tk,k′,j(Θ) − Tk,k′,j(Θ
′)) , (4.210)

|K̂Θ(x, x′) − K̂Θ′(x, x′)| ≤ 1

NK(m)

1

N2(m)

∑
(k,k′,j)∈Γi

(|Tk,k′,j(Θ)| + |Tk,k′,j(Θ
′)|)
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≤ 1

NK(m)

|Γi|
N2(m)

· (4 + 4). (4.211)

So, we need to compute |Γi|. A change of perspective on the constraints in the definition of Γi allows an
easier computation:

Γi = {(k, k′, j) : (k ∈ Mi ∨ k′ ∈ Mi) ∧ k ∈ Mj ∧ k′ ∈ Mj}. (4.212)

If we assume that the condition k ∈ Mi holds (first term in the following RHS), by symmetry we can
estimate the cardinality of Γi:

Γi = {(k, k′, j) : k ∈ Mi ∧ k ∈ Mj ∧ k′ ∈ Mj)}
∪ {(k, k′, j) : k′ ∈ Mi ∧ k ∈ Mj ∧ k′ ∈ Mj)}, (4.213)

|Γi| ≤ 2|{(k, k′, j) : k ∈ Mi ∧ k ∈ Mj ∧ k′ ∈ Mj)}|
= 2|{(k, k′, j) : k ∈ Mi ∧ j ∈ Nk ∧ k′ ∈ Mj)}|
≤ 2|Mi|max

k
|Nk|max

j
|Mj | ≤ 2|Mi||M||N |. (4.214)

Therefore, in McDiarmid’s concentration inequality 4.31, we have

ci = 16
1

NK(m)

|M||N |
N2(m)

|Mi|. (4.215)

Summing the squares of ci:

|Θ|∑
i=1

c2i =

(
16

|M||N |
NK(m)N2(m)

)2 |Θ|∑
i=1

|Mi|2 =

(
16

|M||N |
NK(m)N2(m)

)2

Σ2. (4.216)

Calling c = 1/256, we have

P
[
|K̂Θ(x, x′) −K(x, x′)| ≥ ϵ

]
≤ exp

[
−cN2

K(m)
N4(m)

|M|2|N |2Σ2
ϵ2
]

≤ exp

[
−cN2

K(m)
N4(m)

Lm|M|4|N |2
ϵ2
]
. (4.217)

4.9 Proof of Corollaries 4.8 and 4.9

We need a preliminary statement.

Theorem 4.32 (Slutsky’s theorem [65]) Let X1, X2, . . . be a sequence of random vectors or matrices converging
in distribution to a random vector or matrix X

Xk
d−→ X (4.218)

and let Y1, Y2, . . . be a sequence of random vectors or matrices converging in probability to a constant vector or
matrix C

Yk
d−→ C. (4.219)

Then

Xk + Yk
d−→ X + C, (4.220)

XkYk
d−→ XC. (4.221)

Furthermore, if C is invertible,

Xk/Yk
d−→ X/C. (4.222)
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4.9.1 Proof of Corollary 4.8

Corollary 4.8 can be proved as follows.
By Lemma 4.25,

K̂Θ(x, x′)
p−→ K̄(x, x′) as m→ ∞. (4.223)

Furthermore, by Theorem 3.7

f(Θ0, · )
d−→ f (∞)( · ) as m→ ∞. (4.224)

Let F = {xα}α∈A be a finite family of inputs xα ∈ X containing the inputs of the dataset

{x(i)}1≤i≤n ⊆ F (4.225)

Since the solution (4.46) for the output corresponding to any input xβ ∈ F is the following linear
combination of the outputs {f(Θ0, xα)}α∈A,

f lin(Θlin
t , xβ) = f(Θ0, xβ) − K̂Θ0

(xβ , X
T )K̂−1

Θ0

(
1− e−η0K̂Θ0

t
)

(f(Θ0, X) − Y ) (4.226)

we can write

f lin(Θlin
t , xβ) =

∑
α∈A

M
(t)
βα[K̂Θ0

]f(Θ0, xα) +
(
R(t)[K̂Θ0

]
)T

Y, (4.227)

where the entries M
(t)
βα[K̂Θ0 ] and the components of R(t)[K̂Θ0 ] are continous functions of the elements of

matrix of the empirical NTK
{K̂Θ0(xα, xα′)}α,α′∈A. (4.228)

By continuity, the (finite) matrix M
(t)
βα[K̂Θ0 ] and the (finite) vector R(t)[K̂Θ0 ] converge in probability to

M
(t)
βα[K̄] and R(t)[K̄]:

M
(t)
βα[K̂Θ0

]
p−→M

(t)
βα[K̄], R(t)[K̂Θ0

]
p−→ R(t)[K̄]. (4.229)

By Slutsky’s theorem 4.32, we conclude that

{f lin(Θlin
t , xβ)}xβ∈F

d−→

{∑
α∈A

M
(t)
βα[K̄]f (∞)(xα) +

(
R(t)[K̄]

)T
Y

}
xβ∈F

as m→ ∞, (4.230)

i.e.
f lin(Θlin

t , · )
∣∣
F

d−→ f (∞)( · )
∣∣
F − K̄( · , XT )

∣∣
FK̄

−1
(
1− e−η0K̄t

)
(f (∞)(X) − Y ). (4.231)

Since we assumed X to be finite, this is enough to prove the convergence of the distribution to the entire
Gaussian process: it is sufficient to choose F = X .

Remark 4.13 In section 6 we will generalize the convergence of {f(Θt, x)}x∈X to a Gaussian process for the case
of X being infinite. This will not require to prove that also {f lin(Θt, x)}x∈X converges to a Gaussian process: we
will only need the convergence of {f(Θt, x)}x∈F for any F finite set of inputs, which, as we will see, is a corollary
of the convergence of the linearized model for a finite number of inputs. Therefore, the proof given above will be
enough for our purposes.

Proof of Corollary 4.9

In the limit m→ ∞, the solution (4.51) is a linear combination of the Gaussian processes f lin(Θ0, x) =
f(Θ0, x) and F (0), so it is a Gaussian process as well, with

µt(x) = E
[
f
(∞)
t (x)

]
= E

[
f (∞)(x)

]
− K̄(x,XT )K̄−1

(
1− e−η0K̄t

)
(E
[
F (∞)

]
− Y )
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= K̄(x,XT )K̄−1
(
1− e−η0K̄t

)
Y, (4.232)

Kt(x, x
′) = E

[(
f
(∞)
t (x) − µt(x)

)(
f
(∞)
t (x′) − µt(x

′)
)]

= E
[ (
f (∞)(x) − K̄(x,XT )K̄−1

(
1− e−η0K̄t

)
F (∞)

)
×

×
(
f (∞)(x′) − K̄(x′, XT )K̄−1

(
1− e−η0K̄t

)
F (∞)

) ]
= K0(x, x′)

− K̄(x,XT )K̄−1
(
1− e−η0K̄t

)
K0(X,x′)

− K̄(x′, XT )K̄−1
(
1− e−η0K̄t

)
K0(X,x)

+ K̄(x,XT )K̄−1
(
1− e−η0K̄t

)
K0(X,XT )

(
1− e−η0K̄t

)
K̄−1K(X,x′). (4.233)

4.10 Proof of Theorem 4.10

Because of Corollary 4.16, we can ask

P (∥F (0) − Y ∥2 < R) ≥ 1 − δ

2
∀m ≥ m0 for some R =

√
n log(2n)R0. (4.234)

In order to simplify the notation, we introduce

ρ(m) =
6
√
nR

NK(m)λKmin

|M|
N(m)

. (4.235)

Let Br(Θ0) = {Θ : ∥Θ − Θ0∥∞ < r} be the ball of center Θ0 and radius r. By Lemma 4.24, there exists
m̄ ∈ N such that

K̂Θ0
(X,XT ) ≻ λKmin

2
1 ∀m ≥ m̄ (4.236)

with probability at least 1 − δ
2 . By uniform continuity14 of Θ 7→ K̂Θ(X,XT ), if ρ(m) is small enough,

i.e., if m is larger than m1 ∈ N15 (we take m1 ≥ m̄),

K̂Θ(X,XT ) ≻ λKmin

3
1 ∀Θ ∈ Bρ(m)(Θ0) ∀m ≥ m1. (4.237)

Let

t1 = inf {t : ∥Θt − Θ0∥∞ ≥ ρ(m)} . (4.238)

For t ≤ t1 we have K̂Θt ≻
λK
min

3 1. Recalling that

d

dt
f(Θt, x) = −η0K̂Θt(x,X

T ) · (F (t) − Y ) , (4.239)

we have, with probability at least 1 − δ
2 ,

d

dt
∥F (t) − Y ∥22 = −2η0(F (t) − Y )T K̂Θt

(F (t) − Y )

≤ −2

3
η0λ

K
min∥F (t) − Y ∥22. (4.240)

14The uniform continuity is ensured by the fact that the derivatives of the entries of K̂Θ(X,XT ) with respect to the parameters

are bounded and the dimension of K̂Θ(X,XT ) is fixed.
15By uniform continuity of Θ 7→ K̂Θ(X,XT ), m1 does not depend on Θ0.
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Therefore,

∥F (t) − Y ∥22 ≤ e−
2
3η0λ

K
mint∥F (0) − Y ∥22

≤ e−
2
3η0λ

K
mintR2, (4.241)

with probability at least 1 − δ by the union bound with (4.234). Recalling also that

Θ̇t = − η0
NK(m)

∇Θf(Θt, X) · (F (t) − Y ) (4.242)

and using Lemma 4.20

d

dt
|θi(t) − θi(0)| ≤

∣∣∣ d
dt
θi(t)

∣∣∣ =
∣∣∣ η0
NK(m)

∂θif(Θ, X) · (F (t) − Y )
∣∣∣

≤ η0
NK(m)

∥∂θif(Θ, X)∥2∥F (t) − Y ∥2

≤ η0
NK(m)

2
√
n

|M|
N(m)

Re−
1
3η0λ

K
mint, (4.243)

→ |θi(t) − θi(0)| ≤ 6
√
nR

NK(m)λKmin

|M|
N(m)

(
1 − e−

1
3η0λ

K
mint
)

∀ t ≤ t1, (4.244)

→ ∥Θt − Θ0∥∞ ≤ ρ(m)
(

1 − e−
1
3η0λ

K
mint
)

∀ t ≤ t1, (4.245)

with probability at least 1 − δ. If t1 <∞, then

∥Θt1 − Θ0∥∞ ≤ ρ(m)
(

1 − e−
1
3η0λ

K
mint1

)
< ρ(m) ∀ t ≤ t1, (4.246)

but this contradicts the definition (4.238) of t1, so we must have t1 = ∞. This implies that (4.241) and
(4.245) holds for any t > 0 and m ≥ m̄ = max{m0,m1} with probability at least 1 − δ, so, if we set
R1 = 6R0, we have proved (4.54) and (4.55).

4.11 Proof of Corollary 4.11 and Theorem 4.12

4.11.1 Proof of Corollary 4.11

By Lemma 4.22 and Theorem 4.10,

sup
t

|K̂Θt
(x, x′) − K̂Θ0

(x, x′)|

≤ 16
Σ1|M|2|N |

NK(m)N2(m)
sup
t

∥Θ0 − Θ∥∞

= 96
R0

λKmin

n
√

log(2n)
Σ1|M|3|N |

N2
K(m)N3(m)

=
R2

λKmin

n
√

log(2n)
Σ1|M|3|N |

N2
K(m)N3(m)

, where R2 = 96R0, (4.247)

with probability at least 1 − δ.

Proof of Theorem 4.12

We simply combine the discrepancy estimate of Theorem 4.23 with the lazy training result of Theorem
4.10:

sup
t

|f(Θt, x) − f lin(Θt, x)| ≤ Lm|M|2|N |
N(m)

∥Θt − Θ0∥2∞
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≤ Lm|M|2|N |
N(m)

(
R1

λKmin

n
√

log(2n)
|M|

NK(m)N(m)

)2

≤
(
R1

λKmin

)2

n2 log(2n)
Lm|M|4|N |
N2

K(m)N3(m)
. (4.248)

4.12 Proof of Lemma 4.13

In order to prove Lemma 4.13, we need the following preliminary statement.

Lemma 4.33 (Bounding the discrepancy on the examples) For any δ > 0 there exists m0 such that, for any
m ≥ m0

||F (t)− F lin(t)||2 ≤ C(
λKmin

)2 n2√n log(2n) Lm|M|4|N |
N2

K(m)N3(m)

(
1− e−

1
3η0λ

K
mint

)
(4.249)

with probability at least 1− δ.

Proof We follow the strategy of [38], using our results to improve the final bound. Let us define

∆(t) = ∥F (t)− F lin(t)∥2. (4.250)

and, recalling that

d

dt
f(Θt, x

(i)) = K̂Θt
(x(i), XT )(f(Θt, X)− Y ) and

d

dt
f lin(Θt, x

(i)) = K̂Θ0
(x(i), XT )(f lin(Θt, X)− Y ),

(4.251)

let us compute

1

2

d

dt
∆2(t) =

n∑
i=1

1

2

d

dt

(
f(Θt, x

(i))− f lin(Θlin
t , x(i))

)2
=

n∑
i=1

(
f(Θt, x

(i))− f lin(Θlin
t , x(i))

)( d

dt
f(Θt, x

(i))− d

dt
f lin(Θlin

t , x(i))

)

= −η0
n∑

i=1

(
f(Θt, x

(i))− f lin(Θlin
t , x(i))

)
×

×
(
K̂Θt

(x(i), XT )(f(Θt, X)− Y )− K̂Θ0
(x(i), XT )(f(Θlin

t , X)− Y )
)

= −η0(F (t)− F lin(t))T K̂Θt
(F (t)− Y ) + η0(F (t)− F lin(t))T K̂Θ0

(F lin(t)− Y )

= −η0(F (t)− F lin(t))T K̂Θt
(F (t)− Y )

− η0(F (t)− F lin(t))T K̂Θ0
(F (t)− F lin(t))

+ η0(F (t)− F lin(t))T K̂Θ0
(F (t)− Y ). (4.252)

Noticing that K̂Θ0
is positive semidefinite,

−η0(F (t)− F lin(t))T K̂Θ0
(F (t)− F lin(t)) ≤ 0, (4.253)

so (4.252) reads

1

2

d

dt
∆2(t) ≤ −η0(F (t)− F lin(t))T K̂Θt

(F (t)− Y ) + η0(F (t)− F lin(t))T K̂Θ0
(F (t)− Y )

= −η0(F (t)− F lin(t))T (K̂Θt
− K̂Θ0

)(F (t)− Y ) (4.254)

whence ∣∣∣∣∆(t)
d

dt
∆(t)

∣∣∣∣ ≤ η0∥F (t)− F lin(t)∥2∥K̂Θt
− K̂Θ0

∥L∥F (t)− Y ∥2

= η0∆(t)∥K̂Θt
− K̂Θ0

∥L∥F (t)− Y ∥2. (4.255)

Therefore, ∣∣∣∣ ddt∆(t)

∣∣∣∣ ≤ η0∥K̂Θt
− K̂Θ0

∥L||F (t)− Y ||2. (4.256)
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By (4.54)

∥F (t)− Y ∥2 ≤ R0

√
n log(2n)e−

1
3η0λ

K
mint, (4.257)

and by Corollary 4.11

∥K̂Θt
− K̂Θ0

∥L ≤ ∥K̂Θt
− K̂Θ0

∥F

≤ R2

λKmin

n2
√

log(2n)
Lm|M|4|N |
N2

K(m)N3(m)
,

so that

|∂t∆(t)| ≤ C

3

η0

λKmin

n2
√
n log(2n)

Lm|M|4|N |
N2

K(m)N3(m)
e−

1
3η0λ

K
mint C = 3R0R2 (4.258)

whence

∆(t) ≤ C(
λKmin

)2 n2√n log(2n) Lm|M|4|N |
N2

K(m)N3(m)

(
1− e−

1
3η0λ

K
mint

)
(4.259)

□

Now we have all the ingredients to prove Lemma 4.13. We adapt to our case the strategy of [66]. Let
us compute ∥∥Θ̇t − Θ̇lin

t

∥∥
∞ =

η

n

∥∥∇Θf(Θt, X
T )(F (t) − Y ) −∇Θf(Θ0, X

T )(F lin(t) − Y )
∥∥
∞

≤ η

n

∥∥(∇Θf(Θt, X
T ) −∇Θf(Θ0, X

T )
)

(F (t) − Y )
∥∥
∞

+
η

n

∥∥∇Θf(Θ0, X
T )(F lin(t) − F (t))

∥∥
∞

≤ η

n
sup
i

∥∂θif(Θt, X) − ∂θif(Θ0, X)∥2∥F (t) − Y ∥2

+
η

n
sup
i

∥∂θif(Θ0, X)∥2∥F lin(t) − F (t)∥2 (4.260)

Let us bound the previous expression term by term. Combining the Lipschitzness result (4.89) with the
lazy training bound (4.55), and using the convergence to the examples (4.54), we control the first term:

η

n
sup
i

∥∂θif(Θt, X) − ∂θif(Θ0, X)∥2∥F (t) − Y ∥2

≤ η

n

√
n 4

|M|2|N |
N(m)

∥Θt − Θ0∥∞∥F (t) − Y ∥2

≤ η

n

√
n 4

|M|2|N |
N(m)

R1

λKmin

n
√

log(2n)
|M|

NK(m)N(m)
∥F (t) − Y ∥2

≤ 4ηR1

λKmin

√
n log(2n)

|M|3|N |
NK(m)N2(m)

∥F (t) − Y ∥2

≤ 4ηR1

λKmin

√
n log(2n)

|M|3|N |
NK(m)N2(m)

R0

√
n log(2n)e−

1
3η0λ

K
mint

=
4ηR0R1

λKmin

n log(2n)
|M|3|N |

NK(m)N2(m)
e−

1
3η0λ

K
mint

=
4η0R0R1

λKmin

n2 log(2n)
|M|3|N |

N2
K(m)N2(m)

e−
1
3η0λ

K
mint =: A(t). (4.261)

Regarding the second term, we need two different estimates to be used for “small” and “large” t, as we
will show soon. The first estimate is based on the Lipschitzness of the gradient (4.116) and on Lemma
4.33:

η

n
sup
i

∥∂θif(Θ0, X)∥2∥F lin(t) − F (t)∥2

≤ η

n
2
√
n

|M|
N(m)

∥F lin(t) − F (t)∥2
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≤ η

n
2
√
n

|M|
N(m)

C(
λKmin

)2n2√n log(2n)
Lm|M|4|N |
N2

K(m)N3(m)

(
1 − e−

1
3η0λ

K
mint
)

≤ 2ηC(
λKmin

)2n2 log(2n)
Lm|M|5|N |
N2

K(m)N4(m)

=
2η0C(
λKmin

)2n3 log(2n)
Lm|M|5|N |
N3

K(m)N4(m)
=: B(t).

The second estimate exploits again (4.116) and the convergence to the examples for the original model
(4.54); we also need to quantify the convergence to the examples for the linearized model; this immediately
follows from the analytic solution (4.42) and from Theorem 4.10:

η

n
sup
i

∥∂θif(Θ0, X)∥2∥F lin(t) − F (t)∥2

≤ η

n
2
√
n

|M|
N(m)

∥F lin(t) − F (t)∥2

≤ 2η√
n

|M|
N(m)

(
∥F lin(t) − Y ∥2 + ∥F (t) − Y ∥2

)
≤ 2η√

n

|M|
N(m)

(∥∥(e−η0tK̂Θ0 (F (0) − Y ) + Y
)
− Y

∥∥
2

+R0

√
n log(2n)e−

1
3η0λ

K
mint
)

≤ 2η√
n

|M|
N(m)

(
e−η0λmint∥F (0) − Y ∥2 +R0

√
n log(2n)e−

1
3η0λ

K
mint
)

≤ 2η√
n

|M|
N(m)

R0

√
n log(2n)

(
e−η0λmint + e−

1
3η0λ

K
mint
)

≤ 4R0η
√

log(2n)
|M|
N(m)

e−
1
3η0λ

K
mint

≤ 4R0η0
√

log(2n)
|M|
N(m)

e−
1
3η0λ

K
mint =: C(t). (4.262)

Hence ∥∥Θ̇t − Θ̇lin
t

∥∥
∞ ≤ A(t) +B(t) and

∥∥Θ̇t − Θ̇lin
t

∥∥
∞ ≤ A(t) + C(t). (4.263)

Defining

t∗ =
3

η0λKmin

logN(m), (4.264)

we integrate

∥∥Θt − Θlin
t

∥∥
∞ ≤

∫ ∞

0

A(t)dt+

∫ t∗

0

B(t)dt+

∫ ∞

t∗
C(t)dt

=
12R0R1

(λKmin)2
n2 log(2n)

|M|3|N |
N2

K(m)N2(m)

+
2η0C(
λKmin

)2n3 log(2n)
Lm|M|5|N |
N3

K(m)N4(m)

3

η0λKmin

logN(m)

+
12R0

λKmin

√
log(2n)

|M|
N(m)

e− logN(m) (4.265)

Using the bound of Lemma 3.8
m|M||N |
N2(m)

≥ 1, (4.266)

we have

∥∥Θt − Θlin
t

∥∥
∞ ≤

(
6C

(λKmin)3
+

12R0R1

(λKmin)2
+

12R0

λKmin

)
n3 log(2n)

Lm|M|5|N |2

N4(m)
logN(m) (4.267)

64



and with an upper bound of the form

ax3 + bx2 + cx ≤ C1x
3 + C2 (4.268)

for suitable C1 and C2, where, in our case, x = 1/λKmin, a = 6C, b = 12R0R1 and c = 12R0, we conclude

∥∥Θt − Θlin
t

∥∥
∞ ≤

(
C1

(λKmin)3
+ C2

)
n3 log(2n)

Lm|M|5|N |2

N4(m)
logN(m). (4.269)

4.13 Proof of Theorem 4.14

Using the result of Theorem 4.23 and (4.117)

|f(Θt, x) − f lin(Θlin
t , x)|

= |f(Θt, x) − f(Θ0, x) −∇Θf(Θ0, x)T (Θlin
t − Θ0)|

= |f(Θt, x) − f(Θ0, x) −∇Θf(Θ0, x)T (Θt − Θ0) −∇Θf(Θ0, x)T (Θlin
t − Θt)|

≤ |f(Θt, x) − f lin(Θt, x)| + |∇Θf(Θ0, x)T (Θlin
t − Θt)|

≤ Lm|M|2|N |
N(m)

∥Θt − Θ0∥2∞ + ∥∇Θf(Θ0, x)∥1∥Θlin
t − Θt∥∞

≤ Lm|M|2|N |
N(m)

∥Θt − Θ0∥2∞ + 2
Lm|M|
N(m)

∥Θlin
t − Θt∥∞. (4.270)

Now we use Lemma 4.13 and the lazy training inequality (4.55):

|f(Θt, x) − f lin(Θlin
t , x)|

≤ Lm|M|2|N |
N(m)

(
R2

1

(λKmin)2
n2 log(2n)

|M|2

N2
K(m)N2(m)

)
+ 2

Lm|M|
N(m)

(
C1

(λKmin)3
+ C2

)
n3 log(2n)

Lm|M|5|N |2

N4(m)
logN(m)

≤ R2
1

(λKmin)2
n2 log(2n)

Lm|M|4|N |
N2

K(m)N3(m)

+ 2

(
C1

(λKmin)3
+ C2

)
n3 log(2n)

L2m2|M|6|N |2

N5(m)
logN(m). (4.271)

Therefore, is easy to show that

|f(Θt, x) − f lin(Θlin
t , x)| ≤

(
C3

(λKmin)3
+ C4

)
n3 log(2n)

L2m2|M|6|N |2

N5(m)
logN(m). (4.272)

4.14 Proof of Theorem 4.15

Lemma 4.34 The hypothesis

lim
m→∞

L2m2|M|6|N |3

N5(m)
logN(m) = 0, (4.273)

of Theorem 4.15 ensures that the hypotheses of Theorem 3.7 and of Theorem 4.7 are satisfied, i.e.

lim
m→∞

m|M|2|N |2

N3(m)
= 0 and lim

m→∞
1

N2
K(m)

Σ2|M|2|N |2

N4(m)
= 0. (4.274)

Furthermore,

lim
m→∞

Lm|M|4|N |
N2

K(m)N3(m)
= 0, (4.275)

i.e., the bound of Theorem 4.23 is nontrivial in the limit m→ ∞.
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Proof We will use that |M|, |N |, and L are all bounded from below by 1, and NK(m) is asymptotically bounded
by (4.30) of Lemma 4.5, and we will use the inequality of Lemma 3.8 in the form

1 ≤ c
m|M||N |
N2(m)

(4.276)

so that

0 ≤ lim
m→∞

m|M|2|N |2

N3(m)
≤ c lim

m→∞
m2|M|3|N |3

N5(m)
≤ c lim

m→∞
L2m2|M|6|N |3

N5(m)
logN(m) = 0, (4.277)

0 ≤ lim
m→∞

Lm|M|4|N |
N2

K(m)N3(m)
≤ c lim

m→∞
Lm2|M|5|N |2

N2
K(m)N5(m)

≤ c lim
m→∞

L2m2|M|6|N |3

N5(m)
logN(m) = 0. (4.278)

Now, noticing that (4.273) implies that limm→∞N(m) = ∞, we conclude that

0 ≤ lim
m→∞

1

N2
K(m)

Σ2|M|2|N |2

N4(m)
≤ c lim

m→∞
1

N2
K(m)

Σ2m|M|3|N |3

N6(m)

≤ c lim
m→∞

1

N(m)

L2m2|M|6|N |3

N5(m)
= 0. (4.279)

□

Now we are ready to prove Theorem 4.15.
Let X̄ ∈ RN be any (finite dimensional) vector on N distinct inputs {x̄1, . . . , x̄n} ∈ X and let ∆t(X̄) be
the random vector

∆t(X̄) = f(Θt, X̄) − f lin(Θt, X̄). (4.280)

We show that ∆t(X̄)
p−→ 0 as m→ ∞. Let ϵ, δ > 0. By Theorem 4.14, there exists m0 such that, for any

m ≥ m0,

P

(
sup
t′

sup
x∈X

|f(Θt′ , x) − f lin(Θlin
t′ , x)|

≤
(

C3

(λKmin)3
+ C4

)
n3 log(2n)

L2m2|M|6|N |2

N5(m)
logN(m)

)
≥ 1 − δ. (4.281)

whence

P

(
∥f(Θt, X̄) − f lin(Θlin

t , X̄)∥2

≤
√
N

(
C3

(λKmin)3
+ C4

)
n3 log(2n)

L2m2|M|6|N |2

N5(m)
logN(m)

)
≥ 1 − δ. (4.282)

There is also m1 ∈ N such that

√
N

(
C3

(λKmin)3
+ C4

)
n3 log(2n)

L2m2|M|6|N |2

N5(m)
logN(m) < ϵ ∀m ≥ m1. (4.283)

So, for any m ≥ max{m0,m1},
P
(
∥∆t(X̄)∥2 < ϵ

)
≥ 1 − δ, (4.284)

so
∆t(X̄)

p−→ 0 as m→ ∞. (4.285)

By Corollary 4.9, {f lin(Θlin
t , x)}x∈{x̄1,...,x̄n} converges in distribution to a Gaussian process with mean

µt and covariance Kt defined in the statement of the corollary:

{f lin(Θt, x)}x∈X
d−→ {f (∞)

t (x)}x∈X . (4.286)

Now, applying Slutsky’s theorem 4.32 we have

f(Θt, X̄) = f lin(Θt, X̄) + ∆t(X̄)
d−→ f

(∞)
t (x) as m→ ∞. (4.287)
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Since X is finite, we can choose X̄ = vec(X ) so that we have the convergence of the full multivariate
Gaussian distribution, which is the Gaussian process itself.

Remark 4.14 This argument is not valid in the case of X infinite because we cannot consider X̄ = vec(X ). See
section 6 for the proof in the most general case.

5 Noisy training of quantum neural networks

5.1 Gradient descent with a finite number of measurements

The model function f(Θ, x) is defined in terms of expectation values of quantum observables, whose
result is not deterministic. Therefore, the algorithm has to be iterated a number of times which increases
with the precision required.
Also the gradient of f(Θ, x), which is involved in the training of the neural network, has to be estimated
through repeated measurements. This can be done using the parameter-shift rules. The limited precision
of the model function and of its gradients has to be taken into account when we look for the convergence
of the training. As depicted in Figure 20, if the variance of the estimator of the gradient of L is not
sufficiently small, the training could converge to a neighborhood of the minimum. For instance, if the
variance of the estimator is fixed, when the parameters are sufficiently close to a minimum the exact
gradient becomes of the same order of the statistical noise and the evolution is subject to relevant
deviations. If, at a certain point, the noise becomes much larger than the exact gradient, the parameters
evolve in a random direction, possibly away from the minimum. The size of the neighborhood depends
on the variance of the estimator and on the shape of the loss near the minimum.
The procedure of estimating the model function, its gradient and of computing the evolution of the
parameters is done in discrete time steps. This is why we need to move from the gradient flow to the
gradient descent.

Fig. 20 Three possible scenarios: on the left, the gradient flow; in the middle, the stochastic gradient descent which
converges to a neighborhood of the global minimum due to the high variance of the estimator of the gradient; on the right,
the stochastic gradient descent with sufficiently small variance.

The aim of this section is to prove that for a sufficiently high number of measurement – which scales
polynomially with the number of qubits – the training converges exponentially fast to the global minimum
of the loss function, as we saw in the simpler case discussed in section 4. The strategy is based on two
steps:

1. prove that the deterministic gradient descent converges to the global minimum;
2. show that, for a sufficiently small variance of the estimator of the gradient of the loss, the same

convergence can be proved.

Since also in this case we retrieve the lazy training regime in the limit of infinitely many qubits, the
trained model function is still a Gaussian process after random initialization and stochastic training.

The outline of this section is the following.

1. In subsection 5.2, we introduce the deterministic gradient descent and we prove that it makes the
empirical loss converge to zero (Theorem 5.1).
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2. In subsection 5.3, we discuss the stochastic gradient descent and we prove that the convergence of
the empirical loss to zero, the lazy training and the convergence to the linearized model are still valid
(Theorem 5.4). As a consequence, the model is a Gaussian process in the limit of infinitely many
qubits also in the case with noise (Theorem 5.9). These two theorems are the most important results
of the section and of the article.

3. In subsection 5.4, subsection 5.5 and subsection 5.8 we prove the main theorems of the previous
subsections.

5.2 Deterministic gradient descent

The gradient descent equation is
Θt+1 − Θt = −η∇ΘL(Θt). (5.1)

As in the case of gradient flow, we consider the mean squared error function:

L(Θt) =
1

n

n∑
i=1

1

2

(
f(Θt, x

(i)) − y(i)
)2

=
1

2n
∥F (t) − Y ∥22. (5.2)

This means that the equation (5.1) can be rewritten as

Θt+1 − Θt = − η
n
∇ΘF (t) · (F (t) − Y ). (5.3)

We will see, in the proof of Theorem 5.9, that the solution of (5.3) for the linearized model gives, for
t→ ∞, the same result obtained in the continuous time setting:

lim
t→∞

f lin(Θt, x) = f(Θ0, x) − K̂Θ0
(x,XT )K̂−1

Θ0
(f(Θ0, X) − Y ), (5.4)

provided that

η0 <
2

λKmin + λKmax

(5.5)

and m is large enough (see subsection 5.8). The equation (5.4) shows that linearized model trained for
infinite time perfectly reproduces the training labels.

Theorem 5.1 (Deterministic gradient descent) Let us assume that the hypotheses of Theorem 3.7 and of Theorem
4.7 are satisfied and that Assumption 4.3 holds. Let us furthermore assume that

lim
m→∞

Σ1|M|3|N |
N2

K(m)N3(m)
= 0. (5.6)

For any δ > 0, there exist m̄ ∈ N and some constants R0, R1, R2 such that, when applying gradient descent with
learning rate η = n

NK(m)
η0, where

η0 <
2

λKmin + λKmax
, (5.7)

the following inequalities hold for all m ≥ m̄ with probability at least 1− δ over random initialization:

∥F (t)− Y ∥2 ≤
√
n log(2n)R0

(
1− η0λ

K
min

3

)t

, (5.8)

∥Θt −Θ0∥∞ ≤ 6R0

λKmin

n
√

log(2n)
|M|

NK(m)N(m)
. (5.9)

Proof See subsection 5.4. □

68



Remark 5.1 The (5.8) is equivalent to

L(Θt) ≤
R2
0

2
log(2n)

(
1− η0λ

K
min

3

)2t

. (5.10)

Analogously to the continous-time case we have uniform convergence to the linearized model.

Theorem 5.2 Let us assume that the hypotheses of Theorem 3.7 and of Theorem 5.1 are satisfied and that
Assumption 4.3 holds. For any δ > 0, there exist a constant R1 > 0 and m̄ ∈ N such that the following inequality
holds for all m ≥ m̄ with probability at least 1− δ over random initialization:

sup
t

sup
x∈X

|f(Θt, x)− f lin(Θt, x)| ≤

(
6R2

λKmin

)2

n2 log(2n)
Lm|M|4|N |
N2

K(m)N3(m)
. (5.11)

Proof Combining Theorem 4.23 with the inequality (5.9), the bound (5.11) follows immediately. □

Also the proof of the convergence to a Gaussian process is similar to the continuous time setting,
with some differences dues to the discrete nature of time in the evolution of the model. All the details
of the proof of the convergence will be given for the noisy case in the following subsection and can be
immediately adapted to the case discussed in this subsection by removing the additional terms due to
the statistical noise.

5.3 Stochastic gradient descent

Assumption 5.3 (Unbiased gradient descent) We consider the gradient-descent evolution

Θt+1 −Θt = −ηg(t)(Θt), (5.12)

where for any training time t ∈ N, g(t)(Θt) is an unbiased estimator of the gradient of the loss function in the
stochastic gradient descent equation, i.e., an estimator whose average conditioned on the past history coincides
with the exact value of the gradient. More formally, each g(t)(Θt) is a random vector such that, for any k < t,

any ξk ∈ R and any Θk ∈ R|Θ| we have

E
[
g
(t)
i (Θt)

∣∣ g(k)(Θk) = ξk ∀ k < t
]
= ∂θiL(Θ) ∀Θ ∈ P. (5.13)

Remark 5.2 The meaning of (5.13) is the following: once we are at time t, we perform the measurements of the

output of circuit and we build an the estimator g(t)(Θt) such that its expectation value is ∇ΘL(Θ) whatever the

output of the measurements employed to determine {g(0), g(1), . . . , g(t−1)} was. This is what we physically ask.

The aim of the following theorem is to show that, with a bound on the variance which is polynomial
in the number of qubits, an unbiased estimator of the gradient of the MSE loss is suitable to achieve an
exponential convergence to the global minimum with a lazy evolution of the parameters.
The idea is to compare the stochastic evolution with the exact one. In Figure 21, a tentative strategy is
depicted on the left. Given an initial vector of parameters Θ0, the stochastic evolution of the parameter
is represented by the violet curve (the parameter vectors are called Θt), while the deterministic evolution
with the exact gradient is the blue curve (the parameter vectors are called Θ̃t), which is known to
converge to the global minimum by Theorem 5.1. We could try to bound the distance between the two
curves using some arguments based on the triangle inequality. However, some problems may arise.

1. At each time step t > 0, the point Θt at which the estimator of the gradient is computed is different
from the point Θ̃t at which the exact gradient is computed; this means that, even if the exact evolution
is close to a minimum (∇ΘL(Θ̃t) ≤ ϵ), the estimated distance ∥Θt − Θ̃t∥∞ would affect the upper
bound on ∇ΘL(Θt) with a bias due to a rough triangle inequality argument, i.e.

∇ΘL(Θt) ≤ ∇ΘL(Θ̃t) + g(∥Θt − Θ̃t∥∞). (5.14)

It is easy to realize that g is non decreasing. The hope is to show that somehow ∥Θt − Θ̃t∥∞ becomes
small with t.
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Fig. 21 The global and the local strategies to approach the stochastic gradient descent convergence. With a global strategy
we lose track of the path in the parameter space.

2. However, since (5.14) asymptotically gives few information on the convergence of Θt to Θ∗ due to the
bias g, we can only worsen the estimate:

∥Θt+1 − Θ̃t+1∥∞ ≤ ∥Θt+1 − Θt∥∞ + ∥Θt − Θ̃t∥∞ + ∥Θ̃t+1 − Θ̃t∥∞. (5.15)

So, the bias g(∥Θt − Θ̃t∥∞) is non-decreasing with t. This hinders any conclusion on the convergence.

The discussion of this naive strategy is the starting point to understand what goes wrong in this case
and to motivate our different approach. The main problem with a global comparison between the exact
and the stochastic paths is that the iteration of triangle inequality bounding the discrepancy between Θt

and Θ̃t prodigally collects all the previous estimates, accumulating inaccuracy with time. What we need
is a local approach. This can be achieved by performing a deterministic gradient descent step starting at
the last point of the stochastic evolution, as depicted in Figure 21 on the right.{

Θt+1 = Θt − ηg(t)(Θt) stochastic gradient descent,

Θ̃t+1 = Θt − η∇ΘL(Θt) locally deterministic gradient descent.
(5.16)

Now, the variance of g(t)(Θt) must be chosen so that ∥Θt+1 − Θ̃t+1∥∞ is small enough to fulfill these
criteria:

1. L(Θt+1) is sufficiently close to L(Θ̃t+1) so that a decrease with respect to the previous cost L(Θt) is
ensured;

2. the distance between Θt+1 and Θ̃t+1 is a summable function of t which goes to zero as the number of
qubits increases, so that the lazy training result is still valid.

This will be the strategy to prove Theorem 5.4, which is the most important result of the article together
with Theorem 5.9.

Theorem 5.4 (Trainability of the model) Let us suppose that Assumption 4.3 holds. Let us furthermore
assume that

lim
m→∞

Lm|M|4|N |2

N3(m)
= 0. (5.17)

We suppose to train our model according to the gradient descent described in Assumption 5.3 for a training
time T ∈ N with learning rate η = n

NK(m)
η0, where

η0 <
2

λKmin + λKmax
. (5.18)
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We furtherly assume the following condition on the variance of the estimator of the gradient: for any choice
of t ≤ T and ξk ∈ R and Θk ∈ R|Θ|,

Var
[
g
(t)
i (Θ)

∣∣ g(k)(Θk) = ξk ∀ k < t
]

≤ c0η
2
0

(
λKmin

)4
n2

N2
K(m)N2(m)

|M|2|Θ|3
δ

(t+ 1)2
L(Θ), (5.19)

where c0 = 1
864π2 .

For any δ > 0, there exist m̄ ∈ N and some constants R0(δ), R1(δ), R2(δ) such that for all m ≥ m̄ the
following inequalities hold with probability at least 1− δ over random initialization and stochastic training:

L(Θt) ≤
R2
0

2
log(2n)

(
1− η0λ

K
min

3

)2t

, (5.20)

∥Θt −Θ0∥∞ ≤ R1η0λ
K
min

√
log(2n)

N(m)

|M||Θ|

+
R2

λKmin

n
√

log(2n)
|M|

NK(m)N(m)
, (5.21)

sup
x∈X

|f(Θt, x)− f lin(Θt, x)| ≤ 2R2
1η

2
0

(
λKmin

)2
log(2n)

|N |N(m)

Lm

+
2R2

2(
λKmin

)2 n2 log(2n) Lm|M|4|N |
N2

K(m)N3(m)
, (5.22)

for any t ≤ T .

Proof See subsection 5.5. □

Remark 5.3 (Dependence of the variance on L(Θ) and on t) As already introduced in subsection 5.1, the variance
of the estimator of the gradient must be sufficiently small so that the exact value of the gradient is not completely
blurred by the statistical noise. In the proof of Theorem 5.4 we show that a small cost function implies a small
gradient. So, the cost function in the bound (5.19) ensures that the variance is exponentially small (in time) when
the cost and its gradient are exponentially small. Furthermore, an explicit dependence on t appears in (5.19).
This is due to the iterative comparison of the stochastic gradient descent with the exact gradient descent of the
strategy we discussed in the introduction of this subsection. Indeed, we need the probability that the estimated
gradient is too far from the exact gradient to be increasingly small along the minimization procedure. Otherwise,
we could not provide a union bound ensuring that the sum of the probabilities that estimated gradient is not
close enough to the exact gradient is small (see (5.113)).

In the following proposition we explain why the bound on the variance (5.19) implies that a polynomial
number of measurements (with respect to the number of the qubits) is sufficient to

Proposition 5.5 (A polynomial number of measures) For any ϵ, δ > 0, let M(ϵ, δ) be the number of measure-
ments required by the gradient-descent algorithm of Theorem 5.4 to get a cost less than ϵ with probability at least
1− δ. Then,

M(ϵ, δ) ≤ C(δ, ϵ, λKmin, n)

(
Lm |M|4

N3(m)

) 4
3

L
8
3m

14
3 , (5.23)

where the term in parentheses tends to 0 for m→ ∞ from the hypothesis (5.17) of Theorem 5.4, and the remaining
terms grow at most polynomially in m whenever the number of layers L grows polynomially with m.

Proof We recall that, if X and Y are independent random variables, then

Var[X + Y ] = Var[X] + Var[Y ], (5.24)

therefore, if X1, . . . , XM are i.i.d. random variables, then

Var

[
1

M

M∑
k=1

Xk

]
=

Var[X1]

M
. (5.25)
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By Assumption 2.2, the generators of the unitaries encoding the trainable parameters have spectrum {−1,+1}.
Then, there is a simple strategy to compute the derivative ∂θif(Θ, x). In quantum circuits like these, indeed,
the derivatives of the expectation value of any observable with respect to any parameter can be written in terms
of other expectation values computed for “shifted” parameters. These identities were introduced in [62] (see in
particular (14)) and they are known as parameter shift rules:

∂

∂θi
f(Θ, x) = f(Θ +∆(i), x)− f(Θ−∆(i), x) ∆

(i)
j :=

{
π
4 j = i

0 j ̸= i
(5.26)

so that an unbiased estimator h
(t,1)
i (Θ, x) of ∂θif(Θ, x) can be constructed by measuring the output of the circuit

at 2 different points

h
(t,1)
i (Θ, x) = h

(t,1,+)
i (Θ, x)− h

(t,1,−)
i (Θ, x), (5.27)

where h
(t,1,±)
i (Θ, x) are the outputs of the mutually independent measurements of O on

∣∣∣ψ(Θ±∆(i), x)
〉

=

U(Θ±∆(i), x) |0m⟩:

E
[
h
(t,1)
i (Θ, x)

]
= E

[
h
(t,1,+)
i (Θ, x)− h

(t,1,−)
i (Θ, x)

]
= h

(t,1,+)
i (Θ, x)− h

(t,1,−)
i (Θ, x) =

∂

∂θi
f(Θ, x). (5.28)

All the expectation values and all the variances are meant to be conditioned on any possible story of the pre-
vious estimators. Iterating this procedure M (t) times, we have a family of unbiased and independent estimators

{h(t,k)i (Θ, x)}k∈{1,...,M(t)} of ∂
∂θi

f(Θ, x). Since, by Assumption 2.2, O is a sum of m observables with spectrum

in [−1, 1], a very rough uniform bound on the variance of h
(t,1,j)
i (Θ +∆(j), x) can be easily provided:

Var
[
h
(t,k,j)
i (Θ +∆(j), x)

]
≤ m2

N2(m)
, (5.29)

whence

Var
[
h
(t,k)
i (Θ, x)

]
≤ 2m2

N2(m)
. (5.30)

Therefore,

g
(t)
i (Θ, x) =

1

M (t)

M(t)∑
k=1

h
(t,k)
i (Θ, x) (5.31)

is an unbiased estimator of ∂
∂θi

f(Θ, x) with variance

Var
[
g
(t)
i (Θ, x)

]
≤ 1

M (t)

2m2

N2(m)
. (5.32)

By (5.19) we notice that, in the physical implementation of the quantum neural network, the variance required
at each time step is of the form

Var
[
g
(t)
i (Θt)

∣∣ g(k)(Θk) = ξk ∀ k < t
]
≤ c(δ, λKmin, n)

N2
K(m)N2(m)

|M|2L3m3

L(Θt)

(t+ 1)2
. (5.33)

This is ensured if the number of measurements M (t) is sufficiently large

1

M (t)

2m2

N2(m)
≤ c(δ, λKmin, n)

N2
K(m)N2(m)

|M|2L3m3

L(Θt)

(t+ 1)2
, (5.34)

i.e.

M (t) =
2

c(δ, λKmin, n)

|M|2L3m5

N2
K(m)N4(m)

(t+ 1)2

L(Θt)
(5.35)

is sufficient. Since this procedure must be repeated for each parameter, the total number of measurements required
at time t is

M
(t)
tot = |Θ|M (t) = LmM (t). (5.36)

To get ϵ-close to the minimum of the cost, by (5.20) the number of time steps required is, at most,

T
(ϵ)
max =

log
(
1
ϵ

)
+ log

(
R2
0 log(2n)

)
−2 log

(
1− η0λK

min
3

) . (5.37)

So the total number of measurements required is bounded by

M(ϵ, δ) ≤
T (ϵ)
max∑
t=1

M
(t)
tot ≤

2T
(ϵ)
max(T

(ϵ)
max + 1)2

c(δ, λKmin, n)ϵ

|M|2L4m6

N2
K(m)N4(m)

. (5.38)
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Setting

C(δ, ϵ, λKmin, n) :=
2T

(ϵ)
max(T

(ϵ)
max + 1)2

c(δ, λKmin, n)ϵ
(5.39)

we get

M(ϵ, δ) ≤ C(δ, ϵ, λKmin, n)
|M|2L4m6

N2
K(m)N4(m)

(a)
≤ C(δ, ϵ, λKmin, n)

(
Lm |M|4

N3(m)

) 4
3
L

8
3m

14
3

|M| 103

≤ C(δ, ϵ, λKmin, n)

(
Lm |M|4

N3(m)

) 4
3

L
8
3m

14
3 , (5.40)

where (a) follows from Lemma 4.5. The claim follows. □

Theorem 5.4 is the fundamental result to prove that also in the noisy case the model is a Gaussian
process during the training in the limit of many qubits. However, we still need to verify that the noisy
trajectory in the parameter space is close to the exact trajectory with the linearized evolution equation.
This result is ensured by the following statements, which require a further suppression ξ(m) → 0 in the
bound for variance of the estimator for the gradient of the cost function; we are going to choose ξ(m) in
order to ensure the rate of convergence needed to obtain the convergence to a Gaussian process. We will
also replace δ with δ/4: this is just a technical detail which will be used in the proof for a union bound.

Lemma 5.6 (The parameters differ at the second order) Let us assume a condition on the variance of the
estimator of the gradient stronger than (5.19) by a factor ξ(m)/4: for any choice of t ≤ T and ξk ∈ R and

Θk ∈ R|Θ|,

Var
[
g
(t)
i (Θ)

∣∣ g(k)(Θk) = ξk ∀ k < t
]

≤ c0η
2
0

(
λKmin

)4
n2

N2
K(m)N2(m)

|M|2|Θ|3
ξ(m)

δ/4

(t+ 1)2
L(Θ), (5.41)

where c0 = 1
864π2 . Then, for any fixed δ > 0, there exist some constant C1, C2 and an integer m̄ ∈ N such that,

for any m ≥ m̄,∥∥Θt −Θlin
t

∥∥
∞ ≤

(
C1

(λKmin)
3
+ C2

)
n3 log(2n)

Lm|M|5|N |3

N4(m)
logN(m)

1

2

(
1 +N(m)

√
ξ(m)

)
(5.42)

with probability at least 1− δ.

Proof See subsection 5.6. □

Now it is clear why we need the further suppression ξ(m) in the bound for the variance of the estimator
of the gradient of the cost function, as we will discuss more in detail in Corollary (5.7) and in Theorem
(5.8): the divergent term N(m) must be cancelled by ξ(m) in order to ensure the following statements.

Corollary 5.7 If we choose, in particular

ξ(m) =
1

N2(m)
, (5.43)

which means requiring that

Var
[
g
(t)
i (Θ)

∣∣ g(k)(Θk) = ξk ∀ k < t
]

≤ c0η
2
0

(
λKmin

)4
n2

N2
K(m)

|M|2|Θ|3
δ/4

(t+ 1)2
L(Θ), (5.44)

where c0 = 1
864π2 , then, for any δ > 0, there exist C1, C2 and m0 such that, for any m ≥ m0,∥∥Θt −Θlin

t

∥∥
∞ ≤

(
C1

(λKmin)
3
+ C2

)
n3 log(2n)

Lm|M|5|N |3

N4(m)
logN(m) (5.45)

with probability at least 1− δ.
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Now we have all the ingredients to state the generalization of Theorem 4.15 to the discrete time
setting with statistical noise.

Theorem 5.8 (The original evolution is close to the linear evolution) Let us suppose that the hypotheses of the
previous lemmas are satisfied; in particular, we ask (5.44) for the variance of the estimator of the gradient of the
cost function. Then, in the presence or in the absence of statistical noise in the gradient descent, we have the
following bound: for any δ > 0 there exist some constants C3 and C4 and a number of qubits m0 ∈ N such that,
for any m ≥ m0

|f(Θt, x)− f lin(Θlin
t , x)| ≤

(
C3

(λKmin)
3
+ C4

)
n3 log(2n)

L2m2|M|6|N |4

N5(m)
logN(m) (5.46)

with probability at least 1− δ.

Proof See subsection 5.7. □

Theorem 5.9 (Quantum neural networks as Gaussian processes – noisy setting) Let us assume that a
circuit satisfying Assumption 4.3 and such that

lim
m→∞

L2m2|M|6|N |4

N5(m)
logN(m) = 0 (5.47)

is randomly initialized according to Assumption 3.6 and is trained using the noisy gradient descent with the
following bound on the variance of the estimator of the gradient of the cost function: for any choice of t ≤ T
and ξk ∈ R and Θk ∈ R|Θ|,

Var
[
g
(t)
i (Θ)

∣∣ g(k)(Θk) = ξk ∀ k < t
]

≤ c0η
2
0

(
λKmin

)4
n2

N2
K(m)

|M|2|Θ|3
δ/4

(t+ 1)2
L(Θ). (5.48)

Then, in the limit of infinitely many qubits m→ ∞, {f(Θt, x)}x∈X converges in distribution to a Gaussian

process {f (∞)
t (x)}x∈X with mean and covariance

µt(x) = K̄(x,XT )K̄−1
(
1−

(
1− η0K̄

)t)
Y (5.49)

Kt(x, x
′) = K0(x, x

′),

− K̄(x,XT )K̄−1
(
1−

(
1− η0K̄

)t)K0(X,x
′)

− K̄(x′, XT )K̄−1
(
1−

(
1− η0K̄

)t)K0(X,x)

+ K̄(x,XT )K̄−1
(
1−

(
1− η0K̄

)t)×
×K0(X,X

T )
(
1−

(
1− η0K̄

)t)
K̄−1K̄(X,x′). (5.50)

Proof See subsection 5.8. □

5.4 Proof of Theorem 5.1

Lemma 5.10 (Lagrange theorem for vector valued functions in several variables) Let U ⊆ Rm be a compact
convex set and let f : U → Rn be continuously differentiable. Then

f(y)− f(x) =

[∫ 1

0
df(x+ t(y − x))dt

]
(y − x). (5.51)

Proof See e.g. [63]. □
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The following lemma is crucial both for the deterministic and the stochastic case. We show that,
if we are asymptotically close enough to the parameters at initialization, then a gradient descent step
contracts the distance between the output of the model and the labels provided by the dataset.

Let Br(Θ0) = {Θ : ∥Θ − Θ0∥∞ < r} be the ball of center Θ0 and radius r.

Lemma 5.11 (Single step of gradient descent) Let us assume that the hypothesis of Theorem 4.7 is satisfied and
that Assumption 4.3 holds. Let δ > 0, ζ ∈ (0, 1) and suppose

η =
n

NK(m)
η0, η0 <

2

λKmin + λKmax
. (5.52)

Furthermore, let r(m) : N → R+ such that

lim
m→∞

Σ1|M|2|N |
NK(m)N2(m)

r(m) = 0. (5.53)

There exists m̄ ∈ N such that, with probability at least 1− δ over random initialization, given any Θ and Θ′ both
in Br(m)(Θ0) and satisfying

Θ′ −Θ = −η∇ΘL(Θ), (5.54)

where L is the MSE loss, the following inequality holds for any m ≥ m̄:

∥f(Θ′, X)− Y ∥2 ≤
(
1− ζη0λ

K
min

)
∥f(Θ, X)− Y ∥2. (5.55)

Proof Let us start rewriting

∥f(Θ′, x)− Y ∥2 = ∥(f(Θ′, x)− f(Θ, x)) + (f(Θ, x)− Y )∥2. (5.56)

Calling16

DF (τ) ≡


∇Θf(Θ + τ(Θ′ −Θ), x(1))T

∇Θf(Θ + τ(Θ′ −Θ), x(2))T

...

∇Θf(Θ + τ(Θ′ −Θ), x(n))T

 (5.57)

we can apply Lagrange theorem 5.10 to obtain

∥f(Θ′, X)− Y ∥2 =

∥∥∥∥∥
[∫ 1

0
DF (τ)dτ

]
(Θ′ −Θ) + (f(Θ, X))− Y )

∥∥∥∥∥
2

=

∥∥∥∥∥
∫ 1

0

(
DF (τ)(Θ′ −Θ) + (f(Θ, X)− Y )

)
dτ

∥∥∥∥∥
2

≤
∫ 1

0
dτ
∥∥DF (τ)(Θ′ −Θ) + f(Θ, X)− Y

∥∥
2

=
∥∥DF (ξ)(Θ′ −Θ) + f(Θ, X)− Y

∥∥
2
, (5.58)

where ξ ∈ [0, 1]. By the definition of gradient descent (5.54), we also have

∥f(Θ′, X)− Y ∥2 ≤
∥∥− η0

NK(m)
DF (ξ)∇ΘL(Θ) + f(Θ, X)− Y

∥∥
2

≤
∥∥− η0

NK(m)
DF (ξ)∇Θf(Θ, X

T )(f(Θ, X)− Y ) + f(Θ, X)− Y
∥∥
2

=

∥∥∥∥∥
(
1− η0

NK(m)
DF (ξ)∇Θf(Θ, X

T )

)
(f(Θ, X)− Y )

∥∥∥∥∥
2

≤

∥∥∥∥∥
(
1− η0

NK(m)
DF (ξ)∇Θf(Θ, X

T )

)∥∥∥∥∥
L
∥f(Θ, X)− Y ∥2. (5.59)

Calling Θ̃ = Θ + ξ(Θ′ −Θ), by convexity of the ball,

Θ̃ ∈ Br(m)(Θ0) because

{
∥Θ−Θ0∥∞ ≤ r(m)

∥Θ′ −Θ0∥∞ ≤ r(m)
. (5.60)

16We use the convention of considering ∇fT as a row vector.
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Now we have to estimate∥∥∥∥∥
(
1− η0

NK(m)
DF (ξ)(∇Θf(Θ, X

T )

)∥∥∥∥∥
L

=

∥∥∥∥∥
(
1− η0

NK(m)

Lm∑
i=1

∂θif(Θ̃, X)∂θif(Θ, X
T )

)∥∥∥∥∥
L

=

∥∥∥∥∥
(
1− η0

(
K(X,XT )−K(X,XT ) + K̂Θ0

(X,XT )

− K̂Θ0
(X,XT ) +

1

NK(m)

Lm∑
i=1

∂θif(Θ̃, X)∂θif(Θ, X
T )
))∥∥∥∥∥

L

≤ ∥1− η0K(X,XT )∥L + η0∥K(X,XT )− K̂Θ0
(X,XT )∥L

+ η0

∥∥∥∥∥
Lm∑
i=1

∂θif(Θ0, X)∂θif(Θ0, X
T )−

Lm∑
i=1

∂θif(Θ̃, X)∂θif(Θ, X
T )

∥∥∥∥∥
L

≤ ∥1− η0K(X,XT )∥L + η0∥K(X,XT )− K̂Θ0
(X,XT )∥L

+
η0

NK(m)

∥∥∥∥∥
Lm∑
i=1

(
∂θif(Θ0, X)− ∂θif(Θ̃, X

)
∂θif(Θ0, X

T )

∥∥∥∥∥
L

+
η0

NK(m)

∥∥∥∥∥
Lm∑
i=1

∂θif(Θ̃, X)
(
∂θif(Θ0, X

T )− ∂θif(Θ, X
T )
)∥∥∥∥∥

L
. (5.61)

Each term can be bounded as follows. Let us start with

∥1− η0K(X,XT )∥L ≤ max
λ∈SpecK

|1− η0λ|. (5.62)

Since f(λ) = |1− η0λ| is convex,

∥1− η0K(X,XT )∥L ≤ max{|1− η0λ
K
min|, |1− η0λ

K
max|} (5.63)

and, since η0 <
2

λK
min+λK

max
,

1− η0λ
∗ = 0 ⇐⇒ λ∗ =

1

η0
>
λKmin + λKmax

2
. (5.64)

Therefore, we can conclude that
∥1− η0K(X,XT )∥L ≤ 1− η0λ

K
min (5.65)

as illustrated in Figure 22. Now we consider

Fig. 22 Behaviour of f(λ)

η0∥K(X,XT )− K̂Θ0
(X,XT )∥L ≤ ∥K(X,XT )− K̂Θ0

(X,XT )∥F . (5.66)

We can claim, by Theorem 4.7 and Lemma 4.24, the existence of m1 ∈ N such that

∥K(X,XT )− K̂Θ0
(X,XT )∥F ≤

(
1− ζ

2

)
λKmin ∀m ≥ m1 (5.67)
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with probability at least 1− δ.
Finally, using Lemma 4.20,∥∥∥∥∥

Lm∑
i=1

(
∂θif(Θ0, X)− ∂θif(Θ̃, X

)
∂θif(Θ0, X

T )

∥∥∥∥∥
L

≤

∥∥∥∥∥
Lm∑
i=1

(
∂θif(Θ0, X)− ∂θif(Θ̃, X

)
∂θif(Θ0, X

T )

∥∥∥∥∥
F

≤

√√√√√ n∑
j,j′=1

(
Lm∑
i=1

(
∂θif(Θ0, x(j))− ∂θif(Θ̃, x

(j)
)
∂θif(Θ0, x(j

′))

)2

≤

√√√√√ n∑
j,j′=1

(
sup
i′

∣∣∂θi′ f(Θ0, x(j))− ∂θi′ f(Θ̃, x
(j))
∣∣ Lm∑
i=1

∣∣∂θif(Θ0, x(j
′))
∣∣)2

≤ sup
x

sup
i′

∣∣∂θi′ f(Θ0, x)− ∂θi′ f(Θ̃, x)
∣∣
√√√√√ n∑

j,j′=1

(
Lm∑
i=1

∣∣∂θif(Θ0, x(j
′))
∣∣)2

≤ sup
x

sup
i′

∣∣∂θi′ f(Θ0, x)− ∂θi′ f(Θ̃, x)
∣∣ sup

x′

Lm∑
i=1

∣∣∂θif(Θ0, x
′))
∣∣√√√√ n∑

j,j′=1

1

≤ n sup
x

∥∥∇Θf(Θ0, x)−∇Θf(Θ̃, x
)∥∥

∞ sup
x′

∥∥∇Θf(Θ0, x
′)
∥∥
1

≤ n · 4 |M|2|N |
N(m)

∥Θ0 − Θ̃∥∞ · 2Σ1

N(m)
≤ 8n

Σ1|M|2|N |
N2(m)

r(m). (5.68)

Hence ∥∥∥∥∥
(
1− η0

NK(m)
DF (ξ)(∇Θf(Θ, X

T )

)∥∥∥∥∥
L

≤ 1− η0λ
K
min +

(
1− ζ

2

)
η0λ

K
min + 8nη0

Σ1|M|2|N |
NK(m)N2(m)

r(m). (5.69)

Because of (5.53), there exist m2 ∈ N such that

8nη0
Σ1|M|2|N |

NK(m)N2(m)
r(m) ≤

(
1− ζ

2

)
η0λ

K
min ∀m ≥ m2. (5.70)

This yields ∥∥∥∥∥
(
1− η0

NK(m)
DF (ξ)(∇Θf(Θ, X

T )

)∥∥∥∥∥
L

≤ 1− η0λ
K
min + (1− ζ)η0λ

K
min = 1− ζη0λ

K
min. (5.71)

Therefore
∥f(Θ′, X)− Y ∥2 ≤ (1− ζη0λ

K
min)∥f(Θ, X)− Y ∥2 (5.72)

for all m ≥ m̄ = max{m1,m2}.
□

Now we have all the ingredients to prove Theorem 5.1.
Because of Corollary 4.16, we can ask

P (∥F (0) − Y ∥2 < R) ≥ 1 − δ

2
∀m ≥ m0 for some R =

√
n log(2n)R0 (5.73)

with probability at least 1 − δ
2 .

As in the proof of the Theorem 4.10, we introduce

ρ(m) =
6R0

λKmin

n
√

log(2n)
|M|

NK(m)N(m)
. (5.74)
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We prove (5.8) and (5.9) by induction. If t = 0, then

∥F (0) − Y ∥2 < R (5.75)

holds because of the previous assumption; (5.9) does not have to be proved for t = 0. Let us suppose
that (5.8) and (5.9) hold for any t ≤ t∗. Recalling that

Θt+1 − Θt = − η0
NK(m)

∇Θf(Θt, X) · (F (t) − Y ) (5.76)

and using Lemma 4.20, we have

|θi(t+ 1) − θi(t)| ≤
∣∣∣ η0
NK(m)

∂θif(Θt, X) · (F (t) − Y )
∣∣∣

≤ η0
NK(m)

2
√
n

|M|
N(m)

∥F (t) − Y ∥2 (5.77)

Hence, because (5.8) holds for any t ≤ t∗,

|θi(t+ 1) − θi(t)| ≤
η0

NK(m)
2
√
n

|M|
N(m)

√
n log(2n)R0

(
1 − 1

3
η0λ

K
min

)t

= 2R0η0n
√

log(2n)
|M|

NK(m)N(m)

(
1 − 1

3
η0λ

K
min

)t

∀ t ≤ t∗. (5.78)

Therefore, using the triangle inequality and considering the supremum over i of the previous inequalities,

∥Θt∗+1 − Θ0∥∞ ≤
t∗∑

k=0

∥Θk+1 − Θk∥∞

≤ 2R0n
√

log(2n)η0
|M|

NK(m)N(m)

t∗∑
k=0

(
1 − 1

3
η0λ

K
min

)k

≤ 2R0n
√

log(2n)η0
|M|

NK(m)N(m)

∞∑
k=0

(
1 − 1

3
η0λ

K
min

)k

=
6R0

λKmin

n
√

log(2n)
|M|

NK(m)N(m)
= ρ(m). (5.79)

This means that (5.9) holds also for t = t∗ + 1. Now, let us notice that

lim
m→∞

Σ1|M|2|N |
NK(m)N2(m)

ρ(m) = lim
m→∞

6R0

λKmin

n
√

log(2n)
Σ1|M|3|N |

N2
K(m)N3(m)

= 0 (5.80)

by hypothesis. We invoke17 Lemma 5.11 with probablity to fail δ
2 instead of δ and choosing the following

parameters:

r(m) = ρ(m), Θ′ = Θt∗+1, Θ = Θt∗ , ζ =
1

3
. (5.81)

Therefore

∥F (t∗ + 1) − Y ∥2 ≤ R0

√
n log(2n)

(
1 − η0λ

K
min

3

)t∗+1

(5.82)

which is (5.8) for t = t∗ + 1.

17Since r(m) and ζ are always the same in the proof by induction, the lemma has to be claimed once.
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5.5 Proof of Theorem 5.4

Lemma 5.12 The hypothesis

lim
m→∞

Lm|M|4|N |2

N3(m)
= 0 (5.83)

of Theorem 5.4 ensures that the hypotheses of Theorem 3.7, of Theorem 4.7 and of Theorem 5.1 are satisfied, i.e.

lim
m→∞

m|M|2|N |2

N3(m)
= 0, (5.84)

lim
m→∞

1

N2
K(m)

Σ2|M|2|N |2

N4(m)
= 0, (5.85)

lim
m→∞

Σ1|M|2|N |
N2

K(m)N3(m)
= 0. (5.86)

Proof It is easy to see that

0 ≤ lim
m→∞

m|M|2|N |2

N3(m)
≤ lim

m→∞
Lm|M|4|N |2

N3(m)
= 0, (5.87)

0 ≤ 1

N2
K(m)

Σ2|M|2|N |2

N4(m)
≤ lim

m→∞
Lm|M|4|N |2

N3(m)
= 0, (5.88)

0 ≤ lim
m→∞

Σ1|M|2|N |
N2

K(m)N3(m)
≤ lim

m→∞
Lm|M|4|N |2

N3(m)
= 0. (5.89)

□

Two simple lemmas are proved now, so that the computations will be simplified later.

Lemma 5.13 (An elementary inequality) Let x ∈ R such that

x2 ≤ A+A′ +Bx, (5.90)

where A,A′, B > 0. Then
x ≤

√
A+

√
A′ +B. (5.91)

Proof The equality x2 = A+A′ +Bx holds if and only if

x = x1 =
B +

√
B2 + 4(A+A′)

2
or x = x2 =

B −
√
B2 + 4(A+A′)

2
, (5.92)

so the inequality x2 ≤ A+A′ +Bx implies
x2 ≤ x ≤ x1. (5.93)

Since

2x1 = B +
√
B2 + 4(A+A′) = B +

√
B2 + (2

√
A)2 + (2

√
A′)2

≤ B +B + 2
√
A+ 2

√
A′ = 2(B +

√
A+

√
A′), (5.94)

we have
x ≤

√
A+

√
A′ +B. (5.95)

□

Lemma 5.14 (Another elementary inequality) Let x ∈ [0, 1]. Then

x

4
≤
√

1− x

2
−

√
1− x. (5.96)
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Proof First we notice that √
1− x

2
−

√
1− x ≥ 0. (5.97)

Then we use that, for x ∈ [0, 1], √
1− x

2
+

√
1− x ≤ 2, (5.98)

whence (√
1− x

2
+

√
1− x

)(√
1− x

2
−

√
1− x

)
≤ 2

(√
1− x

2
−

√
1− x

)
1

2

(
1− x

2
− (1− x)

)
≤
√

1− x

2
−

√
1− x

x

4
≤
√

1− x

2
−

√
1− x. (5.99)

□

Now we are ready to prove Theorem 5.4. As usual, because of Corollary 4.16 we can ask

P (∥F (0) − Y ∥2 < R) ≥ 1 − δ

2
∀m ≥ m0 (5.100)

for some R =
√
n log(2n)R0 with probability at least 1 − δ

2 .
At each temporal step, let us introduce two different evolutions of the same parameter vector Θt,

one stochastic and one deterministic. More precisely, let us consider two stochastic processes Θt and Θ̃t

defined for t ≥ 0 by {
Θt+1 = Θt − ηg(t)(Θt)

Θ̃t+1 = Θt − η∇ΘL(Θt)
. (5.101)

It is crucial to notice that the parameter vector appering in the RHS of the second equation is Θt, not Θ̃t.
When we discussed the strategy to prove the theorem, we emphasized the necessity to bound the dis-
crepancy between the loss function evalued at the new points Θt+1 and Θ̃t+1. An upper bound can be
computed starting from the Lipschitzness of the model. By Lemma 4.21,

|f(Θ1, x) − f(Θ2, x)| ≤ 2|Θ| |M|
N(m)

∥Θ1 − Θ2∥∞. (5.102)

This implies the following bound on the growth L(Θ):

|L(Θ1) − L(Θ2)| =
1

2n

n∑
i=1

(
(f(Θ1, x

(i)) − y(i))2 − (f(Θ2, x
(i)) − y(i))2

)
=

1

2n

n∑
i=1

(
f(Θ1, x

(i)) − f(Θ2, x
(i))
)
×

×
(
f(Θ1, x

(i)) − y(i) + f(Θ2, x
(i)) − y(i))

)
≤ 1√

2n
∥f(Θ1, X) − f(Θ2, X)∥2×

× 1√
2n

(
∥f(Θ1, X) − Y ∥2 + ∥f(Θ2, X) − Y ∥2

)
≤

√
2|Θ| |M|

N(m)

(√
L(Θ1) +

√
L(Θ2)

)
∥Θ1 − Θ2∥∞. (5.103)

In particular,

L(Θ1) ≤ L(Θ2) +
√

2|Θ| |M|
N(m)

√
L(Θ2)∥Θ1 − Θ2∥∞
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+
√

2|Θ| |M|
N(m)

∥Θ1 − Θ2∥∞
√

L(Θ1). (5.104)

So we can apply Lemma 5.13 with x =
√

L(Θ1) and

A = L(Θ2), A′ =
√

2|Θ| |M|
N(m)

√
L(Θ2)∥Θ1 − Θ2∥∞, (5.105)

B =
√

2|Θ| |M|
N(m)

∥Θ1 − Θ2∥∞, (5.106)

obtaining

√
L(Θ1) ≤

√
L(Θ2) + 4

√
L(Θ2)

√
√

2|Θ| |M|
N(m)

∥Θ1 − Θ2∥1/2∞

+
√

2|Θ| |M|
N(m)

∥Θ1 − Θ2∥∞

≤

(
4
√

L(Θ2) +

√
√

2|Θ| |M|
N(m)

∥Θ1 − Θ2∥1/2∞

)2

. (5.107)

The discrepancy between the loss function after a deterministic evolution of the parameters and the loss
function after a stochastic evolution of the parameters is small when the outcome of the stochastic evo-
lution is close to the result of the deterministic evolution. This can be done controlled by a concentration
inequality. For any choice of t ≤ T and ξk ∈ R and Θk ∈ R|Θ|,

Θt+1 − Θ̃t+1 = η(∇ΘL(Θt) − g(t)(Θt)), (5.108)

E
[
θi(t+ 1) − θ̃i(t+ 1)

∣∣ g(k)(Θk) = ξk ∀ k < t
]

= 0, (5.109)

Var
[
θi(t+ 1) − θ̃i(t+ 1)

∣∣ g(k)(Θk) = ξk ∀ k < t
]

= η2Var
[
g
(t)
i (Θt)

∣∣ g(k)(Θk) = ξk ∀ k < t
]
. (5.110)

In order to have a cleaner notation, from now on we will not explitictly write that the variance and
the probability are contitioned on any possible outcome of the previous estimators, even though we will
always assume this. By Chebyshev’s inequality,

P

(
|θi(t+ 1) − θ̃i(t+ 1)| > kη

√
Var

[
g
(t)
i (Θt)

])
≤ 1

k2
. (5.111)

If we set

k = π

√
|Θ|
3δ

(t+ 1), (5.112)

then

P

(
|θi(t+ 1)−θ̃i(t+ 1)| < ηπ

√
|Θ|
3δ

(t+ 1)

√
Var

[
g
(t)
i (Θt)

]
∀ t ≤ T, ∀i

)

≥ 1 − δ

2

1

|Θ|

Lm∑
i=1

6

π2

T∑
t=0

1

(t+ 1)2
≥ 1 − δ

2

6

π2

∞∑
t=0

1

(t+ 1)2

= 1 − δ

2
. (5.113)
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So, if

∥Θt+1 − Θ̃t+1∥∞ ≤ ηπ

√
|Θ|
3δ

(t+ 1) sup
i

√
Var

[
g
(t)
i (Θt)

]
, (5.114)

we can bound the loss function evalued at Θt+1 by using (5.107)

4
√

L(Θt+1) ≤ 4

√
L(Θ̃t+1) +

√
√

2|Θ| |M|
N(m)

∥Θt+1 − Θ̃t+1∥1/2∞

≤ 4

√
L(Θ̃t+1) + 4

√
2η2π2

3δ
|Θ|3 |M|2

N2(m)
(t+ 1)2 sup

i
Var

[
g
(t)
i (Θt)

]
. (5.115)

Now we prove the following bounds by induction on t:
∥Θt − Θ0∥∞ ≤ 2R0λ

K
minn

√
log(2n)

|M|
NK(m)N(m)

t−1∑
k=0

(
1 − η0λ

K
min

3

)k

L(Θt) ≤
1

2
R2

0 log(2n)

(
1 − η0λ

K
min

3

)2t
. (5.116)

If t = 0, it is clear that they hold. Now, let us assume that they hold for t = t∗.
Using the deterministic evolution

Θ̃t∗+1 − Θt∗ = − η0
NK(m)

∇Θf(Θt∗ , X) · (F (t) − Y ) (5.117)

and using Lemma 4.20

|θ̃i(t∗ + 1) − θi(t
∗)| ≤

∣∣∣ η0
NK(m)

∂θif(Θt∗ , X) · (F (t∗) − Y )
∣∣∣

≤ η0
NK(m)

∥∂θif(Θt∗ , X)∥2∥F (t∗) − Y ∥2

≤ η0
NK(m)

2
√
n

|M|
N(m)

√
n log(2n)R0

(
1 − 1

3
η0λ

K
min

)t∗

= 2R0η0n
√

log(2n)
|M|

NK(m)N(m)

(
1 − 1

3
η0λ

K
min

)t∗

. (5.118)

By the triangle inequality, using the inductive hypothesis,

∥Θ̃t∗+1 − Θ0∥∞ ≤ ∥Θ̃t∗+1 − Θt∗∥∞ + ∥Θt∗ − Θ0∥∞

≤ 2R0η0n
√

log(2n)
|M|

NK(m)N(m)

t∗∑
k=0

(
1 − 1

3
η0λ

K
min

)k

. (5.119)

In particular, both ∥Θt∗ − Θ0∥∞ and ∥Θ̃t∗+1 − Θ0∥∞ are bounded by

2R0η0n
√

log(2n)
|M|

NK(m)N(m)

∞∑
k=0

(
1 − 1

3
η0λ

K
min

)k

=
6R0

NK(m)λKmin

n
√

log(2n)
|M|
N(m)

= ρ(m). (5.120)
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Now, let us notice that

lim
m→∞

Σ1|M|2|N |
NK(m)N2(m)

ρ(m) = lim
m→∞

6R0

λKmin

n
√

log(2n)
Σ1|M|3|N |

N2
K(m)N3(m)

= 0 (5.121)

by hypothesis. We invoke18 Lemma 5.11 with probablity to fail δ
4 instead of δ and choosing the following

parameters:

r(m) = ρ(m), Θ′ = Θ̃t∗+1, Θ = Θt∗ , ζ =
2

3
, (5.122)

Therefore

∥f(Θ̃t∗+1, X) − Y ∥2 ≤
(

1 − 2

3
η0λ

K
min

)
∥f(Θt∗ , X) − Y ∥2, (5.123)

which yields

4
√

L(Θt∗+1) ≤
√

1 − 2

3
η0λKmin

4
√

L(Θt∗)

+ 4

√
2η2π2

3δ
|Θ|3 |M|2

N2(m)
(t+ 1)2Var

[
g
(t)
i (Θt∗)

]
. (5.124)

We recall that
η =

n

NK(m)
η0. (5.125)

By hypothesis (5.19), the variance is sufficiently small:

4
√

L(Θt∗+1) ≤
√

1 − 2

3
η0λKmin

4
√

L(Θt∗) +
4

√
2η20π

2

3
c0η20

(
λKmin

)4 L(Θt∗)

≤

(√
1 − 2

3
η0λKmin + η0λ

K
min

4

√
2π2

3

1

864π2

)
4
√

L(Θt∗)

≤

(√
1 − 2

3
η0λKmin +

η0λ
K
min

6

)
4
√

L(Θt∗). (5.126)

Using Lemma 5.14 with x/4 = η0λ
K
min/6,

4
√

L(Θt∗+1) ≤

(√
1 − 2

3
η0λKmin +

√
1 − η0λKmin

3
−
√

1 − 2

3
η0λKmin

)
4
√

L(Θt∗)

=

√
1 − η0λKmin

3
4
√

L(Θt∗), (5.127)

whence

L(Θt∗+1) ≤
(

1 − η0λ
K
min

3

)2

L(Θt∗). (5.128)

Then, using the inductive hypothesis,

L(Θt∗+1) ≤ R2
0

2
log(2n)

(
1 − η0λ

K
min

3

)2(t∗+1)

. (5.129)

18Since r(m) and ζ are always the same in the proof by induction, the lemma has to be claimed once.
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So, both the bounds (5.116) hold for t = t∗ + 1. By induction, they are valid for any t ∈ N.
Using Lemma 4.20,

|θ̃i(t+ 1) − θi(t)| = η|∂θiL(Θt)| =
η

n

∣∣∣∣∣
n∑

j=1

∂θif(Θt, x
(j))
(
f(Θt, x

(j)) − y(j)
)∣∣∣∣∣

≤
√

2η√
n
∥∂θif(Θ, X)∥2

1√
2n

∥F (t) − Y ∥2

= 2
√

2η
|M|
N(m)

√
L(Θt). (5.130)

By the triangle inequality,

∥Θt+1 − Θt∥∞ ≤ ∥Θt+1 − Θ̃t+1∥∞ + ∥Θ̃t+1 − Θt∥∞

≤ ηπ

√
|Θ|
3δ

(t+ 1)

√
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i (Θt)

]
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√
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√
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√
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×
(
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π
√
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3

(
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|M||Θ|
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√
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|M|
NK(m)N(m)
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1 − η0λ

K
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3

)t

. (5.131)

Hence, using again the triangle inequality,

∥ΘT − Θ0∥∞ ≤
T−1∑
t=0

∥Θt+1 − Θt∥∞

≤ η0R0

√
log(2n)

(
η0
π
√
c0√
6

(
λKmin

)2 N(m)

|M||Θ|
+ 2n

|M|
NK(m)N(m)

)
×

×
∞∑
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(
1 − η0λ

K
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=
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√
log(2n)
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η0
π
√
c0√
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(
λKmin

)2 N(m)

|M||Θ|
+ 2n

|M|
NK(m)N(m)

)
=
√

log(2n)

(
R1(δ)η0λ

K
min

N(m)

|M||Θ|
+R2(δ)

n

λKmin

|M|
NK(m)N(m)

)
, (5.132)

where we recalled the dependence R0 = R0(δ). This proves (5.21). Finally, we use Theorem 4.23 to give
the upper bound

|f(Θ, x) − f lin(Θ, x)|

≤ Lm|M|2|N |
N(m)

log(2n)

(
R1(δ)η0λ

K
min

N(m)

|M||Θ|
+R2(δ)

n

λKmin

|M|
NK(m)N(m)

)2

≤ 2R2
1(δ) log(2n)η20

(
λKmin

)2 |N |N(m)

Lm
+ 2

R2
2(δ)(

λKmin

)2n2 log(2n)
Lm|M|4|N |
N2

K(m)N3(m)
, (5.133)

where in the last line we have used that (x+ y)2 ≤ 2x2 + 2y2. And this concludes the proof.
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5.6 Proof of Lemma 5.6

We need to introduce some definitions in order to deal with the discretization of time and with the noise.
Let us consider the case in which the gradient of the cost is exactly known and let us define r(t, x) as

f(Θt+1, x) =: f(Θt, x) + ∇Θf(Θt, x)T (Θt+1 − Θt) + r(t, x), (5.134)

so that the discrete evolution reads

∆f(Θt, x) := f(Θt+1, x) − f(Θt, x) = ∇Θf(Θt, x)T (Θt+1 − Θt) + r(t, x)

= −η∇Θf(Θt, x)T∇ΘL(Θt) + r(t, x)

= −η0K̂Θt(x,X
T )(F (t) − Y ) + r(t, x). (5.135)

Let us now generalize the previous equation in the presence of the noise due the finite number of
measurements; as before, we introduce r(t, x) as

f(Θt+1, x) =: f(Θt, x) + ∇Θf(Θt, x)T (Θt+1 − Θt) + r(t, x), (5.136)

but we also define

g(t)(Θt) =: ∇L(Θt) + ϵ(t) and δ(t, x) =: −η∇Θf(Θt, x)T ϵ(t) (5.137)

so that
Θt+1 − Θt = −ηg(t)(Θt) = −η

(
∇ΘL(Θt) + ϵ(t)

)
(5.138)

whence

∆f(Θt, x) := f(Θt+1, x) − f(Θt, x) = ∇Θf(Θt, x)T (Θt+1 − Θt) + r(t, x)

= −η∇Θf(Θt, x)T
(
∇ΘL(Θt) + ϵ(t)

)
+ r(t, x)

= −η0K̂Θt
(x,XT )(F (t) − Y ) + r(t, x) + δ(t, x), (5.139)

therefore the noiseless case can be recovered from (5.139) by setting δ(t) = 0. We extend the time
parameter t to semi-integers as follows

f(Θt+1/2, x) : =
f(Θt+1, x) + f(Θt, x)

2

=
1

2

(
2f(Θt, x) + ∆f(Θt, x)

)
= f(Θt, x) − η0

2
K̂Θt

(x,XT )(F (t) − Y ) +
1

2
(r(t, x) + δ(t, x)). (5.140)

This compact notation will be useful in the upcoming computations. It is simple to verify that

f lin(Θt+1/2, x) : =
f lin(Θt+1, x) + f lin(Θt, x)

2

= f lin(Θt, x) − η0
2
K̂Θ0

(x,XT )(F lin(t) − Y ). (5.141)

Later we will also use that, for any function g(t), the following identity holds

1

2
∆g2(t) =

1

2

(
g2(t+ 1) − g2(t)

)
=

1

2

(
g(t+ 1) + g(t)

)(
g(t+ 1) − g(t)

)
= g(t+ 1/2)∆g(t), (5.142)

where we used the previous convention on semi-integers time values.
The following lemma is a crucial ingredient to prove Lemma 5.6.
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Lemma 5.15 (Bounding the discrepancy on the examples, discrete time case) Let us assume a condition on
the variance of the estimator of the gradient stronger than (5.19) by a factor ξ(m): for any choice of t ≤ T and

ξk ∈ R and Θk ∈ R|Θ|,

Var
[
g
(t)
i (Θ)

∣∣ g(k)(Θk) = ξk ∀ k < t
]

≤ c0η
2
0

(
λKmin

)4
n2

N2
K(m)N2(m)

|M|2|Θ|3
ξ(m)

δ/4

(t+ 1)2
L(Θ), (5.143)

where c0 = 1
864π2 . Then, for any δ > 0, there exists C,C′ and m0 ∈ N such that, for each m ≥ m0

∥F (t)−F lin(t)∥2 ≤ C

(λKmin)
2
n2

√
n log(2n)

Lm|M|4|N |3

N3(m)
+ ∆(m) (5.144)

with probability at least 1− δ, where

∆(m) = C′η0λ
K
min

√
n log(2n)

√
ξ(m) (5.145)

Proof We will use the compact notation mentioned above:

F (t) = f(Θt, X), F lin(t) = f lin(Θlin
t , X) (5.146)

F (t+ 1/2) =
f(Θt+1, X) + f(Θt, X)

2
, F lin(t+ 1/2) =

f lin(Θlin
t+1, X) + f(Θlin

t , X)

2
(5.147)

We recall that K̂Θt
:= K̂Θt

(X,XT ).

1

2
∆||F (t)− F lin(t)||22

=
1

2

(
||F (t+ 1)− F lin(t+ 1)||22 − ||F (t)− F lin(t)||22

)
=
(
F (t+ 1)− F (t)− F lin(t+ 1) + F lin(t)

)T (
F (t+ 1/2)− F lin(t+ 1/2)

)
=
(
∆F (t)−∆F lin(t)

)T (
F (t+ 1/2)− F lin(t+ 1/2)

)
= −η0

(
K̂Θt

(F (t)− Y )− K̂Θ0
(F lin(t)− Y )

)T (
F (t+ 1/2)− F lin(t+ 1/2)

)
+
(
r(t,X) + δ(t,X)

)T (
F (t+ 1/2)− F lin(t+ 1/2)

)
= −η0

(
(K̂Θt

− K̂Θ0
)(F (t)− Y )− K̂Θ0

(F lin(t)− F (t))
)T

×

×
(
F (t+ 1/2)− F lin(t+ 1/2)

)
+
(
r(t,X) + δ(t,X)

)T (
F (t+ 1/2)− F lin(t+ 1/2)

)
= −η0(F (t)− Y )T (K̂Θt

− K̂Θ0
)
(
F (t+ 1/2)− F lin(t+ 1/2)

)
+ η0(F

lin(t)− F (t))T K̂Θ0

(
F (t+ 1/2)− F lin(t+ 1/2)

)
+
(
r(t,X) + δ(t,X)

)T (
F (t+ 1/2)− F lin(t+ 1/2)

)
= A(t) +B(t) + C(t) (5.148)

where

A(t) := −η0(F (t)− Y )T (K̂Θt
− K̂Θ0

)
(
F (t+ 1/2)− F lin(t+ 1/2)

)
(5.149)

B(t) := η0(F
lin(t)− F (t))T K̂Θ0

(
F (t+ 1/2)− F lin(t+ 1/2)

)
(5.150)

C(t) :=
(
r(t,X) + δ(t,X)

)T (
F (t+ 1/2)− F lin(t+ 1/2)

)
(5.151)

Now, in the absence of statistical noise thanks to Theorem 5.1 – which we invoke with probability at least 1− δ
4

– we have (5.8). In the presence of statistical noise, we invoke Theorem 5.4 with probability 1− δ
4 , so that (5.41)

ensures that (5.19) is verified. Using the analogue of Corollary 4.11 in the discrete time setting (the proof would
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be identical) with probability at least 1− δ
4 , we have the following bound, which holds with probability at least

1− δ
2 :

|A(t)| ≤ η0∥F (t)− Y ∥2|∥K̂Θt
− K̂Θ0
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∥∥∥
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∥∥+ ∥∥F (t)− F lin(t)
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2

)

=
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√
n log(2n)
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K(m)N3(m)

(
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K
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)t

×

× 1

2

(∥∥F (t+ 1)− F lin(t+ 1)
∥∥+ ∥∥F (t)− F lin(t)

∥∥
2

)
. (5.152)

Using (5.140) and (5.141),

B(t) = η0(F
lin(t)− F (t))T K̂Θ0

(
F (t+ 1/2)− F lin(t+ 1/2)

)
= η0(F

lin(t)− F (t))T K̂Θ0

(
F (t)− η0

2
K̂Θt

(F (t)− Y )

− F lin(t) +
η0
2
K̂Θ0

(F lin(t)− Y )
)

+
η0
2
(F lin(t)− F (t))T K̂Θ0

(r(t,X) + δ(t,X))

= −η0(F lin(t)− F (t))T K̂Θ0
(F lin(t)− F (t))

− η20
2
(F lin(t)− F (t))T K̂Θ0

(
K̂Θt

(F (t)− Y )− K̂Θ0
(F lin(t)− Y )

)
+
η0
2
(F lin(t)− F (t))T K̂Θ0

(r(t,X) + δ(t,X))

= −η0(F lin(t)− F (t))T K̂Θ0
(F lin(t)− F (t))

− η20
2
(F lin(t)− F (t))T K̂Θ0

(
K̂Θt

(F (t)− Y )− K̂Θ0
(F lin(t)− Y )

)
+
η0
2
(F lin(t)− F (t))T K̂Θ0

(r(t,X) + δ(t,X))

= −η0(F lin(t)− F (t))T K̂Θ0
(F lin(t)− F (t))

− η20
2
(F lin(t)− F (t))T K̂Θ0

(
(K̂Θt

− K̂Θ0
)(F (t)− Y )− K̂Θ0

(F lin(t)− F (t))
)

+
η0
2
(F lin(t)− F (t))T K̂Θ0

(r(t,X) + δ(t,X))

= (F lin(t)− F (t))T
(
−η0K̂Θ0

+
η20
2
K̂2

Θ0

)
(F lin(t)− F (t))

− η20
2
(F lin(t)− F (t))T K̂Θ0

(K̂Θt
− K̂Θ0

)(F (t)− Y )

+
η0
2
(F lin(t)− F (t))T K̂Θ0

(r(t,X) + δ(t,X)). (5.153)

We recall that, in the discrete time setting, we always require that

η0 <
2

λKmin + λKmax
, (5.154)

in particular

η0 <
2

λKmax
, (5.155)

therefore it exists ρ > 1 such that

η0 =
1

ρ

2

λKmax
. (5.156)
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The spectrum of K̂Θ0
converges to the spectrum of K̄, so, if m is large enough,

Spec(K̂Θ0
) ⊆ [0, ρλmax] = [0, 2/η0]. (5.157)

Now, we notice that

ϕ(ξ) =
1

2
ξ2 − ξ ≤ 0 ⇐⇒ ξ ∈ [0, 2] (5.158)

hence, for any ξ of the form
ξ = η0λ λ ∈ Spec(K̂Θ0

), (5.159)

we have ϕ(ξ) ≤ 0, so the matrix

M = −η0K̂Θ0
+
η20
2
K̂2

Θ0
(5.160)

is negative semidefinite. Whence,

B(t) ≤ −η
2
0

2
(F lin(t)− F (t))T K̂Θ0

(K̂Θt
− K̂Θ0

)(F (t)− Y )

+
η0
2
(F lin(t)− F (t))T K̂Θ0

(r(t,X) + δ(t,X)). (5.161)

We recall that we just required the maximal eigenvalue of K̂Θ0
to be smaller than 2/η0, so

∥K̂Θ0
∥L ≤ 2

η0
, (5.162)

which will be useful soon. Indeed,

|B(t)| ≤ η20
2
∥F lin(t)− F (t)∥2∥K̂Θ0

∥L∥K̂Θt
− K̂Θ0

∥L∥F (t)− Y ∥2

+
η0
2
∥F lin(t)− F (t)∥2∥K̂Θ0

∥L∥r(t,X) + δ(t,X)∥2

≤ ∥F lin(t)− F (t)∥2

(
η20
2

2

η0
∥K̂Θt

− K̂Θ0
∥FR0

√
n log(2n)

(
1− η0λ

K
min

3

)t

+
η0
2

2

η0
∥r(t,X) + δ(t,X)∥2
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+ ∥r(t,X)∥2 + ∥δ(t,X)∥2

)
(5.163)

Finally,

|C(t)| ≤∥r(t,X) + δ(t,X)∥2
∥∥∥F (t+ 1/2)− F lin(t+ 1/2)

∥∥∥
2

≤ (∥r(t,X)∥2 + ∥δ(t,X)∥2)×
1

2

(∥∥F (t+ 1)− F lin(t+ 1)
∥∥+ ∥∥F (t)− F lin(t)

∥∥
2

)
(5.164)

Now, as we discussed above, we use that

1

2
∆g2(t) = g(t+ 1/2)∆g(t) (5.165)

with
g(t) = ∥F (t)− F lin(t)∥2 (5.166)

so that

1

2

(
∥F (t+ 1)− F lin(t+ 1)∥2 + ∥F (t)− F lin(t)∥2

)
∆∥F (t)− F lin(t)∥2

=
1

2
∆∥F (t)− F lin(t)∥22 = A(t) +B(t) + C(t). (5.167)
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Hence, ∣∣∆∥F (t)− F lin(t)∥2
∣∣ ≤ |A(t)|+ |B(t)|+ |C(t)|

1
2

(
∥F (t+ 1)− F lin(t+ 1)∥2 + ∥F (t)− F lin(t)∥2

) . (5.168)

Using our bounds and recalling that, for any a, b > 0,

a

a+ b
≤ 1, (5.169)

we find that ∣∣∆∥F (t)− F lin(t)∥2
∣∣ ≤ (R0R2η0
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+
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)
(5.170)

Due to Theorem 4.23,

|r(t, x)| ≤ Lm|M|2|N |
N(m)

∥Θt+1 −Θt∥2∞ (5.171)

so, recalling (5.131)
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√
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)(
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K
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, (5.172)

we can bound
∞∑
t=0

|r(t, x)| ≤ 2η20
R2
0

2
log(2n)×

×

(
η20
π2c0
3
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N2

K(m)N3(m)

)
, (5.173)

where we used that

∞∑
t=0

(
1− η0λ

K
min

3

)2t

=
1

2η0λK
min

3 −
(
η0λK

min
3

)2 ≤ 3

2η0λ
K
min

. (5.174)

Let us claim that the variance of the statistical noise is small enough

∞∑
t=0

3∥δ(t,X)∥2 ≤ ∆(m) (5.175)

with high probability, where ∆(m) → 0 fast enough when m → ∞. More precisely, we have previously invoked
Theorem 5.4, so we can assume that (5.114) holds, i.e.

∥η(∇ΘL(Θt)− g(t)(Θt))∥∞ =: ∥Θt+1 − Θ̃t+1∥∞

≤ ηπ

√
|Θ|
3δ

(t+ 1) sup
i

√
Var

[
g
(t)
i (Θt)

]
. (5.176)

Recalling that

g(t)(Θt) = ∇L(Θt) + ϵ(t) and δ(t, x) = −η∇Θf(Θt, x)
T ϵ(t) (5.177)
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and using (5.20) in (5.41) to write explicitly

∥ϵ(t)∥∞ = ∥∇ΘL(Θt)− g(t)(Θt)∥∞

≤ π

√
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3δ
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]
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|M|2|Θ|3
×
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(
1− 1

3
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K
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)2t
)1/2√

ξ(m), (5.178)

we finally know that, with the estimate (4.117),

∥δ(t,X)∥2 ≤ η
√
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x
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ξ(m) (5.179)

where we recalled that NK(m)η = nη0. Then

∞∑
t=0

3∥δ(t,X)∥2 ≤ 3πR0
1
3η0λ

K
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√
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6
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(
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K
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√
n log(2n)

√
ξ(m) =: ∆(m) (5.180)

Summing the bound (5.170), we conclude that

∥F (t)−F lin(t)∥2

≤ 9R2
0

λKmin
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η20
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2
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Lm|M|4|N |
N2

K(m)N3(m)

)
+∆(m) (5.181)

for some C0. This can be simplified further by recalling Lemma 3.8, which ensures that for some c > 0

m2 ≥ N4(m)

c|M|2|N |2
→ N(m)|N |

Lm
≤ cm|M|2|N |3

LN3(m)
, (5.182)

and by noticing that, by assumption,

η0 <
2

λKmin + λKmax
≤ 1

λKmin

, (5.183)

whence

∥F (t)−F lin(t)∥2

≤ C1
√
n log(2n)

(
η30λ

K
min + n2

(
η0

λKmin

+
1

(λKmin)
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√
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1 + 2n2

(λKmin)
2
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≤ C

(λKmin)
2
n2

√
n log(2n)

Lm|M|4|N |3

N3(m)
+ ∆(m) (5.184)

for some C1 and C. □

Now we are ready to prove Lemma 5.6. Many estimates are similar to the continuous time setting.
Let us start from

∥∆(Θt − Θlin
t )∥∞

≤ η

n

∥∥∇Θf(Θt, X
T )(F (t) − Y ) + nϵ(t) −∇Θf(Θ0, X

T )(F lin(t) − Y )
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∞
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+
η

n
sup
i

∥∂θif(Θ0, X)∥2∥F lin(t) − F (t)∥2 + η∥ϵ(t)∥∞. (5.185)

Similarly to the continuous time setting,

η

n
sup
i

∥∂θif(Θt, X) − ∂θif(Θ0, X)∥2∥F (t) − Y ∥2

≤ 4η0R0R1
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K
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=: A(t), (5.186)
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≤ 4R0η0
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|M|
N(m)

(
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K
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)t

=: C(t), (5.187)

while, using Lemma 5.15,
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∆(m) := B(t) (5.188)

Therefore, (5.185) implies the following two bounds:

∥∆(Θt − Θlin
t )∥∞ ≤ A(t) +B(t) + η∥ϵ(t)∥∞ (5.189)

and
∥∆(Θt − Θlin

t )∥∞ ≤ A(t) + C(t) + η∥ϵ(t)∥∞. (5.190)

Due to the hypothesis (5.41) the variance of g(t)(Θt) is small enough for the bounds we are interested
in: indeed, with probability at least 1 − δ

4 , by (5.178) we have
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=
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whence, similarly to (5.180)
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As in the continuous time setting, we define

t∗ =

⌊
3

η0λKmin

logN(m)

⌋
. (5.193)

It is useful to notice that

1 + x ≤ ex ∀x ∈ R → (1 − x)t ≤ e−xt ∀x ≤ 1 ∀ t ≥ 0. (5.194)

Indeed,
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So we can sum the bounds for (5.185), using (5.195) for the one concerning C(t):
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Now, using the definition (5.145) of ∆(m) and recalling that η0λ
K
min < 1

∆(m) = C ′η0λ
K
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√
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√
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√
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√
ξ(m) (5.198)
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we conclude that, thanks to the estimate (5.182),
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Since limm→∞N(m) = ∞ under our assumptions, we can suppose to take m large enough so that
logN(m) ≥ 1. Therefore, we can finally simplify the above expression as follows:∥∥Θt − Θlin

t

∥∥
∞

≤
(
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)
. (5.200)

5.7 Proof of Theorem 5.8

Let r ∈ {0, 1} be the binary variable indicating the presence (r = 1) or the absence (r = 0) of noise. We
will use it to unify (5.11) with (5.22):

|f(Θt, x) − f lin(Θt, x)| ≤ M1

(λKmin)2
n2 log(2n)

Lm|M|4|N |
N2

K(m)N3(m)

+ rM2(λKmin)2η20 log(2n)
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. (5.201)

Therefore, considering also (4.117) and (5.182)

|f(Θt, x) − f lin(Θlin
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t − Θt)|
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Combining this result with Corollary (5.7), we have that
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+ 2
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logN(m), (5.203)

where we supposed, as above, that m is large enough so that logN(m) ≥ 1 and, in order to get the above
bound simplified, we also used (5.183) and Lemma 3.8 in order to get an inequality as in (5.182).

5.8 Proof of Theorem 5.9

Lemma 5.16 The hypothesis

lim
m→∞

L2m2|M|6|N |4

N5(m)
logN(m) = 0, (5.204)

of Theorem 5.9 ensures that the hypotheses of Theorem 3.7, of Theorem 4.7 and of Theorem 5.4 are satisfied, i.e.

lim
m→∞

m|M|2|N |2
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= 0, (5.205)
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= 0, (5.206)
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m→∞
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N3(m)
= 0. (5.207)

Furthermore, the bounds (5.21) and (5.22) of Theorem 5.4 are nontrivial as m→ ∞, i.e.
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m→∞
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|M||Θ| = 0, lim
m→∞

|M|
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= 0, (5.208)
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m→∞

|N |N(m)

Lm
= 0, lim

m→∞
Lm|M|4|N |
N2

K(m)N3(m)
= 0. (5.209)

Proof (5.205) and (5.206) are ensured by (5.207) because of Lemma 5.12. So we just need to prove (5.207). Using
the inequality of Lemma 3.8 in the form

1 ≤ c
m|M||N |
N2(m)

(5.210)

we have
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Now we notice that

0 ≤ lim
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≤ c3 lim
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L2m2|M|6|N |4

N5(m)
logN(m) = 0, (5.212)

where we used again 5.210. This proves the first requirements of (5.208) and (5.209). Finally, with a similar
strategy
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and
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logN(m) = 0. (5.214)

This concludes the proof of Lemma 5.16. □

94



As in section 4, we need to show that the linearized model converges to a Gaussian process in the
limit of many qubits. It will be useful to recall that

t−1∑
k=0

(
1− η0K̂Θ0

)k
=
1−

(
1− η0K̂Θ0

)t
1−

(
1− η0K̂Θ0

) =
1

η0

(
1−

(
1− η0K̂Θ0

)t)
K̂−1

Θ0
, (5.215)

provided that K̂Θ0 is invertible.

Lemma 5.17 The solution of the gradient descent equation (5.3) for the linearized model is

f lin(Θt, x) = f(Θ0, x)− K̂Θ0
(x,XT )

(
1−

(
1− η0K̂Θ0

)t)
K̂−1

Θ0
(f(Θ0, X)− Y ), (5.216)

provided that K̂Θ0
is invertible.

Proof We start from (5.3) for the linearized model:

Θt+1 −Θt = − η

n
∇Θf

lin(Θt, X
T )(f lin(Θt, X)− Y ), (5.217)

which can be rewritten as
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= − η
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T )∇T
Θf(Θ0, X) Θ̄t + b, (5.218)

where Θ̄t ≡ Θt −Θ0 and

b = − η

n
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T )(f(Θ0, X)− Y ). (5.219)

So, we have to solve the recurrence relationΘ̄t+1 =
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n
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T )∇T
Θf(Θ0, X)

)
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. (5.220)

Calling

MΘ0
=

1

NK(m)
∇Θf(Θ0, X

T )∇T
Θf(Θ0, X) (5.221)

and redefining η = n
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) Θ̄t + b
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. (5.222)

It is easy to see that

Θ̄1 = b

Θ̄2 = b+ (1− η0MΘ0
) b
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)2 b

...

Θ̄t =
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(1− η0MΘ0
)k b, (5.223)

whence
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= f(Θ0, x)−
η

n
∇T

Θf(Θ0, x)

t−1∑
k=0

(1− η0MΘ0
)k ∇Θf(Θ0, X

T )(f(Θ0, X)− Y ). (5.224)

95



By the definition of MΘ0
.

MΘ0
∇Θf(Θ0, X

T )

=
1

NK(m)

(
∇Θf(Θ0, X

T )∇T
Θf(Θ0, X

)
)∇Θf(Θ0, X

T )

= ∇Θf(Θ0, X
T )

1

NK(m)

(
∇T

Θf(Θ0, X)∇Θf(Θ0, X
T )
)

= ∇Θf(Θ0, X
T )K̂Θ0

, (5.225)

which yields

f lin(Θt, x) = f(Θ0, x)−
η

n
∇T

Θf(Θ0, x)∇Θf(Θ0, X
T )

t−1∑
k=0

(
1− η0K̂Θ0

)k
(f(Θ0, X)− Y )

= f(Θ0, x)− η0K̂Θ0
(x,XT )

t−1∑
k=0

(
1− η0K̂Θ0

)k
(f(Θ0, X)− Y )

= f(Θ0, x)− K̂Θ0
(x,XT )

(
1−

(
1− η0K̂Θ0

)t)
K̂−1

Θ0
(f(Θ0, X)− Y ). (5.226)

□

Remark 5.4 Let

η0 <
2

λKmin + λKmax
, (5.227)

i.e.

η0 =
2

λKmin + λKmax + 2ϵ
for some ϵ > 0. (5.228)

Because of Assumption 4.3 and Lemma 4.25, K̂Θ0
(X,XT ) converges to K̄, which is invertible, as m→ ∞. So, if

m is large enough, then

Spec(K̂Θ0
) ⊆

[
λKmin

2
, λKmax + ϵ

]
, (5.229)

whence

1− η0
λKmin

2
< 1, (5.230)

1− η0(λ
K
max + ϵ) > 1− 2λmax + 2ϵ

λKmax + 2ϵ
= −1 +

2ϵ

λKmax + 2ϵ
> −1. (5.231)

Therefore
−1 < 1− η0λ < 1 ∀λ ∈ Spec(K̂Θ0

) → −1 ≺ 1− η0K̂Θ0
≺ 1 (5.232)

so, in the limit t→ ∞, (
1− η0K̂Θ0

)t
→ 0 (5.233)

and (5.226) converges to

lim
t→∞

f lin(Θt, x) = f(Θ0, x)− K̂Θ0
(x,XT )K̂−1

Θ0
(f(Θ0, X)− Y ). (5.234)

Lemma 5.18 In the limit m → ∞, {f lin(Θlin
t , x)}x∈X converges in distribution to a Gaussian process

{f (∞)
t (x)}x∈X with mean and variance

µt(x) = K̄(x,XT )K−1
(
1−

(
1− η0K̄

)t)
Ȳ , (5.235)

Kt(x, x
′) = K0(x, x

′),

− K̄(x,XT )K̄−1
(
1−

(
1− η0K̄

)t)K0(X,x
′)

− K̄(x′, XT )K̄−1
(
1−

(
1− η0K̄

)t)K0(X,x)

+ K̄(x,XT )K̄−1
(
1−

(
1− η0K̄

)t)×
×K0(X,X

T )
(
1−

(
1− η0K̄

)t)
K̄−1K̄(X,x′). (5.236)
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Proof By Lemma 4.25,

K̂Θ(x, x′)
p−→ K̄(x, x′) as m→ ∞. (5.237)

Furthermore, by Theorem 3.7

f(Θ0, · )
d−→ f (∞)( · ) as m→ ∞. (5.238)

Let F = {xα}α∈A be a finite family of inputs xα ∈ X containing the inputs of the dataset

{x(i)}1≤i≤n ⊆ F (5.239)

Since the solution (5.226) for the output corresponding to any input xβ ∈ FA is the following linear combination
of the outputs {f(Θ0, xα)}α∈A and of Y ,

f lin(Θlin
t , xβ) = f(Θ0, xβ)− η0K̂Θ0

(x,XT )

(
1−

(
1− η0K̂Θ0

)t)
K̂−1

Θ0
(f(Θ0, X)− Y ), (5.240)

we can write

f lin(Θlin
t , xβ) =

∑
α∈A

M̃
(t)
βα[K̂Θ0

]f(Θ0, xα) +
(
R̃(t)[K̂Θ0

]
)T

Y, (5.241)

where the entries M̃
(t)
βα[K̂Θ0

] and the components of R̃(t)[K̂Θ0
] are continous functions of the elements of matrix

of the empirical NTK
{K̂Θ0

(xα, xα′)}α,α′∈A. (5.242)

By continuity, the (finite) matrix M̃
(t)
βα[K̂Θ0

] and the (finite) vector R̃(t)[K̂Θ0
] converge in probability to M̃

(t)
βα[K̄]

and R̃(t)[K̄]:

M̃
(t)
βα[K̂Θ0

]
p−→ M̃

(t)
βα[K̄], R̃(t)[K̂Θ0

]
p−→ R̃(t)[K̄]. (5.243)

By Slutsky’s theorem 4.32, we conclude that

{f lin(Θlin
t , xβ)}xβ∈F

d−→

∑
α∈A

M̃
(t)
βα[K̄]f (∞)(xα) +

(
R(t)[K̄]

)T
Y


xβ∈F

as m→ ∞, (5.244)

i.e.

f lin(Θlin
t , · )

∣∣
F

d−→ f (∞)( · )
∣∣
F − K̄( · , XT )

∣∣
F

(
1−

(
1− η0K̄

)t)
K̄−1(f (∞)(X)− Y ). (5.245)

In the limit m → ∞, the solution (5.245) is a linear combination of the Gaussian processes {f lin(Θ0, x)}x∈F =

{f(Θ0, x)}x∈F and F (0), so it is a Gaussian process {f (∞)
t (x)}x∈F as well, with

µt(x) = E
[
f
(∞)
t (x)

]
= E

[
f (∞)(x)

]
− K̄(x,XT )

(
1−

(
1− η0K̄

)t)
K̄−1(E

[
F (∞)

]
− Y )

= K̄(x,XT )
(
1−

(
1− η0K̄

)t)
K̄−1Y, (5.246)

Kt(x, x
′) = E

[(
f
(∞)
t (x)− µt(x)

)(
f
(∞)
t (x′)− µt(x

′)
)]

= E

[(
f (∞)(x)− K̄(x,XT )

(
1−

(
1− η0K̄

)t)
K̄−1F (∞)

)
×

×
(
f (∞)(x′)− K̄(x′, XT )

(
1−

(
1− η0K̄

)t)
K̄−1F (∞)

)]
= K0(x, x

′)

− K̄(x,XT )K̄−1
(
1−

(
1− η0K̄

)t)K0(X,x
′)

− K̄(x′, XT )K̄−1
(
1−

(
1− η0K̄

)t)K0(X,x)

+ K̄(x,XT )K̄−1
(
1−

(
1− η0K̄

)t) ×̄
× K0(X,X

T )
(
1−

(
1− η0K̄

)t)
K̄−1K̄(X,x′). (5.247)

Since we assumed X to be finite, this is enough to prove the convergence of the distribution to the entire
Gaussian process: it is sufficient to choose F = X . □
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Remark 5.5 In section 6 we will generalize the convergence of {f(Θt, x)}x∈X to a Gaussian process for the case
of X being infinite. This will not require to prove that also {f lin(Θt, x)}x∈X converges to a Gaussian process: we
will only need the convergence of {f(Θt, x)}x∈F for any F finite set of inputs, which, as we will see, is a corollary
of the convergence of the linearized model for a finite number of inputs. Therefore, the proof given above will be
enough for our purposes.

Now we are ready to prove Theorem 5.9.
Let X̄ ∈ RN be any (finite dimensional) vector on N distinct inputs {x̄1, . . . , x̄n} ∈ X and let ∆t(X̄) be
the random vector

∆t(X̄) = f(Θt, X̄) − f lin(Θt, X̄). (5.248)

We show that ∆t(X̄)
p−→ 0 as m → ∞. Let ϵ, δ > 0. By Theorem 5.8, there exists m0 such that, for any

m ≥ m0,

P

(
sup
t′

sup
x∈X

|f(Θt′ , x) − f lin(Θlin
t′ , x)|

≤
(

C3

(λkmin)3
+ C4

)
n3 log(2n)

L2m2|M|6|N |4

N5(m)
logN(m)

)
≥ 1 − δ. (5.249)

whence

P

(
∥f(Θt, X̄) − f lin(Θlin

t , X̄)∥2

≤
√
N

(
C3

(λkmin)3
+ C4

)
n3 log(2n)

L2m2|M|6|N |4

N5(m)
logN(m)

)
≥ 1 − δ. (5.250)

There is also m1 ∈ N such that

√
N

(
C3

(λkmin)3
+ C4

)
n3 log(2n)

L2m2|M|6|N |4

N5(m)
logN(m) < ϵ ∀m ≥ m1. (5.251)

So, for any m ≥ max{m0,m1},
P
(
∥∆t(X̄)∥2 < ϵ

)
≥ 1 − δ, (5.252)

so
∆t(X̄)

p−→ 0 as m→ ∞. (5.253)

By Corollary 4.9, {f lin(Θlin
t , x)}x∈X converges in distribution to a Gaussian process with mean µt and

covariance Kt defined in the statement of the corollary:

{f lin(Θt, x)}x∈X
d−→ {f (∞)

t (x)}x∈X . (5.254)

Now, applying Slutsky’s theorem 4.32 we have

f(Θt, X̄) = f lin(Θt, X̄) + ∆t(X̄)
d−→ f

(∞)
t (x) as m→ ∞. (5.255)

Since X is finite, we can choose X̄ = vec(X ) so that we have the convergence of the full multivariate
Gaussian distribution, which is the Gaussian process itself. And this concludes the proof of Theorem 5.9.

Remark 5.6 This argument is not valid in the case of X infinite because we cannot consider X̄ = vec(X ). See
section 6 for the proof in the most general case.
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6 The case of an infinite input space

So far we considered the case of a finite input space X in order to provide simpler proofs for the reader
interested in the physical case of having a finite number of digits to codify an input belonging to a
compact space. However, for a rigorous and complete mathematical treatment of the topic, we will extend
all our results to the more general case of an infinite input space. In particular, in order to prove the
convergence when X is infinite, we need the following steps:

1. the functions generated by quantum neural networks are equicontinuous and equibounded with high
probability (Lemma 6.2 and Lemma 6.3);

2. therefore, with high probability, they belong to a compact set by Ascoli-Arzelà’s theorem;
3. as a consequence, Prokhorov’s theorem can be invoked: the family of the distributions of the functions

generated by quantum neural networks is compact;
4. we will use this fact to prove that the limit of that stochastic process is the Gaussian process defined

by the linearized model (Theorem 6.4).

Let us see all the steps in detail. All the statements will be proved for the case of discrete time with noise
for a more concise presentation. Most of the proofs in the continuous time setting would be identical or,
when slightly different, simpler; the reader can easily reconstruct the complete proofs for that case.

In order to prove the equicontinuity of the model function (Lemma 6.2) we need the following
concentration inequality:

Lemma 6.1 (Corollary of the Efron–Stein inequality [67]) Let X1, . . . , Xn be independent random variables
taking values in X and let Z = f(X) be a square-integrable function of X = (X1, . . . , Xn) with the bounded
differences property: for some constants c1, . . . , cn it holds that

sup
x1,...,xn,x′

i∈X

∣∣f(x1, . . . , xn)− f(x1, . . . , xi−1, x
′
i, xi+1, . . . , xn)

∣∣ ≤ ci 1 ≤ i ≤ n. (6.1)

Then,

Var(Z) ≤ 1

4

n∑
i=1

c2i . (6.2)

Now we can prove the following lemma:

Lemma 6.2 (Equicontinuity with high probability) Under the same hypotheses of Theorem 3.7, let us suppose
that

lim
m→∞

Lm|M|4|N |2

N2
K(m)N4(m)

= 0. (6.3)

Then, for any δ > 0 there exists M > 0 such that for any m ≥ 1, with probability at least 1− δ we have

max
i=1, ..., dimX

sup
x∈X
t≥0

|∂xif(Θt, x)| ≤M . (6.4)

Proof As introduced in subsubsection 2.2.2, f(Θ, x) is periodic with period π in each input xi. So, we can consider
the Fourier series decomposition

f(Θ, x) =
∑

q∈ZdimX

f (q)(Θ)e2iq·x where f (q)(Θ) =

∫
X

dx

(π)dimX e−2iq·xf(Θ, x). (6.5)

Recalling Definition 2.7 and Lemma 2.4, we can consider the pruning of the model (2.16):

fk(Θ, x) =
1

N(m)

〈
0
∣∣∣U†(Θ, x)OkU(Θ, x)

∣∣∣0〉
=

1

N(m)

〈
0
∣∣∣[U†(Θ, x)

]
k
Ok [U(Θ, x)]k

∣∣∣0〉
=

1

N(m)
⟨0|
[
W †

1 (Θ)V †
1 (x) · · ·W

†
L(Θ)V †

L(x)
]
k

Ok [VL(x)WL(Θ) · · ·V1(x)W1(Θ)]k |0⟩, (6.6)
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where the only encoding unitaries in (2.15)

Vℓ(x) =
∏

E∈Sℓ

dimX∏
j=1

U
(ℓ)
E,j

∏
i∈E

e−ixjKℓ,i
j (6.7)

which may contribute to fk(Θ, x) are the ones such that i ∈ N ℓ
k , as a consequence of the pruning property (see

Lemma 2.4), and such that Kℓ,i
j ̸= 0. Therefore, let Nj,k be the number of times that xj appears nontrivially

(i.e., Kℓ,i
j ̸= 0) in the light cone of fk(Θ, x). We can consider the projectors P±

j,ℓ,i on the eigenspaces of Kℓ,i
j :

Kℓ,i
j = P+

j,ℓ,i − P−
j,ℓ,i P+

j,ℓ,i + P−
j,ℓ,i = 1 (6.8)

In this way, we can rewrite

e−ixjKℓ,i
j = e−ixjP

+
j,ℓ,ieixjP

−
j,ℓ,i

= e−ixjP
+
j,ℓ,i(P+

j,ℓ,i + P−
j,ℓ,i)e

ixjP
−
j,ℓ,i

= e−ixjP+
j,ℓ,i + eixjP−

j,ℓ,i. (6.9)

This means that in fk(Θ, x) the dependence on x will appear as

fk(Θ, x) =
∑
q∈Qk

e2iq·xf (q,k)(Θ), (6.10)

where f (q,k)(Θ) does not depend on x and where

Qk :=
dimX×
j=1

{−Nj,k,−Nj,k + 1, . . . , Nj,k − 1, Nj,k}. (6.11)

We define Nmax = maxj,kNj,k so that we can extend

Qk ⊆ Q := {−Nmax,−Nmax + 1, . . . , Nmax − 1, Nmax}dimX (6.12)

and
f (q,k)(Θ) := 0 when q ∈ Q \Qk, (6.13)

so that we can rewrite
fk(Θ, x) =

∑
q∈Q

e2iq·xf (q,k)(Θ). (6.14)

Then

f(Θ, x) =

m∑
k=1

fk(Θ, x) =
∑
q∈Q

e2iq·xi

(
m∑

k=1

f (q,k)(Θ)

)
. (6.15)

Calling

f (q)(Θ) :=

m∑
k=1

f (q,k)(Θ), (6.16)

we have proved the representation

f(Θ, x) =
∑
q∈Q

e2iq·xf (q)(Θ), (6.17)

where f (q)(Θ) does not depend on x, whence

∂xif(Θ, x) =
∑
q∈Q

2iqie
2iq·xf (q)(Θ), (6.18)

so that, for any x ∈ X ,

|∂xif(Θ, x)| ≤ 2
∑
q∈Q

|qi|
∣∣∣f (q)(Θ)

∣∣∣
≤ 2

∑
q∈Q

|qi|2
1/2∑

q∈Q

∣∣∣f (q)(Θ)
∣∣∣2
1/2

≤ 2(2Nmax + 1)dimX/2Nmax

(∫
X
f(Θ, x′)2

dx′

(π)dimX

)1/2

. (6.19)
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We notice that the final bound (6.19) does not depend on x. Calling C = C(Nmax, dimX ) := 2(2Nmax +
1)dimXN2

max and dµ(x) := dx/(π)dimX , which is a probability measure on X , we therefore have that

E
[
sup
x∈X

|∂xif(Θ, x)|
2
]
≤ C

∫
X
E
[
(f(Θ, x))2

]
dµ(x). (6.20)

Let us consider Θ = Θ0. For any m ≥ 1 the functions E
[
(f(Θ0, x))

2
]
are continuous for x ∈ X and they

converge uniformly to K(x, x) by (3.33). Then, on the compact domain X , we are allowed to exchange the limit
and the integral as follows:

lim
m→∞

E
[
sup
x∈X

|∂xif(Θ0, x)|2
]
≤ C

∫
X

lim
m→∞

E
[
(f(Θ0, x))

2
]
dµ(x) = C

∫
X
K(x, x)dµ(x)

Being K(x, x) the uniform limit of continuous functions, it is continuous too, so it has a maximum over its
compact domain. This means that the above integral is finite. As a consequence, there exists a uniform bound

M0 on E
[
supx∈X |∂xif(Θ0, x)|2

]
:

E
[
sup
x∈X

|∂xif(Θ0, x)|2
]
≤M0 ∀m ≥ 1. (6.21)

Let us now generalize the previous result to Θ = Θt for any t ≥ 0. By Theorem 5.8, there exists m0 ∈ N such
that, with high probability,

sup
x∈X

∣∣∣f(Θt, x)− f lin(Θlin
t , x)

∣∣∣ ≤ B(m) with lim
m→∞

B(m) = 0, (6.22)

for all m ≥ m0 and for any t ≥ 0, whence B = maxm≥m0
B(m) <∞ and

|f(Θt, x)| ≤ |f lin(Θlin
t , x)|+B ∀x ∈ X , ∀m ≥ m0. (6.23)

Furthermore, we know that for m large enough, K̂Θ0
(X,XT ) is invertible with high probability and therefore,

by Lemma 5.17 and Remark 5.4 (see, in particular, (5.232)),

|f lin(Θlin
t , x)− f(Θ0, x)| ≤

∣∣∣∣K̂Θ0
(x,XT )K̂−1

Θ0

(
1−

(
1− η0K̂Θ0

t
)t)

(F (0)− Y )

∣∣∣∣
≤ ∥K̂Θ0

(x,XT )∥2∥K̂−1
Θ0

∥F ∥F (0)− Y ∥2. (6.24)

Both ∥K̂−1
Θ0

∥F and ∥F (0) − Y ∥2 are bounded with high probability by Corollary 4.16 and Lemma 4.25 for m

large enough; let their product be bounded by
√
C′ with high probability. We will denote with E the event in

which all the previous bounds are satisfied. We can suppose that P(E) ≥ 1− δ/2.
We will use a couple of times the following inequality. Let X ≥ 0 be a non-negative random variable. Then

E [X] = P(E)E [ X | E ] + P(Ec)E
[
X
∣∣ Ec ]

≥ P(E)E [ X | E ] (6.25)

Let us use (6.25) for this bound:

E
[
(f(Θ0, x))

2
∣∣∣ E ] ≤ 2

2− δ
E
[
(f(Θ0, x))

2
]
≤ 2K(x, x) (6.26)

Let us now combine (6.20), (6.23) and (6.24):

lim sup
m→∞

E

 sup
x∈X
t≥0

|∂xif(Θt, x)|2

∣∣∣∣∣∣∣ E


≤ lim sup
m→∞

2C

∫
X

(
E

[
sup
t≥0

(
f lin(Θt, x)

)2 ∣∣∣∣∣ E
]
+B2

)
dµ(x)

≤ lim sup
m→∞

2C

∫
X

(
2E
[
(f(Θ0, x))

2
∣∣∣ E ]+B2

+ 2E
[
∥K̂Θ0

(x,XT )∥22∥K̂−1
Θ0

∥2F ∥F (0)− Y ∥22
∣∣∣ E ] )dµ(x)

≤ 2C
(
4K(x, x) +B2

+ 2C′ lim sup
m→∞

∫
X

E
[
∥K̂Θ0

(x,XT )∥22
∣∣∣ E ] dµ(x)) (6.27)
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Regarding the last term, we need a bound of the form

lim sup
m→∞

∫
X

E
[
∥K̂Θ0

(x,XT )∥22
∣∣∣ E ] dµ(x) ≤ A. (6.28)

Let us recall that(
K̂Θ0

(x, x′)
)2

=
(
∇Θf(Θ0, x) · ∇Θf(Θ0, x

′)
)2

≤ ∥∇Θf(Θ0, x)∥22∥∇Θf(Θ0, x
′)∥22

≤ 1

2
∥∇Θf(Θ0, x)∥22 +

1

2
∥∇Θf(Θ0, x

′)∥22 =
1

2
K̂2

Θ0
(x, x) +

1

2
K̂2

Θ0
(x′, x′) (6.29)

and write more explicitly

E
[
∥K̂Θ0

(x,XT )∥22
∣∣∣ E ] = n∑

j=1

E
[
K̂2

Θ0
(x, x(j))

∣∣∣ E ]

=
1

2

n∑
j=1

(
E
[
K̂2

Θ0
(x, x)

∣∣∣ E ]+ E
[
K̂2

Θ0
(x(j), x(j))

∣∣∣ E ])

=
n

2
E
[
K̂2

Θ0
(x, x)

∣∣∣ E ]+ 1

2

n∑
j=1

E
[
K̂2

Θ0
(x(j), x(j))

∣∣∣ E ]
≤ n

2

(
Var[ Y0

∣∣∣ E ] + (E[ Y0 | E ])2
)

+
1

2

n∑
j=1

(
Var[ Yj

∣∣∣ E ] +
(
E[ Yj

∣∣ E ]
)2)

. (6.30)

where Yj is the random variable

Yj = K̂Θ0
(x(j), x(j)), with x(0) := x. (6.31)

By Assumption 4.3,

lim
m→∞

sup
x,x′∈X

∣∣∣E[K̂Θ0
(x, x′)]− K̄(x, x′)

∣∣∣ = 0 ∀x, x′ ∈ X , (6.32)

i.e., E[Yj ] converges uniformly to K̄(x(j), x(j)). Noticing that, by definition, Yj ≥ 0 for any m > 0, we can use
(6.25)

E
[
Yj
]
≥ P(E)E

[
Yj
∣∣ E ] ≥ (1− δ

2

)
E
[
Yj
∣∣ E ] ,

whence

E
[
Yj
∣∣ E ] ≤ E

[
Yj
]
+

δ

2− δ
E
[
Yj
]

(6.33)

lim sup
m→∞

sup
0≤j≤n

x(0)=x∈X

∣∣∣E [ Yj ∣∣ E ]− K̄(x(j), x(j))
∣∣∣ ≤ δ

2− δ
sup
x∈X

K̄(x, x) ≤ sup
x∈X

K̄(x, x) (6.34)

Furthermore, being K̄(x, x′) the uniform limit of continuous function, it is continuous, too; as a consequence, on
its compact domain K̄(x, x′) is bounded. Then, there is a constant G (which is uniform in j = 0, . . . , n and in

x(0) = x ∈ X ) such that
E
[
Yj
∣∣ E ] ≤ G (6.35)

for m large enough.

lim sup
m→∞

∫
X

(
E[ Yj

∣∣ E ]
)2
dµ(x) ≤ G2 (6.36)

We recall that in (4.215) we proved that (6.1) holds for the model f(Θ, x) as a function of the parameters, i.e.,
for any x, x′ ∈ X

sup
Θ∈P

θ′
k∈[0,2π)

∣∣∣K̂Θ(x, x′)− K̂Θ′(x, x′)
∣∣∣ ≤ ck 1 ≤ k ≤ Lm, (6.37)

where Θ′ := (θ1, . . . , θk−1, θ
′
k, θk+1, . . . , θLm), with

ck = 16
1

NK(m)

|M||N |
N2(m)

|Mk|. (6.38)
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Furthermore, for any m > 0 and x, x′ ∈ X , the function Θ 7→ K̂Θ(x, x′) is continuous on the compact domain
P ∋ Θ: it is therefore bounded and, as a consequence, square-integrable. Whence, by Lemma 6.1,

Var[Yj ] ≤ 64
Lm|M4|N |2

N2
K(m)N4(m)

=: Λ(m). (6.39)

Using again that Yj ≥ 0, we can bound

Var
[
Yj
]
= P(E)E

[
Y 2
j

∣∣∣ E ]+ P(Ec)E
[
Y 2
j

∣∣∣ Ec
]

+
(
P(E)E

[
Yj
∣∣ E ]+ P(Ec)E

[
Yj
∣∣ Ec ] )2

≥
(
P(E)

)2
(E
[
Y 2
j

∣∣∣ E ]+ (E
[
Yj
∣∣ E ])2)

≥
(
1− δ

2

)2

Var
[
Yj
∣∣ E ] ≥ 1

4
Var

[
Yj
∣∣ E ] (6.40)

Since limm→∞ Λ(m) = 0, we can compute

lim sup
m→∞

∫
X
Var

[
Yj
∣∣ E ] dµ(x) ≤ 4 lim sup

m→∞

∫
X
Var

[
Yj
]
dµ(x) = lim sup

m→∞
Λ(m) = 0. (6.41)

So, for any j = 0, . . . , n,

lim sup
m→∞

∫
X

E
[
|K̂Θ0

(x(j), x(j))|2
]
dµ(x) ≤ G2, (6.42)

whence

lim sup
m→∞

∫
X
E
[
∥K̂Θ0

(x,XT )∥22
]
dµ(x) ≤ nG2 =: A,

therefore there exists a constant M̃ which does not depend on i and t such that

E

 sup
x∈X
t≥0

|∂xif(Θt, x)|2

∣∣∣∣∣∣∣ E
 ≤ M̃ ∀ t ≥ 0 (6.43)

for any m large enough.

lim sup
m→∞

∫
X

E
[
|K̂Θ0

(x, x)|2
]
dµ(x) ≤ G2 (6.44)

Finally, by Markov’s inequality

P (|X| ≥ a) ≤
E
[
|X|2

]
a2

(6.45)

with

X = sup
x∈X
t≥0

|∂xif(Θt, x)| and a =

√
M̃

2δ
, (6.46)

we have

P

 sup
x∈X
t≥0

|∂xif(Θt, x)| ≥

√
M̃

2δ

∣∣∣∣∣∣∣ E
 ≤ δ

2
∀x ∈ X , 1 ≤ i ≤ dimX , (6.47)

therefore the claim holds with probability at least 1− δ. So far we proved that there exists m̄ ∈ N such that, with
probability at least 1− δ,

max
i=1, ..., dimX

sup
x∈X

|∂xif(Θt, x)| ≤ M̄ (6.48)

for any m ≥ m̄. However, we know that

sup
Θ∈P,x∈X
1≤i≤dimX

|∂xif(Θ, x)| =M(m), (6.49)

where, for any m ∈ N∗, M(m) <∞. Whence, if we set

M = max

M(1), . . . ,M(m̄− 1),

√
M̃

2δ

 , (6.50)

then
sup
x∈X
t≥0

|∂xif(Θt, x)| ≤M (6.51)

for any i, with probability at least 1− δ, for all m ≥ 1. □
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Lemma 6.3 (Equiboundedness with high probability) Let us suppose that the hypotheses of Lemma 6.2 are
satisfied. Then, for any δ > 0 and there exists C > 0 such that for any m ≥ 1, with probability at least 1− δ we
have

sup
x∈X
t≥0

|f(Θt, x)| ≤ C. (6.52)

Proof Let us fix x̄ = x(1) ∈ X . Let

σ2t = Kt(x̄, x̄), σ2 = sup
t≥0

σ2t , and ȳ = y(1). (6.53)

By Lemma 5.18, it is easy to see that σ2 < ∞. Furthermore, by Lemma 5.18, the random variable f(Θt, x̄)

converges in distribution to f
(∞)
t (x̄), which are Gaussian random variables with mean µt(x̄) and variance σ2t .

Given a constant R to be fixed later, we can compute

P
[
|f (∞)t(x̄))− ȳ| ≥ R

]
= P

[
f (∞)(x̄) ≥ R+ ȳ

]
+ P

[
−f (∞)(x̄)) ≥ R− ȳ

]
, (6.54)

which can be estimated using Chernoff bound [61]:

P
[
|f (∞)

t (x̄)− ȳ| ≥ R

]
≤ exp

[
− 1

2σ2t
(R+ ȳ)2

]
+ exp

[
− 1

2σ2t
(R− ȳ)2

]
≤ 2 exp

[
− 1

2σ2t
(R− |ȳ|)2

]
. (6.55)

Let

R(δ, ȳ, σ2) =
√
2σ

√
log

(
8

δ

)
+ |ȳ|. (6.56)

Then we can bound (6.55) as follows

P
[
|f (∞)

t (x̄)− ȳ| ≥ R

]
≤ 2 exp

[
− 1

2σ2i

(
2σ2 log

(
8

δ

))]
≤ 2 exp

[
− log

8

δ

]
=
δ

4
,

where we used that σ2/σ2t ≥ 1. Since the random variable f(Θt, x̄) converges in distribution to f
(∞)
t (x̄), there

exists m0 ∈ N such that

P
[
|f(Θt, x̄)− ȳ| ≥ R

]
≤ 2P

[
|f (∞)

t (x̄)− ȳ| ≥ R

]
∀m ≥ m0 (6.57)

because of Lemma 3.1. Therefore,

P
[
|f(Θt, x̄)− ȳ| ≥ R

]
≤ δ

2
. (6.58)

Now, we have that, for any x ∈ X

f(Θt, x) = f(Θt, x̄) +

∫ 1

0

(
d

dξ
f(Θt, ξx+ (1− ξ)x̄)

)
dξ (6.59)

whence, by Lemma 6.2, there is a constant M(δ/2)

|f(Θt, x)| ≤ |f(Θt, x̄)|+

∣∣∣∣∣
∫ 1

0
(x− x̄) · ∇xf(Θt, ξx+ (1− ξ)x̄)dξ

∣∣∣∣∣
≤ |f(Θt, x̄)|+ ∥x− x̄∥∞

(
dimX sup

1≤i≤dimX
sup
x0∈X

|∂xif(Θt, x0)|

)

≤ |f(Θt, x̄)|+ 2π dimX M

(
δ

2

)
(6.60)

with probability at least 1− δ/2. Therefore, for any m ≥ m0

|f(Θt, x)| ≤ R+ |ȳ|+ 2π dimXM = C̃ (6.61)

with probability at least 1 − δ, where C̃ does not depend on x or m. However, as discussed at the end of the
proof of Lemma 6.2, this result can be generalized as follows: for any δ there is a constant C such that

|f(Θt, x)| ≤ C ∀x ∈ X , ∀t ≥ 0 (6.62)

with probability at least 1− δ for any m ≥ 1, where C̃ does not depend on x or m. □
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Theorem 6.4 (Convergence to a Gaussian process) Let us consider any feature space X ⊆ [0, π]dimX ,
which may also be an infinite set. Let us suppose that

lim
m→∞

L2m2|M|6|N |4

N5(m)
logN(m) = 0. (6.63)

Then, for any fixed t ≥ 0, as m→ ∞,

{f(Θt, · )}x∈X
d−→ {f (∞)

t ( · )}x∈X , (6.64)

where {f (∞)
t ( · )}x∈X is the Gaussian process characterized by mean and covariance

µt(x) = K̄(x,XT )K−1
(
1−

(
1− η0K̄

)t)
Y (6.65)

Kt(x, x
′) = K0(x, x

′),

− K̄(x,XT )K̄−1
(
1−

(
1− η0K̄

)t)K0(X,x
′)

− K̄(x′, XT )K̄−1
(
1−

(
1− η0K̄

)t)K0(X,x)

+ K̄(x,XT )K̄−1
(
1−

(
1− η0K̄

)t)×
×K0(X,X

T )
(
1−

(
1− η0K̄

)t)
K̄−1K̄(X,x′). (6.66)

Proof The hypothesis (6.63) is the same of Theorem 5.9, so by Lemma 5.16 we immediately see that the hypotheses
of Lemma 6.2 and Lemma 6.3 are satisfied. We recall that both the parameter space and the model function
depends on the number of qubits:

Θ(m) ∈ P = P(m), f(Θ, x) = f (m)(Θ(m), x). (6.67)

Let µm,t the probability distribution of the function generated by the quantum neural network with m qubits at
time t; it is the probability distribution on C0(X ,R), the set continuous function from X to R (endowed with the
sup norm), induced by the random initialization of the parameters of the circuit and, in case, by the statistical
noise during the training. Let us fix δ > 0. Then, by Lemma 6.2 and Lemma 6.3, there exist Mδ > 0 and Cδ > 0
such that, for any m ≥ 1 and t ≥ 0

P

 sup
x∈X

1≤i≤dimX

|∂xif
(m)(Θt, x)| ≤Mδ, sup

x∈X
|f (m)(Θt, x)| ≤ Cδ

 > 1− δ. (6.68)

The family

Kδ := {g ∈ C0(X ,R) : |g(x)− g(y)| ≤Mδ dimX∥x− y∥∞, |g(x)| ≤ Cδ ∀x, y ∈ X} (6.69)

is a set of equicontinuous and equibounded continuous functions, so by Ascoli-Arzelà’s theorem it is compact
[68]. In particular, for any m and t,

µm,t (Kδ) > 1− δ (6.70)

This means that, fixing t ≥ 0, the family of measures {µm,t}m≥1 is tight. Then, by Prokhorov’s theorem [69],
each subsequence µm(k),t of {µm,t}m≥1 has a convergence subsubsequence µm(k(n)),t to a measure µ∞,t on

C0(X ,R) according to the weak topology. This implies the convergence in distribution of the entire sequence

{f (m)(Θt, · )}m≥1 to a unique stochastic process {g(∞)
t (x)}x∈X :

f (m)(Θt, · )
d−→ g

(∞)
t ( · ). (6.71)

Let us characterize this stochastic process. Fixed any finite family F of inputs, by Theorem 5.9 we know
that the limit distribution of {f(Θt, x)}x∈F is a multivariate Gaussian with mean function µt(x) and

covariance Kt(x, x
′). Therefore, arbitrariness of F , by the limit distribution is

f (m)(Θt, · )
d−→ f

(∞)
t ( · ) (6.72)

i.e., the unique limit is {g(∞)
t (x)}x∈X ≡ {f (∞)

t (x)}x∈X ; this proves the claim. □
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7 Conclusions

We have proved that in the limit of infinite width, quantum neural networks can always be trained in
polynomial time with respect to the number of qubits as long as they do not suffer from barren plateaus,
and that the probability distribution of the function generated by the trained network converges in
distribution to a Gaussian process, whose mean and covariance can be computed analytically.

More precisely, we have proved the following results. First, the probability distribution of the function
generated by a quantum neural network with randomly initialized parameters converges in distribution
to a Gaussian process when the cardinalities of the light cones are sufficiently small (Theorem 3.7).
Second, the trained model is able to perfectly fit the training set exponentially fast in time, and the
probability distribution of the function generated by the trained network converges in distribution to a
Gaussian process whose mean and covariance can be computed analytically (Theorem 4.15). We have also
provided a quantitative bound (4.55) that shows that the training happens in the lazy regime (Theorem
4.10 and Theorem 4.12). Furthermore, we have taken into account the statistical noise due to the finite
number of measurements to estimate the gradients of the cost function. In particular, we have studied
the evolution of the model under gradient descent with an unbiased estimator of the gradient of the
cost function (5.12). We have proved that a sufficiently large number of measurements ensures all the
convergence results of the noiseless setting with high probability (Theorem 5.4 and Theorem 5.9). Such
number grows polynomially with the number of qubits (Proposition 5.5), so that any quantum advantage
is not hindered by the training procedure. From the mathematical point of view we also have given a
novel contribution in this field: going beyond the standard assumption that the feature space is a finite
set, we have rigorously proved that the convergence to a Gaussian process, both at initialization and
during the training, is valid also when we consider an infinite feature space (Theorem 6.4).

For a real quantum circuit, the number of qubits will unlikely be large enough to completely suppress
the non-Gaussianities in the probability distribution of the function generated by the quantum neural
network. As in the case of classical neural networks, this should not be seen as a problem: on the contrary,
the deviations from the Gaussian limit make the neural tangent kernel trainable and can help to improve
the generalization power of the neural network [70]. However, a rigorous understanding of such deviations
is still an open problem in both the classical and the quantum case.

We stress that, despite Ref. [19] conjectured that all the architectures for quantum neural networks
that do not suffer from barren plateaus can be simulated efficiently on a classical computer, our results are
valid also in regimes that have hope of quantum advantage. Indeed, from the discussion in subsection 2.5,
a quantum neural network with the qubits arranged on a d-dimensional lattice and the two-qubit gates
acting between neighboring qubits does not allow for naive efficient classical simulations whenever d ≥ 2
and the depth grows at least logarithmically with the number of qubits. On the other hand, assuming
that the variance of the function generated by the quantum neural networks considered in our paper
behaves as in the architecture of Ref. [16]19, for any d the hypotheses of our theorems are always satisfied
for a logarithmic scaling of the depth L ≃ ϵ logm with ϵ small enough but independent on m.

Our results open several questions:

• Is it possible to determine quantitative bounds for the distance between the probability distribution
of the function generated by a given trained quantum neural network with a finite number of qubits
and the Gaussian process associated to the covariance at initialization and the analytic neural tangent
kernel of the network? Answering this question would avoid the need to consider a sequence of quantum
neural networks with increasing number of qubits and would determine the width at which the results
of this paper become valid.

• How does the convergence of the probability distribution of the generated function to a Gaussian
process depends on the size of the training set, i.e., how should the number of qubits scale with the
number of examples for our results to be valid? For classical neural networks, a width polynomial in
the number of examples is enough [71], and we expect the same to hold in the quantum setting.

• Is it possible to prove nontrivial bounds to the normalization constant N(m) of a generic quantum
circuit and therefore determine whether the circuit suffers from barren plateaus? The study of the

19Formally, Ref. [16] considers random nonparametric two-qubit gates sampled from a 2-design. However, there are no reasons
to believe that the architectures that we consider, where the two-qubit gates are fixed, will have a different scaling of the variance
of the generated function.
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detailed architecture of the class of circuits satisfying the hypotheses of our theorems would be essential
to determine which architectures can have hopes of quantum advantage.

• Can the class of circuits satisfying of our theorems be extended? More precisely, we wonder whether
there are circuits whose light cones grow faster than the requirements of the form (2.77) that appears
in the hypotheses of our theorems, but whose output is trainable and converges to a Gaussian process.
We do expect that the hypotheses of our theorems can be relaxed, but, in order to envisage a larger
class of variational circuits for which our results hold, it may be necessary to formulate new proofs
using different strategies.

All these questions will be considered in our future works, with the hope to answer to some of them
and to give new insights on the working principles of quantum neural networks. Finally, we hope that our
results can open the way to answering the main open problem in quantum machine learning: are there
problems of practical relevance that variationally trained quantum neural networks can solve better than
any classical algorithm?

A A counterexample for large light cones

In this section, we will show that, if we relax the hypothesis of Theorem 3.7 concerning the growth of
the light cones, we can exhibit a circuit which generates a function whose distribution at initialization is
not a Gaussian process.

Fig. 23 Pathological circuit

Let us consider the circuit in the figure. It is a variational circuit in which the feature encoding gates
and most parameter gates are trivial, since they act as the identity on the qubits. For this reason they
are not represented in the figure. The only exception is the layer ℓ = m, in which we identify αk = θ[mk].
Each layer has one C-NOT as an entangling gate and, in the layers ℓ = 1 and ℓ = 2m− 1, a Hadamard
gate appears. The total number of layers is L = 3m − 3 = O(m) and the light cones have cardinality
O(m). The local observables are Pauli Z rescaled by a bounded factor 0 ≤ βk ≤ 1.

The initial state, after the Hadamard gate, becomes

|00 . . . 0⟩ H17−−→ |ψ1⟩
1√
2

(|00 . . . 0⟩ + |10 . . . 0⟩) . (A.1)

After the first m− 1 layers the state becomes

|ψ2⟩ =
1√
2

(|00 . . . 0⟩ + |11 . . . 1⟩) (A.2)
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The single qubit gates labelled by αk are phase gates

P (αi) =

(
1
eiαi

)
in the computational basis. (A.3)

The state after the action of these gates is

|ψ3⟩ =
1√
2

(
|00 . . . 0⟩ + ei

∑m
k=1 αk |11 . . . 1⟩

)
. (A.4)

If we assume that αk are i.i.d. random variables distributed as

P(αk = 0) =
1

2
, P(αk = π) =

1

2
, (A.5)

we have, by symmetry,

P

(
m∑

k=1

αk ≡ 0 mod 2π

)
= P

(
m∑

k=1

αk ≡ π mod 2π

)
=

1

2
. (A.6)

So the following states are equally likely

1√
2

(|00 . . . 0⟩ ± |11 . . . 1⟩) . (A.7)

The following C-NOTs produce the state

|ψ4⟩ =
1√
2

(|00 . . . 0⟩ ± |10 . . . 0⟩) =
1√
2

(|0⟩ ± |1⟩) ⊗ |0 . . . 0⟩. (A.8)

Then, by the Hadamard gate,

|ψ4⟩ =
1√
2

(|0⟩ ± |1⟩) ⊗ |0 . . . 0⟩ H17−−→ |ψ5⟩ =

{
|0⟩ ⊗ |0 . . . 0⟩
|1⟩ ⊗ |0 . . . 0⟩

. (A.9)

The final C-NOTs yield

|ψ5⟩ =

{
|0⟩ ⊗ |0 . . . 0⟩
|1⟩ ⊗ |0 . . . 0⟩

7→ |ψout⟩ =

{
|00 . . . 0⟩
|11 . . . 1⟩

. (A.10)

The local observables are given by

Ok = βkσ
(k)
z with βk =

√
k −

√
k − 1. (A.11)

Then, the output function is

f(Θ) =
1

N(m)
⟨ψout|O|ψout⟩ with N(m) =

√
m

=
±1√
m

(√
1 + (

√
2 −

√
1) + (

√
3 −

√
2) + · · · + (

√
m−

√
m− 1)

)
= ±1, (A.12)

which means that

P(f(Θ) = 1) = P(f(Θ) = −1) =
1

2
. (A.13)
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This distribution does not converge to a Gaussian process as m→ ∞.
This circuit has a remarkable property: if we perturb the first qubit by a local operation which

cancels the first Hadamard gate, the result is completely changed and the result does not depend on the
parameters αi.

|ψ1⟩ = |ψ2⟩ = |ψ3⟩ = |ψ4⟩ = |00 · · · 0⟩ , |ψ5⟩ = |+⟩ ⊗ |0 · · · 0⟩ , (A.14)

|ψout⟩ =
1√
2

(|00 · · · 0⟩ + |11 · · · 1⟩). (A.15)

If we also cancel the second Hadamard gate, the output changes again: it is equal to the input.

|ψ1⟩ = |ψ2⟩ = |ψ3⟩ = |ψ4⟩ = |ψ5⟩ = |ψout⟩ = |00 · · · 0⟩ . (A.16)

In both cases, a “small” perturbation of the circuit (i.e., a unitary transformation acting on a single qubit)
has important consequences in the final state of all the qubits. A more robust behaviour of the output
state with respect to such perturbations would be a very desirable property for a variational circuit.

B Architecture-independent bounds for light cones

Lemma B.1 (Architecture-independent bounds are exponential in L) Without any knowledge on the family of
interactions IU of a circuit U , we can estimate the cardinalities of the light cones as follows:

|Nk| ≤ 2L+1, (B.1)

|M[ℓk]| ≤ 2L+1−ℓ. (B.2)
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Proof Since we use only two-qubit gates, |Iℓ,k| ≤ 2.
By (2.21) and (2.22), we have

|N ℓ
k | = |J ℓ

k | ≤

|IL,k| ≤ 2 ℓ = L,

|J ℓ+1
k |max

k′
|Iℓ,k′ | ≤ 2|J ℓ+1

k | ℓ < L.
(B.3)

So, inductively, {
|N ℓ

k | ≤ 2
∣∣N (ℓ+1)

k

∣∣
|NL

k | ≤ 2
→

∣∣N (L−ℓ)
k

∣∣ ≤ 2ℓ+1. (B.4)

Whence, by Definition 2.5,

|Nk| ≤
L−1∑
ℓ=0

∣∣N (L−ℓ)
k

∣∣ ≤ L∑
ℓ=1

2ℓ ≤ 2L+1, (B.5)

which is (B.1). Now, by Lemma 2.3, if ℓ < L,

|M[ℓk]| ≤ |Iℓ,k|max
k′

|M[(ℓ+1) k′]| ≤ 2max
k′

|M[(ℓ+1) k′]|. (B.6)

and, since
M[Lk] = IL,k → |M[Lk]| ≤ 2, (B.7)

we have the recurrence relation 
max
k

|M[ℓk]| ≤ 2max
k

|M[(ℓ+1) k]| ℓ < L

max
k

|M[Lk]| ≤ 2
. (B.8)

Therefore
|M[ℓk]| ≤ max

k̄
|M[ℓk̄]| ≤ 2L−ℓ+1. (B.9)

□

Corollary B.2 The bounds of Lemma B.1 imply the following bounds on the maximal cardinalities and the sums
defined above

|M| ≤ 2L |N | ≤ 2L+1 Σn ≤ 2m2nL (B.10)

Proof The first two bounds are immediate, while the third can be proved as follows:

Σn =

Lm∑
i=1

|Mi|n =

m∑
k=1

L∑
ℓ=1

|M[ℓk]|
n ≤

m∑
k=1

L∑
ℓ=1

(
2L+1−ℓ

)n
= m

L∑
ℓ=1

(
2ℓ
)n

≤ m

L∑
ℓ=0

(
2n
)ℓ

= m
(2n)L+1 − 1

2n − 1

≤
(

2n

2n − 1

)
m2nL ≤ 2m2nL. (B.11)

□

C Computation of the analytic NTK

In this appendix we explain how K(x, x′) := E
[
K̂Θ(x, x′)

]
can be analytically computed for any given

circuit with finite width. Using the fundamental rules of quantum mechanics, a laborious but elementary
linear algebra computation allows to write f(Θ, x), and therefore K̂Θ(x, x′), as an analytic function of Θ
for any fixed x and x′. Clearly, this naive method does not provide a classically efficient algorithm, since
it is based on computations in the local Hilbert spaces of each observable; such spaces typically have
superpolynomial dimension with respect to the number of qubits. In the spirit of the proof of Lemma
4.30, we already know which kind of dependence on Θ will appear: since K̂Θ(x, x′) is defined in terms of
the derivatives of f(Θ, x) and f(Θ, x′), by virtue of (4.178) we will obtain an expression of the form

K̂Θ(x, x′) =
1

NK(m)

 ∑
v∈{0,±1}Lm

f̃v(x)e2iΘ·v2iv

 ·

 ∑
w∈{0,±1}Lm

f̃w(x′)e2iΘ·w2iw

 (C.1)
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=
1

NK(m)

∑
v,w∈{0,±1}Lm

f̃v(x)f̃w(x′)e2iΘ·(v+w)(−4v · w), (C.2)

(C.3)

where the coefficients fv( · ) are the results of the linear algebra computations in the local Hilbert spaces
of each observable. Therefore, we see that the computation of the expectation value at initialization is
elementary as well, since the parameters are uniform random variables (see Assumption 4.4):

K(x, x′) = E
[
K̂Θ(x, x′)

]
(C.4)

=
−4

NK(m)

∑
v,w∈{0,±1}Lm

f̃v(x)f̃w(x′)(v · w)

Lm∏
j=1

Eθj

[
e2i(vj+wj)θj

]
(C.5)

=
−4

NK(m)

∑
v,w∈{0,±1}Lm

f̃v(x)f̃w(x′)(v · w)

Lm∏
j=1

1vj=−wj
(C.6)

=
4

NK(m)

∑
v∈{0,±1}Lm

f̃v(x)f̃−v(x′)(v · v), (C.7)

where 1vj=−wj
is the characteristic function

1vj=−wj =

{
1 vj = −wj

0 vj ̸= −wj

. (C.8)

This shows that an analytical form for K(x, x′) can be computed.
We stress that the algorithm outlined above will in general have a runtime that grows polynomially in

the dimension of the local Hilbert spaces of Definition 2.53 and will not be efficient. However, our results
are not meant as an alternative algorithm to replace the sequence of quantum neural networks, but just
as a means to mathematically characterize the probability distribution of the functions generated by
the trained quantum neural networks. Indeed, if the covariance at initialization and the analytic neural
tangent kernel could be computed efficiently on a classical computer, the associated kernel regression
algorithm would also be efficient to run on a classical computer and therefore quantum neural networks
would have no advantage in the regime where our results apply.
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