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ABSTRACT
This article examines the filtering and approximation-theoretic properties of score-driven time series models. Under specific
Lipschitz-type and tail conditions, new results are derived, leading to maximal and deviation inequalities for the filtering approx-
imation error using empirical process theory. This approach allows the study of the asymptotic behavior of the empirical distribu-
tion function and empirical process of the approximated noise, extending the results of Francq and Zakoïan (2022) for generalized
autoregressive conditional heteroskedasticity models. For general score-driven models, however, it is proven that the asymptotic
distribution of the empirical process of the approximated noise is model-dependent and influenced by the estimation of model
parameters. This contrasts with well-known results for linear and some nonlinear time series models, and is mainly due to the fact
that the finite-dimensional static model parameters affect both the noise density and the score-driven process. The goodness-of-fit
problem is then considered, and an application of these results is demonstrated with the Beta-𝑡-GARCH(1,1) model, a popular
score-driven time series model.
JEL Classification: C10, C12, C13, C22
MSC2020 Classification: 60, 62

1 | Introduction

Score-driven models are a broad class of nonlinear time series
models that have proven highly effective in modeling parametric
distributions with time-varying parameters. Since their introduc-
tion by Creal et al. (2011, 2013) and Harvey (2013), these models
have gained widespread popularity, with applications extending
beyond economics and finance to diverse fields such as neuro-
science and public health.1

At their core, score-driven models leverage the score of the con-
ditional observation density, that is, the first derivative of the
log-likelihood function with respect to the parameter of inter-
est, to drive the evolution of the model’s parameters. From a
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theoretical standpoint, Harvey (2013) laid the foundation for the
asymptotic theory of these models in the context of time-varying
location and scale models with heavy-tailed distributions. Later,
Blasques et al. (2022) extended this framework to a more general
class of univariate score-driven models.

Further theoretical advancements include the work of Blasques
et al. (2015), who explored the information-theoretic properties
of score-driven models through the Kullback-Leibler (KL) diver-
gence. Other optimality results appear in Blasques et al. (2019),
with more recent contributions by Gorgi et al. (2024) and Beutner
et al. (2023). The stochastic properties of score-driven mod-
els as data-generating processes were first studied by Blasques
et al. (2014), while Blasques et al. (2018) established conditions
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for the existence of moments and invertibility of the filtering
equations. Both works build on the theory of stochastic recur-
rence equations (SRE), leveraging Lipschitz and contraction con-
ditions from Bougerol (1993) to ensure strict stationarity and
ergodicity of score-driven processes, as well as filter invertibility.
See also Straumann and Mikosch (2006) for a discussion of these
topics in the context of nonlinear GARCH models.

This article makes two primary contributions to the litera-
ture on score-driven models. First, I establish new theoretical
results based on a novel set of Lipschitz-type and tail condi-
tions that refine control of the (potentially highly nonlinear) fil-
ter recursion. Unlike earlier studies, the analysis is formulated
in Orlicz norms rather than classical moment bounds, yield-
ing greater flexibility. Crucially, an entropy-driven invertibility
argument combined with an explicit uniform deviation bound
ensures that all subsequent results hold under sub-exponential,
or, more generally, any finite 𝑝 > 2 noise tails, and without the
global one-step contraction imposed in Assumption 4.4-(𝑖𝑖) of
Blasques et al. (2022). The overall strategy is reminiscent of the
weak-dependence framework developed by Doukhan and Win-
tenberger (2008) for Markov chains with infinite memory.

A key advantage of this approach is its ability to capture the tail
behavior of score-driven models precisely. This leads to sharp
maximal and deviation inequalities, which in turn allow for a
rigorous analysis of filtering approximation errors. These results
facilitate the study of the asymptotic properties of the empirical
distribution function and the empirical process of the approxi-
mated noise, drawing on empirical process theory (see Dehling
et al. (2002) and the recent monograph by van der Vaart and Well-
ner (2023)). To the best of my knowledge, these techniques have
not been applied in the score-driven literature before.

As a second contribution, I derive an explicit formula for the
variance of the empirical process of the approximated noise,
revealing an important property of score-driven models. Specif-
ically, I show that the asymptotic distribution of this empirical
process is both asymptotically model dependent (AMD), as it
depends on the distribution of the unobserved noise process and
the true model parameter vector, and asymptotically estimation
dependent (AED), as it is influenced by parameter estimation.
The AMD property arises because the finite-dimensional model
parameters directly affect the noise density, shaping the dynam-
ics of the score-driven process. To my knowledge, this is a novel
result that provides new insights into the intricate structure of
score-driven models.

Similar results have appeared in the literature. Berkes and
Horváth (2003) obtained a functional central-limit theorem for
the empirical process of squared pseudo-residuals in GARCH
models, and related empirical-process and strong-approximation
results for ARCH/GARCH and augmented GARCH sequences
can be found in Hörmann (2008), Berkes et al. (2008), Berkes
et al. (2009), and Berkes et al. (2011). Francq and Zakoïan (2022)
extended that analysis to residuals of general semi-parametric
conditional location-scale models. Under their baseline assump-
tions for pure conditional scale models, the residual empir-
ical process is asymptotically model free (AMF) and AED,
while an AMD component appears only when the extra
stability-by-scaling condition fails or when a conditional mean

is introduced. In the fully parametric score-driven framework
studied here, the same parameter vector governs both the noise
density and the filter recursion, so the empirical process is AMD
and AED for all parameter values. The result therefore comple-
ments that of Francq and Zakoïan (2022). Remark 6 gives the full
assumption-by-assumption comparison, and Section 4.1 shows
how the two theories coincide in Gaussian GARCH(1,1).

The AMD and AED properties also contradict earlier results for
classical linear time series models. For example, Boldin (1983)
and Koul (1992) showed that the empirical process of resid-
uals in autoregressive (AR) and moving-average (MA)
models is not AMD. Consequently, standard asymptotic
results for goodness-of-fit testing, such as those based on
the Kolmogorov–Smirnov statistic, are inapplicable to general
score-driven models, as the test’s null distribution is neither
distribution-free nor estimation-free.

In nonlinear time series models, Koul and Ling (2006) circum-
vented the AMD issue for ARMA models with GARCH noise pro-
cess by introducing weighted residual empirical processes. How-
ever, this approach does not extend to general score-driven mod-
els, where the asymptotic structure of the empirical process is
significantly more complex. Nevertheless, by leveraging filtering
approximation errors and the asymptotic behavior of the empir-
ical distribution function, I propose a potential solution to the
goodness-of-fit testing problem.

The remainder of this article is organized as follows. In Section 2,
I introduce the general score-driven time series model and dis-
cuss the related problem of filter invertibility and filtering approx-
imation error. In Section 3, I derive maximal and deviation
inequalities for the general invertible score-driven filter that char-
acterize the rate of convergence of the unstable filtering recur-
sion to the corresponding unique stationary solution. Building
upon these results, in Section 4 I study the asymptotic behav-
ior of the empirical distribution function and the empirical pro-
cess of the approximated noise. Here it is also proved that,
by making some appropriate distributional assumptions, these
asymptotic results collapse to those retrieved by Francq and
Zakoïan (2022) for the standard GARCH(1,1) model. Finally,
in Section 5 the goodness-of-fit problem is considered, and in
Section 6 I consider a popular score-driven time series model,
namely, the Beta-t-GARCH(1,1) model, to show how the condi-
tions considered in this article can be actually applied in practice.
Although the Beta-t-GARCH(1,1) model is driven by Student’s t
heavy-tailed noise, the score recursion keeps the one-step predic-
tion error under an exponentially decaying (sub-Gaussian) tail.
This yields probability bounds that are much tighter than the
polynomial bounds usually obtained for heavy-tailed models, so
that all maximal and deviation inequalities, consistency results,
and limit theorems derived in the article applies with correspond-
ingly sharper rates. The conclusions are drawn in Section 7. The
Supporting Information gathers all the proofs and mathematical
details.

2 | The General Score-Driven Model

Given a time series {𝑦𝑡}𝑡∈ℤ with associated filtration 𝑡 =
𝜎{𝑦𝑡, 𝑦𝑡−1, 𝑦𝑡−2, . . . }, the general score-driven model is specified
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by the following dynamic equations:

𝑦𝑡 = 𝑔(𝑓𝑡(𝜃0), 𝜖𝑡), 𝜖𝑡
𝐼𝐼𝐷∼ 𝑝𝜖(𝜖𝑡, 𝜆0), (1)

where 𝑔(⋅, ⋅) is a differentiable link function that is strictly increas-
ing in its second argument, and 𝑝𝜖 is the noise density indexed
by the static parameter 𝜆0 ∈ Λ ⊂ ℝdim(𝜆). The parameter vector
𝜃0 ∈ Θ ⊂ ℝdim(𝜃), where Θ is a compact parameter space. Here,
𝑓𝑡(𝜃0) is a stochastic time-varying parameter that indexes the pre-
dictive conditional density 𝑝𝑦 given the entire past of the process
𝑡−1. Throughout the article, I work with univariate 𝑓𝑡(𝜃0) tak-
ing values in a space  ⊂ ℝ, so that 𝑓𝑡(𝜃0) ∈  , and the process
satisfies the SRE

𝑓𝑡+1(𝜃0) = 𝜙
(
𝑓𝑡(𝜃0), 𝑦𝑡, 𝜃0

)
∶= 𝜔0 + 𝛼0𝑠𝑡(𝑓𝑡(𝜃0), 𝜆0) + 𝛽0𝑓𝑡(𝜃0),

(2)
where the driving force of the process is given by the scaled-score
function:

𝑠𝑡(𝑓𝑡(𝜃0), 𝜆0) = 𝑆(𝑓𝑡(𝜃0), 𝑦𝑡, 𝜆0)∇(𝑓𝑡(𝜃0), 𝑦𝑡, 𝜆0), (3)

and where 𝜃0 = (𝜔0, 𝛼0, 𝛽0, 𝜆
⊤
0 )
⊤ is the true static parameter vec-

tor. The function 𝜙(⋅, ⋅, ⋅) is continuous (typically Lipschitz) from
 ×ℝ × Θ into  , differentiable with respect to its first coordi-
nate. The term

∇(𝑓𝑡(𝜃0), 𝑦𝑡, 𝜆0) =
𝜕 log 𝑝𝑦(𝑦𝑡|𝑓, 𝜆0,𝑡−1)

𝜕𝑓

|||𝑓=𝑓𝑡(𝜃0)
,

represents the score function of the log-conditional density with
respect to 𝑓 , while 𝑆(𝑓𝑡(𝜃0), 𝑦𝑡, 𝜆0) is a univariate scaling func-
tion. Together, these terms define the scaled-score function
𝑠𝑡(𝑓𝑡(𝜃0), 𝜆0), which plays a fundamental role in the model’s
dynamics.

Remark 1. As seen in the recurrence equations (1) to (3), a
key feature of score-driven models is that the density 𝑝𝜖 of the
noise process {𝜖𝑡}𝑡∈ℤ depends on the unknown parameter vec-
tor 𝜆0 ∈ Λ. This dependence is crucial because 𝜆0 also enters
the recursion of the stochastic process {𝑓𝑡(𝜃0)}𝑡∈ℤ through the
scaled-score function 𝑠𝑡(𝑓𝑡(𝜃0), 𝜆0) in (3).

As noted by Creal et al. (2011), Harvey (2013), and Blasques
et al. (2014), many time series models, including conditional
location-scale and volatility models, can be formulated within the
score-driven framework. This includes standard ARMA-GARCH
models. For example, a location model can be specified by setting

𝑔(𝑓𝑡(𝜃0), 𝜖𝑡) = 𝑓𝑡(𝜃0) + 𝜖𝑡, (4)

where 𝑓𝑡(𝜃0) represents a stochastic conditional location (or
mean), such that  = ℝ, and the noise term 𝜖𝑡 follows a normal,
Student’s 𝑡, or skewed distribution. Similarly, a conditional scale
(or volatility) model can be obtained by defining

𝑔(𝑓𝑡(𝜃0), 𝜖𝑡) =
√
𝑓𝑡(𝜃0)𝜖𝑡, (5)

such that  = [𝜔0,∞), where 𝜔0 > 0 is the lower bound of
the conditional variance process, see Section 4.1 for details
on the classical GARCH(1,1) model and Section 6 for the
Beta-t-GARCH(1,1) model. Furthermore, the generality of the

score-driven framework enables researchers to construct nonlin-
ear time series models for higher order moments, such as the
stochastic tail-shape model proposed by D’Innocenzo et al. (2023)
and D’Innocenzo et al. (2024a), which in this case the model
becomes

𝑔(𝑓𝑡(𝜃0), 𝜖𝑡) = 𝑒𝑓𝑡(𝜃0)𝜖𝑡 − 1, (6)

with  = [𝜔0,∞), where, similarly to the conditional scale model
in (5), 𝜔0 > 0 is the lower bound of the conditional tail process,
and the noise term 𝜖𝑡 has a standard exponential distribution with
unit mean. Other examples of popular score-driven models are
listed in Table 1.

2.1 | The Filtering Recursions and Invertibility

In practice, the time-varying parameter {𝑓𝑡(𝜃0)}𝑡∈ℤ is not observ-
able, and thus, one must approximate its time evolution from
real data. Here, this approximation is denoted with {𝑓 𝑡(𝜃0)}𝑡∈ℕ.
Moreover, the real true parameter vector 𝜃0 is generally unknown,
and so for practical purposes, one needs to replace it with some
estimator.

To fix the idea, consider a set of observations {𝑦𝑡}𝑇𝑡=1 and a vector
of static parameters 𝜃 ∈ Θ. From the observation-driven nature of
the model given in equations (1) to (3) it is clear that for any ini-
tial condition 𝑓 1(𝜃) = 𝑓1, the sequence 𝑓 𝑡(𝜃) can be propagated
iteratively through 𝑓 𝑡+1(𝜃) for 𝑡 = 1, . . . , 𝑇 using the following
recursive equations:

𝑓 𝑡+1(𝜃) = 𝜙
(
𝑓 𝑡(𝜃), 𝑦𝑡, 𝜃

)
∶= 𝜔 + 𝛼𝑠𝑡(𝑓 𝑡(𝜃), 𝜆) + 𝛽𝑓 𝑡(𝜃), (7)

𝑠𝑡(𝑓 𝑡(𝜃), 𝜆) = 𝑆(𝑓 𝑡(𝜃), 𝑦𝑡, 𝜆)∇(𝑓 𝑡(𝜃), 𝑦𝑡, 𝜆), (8)

with

∇(𝑓 𝑡(𝜃), 𝑦𝑡, 𝜆) =
𝜕 log 𝑝𝑦(𝑦𝑡|𝑓, 𝜆,𝑡−1)

𝜕𝑓

|||𝑓=𝑓 𝑡(𝜃),
and a univariate scaling function 𝑆(𝑓 𝑡(𝜃), 𝑦𝑡, 𝜆).

If for each 𝑓1 ∈  this recursive procedure employed to approx-
imate 𝑓𝑡(𝜃) for 𝑡 = 1, . . . , 𝑇 converges to a unique stationary
and ergodic solution {𝑓𝑡(𝜃)}𝑡∈ℤ as 𝑡 → ∞, then the general
score-driven model is said to be invertible. More formally, under
suitable conditions, the invertibility property ensures that

sup
𝜃∈Θ

|||𝑓 𝑡(𝜃) − 𝑓𝑡(𝜃)||| 𝑒.𝑎.𝑠.−−→ 0, as 𝑡 → ∞,

in probability, where
𝑒.𝑎.𝑠.
−−→ stands for exponentially fast almost sure

convergence, see Straumann and Mikosch (2006) for a detailed
explanation of this mode of convergence. Additionally, using
equation (1), the invertibility property further allows researchers
to approximate the unobserved noise sequence 𝜖𝑡 in terms of
observed values. That is, one can construct a process

{
𝜖𝑡(𝜃)

}
𝑡∈ℤ

which is adapted to the filtration generated by {𝑦𝑡, 𝑦𝑡−1, 𝑦𝑡−2, . . . }
and depends on 𝜃 ∈ Θ.

Since the unobserved 𝑓𝑡(𝜃) must be approximated using 𝑓 𝑡(𝜃),
which depends on the chosen initial condition 𝑓1, one can only
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TABLE 1 | Links, inverses, and derivative terms
(
𝑔̇, ∇𝑓𝑡∕𝑔̇

)
that enter the score recursion for six standard score-driven specifications.

Model type 𝒈
(
𝒇𝒕(𝜽0), 𝝐𝒕

)
𝒈−1(𝒇𝒕(𝜽), 𝒚𝒕

)
𝒈̇
(
𝒇𝒕(𝜽), 𝝐𝒕

) 𝛁𝒇𝒕(𝜽)
𝒈̇(𝒇𝒕(𝜽),𝝐𝒕)

Location 𝑓𝑡(𝜃0) + 𝜖𝑡 𝑦𝑡 − 𝑓𝑡(𝜃) −1 −∇𝑓𝑡(𝜃)

Logistic location 1
1 + 𝑒−𝑓𝑡(𝜃0)

+ 𝜖𝑡 𝑦𝑡 −
1

1 + 𝑒−𝑓𝑡(𝜃)
− (1 + 𝑒𝑓𝑡(𝜃))2

𝑒𝑓𝑡(𝜃)
− 𝑒𝑓𝑡(𝜃)

(1 + 𝑒𝑓𝑡(𝜃))2
∇𝑓𝑡(𝜃)

Scale
√
𝑓𝑡(𝜃0)𝜖𝑡

𝑦𝑡√
𝑓𝑡(𝜃)

− 2
𝜖𝑡

√
𝑓𝑡(𝜃)√
𝑓𝑡(𝜃0)

𝑓𝑡(𝜃) −
𝜖𝑡

2

√
𝑓𝑡(𝜃0)√
𝑓𝑡(𝜃)

∇𝑓𝑡(𝜃)
𝑓𝑡(𝜃)

Exponential scale 𝑒𝑓𝑡(𝜃0)𝜖𝑡 𝑦𝑡𝑒
−𝑓𝑡(𝜃) − 1

𝜖𝑡

𝑒𝑓𝑡(𝜃)

𝑒𝑓𝑡(𝜃0)
−𝜖𝑡
𝑒𝑓𝑡(𝜃0)

𝑒𝑓𝑡(𝜃)
∇𝑓𝑡(𝜃)

Duration 𝑓𝑡(𝜃0)𝜖𝑡
𝑦𝑡

𝑓𝑡(𝜃)
− 1
𝜖𝑡

𝑓𝑡(𝜃)
𝑓𝑡(𝜃0)

𝑓𝑡(𝜃) −𝜖𝑡
𝑓𝑡(𝜃0)
𝑓𝑡(𝜃)

∇𝑓𝑡(𝜃)
𝑓𝑡(𝜃)

Tail 𝑒𝑓𝑡(𝜃0)𝜖𝑡 − 1
ln(1 + 𝑦𝑡)
𝑓𝑡(𝜃)

− 1
𝜖𝑡

𝑓𝑡(𝜃)
𝑓𝑡(𝜃0)

𝑓𝑡(𝜃) −𝜖𝑡
𝑓𝑡(𝜃0)
𝑓𝑡(𝜃)

∇𝑓𝑡(𝜃)
𝑓𝑡(𝜃)

obtain an approximate noise process
{
𝜖𝑡(𝜃)

}𝑇
𝑡=1. This process is

obtained by substituting 𝑓𝑡(𝜃) with 𝑓 𝑡(𝜃) in equation (1):

𝜖𝑡(𝜃) = 𝑔−1(𝑓 𝑡(𝜃), 𝑦𝑡), 𝑡 = 1, . . . , 𝑇 , (9)

where 𝑔−1(⋅, ⋅) denotes the inverse function of 𝑔(⋅, ⋅) defined in
equation (1) with respect to its second argument. As noted by
Granger and Andersen (1978), the invertibility property ensures
that, for each𝑓1 ∈  , the unobserved noise

{
𝜖𝑡(𝜃)

}
𝑡∈ℤ can be con-

sistently estimated, meaning that

sup
𝜃∈Θ

||𝜖𝑡(𝜃) − 𝜖𝑡(𝜃)|| 𝑒.𝑎.𝑠.−−→ 0, as 𝑡 → ∞,

where
𝜖𝑡(𝜃) = 𝑔−1(𝑓𝑡(𝜃), 𝑦𝑡), 𝑡 ∈ ℤ,

is strictly stationary and ergodic and does not depend on the
chosen initial condition. This property is crucial for nonlinear
dynamic models, as it allows researchers to represent the process{
𝜖𝑡(𝜃)

}
𝑡∈ℤ as a function of the data

{
𝑦𝑡
}
𝑡∈ℤ.

Remark 2. It is crucial to remark that in general it holds that
𝜖𝑡(𝜃) ≠ 𝜖𝑡 for all 𝑡, unless 𝜃 = 𝜃0 and the postulated score-driven
model described is correctly specified, that is, the process

{
𝑦𝑡
}
𝑡∈ℤ

is generated by the model in equations (1) to (3).

Sufficient conditions for the invertibility of the filter in (7) are dis-
cussed in Blasques et al. (2018). In particular, Proposition 3.1 of
Blasques et al. (2018) provides conditions that ensure the con-
tinuous invertibility of the filter {𝑓 𝑡(𝜃)}𝑡∈ℕ, a concept originally
introduced by Wintenberger (2013). As in Wintenberger (2013),
Blasques et al. (2018) rely on Theorem 3.1 of Bougerol (1993).
Specifically, Proposition 3.1 of Blasques et al. (2018) establishes
the following sufficient conditions for the invertibility of the filter
{𝑓 𝑡(𝜃)}𝑡∈ℕ.

Assumption 1. For the score-driven model given in
equations (1) to (3), it holds that:

(i) The process
{
𝑦𝑡
}
𝑡∈ℤ is a stationary and ergodic sequence

of random variables.

(ii) For any 𝜃 ∈ Θ, there exists 𝑓 ∈  such that

𝔼
[

log+sup
𝜃∈Θ

||||𝜙(𝑓, 𝑦𝑡, 𝜃) − 𝑓
||||
]
< ∞.

(iii) It holds that log sup𝑓∈ |||𝜙̇(𝑓, 𝑦0, 𝜃
)||| is a.s. continuous on

Θ and that

𝔼
[

log+sup
𝜃∈Θ

sup
𝑓∈ℱ

|||𝜙̇(𝑓, 𝑦𝑡, 𝜃)|||
]
< ∞, and

𝔼
[

log sup
𝑓∈ℱ

|||𝜙̇(𝑓, 𝑦0, 𝜃
)|||
]
< 0 for any 𝜃 ∈ Θ,

where 𝜙̇
(
𝑓, 𝑦𝑡, 𝜃

)
∶= 𝜕𝜙

(
𝑓, 𝑦𝑡, 𝜃

)
∕𝜕𝑓 is defined as the

stochastic Lipschitz coefficient.

From equations (7) and (8), it is easy to see that the stochastic
Lipschitz coefficient defined in point (𝑖𝑖𝑖) of Assumption 1 can be
explicitly expressed as

𝜙̇
(
𝑓, 𝑦𝑡, 𝜃

)
∶= 𝛽 + 𝛼

𝜕𝑠𝑡(𝑓, 𝜆)
𝜕𝑓

.

Remark 3. Assumption 1 is directly analogous to the
SRE conditions used in the nonlinear GARCH literature.
For a model of the form 𝑦𝑡 = 𝜎𝑡(𝜃)𝜖𝑡 with variance recur-
sion 𝜎2

𝑡+1(𝜃) = 𝜑
(
𝜎2
𝑡
(𝜃), 𝑦𝑡, 𝜃

)
for some (nonlinear) function

𝜑(⋅, ⋅, ⋅), Straumann and Mikosch (2006) define the random
Lipschitz coefficient Λ𝑡(𝜃) ∶= sup𝑥1≠𝑥2

|𝜑(𝑥1 ,𝑦𝑡,𝜃)−𝜑(𝑥2 ,𝑦𝑡,𝜃)||𝑥1−𝑥2| , and
impose Bougerol-type log-moment and contraction con-
ditions such as 𝔼

[
log+||𝜎2

0
||] < ∞ and 𝔼

[
log ||Λ0(𝜃0)||] < 0

(together with uniform variants) to obtain existence and
invertibility of the volatility recursion. In the score-driven
recursion 𝑓𝑡+1(𝜃) = 𝜙

(
𝑓𝑡(𝜃), 𝑦𝑡, 𝜃

)
considered here, the quan-

tity sup𝑓∈ |||𝜙̇(𝑓, 𝑦𝑡, 𝜃)||| plays the analogous role of a ran-
dom Lipschitz coefficient, and point (iii) of Assumption 1
imposes the corresponding log-moment and contraction con-
ditions via 𝔼

[
log sup𝑓∈ |||𝜙̇(𝑓, 𝑦0, 𝜃0

)|||] < 0. Assumption 1
can therefore be viewed as the score-driven analogue of
the Lipschitz and log-moments and contraction assump-
tions for nonlinear GARCH models in Straumann and
Mikosch (2006).
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Due to the potentially high degree of nonlinearity in the dynamic
model under investigation, proving invertibility can be highly
cumbersome. Typically, very restrictive sufficient conditions are
required, which may not hold in practical applications. This is
because the parameter space that ensures invertibility may be
extremely small or even degenerate. In the latter case, this means
that an invertibility region may not exist at all.

To address these issues, I propose a set of additional suf-
ficient conditions that directly relate to the tail behavior of
the filter 𝑓 𝑡(𝜃). These conditions ensure the existence of a
non-degenerate invertibility region and further establish a sharp
rate of convergence to a unique stationary and ergodic solution{
𝑓𝑡(𝜃)

}
𝑡∈ℤ for general invertible score-driven filters, using maxi-

mal inequalities.

3 | Filtering Approximation Error

3.1 | Orlicz Spaces and Entropy With
Bracketing

Let 𝜓 be a convex, nondecreasing, nonzero function on [0,∞),
with 𝜓(0) = 0 (an Orlicz function). The Orlicz norm of the ran-
dom variable𝑋 is defined as

||𝑋||𝜓 ∶= inf
{
𝐾 > 0 ∶ 𝔼

[
𝜓

(|𝑋|
𝐾

)]
≤ 1

}
,

if the expectation is finite. For example, when𝜓(𝑥) = 𝑥𝑝, with 𝑝 ≥
1, the Orlicz norm ||𝑋||𝜓 coincides with the standard𝐿𝑝(ℙ)norm,
that is, ||𝑋||𝑝 ∶= (𝔼[|𝑋|𝑝])1∕𝑝. In what follows, I restrict attention
to Orlicz norms corresponding to the exponential-type functions:

𝜓𝑝 ∶= 𝑒𝑥
𝑝 − 1, 𝑝 ≥ 1. (10)

For a given separable stochastic process
{
𝑋𝑡
}
𝑡∈𝑇 and a fixed

Orlicz function 𝜓𝑝, I define the pseudo-metric:

𝜌
𝑝

𝑋
(𝑡, 𝑠) ∶= ‖‖𝑋𝑡 −𝑋𝑠‖‖𝜓𝑝 , ∀𝑡, 𝑠.

The transformation in (10) is particularly useful for score-driven
models. As shown in Lemma 8.1 of Kosorok (2008), it provides
necessary and sufficient conditions for the 𝜓𝑝-Orlicz norm to be
finite based on the tail behavior of stochastic processes. Specif-
ically, ‖‖𝑋𝑡‖‖𝜓2

< ∞, corresponds to sub-Gaussian tails, while‖‖𝑋𝑡‖‖𝜓1
< ∞, corresponds to sub-exponential tails. For further

details, I refer to Chapter 2 of Boucheron et al. (2013) or section
2.2 of van der Vaart and Wellner (2023).

Now, consider the function 𝜉𝑓,𝜃 defined as

𝜉𝑓,𝜃(𝑦𝑡) ∶= 𝜙̇
(
𝑓, 𝑦𝑡, 𝜃

)
= 𝛽 + 𝛼

𝜕𝑠𝑡(𝑓, 𝜆)
𝜕𝑓

, (11)

such that 𝜉𝑓,𝜃 ∈ Ξ𝜃 , and define

𝑋𝑡
(
𝜉𝑓,𝜃

)
∶= 𝜉𝑓,𝜃(𝑦𝑡), (12)

where, for all (𝑓, 𝜃) ∈  × Θ, the map 𝜉𝑓,𝜃 ∶ ℝ ↦ ℝ is determin-
istic, whereas 𝜉𝑓,𝜃(𝑦𝑡) is the corresponding real-valued random

variable obtained by evaluating 𝜉𝑓,𝜃 at 𝑦𝑡. This notation clarifies
that I focus on the stochastic process

{
𝑋𝑡
(
𝜉𝑓,𝜃

)}
𝜉𝑓,𝜃∈Ξ𝜃

, indexed by
the functions 𝜉𝑓,𝜃 ∈ Ξ𝜃 . I derive a maximal inequality to obtain a
sharp upper bound on the expected supremum of this process.

To control this supremum, I measure the size of the index class
Ξ𝜃 via its covering number𝑁(𝜀,Ξ𝜃, 𝜌

𝑝

𝑋
) under the pseudo-metric

𝜌
𝑝

𝑋

(
𝑓, 𝑓 ′) ∶= ‖‖‖𝑋𝑡(𝜉𝑓,𝜃) −𝑋𝑡(𝜉𝑓 ′ ,𝜃

)‖‖‖𝜓𝑝 ,
for every

(
𝑓, 𝑓 ′) ∈  ×  . The covering number 𝑁(𝜀,Ξ𝜃, 𝜌

𝑝

𝑋
)

represents the minimal number of balls 𝐵(𝑓, 𝜀) of radius 𝜀 > 0
needed to cover Ξ𝜃 . Its logarithm, that is, log𝑁(𝜀,Ξ𝜃, 𝜌

𝑝

𝑋
), is the

(metric) entropy. Similarly, the bracketing number𝑁[](𝜀,Ξ𝜃, 𝜌
𝑝

𝑋
)

represents the minimal number of brackets of diameter at most 𝜀
required to cover Ξ𝜃 , and log𝑁[](𝜀,Ξ𝜃, 𝜌

𝑝

𝑋
) is the bracket entropy

(see van der Vaart and Wellner (2023), 147).

3.2 | Maximal and Deviation Inequalities

Consider the score-driven model as defined in equations (1) to
(3), and the Orlicz function 𝜓𝑝 as given in (10) for 𝑝 ≥ 1. I
begin by deriving a maximal inequality for the stochastic process{
𝑋𝑡
(
𝜉𝑓,𝜃

)}
𝜉𝑓,𝜃∈Ξ𝜃

. For this purpose, I assume the existence of a
bracketing function.

Formally, for 𝛿 > 0 define

𝑋⋆
𝑡

(
𝜉𝑓,𝜃

)
∶= sup

𝜌
𝑝

𝑋
(𝑓,𝑓 ′)≤𝛿

𝑋𝑡
(
𝜉𝑓 ′ ,𝜃

)
,

𝑋𝑡⋆
(
𝜉𝑓,𝜃

)
∶= inf

𝜌
𝑝

𝑋
(𝑓,𝑓 ′)≤𝛿𝑋𝑡

(
𝜉𝑓 ′ ,𝜃

)
,

where 𝑋𝑡⋆
(
𝜉𝑓,𝜃

)
< 𝑋⋆

𝑡

(
𝜉𝑓,𝜃

)
, ∀(𝑓, 𝑓 ′) ∈  ×  . Suppose further

that, for some 𝑝 ≥ 1

𝑋𝑡⋆
(
𝜉𝑓,𝜃

) ≤ 𝑋𝑡(𝜉𝑓,𝜃) ≤ 𝑋⋆𝑡 (𝜉𝑓,𝜃), ∀𝑡 ≥ 1.

I now introduce the following lemma, which applies to sev-
eral classes of score-driven models. Examples include the
Beta-𝑡-GARCH model of Harvey (2013) and the fat-tailed
dynamic location model of Harvey and Luati (2014), both of
which are extensively discussed in Blasques et al. (2018).

Lemma 1. For any 𝑓0 ∈  and every 𝜃 ∈ Θ, it holds that

‖‖‖‖‖ sup
𝜉𝑓,𝜃∈Ξ𝜃

|||𝑋𝑡(𝜉𝑓,𝜃)|||‖‖‖‖‖𝜓𝑝 ≤ 𝐿
(
𝜉𝑓0 ,𝜃

, 𝜂
)
, where

𝐿
(
𝜉𝑓0 ,𝜃

, 𝜂
)
∶= ‖‖‖𝑋𝑡(𝜉𝑓0 ,𝜃

)‖‖‖𝜓𝑝 + ∫
𝜂

0

(
log
(
1 +𝑁[](𝜀,Ξ𝜃, 𝜌

𝑝

𝑋
)
))1∕𝑝d𝜀,

(13)

with 𝜂 ∶= 𝑑𝑖𝑎𝑚
(
Ξ𝜃
)
= ‖‖‖sup𝜉𝑓,𝜃∈Ξ𝜃

|||𝑋⋆𝑡 (𝜉𝑓,𝜃) −𝑋𝑡⋆(𝜉𝑓,𝜃)|||‖‖‖𝜓𝑝 .
Remark 4. Lemma 1 shows that a classical chaining argu-
ment, applied to the random function class Ξ𝜃 , delivers a finite
Orlicz norm for sup𝜉𝑓,𝜃∈Ξ𝜃 |𝑋𝑡(𝜉)| whenever the entropy integral
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in (13) is bounded. Consequently, I obtain a non-degenerate
invertibility region without imposing the uniform one-step con-
traction required in Assumption 4.4-(ii) of Blasques et al. (2022).
To the best of my knowledge, the standard empirical-process
literature—for example, van der Vaart and Wellner (2023);
Rio (2018)—treats only deterministic or weakly dependent index
sets, whereas here the index 𝑓𝑡(𝜃) is itself a random iterated map.
The combination of Orlicz-tail control with an entropy bound
therefore provides a novel route to invertibility for heavy-tailed
score-driven filters.

Using this result, I now state the following theorem, which
establishes sharp maximal and deviation inequalities for invert-
ible score-driven filters. For simplicity of notation, I define
𝐿𝑖(𝜉) ∶= 𝐿

(
𝜉𝑓0 ,𝜃

, 𝜂
)𝑖 with 𝑖 ∈ ℕ, where 𝐿1(𝜉) = 𝐿

(
𝜉𝑓0 ,𝜃

, 𝜂
)

is
given in (13).

Theorem 1. Consider the score-driven model as given in
equations (1) to (3) and let Assumption 1 holds true. Furthermore,
assume that:

(i) For any 𝑓1, 𝑓0 ∈  , it holds that

‖‖‖‖‖sup
𝜃∈Θ

|||𝑓1 − 𝜙
(
𝑓0, 𝑦𝑡, 𝜃

)|||‖‖‖‖‖𝜓𝑝 ≤ 𝜏 < ∞, 𝑝 ≥ 1.

(ii) The filter process {𝑓 𝑡(𝜃)}𝑡∈ℕ initialized at some non-random
𝑓1 ∈  satisfies

‖‖‖‖‖sup
𝜃∈Θ

|||𝜙(𝑓 𝑡(𝜃), 𝑦𝑡, 𝜃) − 𝜙(𝑓𝑡(𝜃), 𝑦𝑡, 𝜃)|||‖‖‖‖‖𝜓𝑝
≤ 𝐿1(𝜉)

‖‖‖‖‖sup
𝜃∈Θ

|||𝑓 𝑡(𝜃) − 𝑓𝑡(𝜃)|||‖‖‖‖‖𝜓𝑝 , 𝑝 ≥ 1,

where for any 𝑓0 ∈  and every 𝜃 ∈ Θ, it holds that
𝐿1(𝜉) < 1.

Then

𝔼
[

sup
𝜃∈Θ

|||𝑓 𝑡+1(𝜃) − 𝑓𝑡+1(𝜃)
|||
]
≤ 𝜏(log

(
1 + 𝐿𝑡(𝜉)𝜏

))1∕𝑝
→ 0,

𝑡 → ∞, (14)

and consequently, for any 𝑧 ≥ 0

ℙ
(

sup
𝜃∈Θ

|||𝑓 𝑡+1(𝜃) − 𝑓𝑡+1(𝜃)
||| ≥ 𝑧

)
≤ 2 exp

{
− 𝑧2

2𝐿𝑡(𝜉)𝜏
(
𝐿𝑡(𝜉)𝜏 + 𝑧

)}. (15)

The inequality obtained in (15) resembles the classical Bernstein
inequality for independent random variables (see van der Vaart
and Wellner (2023), 152, 153). A similar result has also been
established by Dedecker and Fan (2015) for separately Lipschitz
functionals of iterated random functions.

This upper bound is sub-Gaussian for small values of 𝑧 and of
sub-exponential type for large values of 𝑧. Therefore, using the
approximation function of van der Vaart and Wellner (2023), 153,
I derive the following corollary.

Corollary 1.1. Let the conditions of Theorem 1 hold true.

Then, for any 𝑢 > 0

ℙ
(

sup
𝜃∈Θ

|||𝑓 𝑡+1(𝜃) − 𝑓𝑡+1(𝜃)
||| ≥ 2𝐿𝑡(𝜉)𝜏(

√
𝑢 + 𝑢)

)
≤ 2𝑒−𝑢.

Therefore, choosing 𝑢 = 𝑐 log 𝑡 for any constant 𝑐 > 1 gives

sup
𝜃∈Θ

|||𝑓 𝑡+1(𝜃) − 𝑓𝑡+1(𝜃)
||| = 𝑂𝑎.𝑠.(𝐿𝑡(𝜉)𝜏(√log 𝑡 + log 𝑡)

)
.

To conclude this section, I provide some comments on conditions
(𝑖) and (𝑖𝑖) imposed in Theorem 1.

First, condition (𝑖) requires exponential control of the recur-
rence filtering equation under analysis, uniformly over Θ. This
holds for all score-driven models with bounded scaled-score func-
tions 𝑠𝑡(𝑓𝑡(𝜃), 𝜆) that have bounded derivatives. For instance, Har-
vey (2013) showed that score-driven models with heavy-tailed
noise densities 𝑝𝜖 in (1) inherit scaled-score functions 𝑠𝑡(𝑓𝑡(𝜃), 𝜆)
with sub-exponential tails and consequently bounded uncondi-
tional moments.

Second, condition (𝑖𝑖) is essentially a one-step contraction
condition, which generalizes condition (𝑖𝑖𝑖) in Assumption 1
by also ensuring the boundedness of moments for {𝑓𝑡(𝜃)}𝑡∈ℤ.
Additionally, it is important to note that this condition is less
restrictive than condition (𝑖𝑣) in Proposition 3.2 (or equiva-
lently Assumption 4.4–(𝑖𝑖)) imposed by Blasques et al. (2022),
which enforces a uniform one-step contraction condition over
 ×ℝ × Θ.

Condition (𝑖𝑖) is automatically met by score-driven models whose
scaled score is bounded, and together with condition (𝑖) forms
the core of Theorem 1. These two conditions are stated in general
terms; each model must be checked against them. In Section 6, I
verify both (𝑖) and (𝑖𝑖) explicitly for the Beta-t-GARCH(1,1) spec-
ification, providing a fully worked example in which Theorem 1,
and all subsequent results that rely on it, hold without any addi-
tional assumptions.

4 | The Empirical Process of the Approximate
Noise

As discussed in the previous section, the time-varying parameter
{𝑓𝑡(𝜃)}𝑡∈ℤ is not observable. However, given a set of observations
{𝑦𝑡}𝑇𝑡=1, it can be sufficiently well-approximated by {𝑓 𝑡(𝜃)}𝑡∈ℕ
uniformly over Θ, provided that the invertibility property holds.
In practice, however, the parameter vector 𝜃, which lies in the
compact set Θ ⊂ ℝdim(𝜃), is typically unknown and must be esti-
mated. In score-driven models, this estimation is conveniently
performed using the maximum likelihood (ML) method, denoted
here by 𝜃̂𝑇 . The likelihood function is available in closed form
via a prediction error decomposition, making ML estimation
straightforward.
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As a result, the approximate noise process
{
𝜖𝑡(𝜃)

}𝑇
𝑡=1 defined in

(9) becomes

𝜖𝑡(𝜃̂𝑇 ) ∶= 𝑔−1(𝑓 𝑡(𝜃̂𝑇 ), 𝑦𝑡), 𝑡 = 1, . . . , 𝑇 . (16)

In this section, I investigate the asymptotic properties of the
approximate empirical distribution function

𝐹𝑇 (𝑥, 𝜃̂𝑇 ) ∶=
1
𝑇

𝑇∑
𝑡=1

1
{
𝜖𝑡(𝜃̂𝑇 ) ≤ 𝑥}, −∞ < 𝑥 < ∞, (17)

and the respective empirical process

̂𝑇 (𝑥, 𝜃̂𝑇 ) ∶=
√
𝑇
(
𝐹𝑇 (𝑥, 𝜃̂𝑇 ) − 𝐹 (𝑥)

)
, −∞ < 𝑥 <∞, (18)

where

𝐹 (𝑥) ∶= ℙ
(
𝜖𝑡 ≤ 𝑥), −∞ < 𝑥 < ∞.

Before presenting the Glivenko-Cantelli-type theorem for
score-driven filters, I first introduce a preliminary lemma
concerning the closeness between the approximate sequence{
𝜖𝑡(𝜃̂𝑇 )

}𝑇
𝑡=1 and the unobserved noise process

{
𝜖𝑡
}
𝑡∈ℤ as defined

in (1). All subsequent results hinge on a careful analysis of the
derivative of the link function 𝑔 in (1) with respect to its first
argument:

𝑔̇
(
𝑓𝑡(𝜃0), 𝜖𝑡

)
∶=

𝜕𝑔
(
𝑓, 𝜖𝑡

)
𝜕𝑓

|||𝑓=𝑓𝑡(𝜃0)
. (19)

Since the approximate filter 𝑓 𝑡(𝜃̂𝑇 ) generally differs from the
unobserved 𝑓𝑡(𝜃0), the residual approximation error naturally
splits into two parts:

Δ̂𝑡(𝜃̂𝑇 ) ∶= 𝜖𝑡(𝜃̂𝑇 ) − 𝜖𝑡 =
(
𝜖𝑡(𝜃̂𝑇 ) − 𝜖𝑡(𝜃̂𝑇 )

)
+
(
𝜖𝑡(𝜃̂𝑇 ) − 𝜖𝑡

)
,

𝑡 = 1, . . . , 𝑇 . (20)

The first term
(
𝜖𝑡(𝜃̂𝑇 ) − 𝜖𝑡(𝜃̂𝑇 )

)
in (20) is the pure

filter-approximation error, which persists even if the param-
eter were known, because 𝑓𝑡(𝜃) is replaced by its proxy 𝑓 𝑡(𝜃).
The second term

(
𝜖𝑡(𝜃̂𝑇 ) − 𝜖𝑡

)
in (20) is the parameter-estimation

error, which vanishes when 𝜃̂𝑇 = 𝜃0.

Thus, to control the first term on the rhs of the difference process{
Δ̂𝑡(𝜃̂𝑇 )

}𝑇
𝑡=1 in equation (20), I assume the following:

(B1) The link function 𝑔 is invertible and continuously differen-
tiable, with derivative denoted by 𝑔̇. Define

𝑀1,𝑡 ∶= sup
𝜃∈Θ

||||| 1
𝑔̇
(
𝑓𝑡(𝜃), 𝜖𝑡

) |||||,
and assume that𝑀1,𝑡 > 0 almost surely and 𝔼

[
log+𝑀1,𝑡

]
<

∞, where log+𝑥 ∶= max{0, log(𝑥)}.

Assumption (B1) stipulates that the link function 𝑔 is strictly
monotone, and therefore invertible, and continuously differen-
tiable. These properties ensure that 𝑔−1 is single-valued and
smooth, while the accompanying log-moment bound controls, on
average, the worst-case inverse slope. Consequently, occasional

flat regions of 𝑔 or episodes of heavy-tailed noise do not endanger
filter stability or the subsequent limit theory.

Similarly, to control the second term on the rhs of equation (20),
I introduce an additional assumption.

(B2) Let

𝑀2,𝑡 ∶= sup
𝜃∈𝑉𝛿(𝜃0)

‖‖‖‖‖ ∇𝑓𝑡(𝜃)
𝑔̇
(
𝑓𝑡(𝜃), 𝜖𝑡

)‖‖‖‖‖,
where 𝑉𝛿(𝜃0) =

{
𝜃 ∈ Θ ∶ ‖‖𝜃 − 𝜃0

‖‖ ≤ 𝛿} and
{
∇𝑓𝑡(𝜃)

}
𝑡∈ℤ

∶=
{
𝜕𝑓𝑡(𝜃)
𝜕𝜃

}
𝑡∈ℤ

is the strictly stationary and ergodic vector
which collects the first derivative process of the stochastic
time-varying parameter 𝑓𝑡(𝜃).
Assume that either

‖‖𝑀2,𝑡
‖‖𝜓𝑝 ≤𝑀2 <∞ for some 𝑝 ≥ 1, (21)

or ‖‖𝑀2,𝑡
‖‖𝑝 ≤𝑀2 < ∞ for some 𝑝 > 2. (22)

In Assumption (B2), 𝑀2,𝑡 is the largest value that the stochas-
tic factor ∇𝜃𝑓𝑡(𝜃)

/
𝑔̇
(
𝑓𝑡(𝜃), 𝜖𝑡

)
can take in a 𝛿-neighborhood of

the true parameter. Condition (21) states that this factor has
sub-exponential tails, while (22) allows heavier tails but requires
a finite 𝑝th moment with 𝑝 > 2. Either alternative is strong
enough to keep the noise approximation remainder summable
and 𝑜(𝑇 −1∕2), which is exactly what the subsequent stability
and limit arguments rely on. Table 1 lists several widely used
link functions in score-driven models that meet Assumptions
(B1) and (B2). Rigorous checks for each case are provided in
Appendix A.

Strong consistency of the ML estimator for score-driven mod-
els can be obtained under five low-level conditions: (i) station-
arity and ergodicity with an integrable one-step log-likelihood,
(ii) identifiability, (iii) filter invertibility with a contraction and
finite log-moments, (iv) a linear envelope that links likelihood
and filter errors, and (v) a mild integrability bound that guaran-
tees an upper-semicontinuous limit; see Theorem 4.1 of Blasques
et al. (2018). Theorem 4.6 of Blasques et al. (2022) shows that
the same set of conditions also suffices under misspecifica-
tion. Because these requirements are automatically satisfied once
Theorem 1, Assumptions (B1) and (B2), and the moment restric-
tions stated above are in force, I impose strong consistency
directly:

(B3) The ML estimator 𝜃̂𝑇 is strongly consistent for 𝜃0, that is,
𝜃̂𝑇

𝑎.𝑠.
−−→ 𝜃0 as 𝑇 → ∞, where 𝜃0 ∈ int(Θ), and that there

exists a non-stochastic decreasing sequence
{
𝐷(𝛿𝑇 )

}
𝑇∈ℕ

that only depends on 𝛿𝑇 which satisfies 𝐷(𝛿𝑇 )
𝑎.𝑠.
−−→ 0 as

𝑇 → ∞ with lim𝑇→∞ 𝛿𝑇 = 0.

Assumption (B3) also introduces the deterministic sequence
𝐷(𝛿𝑇 ). Its only purpose is to keep track of how the envelope of
the derivative factor𝑀2,𝑡 in Assumption (B2) behaves on shrink-
ing neighborhoods 𝑉𝛿𝑇 (𝜃0). The condition 𝐷(𝛿𝑇 )

𝑎.𝑠.
−−→ 0 as 𝛿𝑇 ↓ 0
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ensures that this tail component is asymptotically negligible and
does not affect the

√
𝑇 -limit in Theorem 3. See also Remark 5 for

how𝐷(𝛿𝑇 ) enters the maximal-deviation bound.

With Assumptions (B1)–(B3) in place, I can now control the
gap between the approximate and the true noise sequences.
The next lemma provides the key technical bound needed for the
Glivenko-Cantelli result later stated in Theorem 2.

Lemma 2. Let the conditions of Theorem 1, and Assumptions
(B1)–(B3) hold true.

Then, for every 𝑡 ≥ 1 and 𝑢 > 0

ℙ
(|||Δ̂𝑡+1(𝜃̂𝑇 )

||| ≥ 2𝑀1,𝑡𝐿𝑡(𝜉)𝜏(
√
𝑢 + 𝑢) + 𝑡𝛾𝑢−1∕𝑝

) ≤ 𝛾 (𝑡, 𝑢).
where,(
𝛾,𝒯𝛾 (𝑡, 𝑢)

)
=

{
(0, 2𝑒−𝑢) if (B2) − (21) is satisfied,(
1 + 1∕𝑝, 2𝑒−𝑢 + 𝐶𝐷(𝛿𝑇 )𝑝𝑡−(𝑝+1)𝑢2) if (B2) − (22) is satisfied,

and 𝐶 > 0 does not depend on 𝑡 or 𝑢.

Therefore, choosing 𝑢 = 𝑐 log 𝑡 for any constant 𝑐 > 1 gives

|||Δ̂𝑡+1(𝜃̂𝑇 )
||| = 𝑂𝑎.𝑠.(𝐿𝑡(𝜉)𝜏(√log 𝑡 + log 𝑡) +𝐷(𝛿𝑇 )(log 𝑡)1∕𝑝

)
.

Remark 5. Lemma 2 establishes a maximal-deviation inequal-
ity that does not rely on the global one-step contraction
required by Assumption 4.4(ii) in Blasques et al. (2022). The
threshold decomposes into two terms. The filter component,
𝐿𝑡(𝜉)𝜏(

√
log 𝑡 + log 𝑡), reflects geometric forgetting of the recur-

sion and therefore holds for every parameter value. The tail
component adapts to the heaviness of the noise: under the
sub-exponential Orlicz condition (21) the deviation probability
decays like 𝑒−𝑢; under the finite-moment condition (22) with 𝑝 >
2 the deviation event uses the deterministic threshold 𝑡𝛾 (log 𝑡)−1∕𝑝

with any 𝛾 > 1∕𝑝 (I fix 𝛾 = 1 + 1∕𝑝 in the lemma), yielding a
summable factor𝐷(𝛿𝑇 )𝑝(log 𝑡)2𝑡−(𝑝+1) in the probability bound. As
a consequence, the almost sure envelope used downstream can
be taken as𝐿𝑡(𝜉)𝜏(

√
log 𝑡 + log 𝑡) +𝐷(𝛿𝑇 )(log 𝑡)1∕𝑝, which shrinks

because 𝐷(𝛿𝑇 ) → 0 a.s. The bound remains valid for heavy tails
as weak as 𝑝 > 2 (e.g., Student’s 𝑡 with 2 + 𝛿 degrees of freedom
or Pareto with index 2 + 𝛿), and of course covers the Gaussian
case. Since the corresponding tail probabilities are summable (for
𝑢 = 𝑐 log 𝑡), the deviation is 𝑜ℙ(𝑇 −1∕2), so the subsequent limit
theorems require no uniform contraction assumption.

I am now ready to introduce the next theorem, where I show that
under certain regularity conditions, the approximate empirical
distribution function 𝐹𝑇 (𝑥, 𝜃̂𝑇 ) belongs to the Glivenko-Cantelli
class (see section 2.4 of van der Vaart and Wellner (2023)). The
key step in the proof consists of establishing that the difference
between 𝐹𝑇 (𝑥, 𝜃̂𝑇 ) and the empirical distribution function of the
unobserved noise process

{
𝜖𝑡
}
𝑡∈ℤ, given by

𝐹𝑇 (𝑥) ∶=
1
𝑇

𝑇∑
𝑡=1

1
{
𝜖𝑡 ≤ 𝑥}, −∞ < 𝑥 < ∞, (23)

converges to zero uniformly and almost surely. Analogously, I
then define the corresponding empirical process as

𝑇 (𝑥) ∶=
√
𝑇
(
𝐹𝑇 (𝑥) − 𝐹 (𝑥)

)
, −∞ < 𝑥 < ∞. (24)

To properly study the asymptotic behavior of the empirical distri-
bution functions in (17) and (23), and the corresponding empir-
ical processes in (18) and (24), respectively, I need the following
Lipschitz continuity condition.

(B4) The distribution function 𝐹 is Lipschitz continuous with
𝐾𝐹 Lipschitz constant.

Theorem 2. Let the conditions of Theorem 1, and Assumptions
(B1)–(B4) hold true.

Then,
sup
𝑥∈ℝ

|||𝐹𝑇 (𝑥, 𝜃̂𝑇 ) − 𝐹 (𝑥)||| 𝑎.𝑠.
−−→ 0, 𝑇 → ∞.

Having established a Glivenko-Cantelli-type theorem for
score-driven filters, I now present the final theorem of this
Section, in which I derive the asymptotic distribution of the
approximate empirical distribution function 𝐹𝑇 (𝑥, 𝜃̂𝑇 ). To pro-
ceed, I impose some additional assumptions. Specifically, I
require that the unobserved noise process

{
𝜖𝑡
}
𝑡∈ℤ has a smooth

density.

(B5) The noise density 𝑝𝜖 is continuous on ℝ and satisfies
sup𝑥∈ℝ 𝑝𝜖(𝑥, 𝜆) = 𝐵 < ∞, ∀ 𝜆 ∈ Λ.

As noted in Section 2, a key feature of score-driven models is that
the density 𝑝𝜖 of the unobserved noise process

{
𝜖𝑡
}
𝑡∈ℤ depends

directly on the unknown parameter vector 𝜆0 ∈ Λ which also
appears in the recursion of the stochastic parameter process{
𝑓 (𝜃0)

}
𝑡∈ℤ (see Remark 1). To control this parameter variation, I

impose the following assumption, which is a 𝑝-th order moment
dominance condition required for performing Taylor expansions
of the distribution function (see the proof of Theorem 3).

(B6) There exist some positive constant𝑀3 > 0 such that

‖‖‖‖‖‖ sup
𝜃∈𝑉𝛿(𝜃0)

‖‖‖𝑞𝜖(𝜖𝑡(𝜃), 𝜆)‖‖‖‖‖‖‖‖‖𝑝 ≤𝑀3 <∞,

𝑞𝜖
(
𝜖𝑡(𝜃), 𝜆

)
∶= 𝑝𝜖

(
𝜖𝑡(𝜃), 𝜆

) 𝜕
𝜕𝜃

log 𝑝𝜖
(
𝜖𝑡(𝜃), 𝜆

)
, 𝑝 > 2.

It is well-known that ensuring the asymptotic normality of the
ML estimator in score-driven models requires additional condi-
tions on both the time-varying parameter {𝑓𝑡(𝜃)}𝑡∈ℤ and the den-
sity 𝑝𝜖 . These assumptions further restrict the parameter space Θ
to guarantee the existence of at least 2 + 𝛿moments (for some 𝛿 >
0) and at least 1 + 𝛿 moments for their first and second deriva-
tives, respectively.

Thus, to establish the asymptotic normality of the ML estima-
tor 𝜃̂𝑇 , the following moment dominance conditions must be
satisfied.
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(B7) For some positive constants 𝑀4 > 0 and 𝑀 ′
4 > 0, it

holds that‖‖‖‖‖‖ sup
𝜃∈𝑉𝛿(𝜃0)

‖‖‖∇ log 𝑝𝜖
(
𝜖𝑡(𝜃), 𝜆

)‖‖‖‖‖‖‖‖‖𝑝 ≤𝑀4 < ∞,

‖‖‖‖‖‖ sup
𝜃∈𝑉𝛿(𝜃0)

‖‖∇𝑓𝑡(𝜃)‖‖‖‖‖‖‖‖𝑝 ≤𝑀 ′
4 < ∞, 𝑝 > 2,

where the vector of first derivatives ∇ log 𝑝𝜖
(
𝜖𝑡(𝜃), 𝜆

)
is

strictly stationary and ergodic, and is given by

∇ log 𝑝𝜖
(
𝜖𝑡(𝜃), 𝜆

)
∶= ∇(𝜖𝑡(𝜃), 𝜆)∇𝑓𝑡(𝜃) +

𝜕

𝜕𝜃
log 𝑝𝜖

(
𝜖𝑡(𝜃), 𝜆

)
.

(B8) For some𝑀5 > 0 and𝑀 ′
5 > 0, it holds that

‖‖‖‖‖‖ sup
𝜃∈𝑉𝛿(𝜃0)

‖‖‖∇2 log 𝑝𝜖
(
𝜖𝑡(𝜃), 𝜆

)‖‖‖‖‖‖‖‖‖𝑝 ≤𝑀5 < ∞,

‖‖‖‖‖‖ sup
𝜃∈𝑉𝛿(𝜃0)

‖‖‖∇2𝑓𝑡(𝜃)
‖‖‖‖‖‖‖‖‖𝑝 ≤𝑀 ′

5 < ∞, 𝑝 > 1,

where the matrix of second derivatives ∇2 log 𝑝𝜖
(
𝜖𝑡(𝜃), 𝜆

)
is strictly stationary and ergodic, non-singular, and is
given by

∇2 log 𝑝𝜖
(
𝜖𝑡(𝜃), 𝜆

)
∶= ∇2(𝜖𝑡(𝜃), 𝜆)∇𝑓𝑡(𝜃)∇𝑓𝑡(𝜃)⊤

+ ∇(𝜖𝑡(𝜃), 𝜆)∇2𝑓𝑡(𝜃) +
𝜕2

𝜕𝜃𝜕𝜃⊤
log 𝑝𝜖

(
𝜖𝑡(𝜃), 𝜆

)
,

with
{
∇2𝑓𝑡(𝜃)

}
𝑡∈ℤ ∶=

{
𝜕2𝑓𝑡(𝜃)
𝜕𝜃𝜕𝜃⊤

}
𝑡∈ℤ

denoting the strictly
stationary and ergodic matrix which collects the second
derivative processes of the stochastic time-varying param-
eter 𝑓𝑡(𝜃).

Given these assumptions, I can establish the asymptotic distribu-
tion of 𝐹𝑇 (𝑥, 𝜃̂𝑇 ).

Theorem 3. Let the conditions of Theorem 1, and Assumptions
(B1)–(B8) hold true.

Then

𝒲̂ 𝑇 (𝑥, 𝜃̂𝑇 ) =
1√
𝑇

𝑇∑
𝑡=1

(
1
{
𝜖𝑡 ≤ 𝑥} − 𝐹 (𝑥)

)
+𝑯(𝑥)⊤𝓘−1 1√

𝑇

𝑇∑
𝑡=1

∇ log 𝑝𝜖(𝜖𝑡, 𝜆0) + 𝑜ℙ(1), (25)

where

𝑯(𝑥) ∶= 𝑝𝜖(𝑥, 𝜆0)
(
𝑫(𝑥) + 𝑞𝜖(𝑥, 𝜆0)

)
,

𝑫(𝑥) ∶= 𝔼
[
∇𝑓𝑡(𝜃0)∕𝑔̇(𝑓𝑡(𝜃0), 𝑥)

]
, and

 ∶= 𝔼
[
−∇2 log 𝑝𝜖(𝜖𝑡, 𝜆0)

]
.

Furthermore

𝒲̂ 𝑇 (𝑥, 𝜃̂𝑇 )

⇒ 𝓝
(
0, 𝐹 (𝑥)(1 − 𝐹 (𝑥)) +𝑯(𝑥)⊤𝚺𝑯(𝑥) + 2𝑯(𝑥)⊤𝓘−1𝚪(𝑥)

)
,

with

𝚺 ∶= 
−1𝑽 

−1,

𝑽 ∶= 𝔼
[
∇ log 𝑝𝜖(𝜖𝑡, 𝜆0)∇ log 𝑝𝜖(𝜖𝑡, 𝜆0)⊤

]
, and

𝚪(𝑥) ∶= 𝔼
[
1
{
𝜖𝑡 ≤ 𝑥}∇𝑓𝑡(𝜃0)∇(𝜖𝑡, 𝜆0)

]
+ 𝔼

[
1
{
𝜖𝑡 ≤ 𝑥} 𝜕𝜕𝜃 log 𝑝𝜖(𝜖𝑡, 𝜆0)

]
.

The asymptotic variance in Theorem 3 splits into three parts

lim
𝑇→∞

𝕍
[
𝒲̂ 𝑇 (𝑥, 𝜃̂𝑇 )

]
= 𝐹 (𝑥)(1 − 𝐹 (𝑥))
⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟
𝐵𝑖𝑛𝑜𝑚𝑖𝑎𝑙 𝑠𝑎𝑚𝑝𝑙𝑒 𝑛𝑜𝑖𝑠𝑒

+𝑯(𝑥)⊤𝚺𝑯(𝑥)
⏟⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏟
𝐸𝑠𝑡𝑖𝑚𝑎𝑡𝑖𝑜𝑛 𝑡𝑒𝑟𝑚

+ 2𝑯(𝑥)⊤𝓘−1𝚪(𝑥)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝐼𝑛𝑡𝑒𝑟𝑎𝑐𝑡𝑖𝑜𝑛 𝑡𝑒𝑟𝑚

. (26)

The binomial sampling noise 𝑉𝐵𝐼𝑁 (𝑥) ∶= 𝐹 (𝑥)(1 − 𝐹 (𝑥)) is the
variance of the indicator 1

{
𝜖𝑡 ≤ 𝑥} for IID data and it per-

sists even if 𝜃0 were known. The estimation term 𝑉𝐸𝑆𝑇 (𝑥) ∶=
𝑯(𝑥)⊤𝚺𝑯(𝑥) arises because an estimated parameter vector is
substituted in the approximate noise; its size is quadratic in the
estimation error through 𝚺 = 

−1𝑽 
−1, that is, is the asymptotic

covariance of
√
𝑇 (𝜃̂𝑇 − 𝜃0), but is also modulated by the model

through the weight 𝑯(𝑥), which is model dependent. Finally,
the interaction term 𝑉𝐼𝑁𝑇 (𝑥) ∶= 2𝑯(𝑥)⊤−1𝚪(𝑥) captures the
cross-effect between estimation error and the filter’s nonlinear
dynamics. When the noise density is parameter-free, for example,
in the Gaussian GARCH(1,1) analyzed in Section 4.1, this cross
term simplifies since all 𝜃0-dependent factors cancel, so the vari-
ance coincide (under Gaussian noise) to the AMF and AED
structure of Francq and Zakoïan (2022). This simplification is
proved formally in Corollary 3.1. For more general score-driven
models, such as the heavy-tailed Beta-t-GARCH(1,1) treated in
Section 6, no such simplification occurs and the interaction com-
ponent remains fully operative. Hence the last two addends in
(26) quantify, respectively, the extra variability injected by param-
eter uncertainty alone and the additional variability created by
its coupling with model dynamics. Their relative magnitudes are
documented for the Beta-𝑡-GARCH(1,1) example in Section 6.

Remark 6. Having established the main theorem of this
Section, I can now compare my assumptions with those of Francq
and Zakoïan (2022), continuing the discussion begun in the Intro-
duction. In particular, Francq and Zakoïan (2022) work with
two series of conditions, A1–A12 for pure conditional scale
models and B1–B8 when a conditional mean is added. The
discussion below aligns each of my assumptions with its Francq
and Zakoïan (2022) counterpart and highlights the divergences
that matter for the limit results:

• Assumption 1 evaluated at 𝜃 = 𝜃0 plays the same role as A1
and B1 of Francq and Zakoïan (2022). All three guarantee
a unique strictly stationary, ergodic solution, but the con-
traction here is applied to the score recursion instead of the
conditional location-scale equations.
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• My requirement (B1), strict monotonicity and a positive
lower bound for the time-varying parameter 𝑓𝑡(𝜃), echoes
A2 for scale models and B2 for location-scale models in
Francq and Zakoïan (2022), which bound the conditional
scale process away from zero and impose differentiability.
Assumption (B1), however, still allows link functions that
can approach, or even attain, zero (for instance the logis-
tic or exponential link), provided that the expected value of
1∕𝑔̇

(
𝑓𝑡(𝜃), 𝜖𝑡

)
, with 𝑔̇

(
𝑓𝑡(𝜃), 𝜖𝑡

)
as in (19), remains finite.

• Assumptions A3 (scale) and B3 (location-scale) in Francq
and Zakoïan (2022) impose a geometric-decay inequality on
the conditional location-scale recursion, yielding invertibil-
ity. The same role is played in this article by Theorem 1,
where I obtain invertibility for the score-driven filter via a
global Lipschitz contraction combined with Orlicz-norm tail
bounds.

• In (B2) I ask for either an Orlicz bound (21) or a
finite 𝑝-moment with 𝑝 > 2 (22) for the stochastic fac-
tor ∇𝑓𝑡(𝜃)

/
𝑔̇(𝑓𝑡(𝜃), 𝜖𝑡). This mirrors A4/B4 of Francq and

Zakoïan (2022): those assumptions are written with 𝑟 >

0, but the proofs that yield asymptotic normality actually
set 𝑟 > 2 (and sometimes 𝑟 ≥ 4). My 𝑝 > 2 branch there-
fore matches their effective requirement, while the optional
Orlicz branch, though stronger, delivers the sub-Gaussian
maximal and deviation bounds used in Lemma 1 and
Theorem 1.

• Assumption (B3) states strong consistency explicitly, in line
with Proposition 3.2 of Blasques et al. (2018). Francq and
Zakoïan (2022) obtain the same property via their Assump-
tions A1–A3 for pure-scale models, and impose it directly as
B2 in the conditional location-scale case. Thus the three sets
of premises are equivalent.

• The Lipschitz requirement on the noise distribution func-
tion 𝐹 in (B4) coincides with Assumption A5 of Francq
and Zakoïan (2022). That assumption remains in force when
they move to the conditional location-scale setting, so there
is no separate B-condition for it. Likewise, the smoothness
condition on the noise density 𝑝𝜖 in (B5), matches their
Assumption A11, which is also retained unchanged in the
conditional location-scale framework. However, note that
since score-driven models are fully parametric, and the noise
density 𝑝𝜖 may depends directly on the unknown param-
eter vector 𝜆0, (B5) must hold for every 𝜆 in the compact
parameter set Λ that contains 𝜆0, a condition that is unnec-
essary in the semi-parametric framework of Francq and
Zakoïan (2022).

• (B6) is specific to the score-driven framework. In fact,
since Francq and Zakoïan (2022) treat the noise law as
parameter-free, no counterpart to (B6) appears in their
assumption lists. Note that when the score-driven specifi-
cation degenerates to the Gaussian GARCH(1,1) case, the
situation covered by Corollary 3.1, the density is no longer
parameter-dependent and (B6) becomes superfluous.

• Finally, Assumptions (B7) and (B8) bounds the 𝑝 >

2-moments of the first derivatives, and 𝑝 > 1-moments
of the second derivatives, respectively, uniformly over a
small neighborhood of 𝜃0. The closest items in Francq and

Zakoïan (2022) are A9 (pure conditional scale) and B7
(location-scale), which control the derivatives of the con-
ditional scale and the conditional locations. In the broader
score-driven setting treated here no universal coefficient
inequalities exist, so verification of (B7) and (B8) must be
carried out model-by-model once the specific recursion and
noise distribution are fixed.

Remark 7. Francq and Zakoïan (2022) offer two reference
cases. First, for pure conditional scale models, their Theorem
2.2 yields an AMF and AED variance that is entirely filter-free
under their Assumptions A1–A12. Second, for conditional
location-scale models, Theorem 3.2 adds a generally AMD term.
This term disappears, and the variance becomes AMF, only if
both (a) the extension of the scaling assumption (denoted A12∗
in Francq and Zakoïan (2022)) and (b) the moment-orthogonality
condition introduced in their Remark 3.2 hold. That conjunc-
tion is satisfied, for example, in centered ARMA-GARCH mod-
els without intercept, leading to Corollary 3.2 of Francq and
Zakoïan (2022). In contrast, in the score-driven setting stud-
ied here the AMD component persists for all parameter values
because the same vector 𝜃0 appears in both the recursion and
the noise density; it vanishes only in special cases such as the
Gaussian-GARCH model covered by Corollary 3.1.

Remark 8. Since the finite-dimensional parameter 𝜆0 ⊂ 𝜃0
also enters the noise density 𝑝𝜖(⋅, 𝜆0), the limiting variance of the
approximate empirical distribution function is never fully AMF
in score-driven models. Therefore, the residual-kernel estimators
that are valid only under the AMF scenario identified by Francq
and Zakoïan (2022) (Theorem 2.2, Remark 2.2, Remark 3.3) are
not applicable here. Consistent inference instead requires joint
parametric estimation of (𝜔0, 𝛼0, 𝛽0, 𝜆0), rather than the plug-in
kernel methods used for ARMA (Hart and Vieu 1990; Wu and
Mielniczuk 2002) and GARCH (Kulperger and Yu 2005; Horváth
and Zitikis 2006) models.

4.1 | The Special Case of the GARCH(1,1) Model

As shown by Creal et al. (2011), when (1) is a volatility
model with Gaussian noise, 𝜖𝑡 ∼ 𝓝(0, 1) and 𝑦𝑡 =

√
𝑓𝑡(𝜃0)𝜖𝑡, the

score–driven specification (1) to (3) specializes to the classical
GARCH(1,1) model of Engle (1982); Bollerslev (1986). In this
Gaussian benchmark, Theorem 3 yields the limiting law and
variance derived below for GARCH(1,1); these coincide with
the standard formulas. This agrees with the Gaussian specializa-
tion of Francq and Zakoïan (2022), noting that their results are
semi-parametric while my analysis is fully parametric; the two
frameworks are complementary, and under Gaussian noise their
limits coincide.

4.1.1 | Relationship to Francq and Zakoïan (2022)

Francq and Zakoïan (2022) analyze the empirical distribution
of residuals in conditional location-scale models 𝑦𝑡 = 𝑚𝑡(𝜃0) +
𝜎𝑡(𝜃0)𝜂𝑡, where 𝑚𝑡, 𝜎𝑡 depend on past observations and {𝜂𝑡}𝑡∈ℤ is
IID with density free of 𝜃0. Under suitable conditions they show
that the empirical process is AED and AMF: its limiting variance
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involves only the noise density, not the particular choice of 𝑚𝑡
or 𝜎𝑡.

In the score-driven framework studied here, the static param-
eter 𝜃0 enters both the noise density 𝑝𝜖(⋅, 𝜆0) and the recur-
sion 𝑓𝑡+1(𝜃0) = 𝜙(𝑓𝑡(𝜃0), 𝑦𝑡, 𝜃0) (see (1) to (3)). As a result, the
limit variance in Theorem 3 contains an AMD component in
addition to the AED term (see Remarks 7 and 8); the AMF
property of Francq and Zakoïan (2022) therefore need not
hold once parameters influence both the noise law and the
dynamics.

The two sets of results nevertheless intersect. When the link
function is fixed at 𝑦𝑡 =

√
𝑓𝑡(𝜃0)𝜖𝑡 with Gaussian noise, the

score recursion becomes the GARCH(1,1) update; the AMD term
simplifies, and Corollary 3.1 exactly reproduces the variance
expression of Theorem 2.2 in Francq and Zakoïan (2022). Thus,
under Gaussian noise, the conditional scale result of Francq and
Zakoïan (2022) is recovered within the score-driven framework.

One key structural difference remains: Francq and
Zakoïan (2022) work in a semi-parametric setting since the
density of 𝜂𝑡 is unspecified, whereas score-driven models are
fully parametric and the noise density 𝑝𝜖(⋅, 𝜆0) is indexed by
the unknown vector 𝜆0, thereby introducing AMD. Accord-
ingly, Francq and Zakoïan (2022) provide an AMF and AED
benchmark for conditional location-scale models, while this
article complements their results by pinpointing when and why
the limit law becomes inherently AMD in general score-driven
dynamics.

This equivalence is formally stated in the following corollary.

Corollary 3.1. Suppose that the score-driven model in
equations (1) to (3) satisfies

𝑦𝑡 =
√
𝑓𝑡(𝜃0)𝜖𝑡, 𝜖𝑡

𝐼𝐼𝐷∼ 𝓝(0, 1),

𝑓𝑡+1(𝜃0) = 𝜔0 + 𝛽0𝑓𝑡(𝜃0) + 𝛼0𝑦
2
𝑡
,

and let conditions A.1–A.6 in chapter 7 of Francq and
Zakoian (2019) hold true.

Then, Theorem 3 implies that

𝒲̂ 𝑇 (𝑥, 𝜃̂𝑇 )

⇒ 𝓝

(
0, 𝐹 (𝑥)(1 − 𝐹 (𝑥)) +

(
𝑥𝑝𝜖(𝑥)

)2

4

(
𝔼
[||𝜖𝑡||4] − 1

)
+ 𝑥𝑝𝜖(𝑥)𝜁𝜖(𝑥)

)
,

with
𝜁𝜖(𝑥) ∶= 𝔼

[
1
{
𝜖𝑡 ≤ 𝑥}𝜖2

𝑡

]
− 𝐹 (𝑥).

Remark 9. In this Gaussian GARCH(1,1) limit the variance in
Corollary 3.1 is AMF but AED (see Francq and Zakoïan (2022),
Remark 1); thus a residual-kernel estimator for 𝑝𝜖 can be used
here, in contrast with the generic score-driven case highlighted
in Remarks 7 and 8.

5 | A Residual-Based Kolmogorov–Smirnov
Test

Goodness-of-fit (GoF) checks are indispensable once a
score-driven (observation-driven) model has been estimated:
we need evidence that its conditional density actually describes
the data. A natural candidate is the Kolmogorov–Smirnov
(KS) test, that can be formulated in terms of the probability
integral transform (PIT) of the noise process

{
𝜖𝑡
}
𝑡∈ℤ. The PIT

of a variable is given by its cumulative distribution function
𝑃𝐼𝑇 (𝑥) = 𝐹 (𝑥), which, under correct specification, is uniformly
distributed on the interval [0, 1] (see Pearson (1938) or Theorem
2.1.10 in Casella and Berger (2002)). Recall that the noise process{
𝜖𝑡
}
𝑡∈ℤ in equation (1) is assumed IID with distribution function

𝐹 (𝑥) = ℙ
(
𝜖𝑡 ≤ 𝑥).

Let 𝑈𝑡 ∶= 𝐹 (𝜖𝑡), where 𝐹 (𝜖𝑡) is the PIT of the noise process{
𝜖𝑡
}
𝑡∈ℤ. Under correct specification, the PIT sequence

{
𝑈𝑡
}𝑇
𝑡=1

satisfies 𝑈𝑡
IID∼  (0, 1), where  (0, 1) denotes the uniform distri-

bution in [0, 1]. A formal goodness-of-fit therefore tests

𝐻0 ∶
{
𝑈𝑡
}𝑇
𝑡=1 IID  (0, 1). (27)

Since the noise process
{
𝜖𝑡
}
𝑡∈ℤ is not observable in practice,

it must be replaced with its approximation
{
𝜖𝑡(𝜃̂𝑇 )

}𝑇
𝑡=1, thus

yielding Û𝑡 = 𝐹
(
𝜖𝑡(𝜃̂𝑇 )

)
, that is, the PIT of the approximate

noise process
{
𝜖𝑡(𝜃̂𝑇 )

}𝑇
𝑡=1. While the classical KS statistic has

been employed in the score-driven framework by Harvey (2013),
54–55, the AMD property discussed here implies that its use
is not theoretically valid, as the null distribution is no longer
distribution-free and the usual Brownian bridge critical values
are incorrect. To address this issue, I adopt the modified KS test
of Bai (2003), which relies on the martingale transformation of
Khmaladze (1981) to obtain an asymptotically distribution-free
procedure for general nonlinear dynamic models.

To properly adapt this test for score-driven models, I then intro-
duce a new empirical process

𝑇 (𝑟) =
1√
𝑇

𝑇∑
𝑡=1

(
1
{
𝑈𝑡 ≤ 𝑟} − 𝑟

)
,

for 𝑟 ∈ [0, 1]. Consequently, I define the approximate empirical
process

̂𝑇 (𝑟) =
1√
𝑇

𝑇∑
𝑡=1

(
1
{

Û𝑡 ≤ 𝑟} − 𝑟
)
. (28)

A closer examination of the proof of Theorem 3 reveals that the
asymptotic representation in (25) follows from the asymptotic
expansion:

𝒲̂ 𝑇 (𝑥, 𝜃̂𝑇 ) = 𝒲𝑇 (𝑥) + 𝑝𝜖(𝑥, 𝜆0)

(
1
𝑇

𝑇∑
𝑡=1

∇𝑓𝑡
(
𝜃0
)

𝑔̇
(
𝑓𝑡(𝜃0), 𝑥

) + 𝑞𝜖
(
𝑥, 𝜆0

))⊤
×
√
𝑇
(
𝜃̂𝑇 − 𝜃0

)
+ 𝑜ℙ(1), (29)

see equations (S.12), (S.13) and Lemma S4 in Appendix B. The
asymptotic expansion in (29) is the key for addressing the GoF
problem using the martingale transform of Khmaladze (1981).

Journal of Time Series Analysis, 2026 11



By noting that ̂𝑇 (𝑥, 𝜃̂𝑇 ) = ̂𝑇 (𝐹 (𝑥)), and letting 𝐹 (𝑥) = 𝑟, it fol-
lows that

𝒦̂ 𝑇 (𝑟) = 𝒦𝑇 (𝑟) + 𝑝𝜖(𝑄(𝑟), 𝜆0)

(
1
𝑇

𝑇∑
𝑡=1

∇𝑓𝑡
(
𝜃0
)

𝑔̇
(
𝑓𝑡
(
𝜃0
)
, 𝑄(𝑟)

) + 𝑞𝜖
(
𝑄(𝑟), 𝜆0

))⊤
×
√
𝑇
(
𝜃̂𝑇 − 𝜃0

)
+ 𝑜ℙ(1), (30)

where 𝑄(𝑟) = 𝐹 −1(𝑟) = 𝑥 is the inverse function of 𝐹 (𝑥) = 𝑟. The
asymptotic representation in (30) has the same form as eq. (2) of
Bai (2003). In fact, under the conditions of Theorem 3, there exist
a vector 𝒖(𝑟) that satisfies

lim
𝑇→∞

ℙ

(‖‖‖‖‖‖𝑝𝜖 (𝑄(𝑟), 𝜆0)

(
1
𝑇

𝑇∑
𝑡=1

∇𝑓𝑡
(
𝜃0
)

𝑔̇
(
𝑓𝑡
(
𝜃0
)
, 𝑄(𝑟)

) + 𝑞𝜖
(
𝑄(𝑟), 𝜆0

))
− 𝒖(𝑟)

‖‖‖‖‖‖ > 𝑧
)

= 0,

for all 𝑧 > 0 so that, equation (30) can be rewritten as follows:

̂𝑇 (𝑟) = 𝑇 (𝑟) + 𝒖(𝑟)⊤
√
𝑇
(
𝜃̂𝑇 − 𝜃0

)
+ 𝑜ℙ(1),

with

𝒖(𝑟) = plim
𝑇→∞

𝑝𝜖(𝑄(𝑟), 𝜆0)

(
1
𝑇

𝑇∑
𝑡=1

∇𝑓𝑡
(
𝜃0
)

𝑔̇
(
𝑓𝑡
(
𝜃0
)
, 𝑄(𝑟)

) + 𝑞𝜖
(
𝑄(𝑟), 𝜆0

))
.

The second term on the rhs of equation (30) shows how estima-
tion turns this bridge into a drift term that must be removed.
The martingale transformation of Khmaladze (1981) then takes
the form:

̂𝑇 (𝑟) = ̂𝑇 (𝑟) − ∫
𝑟

0

(
𝒖̇(𝑠)⊤𝑪−1(𝑠)∫

1

𝑠

𝒖̇(𝜄)d̂𝑇 (𝜄)
)

d𝑠, (31)

where 𝒖̇(𝑠) = 𝜕𝒖(𝑠)∕𝜕𝑠, and 𝑪(𝑠) = ∫ 1
𝑠
𝒖̇(𝜄)𝒖̇(𝜄)⊤d𝜄. Then, the test

statistics of interest is given by:

̂𝑇 = sup
0≤𝑟≤1

|||̂𝑇 (𝑟)
|||, (32)

that is the sup-distance between the approximate empirical distri-
bution function of 𝜖𝑡(𝜃̂𝑇 ) and the true model distribution function
of 𝜖𝑡.

Under the conditions of Theorem 3, the martingale transforma-
tion in (31) is well defined. Assumptions (B1), (B2), and (B6)
ensure that 𝒖(𝑠) is continuously differentiable on 𝑠 ∈ [0, 1], and
its second moment is uniformly bounded. Assumptions (B7) and
(B8) guarantee that the weighting matrix 𝑪(𝑠) is well defined and
nonsingular for every 𝑠 ∈ [0, 1).

Therefore, according to Khmaladze (1981) and Corollary 1 of
Bai (2003) the process ̂𝑇 (𝑟) in equation (31) converges weakly
to a standard Brownian motion (𝑟) so that, by the continuous
mapping theorem, it follows that:

̂𝑇 ⇒  = sup
0≤𝑟≤1

|(𝑟)|, 𝑇 → ∞. (33)

In practice, the distribution of the supremum of the absolute
value of standard Brownian motion  given in equation (33) can
be easily obtained via simulations. However, its distribution is
already known in closed-form, and it is given by:

TABLE 2 | Critical values for  = sup0≤𝑟≤1 |(𝑟)| Quantiles are
obtained by numerically solving 𝐹(𝑧) = 1 − 𝛼 for 𝑧, where 𝐹(𝑧) is given
in (34).

Tail probability 𝜶 Confidence level 𝒄𝜶

0.10 90% 1.960
0.05 95% 2.241
0.025 97.5% 2.498
0.01 99% 2.807
0.005 99.5% 3.023
0.001 99.9% 3.481

Note: Ten terms of the series yield accuracy better than 10−8; the values are
rounded at the third decimal.

𝐹ℬ(𝑧) ∶= ℙ(ℬ ≤ 𝑧) = 4
𝜋

∞∑
𝑇=0

(−1)𝑇

2𝑇 + 1
exp

{
−(2𝑇 + 1)2𝜋2

8𝑧2

}
, 𝑧 > 0.

(34)

This limiting distribution was already proved by Erdös and
Kac (1946) (see also Feller (1971), 343 for a detailed derivation).
The upper-tail quantile 𝑐𝛼 for any significance level 𝛼 can be eas-
ily obtained by inverting the upper-tail probability ℙ( > 𝑧) =
1 − 𝐹(𝑧) using the closed-form series formula in (34) for 𝑧 > 0,
and are listed in Table 2.

The martingale transform in (31) is implemented via a discrete
approximation on a fine grid, leading to the statistic ̃𝑇 in (S.36).
An explicit discretization scheme, including the construction of
the grids, the numerical evaluation of 𝒖̇(𝑠) and 𝑪(𝑠), and a stabi-
lized pseudo-inverse for 𝑪(𝑠), is provided in Appendix D. This
scheme refines the algorithmic approach of Bai (2003) by tai-
loring the Khmaladze transform to score-driven models and by
treating the numerical integration and matrix inversion steps in
a more systematic way.

In the next section, devoted to the Beta-t-GARCH(1,1) model, I
employ this implementation to carry out simulation experiments
evaluating the size and power of the test, directly comparing the
results with those obtained from the classical KS approach pro-
posed by Harvey (2013), 54–55, and to present an empirical illus-
tration based on EUR/USD returns.

6 | Application to the Beta-t-GARCH(1,1)

This section illustrates the practical applicability of the theo-
retical results derived above by verifying explicitly the assump-
tions for the Beta-𝑡-GARCH(1,1) model. The Beta-t-GARCH(1,1)
model was introduced by Harvey (2013). In this model, Equations
(1) and (2) take the form:

𝑦𝑡 = 𝑔
(
𝑓𝑡(𝜃0), 𝜖𝑡

)
=
√
𝑓𝑡(𝜃0)𝜖𝑡, 𝜖𝑡

𝐼𝐼𝐷∼ 𝑝𝜖(𝜖𝑡, 𝜆0), (35)

where
{
𝜖𝑡
}
𝑡∈ℤ is an IID sequence of standard Student’s t random

variables with 𝜆0 > 2 degrees of freedom, having density:

𝑝𝜖(𝜖𝑡, 𝜆0) =
Γ
(
𝜆0+1

2

)
√
𝜋
(
𝜆0 − 2

)
Γ
(
𝜆0
2

)(1 +
𝜖2
𝑡

𝜆0 − 2

)− 𝜆0+1
2

, (36)
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and the stochastic variance process follows

𝑓𝑡+1(𝜃0) = 𝜔0 + 𝛽0𝑓𝑡(𝜃0) + 𝛼0

(
𝜆0 + 1

)
𝑦2
𝑡

𝜆0 − 2 + 𝑦2
𝑡 ∕𝑓𝑡(𝜃0)

, (37)

where 𝜔0 > 0, 𝛼0 ≥ 0 and 𝛽0 ≥ 0, so that 𝜃0 =
(
𝜔0, 𝛼0, 𝛽0, 𝜆0

)⊤ ∈
Θ ⊂ ℝ4. From equations (36) and (37), it is clear that the parame-
ter 𝜆0 appears in both the noise density and the stochastic vari-
ance process

{
𝑓𝑡(𝜃0)

}
𝑡∈ℤ. As 𝜆0 → ∞, the Beta-𝑡-GARCH(1,1)

model reduces to the standard GARCH(1,1) model. This occurs
because, in this limit, the Student’s 𝑡 distribution converges to the
Gaussian distribution, and the scaled-score function

𝑠𝑡
(
𝑓𝑡(𝜃0), 𝜆0

)
=

(
𝜆0 + 1

)
𝑦2
𝑡

𝜆0 − 2 + 𝑦2
𝑡 ∕𝑓𝑡(𝜃0)

,

satisfies lim𝜆0→∞ 𝑠𝑡
(
𝑓𝑡(𝜃0), 𝜆0

)
= 𝑦2

𝑡
. Substituting this into the

recursion equation (37) yields

𝑓𝑡+1(𝜃0) = 𝜔0 + 𝛽0𝑓𝑡(𝜃0) + 𝛼0𝑦
2
𝑡
,

which is exactly the conditional variance equation of the standard
GARCH(1,1) model (see Section 4.1).

It is straightforward to rewrite equation (37) in terms of the noise
process

{
𝜖𝑡
}
𝑡∈ℤ:

𝑓𝑡+1(𝜃0) = 𝜔0 + 𝛽0𝑓𝑡(𝜃0) + 𝛼0𝑓𝑡(𝜃0)
(
𝜆0 + 1

)
𝜖2
𝑡

𝜆0 − 2 + 𝜖2
𝑡

.

Applying the Cauchy root test, a strictly stationary and the
ergodic solution exists if

𝔼

[
log

|||||𝛽0 + 𝛼0

(
𝜆0 + 1

)
𝜖2
𝑡

𝜆0 − 2 + 𝜖2
𝑡

|||||
]
< 0, (38)

see Harvey (2013), 125, or Blasques et al. (2018). Also, note that
equations (35) to (37) define a nonlinear GARCH(1,1) model of
the general type studied in Straumann and Mikosch (2006). In
their SRE framework, the random Lipschitz coefficient of the
variance update is precisely 𝛽0 + 𝛼0

(𝜆0+1)𝜖2
𝑡

𝜆0−2+𝜖2
𝑡

, so the contraction
condition in (38) is of the same log-contraction type as their
stationarity and ergodicity assumptions for nonlinear GARCH
processes.

Several statistical properties of this model have been exten-
sively studied by Creal et al. (2011), Harvey (2013) and Blasques
et al. (2018). The invertibility of this model was first analyzed in
Blasques et al. (2018), whereas a full derivation of the asymptotic
theory for the MLE can be found in Blasques et al. (2022). Further
statistical properties, such as the local asymptotic normality, has
been recently established by Francq and Zakoian (2023).

6.1 | Maximal and Deviation Inequalities

As discussed above, it is evident that, when evaluated at the true
parameter 𝜃0, the process in (37) is linear in 𝑓𝑡(𝜃0). However, for
any 𝜃 ∈ Θ such that 𝜃 ≠ 𝜃0, the stochastic recurrence equation in
(7) satisfies:

𝑓𝑡+1(𝜃) = 𝜔 + 𝛽𝑓𝑡(𝜃) + 𝛼
(𝜆 + 1)𝑦2

𝑡

𝜆 − 2 + 𝑦2
𝑡 ∕𝑓𝑡(𝜃)

. (39)

It is clear that this recursion is highly nonlinear in 𝑓𝑡(𝜃), as
the driving force is given by 𝑠𝑡

(
𝑓𝑡(𝜃), 𝜆

)
= (𝜆+1)𝑦2

𝑡

𝜆−2+𝑦2
𝑡 ∕𝑓𝑡(𝜃)

. Neverthe-
less, in what follows, I demonstrates that the results obtained in
Sections 3 and 4 remain valid despite this nonlinearity.

I start by specializing the maximal inequality obtained in
Lemma 1. By straightforward calculation, for all 𝑓 ∈  and when
𝜆 < ∞, the stochastic process defined in (12) is given by

𝑋𝑡
(
𝜉𝑓,𝜃

)
= 𝛽 + 𝛼

(𝜆 + 1)𝑦4
𝑡(

(𝜆 − 2)𝑓 + 𝑦2
𝑡

)2 .

This process, is uniformly bounded over  ×ℝ × Θ and for all
𝑡 ∈ ℤ. In fact, by compactness of the parameter space, one can
define Θ as a subset of ℝ4 of the following type

Θ = {𝜃 ∶ 0 < 𝜔 ≤ 𝜔 ≤ 𝜔 <∞, 0 < 𝛼 ≤ 𝛼 ≤ 𝛼 < ∞,

0 < 𝛽 ≤ 𝛽 ≤ 𝛽 < 1, 2 < 𝜆 ≤ 𝜆 ≤ 𝜆 < ∞}, (40)

in which a finite Orlicz norm for sup𝜉𝑓,𝜃∈Ξ𝜃 |𝑋𝑡(𝜉)| always exists
since the entropy integral in (13) is bounded, and condition (𝑖)
and (𝑖𝑖) of Theorem 1 are also satisfied, see equations (S.28–S.31)
in Appendix C for a detailed verification. It follows that Lemma 1,
Theorem 1 and Corollary 1.1 take the following simplified form.

Corollary 3.2. For the Beta-t-GARCH(1,1) model in (35) to
(37) if (38) and (40) are satisfied, then ∃𝜚which satisfies 0 < 𝜚 < 1
such that

𝐿1(𝜉) = 𝑑 + ∫
𝛼(𝜆+1)

0

√
log(1 + 1∕𝜀)d𝜀 ≤ 𝜚,

𝑑 ∶=
‖‖‖‖‖‖𝛽 + 𝛼

(𝜆 + 1)𝑦4
𝑡(

(𝜆 − 2)𝑓0 + 𝑦2
𝑡

)2

‖‖‖‖‖‖𝜓2

. (41)

Consequently, it holds that

𝔼
[

sup
𝜃∈Θ

|||𝑓 𝑡+1(𝜃) − 𝑓𝑡+1(𝜃)
|||
]
≤ 𝜏√log(1 + 𝜚𝑡𝜏) → 0, 𝑡 → ∞,

and therefore, for any 𝑢 > 0

ℙ
(

sup
𝜃∈Θ

|||𝑓 𝑡+1(𝜃) − 𝑓𝑡+1(𝜃)
||| ≥ 2𝜚𝑡𝜏

√
𝑢

)
≤ 2𝑒−𝑢.

Thus, choosing 𝑢 = 𝑐 log 𝑡 for any constant 𝑐 > 1 gives

sup
𝜃∈Θ

|||𝑓 𝑡+1(𝜃) − 𝑓𝑡+1(𝜃)
||| = 𝑂𝑎.𝑠.(𝜚𝑡𝜏√log 𝑡

)
.

6.2 | Empirical Process and Its Asymptotic
Distribution

As shown in the previous subsection, the Beta-𝑡-GARCH(1,1)
model satisfies the conditions of Theorem 1. Therefore, to
establish that its approximate empirical distribution function
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belongs to the Glivenko–Cantelli class, it suffices to verify the
additional condition required for obtaining the probability bound
in Lemma 2. This, in turn, ensures that Theorem 2 also holds.

By inverting the relationship in equation (35), I obtain

𝜖𝑡 =
𝑦𝑡√
𝑓𝑡(𝜃0)

.

Applying the inverse function rule, for any given 𝜃 ∈ Θ, I get

𝜖𝑡(𝜃) =
𝑦𝑡√
𝑓𝑡(𝜃)

, 𝑔̇
(
𝑓𝑡(𝜃), 𝜖𝑡

)
= − 2

𝜖𝑡
⋅

√
𝑓𝑡(𝜃)
𝑓𝑡(𝜃0)

⋅ 𝑓𝑡(𝜃). (42)

The compactness ofΘ defined in (40) ensures that 𝑓𝑡(𝜃) lies in the
set [𝜔∕(1 − 𝛽),∞), as 𝜔∕(1 − 𝛽) = inf𝜃∈Θ 𝜔∕(1 − 𝛽) with 𝜔 > 0
and 𝛽 < 1. Hence, taking the supremum of the inverse of equation
(42) yields

𝑀1,𝑡 =
||𝜖𝑡||
2

⋅

√
𝑓𝑡(𝜃0)

(𝜔∕(1 − 𝛽))3∕2
,

where𝑀1,𝑡 > 0 almost surely and𝔼
[
log+𝑀1,𝑡

]
<∞, which shows

that Assumption (B1) is satisfied.

Now, the verification of Assumption (B2) requires the calcula-
tion of the vector of first derivative processes

{
∇𝑓𝑡(𝜃)

}
𝑡∈ℤ. For

the Beta-t-GARCH(1,1) model, I have

∇𝑓𝑡(𝜃)
𝑔̇
(
𝑓𝑡(𝜃), 𝜖𝑡

) = −
𝜖𝑡

2
⋅

√
𝑓𝑡(𝜃0)
𝑓𝑡(𝜃)

⋅
∇𝑓𝑡(𝜃)
𝑓𝑡(𝜃)

, (43)

where ∇𝑓𝑡(𝜃) is given by

∇𝑓𝑡+1(𝜃) ∶=

⎛⎜⎜⎜⎜⎜⎝

𝜕𝑓𝑡+1 (𝜃)
𝜕𝜔

𝜕𝑓𝑡+1 (𝜃)
𝜕𝛼

𝜕𝑓𝑡+1 (𝜃)
𝜕𝛽

𝜕𝑓𝑡+1 (𝜃)
𝜕𝜆

⎞⎟⎟⎟⎟⎟⎠
=

⎛⎜⎜⎜⎜⎜⎜⎜⎝

1
(𝜆+1)𝑦2

𝑡

𝜆−2+𝑦2
𝑡
∕𝑓𝑡 (𝜃)

𝑓𝑡(𝜃)

𝛼
𝑓𝑡 (𝜃)𝑦2

𝑡

(
𝑦2
𝑡
−3𝑓𝑡 (𝜃)

)
(
(𝜆−2)𝑓𝑡 (𝜃)+𝑦2

𝑡
)
)2

⎞⎟⎟⎟⎟⎟⎟⎟⎠
+

(
𝛽 + 𝛼

(𝜆+1)𝑦4
𝑡(

(𝜆−2)𝑓𝑡 (𝜃)+𝑦2
𝑡

)2

)
∇𝑓𝑡(𝜃).

(44)

Since the noise process
{
𝜖𝑡
}
𝑡∈ℤ is Student’s t distributed with 𝜆0 >

2 degrees of freedom, the stochastic factor in (43) is heavy-tailed
and Assumption (B2)–(21) fails. However, under Assumption 1,
since

𝑀2,𝑡 =
||𝜖𝑡||
2

⋅ sup
𝜃∈𝑉𝛿 (𝜃0)

‖‖‖‖‖‖
√
𝑓𝑡(𝜃0)
𝑓𝑡(𝜃)

⋅
∇𝑓𝑡(𝜃)
𝑓𝑡(𝜃)

‖‖‖‖‖‖,
I can use Lemma G.1 of Francq and Zakoian (2023) to prove
that each term of the ratio vector process

{
∇𝑓𝑡(𝜃)∕𝑓𝑡(𝜃)

}
𝑡∈ℤ

can be bounded uniformly over 𝑉𝛿
(
𝜃0
)
. Moreover, analo-

gously to the usual GARCH(1,1) model, the ratio process{√
𝑓𝑡(𝜃0)∕𝑓𝑡(𝜃)

}
𝑡∈ℤ

is naturally bounded uniformly over 𝑉𝛿
(
𝜃0
)
.

Hence, ‖‖𝑀2,𝑡
‖‖𝑝 ≤𝑀2 <∞ for any 2 < 𝑝 < 𝜆0, thus verifying

Assumption (B2)–(22).

Therefore, by specifying Lemma 2 for the Beta-t-GARCH(1,1), I
obtain the following corollary which gives the tails bound for the
difference process

{
Δ̂𝑡+1(𝜃̂𝑇 )

}𝑇
𝑡=1 in (20).

Corollary 3.3. For the Beta-t-GARCH(1,1) model in (35) to
(37) if (38), (40) and (41) are satisfied, I have

ℙ

(|||Δ̂𝑡+1(𝜃̂𝑇 )
||| ≥ 𝜚𝑡𝜏||𝜖𝑡|| ⋅

√
𝑓𝑡(𝜃0)

(𝜔∕(1 − 𝛽))3∕2

√
𝑢 + 𝑡1+1∕𝑝𝑢−1∕𝑝

)
≤ 2𝑒−𝑢 + 𝐶𝐷(𝛿𝑇 )𝑝𝑡−(𝑝+1)𝑢2,

so that the choice 𝑢 = 𝑐 log 𝑡 for any constant 𝑐 > 1 implies that|||Δ̂𝑡+1(𝜃̂𝑇 )
||| = 𝑂𝑎.𝑠.(𝜚𝑡𝜏√log 𝑡 +𝐷(𝛿𝑇 )(log 𝑡)1∕𝑝

)
,

for any 2 < 𝑝 < 𝜆0.

The MLE for the Beta-t-GARCH(1,1) model is strongly consistent
under the low-level regularity conditions already imposed: (𝑖)
Stationarity and ergodicity ensured by the contraction condition
in (38); (𝑖𝑖) Compactness of the parameter set specified in
(40); Invertibility guaranteed by (41). These three ingredients
satisfy the requirements of the general consistency results for
score-driven models in Theorem 6.3 of Blasques et al. (2018) and
Theorem 2.2 of Blasques et al. (2022). Consequently, Assumption
(B3) is automatically fulfilled.

I conclude this section by discussing the conditions from
Assumption (B4) through Assumption (B8) required for applying
Theorem 3. Clearly, the Student’s t distribution and density func-
tions satisfy the Lipschitz continuity and smoothness conditions
in Assumptions (B4) and (B5), respectively. For the remaining
condition, a number of derivatives need to be calculated.

In particular, it can be shown that since all the involved derivative
functions are uniformly bounded, Assumptions (B6)–(B8) are
clearly satisfied, from which the results established in Theorems 2
and 3 follow without additional restrictions. Full derivations can
be found in equations (S.32–S.35) in Appendix C.

Corollary 3.4. The Glivenko-Cantelli Theorem 2 and the
asymptotic results derived in Theorem 3 are valid for the
Beta-t-GARCH(1,1) model in (35) to (37) if (38), (40) and (41) are
satisfied.

Given the explicit verification above, the Beta-𝑡-GARCH(1,1)
model meets all the required theoretical conditions of Sections 3
and 4. Therefore, the maximal and deviation inequalities, con-
sistency results, and empirical-process limits derived previously
are directly applicable, validating the theoretical framework in
practice.

6.3 | Numerical Illustrations

For illustration, I numerically evaluate the theoretical results
derived in this article based on the data-generating process
defined in equations (35) to (37). Using these recursive equations,
I generate a time series dataset of size 𝑇 = 25, 000 for a wide range
of values for the static parameters 𝜔0, 𝛼0, 𝛽0 and 𝜆0.

6.3.1 | Invertibility Region

With these generated datasets, I first present the invertibility
region that satisfies the condition 𝐿1(𝜉) < 1, which is necessary

14 Journal of Time Series Analysis, 2026



FIGURE 1 | Simulated invertibility region based on 𝐿1(𝜉) in equation (13) for the Beta-𝑡-GARCH(1,1) model, where the noise follows a Student’s 𝑡
distribution with 𝜆0 = {5, 15, 250}.

FIGURE 2 | Asymptotic variances of the empirical process for the approximated (pink) and true (cyan) noise in the Beta-𝑡-GARCH(1, 1) model. The
noise follows a Student’s 𝑡 distribution with degrees of freedom 𝜆0 ∈ {5, 15, 250}. See Appendix C for the explicit formula used to produce this figure.

to establish the maximal and deviation inequalities in Theorem 1
and all subsequent theoretical results. Here, 𝐿1(𝜉) is defined in
equation (13) of Lemma 1. This invertibility region is depicted in
Figure 1.

When 𝜆0 = 5, the contours in Figure 1 are steep and diagonal,
indicating a tight inverse relation between 𝛼0 and 𝛽0 and a rela-
tively small invertibility region, in line with the strong nonlinear-
ity induced by heavy tails. For 𝜆0 = 15, the contours flatten and
the admissible region widens, so a broader set of (𝛼0, 𝛽0) pairs
satisfies 𝐿1(𝜉) < 1. When 𝜆0 = 250 (the near-Gaussian case),
the contours are almost horizontal and invertibility depends
essentially only on 𝛽0, which aligns perfectly with the fact
that the Beta-𝑡-GARCH(1,1) model converges to the classical
GARCH(1,1) model, which remains invertible as long as 𝛽 < 1.

6.3.2 | Asymptotic Variance of the Approximate
Empirical Process

Next, guided by the invertibility regions in Figure 1, I examine the
effect of estimation on the asymptotic distribution of the empiri-
cal process of the approximate noise ̂𝑇 (𝑥, 𝜃̂𝑇 ). To this end, I con-
duct a second numerical study with empirically relevant param-
eter values that satisfy the Lipschitz-type condition in Lemma 1.
Specifically, I set:

𝜔0 = 0.01, 𝛼0 = 0.015, 𝛽0 = 0.8, 𝜆0 ∈ {5, 15, 250}.

These values span cases ranging from the heavy-tailed
Beta-𝑡-GARCH(1,1) model to its Gaussian GARCH(1,1) limiting
case. Similar parameter values have been used in empiri-
cal illustrations by Blasques et al. (2018). The asymptotic

variances of the empirical process in (26), specialized to the
Beta-t-GARCH(1, 1) model, for both the approximated noise
and the true (unobserved) noise are shown in Figure 2. The full
closed-form expression, including 𝑯(𝑥), 𝚺, and 𝚪(𝑥), is provided
in Appendix C.

Figure 2 compares the asymptotic variance of the empirical
process based on the approximated noise with that for the
true (unobserved) noise, for 𝜆0 ∈ {5, 15, 250}. The discrepancy
is largest under heavy tails (𝜆0 = 5) and shrinks steadily as 𝜆0
increases, with an almost perfect match in the near-Gaussian case
𝜆0 = 250. This reflects the dependence of 𝐻(𝑥) and Γ(𝑥) on the
score and Fisher information of the Student’s 𝑡 density: when
𝜆0 is small, heavy tails amplify the interaction term, whereas
as 𝜆0 → ∞ the 𝑡 distribution converges to the normal and the
approximation becomes essentially exact.

Finally, to determine how large are the two estimation-driven
pieces in the asymptotic variance in (26) in practice, recall the
three variance contributions:

𝑉𝐵𝐼𝑁 (𝑥) = 𝐹 (𝑥)(1 − 𝐹 (𝑥)),

𝑉𝐸𝑆𝑇 (𝑥) = 𝑯(𝑥)⊤𝚺𝑯(𝑥),

and 𝑉𝐼𝑁𝑇 (𝑥) = 2𝑯(𝑥)⊤−1𝚪(𝑥). (45)

The three panels of Figure 3 display the three terms in (45) for
the Beta-t-GARCH(1, 1) model where, as before, the noise follow
Student’s 𝑡 distributions with 𝜆0 = {5, 15, 250}. All other param-
eters and the sample size coincide with those used to produce
Figure 2 above, so the graphs are strictly comparable. For clar-
ity, the binomial benchmark 𝑉𝐵𝐼𝑁 (𝑥) and the interaction piece
𝑉𝐼𝑁𝑇 (𝑥) are plotted on the left axis (purple scale), whereas the
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FIGURE 3 | Asymptotic variance terms of the empirical process for the approximated noise processes in the Beta-𝑡-GARCH(1,1) model, where the
noise follows a Student’s 𝑡 distribution with 𝜆0 = {5, 15, 250}. In the three panels, the shaded areas represent the non-negative terms 𝑉𝐵𝐼𝑁 (𝑥) (purple)
and 𝑉𝐸𝑆𝑇 (𝑥) (light blue), while the black dashed line is the signed interaction term 𝑉𝐼𝑁𝑇 (𝑥). The left ordinate (magenta and black) measures 𝑉𝐵𝐼𝑁 (𝑥)
and 𝑉𝐼𝑁𝑇 (𝑥); the right ordinate (light blue) measures 𝑉𝐸𝑆𝑇 (𝑥). All panels share the same horizontal scale |𝑥| ≤ 3.

estimation layer 𝑉𝐸𝑆𝑇 (𝑥) uses the right axis (blue scale, 10−6 fac-
tor).

With heavy tails (𝜆0 = 5) the interaction term is negligible at the
origin, then becomes positive in the shoulders. 𝑉𝐼𝑁𝑇 (𝑥) peaks
around 0.09 at |𝑥|≊1, implying 𝑉𝐼𝑁𝑇 (𝑥) ≈ 0.09 and inflating
the variance in that region from 0.25 to roughly 0.26. 𝑉𝐼𝑁𝑇 (𝑥)
returns to zero for |𝑥| ⪆ 2.2, so the binomial curve governs the
outer flanks. The estimation layer never exceeds 1.6 × 10−6, six
orders of magnitude smaller than 𝑉𝐵𝐼𝑁 (0). For 𝜆0 = 15 the max-
imum of 𝑉𝐼𝑁𝑇 (𝑥) falls to about 0.03, giving 𝑉𝐼𝑁𝑇 (𝑥) ⪅ 0.06 and
a maximum total variance near 0.25. 𝑉𝐼𝑁𝑇 (𝑥) is already below
0.01 for |𝑥| ⪆ 1.7, so the departure from the binomial envelope
is modest and confined to a narrow band around the center,
while 𝑉𝐸𝑆𝑇 (𝑥) remains at the 10−6 scale. When 𝜆0 = 250 (almost
Gaussian) the dashed profile stays below 0.01 for all |𝑥| ≤ 2, so
𝑉𝐼𝑁𝑇 (𝑥) < 0.01 and the binomial envelope is a good approxima-
tion throughout. 𝑉𝐸𝑆𝑇 (𝑥) dips slightly further, never exceeding
1.2 × 10−6.

Because 𝚺 = 𝑂(𝑇 −1) with 𝑇 = 25, 000 and the score-driven fil-
ter keeps ||𝑯(𝑥)|| bounded, the estimation layer is negligible in
every scenario, whereas the interaction component supplies the
only material deviation from binomial sampling variance, and
its magnitude declines monotonically as the noise distribution
approaches Gaussianity. This behavior exemplifies the discussion
following (26) and Remarks 7 and 8.

6.3.3 | Empirical Size and Power of the KS-Type Tests

This subsection evaluates, via Monte Carlo experiments, the
finite-sample performance of the classical KS statistic advocated
in Harvey (2013), 54–55, and of the Khmaladze transformed KS
statistic developed in Section 5. Both tests are applied to the PITs
{Û𝑡}𝑇𝑡=1 of the fitted Beta-t-GARCH(1,1) model.

In each replication, the classical KS statistic is ̂⋆
𝑇
∶=

sup0≤𝑟≤1
|||̂𝑇 (𝑟)

||| with ̂𝑇 (𝑟) as defined in (28). It is compared
with the Kolmogorov (Brownian bridge) critical value at level
𝛼 (see Simard and L’Ecuyer (2011)). The Khmaladze statistic
is ̂𝑇 ∶= sup0≤𝑟≤1

|||̂𝑇 (𝑟)
||| defined in (32) with ̂𝑇 (𝑟) given in

(31). It is computed using the discrete approximation described
in Appendix D. By its Brownian motion limit, ̂𝑇 is compared

with the Brownian motion critical value at level 𝛼 reported in
Table 2.

6.3.3.1 | Empirical Size. The first experiment assesses the
empirical size of the two procedures under the correctly spec-
ified Beta-𝑡-GARCH(1, 1) null. I simulate 10,000 independent
time series samples of size 𝑇 ∈ {500, 1000, 5000} from the DGP
described in Section 6, with the same parameters as those used
in Section 6.3.2, fit the null model by ML, and compute the cor-
responding test statistics. The empirical rejection frequencies,
expressed in percentage, are reported in Table 3.

KS𝐾 tracks the nominal levels closely across all sample sizes and
tail scenarios, with small deviations that shrink as 𝑇 increases.
By contrast, the classical KS exhibits noticeable size distortions
that depend on tail thickness and sample size: under heavy tails
it tends to under-reject, whereas for moderate-to-light tails it can
over-reject, especially at the 1% level. These patterns are con-
sistent with estimation-induced drift in the PIT empirical pro-
cess, which is left uncorrected by the classical KS but removed
by the Khmaladze projection, so that KS𝐾 attains near-nominal
size even in relatively small samples.

6.3.3.2 | Empirical Power. The second experiment evalu-
ates power against a stochastic volatility (SV) alternative with
generalized error (GED) noise process. This alternative differs
from the null both in the dynamics and in the noise distribu-
tion family, while remaining symmetric. I generate data from an
SV-GED model and, as in the size experiment, estimate the null
Beta-𝑡-GARCH(1, 1) on each replication.

Formally, the DGP is

𝑦𝑡 =
√
𝑓𝑡(𝜃0)𝑧𝑡,

log 𝑓𝑡+1(𝜃0) = 𝜇0 + 𝜙0
(
log 𝑓𝑡(𝜃0) − 𝜇0

)
+ 𝜎𝜂,0𝜂𝑡+1,

𝜂𝑡+1
𝐼𝐼𝐷∼ 𝓝(0, 1),

where {𝑧𝑡}𝑡∈ℤ are IID standardized GED(𝛿0) noise process with
mean 0 and variance 1, independent of {𝜂𝑡}𝑡∈ℤ. A convenient
parametric form is

𝑝(𝑧𝑡, 𝛿0) =
𝛿0

2𝑏𝛿0
Γ
(

1
𝛿0

)𝑒−|𝑧𝑡∕𝑏𝛿0 |𝛿0 , 𝑏𝛿0
=

√√√√√√Γ
(

1
𝛿0

)
Γ
(

3
𝛿0

) ,
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TABLE 3 | Empirical rejection frequencies (%) for the classical KS test Harvey (2013) and the Khmaladze KS test (KS𝐾 ) proposed in Section 5 under
the Beta-𝑡-GARCH(1, 1) null.

𝜶 = 10% 𝜶 = 5% 𝜶 = 1%

𝑻 KS KS𝑲 KS KS𝑲 KS KS𝑲

Scenario A:𝜆0 = 5
500 6.44 9.28 2.97 5.15 0.25 1.45
1000 8.75 9.62 3.14 4.98 0.79 1.07
5000 9.73 9.89 4.21 5.01 0.87 1.01

Scenario B:𝜆0 = 15
500 7.90 8.37 3.04 4.30 3.10 1.27
1000 8.02 8.98 4.00 4.70 1.35 1.07
5000 8.55 9.53 4.60 5.00 0.97 1.05

Scenario C:𝜆0 = 250
500 8.28 8.97 4.00 4.65 2.45 1.58
1000 8.80 9.06 4.28 4.80 2.01 1.04
5000 8.86 9.03 4.57 4.97 1.89 1.03

Note: Three degrees-of-freedom scenarios for 𝜆0. Results from 10,000 Monte Carlo replications.

TABLE 4 | Empirical rejection frequencies (%) for the classical KS test Harvey (2013) and the Khmaladze KS test (KS𝐾 ) proposed in Section 5.

𝜶 = 10% 𝜶 = 5% 𝜶 = 1%

𝑻 KS KS𝑲 KS KS𝑲 KS KS𝑲

Scenario A:𝛿0 = 1
500 80.8 88.0 70.5 86.0 45.4 68.2
1000 91.5 96.4 79.3 94.1 63.2 76.4
5000 96.0 99.8 92.1 99.8 88.9 97.7

Scenario B:𝛿0 = 1.5
500 22.0 47.5 12.2 28.0 7.40 10.0
1000 38.4 56.1 35.7 47.1 12.3 15.8
5000 55.3 75.4 51.4 63.2 20.1 29.3

Scenario C:𝛿0 = 3
500 25.0 26.4 15.0 15.1 10.0 10.0
1000 48.3 65.3 40.7 59.4 17.0 17.1
5000 74.9 78.0 52.3 70.1 23.2 23.4

Note: DGP: stochastic volatility with generalized error (GED) noise (SV-GED), standardized to mean 0 and variance 1. Fitted model under the null: Beta-𝑡-GARCH(1, 1).
Three tail-shape scenarios for the GED parameter 𝛿0 ∈ {1, 1.5, 3}; the unconditional variance is matched to the null. Results from 10, 000 Monte Carlo replications.

which yields 𝕍 [𝑧𝑡] = 1 for any 𝛿0 > 0 (the cases 𝛿0 = 2 and 𝛿0 =
1 correspond to the normal and Laplace laws, respectively, with
𝛿0 < 2 heavier-than-Gaussian and 𝛿0 > 2 lighter-than-Gaussian).

I initialize log 𝑓1 = 𝜇0 (so 𝑓1 = 𝑒𝜇0 ). Since 𝕍 [𝑧𝑡] = 1, the uncondi-
tional variance of 𝑦𝑡 equals

𝕍 [𝑦𝑡] = 𝔼[𝑓𝑡(𝜃0)] = 𝑒
𝜇0+

𝜎2
𝜂,0

2(1−𝜙2
0 ) ,

and I choose 𝜇0 so that 𝔼[𝑓𝑡] matches the unconditional variance
under the null. In the experiments, I consider several tail shapes

𝛿0 ∈ {1, 1.5, 3} to span heavy, near-normal, and light tails. The
empirical rejection frequencies are reported in Table 4.

Across all tail scenarios, the Khmaladze-based statistic KS𝐾 dom-
inates or matches the classical KS in power. The gains are most
pronounced for the strongest departure (𝛿0 = 1), where KS𝐾
delivers substantially higher rejection frequencies at all signifi-
cance levels and sample sizes; the advantage remains clear for
𝛿0 = 1.5 and is still present, though smaller, for 𝛿0 = 3. Within
each (𝛿0, 𝛼) configuration, power increases monotonically with
𝑇 , as expected. Overall, these experiments indicate that, relative
to the classical KS, the Khmaladze correction yields tests that are
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FIGURE 4 | EUR/USD daily percentage log-returns over the sample 2005–2025.

TABLE 5 | Key summary statistics for EUR/USD daily returns (𝑦𝑡 =
100(log𝑃𝑡 − log𝑃𝑡−1)) and standardized approximate noise from the fitted
Beta-𝑡-GARCH(1, 1).

Returns
(%/day)

Approx. noise
(decimal)

Mean 0.005 0.012
Std. dev. 0.554 0.995
Skewness −0.131 0.019
Excess kurtosis 3.594 1.243
ACF(1) 0.013 0.016
LBQ 𝑝 (lag 10) 0.093 0.758
JB 𝑝 0.001 0.001

Note: Sample size 𝑇 = 5, 218.

both better sized and uniformly more powerful against this rep-
resentative dynamic alternative.

6.3.4 | Empirical Application

I use daily EUR/USD spot rates sampled on trading days
from 1 January 2005 to 1 January 2025. Prices 𝑃𝑡 are con-
verted to percentage log-returns, 𝑦𝑡 = 100(log𝑃𝑡 − log𝑃𝑡−1), with-
out winsorization or prefiltering. The resulting sample con-
tains 𝑇 = 5, 218 observations. Major FX rates are a standard
benchmark setting for conditional volatility models: they are
highly liquid, free of corporate actions, and typically display (i)
near-zero unconditional mean, (ii) weak linear autocorrelation
in returns but marked volatility clustering, and (iii) symmetric
yet heavy-tailed noise. These features make EUR/USD a natu-
ral environment for the Beta-t-GARCH(1,1) benchmark and for
assessing goodness-of-fit tests for the one-step predictive distribu-
tion. The series and returns are shown in Figure 4; key summary
statistics appear in Table 5, and the ML estimates 𝜃̂𝑇 are reported
in Table 6.

Basic summary statistics for 𝑦𝑡 (percent per day) and the stan-
dardized approximate noise 𝜖𝑡(𝜃̂𝑇 ) in Table 5 align with the

TABLE 6 | ML estimates for the Beta-𝑡-GARCH(1, 1) on EUR/USD
daily returns.

𝝎̂𝑻 𝜶̂𝑻 𝜷𝑻 𝝀̂𝑻

0.0010 0.0452 0.9557 7.8784
(0.0001) (0.0125) (0.0374) (0.1158)

Note: Standard errors are in parenthesis.

usual stylized facts: mean 0.0052, standard deviation 0.554, skew-
ness −0.131, and excess kurtosis 3.594 (𝑇 = 5218). A Ljung–Box
test at lag 10 yields a p-value of 0.093 on returns (mild
serial dependence), while the Jarque–Bera test rejects Gaus-
sianity (heavy tails). After standardization, linear dependence
weakens markedly (LBQ 𝑝 = 0.758) though non-Gaussianity
persists (excess kurtosis ≈ 1.243), providing an informative
backdrop for the KS and KS𝐾 goodness-of-fit analysis that
follows.

Given the MLE 𝜃̂𝑇 =
(
𝜔̂𝑇 , 𝛼̂𝑇 , 𝛽𝑇 , 𝜆̂𝑇

)⊤ of the Beta-t-GARCH(1,1)
model in Table 6, define the approximate noise 𝜖𝑡(𝜃̂𝑇 ) =

𝑦𝑡∕
√
𝑓 𝑡(𝜃̂𝑇 ) and the PITs

Û𝑡 = 𝐹𝑡𝜆̂𝑇

(
𝜖𝑡(𝜃̂𝑇 )
𝑐(𝜆̂𝑇 )

)
, 𝑐(𝜆̂𝑇 ) =

√
𝜆̂𝑇 − 2
𝜆̂𝑇

,

where 𝐹𝑡𝜆̂𝑇 denotes the distribution function of a Student’s 𝑡
with 𝜆̂𝑇 degrees of freedom. For these empirical estimates, the
asymptotic conditions in Section 6 are still satisfied. A numeri-
cal evaluation of the log-contraction condition (38) at 𝜃̂𝑇 yields
a small negative value (about −5 × 10−4), so the correspond-
ing Beta-𝑡-GARCH(1,1) recursion is strictly stationary but highly
persistent, in line with 𝛼̂𝑇 + 𝛽𝑇 ≈ 1.0009. In addition, the point
(𝛼̂𝑇 , 𝛽𝑇 ) lies in the admissible region suggested by Figure 1, and
the corresponding value of 𝐿1(𝜉) at (𝛼̂𝑇 , 𝛽𝑇 , 𝜆̂𝑇 ) is about 0.9945,
so the invertibility condition 𝐿1(𝜉) < 1 in (41) is also compati-
ble with the estimated model. For the EUR/USD daily returns
considered here, the theoretical results in Corollaries 3.2 to 3.4
therefore apply.
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FIGURE 5 | Empirical KS process [̂𝑇 (𝑟)] and Khmaladze transformed process [̂𝑇 (𝑟)] for EUR/USD daily returns (2005–2025). Dashed lines
denote the 95% Brownian motion band on [0, 1]. The transformed path [̂𝑇 (𝑟)] crosses the band, leading to rejection at the 5% level.

On this basis, I compute (i) the classical KS statistic for the empir-
ical distribution of {Û𝑡}, whose limit is a Brownian bridge, and
(ii) the Khmaladze KS𝐾 statistic, that is, the sup-norm of the
martingale-transformed process, whose limit is standard Brow-
nian motion (cf. Section 5). Alongside decisions based on the
usual asymptotic critical values, I also report parametric boot-
strap 𝑝-values obtained by simulating from the fitted model,
re-estimating on each replication (𝑅), and recomputing the test
statistics (here 𝑅 = 10, 000).

Both the untransformed process ̂𝑇 (𝑟) and the transformed pro-
cess ̂𝑇 (𝑟) are plotted in Figure 5. The two horizontal lines show
the 95% simultaneous band for a standard Brownian motion on
[0, 1], namely ±2.241 (appropriate for KS𝐾 ). Since ̂𝑇 (𝑟) crosses
this band, the Khmaladze KS test rejects at the 5% level. Numer-
ically, ̂𝑇 = 2.699 > 2.241. Hence the null that the PITs

{
Û𝑡

}𝑇
𝑡=1

are IID  (0, 1) under the fitted Beta-𝑡-GARCH(1, 1) is rejected.
(The classical KS decision uses Brownian bridge critical values.)

Complementing Figure 5, a size check under the fitted
Beta-𝑡-GARCH(1, 1) (parametric bootstrap with re-estimation,
𝑅 = 10, 000) shows that KS𝐾 attains the nominal 5% level
(empirical size 0.050), whereas the classical KS is conservative
(empirical size 0.020). On the EUR/USD sample (2005–2025),
the parametric bootstrap p-values are 0.010 for KS𝐾 and 0.110
for KS. Thus KS𝐾 rejects the null that the PITs

{
Û𝑡

}𝑇
𝑡=1 are IID

 (0, 1) under the fitted model, while the classical KS does not,
in line with the theory and the simulation evidence.

7 | Conclusion and Future Work

In this article, I examined the filtering approximation-theoretic
properties of score-driven models and analyzed the asymptotic
behavior of both the empirical distribution function and the
empirical process of the approximated noise. Theoretical results
were derived under Lipschitz-type and tail conditions, leading to
sharp upper bounds on the filtering approximation error. These

bounds are fundamental for understanding the asymptotic prop-
erties of the empirical distribution function as well as the limit-
ing behavior of the empirical process of the approximated noise.
The assumptions imposedon the score-driven model are rela-
tively weak and remain compatible with specifications featuring
bounded updates, provided that the driving force 𝑠𝑡(𝑓𝑡(𝜃0), 𝜆0)
and its derivatives have bounded Orlicz norm.

In Francq and Zakoïan (2022), the empirical process of the
approximated noise is AMF and AED under their baseline
assumptions for pure conditional scale models, and an AMD term
appears only when their stability-by-scaling condition is relaxed
or when a conditional mean is introduced. In the fully para-
metric score-driven setting analyzed here, the same parameter
vector enters both the noise density and the recursion, so the
empirical process is generically AMD and AED. The two theo-
ries coincide only in the Gaussian GARCH(1,1) special case. This
model-dependence complicates goodness-of-fit assessment, but
by exploiting the filter approximation error and the empirical dis-
tribution of the approximated noise I outline a feasible testing
approach.

Beyond the univariate case, an important future direction is
the extension of this theoretical framework to multivariate
score-driven models, where an 𝑁-dimensional vector process
is accompanied by an 𝑁-dimensional vector of time-varying
parameters. In such models, the problem of filter invertibility
becomes significantly more complex, as the invertibility region
determined by Bougerol’s SRE theory and Assumption 1 may be
too small or impractical for real-world applications. A promis-
ing strategy to address this issue is the use of 𝑘-fold contrac-
tions, where 𝑘 iterations of the recurrence equation for the
parameter process {𝑓𝑡(𝜃)}𝑡∈ℤ are considered. This technique has
already proved effective in establishing strict stationarity, ergod-
icity, and moment existence, as demonstrated by D’Innocenzo
et al. (2023) for a robust score-driven multivariate model and by
D’Innocenzo et al. (2024b) for a time-varying tail-shape bivariate
process.
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A natural next step is to generalize the Lipschitz and tail condi-
tions presented in this article by incorporating𝑘-fold contractions
instead of single-step contractions. This approach could facilitate
the development of non-degenerate invertibility regions and lead
to sharper upper bounds on filtering and residual approximation
errors in multivariate score-driven models.
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