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 A B S T R A C T

This study explore the fundamental mechanism governing buoyancy-driven flow and heat transfer of a shear-
dependent non-Newtonian fluid modeled by Reiner–Philippoff (RPP) constitutive relation in an open-ended 
cavity with permeable horizontal surfaces. A finite element framework is implemented to solve the weak 
formulation of the coupled momentum and energy equations on a triangular mesh, using an implicit scheme 
for the linear terms and a semi-implicit approach for the transport terms. The study highlights the interplay 
between thermal gradients, shear-thinning and shear-thickening rheology, and buoyancy forces, demonstrating 
how non-Newtonian viscosity alterations influence convective transport, thermal boundary layers, and velocity 
profiles. The results reveal that higher Grashof numbers make upward flow motion much stronger and improve 
convective heat transmission. On the other hand, strong shear-rate dependencies cause localized changes in 
flow structure and thermal stratification. This study offers new insights into the physics of shear-dependent 
buoyancy-driven convection in open domains, contributing to a better understanding and modeling of non-
Newtonian fluid systems which are important for engineering and industrial heat transfer applications including 
solar thermal receivers, electronic cooling, polymer extrusion, food processing, fire safety, and energy-efficient 
building designs.
1. Introduction

The last several decades have seen an exponential rise in the 
study of non-Newtonian fluid dynamics because of its widespread 
and frequent use in both natural and technological applications. It 
is more difficult to understand the engineering phenomena related 
to non-Newtonian fluids than it is to understand Newtonian fluids. 
Non-Newtonian fluids may exhibit viscoelastic, time-dependent, shear-
thinning, and shear-thickening characteristics when suitable conditions 
are present. Among several empirical models [1–4], the RPP model [5,
6] is one of the models that describes the non-Newtonian relationship 
between stress and strain. The RPP fluid model exhibits several be-
haviors, including pseudoplasticity (shear-thinning), dilatancy (shear-
thickening), and Newtonian characteristics. Pseudoplastic fluids exhibit 
a decrease in viscosity as the shear rate increases. Yogurt, shaving 
cream, salad dressing, ketchup, and toothpaste are examples of pseu-
doplastic fluids. The phenomenon of ketchup that exhibits increased 
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flow and decreases viscosity with increasing shear rate is a significant 
example. Dilatant fluids exhibit an increase in viscosity when exposed 
to shear force. The suspension of silica particles in polyethylene glycol, 
liquid armor, and a combination of cornflour and water are examples 
of dilatant fluids. These materials have a rheological behavior of 
increasing viscosity when subjected to shear stress. Given its extensive 
applications and duality in nature, the RPP model has received a 
lot of attention in the literature. Its interest covers many possible 
applications, mainly in medical and industrial fields [7,8]. A wide range 
of analyses have been conducted considering the flow phenomenon in 
the RRP model under different configurations.

Kapur and Gupta [9] examined the boundary layer flow of RPP 
fluids in a straight channel along its inlet length. They analyzed the two 
extreme cases in which the shear stress parameter is either minimal or 
maximal. Their research shows that changing three favorable factors 
can cause the viscosity coefficients to become more like those in the 
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Newtonian model as the shearing rate gets closer to zero or infinity. 
Thus, this behavior makes the flow of such fluids more interesting. 
For shearing rate values that are moderate, the behavior is distinctly 
non-Newtonian, positioned between the two extremes of Newtonian 
behavior. The behavior is nearly Newtonian at shearing rate values that 
are either extremely low or exceedingly high. The study of how soluble 
matter moves in Newtonian flow through a circular tube presented 
by Taylor was expanded by Ghoshal [10] to non-Newtonian flows 
of Eyring and RPP model fluids. His investigation revealed that one 
could infer the Newtonian fluid from the relevant data of both types 
of fluids under study. In the study of Yam  et al. [11] where they 
applied computational methods to systematically analyze the steady 
boundary layer flow of a RPP fluid, specifically focusing on the flow 
dynamics induced by a stretching wedge within a variable free stream. 
Their findings demonstrated that the unique solution is stable and that 
there are no multiple solutions as they analyzed the flow stability 
over a 90-degree wedge and through numerical simulations. Reddy 
et al. [12] further developed the RPP fluid flow across a stretched 
sheet and the thermal radiation effect. Their analysis suggests that 
with an increase in the Bingham number, there is a decrease in both 
the velocity and temperature profiles. Ishaq  et al. [13] examined the 
magnetohydrodynamic flow of RPP fluid across a magnetized plate. 
Their study was primarily focused on conducting stability analysis 
to examine the impact of magnetic fields and fluid properties on 
flow stability. Ganesh  et al. [14] investigated the heat transmission 
and melting flow of a RPP fluid across a surface, including a Darcy-
Forchheimer medium. The analysis indicates that the velocity profile 
diminishes due to the Forchheimer and porosity variables, while the 
elevation of the temperature field corresponds to the temperature ratio 
parameter. The study by Kumar  et al. [15] figured out how a RPP fluid 
would move across a vertical plate due to thermal radiation and a sinu-
soidal hydromagnetic effect. This study concentrated on qualitative and 
quantitative predictions of heat transfer in the gravity-induced regime. 
Arain  et al. [16] examined the flow properties of two-dimensional 
RPP fluid in a moving channel where due to changes in viscosity, the 
fluid divided into two impermeable layers. The governing equations 
were simplified by employing the approximation of a low Reynolds 
number and long wavelength. We refer to publications [17–20] and 
the references provided for further reading on the subject.

Researchers have become more interested in the buoyancy-driven 
flows of viscous, incompressible fluids within cavities over the past few 
years, both numerically as well as experimentally [21]. This is mostly 
attributable to the diverse practical applications that arise from such 
flows. Applications of this nature encompass solar thermal receiver 
systems, electronic cooling, fire safety studies, and energy conservation 
in architecture. A critical aspect in these situations is the inherent 
geometry of buoyancy-driven flows and heat transfer within cavities, 
which significantly affects the interaction between the interior and 
exterior regions of the cavity, hence influencing flow and tempera-
ture distributions. Skok [22] conducted experimental and numerical 
investigations on a two-dimensional buoyancy-driven flow within a 
side-facing open cavity, with the objective of assessing flow patterns 
and quantifying both local and average Nusselt numbers for the cavity 
surfaces. Aydm [23] performed a numerical investigation to exam-
ine the transport processes of laminar coupled convection within a 
hollow influenced by shear and buoyancy forces. This work concen-
trated on the interplay between wall-induced forced convection and 
buoyancy-driven natural convection, offering enhanced understand-
ing of the dynamics of these coupled phenomena. A comprehensive 
study was performed in [24] in order to determine the methodol-
ogy for eliminating extended boundaries from open-ended structures 
in both two-dimensional and three-dimensional contexts. A compre-
hensive compilation of effective boundary conditions was obtained, 
incorporating a diverse array of regulating parameters for both temper-
ature and flow fields. In their detailed study, Angirasa  et al. [25] used 
numerical simulations to look at heat transport and transient as well as 
2 
steady-state laminar buoyancy-driven flows within a square cavity with 
one open side. The findings of their study revealed that the boundary 
conditions on the open side exerted a little influence on natural con-
vection within the cavity, principally affecting only a small area near 
the entrance with minimal implications for the broader computational 
domain. Following a very similar pattern, Stefanovic [26] numerically 
studied the unsteady flow of a thick, incompressible fluid inside a rect-
angular cavity. He looked at how the flow changed when shear forces 
and buoyancy effects came together. Polat  et al. [27] further advanced 
the research by numerically examining laminar natural convection 
in inclined, open, shallow cavities. In this analysis, they were more 
concentrated on scenarios where the end-wall experienced constant 
heat flow and the walls that were not in contact with the heated surface 
experienced adiabatic conditions. This helped them to understand how 
the angle of the cavity affected the whole heat transfer process. The 
volumetric flow rate and heat transfer developed with a rise of aspect 
ratio and Rayleigh number, although heat transfer exhibits asymptotic 
behavior at a certain aspect ratio. Belgin [28] performed a numerical 
analysis of natural convection heat transport in differentially heated 
square cavities including horizontally oriented thin fins. This analysis 
used vertical isothermal walls and adiabatic horizontal walls creat-
ing the hollow, with a thin fin attached to the hot wall. Hossain 
et al. [29] investigated the unsteady natural convection flow of a 
viscous, incompressible fluid induced by differential heating along the 
solid vertical wall of an open-end rectangular cavity. This research was 
more concentrated on the investigation of the flow dynamics within 
a cavity containing two horizontal permeable surfaces, that are kept 
at the temperature of the ambient fluid. Their investigation yielded 
significant insights into the impact of temperature gradients along the 
walls of the cavity on fluid motion and heat transfer dynamics in 
systems with open and permeable boundaries. The study of Lefauve 
and Linden [30] examined buoyancy-driven flows in an inclined ducts. 
Their research was more focused on the investigation of the dynamics 
of constant stratified shear flows, focusing on three dependent vari-
ables: the qualitative flow regime, mass flux, and interfacial thickness. 
The research in [31] investigated the phenomenon of transient ther-
mocapillary convection flows within a rectangular chamber including 
a uniformly heated side wall, conducted under zero-gravity settings. 
This study encompassed scaling analysis and numerical modeling. A 
simulation employing two-dimensional numerical techniques has been 
conducted. Shahabad et al. [32] studied the controlling strategy of 
the natural convection of a non-Newtonian fluid using a flexible fin 
analyzing the dilatant and pseudoplastic effects. Joshi [33] conducted 
a numerical investigation on the impact of aspect ratio on vorticity 
dynamics in a two-dimensional rectangular lid-driven cavity with a 
vertical temperature gradient and a compressible fluid. The research 
in [34] examined the mixed convection heat transfer of non-Newtonian 
fluid-structure interaction within an open trapezoidal cavity. They 
determined that for low Richardson numbers, shear-thickening fluids 
show higher Nusselt numbers, whereas at high Richardson numbers, 
shear-thinning fluids demonstrate higher values. For more studies on 
the topic we refer the articles [35–38] and the references cited therein.

1.1. Research aims and novel contributions

• To analyze buoyancy-driven flow in conjunction with non-Newto-
nian fluid dynamics using the RPP model (rate-type) in an open-
end rectangular cavity.

• Utilize the finite element method with semi-implicit time-stepping 
scheme for computational analysis.

• Investigate the intricate relationships between heat transfer and 
non-Newtonian fluid dynamics under different flow configura-
tion.

• To offer a solid mathematical framework for theoretical study of 
non-Newtonian fluids.
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Fig. 1. Geometrical interpretation.
• To elucidate the implications of non-Newtonian fluid behavior for 
diverse industrial applications where controlling fluid flow and 
heat transmission is essential.

• Applications of RPP model in an open-ended cavity with a com-
bined finite element method and semi-implicit scheme to study 
the buoyancy-driven flow and heat transfer, which has received 
less attention in literature.

2. Mathematical formulation

The aim of this section is to model the unsteady two-dimensional 
flow of a viscous, incompressible, non-Newtonian RPP fluid within an 
open-ended cavity. The cavity’s vertical wall is maintained at a constant 
temperature, 𝑇𝐻 , while the horizontal surfaces are at the ambient fluid 
temperature, 𝑇𝑐 . We assume that the horizontal surfaces are permeable, 
facilitating consistent fluid transpiration across both the upper and 
lower surfaces. Fig.  1 illustrates the geometric characteristics and flow 
configuration. The governing equations that characterize the problem, 
concerning the fluid dynamics, can be represented as follows: 
∇ ⋅

∗
𝐮 = 0 (1)

𝜌𝐷
∗
𝐮

𝐷
∗
𝑡
= ∇ ⋅

∗
𝐂 + 𝒈𝛽𝑇 (

∗
𝑇 − 𝑇𝑐 ) (2)

In this context, the velocity components in the ∗𝑥 and ∗𝑦 directions are 
denoted by ∗𝐮 = (

∗
𝑢,

∗
𝑣). The material time derivative is represented by 

𝐷

𝐷
∗
𝑡
. The symbol 𝜌 signifies density, 𝒈 denotes gravitational acceleration 

vector, 𝛽𝑇  represents the temperature volumetric expansion coefficient, ∗
𝑇  indicates temperature, and the Cauchy stress tensor 

∗
𝐂 is expressed as 

follows: 
∗
𝐂 = −

∗
𝑝𝐼 +

∗
𝜏. (3)

where 𝐼 denotes the identity and ∗𝜏 signifies the deviatoric stress tensor 

∗
𝜏 =

⎛

⎜

⎜

⎝

∗
𝜏𝑥𝑥

∗
𝜏𝑥𝑦

∗
𝜏𝑦𝑥

∗
𝜏𝑦𝑦

⎞

⎟

⎟

⎠

(4)

The rheological relation between the deviatoric stress ∗𝜏 and the 
strain-rate tensor 
∗
𝑒(

∗
𝐮) = ∇

∗
𝐮 + (∇

∗
𝐮)𝑇

2
(5)

is given by the following expression: 

∗
𝜏 =

⎡

⎢

⎢

⎢

⎢

𝜇∞ +
𝜇0 − 𝜇∞

1 +
∗
𝜏
2

∗ 2

⎤

⎥

⎥

⎥

⎥

∗
𝑒 , (6)
⎣ 2𝜏0 ⎦

3 
where 𝜇0 and 𝜇∞ represent the zero shear and upper Newtonian limit-
ing viscosities, respectively, ∗𝜏0 is the reference shear stress. We remark 
that ∗

𝜏0
2
, ∗𝜏

2
 are the respective tensor contractions, operation which, 

for a general bi-dimensional tensor 𝜏, is given by 𝜏2 = 𝜏 ∶ 𝜏 =
∑2
𝑘=1

∑2
𝑙=1 𝜏𝑘𝑙𝜏𝑙𝑘. As to the temperature, its distribution is given by the 

equation: 

𝐷
∗
𝑇

𝐷
∗
𝑡
= 𝛼∇2

∗
𝑇 (7)

Let 𝛺 to represent the cavity domain represented in Fig.  1. We denote 
the boundary of 𝛺 by 𝜕𝛺 = 𝛤𝐿 ∪ 𝛤𝐵 ∪ 𝛤𝑈 ∪ 𝛤𝑅, which is composed 
by the left vertical wall (𝛤𝐿), the bottom permeable wall (𝛤𝐵), the 
upper permeable wall (𝛤𝑈 ), and the right open-end (𝛤𝑅), respectively. 
The coupled system of Eqs. (1)–(7) is supplemented with the boundary 
conditions: 
⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

∗
𝑢 =

∗
𝑣 = 0,

∗
𝑇 = 𝑇𝐻  on 𝛤𝐿

∗
𝑢 = 0,

∗
𝑣 = 𝑉0,

∗
𝑇 = 𝑇𝑐  on 𝛤𝐵

∗
𝐂 ⋅ 𝑛 = 0, ∇

∗
𝑇 ⋅ 𝑛 = 0  on 𝛤𝑅

∗
𝑢 = 0,

∗
𝑣 = −𝑉0,

∗
𝑇 = 𝑇𝑐  on 𝛤𝑈

(8)

and initial conditions
∗
𝑢 = 0,

∗
𝑣 = 0,

∗
𝑇 = 0  at 

∗
𝑡 = 0.

For the purpose of non-dimensionalization of the equations, we 
introduce the following new variables as a linear combination of the 
original variables: 
⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑢 =
∗
𝑢
𝑉0
, 𝑣 =

∗
𝑣
𝑉0
, 𝑥 =

∗
𝑥
𝐻 , 𝑦 =

∗
𝑦
𝐻 , 𝑡 =

𝑉0
∗
𝑡

𝐻 ,

𝑇 =
∗
𝑇−𝑇𝑐
𝑇𝐻−𝑇𝑐

, 𝑝 =
∗
𝑝
𝜌𝑉 2

0
, 𝜏 = 𝐻

∗
𝜏

𝑉0𝜇∞
, 𝜏0 =

𝐻
∗
𝜏0

𝑉0𝜇∞
.

(9)

as well as the dimensionless parameters 
⎧

⎪

⎨

⎪

⎩

𝑅𝑒 = 𝜌𝑉0𝐻
𝜇∞

, 𝑃 𝑟 = 𝜇∞
𝜌𝛼 ,

𝑅𝑎 = 𝒈𝛽𝑇 𝜌(𝑇𝐻−𝑇𝑐 )𝐻3

𝜇∞𝛼
, 𝐺𝑟 = 𝑅𝑎

𝑃𝑟 .
(10)

In this context, 𝑅𝑒 denotes the Reynolds number, representing 
the ratio of inertial forces to viscous forces, whereas 𝑃𝑟, the Prandtl 
number, reflects the relative influence of momentum diffusivity to heat 
diffusivity. The Rayleigh number 𝑅𝑎 characterizes buoyancy-driven 
flow by balancing thermal expansion forces with viscous forces. The 
Grashof number 𝐺𝑟, defined as the ratio of 𝑅𝑎 to 𝑃𝑟, indicates the 
impact of buoyant forces in comparison to momentum diffusivity, 
emphasizing the intensity of natural convection. Collectively, these 
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parameters establish a thorough framework for examining the interplay 
between fluid dynamics and thermal transfer processes.

Using these dimensionless variables and parameters, the governing 
system of equations reduces to: 
𝜕𝑢
𝜕𝑥

+ 𝜕𝑣
𝜕𝑦

= 0, (11)

𝜕𝑢
𝜕𝑡

+ 𝑢 𝜕𝑢
𝜕𝑥

+ 𝑣 𝜕𝑢
𝜕𝑦

= −
𝜕𝑝
𝜕𝑥

+ 1
𝑅𝑒

(

𝜕𝜏𝑥𝑥
𝜕𝑥

+
𝜕𝜏𝑥𝑦
𝜕𝑦

)

(12)

𝜕𝑣
𝜕𝑡

+ 𝑢 𝜕𝑣
𝜕𝑥

+ 𝑣 𝜕𝑣
𝜕𝑦

= −
𝜕𝑝
𝜕𝑦

+ 1
𝑅𝑒

( 𝜕𝜏𝑦𝑥
𝜕𝑥

+
𝜕𝜏𝑦𝑦
𝜕𝑦

)

+ 𝐺𝑟
𝑅𝑒2

𝑇 (13)

𝜕𝑇
𝜕𝑡

+ 𝑢 𝜕𝑇
𝜕𝑥

+ 𝑣 𝜕𝑇
𝜕𝑦

= 1
𝑃𝑟𝑅𝑒

(

𝜕2𝑇
𝜕𝑥2

+ 𝜕2𝑇
𝜕𝑦2

)

(14)

Finally, the dimensionless boundary conditions, associated with the 
system (11)–(14) are: 
⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑢 = 0, 𝑣 = 0, 𝑇 = 1, at 𝑥 = 0

𝐂 ⋅ 𝑛 = 0,∇𝑇 ⋅ 𝑛 = 0, at 𝑥 = 𝐴

𝑢 = 0, 𝑣 = 𝑠, 𝑇 = 0, at 𝑦 = 0

𝑢 = 0, 𝑣 = −𝑠, 𝑇 = 0, at 𝑦 = 1

(15)

where 𝐴 = 𝐿
𝐻  is the length of the cavity and 𝑠 represents the suc-

tion/blowing parameter.
Let us now remark that, from (4) and (9) we have: 

𝜏2 =
2
∑

𝑘=1

2
∑

𝑙=1
𝜏𝑘𝑙𝜏𝑙𝑘 = 𝜏2𝑥𝑥 + 2𝜏2𝑥𝑦 + 𝜏

2
𝑦𝑦, (16)

where we used the symmetry of the stress: 𝜏𝑥𝑦 = 𝜏𝑦𝑥. Similarly, from 
(5), we see that 𝑒(𝑢) is given by 

𝑒𝑥𝑥 = 𝜕𝑢
𝜕𝑥
, 𝑒𝑦𝑦 =

𝜕𝑣
𝜕𝑦
, 𝑒𝑥𝑦 =

1
2

(

𝜕𝑢
𝜕𝑦

+ 𝜕𝑣
𝜕𝑥

)

. (17)

Therefore, using Eq. (6), we obtain the dimensionless form of the 
components of the stress: 

𝜏𝑥𝑥 =

⎡

⎢

⎢

⎢

⎣

1 + 𝜆 − 1

1 +
(

1
2𝜏02

)(

𝜏2𝑥𝑥 + 2𝜏2𝑥𝑦 + 𝜏2𝑦𝑦
)

⎤

⎥

⎥

⎥

⎦

𝜕𝑢
𝜕𝑥

(18)

𝜏𝑦𝑦 =

⎡

⎢

⎢

⎢

⎣

1 + 𝜆 − 1

1 +
(

1
2𝜏02

)(

𝜏2𝑥𝑥 + 2𝜏2𝑥𝑦 + 𝜏2𝑦𝑦
)

⎤

⎥

⎥

⎥

⎦

𝜕𝑣
𝜕𝑦

(19)

𝜏𝑥𝑦 =
1
2

⎡

⎢

⎢

⎢

⎣

1 + 𝜆 − 1

1 +
(

1
2𝜏02

)(

𝜏2𝑥𝑥 + 2𝜏2𝑥𝑦 + 𝜏2𝑦𝑦
)

⎤

⎥

⎥

⎥

⎦

(

𝜕𝑢
𝜕𝑦

+ 𝜕𝑣
𝜕𝑥

)

, (20)

We are also interested in capturing the Newtonian and non-Newto-
nian behaviors of the model and, for this purpose, we consider 𝜏 =
𝜇(𝜏2)𝑒(𝑢) with the viscosity parametrized by 

𝜇(𝜏2) =

⎡

⎢

⎢

⎢

⎣

1 + 𝜆 − 1

1 +
(

𝜏2
2𝛽2

)

⎤

⎥

⎥

⎥

⎦

(21)

where

𝛽 =
√

𝜏20 , 𝛽 > 0.

Having 𝜇(.) parametrized by 𝜆 and 𝛽 will allow us to easily distin-
guish between Newtonian (for instance for 𝜆 = 1, or for both very small 
or very large values of 𝛽) and different non-Newtonian rheologies such 
as shear-thinning, for 𝜆 > 1, and shear-thickening, for 𝜆 < 1.

Fig.  2 illustrates the RPP model’s correlation between apparent 
viscosity and shear stress as a function of shear rate. The results show 
4 
substantial shear-thinning behavior, with viscosity decreasing as shear 
rate increases. This behavior is consistent with experimental observed 
trends for a wide range of non-Newtonian fluids, including polymer 
melts, blood, and biofluids. As the shear rate increases, the model 
exhibits a strong shear-thickening response, showing an increase in 
apparent viscosity proportional to the deformation rate, similar to the 
behavior of concentrated suspensions and certain polymeric solutions. 
The model predicts a quasi-Newtonian plateau at low shear rates, while 
the viscosity asymptotically approaches a constant value at high shear 
rates, reflecting a physically anticipated transition as demonstrated 
by rheometric measurements. These characteristics indicate that the 
RPP model accurately depicts the shear-dependent features and nonlin-
ear rheological response that are frequently observed in experimental 
investigations [39–41].

For a better understanding of the fluid velocity behavior of the fluid 
we will also consider and analyze the well known stream-function 𝜓 , 
which adheres to the Poisson equation:
∇2𝜓 + 𝜔 = 0,

where ∇2 represents the Laplacian operator, and the term 𝜔 in this 
equation is the vorticity, which is defined as:

𝜔 = 𝜕𝑣
𝜕𝑥

− 𝜕𝑢
𝜕𝑦
.

The velocity components 𝑢 and 𝑣 are associated with the stream func-
tion 𝜓 through:

𝑢 =
𝜕𝜓
𝜕𝑦

and 𝑣 = −
𝜕𝜓
𝜕𝑥
.

3. Numerical approach and code validation

To find the solution of the model described by the coupled nonlinear 
system of PDE’s (11)–(14) we need to rely on numerical methods. Here, 
we adopt an implicit time discretization with a semi-implicit treatment 
of the convective terms in Eqs. (12)–(14). In this analysis, we consider 
the time interval 𝐼𝑡 = (0, 𝑡𝑓 ) and partition it into discrete sub-intervals, 
or time steps, represented by 𝐼𝑚 = (𝑡𝑚, 𝑡𝑚+1) for 𝑚 = 0, 1,… , 𝑁 . Each 
sub-interval has a constant duration as specified by 𝑡𝑚+1 − 𝑡𝑚 = 𝛥𝑡. This 
technique divides the space-time domain 𝐼𝑡 ×𝛺 into several time slabs 
𝐼𝑚 × 𝛺. For each time slab, we assume that the solution at 𝑡 = 𝑡𝑚 is 
known, allowing us to compute the solution at the next time 𝑡 = 𝑡𝑚+1. 
This assumption holds true because the approximate solution at 𝑡 = 0 is 
established based on the initial data. We are then left with a sequence 
of space-dependent problems to solve.

To discretize in space, we will consider approximated solutions of 
the corresponding weak formulation, searched in certain finite element 
spaces, which we will briefly describe in the following. Consider 𝛺 ⊂
R2 to be a bounded two-dimensional domain which can be exactly 
described with a triangulation, denoted by 𝛺𝜅 , which divides 𝛺 into 
smaller, non-overlapping triangles. Mathematically, the triangulation 
𝛺𝜅 is a collection of triangles 𝐾 such that:
⋃

𝐾∈𝛺𝜅

𝐾 = 𝛺 .

This means that the union of all triangles 𝐾 in the triangulation 𝛺𝜅
exactly covers the entire domain 𝛺. Additionally, it is essential that any 
two triangles in the triangulation do not overlap. Formally, for any two 
distinct triangles 𝐾𝑖 and 𝐾𝑗 in 𝛺𝜅 :

𝐾𝑖 ∩𝐾𝑗 = ∅ for 𝑖 ≠ 𝑗 .

This ensures that the intersection of any two different triangles is 
empty, meaning that they share no common interior points. In addition, 
𝛺𝜅 must be a regular triangulation, in the sense that each triangle 
should not be too stretched (see [42] for more details). We are now 
in conditions to define the finite element spaces. 
𝑉 =

{

𝐮 ∈ 𝐻1(𝛺) ∩ 𝐶(𝛺̄) ∣ ∀𝐾 ∈ 𝛺 , 𝐮 ∣ ∈ 𝑃
}

(22)
ℎ 𝜅 𝐾 2
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Fig. 2. Rheological behavior of the RPP model showing the dependence of apparent viscosity (left) and shear stress (right) on shear rate.
𝑄ℎ =
{

𝑝 ∈ 𝐿2(𝛺) ∣ ∀𝐾 ∈ 𝛺𝜅 , 𝑝 ∣𝐾∈ 𝑃1
}

(23)

and 𝐕ℎ = 𝑉ℎ × 𝑉ℎ where the Sobolev space 𝐻1(𝛺) is defined as: 

𝐻1(𝛺) =
{

𝑢 ∈ 𝐿2(𝛺) ∣ 𝜕𝑢
𝜕𝑥𝑖

∈ 𝐿2(𝛺) for 𝑖 = 1, 2
}

, (24)

and 𝑃1 and 𝑃2 are the spaces of polynomials of degrees 1 and 2, 
respectively. Additionally, we define the subspace 
𝑉ℎ,0 =

{

𝐮 ∈ 𝑉ℎ ∣ 𝐮 = 0  on 𝛤𝐿 ∪ 𝛤𝐵 ∪ 𝛤𝑈
}

(25)

and 𝐕ℎ,0 = 𝑉ℎ,0 × 𝑉ℎ,0.
Then, for each 𝑘 ∈ 0, 1,… , 𝑁 , assuming (𝐮𝑘, 𝑝𝑘, 𝑇 𝑘) known, we 

look for (𝐮𝑘+1, 𝑝𝑘+1, 𝑇 𝑘+1) ∈ 𝐕ℎ × 𝑄ℎ × 𝑉ℎ solution of the following 
approximated weak formulation of system (11)–(14): 

∫𝛺

[

𝐮𝑘+1 − 𝐮𝑘
𝛥𝑡

⋅ 𝑣 + (𝐮𝑘 ⋅ ∇)𝐮𝑘+1 ⋅ 𝑣

+ 1
𝑅𝑒

[

𝜇
(

𝑒2(𝐮𝑘)
)

𝑒(𝐮𝑘+1) ∶ ∇𝑣 − 𝑝(∇ ⋅ 𝑣)
]

− 𝐺𝑟
𝑅𝑒2

𝑇 𝑘+1𝑣
]

𝑑𝑥 = 0,

∀𝑣 ∈ 𝐕ℎ,0

(26)

∫𝛺

[

𝑇 𝑘+1 − 𝑇 𝑘
𝛥𝑡

𝜙̄ + (𝐮𝑘 ⋅ ∇)𝑇 𝑘+1𝜙̄ + 1
𝑃𝑟𝑅𝑒

(

∇𝑇 𝑘+1 ⋅ ∇𝜙̄
)

]

𝑑𝑥 = 0,

∀𝜙̄ ∈ 𝑉ℎ,0

(27)

∫𝛺
(∇ ⋅ 𝐮𝑘+1)𝑞 𝑑𝑥 = 0, ∀𝑞 ∈ 𝑄ℎ (28)

with boundary conditions 
⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑢𝑘+1 = 𝑣𝑘+1 = 0, 𝑇 𝑘+1 = 1  on 𝛤𝐿
𝑢𝑘+1 = 0, 𝑣𝑘+1 = 𝑉0, 𝑇 𝑘+1 = 0  on 𝛤𝐵
𝑢𝑘+1 = 0, 𝑣𝑘+1 = −𝑉0, 𝑇 𝑘+1 = 0  on 𝛤𝑈

. (29)

We remark that, for simplicity, we have discretized 𝜏 = 𝜇(𝜏2)𝑒(𝑢)
explicitly as 𝜇 (𝑒2(𝐮𝑘)) 𝑒(𝐮𝑘+1).

Since 𝑉ℎ, 𝐕ℎ and 𝑄ℎ are finite dimensional spaces, it turns out that 
solving the system (26)–(29) is equivalent to solve a finite dimensional 
linear system with large dimension. We refer to [43] for more details 
about the finite element discretization of coupled systems of PDE’s.

To implement the solution of (26)–(29) FreeFEM++ [44] was used. 
To test the implementation we performed an analysis of the conver-
gence of the solution with respect to mesh refinement. Since we do 
not have an exact to solution, we considered, as a reference solution, 
the solution obtained on a fine mesh with 193 × 65 vertices, which 
corresponds to 49665 degrees of freedom (DOFs) for 𝑃2 approximations 
(velocity and temperature) and to 12545 DOFs for a 𝑃1 approximation 
(pressure).

Once we obtain the reference solution, we then compute the same 
variables on a coarser mesh using reduced degrees of freedom. The 
5 
Table 1
Relative Errors against 𝑃2 and 𝑃1 Degrees of Freedom.
 𝑃2 DOFs/𝑃1 DOFs Relative Errors
 𝑢(𝑃2) 𝑣(𝑃2) 𝜓(𝑃1) 𝑝(𝑃1) 𝑇 (𝑃2)  
 133/40 0.14738 1.57872 0.11794 0.18944 2.08239 
 363/102 0.01397 0.12414 0.05850 0.02137 0.23001 
 2133/560 0.00285 0.01381 0.00712 0.00994 0.05232 
 6721/1728 0.00139 0.00660 0.00219 0.00798 0.02282 
 11907/3040 0.00109 0.00550 0.00116 0.00683 0.01482 
 21505/5461 0.00081 0.00427 0.00062 0.00566 0.00738 

objective is to quantify the relative errors for each variable between 
the coarse and fine mesh solutions. To determine the global error mag-
nitude for each variable, these relative errors are calculated using the 
𝐿2 norm. For instance, the relative error between the first component 
of the velocity 𝑢 obtained for a coarse mesh and the reference one is 
given by:

Relative Error = ‖𝑢fine − 𝑢coarse‖𝐿2

‖𝑢fine‖𝐿2

where ‖𝑢‖𝐿2  is the 𝐿2-norm. Similarly, we obtained the relative errors 
for the variables 𝑣, 𝜓 , 𝑝 and 𝑇 .

The results obtained at 𝑡 = 3 are shown in Table  1. Convergence is 
observed for all the variables under analysis.

For numerical computations, we employ a mesh of 193 × 65 vertices 
as illustrated in Fig.  3, with a time step of 0.01 and continuing until 
reached steady state. This choice is supported by the fact that there 
is sufficient precision when the variations in values at different mesh 
points become insignificant. We further tested the implementation 
using mesh refinement tests at various time steps, verifying the results’ 
convergence and consistency. To verify the accuracy of the employed 
numerical method, simulations of the classical two-dimensional lid-
driven cavity flow were conducted for Reynolds number 𝑅𝑒 = 1000. 
This benchmark problem uses as a standard test for validating incom-
pressible Navier–Stokes solvers, given the availability of high-accuracy 
reference solutions. The horizontal and vertical velocity profiles calcu-
lated along the cavity centerlines (Fig.  4) were compared with bench-
mark data from Ghia et al. [45], Mustafa [46], and other established 
results [47,48]. The strong alignment between the current findings 
and the reference data validates the robustness and reliability of the 
numerical scheme employed.

To further reinforce the validity of the present numerical implemen-
tation, the solver was subsequently applied to the mixed convection 
(buoyancy-assisted) lid-driven cavity problem. While Fig.  4 already 
demonstrates strong agreement between the present velocity profiles 
and the benchmark data of Ghia et al. [45] for the classical lid-driven 
cavity at Re = 1000, the additional comparisons in Tables  2 and 3 
extend this verification to thermally driven flows. Specifically, the 
computed extrema of the horizontal and vertical velocity components 
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Fig. 3. The fine mesh contains 24 576 triangular elements and 12 545 vertices, while the coarse mesh consists of 384 triangular elements and 225 vertices.
Fig. 4. Comparison of velocity profiles between the present study and the benchmark results of Ghia et al. [45]: (left) Horizontal velocity (𝑢) along the vertical 
centerline at Re = 1000; (right) Vertical velocity (𝑣) along the horizontal centerline at Re = 1000.
Table 2
Comparison of the computed minimum and maximum horizontal and vertical velocities in the lid-driven cavity 
with published results for 𝐺𝑟 = 100, and 𝜆 = 1.
 Present results Waheed [49] Abdelkhaleq [50] Khanafer & Chamkha [51] Iwatsu et al. [52] 
 𝑅𝑒 = 100

 𝑢min −0.212478 −0.21198 −0.2147 −0.2122 −0.2037  
 𝑢max 1.00000 1.00000 1.0000 1.0000 1.0000  
 𝑣min −0.248271 −0.251027 −0.2485 −0.2506 −0.2448  
 𝑣max 0.176100 0.177125 0.1703 0.1765 0.1699  
Table 3
Comparison of the computed minimum and maximum horizontal and vertical velocities in the lid-driven cavity 
with published results for 𝐺𝑟 = 100, and 𝜆 = 1.
 Present results Waheed [49] Abdelkhaleq [50] Khanafer & Chamkha [51] Iwatsu et al. [52] 
 𝑅𝑒 = 400

 𝑢min −0.325838 −0.31871 −0.3104 −0.3099 −0.3179  
 𝑢max 1.00000 1.00000 1.0000 1.0000 1.0000  
 𝑣min −0.448576 −0.441064 −0.4435 −0.4363 −0.4459  
 𝑣max 0.299972 0.294505 0.2903 0.2866 0.2955  
at 𝑅𝑒 = 100 and 𝑅𝑒 = 400 exhibit excellent agreement with the estab-
lished results reported by Waheed [49], Abdelkhaleq [50], Khanafer 
and Chamkha [51], and Iwatsu et al. [52]. This close correspondence 
confirms the solver’s robustness and accuracy not only for purely forced 
convection but also for buoyancy-influenced mixed convection regimes. 
The consistency of these results across both benchmark problems vali-
dates the reliability of the adopted numerical approach for simulating 
incompressible non-Newtonian and thermally driven flows.

3.1. Validation against benchmark power-law model

To validate the proposed RPP formulation for non-Newtonian be-
havior, we compared our results with benchmark lid-driven cavity 
studies for generalized Newtonian (power-law) fluids available in the 
literature. In particular, the velocity distributions along the horizon-
tal and vertical centerlines were compared with those reported by 
Neofytou [53] and Bell et al. [54].
6 
Although the constitutive laws differ (RPP versus power-law), both 
models exhibit comparable rheological characteristics under shear: for 
𝜆 > 1, the RPP fluid displays shear-thinning behavior similar to a 
power-law fluid with 𝑛 < 1, while 𝜆 < 1 corresponds to shear-thickening 
behavior analogous to 𝑛 > 1.

Fig.  5 presents the velocity components 𝑢(𝑦) (left) and 𝑣(𝑥) (right) 
along the vertical and horizontal centerlines, respectively. The RPP 
results reproduce the same qualitative and quantitative trends as those 
in the benchmark power-law studies capturing the expected varia-
tions in velocity magnitude and flow structure. This agreement con-
firms the physical consistency and reliability of the present numerical 
formulation for non-Newtonian flow regimes.

4. Results and discussion

This section initially focuses on the viscosity characteristics of the 
model prior to its integration into the complete coupled system. Doing 
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Fig. 5. Validation of the RPP model against power-law benchmarks: centerline velocity profiles showing consistent shear-thinning (𝜆 > 1) and shear-thickening 
(𝜆 < 1) behavior.
Fig. 6. Dependence of the viscosity 𝜇 on the shear rate 𝛾 for various values of the shear-thinning and shear-thickening parameter 𝜆. The plot on the left corresponds 
to 𝑥 = 0.5, the plot on the right corresponds to 𝑦 = 0.5.
so will enable us to thoroughly examine the impact of viscosity be-
havior and its influence on the model’s dynamics prior to coupling the 
system. Secondly, we study the model’s Newtonian response at low and 
high reference shear stresses, providing a thorough understanding of its 
behavior in a range of flow conditions. We then couple the system and 
investigate the impact of buoyancy and thermal effects on temperature, 
velocity, and viscosity profiles. Finally, we concentrate on the behavior 
of the local and average Nusselt numbers, which reveal details about 
the system’s overall heat transport characteristics.

4.1. Viscosity based analysis

We start by presenting the results for the solution of (11)–(13) 
without considering the coupling with the temperature variable. Fig. 
6 illustrates the spatial variation in viscosity 𝜇 as a function of shear 
rate 𝛾 along the cavity centerlines 𝑥 = 0.5 and 𝑦 = 0.5 for different RPP 
parameter values 𝜆, demonstrating shear-thinning (𝜆 = 1.5), Newtonian 
(𝜆 = 1), and shear-thickening (𝜆 = 0.5) tendencies. These plots illustrate 
that an increase in shear rate results in decreased viscosities for shear-
thinning fluids and increased viscosities for shear-thickening fluids, 
consistent with the expected rheological behavior shown in Fig.  2.

To better analyze the rheological behavior of the RPP model at both 
the bottom and top walls, we define the mean skin friction coefficient 
as a measure of the average nondimensional wall shear stress along the 
wall surface. The local skin friction coefficient is given by 

𝑐𝑓 (𝑥) =
2 𝜏𝑥𝑦
𝑉 2
0

=
2𝜇(𝜏2)
𝑅𝑒

(

𝜕𝑢
𝜕𝑦

+ 𝜕𝑣
𝜕𝑥

)

𝑦=𝑦0 ,𝑦1
, (30)

where 𝑦 = 𝑦0, 𝑦1 corresponds to bottom and top walls respectively. The 
mean skin friction coefficient is then defined as the spatial average of 
7 
𝑐𝑓 (𝑥) along the wall segment [𝑥0 = 0, 𝑥1 = 3]: 

𝑐𝐹 = 1
𝑥1 − 𝑥0 ∫

𝑥1

𝑥0
𝑐𝑓 (𝑥) 𝑑𝑥. (31)

As depicted in Fig.  7, the variation of the skin friction coefficient 
clearly reflects the influence of non-Newtonian rheology governed 
by the RPP model. The fluid exhibits shear-thinning behavior, which 
reduces the local viscosity near the wall and consequently enhances 
the velocity gradient. This effect results in higher wall shear stress and, 
therefore, a larger magnitude of the skin friction coefficient. In contrast, 
for shear-thickening fluids, the viscosity increases under shear, making 
the flow near the wall less steep, which in turn reduces the skin-friction 
coefficient. The observed trend |𝑐𝐹 |𝜆>1 > |𝑐𝐹 |𝜆=1 > |𝑐𝐹 |𝜆<1 is thus 
physically consistent with the expected rheological characteristics of 
the RPP model.

In Fig.  8, we show the velocity and viscosity profiles obtained under 
the shear-thickening (or dilatant), the shear-thinning (or pseudoplastic) 
and the Newtonian assumptions. These assumptions were modeled by 
choosing 𝜆 < 1, 𝜆 > 1 and 𝜆 = 1, respectively. Here it is essential to note 
that 𝑈 =

√

𝑢2 + 𝑣2 represents the magnitude of the velocity vector.
On the first two rows of Fig.  8, we depict the effect of suction (𝑠 = 1) 

through the permeable walls both for the shear-thickening regime (left 
column, 𝜆 = 0.05) and for the shear-thinning regime (right column, 
𝜆 = 5). The shear-thickening behavior refers to a non-Newtonian fluid 
response where the viscosity of the fluid increases as the rate of shear 
within the rectangular cavity increases. As we can see in the viscosity 
representation, the increase of this quantity is more pronounced near 
the walls of the cavity due to the velocity gradient, causing the fluid to 
resist flow more in these regions compared to the center of the cavity. 
From the analysis of thinning behavior in the rectangular cavity as 
shown in Fig.  8 (second column), it is observed that the viscosity of 
the fluid is minimum (the red color representation) where the velocity 
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Fig. 7. Mean skin friction coefficient (𝑐𝐹 ) at the top (left) and bottom (right) walls.
gradient is steeper (right half of the domain) due to the shear-thinning 
nature of the fluid.

On third and fourth rows of Fig.  8, we depicted the results for 
the blowing scenario (𝑠 = −1). As we can see for the case of shear-
thickening, again the increased viscosity is comparatively more pro-
nounced near the upper and bottom walls of the cavity than at the 
center of the cavity. We can see that the velocity magnitude tend to 
be higher near the walls, when compared to the case when 𝑠 = 1, 
especially closer to the open-end wall. Globally, the viscosity has lower 
values for the blowing case. On the other hand, for the shear-thinning 
scenario (right column) it is observed that the viscosity is lower (the 
red color representation) where the velocity gradient is steeper due to 
the shear-thinning nature of the fluid. Besides, the viscosity is globally 
higher, for the blowing configuration, when compared to the suction 
case (𝑠 = 1).

In the last two rows of Fig.  8, we represent the results for 𝜆 = 1, 
for 𝑠 = −1, on the left and 𝑠 = 1, on the right. The velocity of the 
fluid at the horizontal surfaces is maximum and least near the middle 
of the cavity (𝑦 = 0.5), depending on the porous surfaces. Furthermore, 
it should be noted that the fluid’s velocity increases as it moves from 
the left wall (𝑥 = 0) to the right open-end wall (𝑥 = 3) of the cavity 
due to the push from the preceding particles. In terms of viscosity, it 
remains constant regardless of the rate of shear applied to the fluid in 
the cavity realm and precisely represents Newtonian behavior. This is 
in accordance with our remark following Eq. (21).

4.2. Two Newtonian extremes

As mentioned in Section 2, extreme values of 𝛽 in the expression 
(21) will correspond to different Newtonian rheologies. To capture 
these scenarios using the numerical approach ((26), (28)) we cannot 
use the expression (21) for 𝜇 in (26), as we would need to compute 
divisions by very small numbers for both large and small values of 
𝛽. Therefore, we adopt the Kapur and Gupta [9] approach, where the 
quantities in Eq.  (32) below be denoted by 𝜂0 and 𝜂∞. However, for 
analysis purposes, both these quantities are represented by 𝜂. Thus, 
for very small reference 𝜏0, and using a Taylor expansion around 𝜏2

2𝜏20
and neglecting higher-order terms, 𝜇 can be approximated by 𝜇(𝜏2) ≈
1 +

2(𝜆−1)𝜏20
𝜏2

. Similarly, for large reference stresses, the approximation 
𝜇(𝜏2) ≈ 1 + (𝜆−1)𝜏2

2𝜏20
 can be obtained. Therefore, for the simulations 

corresponding to 𝛽 → 0 and 𝛽 → ∞ we consider, in (26), 𝜇 given by 

𝜇(𝜏2) = 𝜂 =

⎧

⎪

⎨

⎪

⎩

1 + 2(𝜆−1)𝛽2

𝜏2
if 𝛽 ≪ 1,

1 + (𝜆−1)𝜏2

2𝛽2 if 𝛽 ≫ 1
(32)

In Fig.  9, we represent the viscosity for the results obtained for 
𝛽 = 1𝑒−3 to represent the case when 𝛽 → 0 (top row), and for 𝛽 = 1𝑒6
8 
to represent the case when 𝛽 → ∞ (bottom row). On the first column 
we can see the shear-thickening solution while the shear-thinning is 
represented on the second column. As we can see, the viscosity is nearly 
constant for all the cases.

Thus this model provides a thorough explanation of the fluid’s 
response across all reference shear stress regimes, emphasizing the tran-
sition from Newtonian to non-Newtonian between the two extremes 
(the first four rows of Fig.  8) and then back to Newtonian like case 
at the two extremes (Fig.  9).

4.3. Coupled thermal analysis

Now, we address the fully coupled model, Eqs. (26)–(29), in or-
der to investigate the influence of the relevant parameters. At first, 
we observed the velocity profiles and the isotherms at various time 
intervals. We aimed to investigate the impact of shear-thickening and 
thinning on thermal behavior and fluid flow. As we will see, significant 
changes along the time interval [0,3] can be observed, until a steady 
state is achieved. The latter can be appreciated for the representations 
corresponding to 𝑡 = 3. In Fig.  10, we illustrate how the flow dynamics 
and heat transfer characteristics associated with shear-thickening and 
shear-thinning are distinctly revealed by the influence of suction along 
the top and bottom walls of the cavity.

Although not immediately apparent, a closer observation reveals 
distinct variations in both the velocity and temperature fields. In order 
to appreciate such differences, we have quantified these in the third 
column. As it can be observed, the differences are quite significant for 
initial times (𝑡 = 0.5) and become less prominent when reaching the 
steady-state (𝑡 = 3). We observed that for the suction scenario, the 
fluid flows toward the right wall of the cavity as a whole and the heat 
diffusion near the heated wall is more pronounced. We also observed 
that in the lower part of the cavity, fluid particles initially rise due to 
heat flux and then slightly descend toward the right open-end.

In Fig.  11, we depict the same type of results for the blowing 
scenario. Again we observe some differences between shear-thickening 
and shear-thinning cases. In terms of viscosity, these differences be-
come less prominent when time advances. We observe that the fluid 
tends to flow toward the left wall of the cavity and that the heat 
distribution near the heated wall (left wall) is less pronounced than 
in the case of suction. We also observed that in the upper part of the 
cavity, fluid particles initially rise due to heat flux at the wall and then 
slightly less descend toward the right open-end. In the subsequent
figures, we give a single parametric analysis for the sake of simplicity 
and clarity in the discussion. We specifically vary the parameters 𝐺𝑟
and 𝑅𝑒 for suction and blowing scenarios while keeping 𝜆, 𝛽, and 𝑃𝑟
fixed.

In Fig.  12, we illustrate the impact of 𝐺𝑟 on velocity, viscosity, 
and isotherms in the presence of suction (𝑠 = 1). The Grashof number 
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Fig. 8. Combined velocity field, velocity vectors, and viscosity profiles for varying 𝜆 and 𝑠, with fixed 𝛽 = 2, 𝑅𝑒 = 10, and 𝑡 = 3.
measures the relative strength of buoyancy forces compared to vis-
cous forces in a fluid. As 𝐺𝑟 increases, buoyancy forces become more 
dominant over viscous forces, intensifying natural convection currents. 
Consequently, the velocity of the fluid increases with higher 𝐺𝑟, driven 
by larger temperature differences or reduced viscosity, which enhance 
buoyancy-driven flow. From Fig.  12 (first row), it is evident that as 𝐺𝑟
increases, the fluid velocity within the cavity rises significantly. The 
second row of Fig.  12 highlights the effects of viscosity, which are influ-
enced by the interaction between shear rates and flow dynamics. These 
effects become more prominent in regions where buoyancy-driven flow 
is stronger. Additionally, the temperature difference created by the 
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heated wall of the cavity generates pronounced upward motion of the 
fluid, as observed in the isotherms (third row). The enhanced buoyancy 
forces further strengthen convection currents, facilitating the upward 
transport of fluid particles and reinforcing the overall flow dynamics 
shown in the first and third rows of Fig.  12.

Similarly, when blowing (𝑠 = −1) occurs alongside increasing 𝐺𝑟, as 
shown in Fig.  13, the combined influence of dominant buoyancy forces 
and fluid blowing leads to more pronounced flow behavior near the 
cavity’s upper horizontal wall. The velocity in these regions increases 
significantly due to the upward momentum generated by the synergistic 
effects of buoyancy and blowing. Additionally, as depicted in Fig. 
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Fig. 9. A nearly Newtonian behavior at the two extremes.
Fig. 10. Combined velocity field, velocity vectors, and isotherms at several time steps for varying 𝜆, with fixed 𝛽 = 2, 𝑃𝑟 = 7 and 𝑅𝑒 = 10.
13 (first and second rows), the viscosity increases in response to the 
intensified shear forces caused by the stronger flow dynamics.

When the fundamental parameter 𝑅𝑒 increases under strong suc-
tion, inertial forces become more dominant, indicating that the flow 
is increasingly influenced by the convective transport of momentum. 
This yields to a significant increase in velocity magnitude within the 
cavity, as shown in Fig.  14 (first row). The increase in fluid inertia 
causes the fluid particles to move faster, enhancing the overall velocity. 
Additionally, the rise in shear rate leads to a more symmetric viscosity 
distribution across the cavity, as viscous forces diminish in regions with 
strong velocity gradients. This behavior is depicted in Fig.  14 (second 
row). As 𝑅𝑒 increases, the convective terms in the energy equation also 
become more dominant than the diffusive terms, intensifying the con-
vection effect. Consequently, the isotherms become more concentrated 
along the cavity’s centre line (𝑦 = 0.5), as shown in Fig.  14 (third 
row). This phenomenon is attributed to the higher fluid velocity, which 
effectively transports heat towards the centre of the domain.
10 
In contrast, blowing (𝑠 = −1) significantly alters the flow structure. 
At higher 𝑅𝑒, the increased fluid inertia causes the bulk flow to resist 
changes, complicating recirculation patterns and slowing down the 
flow in certain regions, as illustrated in Fig.  15. Furthermore, the 
velocity gradients near the walls result in lower shear rates in specific 
areas, leading to higher effective viscosity. This occurs because the 
fluid exhibits reduced resistance to deformation at lower shear rates, 
as depicted in Fig.  15 (second row). Moreover, at higher 𝑅𝑒, the 
isotherms spread more unevenly under blowing, resulting in a less 
distinct thermal gradient compared to the suction case. This effect is 
evident in Fig.  15 (third row), where the distribution of heat becomes 
more irregular due to the altered flow dynamics.

4.4. Local and average nusselt numbers

Based on industry observations, we define the local Nusselt number 
𝑁𝑢 as an important metric for understanding heat transfer dynamics. 
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Fig. 11. Combined velocity field, velocity vectors, and isotherms at several time steps for varying 𝜆, with fixed 𝛽 = 2, 𝑃𝑟 = 7 and 𝑅𝑒 = 10.
Fig. 12. Combined velocity field, velocity vectors, viscosity and isotherms for varying 𝐺𝑟, with fixed 𝛽 = 2, 𝑃𝑟 = 7, 𝑅𝑒 = 10, and 𝑡 = 3.
This dimensionless heat transfer rate from the left vertical heated 
wall [29], can be stated mathematically as follows: 

𝑁𝑢 = − 𝜕𝑇
𝜕𝑥

|

|

|𝑥=0
, (33)

while the average Nusselt number 𝑁𝑢𝑎𝑣𝑔 is calculated using the for-
mula: 

𝑁𝑢𝑎𝑣𝑔 = ∫

1

0
𝑁𝑢𝑑𝑦 at 𝑥 = 0. (34)

Now we discuss the impact of the involved parameters on these 
metrics. Fig.  16 (top row) illustrates the impact of 𝐺𝑟 on the local 
11 
Nusselt number at the heated wall, particularly in cases involving fluid 
blowing or suction via the permeable surface. The graphical result 
demonstrates that an elevation in 𝐺𝑟 is associated with an enhanced 
intensity of local heat transfer. Furthermore, the heat transmission from 
the left vertical surface exhibits a declining tendency at the bottom and 
an ascending trend toward the top. Comparing the situations of 𝑠 = 1
(suction) and 𝑠 = −1 (blowing), it is clear that the heat transfer rate is 
significantly higher during the blowing than during suction. This
disparity improves as the value of 𝐺𝑟 increases. Fig.  16 (bottom row) 
also illustrates the average Nusselt number for various reference shear 
stresses. As already depicted in Fig.  9, at both low and hight shear 
stresses, nearly Newtonian behavior is observed at the two Newtonian 
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Fig. 13. Combined velocity field, velocity vectors, viscosity and isotherms for varying 𝐺𝑟, with fixed 𝛽 = 2, 𝑃𝑟 = 7, 𝑅𝑒 = 10, and 𝑡 = 3.

Fig. 14. Combined velocity field, velocity vectors, viscosity and isotherms for varying 𝑅𝑒, with fixed 𝛽 = 2, 𝑃𝑟 = 7, 𝐺𝑟 = 1𝑒4, and 𝑡 = 3.

Fig. 15. Combined velocity field, velocity vectors, viscosity and isotherms for varying 𝑅𝑒, with fixed 𝛽 = 2, 𝑃𝑟 = 7, 𝐺𝑟 = 1𝑒4, and 𝑡 = 3.
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Fig. 16. Numerical values of local and average Nusselt numbers at the heated surface for varying 𝐺𝑟 and 𝛽, considering the effects of suction (𝑠 = 1), blowing 
(𝑠 = −1), with fixed 𝜆 = 5, 𝑅𝑒 = 10, 𝑃𝑟 = 7, and 𝑡 = 3.
extremes, as indicated by the limits of 𝛽 → 0 and 𝛽 → ∞, respectively. 
Nonetheless, we see an increasing trend in the average Nusselt number 
for 𝜆 = 5 and 𝑠 = 1 over the range of shear stress values indicating the 
intermediate of non-Newtonian behavior. In a similar manner, when 
𝑠 = −1, Fig.  16 again show Newtonian behavior at both the low and 
high reference shear stresses. This case exhibits an increasing average 
Nusselt number across the spectrum of shear stress values that represent 
non-Newtonian behavior. The average Nusselt number increases with 
the Grashof number for all cases, as evidenced by the results in Tables 
4 and 5. Given the ratio comparisons in Tables  4 and 5, for instance, 
the average Nusselt number is 1.247 times higher than the base value 
(𝐺𝑟 = 1𝑒4) when 𝐺𝑟 = 5𝑒4 and 1.406 times higher than the base 
value when 𝐺𝑟 = 1𝑒5 for 𝑠 = 1 and 𝜆 = 5. The tabulated data also 
confirms that enhanced buoyancy facilitates convective heat transfer. 
Compared to 𝑠 = 1, the configuration with 𝑠 = −1 demonstrates 
a larger relative enhancement and a higher average Nusselt number 
for both values of the RPP parameter 𝜆. This suggests that blowing 
facilitates efficient heat transport and stronger circulation. The results 
highlight that the enhancement of heat transfer in the flow system is 
collectively affected by buoyancy intensity, wall movement, and the 
non-Newtonian rheological parameter 𝜆.

5. Concluding remarks

This study used a semi-implicit scheme in conjunction with finite 
element method to look in detail at the unsteady buoyancy-driven 
flow and heat transfer of a non-Newtonian RPP fluid in an open-ended 
cavity. Our study was mainly about figuring out how shear-thickening 
and shear-thinning affect the movement and temperature of fluids 
under a variety of flow conditions, such as when they are suctioned or 
blown and when Grashof and Reynolds numbers change. The results 
show that non-Newtonian RPP fluid behaves very differently under 
the influence of various flow conditions compared to Newtonian fluid, 
especially when it comes to changes in shear rate and buoyancy forces. 
The main findings of the present investigation are as follows:

• In the presence of suction and absence of temperature variable, 
the increase in viscosity due to shear-thickening was more pro-
nounced near the walls of the cavity because of velocity gradient, 
causing the fluid to resist flow more in these regions compared to 
the center of the cavity. It was also observed that the viscosity of 
the fluid is minimum where the velocity gradient is steeper due 
to the shear-thinning nature of the fluid.
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Table 4
Comparison of average Nusselt number for 𝑠 = ±1 and 𝜆 = 5 at various Grashof 
numbers, with fixed 𝑅𝑒 = 10, 𝛽 = 2, 𝑃𝑟 = 7, and 𝑡 = 3. Percent increase and 
relative ratio are calculated with respect to the baseline case 𝐺𝑟 = 1 × 104.
 𝐺𝑟 𝑠 = 1, 𝜆 = 5 𝑠 = −1, 𝜆 = 5

 𝑁𝑢𝑎𝑣𝑔 Increase (%) Ratio 𝑁𝑢𝑎𝑣𝑔 Increase (%) Ratio  
 1 × 104 14.2575 0.00 1.000 12.9761 0.00 1.000  
 5 × 104 17.7726 24.65 1.247 17.9795 38.56 1.3856 
 1 × 105 20.0490 40.62 1.406 20.6752 59.33 1.593  

Table 5
Comparison of average Nusselt number for 𝑠 = ±1 and 𝜆 = 0.05 at various 
Grashof numbers, with fixed 𝑅𝑒 = 10, 𝛽 = 2, 𝑃𝑟 = 7, and 𝑡 = 3. Percent increase 
and relative ratio are calculated with respect to the baseline case 𝐺𝑟 = 1× 104.
 𝐺𝑟 𝑠 = 1, 𝜆 = 0.05 𝑠 = −1, 𝜆 = 0.05

 𝑁𝑢𝑎𝑣𝑔 Increase (%) Ratio 𝑁𝑢𝑎𝑣𝑔 Increase (%) Ratio  
 1 × 104 14.4503 0.00 1.000 13.0963 0.00 1.000 
 5 × 104 17.8481 23.51 1.235 18.0433 37.77 1.378 
 1 × 105 20.1019 39.11 1.391 20.7201 58.21 1.582 

• Following the same pattern for blowing scenario, we also ob-
served that for the case of shear-thickening, again the increased 
viscosity was comparatively more pronounced near the upper 
and bottom walls of the cavity than at the center of the cavity. 
Also, the velocity magnitude tends to be higher near the walls, 
when compared to the suction case, especially closer to the open-
end wall. On the other hand, it was also observed that the 
viscosity is lower where the velocity gradient is steeper due to 
the shear-thinning nature of the fluid.

• The model also provides a thorough explanation of the fluid’s 
response across all reference shear stress regimes, emphasizing 
the transition from Newtonian to non-Newtonian between and at 
the two extremes.

• We observed the impact of a higher Grashof number on velocity 
profiles, viscosity distributions, and temperature profiles. The 
magnitude of the fluid velocity increased due to higher Grashof 
number. As to the viscosity, the interaction between shear rates 
and flow dynamics became more prominent in regions where 
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buoyancy-driven flow was stronger. Additionally, the temperature 
difference created due to the heated wall generated a pronounced 
upward motion of the fluid that further strengthened convection 
currents, facilitated the upward transport of fluid particles, and 
reinforced the overall flow dynamics. Meanwhile, as Reynolds 
number increased, the impact of convection became more pro-
nounced. This led to more uniform velocity distributions and 
more concentrated isotherms resulting in a less distinct thermal 
gradient compared to the suction case. This observation high-
lighted the dominance of inertial forces over viscous forces with 
high Reynolds numbers.

• Local Nusselt numbers analysis show that blowing fluid through 
the permeable surface results in a higher heat transfer rate than 
suction. Furthermore, the average Nusselt number increases as 
the Grashof number increases, indicating that convective trans-
port is facilitated by stronger buoyancy effects. At 𝐺𝑟 = 1𝑒4, 
the configuration with 𝑠 = 1 yields a higher 𝑁𝑢𝑎𝑣𝑔 than 𝑠 =
−1. However, when 𝐺𝑟 increases, this trend reverses. For both 
𝜆 = 5 and 𝜆 = 0.05, increasing the Grashof number yields an 
even clearer distinction between the two scenarios: while the 
𝑠 = 1 case shows increase of 23–41%, the 𝑠 = −1 case exhibits 
larger enhancements of 38–59% showing that at higher buoyancy 
forces, blowing contributes in stabilizing and strengthening the 
buoyancy-induced circulation, thus enhancing the heat transfer 
rate. These findings are consistent with both the graphical and 
tabular data.

This work offered critical insights into the influence of non-Newto-
nian features on fluid dynamics and heat transfer within an open-
end cavity, highlighting their importance in engineering and industrial 
applications. The results provide a basis for additional investigation 
into the optimization of processes using non-Newtonian fluids. In the 
future research, we plan to broaden the existing analysis to include 
more complex three-dimensional configurations and perform a compar-
ative study of free, forced, and mixed convection regimes. Additionally, 
in order to make the proposed model more applicable to biological 
flow systems and engineering applications, we intend to investigate the 
effects of mixed convection on nanofluids.
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 Nomenclature:
 Symbol Dimension/Unit Meaning  
 ∗
𝑢,

∗
𝑣 m s−1 Velocity in ∗𝑥 and ∗𝑦 directions  

 ∗
𝑥,

∗
𝑦 m Cartesian coordinates  

 
∗
𝑡 s Time  

 
∗
𝑇 ◦C Temperature  

 
∗
𝐶 kg m−1 s−2 Cauchy stress tensor  

 ∗
𝜏 kg m−1 s−2 Deviatoric stress tensor  

 ∗
𝜏0 kg m−1 s−2 Reference shear stress tensor  

 𝜇∞ kg m−1 s−1 Upper Newtonian limiting viscosity  
 𝜇0 kg m−1 s−1 Zero-shear/ lower Newtonian limiting 

viscosity
 

 𝜌 kg m−3 Density  
 𝒈 m s−2 Gravitational acceleration vector  
 𝛽𝑇 K−1 Thermal expansion coefficient  
 ∗
𝑝 kg m−1 s−2 Pressure  

 ∗
𝑒 s−1 Strain-rate  

 𝛼 m2 s−1 Thermal diffusivity  
 𝑉0 m s−1 Transpiration Velocity  
 𝐿 m Width of the cavity  
 𝐻 m Height of the cavity  
 𝑢, 𝑣 – Dimensionless Velocity components  
 𝑥, 𝑦 – Dimensionless Cartesian coordinates  
 𝑡 – Dimensionless time  
 𝑇 – Dimensionless temperature  
 𝐂 – Dimensionless Cauchy stress tensor  
 𝜏 – Dimensionless deviatoric tensor  
 𝐴 – Length of the cavity  
 𝑠 – Suction/ blowing parameter  
 𝜆 – Reiner–Philippoff fluid parameter  
 𝛽 =

√

𝜏20 – Dimensionless reference stress tensor  
 𝐺𝑟 – Grashof number  
 𝑅𝑒 – Reynolds number  
 𝑃𝑟 – Prandtl number  
 𝑅𝑎 – Rayleigh number  
 𝜓 – Dimensionless stream function  
 𝑁𝑢 – Local Nusselt number  
 𝑁𝑢𝑎𝑣𝑔 – Average Nusselt number  
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Data will be made available on request.
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