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ABSTRACT
This paper introduces a novel framework for designing robust filters associated with signal plus noise models having symmetric
observation density. The filters are obtained by a recursion where the innovation term is a transform of the cumulative distri-
bution function of the residuals. The latter downweights extreme values by construction and allows the filters to be analytically
tractable. The updating scheme naturally arises as the solution of an optimization problem, where the objective function is a
continuous version of the quantile check function, formerly employed as a proper scoring function for quantiles and used to
construct robust minimum contrast estimators. Stationarity, ergodicity and invertibility are derived under minimal assumptions
and preserved under different parametric specifications. Estimation is carried out by the method of maximum likelihood and the
asymptotic theory is developed under misspecification. As an illustration, the new filters are applied to brain scan data and com-
pared across Gaussian, Student-t, Cauchy and Logistic density specifications, with alternative methods. Additional results include
a novel class of score-driven models and a subgaussian density suitable for robust filtering and modelling, arising as the infinite
sum of independent non-identically distributed uniform random variables.

1 | Introduction

Filtered estimates based on linear Gaussian state space models
are known to be highly sensitive to outliers affecting the mea-
surement equation, or to misspecification, if the observation
distribution is actually heavy tailed. The score-driven filter
introduced by Harvey and Luati (2014) based on the Student-t
distribution is a robust filter in the sense of Calvet et al. (2015).
Earlier alternative robust Kalman filters have been developed
by Masreliez (1975) and Masreliez and Martin (1977), see also
Schick and Mitter (1994). Maronna et al. (2006, chapter 8) pro-
vide an extensive review of the robust filtering literature, which
is largely based on the seminal contribution by Huber (1964).

This article introduces natural robust filters associated with any
signal plus noise model having a symmetric observation density.
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Symmetry of the distribution is a traditional assumption in the
robust literature (see Huber and Ronchetti 2009, sect. 4). The
filters are obtained as autoregressive recursions with innovations
proportional to a residuals transformation based on the lagged
filtered cumulative distribution function. The latter forms a
sequence of independent and identically distributed uniform
random variables so that, no matter how heavy the tails of
the measurement error are, the signal will always have well
defined moments because extreme values are Winsorized, or
downweighted, by construction.

The innovations characterizing the filters are proportional to the
gradient of the integrated quantile loss function, which has been
employed as a proper scoring function for quantiles and used
to construct robust minimum contrast estimators; see Gneiting
and Raftery (2007) and the discussion in Section 2. The same
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proportionality relation allows the model to be interpreted as a
quasi score-driven model, in the sense of Catania and Luati (2022)
and Blasques et al. (2023). However, when the conditional distri-
bution is Logistic, the model is the same as a score-driven model
(Creal et al. 2013; Harvey 2013).

The stochastic properties of the model are derived under minimal
assumptions and preserved under different parametric specifi-
cations. For a fixed arbitrary initial condition and parameters
consistently estimated by maximum likelihood, the time varying
location parameter is recovered through the filtering procedure.
In the article, we demonstrate that the initial conditions of
the filter recursion are asymptotically irrelevant (invertibility
of the filter, Section 3). Consistency and asymptotic normality
of maximum likelihood estimators are proved, with the Fisher
information matrix available in analytic form. The validity of
the result under different forms of misspecification is demon-
strated. An empirical application on robust signal extraction
from time series of magnetic brain imaging scans illustrates
the effectiveness of the method (Section 4) based on different
density specifications, such as Gaussian, Student-t, Cauchy and
Logistic, and compared with the standard Kalman filter and the
robust score-driven filter of Harvey and Luati (2014). Section 5
discusses potential extensions and directions for future research
and Section 6 concludes the article.

2 | The Model

Let {𝜀
𝑡
}
𝑡∈ℤ, be a sequence of independent and identically dis-

tributed random variables with null location, unit scale and
cumulative distribution function 𝐹

𝜉
∈ 

𝜉
, where 

𝜉
denotes the

set of the symmetric, unimodal, three times continuously dif-
ferentiable distribution functions defined on ℝ that are param-
eterized by the vector 𝜉 ∈ Ξ ⊆ ℝ𝑞 and with associated density
𝑝
𝜉
. For example, if 𝐹

𝜉
is the Student-t distribution then 𝑞 = 1,

Ξ = ℝ+, and 𝜉 = 𝜈, the degree of freedom parameter. Consider
the location-scale representation of the random variable 𝑌

𝑡
:

𝑌
𝑡
= 𝜇

𝑡
+ 𝜑𝜀

𝑡
(1)

where𝜑 > 0, and𝜇
𝑡
= 𝑓 (𝜀−∞, . . . , 𝜀𝑡−1) for a measurable function

𝑓 ∶ ℝ∞ → ℝ. The proposed specification postulates the following
dynamic equation for the location parameter

𝜇
𝑡+1 = 𝜔 + 𝜙𝜇

𝑡
+ 𝜅𝑢

𝑡
(2)

where
𝑢
𝑡
= 𝐹

𝜉
(𝜀

𝑡
) − 1∕2 (3)

represents the innovation term of 𝜇
𝑡+1 as a function of the error

term of 𝑌
𝑡
, while 𝜔, 𝜅 and 𝜙, |𝜙| < 1, are unknown parameters

that determine how past values of 𝜀
𝑡

are weighted to determine
the current value of 𝜇

𝑡
. For example, in the case of a Cauchy den-

sity, 𝑢
𝑡
= arctan(𝜀

𝑡
)∕𝜋 while in the case of a Logistic density, 𝑢

𝑡
=

tanh(𝜀
𝑡
∕2)∕2. Letting 

𝑡
be the 𝜎-algebra generated by {𝑌

𝑠
}
𝑠≤𝑡

, it
follows straightforwardly that 𝐹

𝑡|𝑡−1(𝑦) = 𝐹
𝜉
((𝑦 − 𝜇

𝑡
)∕𝜑), where

𝐹
𝑡|𝑡−1 is the short-hand notation for the distribution function of

the random variable 𝑌
𝑡

conditional to 
𝑡−1.

The distinctive feature of the model lies in the specification of
the innovation term, which is proportional to the gradient of the

integrated quantile loss function, that is

𝑢
𝑡
∝

𝜕𝜌(𝑌
𝑡
− 𝜇

𝑡
− 𝜑𝐹

−1
𝜉
)

𝜕𝜇
𝑡

(4)

where

𝜌(𝑌
𝑡
− 𝜇

𝑡
− 𝜑𝐹

−1
𝜉
)

=
∫

1

0
(𝑦

𝑡
− 𝜇

𝑡
− 𝜑𝐹

−1
𝜉
(𝜏))

(

𝜏 − 1
(

𝑌
𝑡
− 𝜇

𝑡
≤ 𝜑𝐹

−1
𝜉
(𝜏)

))

𝑑𝜏

(5)

is obtained as the limit of the multiple quantile check func-
tion

∑
𝐽

𝑗=1𝜌𝜏𝑗 (𝑌𝑡 − 𝑞

𝜏
𝑗

𝑡
), where 𝜌

𝜏
(𝑥) = 𝑥(𝜏 − 1(𝑥 < 0)) and

𝑞
𝜏

𝑡
= 𝐹

−1
𝑡|𝑡−1(𝜏) is the 𝜏-quantile of the distribution of 𝑌

𝑡
con-

ditional to 
𝑡−1, as the number 𝐽 of quantiles 𝑞𝜏𝑗

𝑡
goes to infinity

and the set of associated probability levels 𝜏
𝑗

becomes dense in
the interval (0, 1).

Equation (4) provides an interpretation of the model as a quasi
score-driven model. As a matter of fact, the multiple quantile
check function is the negative log-likelihood of 𝐽 independent
variables whose density is related to the family of asymmetric
Laplace distributions, see Koenker and Machado (1999) or, more
generally, to the family of tick exponential functions introduced
by Komunjer (2005). Without a specific assumption on the dis-
tribution of 𝑌

𝑡
conditional to 

𝑡−1, the check loss function plays
the role of a quasi-likelihood and, consequently, its derivative,
which converges to (4) when 𝐽 → ∞, may be interpreted as a
quasi score. As such, the model is a quasi score-driven model, in
the sense of Blasques et al. (2023) and Catania and Luati (2022).
Indeed, the variable 𝑢

𝑡
arises as the limiting case of the innova-

tion term in the robust semiparametric estimator for the median
of Catania and Luati (2022) and the function 𝜌(⋅) can be viewed
as a specific case of the generic loss considered in Blasques
et al. (2023, eq. 4).

Within a different stream of literature, equally concerned with
robust estimation, the integrated quantile check loss in Equation
(5) has been employed as a proper scoring function for quan-
tiles, as in Gneiting and Raftery (2007). Laio and Tamea (2007)
proved that equation (5) is actually proportional to the continu-
ous rank probability score introduced by Brown (1974) and Math-
eson and Winkler (1976), see also Hersbach (2000), which is
another widely used proper scoring rule. A discretized version
of (5) is the composite quantile regression developed by Zou and
Yuan (2008) for model selection. Catania and Luati (2020) consid-
ered a static version of (5) and discussed the properties of a robust
estimator of location parameter in the case of a location con-
stant in time, that is, 𝜇

𝑡
= 𝜇. Similarly, still in the static case but

with emphasis on (4) rather than on (5), robust estimators based
on probability integral transforms (PITs) have been discussed by
Fegyverneki (2003) and extended to the count data setting by Val-
dora and Yohai (2020). From this perspective, the filters derived
in the article can be interpreted as the dynamic generalization of
the robust PIT estimator for the location.

As pointed out by a referee, the recursion in (2) could be modi-
fied to include 𝜅Φ−1(𝑢

𝑡
), where Φ(⋅) denotes the Gaussian cdf, in

place of 𝜅𝑢
𝑡
. Under this specification, {𝜇

𝑡
}
𝑡∈ℤ becomes a Gaussian
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autoregression, and 𝑌
𝑡

can be interpreted as a Gaussian signal,
𝜇
𝑡
, contaminated by additive noise 𝜑𝜀

𝑡
. Moreover, when 𝐹

𝜉
= Φ,

Equation (2) reduces to the steady state of the Kalman filter, so
that the model admits a linear Gaussian state-space represen-
tation and an ARMA representation under suitable parameter
restrictions. However, this specification lacks a bounded response
of the filtered signal to extreme realizations, and therefore does
not provide a robust formulation.

By construction, 𝑢
𝑡

in Equation (4) forms a sequence of indepen-
dent and identically distributed (IID) Uniform random variables
defined in (−1∕2, 1∕2). If |𝜙| < 1, then 𝜇

𝑡
can be written as an

infinite moving average in 𝑢
𝑡

as follows:

𝜇
𝑡
= 𝜔

1 − 𝜙

+ 𝜅

∞∑

𝑠=0
𝜙
𝑠

𝑢
𝑡−𝑠−1 (6)

Since 𝑢
𝑡
∈ (−1∕2, 1∕2), {𝜇

𝑡
}
𝑡∈ℤ lies in the compact space  =

[𝜇, 𝜇], where 𝜇 = 2𝜔−|𝜅|
2(1−𝜙)

, and 𝜇 = 2𝜔+|𝜅|
2(1−𝜙)

. This means that, no mat-
ter how heavy the tails of 𝜀

𝑡
are, 𝜇

𝑡
will have moments of any

order. From a filtering perspective, as in Calvet et al. (2015) and
Caivano and Harvey (2014), extreme values of 𝜀

𝑡
are Winsorized

by construction.

Assumption 1 (Model specification and identification).
{𝑌

𝑡
}
𝑡∈ℤ is generated according to Equations (1) to (2), with 𝜀

𝑡

𝐼𝐼𝐷∼
𝐹
𝜉
∈ 

𝜉
, and 𝑝

𝜉
𝑖

(𝜀
𝑡
) = 𝑝

𝜉
𝑗

(𝜀
𝑡
) a.s. only if 𝜉

𝑖
= 𝜉

𝑗
.

When the first and second moments of 𝜀
𝑡

exist, we tacitly assume
that 𝔼[𝜀

𝑡
] = 0 and 𝔼[𝜀2

𝑡
] = 1, so 𝜇

𝑡
and 𝜑 are interpreted as the

mean and standard deviation of 𝑌
𝑡

given 
𝑡−1. Let us collect the

model parameters in the vector 𝜃 = (𝜔, 𝜅, 𝜙, 𝜑, 𝜉′)′ and define the
true parameter as 𝜃0 = (𝜔0, 𝜅0, 𝜙0, 𝜑0, 𝜉

′
0)
′.

Definition 1 (Parameter regions). We consider two nested
parameter regions.

i. Θ∗ = {𝜃 ∈ ℝ4+𝑞 ∶ 𝜔 ∈ ℝ, 𝜅 ∈ ℝ, |𝜙| < 1, 0 < 𝜑 < ∞, 𝜉 ∈
Ξ ⊂ ℝ𝑞}

ii. Θ = {𝜃 ∈ Θ∗ ∶ |𝜙 − 𝜅

𝜑

𝑝
𝜀
(0)| < 1, 𝜅 ≠ 0}

The first set, Θ∗, contains all the parameterizations that ensure
stationarity and ergodicity of {𝑌

𝑡
}
𝑡∈ℤ. The second set, Θ ⊂ Θ∗,

is sufficient to ensure invertibility of the filter {𝜇̂
𝑡
(𝜃)}

𝑡∈ℕ dis-
cussed in Section 3. The stochastic properties of the process
{𝑌

𝑡
}
𝑡∈ℤ are derived for all 𝜃 ∈ Θ∗. Estimation is performed under

the assumption that 𝜃0 ∈ Θ, as discussed in Section 3.1. We
report some dynamic and distributional properties of {𝜇

𝑡
}
𝑡∈ℤ and

{𝑌
𝑡
}
𝑡∈ℤ in Propositions 1 and 2, respectively.

Proposition 1 (Properties of {𝜇
𝑡
}
𝑡∈ℤ). Let Assumption 1

hold with 𝜃0 ∈ Θ
∗, then {𝜇

𝑡
}
𝑡∈ℤ is strictly stationary and ergodic,

with density

𝑝
𝜇
𝑡

(𝑧) = 2𝑐
|𝜅|

(

1
2
+

∞∑

ℎ=1

∞∏

𝑠=0

sin(𝜙𝑠
𝑐𝜋ℎ)

(𝜙𝑠
𝑐𝜋ℎ)

cos
(

𝑐𝜋ℎ

2(𝑧 − 𝜔)
𝜅

))

1
(

𝜔 − |𝜅|

2𝑐
< 𝑧 < 𝜔 + |𝜅|

2𝑐

)

where 𝑐 = 1 − |𝜙|, 𝜔 = 𝜔∕(1 − 𝜙). In addition, 𝔼[𝜇
𝑡
] = 𝜔,

𝔼[(𝜇
𝑡
− 𝜔)(𝜇

𝑡−ℎ − 𝜔)] = 𝜅
2
𝜙

|ℎ|

12(1 − 𝜙
2)
,

for ℎ = 0,±1, . . . . Finally,

𝔼[(𝜇
𝑡
− 𝜔)2𝑚] =

(
𝜅

2

)2𝑚 2𝑚∑

𝑗=0

(
2𝑚
2𝑗

)
(−1)𝑗2𝑗!

2(2𝑚 − 2𝑗) + 1
𝑐2𝑗

where 𝑐2𝑗 = 1 for 𝑗 = 0 and 𝑐2𝑗 =
(

1
1−𝜙2𝑗 − 1

)∑
𝑗−1
𝑖=0

(−1)𝑗−𝑖 𝑐2𝑖
(2𝑗−2𝑖+1)!

, for
𝑗 = 1, 2, . . . and 𝔼[(𝜇

𝑡
− 𝜔)2𝑚+1] = 0, for 𝑚 = 1, 2, . . . .

The closed-form density of 𝜇
𝑡

is a novel result, related to the
distribution of an infinite sum of independent but not identi-
cally distributed (as they are weighted) Uniform random vari-
ables. The latter has been recently recognised in the literature
related to atomic functions (Kravchenko et al. 2009) to which
we rely for deriving 𝑝

𝜇
𝑡

, though it is relatively unknown in the
statistical literature. The distribution of the partial sum was
originally developed by Olds (1952), who also gives a Linde-
berg condition for a central limit theorem to hold, which in our
case would require 𝜙→ 1. Different proofs and slight general-
izations of Olds’ results have been provided by Roach (1963),
Gray and Odell (1966). Mitra (1971), and, more recently, by
Bradley and Gupta (2002), Sadooghi-Alvandi et al. (2009) and
Buonocore et al. (2009), but with no attempt to consider the
limit case of the infinite sum when the conditions for the cen-
tral limit theorem do not apply. In our case, the compact sup-
port of 𝜇

𝑡
is key argument for robustness and allows us to inter-

pret 𝑌
𝑡

as the outcome of robust signal, 𝜇
𝑡
, contaminated by

and a noise component, 𝜑𝜀
𝑡

that can be either Gaussian or
heavy tailed.

Proposition 2 (Properties of {𝑌
𝑡
}). Let Assumption 1 hold

with 𝜃0 ∈ Θ
∗ and let 𝔼[𝜀𝑑

𝑡
] < ∞ for some 𝑑 > 0. Then {𝑌

𝑡
}
𝑡∈ℤ is

strictly stationary and ergodic with symmetric density defined on ℝ
and 𝔼[𝑌 𝑘

𝑡
] <∞, for 𝑘 ≤ 𝑑. In addition, for 𝑑 ≥ 1, 𝔼[𝑌

𝑡
] = 𝜔 and,

for 𝑑 ≥ 2,

𝔼[(𝑌
𝑡
− 𝜔)(𝑌

𝑡−ℎ − 𝜔)] = 𝜅
2
𝜙

|ℎ|

12(1 − 𝜙
2)
+ 𝜑𝜅𝜙

|ℎ|−1
𝜐

where 𝜐 = 𝔼[𝜀
𝑡
𝐹
𝜉
(𝜀

𝑡
)]. Finally, for 𝑑 ≥ 2𝑚,

𝐸[(𝑌
𝑡
− 𝜔)2𝑚] =

2𝑚∑

𝑗=0

(
2𝑚
2𝑗

)

𝜑
2𝑚−2𝑗

(
𝜅

2

)2𝑗

𝔼
[

𝜀
2𝑚−2𝑗
𝑡

] 2𝑗∑

𝑖=0

(−1)𝑖2𝑖!
2(2𝑗 − 2𝑖) + 1

𝑐2𝑖

where 𝑐2𝑖 is defined in Proposition 1 and 𝐸[(𝑌
𝑡
− 𝜔)2𝑚+1] = 0 for

𝑚 = 0, 1, . . . , ⌊ 𝑑−1
2

⌋.

Some remarks are in order. It is evident from Proposition 1 that
neither the autocovariance function nor the moments of {𝜇

𝑡
}
𝑡∈ℤ

depend on the error distribution 𝐹
𝜉
. Conversely, Proposition 2

shows that the distribution of 𝑌
𝑡

depends on the noise distribu-
tion and admits moments as long as 𝐹

𝜉
does.
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If 𝔼[𝜀2
𝑡
] < ∞, then {𝑌

𝑡
}
𝑡∈ℤ is covariance stationary and its auto-

covariance function is a function of the parameter 𝜐. The latter
can be interpreted (and computed) as half the expectation of a
skew-𝑝

𝜉
distribution (Azzalini and Capitanio 2003) with skew-

ness parameter equal to one, 𝜐 = 𝔼[|𝜀
𝑡
|𝐹

𝜉
(|𝜀

𝑡
|)] − 1

2
𝔼|𝜀

𝑡
|. Indeed,

The equality 𝔼[𝜀
𝑡
𝐹
𝜉
(𝜀

𝑡
)] = 𝔼[|𝜀

𝑡
|𝐹

𝜉
(|𝜀

𝑡
|)] − 1

2
𝔼|𝜀

𝑡
| is obtained

noting that 𝐸
𝐹
𝜉

[𝜀
𝑡
𝐹
𝜉
(𝜀

𝑡
)] = 1

2
𝐸

𝐹
𝜀

[𝜀̃
𝑡
], where 𝜀̃

𝑡
has density func-

tion 𝑝̃(𝜀̃
𝑡
) = 2𝑝

𝜉
(𝜀̃)𝐹

𝜉
(𝜀̃), which is the density of a skewed version

of 𝑝
𝜉
, by the perturbation method of Azzalini (2013), where it is

also shown that 𝐸
𝐹

𝜀

[𝜀̃
𝑡
] = 2𝔼

𝐹
𝜉

[|𝜀
𝑡
|𝐹

𝜉
(|𝜀

𝑡
|)] − 𝔼

𝐹
𝜉

|𝜀
𝑡
|.

The autocorrelation function of {𝑌
𝑡
}
𝑡∈ℤ

𝜌
𝑦
(ℎ) = 𝜙

|ℎ|
𝜅

2 + 𝜙
|ℎ|−112(1 − 𝜙

2)𝜅𝜐𝜑
𝜅

2 + 12(1 − 𝜙
2)𝜑2

is dominated by that of {𝜇
𝑡
}
𝑡∈ℤ, 𝜌

𝜇
(ℎ) = 𝜙

|ℎ| (Proposition 1), as
long as 𝜙𝜑∕𝜅 > 𝜐. In this case, the noise has a damping effect
on the autocorrelation of 𝑌

𝑡
. A pure autoregressive behavior, that

is, 𝜌
𝑦
(ℎ) = 𝜌

𝜇
(ℎ) = 𝜙

|ℎ|, occurs when 𝜑 = 0 (absence of noise),
𝜙 = 0 or 𝜅 = 0 (absence of signal), and 𝜅𝜐 = 𝜙𝜑 (signal to noise
alignment).

3 | Estimation

In practice, we are never able to recover the true process {𝜇
𝑡
}
𝑡∈ℤ

except under the unrealistic assumptions that: 𝑖) the value at time
𝑡 = 1, 𝜇1, is known, and 𝑖𝑖) the true value of the parameter, 𝜃0, is
known. Note that knowledge of 𝜃0 (or a consistent estimate of
it) is not sufficient. What we can recover instead is the sequence
of filtered locations {𝜇̂

𝑡
(𝜃, 𝜇̂1)𝑡∈ℕ}, under the parametric speci-

fication 𝜃 and initial value 𝜇̂1 ∈ 𝜃
, where the notation 

𝜃
to

emphasises the dependence of  on the value of 𝜃. The filtered
locations are defined as:

𝜇̂
𝑡
(𝜃, 𝜇̂1)

=
⎧
⎪
⎨
⎪
⎩

𝜇̂1, if 𝑡 = 1
𝜔 + 𝜅

(

𝐹
𝜉

(
𝑌
𝑡−1−𝜇̂𝑡−1(𝜃,𝜇̂1)

𝜑

)

− 1
2

)

+ 𝜙𝜇̂
𝑡−1(𝜃, 𝜇̂1), if 𝑡 > 1.

(7)

When no confusion may arise, we will omit the dependence
of the filtered location on 𝜃 and 𝜇̂1, by simply writing 𝜇̂

𝑡
. Due

to the dependence of 𝜇̂
𝑡

on 𝜇̂1, the sequence {𝜇̂
𝑡
}
𝑡∈ℕ is not sta-

tionary and its properties are challenging to derive. A solution,
discussed in Straumann and Mikosch (2006), consists in approx-
imating {𝜇̂

𝑡
(𝜃)}

𝑡∈ℕ by another sequence {𝜇̃
𝑡
(𝜃)}

𝑡∈ℤ which is
stationary and ergodic and does not depend on any initial value.
Furthermore, as remarked by Straumann and Mikosch (2006),
the sequence {𝜇̃

𝑡
(𝜃)}

𝑡∈ℤ is unique for each 𝜃 ∈ Θ, such that,
under the assumption of correct specification (Assumption 1),
𝜇̃
𝑡
(𝜃0) = 𝜇

𝑡
, almost surely. We now address the almost sure con-

vergence to zero of the distance between 𝜇̂
𝑡
(𝜃, 𝜇̂1) and 𝜇̃

𝑡
(𝜃) for

every 𝜇̂1 ∈ 𝜃
, uniformly in 𝜃 ∈ Θ.

Let us define the uniform norm ||𝑓 ||Θ = sup
𝜃∈Θ |𝑓 (𝜃)|, for

any function 𝑓 in (Θ,Θ), with Θ =
⋃

𝜃∈Θ𝜃
and where

(⋅, ⋅) is the space of all continuous function (Θ,ℝ)→ ℝ.

Bougerol (1993) provides conditions for 𝜇̂
𝑡
(𝜃, 𝜇̂1) to con-

verge exponentially fast almost surely (e.a.s.) to 𝜇̃
𝑡
(𝜃), that

is, 𝑒
𝛼𝑡|𝜇̂

𝑡
(𝜃, 𝜇̂1) − 𝜇̃

𝑡
(𝜃)|

𝑎.𝑠.

−−−→ 0, 𝛼 > 0, for 𝑡 → ∞, 𝜃 ∈ Θ and
𝜇̂1 ∈ 𝜃

. Convergence of 𝜇̂
𝑡
(𝜃, 𝜇̂1) to 𝜇̃

𝑡
(𝜃), implies invert-

ibility of {𝜇̂
𝑡
(𝜃)}

𝑡∈ℕ, for a particular choice of 𝜃 ∈ Θ, see
Straumann (2005).

Proposition 3 (Invertibility of the filter). Let Assumptions
1 hold with 𝜃0 ∈ Θ. Then ||𝜇̂

𝑡
− 𝜇̃

𝑡
||Θ

𝑒.𝑎.𝑠.

−−−−→ 0 when 𝑡→ ∞ for any
initialization 𝜇̂1.

The sequence {𝜇̃
𝑡
(𝜃)}

𝑡∈ℤ is unique (Straumann and
Mikosch 2006). It follows that |𝜇̂

𝑡
(𝜃0, 𝜇̂1) − 𝜇

𝑡
|

𝑒.𝑎.𝑠.

−−−−→ 0, for
𝑡 →∞, for any initialization 𝜇̂1.

3.1 | Maximum Likelihood

Consider an observed time series of length 𝑇 , (𝑦1, 𝑦2, . . . , 𝑦𝑇 ), and
denote the maximum likelihood estimator (MLE) of 𝜃 as:

𝜃̂
𝑇
= arg max

𝜃∈Θ

1
𝑇

𝑇∑

𝑡=1

̂𝓁
𝑡
(𝜃) (8)

with ̂𝓁
𝑡
(𝜃) = log 𝑝

𝑡|𝑡−1(𝑦𝑡; 𝜃) and 𝑝
𝑡|𝑡−1(𝑦𝑡; 𝜃) =

𝑝
𝜉

(
(𝑦

𝑡
− 𝜇̂

𝑡
(𝜃, 𝜇̂1))∕𝜑

)
− log𝜑, where 𝜇̂

𝑡
(𝜃, 𝜇̂1) is the filtered

location parameter evaluated at 𝜃 according to (7) and ini-
tialized at 𝜇̂1. Theorem 1 establishes consistency of the MLE,
based on convergence of functions of ̂𝓁

𝑡
(𝜃) to functions of

𝓁
𝑡
(𝜃) = log 𝑝

𝜉

(
(𝑦

𝑡
− 𝜇̃

𝑡
(𝜃))∕𝜑

)
− log𝜑, that is, the likelihood

evaluated at the stationary sequence {𝜇̃
𝑡
(𝜃)}

𝑡∈ℤ, from which the
relevance of Proposition 3.

Theorem 1 (Consistency of MLE). Let Assumption
1 hold with 𝜃0 ∈ Θ with Θ compact. Assume also that
𝔼
[
sup

𝜃∈Θ | log 𝑝
𝜉
(𝜀

𝑡
)|
]
< ∞, then 𝜃̂

𝑇

𝑎.𝑠.

−−−→ 𝜃0 as 𝑇 → ∞.

In view of establishing asymptotic normality of 𝜃̂
𝑇

, let us
denote the derivatives of log 𝑝

𝜉
(𝜀

𝑡
) with respect to 𝜀

𝑡
and 𝜉, as

̇𝓁
𝜀
(𝜀

𝑡
) and ̇𝓁

𝜉
(𝜀

𝑡
), respectively, where ̇𝓁

𝑥
(𝜀

𝑡
) = 𝜕 log 𝑝

𝜉
(𝜀

𝑡
)∕𝜕𝑥. Let

𝐺
𝑡
(𝜃) be the (1 + 𝑞) × (1 + 𝑞) matrix with 2 × 2 blocks given by

̈𝓁
𝜀𝜀
(𝜀

𝑡
), ̈𝓁

𝜀𝜉
(𝜀

𝑡
), ̈𝓁

𝜉𝜀
(𝜀

𝑡
), ̈𝓁

𝜉𝜉
(𝜀

𝑡
) where ̈𝓁

𝑥𝑦
(𝜀

𝑡
) = 𝜕

̇𝓁
𝑦
(𝜀

𝑡
)∕𝜕𝑥.

Theorem 2 (Asymptotic normality of MLE). Let
the conditions of Theorem 1 hold, with 𝜃0 ∈ 𝑖𝑛𝑡(Θ) and
assume 𝔼

[
sup

𝜃∈Θ ||𝐺
𝑡
(𝜃)𝐺

𝑡
(𝜃)′|

]
| < ∞. Then,

√
𝑇 (𝜃̂

𝑇
−

𝜃0)
𝑑

−−→𝑁(0, 𝐼(𝜃0)−1) where 𝐼(𝜃) is reported in Equation (A1).

The expected Fisher information matrix 𝐼(𝜃), derived in
Appendix A, involves expectations of (functions of) ̇𝓁

𝜀
(𝜀

𝑡
)

and ̇𝓁
𝜉
(𝜀

𝑡
). In the case of a Gaussian, Cauchy and Logis-

tic error distribution, the expression of the Fisher infor-
mation matrix considerably simplifies, as none of them
depends on 𝜉.

Corollary 1. In the Gaussian, Logistic and Cauchy case, the
expectations specifying 𝐼(𝜃0) in Theorem 2 take the values reported
in the following table:
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𝔼[( ̇𝓵
𝜺

(𝜺
𝒕

))2] 𝔼[𝒑
𝝃

(𝜺
𝒕

)] 𝔼[𝒑
𝝃

(𝜺
𝒕

)2] 𝔼[𝜺
𝒕

𝒑

𝝃

(𝜺
𝒕

)𝑭
𝝃

(𝜺
𝒕

)] 𝔼[(𝜺
𝒕

𝒑

𝝃

(𝜺
𝒕

))2] 𝔼[(𝜺
𝒕

̇𝓵
𝜺

(𝜺))2]

Gaussian 1 1∕(2
√
𝜋) 1∕(2𝜋

√
3) 1∕(4𝜋

√
3) 1∕(6𝜋

√
3) 3

Cauchy 1∕2 1∕(2𝜋) 3∕(8𝜋2) 1∕(4𝜋2) 1∕(8𝜋2) 3∕2
Logistic 1∕3 1∕6 1∕30 1∕24 (𝜋2 − 6)∕18 (12 + 𝜋

2)∕9

3.2 | Finite Sample Properties

The finite sample properties of the MLE are assessed for small
(𝑇 = 100), medium (𝑇 = 250, 𝑇 = 500), and large (𝑇 = 1000)
sample sizes. We consider three specifications for 𝐹

𝜉
(⋅): 𝑖) Gaus-

sian, 𝑖𝑖) Cauchy, and 𝑖𝑖𝑖) Logistic. We simulate 100,000 series
from each model and sample size and estimate the parame-
ters using the MLE. True parameter values are set to 𝜔 = 0.00,
𝜅 = 2.00, 𝜙 = 0.75, and 𝜑 = 1.00 and 𝜇1 = 0.00, which are
close to the estimates obtained in the empirical illustration
(Section 4).

Table 1 reports the bias multiplied by 100 (BIAS × 100) and the
root mean squared error RMSE. The rows ASE report the asymp-
totic standard errors computed as the square root of the diag-
onal elements of the inverse of 𝐼(𝜃0) in Theorem 2 scaled by
√
𝑇 . Note that asymptotic standard errors are available in closed

form for the three specifications considered in the simulations.
Results indicate very good performance of the MLE with the bias
that is generally very low even for small samples. The numer-
ical standard errors tend to slightly underestimate uncertainty
for all parameters but the scale 𝜑 only for very small samples
(case 𝑇 = 100). Results are qualitatively consistent across model
specifications.

3.3 | Misspecification

The results of Theorems 1 and 2 can be extended to the case
of model misspecification, based on arguments in Blasques
et al. (2023). Model misspecification is understood as violations of
Assumption 1 𝑖), that is, the assumption that {𝑌

𝑡
}
𝑡∈ℤ is generated

according to equations (1) to (2). This set-up is quite general and
includes situations where, for instance: the recursion of {𝜇

𝑡
}
𝑡∈ℤ

is different from that postulated in Equation (2), 𝜀
𝑡

is not actu-
ally generated by 𝐹

𝜉
, or there is presence of heteroscedasticity

or higher order time-varying moments. The Supporting Informa-
tion presents an extensive simulation study examining the fore-
casting performance of competing estimators under model mis-
specification. The results show that the CDF filter outperforms
the Kalman filter (KF) when an AR(1) plus noise model is con-
taminated by an additive outlier or heteroskedasticity. In con-
trast, the KF delivers superior performance in the presence of a
level shift.

Consistency in the misspecified case is established under the fol-
lowing assumption on {𝑌

𝑡
}
𝑡∈ℤ.

Assumption 2 (Misspecification). The process {𝑌
𝑡
}
𝑡∈ℤ

is strictly stationary and ergodic with 𝔼[𝑌 2
𝑡
] <∞. Furthermore,

{𝑌
𝑡
}
𝑡∈ℤ is near epoch dependent (NED) of size −1 on a 𝜙-mixing

sequence of size −𝑟∕(𝑟 − 1) for some 𝑟 > 2.

Assumption 2 covers a wide range of cases and allows for
essentially any form of model misspecification, see Blasques
et al. (2018) for a detailed discussion. In this set-up, we indicate
by 𝑝

𝑜

𝑡|𝑡−1(𝑦𝑡) the true conditional density of the data generat-
ing process, on which we remain agnostic, which might differ
from the one we postulate, 𝑝

𝑡|𝑡−1(𝑦𝑡; 𝜃). Let 𝐾𝐿(𝑓, 𝑔) be the
Kullback-Leilber (KL) divergence between two densities 𝑓 and
𝑔, we indicate by 𝜃

𝑜 the pseudo-true parameters which, in
the misspecified case, minimizes the expected KL divergence
between the true and the postulated conditional densities, that is,

𝜃
𝑜 = arg min𝔼

[

𝐾𝐿

(

𝑝
𝑜

𝑡|𝑡−1(𝑦𝑡), 𝑝𝑡|𝑡−1(𝑦𝑡; 𝜃)
)]

.

In the following, we study the limiting properties of the estimator
in the specific case of a Cauchy distribution. This specification
ensures robust estimation of the scale parameter 𝜑. Indeed,
for the Cauchy distribution, the maximum likelihood esti-
mate of the scale coincides with the MQ-estimate derived
by Smirnov et al. (2017) as an approximation to the robust
estimator by Rousseeuw and Croux (1993). The following
theorem establishes the strong consistency of the estima-
tor (8) when ̂𝓁

𝑡
(𝜃) ∝ log𝜑 − log

(
1 + (𝑌

𝑡
− 𝜇̂

𝑡
(𝜃))2∕𝜑2), and

𝐹
𝜉
(𝜀) = 1

𝜋

arctan(𝜀) + 1
2

, under misspecification.

Theorem 3 (Consistency of MLE in the misspeci-
fied case). Let Assumption 2 hold and assume that there
exists 𝜃

𝑜 ∈ Θ, where 𝜃
𝑜 = (𝜔𝑜

, 𝜅
𝑜
, 𝜙

𝑜
, 𝜑

𝑜)′ with Θ compact, and
𝔼[𝓁

𝑡
(𝜃)] < 𝔼[𝓁

𝑡
(𝜃𝑜)] for all 𝜃 ≠ 𝜃

𝑜, 𝜃 ∈ Θ. Suppose further that
|𝜙 − 𝜅∕(𝜋𝜑)| < 1 for all 𝜃 ∈ Θ and that sup

𝑡
𝔼[|𝑌

𝑡
|𝑟] <∞ for some

𝑟 > 0. Then 𝜃̂
𝑇
→ 𝜃

𝑜 as 𝑇 → ∞.

Let ̇𝓁
𝑡
(𝜃) = 𝜕𝓁

𝑡
(𝜃)∕𝜕𝜃 and ̈𝓁

𝑡
(𝜃) = 𝜕

2𝓁
𝑡
(𝜃)∕𝜕𝜃𝜕𝜃′. The next

theorem establishes the asymptotic normality of
√
𝑇 (𝜃̂

𝑇
− 𝜃

𝑜)
under model misspecification.

Theorem 4 (Asymptotic Normality of MLE in the mis-
specified case). Assume that the conditions of Theorem 3 hold
and that sup

𝑡
𝔼[𝑌 2

𝑡
] < ∞ and sup

𝑡
𝔼[sup

𝜃∈Θ ||𝐺
𝑡
(𝜃)𝐺

𝑡
(𝜃)′||] <∞.

Suppose further that 𝜃𝑜 ∈ int(Θ), that the limit:

𝑉 (𝜃𝑜) = lim
𝑇→∞

1
𝑇

𝔼

(
𝑇∑

𝑡=1

̇𝓁
𝑡
(𝜃𝑜)

)(
𝑇∑

𝑡=1

̇𝓁
𝑡
(𝜃𝑜)′

)

exists and is bounded, and 𝔼[ ̈𝓁
𝑡
(𝜃𝑜)] is invertible. Then

√
𝑇 (𝜃̂

𝑇
− 𝜃

𝑜)
𝑑

−−→𝑁(0,Σ(𝜃𝑜)), where Σ(𝜃𝑜) =
(
𝔼[ ̈𝓁

𝑡
(𝜃𝑜)]

)−1
𝑉 (𝜃𝑜)

(
𝔼[ ̈𝓁

𝑡
(𝜃𝑜)]

)−1.

4 | Illustration

The illustration is concerned with magnetic resonance imag-
ing data recorded on a specific brain region of a subject at rest.
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TABLE 1 | Bias (×100) and root mean squared error (RMSE) computed over 100,000 simulations for different sample sizes and distributions 𝐹𝜉(⋅).

𝑻 = 100

Gaussian Cauchy Logistic

𝑻 = 100 𝝎 𝜿 𝝓 𝝋 𝝎 𝜿 𝝓 𝝋 𝝎 𝜿 𝝓 𝝋

BIAS × 100 −0.012 −9.219 −5.082 −1.884 0.000 −6.681 −5.752 −2.091 −0.085 −10.265 −9.435 −1.765
RMSE 0.096 0.359 0.129 0.071 0.107 0.490 0.162 0.140 0.148 0.575 0.225 0.084
ASE 0.079 0.343 0.096 0.070 0.078 0.457 0.106 0.140 0.100 0.567 0.135 0.076

𝑻 = 250

Gaussian Cauchy Logistic

𝑻 = 250 𝝎 𝜿 𝝓 𝝋 𝝎 𝜿 𝝓 𝝋 𝝎 𝜿 𝝓 𝝋

BIAS × 100 −0.006 −3.781 −1.873 −0.764 −0.012 −2.778 −1.928 −0.730 −0.004 −4.461 −3.100 −0.676
RMSE 0.053 0.219 0.067 0.044 0.054 0.295 0.077 0.087 0.072 0.360 0.101 0.052
ASE 0.050 0.217 0.061 0.044 0.049 0.289 0.067 0.088 0.063 0.359 0.085 0.048

𝑻 = 500

Gaussian Cauchy Logistic

𝑻 = 500 𝝎 𝜿 𝝓 𝝋 𝝎 𝜿 𝝓 𝝋 𝝎 𝜿 𝝓 𝝋

BIAS × 100 0.001 −1.892 −0.914 −0.375 −0.013 −1.369 −0.906 −0.360 0.016 −2.384 −1.450 −0.350
RMSE 0.036 0.153 0.045 0.031 0.036 0.204 0.050 0.061 0.047 0.253 0.065 0.037
ASE 0.035 0.153 0.043 0.031 0.035 0.204 0.047 0.062 0.045 0.254 0.060 0.034

𝑻 = 1000

Gaussian Cauchy Logistic

𝑻 = 1000 𝝎 𝜿 𝝓 𝝋 𝝎 𝜿 𝝓 𝝋 𝝎 𝜿 𝝓 𝝋

BIAS × 100 0.001 −0.953 −0.456 −0.191 −0.017 −0.724 −0.437 −0.199 −0.001 −1.217 −0.706 −0.172
RMSE 0.025 0.107 0.031 0.022 0.025 0.143 0.034 0.043 0.032 0.177 0.044 0.026
ASE 0.025 0.108 0.030 0.022 0.025 0.144 0.034 0.044 0.032 0.179 0.043 0.024

Note: True parameters are 𝜔 = 0.00, 𝜅 = 2.00, 𝜙 = 0.75, and 𝜑 = 1.00. Asymptotic standard errors (ASE) are computed as the square root of the diagonal elements of
(𝐼(𝜃0))−1 in Theorem 2 scaled by

√
𝑇 .

Functional magnetic resonance imaging (fMRI) measures the
increase in the oxygenation level at some specific brain location,
as long as an increase in blood flow occurs, due to some brain
activity, see Lindquist (2008) for a review on statistical analy-
sis of fMRI data. In resting state fMRI sessions, subjects are not
expected to react to any controlled exogenous stimulus, which
poses, among many more challenges in neuroscience (Guindani
and Vannucci 2018), the question of how to detect spontaneous
brain activations. The latter can be interpreted as outlying obser-
vations, representing an anomalous increase in the blood flow, as
discussed by Worsley (2003), in a Gaussian context, and later, in a
more general spatio-temporal setting, by Gasperoni et al. (2023).

In this application, we explore alternative methods for robust sig-
nal extraction and compare the amount of Winsorization induced
by the score of a Gaussian and Student-t distributions with the
one obtained by model (1) to (2), labeled as CDF filter, with
Gaussian, Student-t, Cauchy, and Logistic shocks. The new filters
are compared with the score driven (SD) model of Harvey and

Luati (2014), and estimates from a Gaussian AR(1) signal plus
noise model that we compute with the Kalman Filter (KF). The
specifications for these models are reported in Table 2.

The time series we use for the analysis, displayed in the left
panel of Figure 1, consists of 𝑇 = 404 equally spaced observa-
tions, measured at intervals of 1400 ms, and is part of a broader
dataset coming from a pilot study of the Enhanced Nathan Kline
Institute-Rockland Sample project.1 The series considered here,
in the dataset, corresponds to the first region of the Desikan
Atlas of subject number 19, first scan. The series presents several
spikes, that might coincide with additive outliers to an AR(1) plus
noise process. The right panel reports the filtered sequences esti-
mated by the Kalman filter (red line) and the CDF filter (blue
line) with Gaussian noise, whose path is very similar to those
obtained by the CDF filter with Student-t, Cauchy, or Logistic
errors, that are not reported. The CDF Gaussian filter is more
robust to extreme observations than the KF and is relatively suc-
cessful in recovering the latent signal.
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TABLE 2 | Specifications of SD, KF, and RobKF models.

Label Specification Influence curve Distributional assumptions References

SD 𝑦
𝑡
= 𝜇

𝑡
+ 𝜑𝜀

𝑡
𝐼𝐶(𝜀) =√
(𝜈+1)
(𝜈+3)

𝜀

𝜈+𝜀2

𝜀
𝑡

𝐼𝐼𝐷∼ 𝑡
𝜈

Harvey and
Luati (2014)

𝜇
𝑡
= 𝜔 + 𝜅

(𝜈+1)𝜀
𝑡−1

𝜈+𝜀2
𝑡−1

+ 𝜙𝜇
𝑡−1

KF 𝑦
𝑡
= 𝜔 + 𝜇

𝑡
+ 𝜑𝜀

𝑡
𝐼𝐶(𝜀) = 𝜀

(
𝜀
𝑡

𝑧
𝑡

)
𝐼𝐼𝐷∼

𝑁2(0, 𝕀)
Harvey (1989)

𝜇
𝑡
= 𝜙𝜇

𝑡−1 + 𝜂𝑧
𝑡−1

Note: In SD, 𝑡𝜈 indicates a Student-t distribution with 𝜈 > 0 degrees of freedom. In KF, 𝜅 is the Kalman gain.

FIGURE 1 | Left: RfMRI time series recorded at the first region of the Desikan Atlas on subject 19 for a total of 404 observations (frequency, 1.4 × 103

ms). Right: filtered blood oxygenation level dependent signal according to KF (red) and CDF Gaussian filter (blue).

TABLE 3 | Estimated parameters, asymptotic standard errors (in brackets), in brackets, loglikelihood at its optimum and information criteria (BIC
and AIC), with shaded cells indicating best performing models.

𝝎̂ 𝜿̂

̂

𝝓 𝝂 𝝋̂ 𝜼̂ LLK AIC BIC

CDF-𝐺 0.14
(0.051)

2.07
(0.192)

0.75
(0.051)

— 1.13
(0.040)

— −622.40 1268.81 1252.81

CDF-𝑇 0.06
(0.039)

1.81
(0.173)

0.76
(0.02)

5.98
(1.640)

0.90
(0.051)

— −598.68 1227.36 1207.35

CDF-𝐶 0.03
(0.030)

1.83
(0.148)

0.75
(0.042)

— 0.64
(0.044)

— −658.17 1340.34 1324.34

CDF-𝐿 0.07
(0.041)

1.84
(0.174)

0.76
(0.050)

— 0.60
(0.021)

— −601.53 1227.07 1211.07

SD 0.07
(0.158)

0.59
(0.051)

0.76
(0.041)

7.36
(1.738)

0.93
(0.043)

— −598.88 1227.76 1207.75

KF 0.02
(0.163)

— 0.74
(0.050)

— 0.67
(0.074)

0.84
(0.079)

−628.87 1281.75 1265.75

Note: The figure 0.000 indicates a value lower than 5 × 10−4.

Table 3 reports the estimated parameters along with the value
of the log-likelihood function evaluated at its optimum and
the BIC and AIC information criteria, with shaded areas
associated with best performing models. Note that the esti-
mated parameter values lie in the sufficient invertibility
region Θ.

The log-likelihood and BIC both indicate that the CDF filter
with a conditional Student-t distribution gives the best fit and,
although the conditional logistic is slightly better on the AIC
criterion, it is only marginally so. The diagnostics reported in the
Supporting Information support the choice of the CDF condi-
tional Student-t model.

Figure 2 reports the Influence Curve that we define as 𝐼𝐶(𝜀) =√
12

(
𝐹
𝜉
(𝜀) − 1∕2

)
for the CDF filter and as reported in Table 2

for SD and KF. The IC measures the standardized responses of
𝜇
𝑡+1 to 𝜀

𝑡
.

It is evident that, when the signal is dominating, that is, in the
interval around zero where the robust innovation terms are in
line with the KF (Gaussian) score, the robust CDF Gaussian
and Student-t filters imply a negligible loss compared to the KF
estimates.

5 | Further Developments

5.1 | Score-Driven Interpretation

The use of symmetric bounded error transformations to reduce
the impact of outlying observations is typical of robust estimation
methods. In time series, notable examples are the class of
bounded innovation propagation models (Muler et al. 2009,
BIP-ARMA), developed in the context of autoregressive moving
average modelling, and the class of score-driven models for time
varying parameters (Creal et al. 2013; Harvey 2013). The latter
use the score of the conditional distribution of the data generating

Journal of Time Series Analysis, 2025 7
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FIGURE 2 | Responses of standardised innovations of CDF filter with
Gaussian (blue line) Student-t (red line), Cauchy (green line), and Logis-
tic (purple line) errors. The SD and KF scores (brown-redescending and
black-dotted lines, respectively) are also included for comparison.

process as the forcing variable of a stochastic recurrence equation
for a time-varying parameter. In most cases, like the SD model in
Table 2, when the conditional density has heavy tails, the score is
a bounded transformation of the innovation error.

We observe that, as long as

∫

∞

−∞
exp

(
𝑥

2
−
∫

𝑥

𝑎

𝐹
𝜉
(𝑧)𝑑𝑧

)

𝑑𝑥 < ∞ (9)

for some 𝑎 ∈ ℝ, the update of 𝜇
𝑡

implied by 𝑢
𝑡
= 𝐹

𝜉
(𝜀

𝑡
) − 1

2
in

model (1) to (4) can be interpreted as a score-driven update
according to the density

𝑓 (𝑥) ∝ exp
(
𝑥

2
−
∫

𝑥

𝑎

𝐹
𝜉
(𝑧)𝑑𝑧

)

(10)

A sufficient condition for existence of (9) is 𝑎 ≥ 𝐹
−1
𝜉
(1∕2) = 0. Set-

ting 𝑎 = 0 leads to a symmetric density 𝑓 (𝑥) with heavier tails
than a Gaussian, as lim sup

𝑥→∞ exp{𝜆𝑥}𝑓 (𝑥) = ∞ for 𝜆 > 0.

The pair formed by the densities (10) with 𝑎 = 0, and 𝑢
𝑡

in
Equation (4), specifies a novel class of score-driven models whose
properties may be worth investigating. A member of this class is
the Logistic distribution, for which 𝜕

𝜕𝜇

log𝑓 (𝑥) ∝ 𝐹 (𝑥) − 1
2

, see
also the discussions in Caivano and Harvey (2014) and Cata-
nia and Luati (2020). If 𝐹

𝜉
(𝑧) = Φ(𝑧), the cumulative distribu-

tion function of a Gaussian random variable with density 𝜙(𝑧),
then 𝑓 (𝑥) ∝ exp{ 𝑥

2
− 𝜙(𝑥) − 𝑥Φ(𝑥)}. It is straightforward to ver-

ify that the update for 𝜇
𝑡
when the assumed conditional density is

𝑓 ((𝑦
𝑡
− 𝜇

𝑡
)∕𝜑) as in Equation (10) is optimal in the sense of Gorgi

et al. (2024).

5.2 | Multivariate Extensions

Multivariate extensions of the proposed model can be developed
straightforwardly, provided the marginal distribution functions
remain tractable, for example, within a copula framework. For
high-dimensional systems, a factor structure may be employed,
following the approach of Creal and Tsay (2015).

5.3 | Time-Varying Volatility

An important limitation of the proposed CDF filter is the
homoskedasticity assumption. A heteroskedastic extension can
be obtained by specifying log𝜑

𝑡+1 = 𝜏 + 𝛽 log𝜑
𝑡
+ 𝛼|𝑢

𝑡
|, which

resembles an EGARCH recursion in the spirit of Nelson (1991).

6 | Conclusions

Aimed at addressing the problem of robust estimation of
time-varying location parameters, the article has introduced both
a class of models and a methodology to design filters that, by
construction, are insensitive to extreme or outlying observations.
This occurs regardless of the distributional assumptions made on
the data generating process and of the nature of the influential
outliers, making the method suitable for Gaussian data affected
by outliers or for location-scale models with possibly misspeci-
fied heavy-tailed errors. The key novelty is the link between the
assumed error density and the filter innovation term, that is a
bounded transformation of the error according to its cumulative
distribution function.

A remarkable feature of the modelling framework introduced in
the article is that theoretical properties are preserved under dif-
ferent parametric assumptions, thus making the models tractable
and homogeneous across specifications.

As a side result, the analytic distribution of the robust sig-
nal opens the way to a state space model specification where
the density of the observation noise can be any symmetric dis-
tribution while the noise associated with the latent variable
has the distribution derived in Proposition (1) Optimal filter-
ing or sequential MonteCarlo methods can be then developed
in a parameter-driven setting, where non-trivial multivariate and
high-dimensional extensions can also be considered. In addition,
following Ingham (1934), different robust signals can be speci-
fied, based on a different choice of the weighting scheme in (6).
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Information section. Data S1. Supporting Information.

Appendix A
Proof of Proposition 1. By interpreting Equation (2) as a stochastic recur-
rence equation and by independence of {𝑢

𝑡
}
𝑡∈ℤ, stationarity follows from

the contraction condition |𝜙| < 1. First, second moment, and the autoco-
variance function are obtained by direct calculations, based on the infinite
moving average representation of𝜇

𝑡
in (6) and by the properties of {𝑢

𝑡
}
𝑡∈ℤ.

To derive the density of 𝜇
𝑡
, let us conveniently rewrite (6) as 𝜇

𝑡
= 𝜔 + 𝜅

2
𝑥

where 𝑥 =
∑∞

𝑠=0𝜙
𝑠
𝑥
𝑠

and 𝑥
𝑠
, 𝑠 = 0, 1, . . . form a sequence of IID continu-

ous uniform random variables over (−1, 1). The characteristic function of
𝑥 is𝜑(𝑡) =

∏∞
𝑠=0sinc(𝜙𝑠

𝑡), where, given that |𝜙| < 1, the infinite product is
absolutely convergent, as sinc(𝑥) = (sin(𝑥))∕𝑥 = 1 + 𝑂(|𝑥|) when 𝑥 → 0,
see the discussion in Ingham (1934). The inverse Fourier transform leads
to the integral representation of the density of 𝑥,

𝑝
𝑥
(𝑥) = 1

2𝜋 ∫ℝ
𝑒
−𝑖𝑡𝑥

∞∏

𝑠=0

sin(𝜙𝑠
𝑡)

𝜙
𝑠
𝑡

𝑑𝑡,

for |𝑥| ≤ (1 − 𝜙)−1. It follows by the properties of the sine function that,
as a function of the parameter 𝜙, 𝑝

𝑥
(𝑥;𝜙) = 𝑝

𝑥
(𝑥; −𝜙). As in Kravchenko

et al. (2009), who focused on the case when the infinite product starts from
𝑠 = 1 instead of 𝑠 = 0, 𝑝

𝑥
(𝑥) can be represented using a fast-converging

Fourier series expansion

𝑝
𝑥
(𝑥) = 𝑐

(

1
2
+

∞∑

𝑘=1
𝜑(𝑐𝜋𝑘) cos(𝑐𝜋𝑘𝑥)

)

1
(

|𝑥| <
1
𝑐

)

with 𝑐 = 1 − |𝜙|. Finally, the claimed density of 𝜇
𝑡

is derived by the trans-
formation method.

The moments are obtained by writing 𝜇
𝑡
− 𝜔 = 𝜅

2
(𝑥0 + 𝑦), where 𝑦 =

∑∞
𝑠=1𝜙

𝑠
𝑥
𝑠
, and

𝔼[(𝜇
𝑡
− 𝜔)2𝑚] =

(
𝜅

2

)2𝑚 2𝑚∑

𝑗=0

(
2𝑚
𝑗

)

𝔼[𝑥2𝑚−𝑗
0 𝑦

𝑗 ]

=
(
𝜅

2

)2𝑚 2𝑚∑

𝑗=0

(
2𝑚
2𝑗

)

𝔼[𝑥2𝑚−2𝑗
0 ]𝔼[𝑦2𝑗 ]

where the first equality follows by taking the binomial expansion of the
argument and by linearity of the expectation, while the second equality
follows by independence and zero odd moments of 𝑥0, 𝑥1, . . . . The claim
then follows by replacing 𝔼[𝑥2𝑚−2𝑗

0 ] = 1
2(2𝑚−2𝑗)+1

(the (2𝑚 − 2𝑗)th moment
of a uniform random variable in (−1, 1)) and by 𝔼[𝑦2𝑗 ] = (−1)𝑗 (2𝑗!)𝑐2𝑗
where 𝑐2𝑗 = 1 for 𝑗 = 0 (initial condition) and for 𝑗 = 1, 2, . . .

𝑐2𝑗 =
(

1
1 − 𝜙

2𝑗 − 1
)𝑗−1∑

𝑖=0

(−1)𝑗−𝑖 𝑐2𝑖

(2𝑗 − 2𝑖 + 1)!

as in Kravchenko et al. (2009, 17). ◽

Proof of Proposition 2. Stationarity, ergodicity, moments of {𝑌
𝑡
}
𝑡∈ℤ and

symmetry of its distribution follow by Proposition 1 and by independence

of {𝜀
𝑡
}
𝑡∈ℤ and by symmetry of its distribution. The autocovariance func-

tion is obtained by direct calculation. ◽

Proof of Proposition 3. Let us rewrite the filter (7) as the stochastic recur-
rence equation 𝜇̂

𝑡+1 = 𝜙(𝜇̂
𝑡
, 𝑌

𝑡
, 𝜃) and define the stochastic Lipschitz coef-

ficient Λ
𝑡
(𝜃) = sup

𝜇∈
𝜃

|
|
|

𝜕𝜙(𝜇,𝑌
𝑡
,𝜃)

𝜕𝜇

|
|
|
, where 𝜕𝜙(𝜇,𝑌

𝑡
,𝜃)

𝜕𝜇

= 𝜙 − 𝜅

𝜑

𝑝
𝜉

(
𝑌
𝑡
−𝜇
𝜑

)

. The
proof consists in verifying that, in the sufficient invertibility region Θ ={

(𝜔, 𝜅, 𝜙, 𝜑, 𝜉′)′ ∈ ℝ4+𝑑 ∶ max(|𝜙|, |𝜙 − 𝜅

𝜑

𝑝
𝜀
(0)|) < 1, 𝜑 > 0, 𝜉 ∈ Ξ

}

, the
following conditions in Proposition 3.1 of Blasques et al. (2018) hold:

(i) ∃ 𝜇
∗ ∈ Θ s.t. 𝔼log+||𝜙(𝜇∗, 𝑌

𝑡
, ⋅)||Θ < ∞.

(ii) 𝔼 sup
𝜃∈Θ sup

𝜇∈Θ log+
|
|
|
|
𝜙 − 𝜅

𝜑

𝑝
𝜉

(
𝑌
𝑡
−𝜇
𝜑

)|
|
|
|
< ∞

(iii) logΛ0(𝜃) is a.s. continuous onΘ and 𝔼 logΛ0(𝜃) < 0 for any 𝜃 ∈ Θ

where log+(𝑥) = max{log(𝑥), 0}, for 𝑥 ≥ 0.

With regards to (𝑖), without loss of generality, we set 𝜇∗ = 0 and note that
𝔼log+||𝜙(0, 𝑌

𝑡
, ⋅)||Θ < sup

𝜃∈Θ |𝜔| + sup
𝜃∈Θ |𝜅| < ∞.

With regards to (𝑖𝑖) we note that

𝔼sup
𝜃∈Θ

sup
𝜇∈Θ

log+
|
|
|
|
|

𝜙 − 𝜅

𝜑

𝑝
𝜉

(
𝑌
𝑡
− 𝜇

𝜑

)|
|
|
|
|

≤ log sup
𝑌
𝑡
∈ℝ

sup
𝜃∈Θ

sup
𝜇∈Θ

|
|
|
|
|

𝜙 − 𝜅

𝜑

𝑝
𝜉

(
𝑌
𝑡
− 𝜇

𝜑

)|
|
|
|
|

≤ log
(

sup
𝜃∈Θ

|𝜙| + sup
𝜃∈Θ

|
|
|
|

𝜅

𝜑

|
|
|
|
sup
𝜉∈Ξ

𝑝
𝜉
(0)

)

< ∞

as 𝜑 > 0 and sup
𝜉∈Ξ 𝑝𝜉(0) <∞ by Assumption 1.

As far as the contraction condition (𝑖𝑖𝑖) is concerned, we note that
logΛ0(𝜃) is a.s. continuous on Θ given Assumption 1 and that

𝔼 logΛ0(𝜃) ≤ log sup
𝑌0∈ℝ

sup
𝜇∈

𝜃

|
|
|
|
|

𝜙 − 𝜅

𝜑

𝑝
𝜉

(
𝑌0 − 𝜇

𝜑

)|
|
|
|
|

such that sufficient conditions for 𝔼 logΛ0(𝜃) < 0 is

sup
𝑌0∈ℝ

sup
𝜇∈

𝜃

|
|
|
|
|

𝜙 − 𝜅

𝜑

𝑝
𝜉

(
𝑌0 − 𝜇

𝜑

)|
|
|
|
|

< 1

which, as |𝜙| < 1, is satisfied when max(|𝜙|, |𝜙 − 𝜅

𝜑

𝑝
𝜀
(0)|) < 1, for all

𝜉 ∈ Ξ. ◽

Proof of Theorem 1. The proof follows by Corollary 2 of
Blasques et al. (2023), which requires, in our notation, that: 𝑖)
𝔼log+|𝐹

𝜉0
(𝜀

𝑡
) − 1∕2| < ∞; 𝑖𝑖) |𝜙0| < 1; 𝑖𝑖𝑖) for all 𝜃 ∈ Θ it exists

𝜇0 ∈  such that 𝔼log+|𝐹
𝜉

(
(𝑌

𝑡
− 𝜇0)∕𝜑

)
− 1∕2| < ∞; 𝑖𝑣) 𝔼 log sup

𝜇∈

sup
𝜃∈Θ

|
|
|
|
𝜙 − 𝜅

𝜑

𝑝
𝜉

(
𝑌
𝑡
−𝜇
𝜑

)|
|
|
|
< 0; 𝑣) 𝔼 sup

𝜃∈Θ |𝓁
𝑡
(𝜃)| < ∞; 𝑣𝑖) 𝔼log+|𝜇

𝑡
| <∞;

𝑣𝑖𝑖) 𝔼[𝓁
𝑡
(𝜃0)] > 𝔼[𝓁

𝑡
(𝜃)] for all 𝜃 ≠ 𝜃0.

Conditions 𝑖) and 𝑖𝑖𝑖) are immediately satisfied since sup
𝑥∈ℝ |𝐹

𝜉0
(𝑥) −

1∕2| = 1∕2, 𝑖𝑖) is satisfied by the way Θ is defined, 𝑖𝑣) is satisfied
since sup

𝜇∈ sup
𝜃∈Θ

|
|
|
|
𝜙 − 𝜅

𝜑

𝑝
𝜉

(
𝑌
𝑡
−𝜇
𝜑

)|
|
|
|
≤ max(|𝜙|, |𝜙 − 𝜅

𝜑

𝑝
𝜉
(0)|) < 1 a.s.,

by the way Θ is defined. Condition 𝑣) follows from the integrability
condition 𝔼

[
sup

𝜃∈Θ | log 𝑝
𝜉
(𝜀

𝑡
)|
]
< ∞, compactness of Θ, boundness of

sup
𝜃∈Θ |𝜇

𝑡
(𝜃)|, and unimodality of 𝑝

𝜉
. First note that sup

𝜃∈Θ 𝑝
𝜉
(𝑥) ≤ 𝐶 <

∞ by assumption, so we only have to control for the case when 𝓁
𝑡
(𝜃) is

small. To this end, note that:

𝔼 sup
𝜃∈Θ

|𝓁
𝑡
(𝜃)|

< 𝔼 sup
𝜃∈Θ

|
|
|
|
|

log 𝑝
𝜉

(
𝜑0

𝜑

𝜀
𝑡
+

𝜇
𝑡
(𝜃0) − 𝜇

𝑡
(𝜃)

𝜑

)|
|
|
|
|

+ sup
𝜃∈Θ

| log𝜑|,
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where compactness of Θ implies that sup
𝜃∈Θ | log𝜑| < ∞. Furthermore,

boundess of sup
𝜃∈Θ |𝜇

𝑡
(𝜃)| and unimodality of 𝑝

𝜉
imply that there exist a

positive 𝐶 < ∞ such that:

𝔼 sup
𝜃∈Θ

|
|
|
|
|

log 𝑝
𝜉

(
𝜑0

𝜑

𝜀
𝑡
+

𝜇
𝑡
(𝜃0) − 𝜇

𝑡
(𝜃)

𝜑

)|
|
|
|
|

< 𝔼 sup
𝜃∈Θ

|
|
|
log 𝑝

𝜉
(𝜀

𝑡
)||
|
1(|𝜀

𝑡
| > 𝐶)

< 𝔼 sup
𝜃∈Θ

|
|
|
log 𝑝

𝜉
(𝜀

𝑡
)||
|
,

where the latter is finite by assumption, hence the uniform integrability
condition 𝑣) follows. Condition 𝑣𝑖) follows from the boundness of 𝜇

𝑡
. To

prove 𝑣𝑖𝑖) it is sufficient to show that 𝜇
𝑡
(𝜃) = 𝜇

𝑡
(𝜃′) a.s. only if 𝜃 = 𝜃

′ since
by Assumption 1 𝑝

𝜉
(𝑥) = 𝑝

𝜉
′ (𝑥) only if 𝜉 = 𝜉

′. The former condition holds
whenever 𝜅 ≠ 0 and by continuity of 𝐹

𝜉
(Assumption 1), using the same

arguments in the proof of Theorem 6.3 of Blasques et al. (2018). ◽

Proof of Theorem 2. The proof consists in applying Corollary 3 of
Blasques et al. (2023) which requires that the conditions of our Theorem 1
are satisfied. Additional conditions are those required by Lemma 4
and Lemma 6 of Blasques et al. (2023) together with: 𝔼||𝓁′

𝑡
(𝜃0)||2

<

∞, 𝔼 sup
𝜃∈Θ ||𝓁′

𝑡
(𝜃)|| < ∞, and 𝔼 sup

𝜃∈Θ ||𝓁′′
𝑡
(𝜃)|| <∞, where 𝓁′

𝑡
(𝜃) and

𝓁′′
𝑡
(𝜃) are the gradient and Hessian of 𝓁

𝑡
(𝜃)with respect to 𝜃. Line-for-line

algebra shows that all these moment conditions are satisfied by the
moment condition 𝔼 sup

𝜃∈Θ ||𝐺
𝑡
(𝜃)𝐺

𝑡
(𝜃)′|| < ∞ and by noting that the

derivative processes {sup
𝜃∈Θ ||𝜇

𝑡
(𝜃)′||}

𝑡∈ℤ and {sup
𝜃∈Θ ||𝜇

𝑡
(𝜃)′′||}

𝑡∈ℤ are
bounded.

The Fisher information matrix for the parameter 𝜃, 𝐼(𝜃) = 𝔼[− ̈𝓁
𝑡
(𝜃)] is

the block matrix

𝐼(𝜃) =
⎛
⎜
⎜
⎜
⎝

𝐼
(3×3)
𝜓𝜓

𝐼
(3×1)
𝜓𝜑

𝐼
(3×𝑞)
𝜓𝜉

𝐼
(1×3)
𝜑𝜓

𝐼
(1×1)
𝜑𝜑

𝐼
(1×𝑞)
𝜑𝜉

𝐼
(𝑞×3)
𝜉𝜓

𝐼
(𝑞×1)
𝜉𝜑

𝐼
(𝑞×𝑞)
𝜉𝜉

⎞
⎟
⎟
⎟
⎠

(A1)

where the superscripts indicate the dimension of the block and will be
omitted in the following. Taking expectations gives

𝐼
𝜓𝜓

=
𝔼[( ̇𝓁

𝜀
(𝜀

𝑡
))2]

𝜑
2(1 − 𝑐)

⎛
⎜
⎜
⎜
⎝

1+𝑎
1−𝑎

0 𝜔(1+𝑎(1−𝜙))
(1−𝑎)(1−𝜙𝑎)

0 1
12

𝑎𝜅

12(1−𝜙𝑎)
𝜔(1+𝑎(1−𝜙))
(1−𝑎)(1−𝜙𝑎)

𝑎𝜅

12(1−𝜙𝑎)
2𝑎𝜔𝜔+𝑎(1−𝑎)(1+𝜙𝑎)

(1−𝜙𝑎)(1−𝑎)

⎞
⎟
⎟
⎟
⎠

𝐼
𝜓𝜑
=

𝔼[( ̇𝓁
𝜀
(𝜀

𝑡
))2]

𝜑
2(1 − 𝑐)

(

0 − 𝜅

𝜑

𝔼[𝜀
𝑡
𝑝
𝜉
(𝜀

𝑡
)𝐹

𝜉
(𝜀

𝑡
)] − 𝜅

2

𝜑

𝑎

(1−𝜙𝑎)
𝔼[𝜀

𝑡
𝑝
𝜉
(𝜀

𝑡
)𝐹

𝜉
(𝜀

𝑡
)]
)′

𝐼
𝜑𝜑
= 1

𝜑
2

[
𝜅

2

(1 − 𝑐)𝜑2 𝔼[(
̇𝓁
𝜀
(𝜀

𝑡
))2]𝔼[(𝜀

𝑡
𝑝
𝜉
(𝜀

𝑡
))2] + 𝔼[(𝜀

𝑡

̇𝓁
𝜀
(𝜀

𝑡
))2] − 1

]

𝐼
𝜓𝜉
=

𝔼[( ̇𝓁
𝜀
(𝜀

𝑡
))2]

𝜑
2(1 − 𝑐)

𝐴
′ −

𝔼[ ̇𝓁
𝜀
(𝜀

𝑡
) ̇𝓁

𝜉
(𝜀

𝑡
)]

𝜑(1 − 𝑎)

(

1 0 𝜔

)′

𝐼
𝜑𝜉
= −

𝔼[( ̇𝓁
𝜀
(𝜀

𝑡
))2]

𝜑
3(1 − 𝑐)

𝜅
2(𝔼[𝜀

𝑡
𝑝
𝜉
(𝜀

𝑡
)𝐹̇

𝜉
(𝜀

𝑡
)])′ −

(𝔼[ ̇𝓁
𝜉
(𝜀

𝑡
) ̇𝓁

𝜀
(𝜀

𝑡
)𝜀

𝑡
])′

𝜑

𝐼
𝜉𝜉
=

𝔼[( ̇𝓁
𝜀
(𝜀

𝑡
))2]

𝜑
2(1 − 𝑐)

𝜅
2
[

𝔼[𝐹̇
𝜉
(𝜀

𝑡
)(𝐹̇

𝜉
(𝜀

𝑡
))′] + 1

1 − 𝑎

𝐵

]

− 𝜅

𝜑(1 − 𝑎)
𝐶 + 𝔼[ ̇𝓁

𝜉
(𝜀

𝑡
) ̇𝓁

𝜉
(𝜀

𝑡
)]

where 𝐹̇
𝜉
(𝜀) = 𝜕

𝜕𝜉

𝐹
𝜉
(𝜀) ∈ ℝ𝑞 and

𝑎 = 𝜙 − 𝜅𝔼[𝑝
𝜉
(𝜀

𝑡
)]∕𝜑

𝑏 = 𝜅
2∕[12(1 − 𝜙

2)] + 𝜔
2

𝑐 = 𝜙
2 + 𝜅

2𝔼[(𝑝
𝜉
(𝜀

𝑡
))2]∕𝜑2 − 2𝜙𝜅𝔼[𝑝

𝜉
(𝜀

𝑡
)]∕𝜑

𝐴 = 𝔼
⎡
⎢
⎢
⎣

𝐹̇
𝜉
(𝜀

𝑡
)
⎛
⎜
⎜
⎝

𝜅

1−𝑎
((1 + 𝑝

𝜉
(𝜀

𝑡
)) 𝜅(𝑝

𝜉
(𝜀

𝑡
) + 𝐹

𝜉
(𝜀

𝑡
))

𝜅𝜔 + 𝑎

1−𝜙𝑎

(
𝜔𝜅

1−𝑎
+ 𝜅

2
𝐹
𝜉
(𝜀

𝑡
) + 𝜙𝜀

𝑡
𝑝
𝜉
(𝜀

𝑡
)𝜔

)
⎞
⎟
⎟
⎠

⎤
⎥
⎥
⎦

𝐵 = 𝔼[𝐹̇
𝜉
(𝜀

𝑡
)](𝔼[𝑝

𝜉
(𝜀

𝑡
)𝐹̇

𝜉
(𝜀

𝑡
)])′ + 𝔼[𝑝

𝜉
(𝜀

𝑡
)𝐹̇

𝜉
(𝜀

𝑡
)](𝔼[𝐹̇

𝜉
(𝜀

𝑡
)])′

𝐶 = 𝔼[𝐹̇
𝜉
(𝜀

𝑡
)](𝔼[ ̇𝓁

𝜉
(𝜀

𝑡
) ̇𝓁

𝜀
(𝜀

𝑡
)])′ + 𝔼[ ̇𝓁

𝜉
(𝜀

𝑡
) ̇𝓁

𝜀
(𝜀

𝑡
)](𝔼[𝐹̇

𝜉
(𝜀

𝑡
)])′

where assumptions 𝜃 ∈ Θ and 𝑝
𝜉
(𝜀) ∈ 

𝜉
ensure that 𝑎 ≠ 1 and, as

a consequence, 𝑐 ≠ 1 and 𝜙𝑎 ≠ 1, in that 𝑐 ≤ 𝜙
2 + 𝜅

2(𝑝
𝜉
(0))2∕𝜑2 −

2𝜙𝜅𝑝
𝜉
(0)∕𝜑 = (𝜙 − 𝜅(𝑝

𝜉
(0))∕𝜑)2 < 1 and |𝜙| < 1. Existence of the expec-

tations is ensured by the assumption on the matrix 𝐺(𝜃). ◽

Proof of Theorem 3. The proof is based on Theorem 2 of Blasques
et al. (2023), which requires that the following conditions are satisfied:
𝑖) 𝔼log+|𝐹 (𝜀

𝑡
) − 1∕2| < ∞, 𝑖𝑖) 𝔼 log sup

𝜇∈ sup
𝜃∈Θ

|
|
|
|
𝜙 − 𝜅

𝜑

𝑝

(
𝑌
𝑡
−𝜇
𝜑

)|
|
|
|
<

0, 𝑖𝑖𝑖) 𝔼 sup
𝜃∈Θ sup

𝜇∈
|
|𝜕𝓁(𝑦𝑡, 𝜇, 𝜃)∕𝜕𝜇||

𝑠

< ∞ for some 𝑠 > 0, where
𝓁(𝑦

𝑡
, 𝜇, 𝜃) = − log𝜋 − log𝜑 − log

(
1 + (𝑌

𝑡
− 𝜇)2∕𝜑2), 𝑖𝑣) 𝔼|𝓁

𝑡
(𝜃)| <∞.

We have that: 𝑖) is of course satisfied while 𝑖𝑖) is satisfied by the
assumption that |𝜙 − 𝜅∕(𝜋𝜑)| < 1 for all 𝜃 ∈ Θ. Regarding 𝑖𝑖𝑖) we note
that 𝜕𝓁(𝑦

𝑡
, 𝜇, 𝜃)∕𝜕𝜇 = 2𝑥

𝑡
∕(𝜑(1 + 𝑥

2
𝑡
)) < 1∕𝜑, where 𝑥

𝑡
= (𝑌

𝑡
− 𝜇)∕𝜑, so

that 𝑖𝑖𝑖) is satisfied for any 𝑠. As far as 𝑖𝑣) is concerned,

𝔼 sup
𝜃∈Θ

|𝓁
𝑡
(𝜃)|

= 𝔼 sup
𝜃∈Θ

|
|
|
|
|
|

− log

(

1 +
(
𝑌
𝑡
− 𝜇

𝑡
(𝜃)

𝜑

)2
)

− log𝜑 − log𝜋
|
|
|
|
|
|

≤ 𝐴 + 𝔼 log(𝐵 + 𝐶𝑌
2
𝑡
) < ∞

where𝐴,𝐵, and𝐶 are positive constant obtained by taking the supremum
of quantities like 1∕𝜑 and |𝜇

𝑡
(𝜃)| with respect to 𝜃 (these quantities are

finite because Θ is compact and sup
𝜃∈Θ{𝜇𝑡

(𝜃)}
𝑡∈ℤ) is bounded). The last

inequality follows by the assumption that 𝔼|𝑌
𝑡
|𝑟 < ∞ for some 𝑟 > 0. ◽

Proof of Theorem 4. The proof follows by an application of Theorem 3
of Blasques et al. (2023) that first requires that their preliminary Lemma
4 and Lemma 7 hold. Conditions for Lemma 4 to hold are satisfied by
the moment condition sup

𝑡
𝔼 sup

𝜃∈Θ ||𝐺
𝑡
(𝜃)𝐺

𝑡
(𝜃)′|| <∞. Conditions for

their Lemma 7 to hold include the uniform contraction condition 𝑖𝑖) |𝜙 −
𝜅∕(𝜋𝜑)| < 1 plus uniform bounds on the first and second derivatives of

𝜓(𝑌 , 𝜇, 𝜑) = 1
𝜋

arctan
(
𝑌 − 𝜇

𝜑

)

𝓁(𝑌 , 𝜇, 𝜑) = − log

(

1 +
(
𝑌 − 𝜇

𝜑

)2
)

− log𝜑,

where 𝜓(𝑌 , 𝜇, 𝜑) = 𝐹

(
𝑌
𝑡
−𝜇
𝜑

)

− 1
2

with 𝐹 (⋅) being the Cauchy distribution
function. Conditions 𝑖) and 𝑖𝑖𝑖) – 𝑥𝑖𝑖𝑖) in Blasques et al. (2023) are easily
shown to hold in our case since 𝜑 is bounded away from zero and finite by
compactness of Θ. The further conditions in their Theorem 3 are directly
assumed in our case, like sup

𝑡
𝔼𝑌

𝑡
< ∞ (in their Lemma 7) and conditions

on 𝑉 (𝜃𝑜) and 𝔼 ̈𝓁
𝑡
(𝜃𝑜). ◽
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