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Recent breakthrough experiments have demonstrated how it is now possible to explore the dynamics
of quantum Hall states interacting with quantum electromagnetic cavity fields. While the impact of
strongly coupled nonlocal cavity modes on integer quantum Hall physics has been recently addressed,
the effects on fractional quantum Hall (FQH) liquids—and, more generally, fractionalized states of
matter—remain largely unexplored. In this work, we develop a theoretical framework for the under-
standing of FQH states coupled to quantum light. In particular, combining analytical arguments with
tensor network simulations, we study the dynamics of a v = 1/3 Laughlin state in a single-mode cavity
with finite electric field gradients. We find that the topological signatures of the FQH state remain robust
against the nonlocal cavity vacuum fluctuations, as indicated by the endurance of the quantized Hall
resistivity. The entanglement spectra, however, carry direct fingerprints of light-matter entanglement and
topology, revealing peculiar polaritonic replicas of the U(1) counting. As a further response to cavity
fluctuations, we also find a squeezed FQH geometry, encoded in long-wavelength correlations. By
exploring the low-energy excited spectrum inside the FQH phase, we identify a new neutral quasiparticle,
the graviton polariton, arising from the hybridization between quadrupolar FQH collective excitations
(known as gravitons) and light. Pushing the light-matter interaction to ultrastrong-coupling regimes, we
find other two important effects, a cavity vacuum-induced Stark shift for charged quasiparticles and a
potential instability toward a density modulated stripe phase, competing against the phase separation
driven by the Stark shift. Finally, we discuss the experimental implications of our findings and possible
extension of our results to more complex scenarios.
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I. INTRODUCTION

The possibility of controlling quantum matter properties
via cavity embedding has sparked a lot of interest in recent
years [1-4]. Vacuum fluctuations of strongly confined
electromagnetic modes have been proposed as handles
on various phenomena [5-20], and pioneering experiments
have demonstrated the nontrivial role of cavity quantum
electrodynamics (QED) setups in shaping matter properties
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[21-25]. A particularly intriguing framework is that of
topological phases, whose traditional many-body under-
standing faces fundamentally new questions due to the
nonlocal nature of the cavity degree of freedom.

On this point, a recent breakthrough experiment [21]
has shown that transport properties in the integer quantum
Hall (IQH) regime can be affected by a split-ring cavity
in the ultrastrong-coupling regime, even in the absence of
any driving. This effect has been proposed to arise from
cavity-mediated hoppings [26] involving cyclotron transi-
tions to higher Landau levels (LLs) assisted by vacuum
photons or, more recently, as a consequence of cavity losses
[27]. While significant progress has been made in the
understanding of IQH states coupled to quantum light
[9,16,26,27], its effect on the much richer physics of
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fractional quantum Hall (FQH) matter [28,29] remains
largely unexplored.

Fundamentally different from its integer counterpart, the
FQH effect [28] can arise only from genuine many-body
correlations, responsible to lift the degeneracy in the
partially filled Landau level and open a bulk gap. In
FQH phases, new collective degrees of freedom emerge,
such as the paradigmatic fractionally charged anyonic
quasiparticles [30], one of the smoking guns of topological
order, and neutral magnetoroton modes [31,32], also
dubbed as gravitons [33] at long wavelengths given the
link to a more recent geometric description of FQH
correlations [34-42]. Another hallmark of topologically
ordered phases is their peculiar many-body entanglement
structure [43,44], which naturally connects to their spectral
properties and has proven to be a valuable tool for the
classification of quantum phases of matter. In the face of
this, it is tempting to ask, what is the fate of such rich and
profound phenomena under the action of quantum light?

In this work, we address this question by putting forward
a theory describing FQH liquids coupled to a cavity QED
environment. The starting point of our analysis is a careful
modeling of lowest Landau level (LLL) electrons coupled
to quantum light. In particular, we introduce a projected
LLL model written in the dipole gauge and justified in
terms of energy scale separation. This recovers the pro-
jected minimal coupling procedure of Ref. [45] with the
addition of a novel vacuum-induced Stark shift effect,
proportional to the local value of the cavity field fluctua-
tions. This highlights the role of cavity field gradients
which, in agreement with Kohn’s theorem [46], are
essential to nontrivially couple to electronic correlations
within the LLL [47,48].

As a proof of principle, we investigate a simplified
scenario given by the v = 1/3 Laughlin state coupled to a
cavity with a smoothly varying gradient (constant or
linearly varying) and no losses. The setting is schematically
depicted in Fig. 1(a). The full quantum dynamics of the
system (light and matter) is studied numerically with a
novel hybrid tensor network ansatz shown in Fig. 1(b) that
combines the success in representing FQH states [49,50]
using matrix product states (MPS) [51-53], with cavity-
matter correlations in 1D [54-57]. This allows us to
investigate in an unbiased way properties of both ground
and low-energy excited states, using algorithms based on
the density-matrix-renormalization group (DMRG) [58,59]
and on the time-dependent variational principle (TDVP)
[60,61]. Exact diagonalization (ED) is also used in order to
test our findings.

We show that the topological properties of the Laughlin
state remain stable against the introduction of the nonlocal
mode, as signaled by the quantized Hall resistivity, which
we calculate by adapting the original flux insertion argu-
ment [62]. However, entanglement properties are drasti-
cally affected: The entanglement spectrum features

FIG. 1. (a) Illustration of the FQH bar placed inside the cavity.
The electrons are confined to move in the 2D plane under the
action of a perpendicular magnetic field B.,,. The in-plane
component of the cavity electric field pierces the principal edges
of the strip perpendicularly. Periodic boundary conditions on y
are depicted as dotted edges, while open boundary conditions on
x are depicted as a sharp cut. The inset shows the mode profile
with a uniform gradient used in most of the discussion. (b) MPS
ansatz used to describe the hybrid light-matter system. Orange
square represent the cavity degree of freedom, while the red
circles represent LLL electronic orbitals on a cylinder geometry.
(c) Cavity density of states D.(w) as a function of cavity
frequency w, revealing graviton-polaritons. Dashed lines re-
present an analytical effective model for the polariton frequencies
with no fitting parameters.

different series of eigenvalues featuring typical U(1)
counting of FQH states [43], with each series correspond-
ing to an approximately quantized value of the cavity
photon and with an interseries separation that we denote
as polariton entanglement gap. This reveals a collective
coupling with matter excitations at zero transferred
momenta which we also detect in spectral properties.
These matter excitations are revealed to be gravitons,
ie., the long-wavelength part of the magnetoroton
dispersion, and, once they hybridize with cavity photons,
become graviton-polaritons. They give rise to a typical
polariton doublet, which can be used in spectroscopy
experiments as a smoking gun for the strong-coupling
regime. Through a simple effective model that almost
matches quantitatively with the finite-size numerical sim-
ulations [see Fig. 1(c)], we also provide analytical pre-
dictions for the collective Rabi frequency in terms of the
graviton quadrupole moment.

Another major consequence of the cavity mode on the
ground state is the squeezing of the FQH metric [34] that is
revealed by a striking change in the long-wavelength
correlations and by the spatially anisotropic profile of
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electron correlation holes. Only in regimes where the cavity
field gradients are strong at the single-particle level can
cavity-mediated interactions drive an instability of the FQH
liquid to a stripe phase, reminiscent of other transitions
mediated by different anisotropy sources [63], accompa-
nied by the softening of the full magnetoroton dispersion.
However, before such transition occurs, spatially dependent
cavity-induced vacuum Stark shifts become important and
potentially generate phase separation. Their role in the
FQH phase is to renormalize the energy cost of charged
quasiparticles.

Summary of results.—Before describing the structure of
the work, we summarize here our main findings:

(1) a microscopic QED theory describing the coupling
of quantum light to electrons in the LLL, pointing
out that the relevant light-matter coupling is ex-
pressed in terms of field gradients;

(ii) resilience of the quantized Hall resistivity upon the
introduction of the nonlocal cavity-mode degree of
freedom, with the latter imprinting an anisotropic
FQH geometry in the ground state;

(ili) a new entanglement structure in hybrid quantum
Hall states, where the role of quantum light is to
introduce a “band” of chiral Luttinger liquids mul-
tiplets, each with an approximately quantized pho-
ton number;

(iv) the prediction of graviton-polariton modes, describ-
ing the hybridization of the typical magnetoroton
mode with quantum light in the setup we consider;
and

(v) cavity vacuum-induced Stark shifts for charged
quasiparticle excitations, controlled by the same
collective energy scale which controls the splitting
of graviton-polaritons.

The paper is organized as follows.

In Sec. II, we describe the system under study, starting
from a brief recap on LLs and the microscopic derivation of
the LLL light-matter model based on energy scale sepa-
ration between LL, ensuring a proper treatment of the
ultrastrong-coupling regime. We discuss the role of cavity
field gradients and detail the numerical methods we use to
solve the full cavity-matter problem.

In Sec. III, we present a detailed study of the nature of
the FQH topological order in the presence of a strongly
coupled nonlocal cavity degree of freedom. We do so by
looking at two key markers, viz., the entanglement spec-
trum structure and the transverse Hall resistivity.

In Sec. IV, we investigate bulk spectral properties of the
hybrid light-matter FQH state. We start by reviewing the
magnetoroton spectrum, i.e., the low-energy gapped neutral
excitations on top of FQH states. Then, we present
numerical evidence for the effect of the cavity degree of
freedom on the full magnetoroton dispersion, from the
formation of the hybrid graviton polariton to the lowering
of the magnetoroton minimum. We then construct an

effective model which builds on top of the Girvin-
MacDonald-Platzman treatment of magnetorotons and is
able to capture analytically the salient features of the
graviton-polaritons that we observe numerically.

In Sec. V, we extend our study of other ground state
properties in the ultrastrong-coupling regime. We first find
that in the FQH phase strong cavity fluctuations can
squeeze the emergent FQH geometry. Only at the single-
particle strong coupling regime do we find an instability
toward a stripe phase, which, however, can be realized only
if single-particle cavity-induced terms are compensated or
neglected. By reintroducing them, we show how vacuum-
induced Stark shifts are governed by a collective energy
scale and, in the FQH phase, can renormalize the energy
cost of charged quasiparticles.

In Sec. VI, we discuss the connection of our findings to
realistic experimental scenarios taking as a reference a split-
ring resonator [21]. While energy scales match, we highlight
how carefully designed resonators with strong field gradients
are needed to reach strong coupling to FQH physics. We
also comment on the possible role of cavity screening of
Coulomb interactions neglected in our treatment.

To conclude in Sec. VII, we summarize our results and
draw a more general picture on how confined electromag-
netic modes can be used to both probe and control
correlations in the LLL.

II. THE MODEL

In this section, we start by reviewing the LL physics
(Sec. ITA) and the split-ring cavity setup (Sec. IIB). In
Sec. IIC, we discuss the light-matter coupling in a full
model without LL truncation. Then, in Sec. II D, we present
the first result of this work, namely, the derivation of a QED
Hamiltonian for LLL electrons coupled to a cavity. After
discussing some of the physical implications of the
obtained model (Sec. IIE), we spell out the full
Hamiltonian used in the rest of the paper (Sec. I F) and
describe the MPS ansatz used to solve it (Sec. 11 G).

A. Landau levels

We consider a collection of N, spinless electrons with
mass m, and elementary charge ¢ = |e| living on the (x, y)
plane under a strong magnetic field B, = (0,0, B) in the z
direction [Fig. 1(a)], represented in the so-called Landau
gauge by an external vector potential A, = (0, xB,0). We
choose to work with periodic boundary conditions along y,
implying a cylinder geometry with a finite circumference
L,. The single-particle eigenstates can be written as [64]

2

iky _ _ ="
\/fye ¢n('x Xk)’ k Ly.]k’ (1)

l//k,n(x’ y) =

withn =0,1,2, ... being the LL index and j, € Z labeling
the momentum along y. Here, ¢, are eigenfunctions of the
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harmonic oscillator with characteristic length equal to the
magnetic length Iz = \/f/eB, frequency equal to the
cyclotron frequency wpz = (eB/m,), and centered around
X = kl%. In the presence of an external potential W, which
can account for both disorder and confining potential, the
single-particle Hamiltonian in the LL basis takes the
following general form:

~ 1 . . A
HO - Z (n + 5) ank‘n + Z WZ‘Z/ C]t,nck’,n’v (2)

n,k k&' ,n,n

where ¢, is the annihilation operator for the orbital (k, n),
fen = &f  Cxq» and WZ,’(',/ are the matrix elements of the

external potential. Importantly, we focus on the LLL
(n = 0), where the single-particle Hamiltonian then reads

[,'\10 = 1’—‘17’:(01—"[ = ZW%Q,@ZE}/, (3)
kK

where IT is a projector onto the LLL and we drop the LL
index on the fermionic operator. In the following, we focus
on W = 0, except when explicitly stated.

The other important ingredient is two-body interactions
represented by a central potential V(|r; —r|). In the
continuum, this reads

ﬂint_/dzrlderI/A/T(rl)l/A/T(rZ)
V(g =1 )i (r ) (ry) (4)

with g (r) = >, wia(r)¢e,. Neglecting LL mixing
and projecting onto the LLL, the interaction term can be
written as

A

o At AT A A
Hyy = E Vkl,kz,k3,k4ck]Ck26k3Ck4’ (5)

ky ko ks ky

where Vi ik, are the matrix elements of V(r) in the
LLL. In order to keep the analysis simple, we adopt the first
Haldane pseudopotential [65], i.e., the shortest-range fer-
mionic interaction, for which the Laughlin wave function is
an exact zero-energy ground state. Its matrix elements on
the cylinder are [65]

V2r
Vi dodes by = V@’;ﬁffgif [(ky = k3)? = (ky = k3)?]
y

X e—%(kl —k3)2g—%(kz—k3>2, (6)

where the energy scale of the interaction is set to Vj =1
and the 1/L, factor guarantees the interaction term to be
extensive. In the absence of disorder, both the total number
of particles N = 7, i1, and the total momentum along the
y direction K y = D kit are conserved and can be fixed to

N, and K. We consider a finite cylinder in the x direction
by truncating in the orbital space, e.g., j;=
—(M—-1)/2,...,(M —1)/2. This gives rise to a cylinder
of circumference L, and length in the open boundary
condition (OBC) direction of L, =2zM/L,. To fix the
correct filling, we fix M with the condition M = 3N, — 2.
Such a choice also guarantees a unique ground state at
K, = 0, which is the v = 1/3 Laughlin state.

B. Cavity setup

We consider a single-mode cavity model, inspired by the
split-ring resonator used in Ref. [21]. Other cavity reso-
nances are expected to appear higher in energy and are,
thus, neglected. The split-ring mode can be understood
in terms of an LC resonance [66,67] at frequency
w, = 1/v/LC, where L and C are the effective inductance
and capacitance, respectively. By shrinking the capacitor
region, one can reach impressive enhancement of the
vacuum electric field fluctuations and, in some cases, enter
the strong-coupling regimes, even at the single-electron
level [68]. The free quantized Hamiltonian for the LC
resonator can be written in terms of the electric and
magnetic field energy density as

N ~ 1 n
i, = /d3r O (VxA)2| =wata, (7)
2 2

where EC is the electric field and AC is the vector potential.
In the region of interest, i.e., where the Hall bar is placed,
these are expanded on a single quantized bosonic mode as

A= Acfc(& + &T)’ (8)
Ec = lchc(& - &T)’ (9)

with f. the dimensionless mode function. Here, we assume,
in fact, to have a negligible cavity magnetic field compo-
nent l§'c =Vx AC ~ 0 implying V x f. ~ 0. The intensity
of cavity vacuum fluctuations is

Ec = wcAc =V hwc/(zeovmode) (10)

and is expressed as a function of the effective mode volume
Vmode- With this choice, we have [drf.f. = Viode
We focus on the specific case of vanishing electric field
component in the y direction and generic field along x. The
in-plane part of the mode function can be written as

L) = fe(om,, (11)

with f.(x) being a generic function and u, being the unit
vector in the x direction. In the following, we also use a
shorthand notation for the cavity field E.(x) = E.f.(x).
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In the ideal case of infinite parallel mirror plates [66]
living in the yz plane, we have f.(x) = f. independent
of x. However, relevant field gradients are expected [21]
and can be controlled to some extent. Note that the gradient
of the cavity mode function in 3D is constrained by Gauss’s
law such that, in the case of an uniform dielectric within the
capacitor plates, we have V-f.=0. This does not
constrain the in-plane gradients which can indeed be
finite. The split-ring setup naturally implements an
electric field perpendicular to the edges of the Hall
bar [21], modeled here as the open edges of the cylinder
in our configuration [Fig. 1(a)]. We remark that this
particular choice of cavity configuration differs from that
considered in Ref. [69], where the electric field is exactly
parallel to edge of the system.

C. Quantum light-matter coupling

In the continuum model, one can implement minimal
substitution, p — p — eflc, as an unitary transformation
U [45]. In the case of a purely electric field (V x A, ~0),

the unitary operator U depends on the cavity mode function
via the cavity electric pseudopotential y(r):

2 =e / "o AS () (12)

which satisfies Vy(r) = eA.f.(r). This allows us to define

an unitary operator {{ which implements the light-matter
coupling:

~

U = exp [ (a+ aT)P} (13)

where P is the polarizationlike dimensionless electronic
operator summarizing the coupling to the mode function
(from now on, in short, polarization):

P= /dzr)((l‘)liﬁ(r)lf/(")- (14)

The so-called Coulomb gauge Hamiltonian can then
obtained by applying the unitary I, which shifts the
electronic momentap — p — eAc, on the bare electron part:

ﬂcoul =t ('):{0 + ﬂint>ZA’[ + I:IC
:ﬂ0+ﬂim+ﬁ]c+ﬂpara+ﬂdia (15)

with the light-matter coupling now expressed in terms of
paramagnetic and diamagnetic terms:

Py = [ &1 1) 5 (~iV A, = V)p). (16

2
Moo= | drot e_(A A
Hdld / n//(r)zm c c

o). (7)

Here, the light-matter coupling is expressed via currents
and, hence, momentum of electrons.

The dipole gauge Hamiltonian can then be obtained by
applying the inverse unitary transformation T =U" [45),
also known as Power-Zienau-Wolley, to the full Coulomb
gauge Hamiltonian 7" (and not just to the bare electron
part as done above):
UHcouluT

ﬂdlp HO + Hmt + UH UT (18)

:ﬂ0+ﬂinl+ﬁc + Hpp + Fipp, (19)

where the light-matter coupling is encoded in two new
terms:

Fpp = iw.(a —at)P, (20)
Hep = 0, P? (21)

with the latter often referred to as the self-polarization term.
Here, the light-matter coupling is expressed through the
polarization (position) rather than through currents
(momentum) of electrons as in the Coulomb Hamiltonian.
We also remark that, despite the nomenclature, no dipole
approximation (EC uniform) has to be performed. Indeed,
we can verify that the polarization operator carry informa-
tion about all multipoles of the charge distribution.
Expanding the cavity field up to first order around r = 0
and substituting it into y(r), we get

Peecrlo): [ Emi (i)
e[ £l ] [ i, (22)

De a,b

where a and b run over {x,y}. This clearly includes both
dipole (first line) and quadrupole (second line) contribu-
tions. In particular, for a cavity mode as that of Eq. (11),
only the (a, b) = (x,x) contribution of the quadrupole will
contribute to the in-plane dynamics. Note that the z
direction is absent from the discussion, as the well thick-
ness is assumed to be infinitesimal.

In order to specialize to the case of Landau levels, we just
need to expand the polarization operator on the single-
particle basis introduced in Sec. II A as

=3 el e (23)

kK nn

where the electric pseudopotential (or, equivalently, polari-
zation) matrix elements are defined as

2 = / Cryp P r).  (24)
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For our specific choice of cavity mode [ fﬂ (r) = fe(x)u,]
and neglecting second-order derivatives of the cavity field,
we can write a more explicit expression:

nn' l
Xew = A X Wn8, a1 + (n < 1)

V2
12
+ 2 ) [V =160+ (1 o )| B
12
+ X + 20+ )86 (25)

Here, I3 is the magnetic length, X, is the center of the
orbital with momentum k, and y’ and y” represent the
first- and second-order derivatives of the cavity electric
pseudopotential, giving, respectively, dipole y’ ~ E,. and
quadrupole y” ~ E.. contributions. Higher-order derivatives
of the cavity field just give further cyclotron transition.
There are, in general, two rather different kind of terms:
(1) those contained in the first two lines which drive inter-
LL cyclotron transition; (ii) those contained in the last one
affect the intra-LL dynamics. In the rest of the discussion,
we often shorten the notation of the LLL matrix elements of
interest as ;(2:2, = YOk

We now want to remark that gauge transformations
change the physical meaning of both cavity and matter
operators. One should instead focus on physical observ-
ables, which are gauge invariant. For example, the cavity
electric field is expressed differently in the two gauges:

Coulomb: E, = iE (a - a")f,, (26)
dipole: E, = E, [i(& —at) - 275} f.. (27

In this sense, the no-go theorems [70,71], which forbid a
macroscopic coherent occupation of the cavity in the
Coulomb gauge, constrain the ground state coherent
occupation in the dipole gauge to be

(@) =0= (a), = i(P)p. (28)

where (---)¢(p) denotes the expectation value in the

Coulomb (dipole) gauge. We also note that there is an extra
freedom in the choice of an overall constant in P, the origin
of our system, which guarantees us that we can always find a
basis where (a), = 0 also in the dipole gauge.

D. LLL truncation

Simple LLL models have been incredibly successful in
describing FQH systems. This relies on the fact that at high
magnetic fields B the cyclotron frequency wgz ~ B domi-
nates the interaction energy scale V ~e?/elp~ VB
(Coulomb energy). Corrections in V/wg have also been
extensively studied [72—74] and are often required for more
quantitative comparison with experiments.

Performing a LLL truncation in the cavity QED setup
under consideration should, however, be done with care.
Truncations of light-matter interactions in ultrastrong-
coupling regimes have been shown to be problematic
[75,76]. In this regard, many efforts have been devoted
to devising controlled, effective low-energy models for
truncated electronic systems that are strongly coupled to
quantized electromagnetic modes [45,77].

Here, we start from the single-mode cavity QED model
coupled to the full continuum of Landau level electrons and
perform a lowest Landau level truncation of the light-matter
interaction terms based on controlled energy scale separa-
tion. As we see, this procedure recovers results that can be
obtained by a truncated minimal substitution prescription
described in Ref. [45], up to a renormalization of single-
particle terms. Numerical insights on the effect of the LLL
truncation performed here can be found in Appendix A.

We first require a cavity frequency @, < wg, which is
usually verified in the experimental situations under con-
sideration [21]. Then, also the light-matter interaction
energy scale should be controlled. This, however, depends
on the description we adopt, either dipole or Coulomb,
where the interaction is written in terms of different
operators. In the dipole gauge, we have that cavity-
mediated inter-LL transitions [see Eq. (25)] are controlled
by the energy scale:

e o elyE,. (29)

Contrarily, in the Coulomb gauge, the light-matter coupling
is expressed via the momentum of electrons [Eq. (16)]
which carry a factor 1/m and, hence, a cyclotron frequency
wg = eB/m, leading to an energy scale for the light-matter
interaction term of

coul 1 [, E, 28 30
€im elp cwc ( )

Even though the two energy scales are different, we remind
that the total Hamiltonians, before truncation, are equiv-
alent up to global unitary transformations. It is clear,
however, that performing a LLL truncation is more suitable
in the dipole gauge, where inter-LL matrix elements do not
scale with wp. We also remark that at the theoretical level
the LLL limit (wp = eB/m — o0) should be taken with the
mass of the electrons m — 0 rather than with the magnetic
field B — o0. This allows us to have a nonzero length scale
for the system /z which also controls other intra-LL matrix
elements [see Eq. (25)].

Dipole gauge.—Given that wp dominates on all other

terms in the dipole gauge, we can directly truncate H{%P:

Ardip 1) £ dipry
H = 1_ILLL’)_{ 1_[LLL

= Hyy + H, + Hpp + Hpp, (31)
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where, in general, we use Oa = f[@aﬁ as a short notation
for the LLL projected version of an operator. Equation (31)
can be understood as the zeroth-order expansion in 1/wp of
the full model in Eq. (18), with neglected second-order
corrections akin to what usually happens for standard FQH
systems [72,74]. Expanding the two projected light-matter
interaction terms, we get the following form:

Hpp = i (a + a")P, (32)

Hpp = 0 P> + Z/f‘kéi_oék,o» (33)
Ik

where P = I1PI1 is the truncated polarization operator:

D 0,0AT -
P = E \)Ck.kck,Ock,O
3

(34)

and p;, a cavity-mediated single-particle potential:

01,10 | 0220
Hk = @ ()(k,k)(k.k + )(k.k)(k,k>

(ezBEc(Xk»z (el%?axEc(Xk))z
= —+ .
2w, 8w,

(35)

The structure of the light-matter interaction is then very
similar to the one of the one of the full model [Egs. (20)
and (21)] except for the single-particle contribution g in
the self-polarization term which arises from the fact that

[IP2M1 # (n PH)2 (36)
As a general comment, we note that this term is important
only for inhomogeneous cavity electric fields, reducing to a
global energy shift in the homogeneous case. In the above
equation, we can clearly distinguish dipole and quadrupole
contributions, with higher order missing because of the
assumption of negligible higher-order derivatives of the
electric field.

From a physical perspective, it is possible to understand
this term as a renormalization of the LLL vacuum energy
(% wp) via a spatially dependent depolarization shift [78] of
the cyclotron frequency. Another equivalent interpretation
is via a spatial-dependent renormalization of the electronic
mass, which enters in wz = eB/m. Given the dependence
of this single-particle term on local vacuum fluctuations of
the cavity electric field and the dipole or quadrupole
moment of the cyclotron transition, we dub it vacuum-
induced Stark shift, in analogy with other well-known Stark
shift effects in quantum optics.

Coulomb gauge.—As we discuss above, truncating in
the Coulomb gauge is problematic because of the energy
scale governing inter-LL transitions. However, one can still

define a Coulomb gauge Hamiltonian using a truncated
unitary transformation [45]:

A

U =TIUT = exp [i(& +a") E ){2"2/@;051(’,0} (37)
oK
to get
2 = UEr (38)

_ U(HO + Him) U+ B+ mejer (39)
k

Note that we use a tilde on the Coulomb gauge Hamiltonian
to stress that it differs from a bare truncation of the full one

2coul |, A could .
H*" # TTH*'11. Interestingly, the effect of the truncated
unitary transformation U/ on LLL electron operators cor-

responds to a simple Peierls phase dressing:

— eila+at ) p i

(40)
also found for tight-binding models [45].

E. Role of gradients

In a clean system, gradients are fundamental to couple
the cavity field to electrons within the LLL. This is a
consequence of the celebrated Kohn’s theorem [46], whose
corollary is that a uniform field can couple only to the
cyclotron mode [27], generating transitions among differ-
ent Landau levels. In view of that, we now consider a
further simplified cavity mode by considering a linear
expansion f.(x) = Cy + C;x and leave the discussion of
more complicated modes for Sec. VI. For this particular
shape of the mode function, the LLL matrix elements are

eE, (I3 5 1 2 2
rr= ZC1+Co(k13—xo)+§C1(le_x0) s (4D)

with x, the origin for the integration in Eq. (12). In the
Coulomb gauge H coul, the matrix elements of the coupling
can be readily understood by the dressing of H;,, and H,.
For the interaction term H;,, we have that the four-body
terms 8}[16}[26k36k4 get dressed with the following phase
factor:

exp [i(a +a") (e, + 2k, = Xy = X)) (42)
However, from momentum conservation along y, we have

that k; + k, = k3 + k4, and for the explicit expression of y
the dressing phase can be written as

. eECC1 l%

exp |1 (@+a")(ky — k) (ks — k) | (43)

c
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The other important cavity-induced effect is the presence of
a vacuum-induced Stark shift y; which, in the case of a
simple gradient and up to overall constants, reads

1
He=_- lelgE.(Cy + Ciki3)]*. (44)

c

At this point, we highlight two important properties:
(1) First, as anticipated from Kohn’s theorem [46], the
constant part of the electric field (Cy) is decoupled;
(i) Second, an uniform gradient of the electric field
generates a uniform light-matter coupling plus a
nonuniform single-particle potential.
The latter follows by the fact that in Eq. (43) only
differences in momenta, and, hence, relative distance on
x, appear. Alternatively, when sticking to the dipole gauge
formulation, one can see that, single-particle potentials
aside, the constant part of the field (C,) couples only to
conserved quantities, such as the number of electrons and
momentum along y. In contrast, the gradient (C;) couples
t0 the xx component of the quadrupole moment operator,
Toc e [ Eraty(r
trons in the LLL [48].
Another way to avoid Kohn’s restriction and actually
couple the LLL to a constant electric field is via the
presence of an external potential for the electrons. Either a
confining potential [79] or disorder will do the job,
realizing, however, quite different scenarios. A confining
potential on x will have a dominant effect at the edges
where its variation are stronger, while disorder will con-
tribute to bulk properties [80]. These effects can be
important in actual experimental realization but go beyond
the scope of this work.

ryp(r )Cka' associated to elec-

F. Hamiltonian

In order to better understand the many-body physics at
play, we first study the effect of cavity-mediated inter-
actions (y;) and only later reintroduce cavity-induced
single-particle potentials (y;). We, thus, label the model
Hamiltonians according to the terms present in it, H , and
H, , for generic cavity modes f.(x).

In particular, we first focus on the effect of uniform
electric field gradients by choosing f.(x) = Cy + C,x and
setting both cavity vacuum-induced Stark shifts (x;) and
other external potentials (W), or, equivalently, their sum, to
zero. We choose to work in the dipole gauge where the toy
model Hamiltonian reads

N k?
H, = H. +w.aa+ iw.g(a—ab) E (— - K0> 7y
3

+ 0.9 [Z <%2—K0> ﬁk]z, (45)

k

with H it the interaction Hamiltonian for the first Haldane
pseudopotentials [Eq. (5)], ko the overall constant in the
definition of y; related to the choice of origin, and

2

_ eC\E_ ly (46)
6OC

a dimensionless coupling constant proportional to the
electric field gradient d,E.(x) = E.C;. The energy scale
of the interaction and the magnetic length are all set to
unity, Vo =1Ip =1, and o, = 1, unless specified other-
wise. The latter choice is motivated by the fact that we need
to focus on a limited parameter space and is not related to
any fine-tuning.

For a more direct comparison of different cavity frequen-
cies .., we sometimes rescale the coupling g and use g, /@,
as a tuning parameter for the light-matter coupling. This
choice indeed guarantees that, following Eqgs. (10) and (46),
the coupling (g,/@,) does not carry hidden dependencies
on w, but depends only on the magnetic length /5 and the
cavity mode via its overall effective volume and its spatial
variations. In Sec. IV C, it also becomes clear that this
choice guarantees a fixed physical Rabi coupling between
gravitons and cavity photons [see Eq. (75)].

We are now going to reintroduce the cavity-induced
potential u;, although for a slightly different profile of
the cavity electric field which keeps inversion symmetry
x — —x. Inspired by the cavity field reported in Ref. [21],
we choose a parabolic profile f.(x) = Cy + % C,x?%. In this
case, to allow for a direct comparison with the uniform
gradient case, we require |0.E.(x)|€[0,2g] between
x€[-(L,/2),(L,/2)] and E.(£L,/2) = E.(0), obtained
by fixing C, = g/(L,/2) and Cy =% C,(L,/2)*. Within
this choice, the Hamiltonian can be written as

272 272
N L w.9 LiNx—. k
Hy,=H,+= ;n {1+( /2> ] +const, (47)

where now y; is changed accordingly to the new mode
function.

The single-particle term above is, in fact, exactly the
same found in cold atom gases trapped by optimal means:
There, the microscopic reason for such spatially dependent
Stark shifts stems from a finite waist of the lattice laser
beam. As in the latter physical setting, getting rid of this
term seems challenging: However, owing to its simple
functional form, it is relatively easier to understand their
physical effects. We can then borrow a considerable
understanding on how these terms affect the system
dynamics from the abundant cold atom literature on
the topic.

In particular, the above-mentioned terms have long been
investigated in the context of the local density approxima-
tion, which describes a given physical system as a
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collection of subsystems, each one at its own value of the
effective local potential . Such approximation works
particularly well in the presence of incompressible
phases: Those occupy a finite region of each sample
and are by definition stable to local potentials (even more
so if their nature is topological). A paradigmatic example
of the relevance and validity of such approximation is the
observation of Mott insulator phases with cold atoms in
optical lattices [81], characterized by typical wedding-
cake-like structures [82]. A comprehensive review of
such phenomenology for the specific case of fractional
quantum Hall states is presented in Ref. [83], and addi-
tional methods to exploit space-dependent structures are
described in Ref. [84]. Based on the arguments reported
above and extensively reviewed in the literature [83,85],
below, we focus most of our ground state analysis on A P
and present a further discussion on the effects of u in
Sec. VC and Appendix A.

Observables.—We also introduce some relevant observ-
ables that we use throughout the paper. The expressions we
provide below are valid for the dipole gauge, where cavity
operators are dressed rather than matter ones. First, we have
the real-space charge density:

() = 7Y inlgolx ~ X0 (48)
Y ok

which is independent on the position y because of the
translational invariance. In order to get information about
correlations in the y direction, we use the density-density
correlations from the two-particle correlator G defined as

G(z)("l,"z) = <l/A/T(rl)l/A/T("z)l/A/("z)l/A/("l»- (49)

Another important quantity is the guiding center density
operator [31,86], which in second quantization reads

b

1 . i
<q) _ M e—qul]y/zZe"qu@]tf‘k_'_qy . (50)
k

From this, we define the connected guiding center static
structure factor:

S(q) = (GS[65(~4)5p(q)|GS). (51)
with 8p = p — (GS|p|GS), and its dynamical counterpart:
1 A
S(w.q) =, > 1(n[6p(9)|GS)*5,(w — E, + Eqgs)

R p— (52)

with |n) being a many-body eigenstate with energy E, and
n being a broadening parameter that should be sent to zero.

Regarding the cavity, we use its density of states as a way to
probe polaritons at finite frequency:

D.(w) =) |(n|a'|GS)5,(w — E, + Ecs)

=Y [(n|a|GS)[28,(w + E, — Egs),  (53)

which can be obtained from the retarded cavity Green’s
function as D.(w) = —(1/z) Im GR(w), with GE(1) =
i0(t)([a(t), a’(0)]). We remark that in the ultrastrong-
coupling regime a precise calculation for the outcome
of transmission and reflection experiments should also
take into account anomalous correlations [87,88] and use
the gauge-invariant electric field rather than the gauge-
dependent cavity operator a [89]. We leave these refine-
ments for a future work.

G. Numerical methods

In order to study the strongly coupled light-matter
system, we perform DMRG simulations for the ground
state and a combination of TDVP and ED for spectral
functions. DMRG methods have been extensively used in
the context of FQH systems to find the ground state of
microscopic Hamiltonians in an unbiased way [49,90,91].
The cylinder geometry, in particular, allows for a very direct
mapping of the LLL orbitals spanned by a single quantum
number k to a quasi-1D chain with long-range interactions.
Each electronic orbital £ is mapped onto a different MPS
site, keeping track of both momentum and charge quantum
numbers. In the case of the first Haldane pseudopotential,
the range is finite and depends on the circumference of
the cylinder O(L,). The price to pay in order to use a 1D
MPS ansatz is twofold: (i) The matrix product operator
representation of the interaction Hamiltonian requires a
large bond dimension; and (ii) the MPS bond dimension
needs to grow exponentially with L.

1. Hybrid MPS ansatz

Here, we introduce a hybrid cavity-matter finite MPS
ansatz where the photon is placed at the beginning of the
MPS (Fig. 2), also used in Refs. [54-57]. Empirically, we
observe that this MPS ansatz is still efficient enough in
representing the nonlocal correlations of the cavity mode,
provided that the bond dimension m is large enough.
On a more speculative ground, we also argue that a single
collective state, crucial in carrying light-matter correlations,
can be represented as a finite bond dimension MPS. Thus,
adding a few of these collective states results only in a finite
computational cost. The light-matter interactions are also
easy to represent as an matrix product operator due to their
infinite range nature [92]. Here, the choice of the dipole
gauge is actually important to avoid the dressing of the
four-body operators in the only matter part, which can
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FIG. 2. Cartoon for the hybrid MPS ansatz. The cavity photon
is placed at the first site of the MPS, while the rest of the MPS
sites represent the LLL wave functions y ;. Each electronic site
(red circles) represent an orbital k of the LLL with k = 27 /L,
and j,=-(M-1)/2,....,(M -1)/2.

become quite expensive, differently from the dressing of
two-body operators [54]. Moreover, we make use of the
freedom in the choice for the overall constant in the light-
matter matrix elements x, [Eq. (45)] such that the constraint
given in Eq. (28) gives zero coherent occupation of the
photon (&), = 0. This guarantees a good convergence with
the truncation of the cavity Hilbert space at d, = 64. Note
that the total number of electrons and total momentum
along y are still good quantum numbers that we conserve in
our simulations. We limit the bond dimension of the MPS
up to m = 1600, which allows us to keep the truncation
error always below 107°.

Apart from ground state properties via DMRG, we also
investigate excited states and dynamical properties using
different methods. Regarding the excited states, it is
possible to directly get good results from the local effective
Hamiltonians constructed during DMRG runs, as discussed
in Ref. [93]. In particular, local targeting of the excited
states has been found to be quite accurate for critical
systems in 1D [93], whose success owes to the delocalized
nature of the low-lying spectrum. As discussed in more
depth in Sec. IV B, we find that this method gives good
qualitative results and is even able to capture mixed light-
matter polariton states (see Appendix F for more details on
convergence). We further study dynamical properties via
time evolution with TDVP (two-site updates) or directly
using Lanczos methods in ED [94]. For these TDVP runs,
we limit the bond dimension of the MPS to m = 200,
which still guarantees good convergence for small circum-
ferences at a reduced computational cost.

Interestingly, the TDVP algorithm can also be used
to implement change of gauges via the unitary U. In
particular, we divide U in many steps and apply them
sequentially as commonly done in TDVP evolutions. The
“Hamiltonian” of this gauge change is

gauge — (61 + &T) E )Ckﬁkv (54)

so that
U= exp(—iizgauge), (55)

and, in this units, the evolution time is 7 = 1. The fact that
the MPS representation of the many-body ground state in a
different gauge remains efficiently compressible (i.e., with
a small enough bond dimension) is not guaranteed a priori
and has to be checked. We find this to be the case in the
FQH phase. During the change of gauge, we keep the bond
dimension of the MPS constant.

III. TOPOLOGICAL ORDER IN CAVITY

The presence of a genuine nonlocal degree of freedom
makes the present setting not immediately classifiable
within the framework of topological phases of matter.
In the context of cavity-mediated topology, a lot of
attention has been dedicated to regimes where the cavity
degree of freedom can be integrated out, both in the
quantum materials context [11,12,26,95] and in cold atom
setups [96-99]. Integrating out the nonlocal mode generally
produces effective long-range interactions which simplify
the picture of a mixed cavity-matter system and require
the inspection of a matter-only model. This neglects by
construction light-matter entanglement and gives a direct
interpretation of cavity-mediated topology in terms of
“standard” topology.

Here, we are interested in the opposite situation, where
light-matter entanglement cannot be neglected—and, as we
show below, does carry key signatures of topological order.

Few works [55,100-102] have recently investigated the
questions above in the context of symmetry-protected
topological (SPT) phases. In particular, Ref. [55] pointed
out that, in the case of Majorana fermions, respecting the
symmetry that protects the topology is fundamental.
The FQH effect instead belongs to a fundamentally
different set of topological states which display topological
order—that is, where order is intrinsically related to
emergent gauge theories and entanglement. Addressing
the interplay of topological order and quantum light is,
thus, a completely distinct challenge with respect to the
above-mentioned SPTs.

As a paradigm of FQH, we are going to study the effect
of the nonlocal cavity degree of freedom on the topological
properties of a v =1/3 Laughlin state. In particular,
we focus on two markers, first on the Hall resistivity
(Sec. I A) and second on the entanglement properties
(Sec. III B). They represent two key aspects of topological
order: quantization of transport properties and fingerprints
in the entanglement structure of the state. A final discussion
on the resilience of topological properties is given at the
end of the section. Throughout this section, we neglect
single-particle terms and use the toy model Hamiltonian

H, [Eq. (45)].
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A. Hall resistivity via flux insertion

A key feature of the FQH effect is the fractionally
quantized transverse resistivity p,,. An easy way to probe
this quantity numerically on the cylinder geometry is via
the so-called adiabatic flux insertion [62,103], sketched in
Fig. 3(a). In the following, we derive independently an
expression that links the transverse bulk resistivity to the
density at a certain position.

Let us now consider the adiabatic insertion of a single
magnetic flux quanta @, = 2z#/ e in the cylinder over a time
7. This process can be described by a uniform time-dependent
vector potential A (1) = (®y/L,)(t/7)u,, so that ®(r) =
®t/7. The vector potential A,(¢), in turn, generates an
electric field E,, = —0,A, = —(®,/7L,)u,, which is con-
stant in time and directed toward the y direction. Hence,
we can find the Hall resistivity by calculating the current
jx =7 u, flowing transversely to the electric field £ ,. Since
our system is homogeneous in the y direction but not along
the x direction, the result is a spatially dependent resistivity:

Pxy (x) =3 (56)

e(J (x))
For the FQH effect, the bulk value is expected to be quantized
as p, = (1/v)(h/e*), with v = 1/3 in this work.

In the adiabatic limit 7 — oo and assuming the existence
of a many-body gap, we can focus on the ground state of
the instantaneous total Hamiltonian A(®) which, in prin-
ciple, depends on ®. Now we know that a constant vector
potential A, does not couple to the LLL. Indeed, the effect
of a flux @ is to change the y-momentum quantization of
the single-particle orbitals y, ; (Sec. I A) and, conse-
quently, their position:

with m;, € Z. This means that the projection Pg, to the LLL
depends on ®. This is not an issue as long as we focus
on adiabatic processes. Given Eq. (57), we can now
inspect how the many-body light-matter Hamiltonian
H(®) looks. The electron-electron interaction clearly
remains unchanged, as it depends only on difference of
momenta. The light-matter coupling, for this purpose, is
more conveniently formulated within the Coulomb gauge
formulation (Sec. II C). Here, the interaction is controlled
only by difference in momenta kg, — k7, and, hence, the full
Hamiltonian A (®) remains unchanged. As a key conse-
quence, we have that the ground state wave function in
second quantization |GSg), hence fixing an orbital basis,
will be the same:

H(®) = H(® =0) = |GSp) = |GSo—o).  (58)
It is important to stress that, in Eq. (58), we do not use
the equality sign. The reason is that the Hilbert spaces in
which the two sides of the equations are defined are not,
strictly speaking, the same: They refer to different LLL
projections ﬁq). In order to perform a meaningful com-
parison, we can consider relevant physical observables such
as the charge density 7i(x), which is expressed as

A = 2 i (- X )P (59)

Y ke

and can be evaluated at different ® by just using the ® = 0
solution with a change in the single-particle orbitals
Po(x = Xy, )-

In order to calculate the current (J,), we use the
continuity equation:

(60)

27 2 O
kq):imkﬂ’ii, Xk :k(I)lz, (57)
L, L, ®, o i
@) 06| _ o,
01 _A — os] - 13
<
: “E 0.4
: : 0.3
Py &
T ( AG» 0 2
0.1
Time y (®)
0 1
FIG. 3.

(a) Sketch of the adiabatic flux insertion; as a unit of time 7 passes, a unit of flux @ is inserted, resulting in a relative shift in

position of the cylinder along x. (b) Inverse resistivity in the bulk as measured by the density [Eq. (62)] with a shaded area representing
the values it takes for xy € [-2, 2] and quantized value p; = 1/3 as a dashed red line. At strong cavity field gradients g, the quantization
is lost because of strong bulk density oscillations (see Sec. V B). (c) Exponential decay from the edge of density modulations 7(x)
around the bulk quantized value. x = 0 is the center of the cylinder, while x = 20 is already outside of it. Obtained via DMRG at system
size (L, N,) = (14,25) in (b) and (16,30) in (c) with @, = 1 for the Hamiltonian without single-particle terms ICIZ [Eq. (45)].
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where J is the current operator. Given our finite cylinder
geometry, we can integrate both sides of the equation above
in a region V = {(x,y) such that x < x,} to get

T(x0)) = =0, / Y Aa (o, (61)

—0o0

with J,(x,) the current density along x at position x,.
Because of translational invariance on y, the current and the
density do not depend on y, making the integration over y
trivial. Using Eq. (59) and the ramp protocol ®(7) o 7, we
can express the local transverse resistivity in terms of the
static density:

1 h

(i) & o

pxy(XO) =

where 1/ e? is the von Klitzing constant and the factor 27 is
the area occupied by a single-particle state (in units of /3).
The above equation directly links the bulk density to the
fractional Hall response of the system. In particular, for a
topologically ordered state in the class of the Laughlin
v=1/3, one expects the bulk density to be constant
27{ii(xg)) = 1/3.

In Fig. 3(b), we show the bulk resistivity (shaded area
represents all positions x, € [-2, 2]) as a function of cavity
field gradients ¢ in the Hamiltonian A v [Eq. (45)] where
cavity-induced inhomogeneous single-particle potentials
are neglected. In order to compare two different cavity
frequencies, we show the results as a function of g,/w,, as
discussed in Sec. I F. The resistivity is quantized up to
exponential corrections even at relatively large values of the
cavity field gradient g,/w, ~ 2. At stronger gradients, the
bulk density features strong oscillations (see Sec. V B) and,
hence, a nonquantized Hall response. Here, the FQH liquid
becomes unstable toward the formation of stripes that, as
we show in Sec. IV B, is linked to the softening of finite
momentum magnetorotons. The fact that changing the
cavity frequency by a factor of 2 leaves the instability
region unchanged indicates that this is not a resonant effect.
We remark, however, that the actual fate of the system in
this regime strongly depends on the inclusion of single-
particle potentials and is better characterized in Sec. V. In
Fig. 3(c), we depict the deviations of the density from its
bulk value when approaching an edge of the cylinder
(x = 0 is the center of the system, while x = 20 is outside
of it). For all depicted couplings in the FQH phase, the
corrections decay exponentially in the bulk with a corre-
lation length /.4, Which increases with g.

It has been recently argued [27] that the finite lifetime of
the cavity mode can give a correction to the quantized
transverse conductivity at temperature 7 = 0 in the IQH
regime. We note that at the many-body level the flux
insertion argument can be adapted to the case of weak
cavity losses (see Appendix B). The key physical insight is

that the steady state of the whole system (cavity plus
matter) is at thermal equilibrium with the bath [104]; hence,
the ground state results, regarding the Hall resistivity, are
expected to hold provided that the photonic bath is at a
small enough temperature. It would be interesting to check,
in the spirit of Ref. [27], what finite temperature corrections
are. We leave this to future work.

B. Entanglement spectrum

The entanglement spectrum at a bipartition of a topo-
logically ordered state exhibits distinct signatures, which
can be used to detect topological order [43,49,105,106]. In
particular, one expects to find information about the edge
theory of the topological state under consideration. This
procedure, dubbed entanglement spectroscopy, is not only
widely used as a theoretical tool, but has also been also
proposed as an experimental protocol to detect topology in
cold atom systems [106]. The deep roots of this topology-
entanglement connection lie in very general results in
relativistic quantum field theory, the Bisognano-
Wichmann theorem [107,108], which dictates closed func-
tional form expressions for the entanglement (or modular)
Hamiltonian and explains the Li-Haldane result [109]. A
natural question to ask is, what is left about this topology
footprint on entanglement in the presence of quantum light.

Before discussing our hybrid cavity-matter setting, we
review some general concepts. Let us define the pure state
|¥) of the full system and the density matrix p, of a
subsystem A as p, = Trp[|¥)(¥|] with B being the rest of
the system. In general, we can write

/A)A = eXp (_I:Iee> = exXp (_Zf{q},i|¢{q}.i><¢{q},i|> ’
q,i
(63)

where H,, is the entanglement Hamiltonian, $igr.i the
entanglement energies, |¢{q}‘,~> the Schmidt vectors corre-
sponding to the bipartition, and ({g},i) an index tuple
labeling the quantum numbers {¢} and the Schmidt state .
Following the Li-Haldane conjecture [43,44], the entangle-
ment spectrum for a bipartition in the bulk must follow,
at low energies, the Hamiltonian of the edge. For Laughlin
states, the edge theory is a chiral Luttinger liquid (yLL)
[110,111] which, once the U(1) charge sector is fixed, gives
a specific fingerprint in terms of degeneracies at each total
momentum:
(dy.dy,dy,d3, dy, ds, ...) = (1,1,2,3,5,7,...), (64)
with d, being the degeneracy at momentum quantum
number k. At finite sizes, the degeneracies are usually
broken, but a gap still separates a universal low-energy
part from a nonuniversal part of the entanglement
spectrum [44]. Remark that this also happens for energy
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spectra at physical edges [79] and not only for entangle-
ment spectra in bulk bipartitions.

In the case of a cavity embedded system, there is no clear
notion of pure state bipartition, as the nonlocal bosonic
mode cannot be “divided” in two. As already done in
Refs. [55,56], one needs to define asymmetric bipartitions
where the cavity mode resides on one side. A possible
choice is the following:

ﬁX,(>0 = Trx<0;c[|‘l—’> <LP|]’ (65)
where |¥) is the many-body ground state, py . is the
reduced density matrix for electrons in orbitals k with
X > 0, and Try, o, 18 the trace over electrons at X; <0
and the cavity mode c. One can, however, always recover
the notion of an only matter bipartition by considering the
electronic density matrix p,; = Tr.[|¥)(¥|]. Taking its
bipartition will give as a result the same density matrix
of the asymmetric bipartition with the cavity in Eq. (65).

In light of the discussion about different possible
representations of the cavity-matter system (Sec. 11 C),
we want to stress that (not unexpectedly) the entanglement
spectrum is not a gauge-invariant quantity. Indeed, it can
change under global unitary transformations U/, which
implement the change of gauge in the truncated LLL
model, since a global change of basis can change the

reduced density matrix of subsystems. However, as dis-
cussed in Sec. II G, we can easily change the gauge in
which a state |¥) is represented by applying the unitary
and just check whether the entanglement spectrum displays
features that are stable against the change of gauge. We
remark that the change of gauge here implemented (after
LLL truncation) leads to results which are, in general,
different from a truncation in the Coulomb gauge.

1. Entanglement spectrum bands and polariton
entanglement gap

In Fig. 4, we show the DMRG results for the entangle-
ment spectrum of the asymmetric bipartition in Eq. (65)
at g =0 (a) and at finite g = 0.2 in the dipole (b) and
Coulomb (c) gauges of the Hamiltonian H » described in
Eq. (45) in the dipole gauge. In particular, we fix the
number of particles of the bipartition to be N, /2 and look at
momentum quantum number K. It is worth noting that we
are interested here solely in regimes where electrons and
cavity modes are hybridized, so that their mutual entangle-
ment—portrayed in Fig. 4(d)—is finite. The limit @, — oo
cannot be immediately extrapolated from here, as the LLL
truncation made in the model-building part is not generi-
cally applicable when @, ~ wg.

At finite light-matter coupling g, the entanglement spec-
trum still shows the yLL counting, but the higher-energy
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FIG. 4.

(a),(b),(c),(e),(f) Entanglement spectra obtained via DMRG for the asymmetric bipartition of Eq. (65) on system size L, = 20

and N, = 34 and (d) entanglement entropy of the cavity in the dipole gauge as a function of w, and fixed g,/@,. All results obtained

from the Hamiltonian A , in Eq. (45). The charge sector of the shown spectra is N, /2 = 17, while the momentum along y gives the x
axis. In (a), the state is pure Laughlin (¢ = 0), while in (b),(c) and (e),(f) we have a finite light-matter coupling g = 0.2 and g = 0.6 in
dipole and Coulomb gauge, respectively. The color represents the number of photons in each Schmidt state, and the color bar is the same

for (a),(b),(c).(e).(D).
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part clearly changes. In order to understand the difference
between entanglement eigenvectors, we color the
markers based on the number of photons in the respective
Schmidt state:

niy i = (biqala"alp ). (66)

where the Schmidt states are readily available from
the total MPS. This highlights a very informative pattern.
The yLL counting is repeated for number of photons
roughly equal to integers. We empirically find for each of
these branches:

h . .
nf] =/ fk,j =€k =+ ]Apolv (67)

with ¢, a size-dependent nonuniversal dispersion and
j=0,1,2,... an integer.

We remark that this phenomenology does not indicate
multiple edge modes but rather the presence of a mixed
cavity-matter bulk excitation at zero momentum, akin to
what happens for finite momentum magnetorotons in the
case of Coulomb FQH ground states [44] that also give
rise to high entanglement-energy features. In the present
case, the repeated yLLL counting of entanglement spec-
trum without any momentum shift is a clear signature of
the graviton mode getting hybridized with the cavity
photons (see Sec. IV C for the corresponding spectro-
scopic analysis).

The quantity A, which we call polariton entanglement
gap, controls the separation between different sectors of the
yLL with different numbers of photons and needs to be
finite to preserve the yLL structure. Importantly, qualitative
features of the entanglement spectrum are observed to
persist in different gauges at least up until g = 1 for the
volumes considered here [see Figs. 4(b) and 4(c) and
Figs. 4(e) and 4(f) for two direct comparisons].

In Fig. 5, we study the polariton entanglement gap
dependence with system size. We show its dependence as
a function of a rescaled collective coupling g\/N, for
different numbers of particles N,. The perfect collapse
highlights the collective nature of polariton excitations;
i.e., they are controlled by the collective coupling g\/N,.
By showing the entanglement gap for both gauges, it is
evident that this is a gauge-dependent quantity; nonethe-
less, both gauges reveal the same collective behavior.
Moreover, we find that the value of A, does not depend
on L, (not shown).

The nature of this gapped polaritonic excitation is
clarified in Sec. IV, where we show that a strong hybridi-
zation between a collective emergent electronic mode, the
momentum ¢ ~ 0 part of the magnetoroton spectrum, and
the cavity is taking place. An important consequence of the
collective coupling is that taking thermodynamic limit
N, —» oo at fixed g breaks the yLL counting and the
topological order of the state. The stability of the FQH

‘.. o N.=26
o Ne=30
3.0 ‘,{ o N.=34
° e Dipole gauge
25 o *  Coulomb gauge
3 %
20 * o,
B e,
**k .o..
15 Mg, O
. * .~ oe
ey ® o0
* oo o °
TRk
1.0 A ke

FIG. 5. Polariton entanglement gap. Data extracted from
DMRG entanglement spectra in the middle of the cylinder for
different number of particles N,, and fixed L, = 20, in the dipole
gauge (circles) and Coulomb gauge (stars) as a function of the
collective coupling g1/N,.

phase at finite g then needs to be understood in a
mesoscopic sense—another important scale g\/N, is con-
trolling the many-body gap of the FQH phase and, hence,
its topological order.

Overall, our prediction of a stable FQH topology upon
the inclusion of the nonlocal cavity mode should be thought
of as parallel to recent precise experimental measurements
in the IQH regime [24]. The nonlocal element introduced
by the cavity mode can make this prediction a priori not
trivial. We can rationalize this result in two key factors
which are still satisfied: (i) There must be a finite bulk
excitation gap (see Sec. IV), and (ii) the nonlocal cavity
mode couples to local charge-conserving operators.
Breaking (ii) would, for example, immediately generate
a cavity-mediated interedge scattering, thus breaking the
topological protection, even in the presence of (i). It is
indeed a cavity-mediated interedge scattering due to small
sample size [26], that likely leads to a loss of good transport
properties [21].

IV. SPECTRAL PROPERTIES

In this section, we discuss the effect of the cavity mode
on the neutral bulk spectral properties of the FQH liquid.
We first give an introduction to the neutral excitations in
the absence of the cavity mode (Sec. IVA), e.g., the
magnetoroton spectrum, using the so-called single-mode
approximation [31] for the magnetorotons due to Girvin,
MacDonald, and Platzman. In Sec. IV B, we present
numerical results which map out the phenomenology of
the low-lying excited state spectrum in the presence of the
cavity mode. Finally, we provide a simple effective polar-
iton model that captures the essential physics of hybridized
cavity-matter excitations, the graviton-polaritons, and test
its predictions against numerics (Sec. IV C).
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FIG. 6. (a) Magnetoroton dispersion as calculated from the SMA (red) with a sketch of the two-magnetoroton continuum. The SMA
magnetoroton gap A;, ~ 0.6 occurs at a finite wave vector g,,;, ~ 1.7 and a gap is also present at small wave vectors A, ~ 1.5. (b),(c)
Dynamical structure factor as a function of momentum along x at g = 0 (b) and g = 0.8 (c). The red dashed line is a guide to the eye that
signals the energy of the first excited state at g = 0. L, = 10 and N, = 10 in (b) and (c). (d),(e) Low-energy spectrum in the K, = 0
sector as a function of g calculated via DMRG for different number of particles N, = 21 (d) and N, = 30 (e) at the same L, = 16. The
color bar represents the photon creation matrix element from the ground state to each state, and the vertical grey dashed line is a guide to
the eye for the value at which a polariton becomes the first excited state. The orange dashed line represent the lower polariton frequency
obtained from the bare graviton-polariton model [Eq. (73)]. (f) Comparison between DMRG results and the eigenfrequencies of the
effective model in Eq. (70) for the first two excited states. These are always either magnetoroton states or polaritons. The effective model
uses the coupling parameters y,, shown in the inset. The orange dashed line represent again the lower polariton frequency from the bare
graviton-polariton model [Eq. (73)]. L, = 16 in (d)—(f). The cavity frequency is always w. = 1, and cavity vacuum-induced Stark shifts
are absent.

A. Magnetoroton spectrum We now briefly review a simple physical picture of the
magnetoroton mode, provided by Girvin, MacDonald,

Magnetorotons are the lowest-energy excitations ; ) —ond
and Platzman (GMP) with the single-mode approximation

above the gapped FQH ground state. They manifest as .
charge density modulations within the LLL that arise (SMA) [31]. Note that here the “smgle-que” term 'does
from the bound state of a quasielectron and a quasihole ~ 1Ot refer to our cavity model. The SMA is a variational
[112,113]. Crucial to the stability of the FQH state, the ansatz that describes the mqgnetoroton excuat%on.s as long-
magnetoroton spectrum has been subject of intense study ~ Wavelength charge modulations on top of the liquid ground
[31,40,41,63,86,113]. Their dispersion relation exhibits a  Stae of uniform density. With this picture in mind, GMP

pronounced minimum at finite wave vector g ~ 1/15, which ~ Puilt a set of excited states as
descends below the two-particle continuum; see Fig. 6(a).

The minimum is known as the magnetoroton gap and is the lq) = f’q WL, (68)
precursor of ordered phases such as the Wigner crystal and R
stripes [63]. where p, is the guiding center density operator in the LLL

More recently, the ¢ — 0 magnetorotons have been  defined in Eq. (50). Using the static structure factor S(q) to
associated to the fluctuations of the quantum Hall  normalize the variational state, the excitation energy then
geometry tensor [34,48]. These emergent spin-2 grav-  becomes fixed by the ratio:
itons (gapped and nonrelativistic) have a strong quad-
rupolar moment with a vanishing dipole moment and
have a preferred chirality, exact for model wave func-
tions. We remark that chiral FQH gravitons have also
been recently detected in inelastic scattering experiments ~ where F(q) is the oscillator strength and S(g) the guiding
with circularly polarized light [33]. center structure factor. The LLL density operator p, obeys

Agvalg) = Sq) F(q) = (q|Hw — Eolg).  (69)
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the Lie algebra: [p,. o] = 2isin(3q X ¢')p,,, named after
GMP [31,86], which allows one to express the oscillator
strength F(q) as a sole function of S(q) and the interaction
potential [31].

As shown in Fig. 6(a), the GMP ansatz captures the
essential features of the magnetoroton mode, reproducing a
fully gapped mode with a minimum at finite momenta. It is
worth noting that the SMA overestimates the magnetoroton
mode energy gap as the wave vector is increased. This is a
well-known shortcoming of the ansatz [31], given that the
density operator also couples to high-energy states con-
taining a greater number of quasielectron and quasihole
pairs [86].

In our notations, the SMA predicts a gap minimum of
Apin 2 0.6 close to the momenta ¢, ~ 1.4. This is to be
contrasted with the ED calculation of the dynamical
structure factor shown in Fig. 6(b). We observe the actual
gap is smaller, around A;, ~ 0.4 with a corresponding
wave vector ¢, =~ 1.7. Long-wavelength magnetorotons
hide inside the two-quasiparticle continuum as the SMA
predicts Ay =~1.5. While the SMA fails to predict a
quantitatively correct magnetoroton gap, it is believed to
capture the graviton energy A,. It is less clear, however, up
to what extent the two-particle continuum damps the
pristine magnetoroton dispersion found in the SMA. In
what follows, we see that, for suitable values of the light-
matter coupling, the energy of the lower graviton polariton
gets shifted below the two-excitation continuum, making it
protected against such an absorption channel.

B. Numerical results

We now investigate numerically the effect of the cavity
mode on the low-lying FQH bulk spectrum. Again, in order
to maintain homogeneity in the system, we work with A P
[Eq. (45)] in the absence of cavity-mediated single-particle
potentials (¢, = 0). Note also that, because of the choice of
“hard” boundaries, the edge states are gapped out, and only
bulk excitations remain. In order to track the magnetoroton
dispersion, we look at the dynamical structure factor
S(q,w) [Eq. (52)]. The dynamical structure factor probes
the response of the system to density excitation at a certain
frequency w. In the following, we focus on the response to
modulation only along x (uniform on y) so on S(g,, ). In
Fig. 6, we show this quantity for g = 0 (b) and for g = 0.8
(c) at a small system size (L, = 10 and N, = 10) accessible
via ED. Note that due to the open boundary conditions on x
the momenta is not a good quantum number, and excita-
tions are expected to spread over a finite region of g¢,.
Cavity-mediated interactions (proportional to y;) are
clearly lowering the magnetoroton gap with no particular
modification of the wave vector at which the minimum is
found ¢, ~ 1.75. As we see later in Sec. V B, this is the
precursor of a cavity-mediated instability of the FQH liquid
toward a stripe state.

In order to access larger system sizes, we look directly at
the excited state spectrum by targeting excited states via
local effective Hamiltonians constructed during DMRG
calculations [93] as explained in Sec. II G. More details
about the accuracy of this method can be found in
Appendix F. Moreover, by looking at the excited states
we can gain more information also on the cavity degree of
freedom. It is important to remark that this method allows
us to probe excitations in the K, = 0 sector only, hence
exploring only quasimomenta ¢,. In Figs. 6(d) and 6(¢e), we
show the first two low-lying excited states as a function of g
for number of particles N, =21 (d) and N, = 30 (e) at
L, = 16. The result are obtained from the middle-chain
local effective Hamiltonian. The colors of the lines re-
present the strength of the matrix element |(n|a"|0)|, which
enters in the cavity density of states D,.(w) [see Eq. (53)],
helping us to spot the polaritonic character of the states.
The orange dashed line is an analytical prediction for the
lower polariton that is discussed in Sec. IV C. We can
distinguish two qualitatively different regimes. These are
the following.

(1) Near g = 0, the two low-lying states are part of the
magnetoroton dispersion around the ¢,,,, and they
start at around A;, ~ 0.4, which is the bulk neutral
gap of the Laughlin state. All these states show a
vanishingly small one-photon matrix element with
the ground state. The cavity photon mode is located
well above, at bare energy w, = 1.

(2) For finite g, the cavity mode mixes with matter
excitations, in particular, with the quadrupole-active
graviton mode at A,. This results in a pair of
graviton-polaritons, characterized by a sizable
one-photon matrix element with the ground state.
In particular, the energy of the lower graviton
polariton starts at the bare cavity frequency w, = 1
and is then shifted down for growing g. At a strong
enough value of the coupling gp marked with a
vertical dashed line, the lower graviton polariton
becomes the first excited state and gets immune
from absorption processes into other matter ex-
citations. This happens sooner for larger systems;
for system sizes shown in Fig. 6, we find gp = 0.65
vs gp = 0.5 (N, =21 vs N, =30). An effective
model (orange dashed line; see Sec. IV C) captures
this feature. The upper graviton polariton (not
visible in the figure) starts at Ay > w,. and gets
blueshifted for larger g.

Note that having the polariton state lower in energy with
respect to the magnetoroton implies that the gap protecting
the topological order from finite temperatures will be the
polariton gap, as pointed out in Ref. [27] for the IQH case.
We then want to remark that there seems to be a difference
between the dependence with system size of the polariton
state and of the magnetoroton dispersion. While the latter is
empirically controlled by g, the polariton state sees the
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collective enhancement; thus, it is controlled by gv/N,
(we are assuming here the cavity mode volume to be
independent of N,). In the next subsection, we propose an
effective model to explain this feature and the nature of
the polariton state.

C. Effective model

We introduce an effective model to describe the coupling
between magnetorotons and the cavity field, neglecting for
the moment cavity-mediated single-particle terms. Treating
the magnetorotons as free bosons, we express the matter
Hamiltonian as a collection of independent oscillators:

Hyg~ ) , A (q)bjb,, where b, represents the bosonic
excitation of the magnetoroton at momentum ¢ and
A(g) denotes the energy dispersion. For the sake of
simplicity, we neglect interactions. In the original model,
the coupling to the cavity is performed via the polarization
operator P =1%" k2. For the effective model, we
replace it with P — 3 p yq(Bq + IA):;), where y, represents
the effective coupling governing the transition and the
momenta ¢ = (g, 0) are restricted to the x direction, since
the electric field does not depend on y. The effective model
Hamiltonian is then expressed as

o n e 12
Hy = w00 + ZA(q)b;bq + 0, ¢ {qu(bq + b,;)]
q

Z}'q (70)

where we factor out the g coupling in order to facilitate
the power counting. The sum on g should be sensitive to
boundary conditions: In the present case of a finite
cylinder of length L, in the direction of OBC, we
consider modes with momentum ¢ = £(2j, — 1)7/L,
(g =1, ...,M/2), whose symmetric and antisymmetric
combination form even and odd standing waves with
proper boundary conditions. Then, Eq. (70) being a
quadratic bosonic Hamiltonian, it can be easily solved
via Bogoliubov-Hopfield transformations. Note that the
g =0 mode cannot be constructed from the SMA
procedure.

To draw a comparison with the numerical simulations of
the actual FQH plus cavity setup, we fix the effective
parameters of our model by using the SMA. The energy
dispersion follows from the variational ansatz in Eq. (69)
and is sketched in Fig. 6(a). The light-matter interaction
parameters y,, are obtained from the matrix elements of the

+ twcg

polarization operator P = 13", k?ft; with respect to the
Laughlin ground state and the SMA excited states:

1 ,
Z ke AP s [¥L).  (T1)

Y
" vM kk’

The matrix element y,, is shown in the inset in Fig. 6(f).
We observe it displays a prominent peak as ¢ — 0 and
some smaller oscillations for finite wave vectors. These
have a period of roughly 2z/L, and are caused by the open
cylinder geometry. The behavior at ¢ — 0 can be obtained
from the long-wavelength expansion of the structure
factor S(q) =~ Si*¢*, which in the thermodynamic limit
(Ly,N, » o and L,/L, xL,/\/N, = const for a fixed
aspect ratio) yields

—/N.S5¥/v « \/N,. (72)

5 =i _
Y0 ql_l;%yq

Note that, although the ¢ = 0 momentum state is strictly
speaking excluded from the SMA ansatz, by taking the
limit we can define a well-behaved collective mode. At
finite but big enough system sizes, the relevant coupling
strength is going to be peaked around ¢ = 0 and spread
over a region of momenta 6g ~ z/L,, thus allowing a
further simplification to single matter mode model that
captures this behavior. The collective enhancement factor
/N, is signaling that the graviton is expected to be a
good collective excitation able to couple to the field
gradient.

We remark that in Eq. (72) there is no explicit depend-
ence on L, nor N,, just on the parameter S3* which controls
the long-wavelength correlations of the FQH liquid. The
behavior at finite g is a boundary effect and is also the
regime where the SMA should be taken with an extra grain
of salt. The collective enhancement of the ¢ — 0 mode
suggests only that the effective model can be further
simplified to a bare graviton-polariton model, with a single

collective matter mode b, coupled to the cavity mode a:

. " 45 s sy
Hero = o a"a + Agboby + iw.g7o(a — a")(by + by)

+ w.g 70(50 + bo) ) (73)

where A, denotes the graviton energy and 7, is taken from
Eq. (72). By means of a Bogoliubov-Hopfield transforma-
tion, we can directly get the two polariton energies resulting
from Eq. (73):

1
o =3 <w3 + A+ Q* + \/(wg + Af+Q?)? —4w3Ag),
(74)

where we introduce the Rabi frequency:

Q = 2470/ L. (75)

In Fig. 6(f), we compare the predictions of the effective
models (orange lines) with the low-lying energy spectrum
obtained from DMRG simulations (blue lines). We observe
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FIG. 7. Cavity density of states D.(w) in the dipole gauge with different methods in the absence of cavity-induced single-particle
potentials. The ED results (b) and effective model (a) show the avoided crossing when changing the cavity frequency w,, signaling the
strong coupling between the graviton mode and the cavity mode. Dashed red lines mark the frequency range between the magnetoroton
gap A and 2A ., where the two-particle continuum begins. In the effective model, there is a residual small coupling to the finite ¢ part
of the magnetoroton, while the ED results highlight only a coupling to the two-particle continuum and not to single magnetorotons
states. In (c), we show TDVP results with fixed cavity frequency w, = 1.5, almost resonant with the graviton, and we change N, and L.
By fitting with two Lorentzians (dashed lines), we extract the Rabi splittings between the two polariton resonances (Table I). System size
(Ne,Ly) in (a) is (10,10), in (b) is (30,16), and in (c) are described in the legend. The couplings for (a),(b) are, respectively, g =
0.1,0.1/4/30/10 to have the same collective coupling. In (c), g = 0.1. Broadening parameters 7 = 0.02 in (a),(b) and n = 0.05 in (c).

that the effective model H. successfully captures the
emergence of the polariton mode that comes down in
energy as a function of g. This energy closely follows the
lower polariton energy wp where only an effective ¢ = 0
mode is taken into account. Small deviations are compat-
ible with the accuracy of the DMRG variational estimate for
the polaritonic state (see Appendix F). In stark contrast, the
effective model misses the gap softening of other magneto-
roton states which live at finite g. The redshift of the
magnetoroton mode under the effect of light-matter inter-
actions seems indeed very important at strong coupling,
signaling the emergence of an instability toward a density-
modulated stripe phase as we describe in the next section.

In this respect, we wish to repeat that even at g =0
the effective model, being based on the SMA, does not
accurately capture the exact value of the gap. Interactions,
both matter-matter and cavity-mediated, play a key role in
the renormalization of the gap and capturing them requires
the treatment of the full many-body problem beyond the
effective model.

1. Spectroscopy of the graviton polariton

Thanks to the hybrid nature of the polariton excitations
[114], it is possible to have distinct simple spectroscopic
signature of both the upper and the lower modes, which
gives direct evidence of the strong-coupling regime. To this
end, we show (Fig. 7) the cavity density of states D.(w) as
defined in Eq. (53). Here, we compare the prediction of the
effective model (b) with ED (a) and TDVP (c) results. The
ED and effective model result indicates the dominant
hybridization at small g occurs at the energy scales of
the graviton A. In the ED result, we also spot subdominant
couplings to other states inside the two-particle continuum
which are not captured in the effective model. The latter
instead predicts a weight on the finite ¢ part of the
magnetoroton that in ED is not present (region between

the red dashed lines), consistent with the failure of the
effective model in capturing the softening of the magneto-
roton at finite momenta. The predicted collective enhance-
ment of the graviton hybridization is confirmed by the
TDVP results. By fitting the spectral function with two
Lorentzians, we can extract the Rabi splitting between the
two polariton resonances, which are reported in Table I.

According to the graviton-polariton model [Eq. (74)]
and assuming a resonance condition Ay = w,. = 1.5, the
Rabi splitting at small enough g/N, coincides with the
Rabi frequency and, hence, should increase with /N,.
Indeed, we find that Q increases by a factor 1.45 ~ \/Z
when the number of particles N, is doubled while keeping
the mode volume constant, and it does not change with
Ly, confirming 7, to be independent of it. The precise
value is also quite close to the graviton-polariton effective
model, and the discrepancy gets smaller as the circum-
ference Ly is increased.

We now comment on the role of cavity-induced single-
particle potentials. Since the strength of these is of the
order of ¢* [see Eq. (47)], they do not disturb the resonant,
small g, splitting of the graviton-polariton doublet.
However, they are important for a quantitative prediction
of the corrections to the magnetoroton gap (Fig. 6) which

TABLE I. Rabi splittings between graviton-polariton resonan-
ces obtained by fitting TDVP results [Fig. 7(c)] compared with
the effective model prediction in the thermodynamic limit and
assuming Ay = @, = 1.5. Small corrections due to small detun-
ings are expected, as well as finite-size corrections with both N,
and L, on Ay and Q.

(N.,Ly) (15, 10) (15, 14) (30, 14) Effective model
Q 0.53 0.53 0.77 1.0 X w.g\/N,
Q/w.g\/N, 0.91 0.91 0.94 1.0
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takes only off-resonant contributions of the order of g¢°.
Note also that, while our results with I:IZ (without cavity
vacuum-induced Stark shifts y;) indicate no collective
enhancement in the renormalization of the magnetoroton
gap, the single-particle terms (u;) which appear in
Hamiltonian H uy [EqQ. (47)] are collectively enhanced by
a geometric factor L2 ~ N, when finite variations of the
electric field g are present.

V. ULTRASTRONG-COUPLING EFFECTS

In this section, we analyze other important effects
which arise in the so-called ultrastrong-coupling regime.
Although this term is used with specific thresholds for g in
the literature, we are more naive and term ultrastrong
coupling the generic regime where ¢ is not infinitesimal.
We, however, carefully distinguish single-particle (g) and
collective (g/N,) ultrastrong-coupling regimes.

In Sec. VA, we first discuss the impact of the cavity on
FQH long-wavelength fluctuation, related to the FQH
emergent metric and the finite frequency graviton mode.
In Sec. VB, we then show how, in the absence of
inhomogeneous cavity-induced vacuum Stark shifts, the
FQH liquid becomes unstable toward the formation of
stripes. This, however, arises only at the single-particle
strong-coupling regime. A much stronger (collective) effect
is instead imprinted by the nonuniform cavity vacuum-
induced Stark shift (Sec. V C) which renormalizes the
energy cost of charged quasiparticles.

A. Cavity control of FQH geometry

An important property of FQH states which has received
a lot of interest in recent years is their intrinsic geometry or
metric [34-36,38,39]. This controls many of its ground
state correlations and its long-wavelength gapped excita-
tions quanta that, in analogy with gravitational theories,
have been dubbed as “gravitons” [35-37]. Here, we focus
on the ground state, referring to Sec. IV for the discussion
about excitations.

A key ground state footprint of nontrivial geometry
can be found in guiding-center correlations [39,115], in
particular, via the guiding-center structure factor S(q)
[Eq. (51)] at small momenta. For a gapped FQH state, it
is possible to show [39,115] that

S(q) =S¥ q + 257 a3q5 + SY 45 (76)

In the case of unbroken rotational invariance, we
further have S3* = S;" = S} = 54, with s, satisfying the
Haldane bound s4 > (1 — v)/24v saturated by the Laughlin
state [115,116]. Anisotropic interactions and/or anisotropic
LLs [34] induce an intrinsic anisotropic geometry on the
FQH liquid.

In Fig. 8, we show the effect of cavity fluctuations on the
long-wavelength properties of S(g), in the simplified case
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FIG. 8. DMRG results for the long-wavelength static structure

factor parameter S3* in the model ﬁIl as a function of (a) the
collective coupling g/N, (w, = 1) for different numbers of
electrons N, at fixed L, = 20 and (b) as a function of the cavity
frequency w, for different fixed coupling g/, at N, = 21 and
L, = 16. The black dashed line represents in both (a) and (b) the
Haldane bound s4 = (1 — v)/24v valid for isotropic interactions
and saturated by the Laughlin at g = 0 in the thermodynamic
limit, while the dotted line in (b) represents the Laughlin value
(9 =0) at the finite system size studied there. Inset: static
structure factor as a function of momenta along y for g =0
(red) and g = 1 (blue) showing enhancement of the small wave
vector part. The dashed red line represent the thermodynamic
limit behavior S(g,) = s4q§‘, of the Laughlin state.

of ICIX where single-particle potentials are absent. The
behavior for momenta along x is still quartic, and the
proportionality factor S3* is plotted against the collective
coupling ¢g1/N, in Fig. 8(a). To extract it, we look at the
definition of S(g,) and expand for small g,:

1
XX : 4 2102/ oA
S = qlxlrr%)—équ(qx) =—— kgk/ k2K (6o ), (77)

with i, = i, — (A1) Finite-size effects with both N, and
L, are expected and signaled by the discrepancy with the
known value s, = (1 —v)/24v at g = 0 shown as a dashed
black line. Nonetheless, the finite g reduction is consistent
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and likely to hold in the thermodynamic limit. The
extraction of all three parameters in Eq. (76) is hindered
by strong finite-size effects along y. This is highlighted
in the inset in Fig. 8, where we show the full dependence
of S(g,), which cannot capture the ¢y dependence.
Qualitatively, we still see that correlations along y are
enhanced at finite g, as opposed to those on x. There is also
an evident dependence on the cavity frequency as high-
lighted in Fig. 8(b). As the cavity frequency increases,
keeping g,/w, fixed, we find a monotonic decrease on the
metric squeezing; i.e., the magnitude of the corrections to
S} decreases. This hints at the fact that for larger w,. the
effect of the cavity on the long-wavelength properties of the
FQH is reduced, even though in Fig. 3 we find a qualitative
similar coupling regime for the loss of transport quantiza-
tion at two quite different cavity frequencies.

Another key signature of a distorted metric is the shape
of the correlation hole of the G,, shown in Fig. 9(c) for
g = 1 (white line) and compared with the circular one of
the g = 0 Laughlin case (blue line). As already noticed for
other anisotropic FQH model wave functions [117], we

(@) ©)

also find that the short-distance behavior of the G,(r)
changes from r® to r? going from isotropic (g = 0) to
anisotropic cases (g > 0). We also note that the effect at
long wavelength shown in Fig. 8 is greater in magnitude
with respect to the reshaping of the correlation hole. As a
rule of thumb, we expect the latter to be more sensible to
short-wavelength properties (electron-electron interactions)
while the former to long-wavelength (cavity-mediated
interactions). We suggest this to be related to the cavity-
induced modifications of the magnetoroton dispersion
(Sec. IV), which are collectively enhanced (gv/N,) only
around the graviton part ¢ — 0, while at finite g seems to
see only the single-particle coupling g. This is intuitively
related to the fact that a uniform field gradient couples
collectively to a uniform quadrupolar excitation, the grav-
iton (¢ — 0), and not to quadrupolar excitations at finite
momenta, the rest of the magnetoroton dispersion (g finite).

We further remark that single-particle potentials, such as
the cavity vacuum-induced Stark shift neglected so far, are
also expected to shape the emergent geometry of the FQH
liquid [34].
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FIG. 9. DMRG (a)—(e) and photon mean-field (f) results in the ultrastrong-coupling regimes in the absence of vacuum-induced Stark
shifts A - Left (a),(b) show the orbital occupancies from the Laughlin state at g = 0 (red) to the stripe phase at g = 3 (blue) for two
circumferences of the cylinder L, = 16 (a) and L, = 20 (b) at fixed N, = 30. Note that at a fixed number of particles the size of the
system along x reduces. Center (c),(d) show the density-density correlations G*) (0, r) in the two phases, at g = 1 for the FQH phase in
(c) and at g = 4 for the stripe phase in (d). In the FQH phase [(c)], we also compare the shape of the correlation hole between g = 1
(white line) and the Laughlin g = 0 (blue line) by tracking the local maximum of the G For both (c) and (d), L, =20and N, = 34.
(e) shows the peak height of the static structure factor as defined in the main text and serves as an order parameter, L, = 20. () shows the
mean-field energy density of a stripe state |S,,) (see the main text) for different numbers of electrons n per stripe (from n = 1 dark blue to
n = 6 yellow) as a function L,. The inset shows the thermodynamic limit (L,,n — oo) value of the energy density as a function of
kp' = 2zn/L,. Vertical dashed lines mark the L, = 16 and L, = 20 used in the other panels.
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B. Stripe instability

We now explore even stronger values of the coupling g
within the toy model H , [Eq. (45)] with a uniform gradient
and no single-particle terms.

In Fig. 9, we present a sample of the numerical results
obtained via DMRG simulations as discussed in Sec. I G.
In order to get immediate insight on the state of the system,
we can look at the orbital density 71;, in the left Figs. 9(a)
and 9(b). The Laughlin state (g =0 red line) shows a
quantized bulk density 71; with modulations only close to
the edge due to the open boundaries. A strong bulk
modulation instead appears around g ~ 2—3 for both system
sizes L, =16 and L, =20. The modulation in orbital
space follows a different pattern for the two system sizes. In
particular, we have that the number of electrons per peak is
ng = 3 and ng = 4 for system sizes L, = 16 and L, = 20,
respectively. In order to understand this, we recall that the
distance between two neighboring orbitals decreases as
AX, = 2x/L,. Hence, to keep the distance between the
peaks Ag independent of L,, the number of particles per
peak ng must increase. This constrains the generic behavior
of Ag to be

2
As = L_”3ns(Ly)v (78)
y

with the factor 3 coming from the filling and where we
expect n,(L,) « L, in the thermodynamic limit.

In order to check the 2D stripe nature of the phase, we
show the density-density correlator G (ry,r,) in the
center Figs. 9(c) and 9(d) as defined in Eq. (49). In the
FQH phase, g =1 [Fig. 9(c)], we find the characteristic
correlation hole at short distances and a constant value at
long distances as one should expect from a liquid state.
Note that, as discussed in Sec. VA, the anisotropic nature
of the cavity mode reflects into an anisotropic correlation
hole. To highlight this, two lines are shown which tracks the
maximum of the G?), one for the Laughlin at g = 0 (blue
line) and one for the g = 1 case (white line) whose G?) is
actually plotted. In the strong-coupling regime, instead,
g =4 [Fig. 9(d)], there is clear ordering on x and the
absence of ordering on y, confirming the interpretation of
the phase as a stripe phase. Weak density modulations on y
are present within the stripe, likely due to finite-size effects
and not to a true crystalline order in 2D.

In the right top [Fig. 9(e)], we show an electronic order
parameter which tracks the instability. We consider the
maximum of the disconnected static structure factor S,,.(q)
at finite momenta, expected to scale with N, in a charge
density wave phase and not in a liquid phase. S,.(q) is
defined as in S(g) [Eq. (51)] but with the full guiding center
density operator p(q) replacing fluctuations p(q) in the
definition. Figure 9(e) shows the normalized finite-
momenta peak height of the disconnected static structure

factor max S,,.(q)/N, which is found around ¢q ~ (1.75, 0).
At fixed L, the transition point seems to shift toward higher
values of g with increasing N,. However, a more careful
investigation is hindered by commensurability effects on y
which likely renormalize the energy cost of the stripes for
finite L,. We note that considering the thermodynamic limit
in the x direction with an infinite MPS is not possible with
the present cavity-matter structure.

In order to better understand this instability, we propose a
photon mean-field argument, detailed in Appendix C.
While we have also investigated a different cavity elimi-
nation scheme based on a large cavity frequency, i.e., a
Schrieffer-Wolff transformation, this results in vanishing
cavity corrections to the only-matter model up to second
order in g (see Appendix G) and, hence, cannot capture the
instability. The photon mean field instead can be seen as the
limit case for gw,. > w, [or w. — 0 with g,/w ~ const as
shown in Fig. 4(d)]. In this limit, the state of the cavity has
to be classical to leading order (vanishing light-matter
entanglement), as H, < Hpp and only one of the two
noncommuting terms for the cavity survives.

Neglecting light-matter correlations, we can write the
following photon mean-field (PMF) Hamiltonian:

. . k2 A ) 2
Hpyp = Hig + 0.9° [Zk? (A = (wlaly)) | . (79)

where H,, is the electron-electron interaction (Haldane
pseudopotential) and |y) a generic electronic many-body
state to be found self-consistently. The second term
encodes the effect of cavity-mediated interactions, which
in this form becomes quite simple to interpret. It exactly
corresponds to the variance of the quadrupole moment
along x in the LLL:

XX 1 2
0" = ggxknk, (80)

whose fluctuations define the S}* component of the
FQH geometry [Eq. (76)]. The squeezing of the geometry
observed in Sec. VA, ie., the reduction of S$}*, is a
consequence of penalizing quadrupole fluctuations in
one direction. The energy of the FQH liquid, at the photon
mean-field level, is indeed renormalized as

EFQH/Ne ﬁl/_lsﬁxa)cgz. (81)

The extreme limit where no fluctuations are present is
represented by stripe states of the form

1S,) =10...01...1.0...0

n n n

) (82)

which exactly minimizes the cavity-mediated interaction
energy. The energy cost of forming stripes is rather
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contained in the interaction energy H,,, which in the case
of Haldane pseudopotentials is shown in Fig. 9(f) as a
function of cylinder circumference for different numbers n
of electrons per stripe. In the thermodynamic limit
(Ly,n — oo with L,/n — const) the energy per particle
is fixed E5 /N, ~0.25 and should be compared with the
cavity-mediated energy cost of the FQH state. Using the
Laughlin state value for the quadrupole fluctuations S3*,
we get a crossing between Egqy and Eg as a function of g
around a transition point:

gf,MF\/aTC ~ 1. (83)

This value does not account for the reduction of S}*, which
indeed pushes the instability toward a higher value of g, as
observed in numerics, but correctly captures the fact that
once we look at rescaled g,/w, the instability arises at
roughly the same value (approximately 2 for the volume
studied in Fig. 3). Another ingredient which is missing and
instead should favor the stripe state is the inclusion of
fluctuations on top of the classical state depicted in
Eq. (82). Already the numerical results on the orbital
occupation [Figs. 9(a) and 9(b)] show that at finite ¢
the state is not exactly |S,). The nature of the phase at g
large but finite should be understood as an array of
Tomonaga-Luttinger liquids, one for each stripe, with a
sliding symmetry as elaborated in Appendix E. We also
remark that all this discussion assumes a cancellation of
single-particle potentials, external potentials W, and cavity
vacuum-induced Stark shifts py.

Still, within the assumption of cancellation of single-
particle potentials, we emphasize that our results regarding
the stripe transition are not conclusive. In fact, such a
conclusive statement about the strong-coupling states is
very hard to formulate within computational methods
available (see Appendix F). The answer to this question
likely depends on the inclusion of longer-range Coulomb
interactions and is left for future works.

C. Vacuum-induced Stark shift of quasiparticle energy

We now reintroduce the cavity vacuum-induced single-
particle Stark shift and study the full LLL Hamiltonian A o
in Eq. (47). Moreover, we change the spatial profile of the
cavity mode, which is now a parabola with a minimum at
the center and, thus, a gradient varying linearly from —2g to
2g, as shown in Fig. 10(a) and explained in Sec. I F. This
mimics the experimental configurations in Ref. [21], where
the cavity field intensity is minimum in the middle and
higher toward the edges, producing a potential which tries
to confine charge.

In Fig. 10, we show DMRG simulations for the ground
state and charged quasiparticle states of F .- Quasiparticle
states have been already studied via DMRG on both
infinite [49] and finite [90] cylinders. Converging such
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FIG. 10. (a) Cavity mode profile under consideration. Note that
the spatial dependence of the vacuum-induced Stark shift is
governed by f2(x). (b),(c) DMRG results for the density profile
quasiparticle states in the full Hamiltonian I:IW in Eq. (47).
(b) Real space density of the FQH ground state (blue) and of the
quasiparticle state (orange). (c) Integrated density difference
between ground state and quasiparticle state at g = 0 (dotted
line) and g = 0.09 (full line). Two jumps of +1/3 occur at x ~ 0
and x~L,/2 corresponding to a bulk quasiparticle and a
quasihole pushed to the edge of the system. The cavity does
not affect the quasiparticle state density. The system size is
L, =16 and N, = 24. Dashed lines mark the 1/3.

excited states is relatively convenient, as they live in a
different total momentum sector K. Note that, in finite
momentum sectors, states are not inversion symmetric
with respect to x =0. In order to check the charged
quasiparticle nature, we show the density of such states
compared to the vacuum FQH liquid [Fig. 10(b)] and the
integrated charge difference [Fig. 10(c)] between the
vacuum case and FQH state:

/ “on = / " A e — () rqr. (84)

This quantity shows a jump of ¢ = +1/3 near the center
of the cylinder where the quasiparticle is created and a
corresponding jump of g = —1/3 toward the right edge
where a quasihole is also created in order to ensure charge
neutrality. The g = 0 and g = 0.09 case overlap, giving
(indirect) evidence of a stable quasiparticle charge.
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The main effect of the cavity is in the energy of such
quasiparticles, as shown in Fig. 11. Here, we measure the
energy of the quasiparticle state Eg, described above
relative to the ground state energy E, and, hence, the
gap AEy, = Ey, — Ey. The data collapse performed with
different system sizes shows how the energy scale con-
trolling the quasiparticle energy renormalization is

AEg,(9) — AEg(0) ~ —2.4r%w g*N,
7202

~ =24 ,
Ay

(85)

where Q is the same collective Rabi frequency controlling
the graviton-polaritons [Eq. (75)] and r = L,/L, is the
aspect ratio. The prefactor is fitted from the numerical data.
The physical origin of the lower cost for creating quasi-
particles is the vacuum-induced Stark shift introduced by
the spatially dependent cavity mode. Indeed, this favors
having a charged quasiparticle created in the center where
the field fluctuations are lower. At strong enough cou-
plings, the pristine FQH liquid alone is not the total ground
state anymore (AEg, <0), and quasiparticles can be
created in the bulk. This can also be understood in terms
of a renormalized area and, hence, filling v of the system,
which is now subject to an extra trapping potential. At
even stronger couplings, this single-particle potential
likely gives rise to phase separation, as we find for small
systems in Appendix A. This scenario bears a lot of
similarities with cold atom setups, where the role of
trapping on many-body system has been extensively
studied. Note that in our case, thanks to the incompress-
ibility of the FQH liquid which is maintained in the
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FIG. 11. DMRG results for the quas-particle energy gap over

the ground state as a function of a rescaled coupling for various
system sizes (N,,L,) in the presence of the vacuum Stark shift
(using H ). The data collapse indicates that the energy scale
governing the renormalization is a collective one ~g+/N, and is
the one of the vacuum Stark shift [see Eq. (47)]. The dashed
horizontal line marks zero energy, while the dotted line is a

parabolic fit y = 0.43-2.4x>.

presence of the nonlocal cavity mode, creating a quasi-
particle always cost a finite amount of energy.

VI. EXPERIMENTAL DISCUSSION

In this section, we discuss in more detail the implications
of our theoretical and numerical findings for relevant
experimental conditions in solid-state systems.

A. Nonuniform gradients

The choice of studying uniform gradients has simplified
our analysis so far, as it enables one to characterize a
simpler uniform effect of the cavity mode. However,
in realistic scenarios [21], this is not, in general, the case.
In particular, the vacuum Stark shift effect discussed in
Sec. V C depends on the structure of the cavity mode. On
the other hand, the formation of the graviton polariton is not
hindered by the inclusion of smoothly varying field
gradients [inset in Fig. 12(a)], as we explicitly verify in
Fig. 12(b). The blue line represents the reference uniform
linear gradient (i), while the orange one is a parabolic
profile (ii). Note that we choose to compare two cases such
that the “average” gradient is the same; namely, in case
(ii) the gradient is O in the bulk and twice the uniform value
of case (i) at the edge. The bigger Rabi splitting observed
in the nonuniform case can be rationalized by noting that
the effective coupling constant is likely averaged as

Gefr =~ 1/ [ dxg?(x), thus giving two slightly different

Rabi splittings in the two cases. For completeness, we
also show that the stripe instability appearing in the absence
of vacuum Stark shifts (& ) depends on the local value of
the electric field gradient [Fig. 12(a)], possibly leading to
an inhomogeneous phase.

We further note that the assumption of a fixed mode
function f. is also an approximation, which implicitly
derives from the single-mode restriction of QED. Setting a
precise limit of validity for this approximation is an open
problem for most of cavity QED setups which try to
achieve nonperturbative regimes and is beyond the scope
of this work.

B. Energy scales

We now verify that a resonance condition between the
typical energy scales of the electronic component (inter-
action V) and of the cavity (frequency w,) can be obtained
in realistic systems. The strength of interactions is con-
trolled by the Coulomb energy E. = e/4nepe,lp ~
56 meV+/B[T]|/e,, which for a typical GaAs quantum
well (with n, =10" cm™ and €, =13) at filling v = 1/3
(with [z = \/v/2an, ~7 nm and B = hc/el3 ~12 T)
gives E- ~ 14 meV. The energy of the collective modes
is then a fraction of the Coulomb energy. In Ref. [33],
the graviton energy has been measured as Ay ~ 0.05E, ~
0.65 meV for v =1/3, but the precise value of the
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FIG. 12. Sample of numerical results comparing uniform and
nonuniform cavity electric field gradients, using A , without
vacuum Stark shifts. In (a), we show DMRG results for the orbital
occupation in the two cases of a uniform gradient (blue) and of a
nonuniform gradient (orange). The corresponding mode profiles
f¢(x) are shown in the inset which correspond to a straight line
fe = gx (uniform) and a parabola f, = 2gx*/L, (nonuniform).
Note that with this choice the nonuniform case has field gradients
going form zero (bulk) to twice the value of the uniform case
(edge). In (a), N, = 30, L, = 16, and g = 2.5 so that the uniform
case is unstable toward a uniform modulation but the nonuniform
case clearly show two different behaviors in the bulk and at the
edge. In (b), we show the cavity density of states in the two cases
obtained via TDVP which still show the formation of graviton-
polaritons with fitted Rabi splittings Q = 0.53 and Q = 0.59 for
uniform and nonuniform case, respectively. In (b), N, = 15,
L,= 10, and a smaller g = 0.1 so that the ground state is still a
FQH liquid.

prefactor likely depends on the experimental details such as
the well thickness and the strength of disorder [118]. On the
cavity side, split-ring resonator devices with similar
frequencies w, ~ 2z -0.1-1 Thz ~ 0.4-4 meV have been
realized. In order to observe the polariton anticrossing
(Fig. 7), direct tunability of the cavity frequency [119] or a
full series of cavity devices covering a range of frequencies
o, are likely to be needed.

In standard semiconductor systems, there is, in fact, very
little tunability of the frequency of the matter excitations.
Changing E via a change in the magnetic field B implies
also a corresponding change in the filling v, which is
expected to destabilize the targeted FQH state [32,33]. We
suggest that this issue may be resolved using graphene
samples which allow for tuning the electron density 7, via a
suitable gate [120], so to achieve a tunable interaction
energy E. at a constant filling v.

C. Coupling strength

The other important discussion is on the magnitude of
the dimensionless coupling constant g used in this work. To
do so, we remind the definition of the coupling:

2
g=e"005,(x) (56)

c

where f . is the mode function and E,. = \/hw../ (2€)V mode)
is the strength of vacuum fluctuations which account for the
mode confinement.

As a first example, we consider the micron-sized split-
ring resonator device used in Ref. [21]. We extract an
average electric field gradient of roughly o.E} =
E.0.f.(x)~(1 V/m)/10 pm = 10° V/m? in relevant
sample area S ~40 um x 200 pm and a cavity frequency
o, =27 x 140 GHz [121]. Considering again n, =
10" ¢cm™ and v = 1/3, which give Iz = 7 nm, we get

10° eV/m?

T OV g im)? & 1079, 87
9%5 120 Grz ™) (87)

The number of particles in the estimated sample area S is
N, =n,S~8 x 10°, giving a rather small collective cou-
pling g/N, ~3 x 107%. Using Eq. (75) for the Rabi
frequency and reminding that the adimensional coefficient
7o is of the order of unity, we would get

Q
=2 = 2g70\/N, =6 x 1076. (88)

D,

A much stronger value of the coupling can be obtained
using the nanocavities in Ref. [68]: here, the tighter in-
plane confinement of the electric field over distances on the
order of a few hundred nanometers allows for a dramatic
enhancement to the quadrupolar coupling to the graviton
mode. The distance between capacitor plates L§ roughly
controls the volume of the mode as V4e ~ (LS)?, assum-
ing a similar size of the resonator on y. While the reduced
effective surface of the mode (L$)? is compensated by an
analogous reduction of the maximum number of electrons
that can be fit in the cavity region N, ~n,(LS)?, the
reduction in the thickness of the cavity mode orthogonally
to the plane L_ ~ L, strongly enhances field gradients. In
particular, we can expect the collective Rabi frequency of
Eq. (88), controlled by field gradients, to be proportional

to L;3/ 2, contrary to the case of Landau polaritons and
cyclotron transitions where the collective Rabi frequency is
controlled by the electric field intensity [26,123], hence

scaling as L;l/ % The larger value of the in-plane gradients
is then expected to bring the graviton-polariton Rabi
frequency up to values around Q/w,. ~ 0.005.

Given the rather small value of the quality factor of state-
of-the-art micro- and nanocavity devices Q = w./I" ~ 10
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[21,68], these designs still fall in the weak-coupling regime
Q/w,. < Q7!, but the active on-going progress in the
fabrication technology of high-Q cavities [124] makes
us optimistic about entering the strong-coupling regime
with well-resolved graviton-polaritons in a next generation
of samples. Considering other types of resonators could be
beneficial as well as a more ad hoc design for the resonators
which enhances field gradients. In this respect, we remark
that a strictly uniform gradient is not necessary and also
slowly varying gradients couple to the g=~0 collec-
tive mode.

Then, we also mention that slightly greater couplings can
be also be achieved by looking at more dilute FQH liquids
where, at a given filling v, one has a larger #5. For example,
reducing the electronic density of the quantum well gives

gv/N, x 1123\/17; x 1/,/n, or focusing on higher fractions
like v = n + ¥ (with n integer and 7 < 1) gives g\/N°T «
v\/N,v/v with N the electrons available in the last
partially filled LL.

D. Beyond single-cavity mode

As alast remark, we discuss the possible effect of a more
complex electromagnetic environment, especially related to
physics discussed in Sec. V. Without entering too much into
the details, we point out two different contributions that are
neglected in our modeling. The first is the presence of
higher-frequency LC resonances or other plasmonic modes
which are expected to give contributions similar to what has
been discussed so far. These will certainly contribute to
vacuum Stark shift effects as well as enter in the determi-
nation of the FQH emergent geometry. The second impor-
tant one is the modification of Coulomb forces, at both the
single-particle and many-body level [67]. The former will
have a similar role as the vacuum Stark shift of the LLL.
The latter has actually been automatically neglected by
considering an electron-electron interaction, the first
Haldane pseudopotential, independent from the cavity
setting. Changing the precise form of the only-matter
interaction potential could provide a nice handle on the
isotropy of the quantum metric in the underlying FQH
liquid [34] as well as on the magnetoroton dispersion or
even drive itself instabilities in higher LL [63].

VII. CONCLUSIONS AND OUTLOOK

In this work, we have developed a theoretical framework,
readily generalizable to experiments, in which it is possible
to understand key effects of confined electromagnetic
modes on lowest Landau level physics. Importantly,
together with the proposed QED model, we have discussed
a tensor network architecture which allows for an in-depth
study of ground state and spectral properties for large
numbers of particles.

This allowed us to uncover many aspects of the interplay
between quantum light and fractional quantum Hall phys-
ics. Here, we summarize and discuss the main points.

(i) Constant cavity fields are decoupled from intra-
Landau-level correlations [46] in the absence of an
external potential. The coupling strength of the
quantum light-matter interaction is directly propor-
tional to field gradients and quadrupole moment of
the electron fluid. Reference [21] reported a higher
resilience of FQH physics to cavity vacuum fluctu-
ations with respect to the IQH effect. This can
be traced back to the smaller value of the effective
Rabi frequency [Eq. (88)] coming from relatively
weak field gradients.

(i1) The quantized Hall response of the FQH liquid is
stable against nonlocal cavity fluctuations. This
theoretical result for FQH states is parallel to recent
precise measurements of quantized Hall resistivity in
the integer quantum Hall regime [24].

(iii) A new entanglement structure in hybrid quantum
Hall states is found. The role of quantum light is to
introduce a “band” of chiral Luttinger liquids mul-
tiplets, each with an approximately quantized pho-
ton number and separated by a finite entanglement
polariton gap.

(iv) We predict the formation of graviton-polariton
modes, describing the hybridization of the long-
wavelength magnetorotons with cavity photons.
The Rabi frequency is collectively enhanced and
is directly proportional to the quadrupole matrix
element of the gravitons. We confirm numerically
the presence of a polariton doublet in the cavity
density of states, a smoking gun of the strong-
coupling regime.

(v) Cavity vacuum fluctuations can squeeze the FQH
geometry [34]. The latter can be thought as a hidden
variational parameter for the FQH liquid that is, thus,
able to adapt to the long-range anisotropic inter-
actions induced by the cavity.

(vi) Off-resonant cyclotron transitions induce a vacuum
Stark shift of the LLL independent of the cyclotron
frequency wg. This can be used to locally renorm-
alize the energy cost of quasiparticles, provided that
the cavity mode is nonuniform.

(vii) At electric field gradients that are strong at the
single-particle level and assuming a cancellation of
single-particle potentials, we find the FQH phase to
be unstable toward sliding Luttinger liquids with
strong density modulations in the cavity field gra-
dient direction. The instability depends on the local
value of the electric field gradient; thus, strong
nonuniform gradients give rise to nonuniform states.

The simple but rich scenario we discussed here gives
a proof of principle on how cavity vacuum fields can be
used to probe and control intra-Landau-level correlations.
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This hopefully lays the ground for more detailed and
complex many-body investigations as well as serves as a
motivation for a more careful analysis on which exper-
imental cavity setup best adapts to the need of strong field
gradients. Below, we give a few possible interesting
future directions.

As a first example, we remark that the peculiar chiral
nature of the graviton excitation [33] has not entered our
discussion, mainly because of the choice of the cavity
mode. However, a setup with a pair of chiral cavity modes
has been recently demonstrated to be in a chiral-selective
strong-coupling regime with cyclotron transition [125]. We
expect this setup to be sensible to the chirality of the
gravitons. This will also likely play a role in the FQH
regime of a recently demonstrated optical pumping experi-
ment [126], paving the way for a coherent control of FQH
excitations. Tuning the cavity modes can also be interesting
to explore periodic spatial modulation with periodicity on
the scale of a few magnetic lengths, ranging from approx-
imately 10 to 100 nm, achievable with subwavelength
setups. This will result in coupling to finite momentum
magnetoroton excitations. Another effect, likely important
away from perfect fillings, is the interplay between the
cavity electric field and disorder which allows for a
nontrivial coupling to the constant part of the field.

From a more theoretical perspective, it would be inter-
esting to extend our treatment to more complex FQH
phases and the effect of a nonlocal mode on non-Abelian
topological ordered states, such as the Moore-Read state.
We can anticipate, for example, that the presence of multiple
magnetoroton branches will enrich the entanglement struc-
ture on one side and the landscape of polaritons on the
other, possibly giving distinct signatures to the nature of the
phases. Moving away from gapped liquids, it is also
tempting to imagine scenarios where, starting from gapless
states such as the v = 1/2 composite Fermi sea, the cavity
can be used as a handle to induce instabilities toward desired
states. It would also be intriguing to connect some of our
findings—which are inherently related to bulk properties—
to recent works focusing on edge dynamics [69].

Finally, from an experimental viewpoint, one immedi-
ate followup is the extension of our treatment to different
setups, including atomic systems in cavities and other
solid-state platforms. In those contexts, it will be inter-
esting to exploit the strong matter-light correlations we
report as a mean to probe so far unexplored features of
quantum Hall states, such as their entanglement structure,
and eventually understand whether such correlations
can be utilized to access and control the functioning of
topological quantum memories.

Note added. Recently, an experiment-theory preprint [122]
was also posted on arXiv, investigating fractional quantum
Hall samples coupled to cavity modes with strong field
gradients, in the off-resonant cavity regime.
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APPENDIX A: TEST OF THE LLL TRUNCATION

In this appendix, we study more in detail the LLL
truncation by directly including a finite number of Landau
levels ny; > 1. We compare results obtained with the two
Hamiltonians used in the main text for a single LL n;; = 1,
namely, A, [Eq. (45)] and H,, [Eq. (47)], with the
difference between the two being the single-particle cav-
ity-induced vacuum Stark shift. For the sake of simplicity,
we consider a mode function of the form f.(x) = C;x
without an homogeneous part. Whenever we indicate a
number of ny; > 1, we imply a Hamiltonian of the form

A= H 4+ B+ wata

int
Fim,(a" = a)P" + o, (iﬂu)z, (A1)
where the superscript ny; implies a projection over the

Hilbert space of ny; LLs. Note that this form already
for ny; = 2 incorporates all relevant light-matter matrix
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FIG. 13. Energy gap from ED as a function of ¢* for different
Landau level truncations ny; . The case of n;; = 1 shows both
scenarios with (cross) and without (dots) cavity-induced vacuum
Stark shifts. The cyclotron frequency is wp = 100 and wp =
5000 in (a) and (b). Note that the Landau level truncation affect
the energy gap also at g =0, with corrections of the order
of 1/wg. At g > 0, instead the discrepancy between different
Ny = 1 and Ny remains finite (order ¢* at small g) if the cavity-
induced vacuum Stark shifts (y;) are ignored. Other parameters:
N, =4, L, = 10, and w, = 1.

elements of the LLL in the n;; — oo limit but not all
interaction matrix elements.

In Fig. 13, we show the energy gap to the first excited
state as a function of the coupling g (linear gradient) for two
cyclotron frequencies wpz = 100 (a) and wgz = 5000 (b).
Already at g =0, we have that higher LL creates a
discrepancy between different 7y . It is indeed known that
truncating electron-electron interaction inter-LL. matrix
elements has a slow convergence with ny;, sometimes
even giving physically different results by passing from
nyp, = 2 to nyy, = 3 [73]. This discrepancy at g = 0 is in
any case well controlled by 1/wg and, indeed, is heavily
reduced in Fig. 13(b), where wp = 5000. At finite g > O,
we instead clearly see that the model without vacuum-
induced Stark shifts A , does not recover higher nyy
models, while & . falls on top. Note that the discrepancy
between H , and H . 18 of the order of g* as expected.

We now also check that the prediction of graviton-
polaritons persists. To this end, we show in Fig. 14 the
cavity density of states for two cyclotron frequencies, now
wp = 10 (a) and wz = 5000 (b). In blue we show the result
obtained with the LLL model A , while in orange the model

Dc(w)

FIG. 14. Cavity density of states D.(w) obtained with ED for
different numbers of Landau levels Ny; = 1, 2 both showing the
graviton-polariton splitting with a resonant cavity w, = 1.5. The
cyclotron frequency is wpy = 10 and wz = 5000 in (a) and (b).
Other parameters: g = 0.1, N, = 6, L, = 10, and 7 = 0.05.
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FIG. 15. Electronic orbital occupation 7y =, G,Tm ¢ for
different values of g as a function of orbital position X; = ki%.
Large cyclotron frequency wg = 5000 but different Landau level
truncation to Ny = 1 and Ny = 2, respectively, in (a) and (b).
Other parameters: w. =1, N, = 6, L,= 10, and wz = 5000.

at nyp, = 2. Even at realistic values of the cyclotron
frequency in terms of interaction energy scales wp = 10,
the polariton doublet is quite clear, featuring a shift in
the graviton energy due to higher Landau level mixing
(~1/wpg). This is confirmed by the fact that the shift of the
doublet vanishes when wp is much larger [Fig. 14(b)].
As a last check, we show how the LLL model I:IN
correctly captures also the ultrastrong-coupling behavior
when wp — o0. This is done in Fig. 15, where we compare
orbital densities for both LLL models and the n;; =2
model up to high values of g ~ 1. While in the LLL model
ﬁ;{ we see formation of stripes with n = 2 electrons, in

both cases of n;; =2 and I:I“t we see how the cavity-
induced vacuum Stark shift attracts electrons in the
center, forming phase separation between a fully filled
LLL in the middle and nothing away from it. This is the
ultimate fate of the system in the strong-coupling limit of
what has been explored in Sec. V C. Intermediate values
of the coupling are difficult to analyze for such a small
system and might also show intermediate phases. We also
remark that actually reaching phase separation strongly
depends on the presence of a neutralizing charge back-
ground absent in our case.
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APPENDIX B: CAVITY LOSSES

We consider the effect of losses by introducing a
weakly coupled photonic bath with Hamiltonian A and
temperature 7. In the weak system-bath coupling regime,
it is possible to derive a Lindblad master equation for the
evolution of the system density matrix [104], where by
system here we mean both cavity and electrons together.
Under standard approximations in this derivation (Born,
Markov, and secular), it is possible to show that the steady
state of the system is going to be a thermal state [104]:

1

(:’:Tr[exp<_ﬁg)fxp<‘%ﬁ’>’ B1)

where © is the steady-state density matrix of the electron-
cavity system and H its Hamiltonian. The relevant infor-
mation of Eq. (B1) is that for a weakly coupled bath, i.e.,
weak cavity losses, it is sufficient to look at the cavity plus
electron system, independently on the strength of the cavity
coupling. Moreover, we remark that there is no conceptual
difference with the coupling to an external electronic bath;
the steady state for weakly coupled thermal environment is
indeed a thermal state. In the 75 — O limit, we then have
that the state of the system is up to exponential corrections
the ground state of the electron-cavity Hamiltonian H.

The deep consequence then is that the topological
properties of the system are not affected by cavity losses
when the temperature of the photon bath is low. For
example, we can adapt the adiabatic flux insertion pro-
cedure in Sec. IIT A to the case of an environment,
assuming adiabaticity can still be reached in the open
system scenario. The reason behind this robustness it is that
the quantized resistivity is a ground state property and
no photon losses can occur from the ground state when
Tp = 0. At finite photon bath temperature 75 > 0, cor-
rections to the quantization of transport are expected by the
fact that we are giving a finite weight to excited states.
Nontrivial effects may arise when the bath temperature for
the electrons T¢ is different from the bath temperature of
the cavity 7T [19,22], giving rise to a competition whose
study is beyond the scope of this work.

APPENDIX C: PHOTON MEAN-FIELD
ARGUMENT

In this appendix, we provide a more in-depth discussion
of the photon mean-field theory used in Sec. V B.

Because of the linear nature of the coupling term, the
mean-field state generally reads

¥) = [a)ly), (c1)

with |y) being an electronic wave function defined on the
LLL and |@) being a coherent state. Minimizing the mean-
field state energy over the coherent state value gives

(€2)

a =i ylwliw).
k

In order to find the best mean-field ansatz, one should then
take the photon mean-field Hamiltonian for the electrons:

Hioge = g + o0, {Dm ~ |

and find the ground state |y) with a self-consistent
procedure [54].

This minimization still requires the solution of a com-
plicated many-body Hamiltonian. However, we can now
clearly see two different terms competing; the first is the
electron-electron interaction, and the second is due to
effective cavity-mediated interactions. The latter has a very
specific form; e.g., when calculated on the ground state |y),
it is the variance of the polarization operator P. This has two
important consequences. First, it is a positive number, and,
second, it is, in general, an extensive quantity, being
proportional to N,. These are not specific to the FQH
setup but a more general property of dipole gauge
Hamiltonians where the so-called self-polarization term
is present [129]. For other models where only the linear
coupling is present, e.g., the Dicke model, the all-to-all
nature of the mode leads to collective enhanced cavity-
mediated interactions which contribute superextensively
and grow as g”N2. For this reason, one can usually work
with a collective coupling g1/N,. Here, instead, we clearly
see that the cavity-mediated interactions are controlled by
the so-called single-particle coupling constant g.

We can now discuss two limiting cases: g =0 and
g — oo. In the first case, we recover a pure Laughlin state,
eigenstate of the first part of the Hamiltonian. In the second
case, instead, there is a massive degeneracy of states with
no fluctuations of the polarization operator P lifted only by
the interactions H,,,. All product states in the orbital basis,
for example, have no orbital density fluctuations and,
hence, give identically zero contributions to the second
term. Among these states, we can write down stripe states
with index n:

1S0) = {041,0,}). (C4)
where 0,, (1,) indicates the repetition of zero (one) electron
in n consecutive orbitals and the curly brackets indicate the
repetition of such a unit cell. Note that these states satisfy
the bulk filling factor 1/3 by construction. The electron-
electron interaction energy contribution of these states is
also relatively simple to calculate. The mean-field energy of
the stripe state |S,,) is

Es, = (Su|HinSs) = Z 2V kpkokys (C5)

kl ~k2 € Kocc
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where K. is the set of orbitals which are occupied in |S,,)
and Vi i, i, x, are matrix elements given by Eq. (6). By
changing the circumference of the cylinder L,, the energy
per particle also changes, as shown in Fig. 9(f) in the main
text. For each number of particles per stripe n, there is an L,,
that minimizes the mean-field energy, which increases
with n.

This behavior can be well understood by working in the
thermodynamic limit L, — oo. In this setting, the stripe
state can be essentially viewed as an array of filled Fermi
seas, each with Fermi momentum kp = zn/L, and whose
centers are separated in momentum by Ak = 6kg. The
circumference L, controls the range of the electron-electron
interactions Vi i i, x, On the momentum basis via an
exponential o e~i=%2)/2_ Thus, if we start from small
Ly, ie., large kg for some n fixed, the most prominent
contribution to Eg must come from interactions between
electrons living on the same stripe. Then, by increasing L,,
interactions among electrons on different stripes are
expected to become stronger. We, thus, expand the energy
Eg, as the sum

Es, = E§) +Eg) +---, (C6)

where E(S()) and Eg), respectively, represent the energy

n n

contributions of electrons on the same and nearest-neighbor
stripes. Taking the continuum limit >, — (L,/2x) [ dk,
we estimate these two energy contributions (details in
Appendix D) to be

2
erf(\/ikp) + \/2_—7rkp

5, = 2N,

and

E(Sl,,> =4N, lerf(\/gkp) — 3erf(v/18kg) + 2erf(v/32kg)

—8k2 —18k2 —32k2
e % — 27 Nk o7
+ 1 , (C8)

V2rkg

where erf(x) is the Gauss error function. In Fig. 9(f), we
plot the approximate form of Eg as a function of 1/kg.
Within this approximation, we find the minimum lies
at kpon,~0.62, with a corresponding energy gap
Eg /N,~0.25. This means the number of electrons per
stripe ng~ L, /5 is dictated only by L, in the thermody-
namic limit as discussed above; see Eq. (78).

On the other hand, we have that the Laughlin state |¥; )
is an eigenstate of H,, with zero energy. This means the
variational energy of the Laughlin state depends only on the
light-induced interaction:

E; =, E i (YLl [Py ), (C9)

kk'

where we define 6ny = iy — (W, |7,|¥,). Given that
Zr < k2, it is possible to compute this energy contribution
via the long-wavelength behavior of the static structure
factor S(q). From Eq. (77), we observe that E; is directly
tied to the S}* component, so, when we send N, — co, the
mean-field energy scales as

EL/N, ~ Sfw.d /v, (C10)
where v = 1/3.

The outcome is that a transition to the stripe phase
must take place once the energy of the Laughlin state E;
becomes equal to or larger than the energy Eg . Replacing
the value for the unperturbed Laughlin state, S3* =
(1 —v)/24v, we find the magnitude of the critical point
g = g, goes as w.g% ~ 1. This is far below the observed
values in the numerics, which happen close to g ~ 3. One
key reason behind this difference is the renormalization
of §4* as a function of the light-matter interaction as shown
in Fig. 8. Given S3* becomes smaller, the energy of the real
ground state scales slower than gz, and the transition is
pushed toward a higher value of g. In particular, by using
the numerical data for S3* as a function of g, we check
that the true ground state energy agrees well with the
formula in Eq. (C10). The strong resilience of the FQH
liquid to cavity fluctuations is then to be attributed to the
change in its geometry, interpreted as a hidden varia-
tional parameter [34].

APPENDIX D: STRIPE ENERGY ESTIMATION

In this appendix, we make explicit our derivation for the
approximate form of the mean-field energy Eg associated
to the stripe state |S,) =1({0,1,0,}). From the photon
mean-field argument, the energy Eg is given by the

expectation value Eg = (S,|H;,|S,) as shown in Eq. (C5).
Writing out explicitly the matrix elements of 4, we have

V8r

Eg ==

(kl — k2) e_(kl_k2)2/2’
Ly klakzeKocc

(D1)

where we recall K., denotes the set of orbitals that are
occupied in the stripe state. Note that the sums over k; and
k, run independently. Let us then proceed to the thermo-
dynamic limit by sending L,,n — oo, while keeping
their ratio n/L, fixed. From the ratio n/L, we define
the Fermi momentum kg = zn/L, of the stripes. With this,
we may replace the original restricted sum over K,.. by

Srek. = >o(Ly/27) fszdq, where we sum over

oce

stripes labeled by the integer index ¢ and integrate over
occupied states within each stripe |g| < kg. The electronic
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filling v = 1/m, with m = 3, fixes the relative distance
among neighboring stripes, so we further replace the
original momenta k in the summand by k — g + 2mkgo
within the integral, where ¢ is the momenta measured from
the stripe center. We are then led to

/71’ kg
s, > Z/ dg,dg;(qy, + 6kpo12)?

o']rrz
% e~3(a12+0keo1)? , (D2)

where the integrand depends only on the relative variables
g12 = q1 — ¢ and 613 = 0 — 03.

To extract a series, which depends only on the relative
stripe coordinate |6|,|, we assume translation invariance
along x, so that we may simplify the formula in Eq. (D2) to

Eg = \/ﬂk Z/ dg,dg;(q s + 6kpoyn)?
F

012

6k
X e 2(412+ Fo12)° ,

(D3)

where we use that the total number of stripes must be fixed
s0 that Nyipes = N /n. In this form, we see that the energy

forr—

can be naturally expanded as Eg = Z,
where, thanks to the exponential factor, these contrlbutlons
decrease quite quickly as a function of r.

Let us then evaluate the first two contributions, corre-
sponding to 61, = 0 and 61, = £1. When 6, = 0, both ¢
and g, belong to the same stripe. The integral is elementary
and gives the energy contribution

—2k2

Eg) N, |erf(V2kg) + \/_

2} (D4)

where erf(x) is the error function, defined as erf(x) =
(2/+/7) [ dte™". Likewise, we evaluate the contribution
for 01, = £1, which comes from the interaction of neigh-
boring stripes. The integral yields the same result for both
01, = +1 and oy, = —1, of course, and the energy con-

(1)

tribution Ej " is found to be

E(sl> =4N, lerf(\/gkp) — 3erf(v/18kg) + 2erf(v/32kg)

+

e—8K — 28K 4 e—32k12;|‘ 3)

V 271'](1:

These two functions are plotted in the inset in Fig. 9(f).
When added together, they provide an estimate for the
minimum of Eg , which sets the minimum energy gap to
the stripe state as Eg /N, ~025 and fixes the Fermi
momentum of that stripe state to 1/kp i, =~ 1.62.

APPENDIX E: STRIPES AS AN ARRAY OF
TOMONAGA-LUTTINGER LIQUIDS

In this appendix, we discuss the potential low-energy
theory for the light-induced stripe phase found numerically.
We start from the photon mean-field ansatz |S,,), incorpo-
rating fluctuations phenomenologically. First, we consider
the (infinitely) large light-matter coupling limit, where we
assume the energy penalty to introduce én; fluctuations is
so large we can only spare to build excitation with definite
density occupation n;, = 0, 1. This is a great simplification
that essentially allows us to treat the problem as an array of
1D free electron systems. This state is naturally gapped
along x but remains gapless along the y direction and can be
viewed as an archetype of a smectic metal state [130-132],
a state with zero shear modulus [133]. The gapless modes
take the form of particle-hole excitations near the Fermi
points of each stripe k, = kg + 6kgo, where o =
0,+£1, 42, ... denotes the stripe index. To verify this, we
first consider a particle excitation with momentum
k = kr + ¢, assuming g < kp so the excitation lies close
to the right Fermi point of the stripe 6 = 0. In this limit,
similar to the analysis carried out in Appendix D, we
approximate the energy cost of adding one electron by the
integral:

k )2 [ dk(ke = k + g)2eHhe—trar El
elke +q) =/~ . (kp =k +g)%e™ . (EI)

where we integrate over the nearest stripe only, throwing
out energy contributions from distant stripes that are
suppressed by the exponential factor. Evaluating the
integral in the limit ¢ — 0, we find the linear dispersion

relation  e(kg + q) ~ e(kg) + vpq + -+, where vp =

\/ 24k}e plays the role of the Fermi velocity. It, thus,

follows that the particle-hole excitation c,i +4Ck|Sn) in the

vicinity of the Fermi level has a dispersion relation of the
form w(q) ~ vg|g| + - - -. Taking into account the pertur-
bative addition of interactions, the free fermion behavior is
then compatible with a sliding Tomonaga-Luttinger liquid
model description of the stripe phase.

In this setting, the reintroduction of the light-matter
coupling with a linear gradient profile couples to the
number of excitations in each stripe separately, penalizing
certain processes that change this number. In this way, the
gradient of the electric field fights against correlated
hopping operators, such as the one used in coupled wire
constructions to drive a transition to the FQH state [134].
If the gradient is strong enough, even processes leading to
stripe crystallization [132] (i.e., phase locking with 2kg
density modulations along the stripes) are disfavored. Note
that these couplings are controlled by the field variations
across the intra- and interstripe distances Ax ~ kpl%. The
detailed interplay among these competing operators lies
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beyond our current mean-field ansatz, and we leave these
refinements for future work.

APPENDIX F: EXCITED STATE TARGETING

In this appendix, we present additional numerical result
on the DMRG excited state targeting used in the main text
(Fig. 6). As discussed in Ref. [93], excited states of local
effective Hamiltonians constructed during DMRG sweeps
are good approximations to excited states of the full
Hamiltonian. By construction, they are variational esti-
mates, orthogonal to lower-energy states at a fixed position
during the sweep. The persistence of a certain excited state
during the sweep was found to be a good indication of a
converged excited state [93]. In Fig. 16, we show the
excited state spectrum obtained during a sweep as a
function of the updating sites for different values of the
coupling ¢. A three-site update is used here. In the FQH
phase g <2.5, we observe a good convergence of the
lowest magnetoroton state (blue line), while the polariton
state (lighter line) is flat only away from the transition. The
asymmetric nature of our MPS ansatz (Sec. II G) with the
photon on the left side clearly shows up here. Indeed, the
best variational estimate for the polariton state is not found
in the bulk but closer to the cavity site. On the other hand,
magnetoroton excitations show a phenomenology similar
to Ref. [93] and have a lower variational energy in the bulk.

APPENDIX G: LARGE CAVITY
FREQUENCY LIMIT

In this appendix, we briefly discuss the large cavity
frequency limit @, > V. This regime is subtle within
the truncated model, as higher Landau level corrections
become significant when @, approaches the cyclotron

gap wpg. Setting these refinements aside, the large o,
regime can be understood intuitively: As . — oo, cavity
photons become increasingly energetic, effectively decou-
pling from the low-energy electronic degrees of freedom.
This behavior is consistent across dipole-gauge models and
corresponds to the static limit in the path integral formu-
lation presented in Ref. [45]. Note, however, that in order to
take the large cavity frequency limit one needs to assume
the linear interaction term igw, (& — ") P to be smaller than
the cost of a photon; otherwise, no elimination of the cavity
mode is possible. The physically motivated choice of
keeping g,/w, fixed, or, equivalently, the Rabi frequency
Q = 27,9/ 0.V, fixed, actually does automatically the job
in the @, — oo limit. Perturbation theory provides a
straightforward way to verify this decoupling. To outline
the derivation, we divide the Hamiltonian into diagonal and
off-diagonal terms:

it~ i+, (@1)
H/ - C()LaTa + [:\Iin[ + gzwcﬁzv (GZ)
" = igw,(a - a")P. (G3)

Using a Schrieffer-Wolff transformation with a generator:

A

S =—ig(a+a"P, (G4)

one can successfully decouple the photon dynamics and get

an effective Hamiltonian up to second order in perturbation
theory:

~ A

Her = SHyeS = H' -

Fo P+ 0(Fw,) (G5)
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FIG. 16. Excited state targeting with DMRG local effective Hamiltonians. (a) shows the middle-chain value of the excited state as a
function of coupling g for a system size N, = 30 and L, = 16. The orange dashed line indicates the lower polariton of the effective
model. (b) shows the site dependency of the excited states for different values of g, marked by vertical gray dotted lines in (a). The color

bar indicates the one-photon matrix element with the ground state.
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We, thus, find the P? terms cancel out, leaving us with just
the decoupled theory H.;~Hy= H, + w.a'a up to
second order in g. Note that the corrections identified in
Ref. [122], with the caveat of being obtained in a different
LLL truncation scheme, scale with the gradient to the
fourth power.
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