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Abstract

In the wood industry, workpieces are commonly processed us-
ing machines equipped with movable bars and suction cups that
serve as fixtures to stabilize the workpiece and reduce vibrations
during machining. Optimizing the layout of these fixtures is es-
sential to ensure both stability and high production quality. In
collaboration with a manufacturing company, we propose a declar-
ative approach to fixture layout optimization based on Constraint
Programming (CP). Our method automatically generates fixture
configurations that guarantee workpiece stability while adhering
to geometric, safety, and resource constraints. The model is im-
plemented in MiniZinc to offer flexibility and compatibility with
various solving technologies. Empirical evaluations on a real-world
case study prove that our approach significantly improves both the
quality and usability of the company’s existing software tool.
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1 Introduction

In the wood industry, maintaining the stability of workpieces dur-
ing operations such as cutting, milling, and contouring is crucial
for ensuring the quality of the finished product [9]. This stability
is typically achieved by strategically placing fixtures to minimize
vibrations and oscillations. However, determining the optimal place-
ment of fixtures—while ensuring safety during cutting operations
and keeping the workpiece in place—is a complex challenge [22].

Fixture design and layout optimization has been extensively
studied over the years [2, 4, 17]. Various approaches have been
proposed to solve the layout optimization problem, including itera-
tive algorithms that focus on geometric constraints [6, 23], linear
or mixed-integer programming (LP/MIP) formulations [14, 15, 20],
and genetic algorithms [11, 13].
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Figure 1: Characteristics of a center of work

Although numerous studies on fixture layout optimization exist
in the literature, few focus on suction cup fixtures with character-
istics similar to those used in the wood industry, as considered in
our case. Most existing research has primarily targeted the metal-
working sector, particularly emphasizing optimization strategies
based on the ‘3-2-1" locating principle [11, 14, 15]. This approach
ensures maximum rigidity using a minimal number of fixture ele-
ments—specifically, six points of contact: three on the base plane
to restrict movement along the Z-axis, two on a side plane to re-
strict Y-axis movement, and one on another side plane to restrict
movement along the X-axis [11]. Unfortunately, this principle is not
applicable to our scenario, where fixtures can only be positioned
beneath the workpiece and must comply with specific geometric
constraints.

This study, conducted in collaboration with a company based
in northern Italy!, focuses on a specialized type of work center
equipped with a worktable featuring movable bars. These bars can
shift horizontally in both directions while adhering to predefined
safety constraints (Fig. 1a). They serve as mounting bases for suction
cup fixtures, which securely hold the workpieces from below. Each
fixture has a square base that allows vertical movement along the
bar into which it is inserted and can also be rotated. The suction cups
themselves may be either square or rectangular in shape (Fig. 1b).

To define an effective fixture layout, it is essential to consider the
geometry of the workpiece, its placement on the working surface,
and the nature of the machining operations. These may include
through or non-through processes and may or may not involve the
removal of specific components [6, 15, 19].

For cutting operations, fixtures must not be placed beneath ar-
eas where through cuts will occur, in order to prevent damage.
Furthermore, resource constraints must be taken into account: fix-
tures cannot overlap, are available in limited numbers, and must be
mounted directly on the bars. Within these constraints, the central

!Company name omitted for privacy reasons.
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challenge is to allocate the available resources efficiently while
ensuring that the workpiece is adequately supported.

This paper proposes a declarative model to address the fixture
layout problem, based on the Constraint Programming (CP) para-
digm [18]. The model is implemented in the MiniZinc language [16],
offering both flexibility and generality by being parametric with
respect to input data (e.g., fixture types or worktable geometry) and
solver-independent. As a result, it can be solved using any solver
that supports MiniZinc—not only CP-based solvers, but also alter-
natives such as Mixed-Integer Programming (MIP) and Constraint
Logic Programming (CLP) solvers.

We compare the results obtained using two different objective
functions: one based on the exact computation of the principal
moments of inertia, and the other using the Manhattan distance
between pairs of fixtures. Results show that the proposed approach
outperforms the company’s current tool. While the solution based
on principal moments of inertia offers slightly higher precision, it
requires significantly more computation time than the Manhattan
distance-based approach. Therefore, the latter is more suitable for
practical, real-time applications.

Paper structure. Section 2 presents the formulation of the pro-
posed model. Section 3 discusses the results of a case study com-
paring the two objective functions. Section 4 concludes the paper.

2 Model Formulation

In this section we describe the CP model in terms of input parame-
ters, variables, constraints, and objective function(s). The model is
parametric because it is defined in terms of its parameters: changing
the input data does not affect the model itself.

2.1 Parameters

The input parameters shaping a particular problem instance are:

o The width WTab and height HTab of the worktable

o The minimal horizontal distance WMin between two fixtures
placed on different bars.

o The number NTypes of different fixture types, and the num-
ber NFix; of available fixtures for each type i € [1..NTypes].

o The total number of fixtures NFix = ZN:Types NFix;.

o The width WFix; and height HFix; of each fixture of type i

o The workpiece shape, represented by linear inequalities of
the form ax + by + ¢ < 0 defining the workpiece region.

2.2 Variables

To determine which fixtures to use and their positions on the work-
table, we define three arrays of variables x, y, t of size NFix such
that, fori =1,...,NFix:

o (xj,y;) is the coordinate of the lower-left corner of the i-th
fixture, with x; € [0..WTab] and y; € [0..HTab]
e t; is the type of the i-th fixture, with ¢; € [0..NTypes]

We also define a variable n; € [0..NFix,,] for each i € [0..NTypes]
counting the number of fixtures of type i, and a variable n corre-
sponding to the total number of fixtures employed (see Sect. 2.3.1).
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Figure 2: Geometric constraint for fixtures placement

2.3 Constraints

2.3.1 Fixture constraints. For each fixture of type i € [1..NTypes],
we impose the CP global constraint [1]:

n; = count(t, i)

counting the number of fixtures in t with type i, and set n = }; n;.
To break symmetries, we impose that (xj—1,y;-1) < (x;,y;) for

i € [2..NFix] through the lex_chain global constraint. Because we

may not use all the available fixtures, we enforce the invariant:

(i>n) & (xj=WTab A y; =HTab A t; =0)

2.3.2  Geometric constraints. Fixtures must be placed within the
boundaries of the workpiece region, must not interfere with areas
affected by through-machining operations, must not overlap with
each other, and must be positioned on top of the bars that form the
workplane. The workpiece region is defined by linear inequalities
of the form ax + by + ¢ < 0. Therefore, each coordinate (x;, y;) with
i < n must satisfy the condition ax] + by; + ¢ < 0 where:

, X ifa<o0 ;i ifb<0
X, = . =
! xi +WFix, ifa>0 Yi yi +HFix, ifb >0

Indeed, according to the sign of coefficients a and b, we only have
to check that one vertex of the rectangular fixture is within the
workpiece region. For example, if the inequality is 3x — 2y +4 < 0,
we impose 3(x; + WFixy,) — 2y; + 4 < 0 to enforce the lower-right
corner within the hyperplane defined by that inequality (Fig. 2). If
so, also all the other fixture points must be within that region.

To encode the no-overlap constraint between fixtures we employ
the diffn global constraint [1]:?

diffn(x.y, [WFix,, | i € [1.n]], [HFix, | i € [1.n]]).

This constraint ensures that each rectangle with origin (x;, y;),
width WFix;, and height HFix;, is not overlapping. Notably, this
constraint can be extended to ensure that no fixture is placed within
regions designated for through-machining operations.

Finally, we guarantee that the horizontal distance between two
fixtures placed on different bars is at least WMin. Formally, for each
i € [1..n — 1] we impose that:

Xi # Xix1 = Xj +WFixg, +WMin < xj4q.

2We use the non-strict version of diffn, to ignore the NFix — n unemployed fixtures.
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2.4 Objective function

To maximize the stability of the workpiece through fixture place-
ment, we analyze the moments of inertia of the fixture layout.

The moment of inertia is a geometric property that quantifies
a structure’s resistance to bending and torsional forces. A higher
moment of inertia corresponds to increased rigidity and reduced
deflection under load [3, 10]. In our case, the overall moments of
inertia of the fixture system are computed using the coordinates of
the four vertices v; 1, . . .,v; 4 of each fixture i, defined as:

i1 = (x5, yi), vi2 = (g, yi + HFixy,)
03 = (x; + WFixy, y; + HFixy,), via = (x; + WFixe, yi)
We denote with v; j x and vj j,y the coordinates of v; j on the
x- and y- axis, respectively. We define the centroid of fixture i as
WFixs; HFix¢;
(cxi,cyi) = (xz' + LY+ —
HFan.
We then compute the following:

) and its area as A; = WFixy, -

o Absolute moments of inertia J, ];, ])’Cy:
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e Overall center of gravity (gx, gy):
e S Aicxg Xy Aiccyi
gx = A > 9y = A
where A = 37| A; is the total area.
e Moments of inertia Jy, Jy, Jxy W.r.t. the centroidal reference
system (x, y) passing through (gx, gy):
Je=Ti=A-g’, Jy=TJy—A-9x° Juy=Jiy—A-9x-gy

o Principal moments of inertia I and J:

x + 1

I= ]ij - E\I(Jx - Jy)t+ 4%,
Jx+ ] 1

J= T 4 U = TR+ 40y

The goal is to maximize the sum of the principal moments of inertia,
i.e., to maximize the objective function

Siner =1+].

Computing finer involves complex non-linear operations, making
the problem challenging to model and solve efficiently [12]. More-
over, operations like division and square root make the CP modeling
much harder as very few CP solvers support float variables.
Notably, the literature reports that the optimal fixture placement
tends to occur along the perimeter of the workpiece [11, 14, 15, 19,
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Figure 3: Stair step of a spiral staircase

23]. An alternative objective function consists therefore in posi-
tioning fixtures as far apart as possible, thereby improving stability,
by also promoting the use of larger fixtures when available. We
therefore devised an alternative objective function fy;; defined by
the sum of the pairwise Manhattan distances between the centroids
of the placed fixtures, plus the sum of their individual dimensions:
n
faist = Z (lexi — exjl + leyi — cyjl) + Z (WFixg, +HFixg, ).
1<i<j<n k=1

We use the Manhattan distance instead of the Euclidean distance
to formulate the problem using integer variables only, thus avoiding
float variables. This is particularly important for CP solvers, which
are optimised for integer reasoning and rely on constraint propa-
gation within finite domains. The term ZZ:l (WFixtk + HFixtk) is
used in place of the total fixture area ZZ:l A; to maintain consis-
tency in dimensional scale.

3 Case Study

We evaluated our approach on a real case where the workpiece is a
stair step of a spiral staircase. The workpiece area, shown in Fig. 3,
is defined by the following inequalities:

(d): x <689

(e) : y > 0.54x + —356.21

(f) : y = —0.20x + 139.06

(a): x>20
(b) : y < 0.20x + 257.91
(¢): y <—0.58x +781.92

The width and height of the worktable are respectively WTab =
700 and HTab = 400. The minimal distance between fixtures is
WMin = 140. We have two different types of fixtures available:

o Five square fixtures of dimension 145 X 145 mm.

e Five rectangular fixtures of dimension 145 X 55 mm.
So, NFix; = NFixs = 5 with WFix; = HFix; = WFixs = 145 and
HFixy = 55.

We set an upper bound NMax on the number of fixtures (i.e., we
impose n < NMax) and we evaluated different values of NMax in
the range [2..10]. We assume a minimum number of 2 fixtures (i.e.,
n > 2) as placing only one fixture is not a realistic case.

We defined two models, one using the objective function finer
and the other using fy;;;. Both were implemented in Minizinc [16].
For the model using fy;s;, four solvers were evaluated: Chuffed [5],
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Table 1: Results with fi,.,. Bold fold denotes an optimal f;;.--value found before the timeout.
NMax
Solver Metric 2 3 4 5 6 7 8 9 10
Gurobi Runtime [ms] 14250 189000 90000 258000 timeout timeout timeout timeout timeout
finer-value 265072 379990 379990 387506 389034 N/A N/A N/A N/A
Table 2: Results using fy;;;. Bold fold denotes the fi,.-value corresponding to a fy;;-optimal solution.
NMax
Solver Metric 2 3 4 5 6 7 8 9 10
Chuffed Runtime [ms] 1566 904 2039 3333 3700 2533 4873 5222 5593
finer-value 264416 238480 258584 354968 380905 380905 380905 380905 380905
Gurobi Runtime [ms] 503 745 961 1098 1540 1856 4674 5534 10840
finer-value 264416 238350 258584 308459 380905 380905 380905 380905 380905
Gecode Runtime [ms] 549 18292 timeout timeout timeout timeout timeout timeout timeout
finer-value 264416 239170 258584 258584 258584 373308 258584 258584 258584
OR-Tools Runtime [ms] 882 7804 260000 timeout timeout timeout timeout timeout timeout
finer-value 264416 216912 224606 334565 334565 338321 373467 373467 367863

Gecode [21], OR-Tools [7] and Gurobi [8]. For the fin.r model, we
restricted our evaluation to solvers that support floating-point vari-
ables, namely Gecode and Gurobi.

All experiments were conducted with a time limit of 300 seconds
on a 64-bit Windows machine equipped with an Intel Core i5 CPU
and 16 GB of RAM.

Table 1 and 2 show the results using finer and fy;s;, respectively,
across different values of NMax. Table 1 does not include results for
Gecode, as it fails to find any feasible solution within the time limit.
Gurobi, being a MIP solver that handle continuous variables more
naturally, can find optimal solutions for NMax < 5 but cannot find
any solution for NMax > 6.

Table 2 shows that when using fy;; all solvers are able to find
at least a feasible solution. In particular, Chuffed and Gurobi solve
all instances to optimality. The best performance is achieved by
Chuffed, able to find the optimal fy;;-value under six seconds in
the worst case. Importantly, Table 2 reports the corresponding finer-
values for the best solutions found—rather than the f;s,-values—to
allow for direct comparison in terms of principal moments of inertia.

Since fy;s; objective can admit multiple equivalent optimal so-
lutions, small variations (such as swapping two fixtures) may re-
sult in distinct configurations with the same objective value. How-
ever, these solutions can yield different finer values, as shown for
NMax € {3,4,5} in Table 2. Appendix A reports a visual representa-
tion of the solutions obtained for each solver and objective function.

As expected, using finer encourages the placement of larger fix-
tures, since larger areas result in higher moments of inertia. Con-
sequently, not all available fixtures are always used—for instance,
with NMax = 4, only 3 fixtures are placed. Solutions generated using
fuist typically yield lower finer values, but are computed much faster,
making them particularly suitable for large workpieces or higher
fixture counts.

4 Conclusions

This paper presents a declarative model for fixture layout optimiza-
tion in the wood industry, developed using Constraint Program-
ming (CP) and designed for compatibility with multiple solvers.

The model addresses the practical requirement of ensuring work-
piece stability during machining, originally formulated using an ob-
jective function based on the principal moments of inertia. However,
this formulation introduces significant non-linearity, increasing the
computational complexity of the problem.

To improve tractability, an alternative objective function was
proposed based on the Manhattan distance between pairs of fixtures.
This approach avoids complex computations while still capturing
essential spatial relationships, resulting in a substantial reduction
in solving time. Both models outperform the company’s current
tool, which is based solely on geometric constraints and requires
the user to manually define both the number and type of fixtures
for each workpiece, facilitating the introduction of errors.

With our solution the operator is relieved of the responsibility
of making these choices. The number and type of fixtures to be
used is determined automatically along with their optimal position.
This results in a reduction of the time required to prepare the work
table and minimises errors that can occur.

Future work includes investigating symmetry-breaking con-
straints and developing advanced search heuristics to further im-
prove CP solver efficiency. Additionally, local search techniques
could be applied to refine solutions—such as allowing fixture rota-
tion—starting from the CP-generated layout. Another promising
direction involves integrating fixture layout optimization with cut-
path planning. While this would increase the model’s complexity, it
is expected to yield more realistic, accurate solutions and enhance
overall productivity.
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A Visual Comparison of Fixtures Layouts

Tables 3 and 4 present the visual results obtained from the different
solvers, evaluated across varying values of NMax.

We can see that the solutions when using fy;s; function look
very similar. However, when the number of fixtures is limited to
three, Chuffed, Gecode, and OR-Tools tend to place a smaller fixture
on the left side of the workpiece, below its center. This placement
notably affects the moments of inertia (as shown in Table 2 ). In
contrast, Gurobi aligns the fixture with the center of the workpiece,
adopting on the right side two large fixtures, resulting in a higher
value of finer.
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Table 3: Visual results for solvers’ solutions
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Table 4: Visual results for solvers’ solutions
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