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 A B S T R A C T

The consistency of the maximum likelihood estimator for mixtures of elliptically-symmetric 
distributions for estimating its population version is shown, where the underlying distribution 
𝑃  is nonparametric and does not necessarily belong to the class of mixtures on which 
the estimator is based. In a situation where 𝑃  is a mixture of well enough separated but 
nonparametric distributions it is shown that the components of the population version of the 
estimator correspond to the well separated components of 𝑃 . This provides some theoretical 
justification for the use of such estimators for cluster analysis in case that 𝑃  has well separated 
subpopulations even if these subpopulations differ from what the mixture model assumes.

. Introduction

Clustering methods are widely used in statistics, computer science, and many applied fields of science to discover group structures 
nd to deal with the intrinsic inhomogeneity of complex data sets. While there is abundant work on methodology, algorithms, and 
pplications, a smaller body of literature has investigated the relationship between the clusters found by a method and the underlying 
ata-generating mechanism. Assuming that the observed data set is generated by independent and identical observations from a 
robability law 𝑃 , consistency concerns the relationship between 𝑃  and the outcome of a method for random samples of a size 
onverging to infinity. In cluster analysis, the clustering itself and/or distributional parameters characterizing the clustering may be 
f interest.
Here we will derive consistency results for model-based clustering, i.e., clustering based on probability mixture models. More 

recisely, the results will concern maximum likelihood (ML) estimators (MLE) of finite mixtures of distributions from elliptically 
ymmetrical distribution (ESD) families such as the Gaussian distribution. Finite mixture models (FMM) are convex combinations 
f probability distributions suitable to represent inhomogeneous populations. FMMs are a versatile tool for modeling complex 
istributions, and are at the basis of a variety of data analysis, prediction, and inference tasks: density estimation, regression, 
lustering, and classification [see 8,15].
Given 𝐾, the number of mixture components, FMMs are represented by parameters characterizing the individual mixture 

omponents (such as Gaussian mean and variance) and the component proportions. MLEs can be obtained in practice using the 
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Expectation–Maximization (EM) algorithm of [6]. Given the fitted parameters, a partition of the data can be obtained by use of the 
maximum posterior assignment rule, see Section 2.1.

In clustering, clusters are usually interpreted as corresponding to the estimated mixture components, although this is not always 
appropriate if different mixture components are not well separated, see [14].

FMMs are parametric, and therefore, as a standard, statisticians are interested in whether the parameters can be consistently 
estimated if the true underlying 𝑃  is indeed such a mixture. Consistency theory for ML estimation of mixture parameters is not 
as easy to obtain as for standard ML estimation, and standard conditions such as required by [39] are not fulfilled. [23] noted 
that the likelihood function of univariate Gaussian mixtures is unbounded if one of the mixture components’ variances is allowed 
to converge to zero from above. This issue occurs for many classes of FMMs including those of ESDs as treated here. There have 
been several proposals to solve it. A popular strategy, originally due to [7], is to impose an ‘‘eigen-ratio constraint’’ (ERC). This is a 
constant that bounds the ratio between the largest and smallest eigenvalue across all components’ scatter matrices. The ERC allows 
for a non-compact parameter space; it is easier but also more restrictive to constrain the parameter space to be compact as done, 
e.g., by  [33], who proved consistency for the MLE of a general class of FMMs.  [13] expanded the work of [33] including the ERC 
in the case of a univariate Gaussian mixture. There is a long history of ML-theory for mixtures. For reviews see [3,34].

Here, however, we focus on consistency in the case that 𝑃  is general and not necessarily of the assumed mixture type. We 
will refer to this as ‘‘nonparametric consistency’’, but note that ‘‘nonparametric clustering’’ in the literature can refer to clustering 
methods that are not based on parametric model assumptions [18], or to methods that do not treat the number of clusters as 
fixed [32]. Here we investigate parametric clustering methods under nonparametric conditions.

Note that we will treat the number of estimated mixture components 𝐾 as fixed, so that the fitted mixture cannot approximate 
almost any 𝑃  by selecting a sufficiently large 𝐾. The results will apply to a 𝑃  that is indeed a mixture of the assumed family 
with 𝐾 mixture components, however the underlying 𝑃  could also have fewer or more than 𝐾 mixture components of this kind 
(in clustering it may sometimes be desirable to fit a mixture with more than 𝐾 not well separated components by a 𝐾-component 
mixture where the 𝐾 components are better separated and justified to be interpreted as clusters, see, e.g., [2]), or it may not be 
possible to represent it as a mixture of the assumed type at all.

In practice, arguably, parametric statistical model assumptions are never precisely fulfilled, yet often it is claimed that the 
application of data analytic methods based on parametric models require the parametric model assumptions to be fulfilled. In fact 
often standard theory relies on these model assumptions, and it may be suspected that if assumptions are violated, the method may 
not achieve the performance that is theoretically guaranteed assuming the model. Nonparametric theory as derived here, even if 
only asymptotic, will apply to the use of such methods more generally.

Nonparametric consistency results for cluster analysis go back to the seminal works of [30] (for 𝐾-means clustering) and [12] 
(for single linkage). Further such results have been provided by [36] for the DBSCAN algorithm and [25] for spectral clustering, 
among others. Multivariate Gaussian FMMs have been studied by [5,11]. The latter paper also has a nonparametric consistency result 
regarding a robust ML-type method accommodating outliers by incorporating an improper uniform mixture component covering the 
whole data space, and an Expectation-Conditional Maximization (ECM) algorithm implementing the ERC.

There are two aspects of nonparametric consistency relevant in clustering (cf. [25]).

(i) Is the clustering method consistent at all, i.e., is there a limit clustering (or limit parameters characterizing it) if the sample 
size grows larger and larger? Many clustering methods including MLE of FMMs are defined by parameters optimizing an 
objective function. The asymptotic limit is then usually a functional defined on 𝑃  by generalizing the objective function to 
general distributions (‘‘population version’’ or ‘‘canonical functional’’) such as in [5,11,30] and also in the present work.

(ii) Provided that a limit clustering exists, does this correspond to a reasonable clustering structure given 𝑃  that is of interest 
when doing cluster analysis?

Addressing these aspects, the present paper provides two main contributions.

(i) We establish the existence and the consistency of the MLE for a general class of FMMs based on ESDs for a general 
nonparametric 𝑃 , generalizing the results for Gaussian FMMs in [5,11]. This implies finite sample existence of the MLE 
under mild conditions.

(ii) Under the additional assumption that 𝑃  is a mixture of 𝐾 nonparametric components that put most of their probability mass 
on sufficiently well separated subsets of the data space, we show that the components of the canonical functional resulting 
from the MLE of FMMs of ESDs correspond to the well separated mixture components of 𝑃 . This can be interpreted as 
follows. If 𝑃  is a distribution generating well enough separated clusters of a very flexible kind, particularly not necessarily 
corresponding to the ESDs assumed to be the components of the FMM estimated by the MLE, the MLE will anyway for large 
enough data recover these clusters. We are not aware of any result of this kind in the literature regarding nonparametric 
consistency based on canonical functionals.

The paper is organized as follows. In Section 2, we define the class of ESDs and the corresponding FMMs. We review the connection 
between model-based clustering and FMMs. We also define the MLE and give an account of the issue of unbounded likelihood. 
Finally we introduce and motivate the regularization of the ML optimization problem based on the ERC. Section 3 is devoted to the 
finite sample analysis of the ML procedure. In Section 4, we establish the MLE’s existence and consistency, assuming that 𝑃  is some 
general nonparametric distribution. Section 5 investigates the canonical functional corresponding to the MLE for FMMS of ESDs for 
distributions 𝑃  that can be written as mixtures of sufficiently well separated nonparametric components. In Section 6 we present 
numerical experiments that illustrate the results. Section 7 concludes the paper.
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2. Finite mixture modeling with elliptically symmetric distributions

Elliptically symmetric distributions can be obtained applying an affine transformation to a spherical distribution. Let the random 
vector 𝑌 ∈ R𝑝 have a spherical distribution with E[𝑌 ] = 𝑏𝑓0 and Var [𝑌 ] ∝ 𝐈𝑝, where 𝐈𝑝 is the 𝑝×𝑝 identity matrix. With fixed 𝝁 ∈ R𝑝, 
and 𝜴 ∈ R𝑝×𝑝, the random vector 𝑋 = 𝝁 + 𝜴𝑌  is said to have an elliptically-symmetric distribution denoted by 𝑋 ∼ ESD(𝝁,𝜮), 
where 𝜮 ∶= 𝜴𝜴𝖳. With a fixed distribution of the generating 𝑌 , ESD(𝝁,𝜮) forms a symmetric location–scatter class of models with 
location parameter 𝝁 and a symmetric positive semi-definite scatter matrix parameter 𝜮. In particular 𝝁 = E[𝑋] and 𝜮 ∝ Var [𝑋]. If 
𝑌  is absolutely continuous and 𝜮 is non-singular, than 𝑋 is absolutely continuous with density function 

𝑓 (𝒙;𝝁,𝜮) ∶= det(𝜮)−
1
2 𝑔

(

(𝒙 − 𝝁)𝖳𝜮−1(𝒙 − 𝝁)
)

, (1)

where 𝑔 ∶ R≥0 → R≥0 is the so-called radial or density generator function. Here we assume that 𝑔(⋅) is monotonically non-increasing, 
which implies that 𝑓 (⋅) is unimodal. Assume that 𝑔(⋅) is bounded, and lim𝑡→+∞ 𝑔(𝑡) = 0 is required so that 𝑓 (⋅) is a proper density.

The choice of 𝑔(⋅) (or, equivalently, the distribution of 𝑌 ) defines a specific family of ESDs. A number of popular models can be 
obtained in this way, for example multivariate Gaussian distributions, multivariate Student-t distributions and multivariate logistic 
distributions. Some families of ESDs have parameters in addition to 𝝁 and 𝜮, e.g. the degrees of freedom of the Student-t. We do 
not involve such additional parameters, so the results given here apply to MLEs for a family of multivariate Student-t distribution 
with fixed degrees of freedom, and generally to any location-scale family as defined in (1) with 𝑔 fulfilling the conditions above.

[22] originally introduced elliptical distributions to generalize the multivariate Gaussian model. ESDs have elliptically shaped 
density contours. They can model joint linear dependence between the 𝑝 components of a random vector and possibly heavy tails. 
For these reasons, ESDs occur frequently in the theory of statistics and applications [for a comprehensive overview see 28, and 
references therein]. Finite mixture densities based on (1) are the convex combinations 

𝜓(𝒙;𝜽) ∶=
𝐾
∑

𝑘=1
𝜋𝑘𝑓 (𝒙;𝝁𝑘,𝜮𝑘), (2)

where 𝜋𝑘 ∈ [0, 1] so that ∑𝐾
𝑘=1 𝜋𝑘 = 1, and 𝜽 is a parameter vector collecting all elements of 𝜋𝑘,𝝁𝑘,𝜮𝑘, 𝑘 ∈ {1,… , 𝐾}. Given a 

family of ESDs, an FMM is defined by the set of distributions for all possible choices of 𝜽. FMMs are popular tools for modeling 
multimodality, skewness and heterogeneous populations, and for performing several supervised and unsupervised tasks such as 
semi-parametric density estimation, classification and clustering [8,27].

2.1. Clustering and classification

FMMs used for model-based clustering and classification normally identify the classes or clusters with the mixture components. 
FMMs can be equivalently formulated involving component membership indicators for the observations.

Assume that there are 𝐾 mixture components. Let 𝑋1,… , 𝑋𝑛 model a sequence of i.i.d. observations. These are accompanied by 
a sequence of 0–1 valued i.i.d. random variables 𝜁𝑖 = (𝑍𝑖1,… , 𝑍𝑖𝐾 )

𝖳, 𝑖 ∈ {1,… , 𝑛} with ∑𝐾
𝑖=1𝑍𝑖𝑘 = 1, i.e., for given 𝑖 one of the 

𝑍𝑖𝑘 is 1, all the others are 0. Assume that 𝜁𝑖 has a categorical distribution with Pr
[

𝑍𝑖𝑘 = 1
]

= E
[

𝑍𝑖𝑘 = 1
]

= 𝜋𝑘 for 𝑘 ∈ {1,… , 𝐾}. 
Let (1) be the density function of the conditional distribution of 𝑋𝑖 |𝑍𝑖𝑘 = 1, then (2) is the density function of the unconditional 
distribution of 𝑋𝑖. 𝑍𝑖𝑘 is the component (cluster) membership indicator for observation 𝑖 and the 𝑘th mixture component. Eq. (2) can 
be seen as a model generating an expected fraction 𝜋𝑘 of points from its 𝑘th component 𝑓 (⋅;𝝁𝑘,𝜮𝑘). If the 𝐾 mixture components are 
reasonably separated, sampling from (2) will generate clustered regions of data points. Cluster analysis is unsupervised, i.e., 𝜁𝑖,… , 𝜁𝑛
are unobserved.

𝜁1,… , 𝜁𝑛 represent a partition 𝐾 ∶=
{

𝐺𝑘; 𝑘 ∈ {1, 2,… , 𝐾}
} of {1,… , 𝑛}, where 𝑍𝑖𝑘 ∶= I

{

𝑖 ∈ 𝐺𝑘
}

, I {⋅} being the usual indicator 
function, meaning that the mixture component (cluster) having generated 𝑋𝑖 is 𝑘. In cluster analysis one wants to assign an object 
to one of the 𝐾 groups of 𝐾 , which for 𝑖 ∈ {1,… , 𝑛} amounts to predicting 𝜁𝑖 from 𝑋𝑖. This can be done based on the posterior 
probability 

𝜏𝑘(𝒙;𝜽) ∶= Pr
[

𝑍𝑖𝑘 = 1 |𝑋𝑖 = 𝒙
]

=
𝜋𝑘𝑓 (𝒙;𝝁𝑘,𝜮𝑘)

𝜓(𝒙;𝜽)
. (3)

Given a parameter vector 𝜽, an object 𝒙 can be assigned to the cluster cl(𝒙,𝜽) ∈ {1,… , 𝐾} according to the ‘‘maximum a posteriori 
probability’’ (MAP) rule: 

cl(𝒙,𝜽) ∶= argmax
𝑘∈{1,2,…,𝐾}

𝜏𝑘(𝒙;𝜽). (4)

The MAP rule implements the optimal Bayes classifier, i.e., the assignment that minimizes the expected 0–1 loss, also known as 
misclassification rate. Since 𝜽 is not known, it has to be estimated from the data, and (4) is then computed based on the estimator 
𝜽̂.

Remark 1.  The optimality of the MAP rule for the clustering problem requires that (i) data are generated from (2), (ii) ‘‘true’’ 
clusters are defined in terms of 𝑍 = I

{

𝑖 ∈ 𝐺
}

, that is, 𝑓 (⋅,𝝁 ,𝜮 ) is the ‘‘true’’ underlying 𝑘th class-conditional density, and 
𝑖𝑘 𝑘 𝑘 𝑘  

3 
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(iii) the posterior ratios in (3) are computed at the ‘‘true’’ generating parameter 𝜽 (the optimality would hold asymptotically with 
a consistent estimator for the ‘‘true’’ 𝜽). In practice, these conditions are arguably never fulfilled ((ii) is a matter of definition, but 
relies on (i)).

Applying this approach to data generated from a general distribution 𝑃  that does not necessarily have a density of type (2) means 
that the method imposes a partition on 𝑃  that is governed by ‘‘cluster prototype densities’’ of the form (1). Here we investigate what 
happens then, at least asymptotically.

2.2. Maximum likelihood estimator

The unknown mixture parameter vector 𝜽 is typically estimated by ML. Often, computations are performed based on the 
Expectation–Maximization (EM) algorithm [27]. Let X𝑛 =

{

𝒙𝑖, 𝑖 ∈ {1,… , 𝑛}
} be the observed sample. Define the sample likelihood 

and log-likelihood functions 

𝑛(𝜽) ∶=
𝑛
∏

𝑖=1
𝜓(𝒙𝑖;𝜽), 𝓁𝑛(𝜽) ∶=

1
𝑛

𝑛
∑

𝑖=1
log(𝜓(𝒙𝑖;𝜽)). (5)

Finding the maximum of (5), the sample MLE, is not straightforward. In fact, (5) does not have a maximum. In [23] it was discovered 
the unboundedness of 𝓁𝑛 in the context of univariate Gaussian FMM. The issue extends to many classes of FMMs, including those 
studied here. To see why, let us fix additional notations also used throughout the rest of the paper. Let ‖⋅‖ be the Euclidean norm. If 
the parameter vectors 𝜽 come with indexes and accents, its members 𝜋𝑘,𝝁𝑘,𝜮𝑘 have the same indexes and accents, i.e., 𝜽̃𝑚 contains 
(𝜋̃𝑚𝑘, 𝝁̃𝑚𝑘, 𝜮̃𝑚𝑘) for all 𝑚 ∈ N. For given 𝜽, let 𝜿𝑘 = (𝝁𝑘,𝜮𝑘) (indexes and accents are applied to 𝜿 as above). Scalar parameters 
contained in 𝜽’s sub-vectors are indexed so that the first two subscripts always denote the mixture component and the dimension 
in the feature space respectively, e.g.𝜇𝑘,𝑗 ∈ R is the 𝑗th coordinate of 𝝁𝑘.

Consider a sequence (𝜽𝑚)𝑚∈N where 𝝁1,𝑚 = 𝒙1 ∈ X𝑛 and the smallest eigenvalue of 𝜮1,𝑚 converges to 0 as 𝑚 ⟶ +∞, then 
𝓁𝑛(𝜽𝑚) ⟶ +∞. The likelihood degeneracy is caused by the fact that the density peak of 𝑓 (⋅) is controlled by the smallest eigenvalue 
of the scatter matrix. In fact, (1) can be parameterized in terms of the eigenvalue decomposition of 𝜮. That is 

𝑓 (𝒙;𝝁,𝜮) =

( 𝑝
∏

𝑗=1
𝜆𝑗 (𝜮)

)− 1
2

𝑔

( 𝑝
∑

𝑗=1
𝜆𝑗 (𝜮)−1(𝒙 − 𝝁)𝖳𝑉𝑗 (𝜮)𝑉𝑗 (𝜮)𝖳(𝒙 − 𝝁)

)

, (6)

where 𝜆𝑗 (𝜮) is the 𝑗th eigenvalue of 𝜮, and 𝑉𝑗 (𝜮) is its corresponding normalized eigenvector, i.e.‖‖
‖

𝑉𝑗 (𝜮)‖‖
‖

= 1 for all 𝑗 ∈ {1,… , 𝑝}. 
Define 𝜆∗min(𝜮) = min

{

𝜆𝑗 (𝜮); 𝑗 ∈ {1,… , 𝑝}
}

, and 𝜆∗max(𝜮) = max
{

𝜆𝑗 (𝜮); 𝑗 ∈ {1,… , 𝑝}
}

. The density 𝑓 (⋅) can be bounded as 

𝑓 (𝒙;𝝁,𝜮) ≤ (𝜆∗min(𝜮))−
𝑝
2 𝑔

(

𝜆∗max(𝜮)−1 ‖𝒙 − 𝝁‖2
)

≤ 𝑔(0)(𝜆∗min(𝜮))−
𝑝
2 . (7)

Furthermore, 𝑓 (⋅) ∈ 𝑂(𝜆∗min(𝜮)−
𝑝
2 ), meaning that 𝑓 (𝝁;𝝁,𝜮) ⟶ +∞ as 𝜆∗min(𝜮) ↘ 0 unless also 𝜆∗max(𝜮) ↘ 0. The ML problem 

can therefore not be solved in plain unconstrained form, and requires either constraints on the parameter space or a penalty. Let 
𝛬(𝜽) = {𝜆𝑗 (𝜮𝑘), 𝑗 ∈ {1,… , 𝑝} , 𝑘 ∈ {1,… , 𝑘}}, 𝜆min(𝜽) = min{𝛬(𝜽)}, 𝜆max(𝜽) = max{𝛬(𝜽)}. A possible constraint to define a proper 
ML problem is the eigenratio constraint (ERC) 

𝜆max(𝜽)
𝜆min(𝜽)

≤ 𝛾, (8)

with a constant 𝛾 ≥ 1. 𝛾 = 1 constrains all component scatter matrices to be spherical and equal. Increasing 𝛾 continuously allows 
for more flexible scatter shapes. The ERC has been introduced by [7,13] for the Gaussian case and brought back to the attention of 
the literature by [19]. For a recent review see [10]. The ERC captures the discrepancy between scatter shapes across components. 
Therefore, at least in clustering applications, these constraints have a data-analytic interpretation. Another approach to solving 
the MLE existence problem is to rely on penalized ML methods. [4] treated the case of the univariate Gaussian mixture. A recent 
comprehensive review is found in [3]. In the following sections we study the sequence of constrained MLEs 

𝜽𝑛 ∈ argmax
𝜽∈𝛩̃𝐾

𝓁𝑛(𝜽), (9)

where the constrained parameter space is 

𝛩̃𝐾 ∶=

{

𝜽 ∶ 𝜋𝑘 ≥ 0 ∀𝑘 ≥ 1,
𝐾
∑

𝑘=1
𝜋𝑘 = 1;

𝜆max(𝜽)
𝜆min(𝜽)

≤ 𝛾

}

. (10)

The ERC implies that 𝜆max(𝜽) ∈ 𝑂(𝜆min(𝜽)) for all 𝜽 ∈ 𝛩̃𝐾 . For a sequence (𝜽𝑚)𝑚∈N such that 𝜽𝑚 ∈ 𝛩̃𝐾 and 𝜆𝑗 (𝜮𝑘,𝑚) ↘ 0 as 𝑚⟶ +∞
for some 𝑗 ∈ {1,… , 𝑝} and 𝑘 ∈ {1,… , 𝐾} the ERC enforces 𝜆max(𝜽𝑚) ↘ 0. The ERC comes with two major technical challenges: (i) 
the parameter space 𝛩̃𝐾 is not compact; (ii) the resulting ML problem cannot be solved by the standard constrained optimization 
methods. Note that, because of the ERC constraint, the estimator in (9) is not affine equivariant. However, affine equivariance can be 
made to hold if data are sphered first, see the Appendix. Other proposals of fully affine equivariant constraints exist in the literature 
[see 9,35]; however, there are no algorithms for their exact implementation.
4 
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3. Finite sample existence

In this section we give precise non-asymptotic conditions involving 𝑛, 𝑝, 𝐾 and 𝑔(⋅) that guarantee the existence of 𝜽𝑛 given the 
input data set X𝑛. The existence of the sequence (𝜽𝑛)𝑛∈N is the prerequisite for the study of its asymptotic behavior investigated in 
Sections 4 and 5.

Assumption 1.  For fixed 𝑝, 𝑛, 𝐾,X𝑛:
(a) 𝑛 > 𝐾, and X𝑛 contains at least 𝐾 + 1 distinct points;
(b) for all 𝛽 ∈ R>0 and 𝛼 ∈ {0, 1,… , 𝐾}, 𝑔(𝛽𝑦−1)𝑛−𝛼 ∈ 𝑜(𝑦

𝑝
2 𝑛) as 𝑦↘ 0.

Assumption  1–(b) plays the central role in dealing with the sample likelihood function’s unboundedness. It guarantees that for 
𝜽 ∈ 𝛩̃𝐾 , such that 𝜆min(𝜽) ↘ 0, the densities in the product 𝑛(𝜽) vanish sufficiently fast at all data points 𝒙𝑖 ∈ X𝑛 that do not coincide 
with mixture components’ centers 𝝁𝑘 for all 𝑘 ∈ {1, 2,… , 𝐾}. The following Lemma is the key result to obtain the compactification 
of the parameter space.

Lemma 1.  Let Assumption  1 hold. Consider a sequence (𝜽𝑚)𝑚∈N ∈ 𝛩̃𝐾 such that 𝜆𝑗 (𝜮𝑘,𝑚) ↘ 0 as 𝑚⟶ ∞ for some 𝑘 ∈ {1,… , 𝐾} and 
𝑗 ∈ {1,… , 𝑝}. Then, sup𝛩̃𝐾 𝓁𝑛(𝜽𝑚) ⟶ −∞ as 𝑚⟶ ∞.

Proof.  First, rearrange 𝑛(⋅). Consider a vector of indexes 𝒌 ∶= (𝑘1, 𝑘2 … , 𝑘𝑛)
𝖳 where 𝑘𝑟 ∈ {1, 2,… , 𝐾} for 𝑟 ∈ {1, 2,… , 𝑛}. For a 

fixed such 𝒌 define the products 

𝑝𝑓𝒌 (𝒙1,… ,𝒙𝑛;𝜽) ∶=
𝑛
∏

𝑟=1
𝑓 (𝒙𝑟;𝝁𝑘𝑟 ,𝜮𝑘𝑟 ), and 𝑝𝜋𝒌(𝜽) ∶=

𝑛
∏

𝑟=1
𝜋𝑘𝑟 . (11)

There exists 𝐾𝑛 of such possible vectors of indexes 𝒌, say {𝒌1,… ,𝒌𝐾𝑛}. Based on these vectors it is possible to write the sample 
likelihood function as a mixture of 𝐾𝑛 components like (11), that is 

𝑛(𝜽) =
𝐾𝑛
∑

ℎ=1
𝑝𝜋𝒌ℎ (𝜽) 𝑝

𝑓
𝒌ℎ
(𝒙1,… ,𝒙𝑛;𝜽). (12)

Since 𝜽𝑚 ∈ 𝛩̃𝐾 , 𝜆𝑗 (𝜮𝑘𝑚) ↘ 0 implies that 𝜆max(𝜽𝑚) ↘ 0 as 𝑚⟶ +∞ Assume w.l.o.g. (otherwise consider a suitable subsequence) that 
for sufficiently large 𝑚, the sequence (𝜽𝑚)𝑚∈N is such that, for 𝑗 ∈ {1,… , 𝑝}, and 𝑘 ∈ {1,… , 𝐾}, the centrality parameter 𝜇𝑘𝑗𝑚 either 
converges, or it leaves any compact set. If the limits of (𝝁𝑘𝑚)𝑚∈𝑁  belong to X𝑛, there are at most 𝐾 of them. Therefore, according 
to Assumption  1–(a), there exists 𝑖 ∈ {1,… , 𝑛} and 𝜀 > 0 such that 𝒙𝑖 ∈ X𝑛⧵X′ and ‖

‖

𝒙𝑖 − 𝝁𝑘𝑚‖‖ > 𝜀 for large enough 𝑚. Consider a 
factorization such as the one in (11) for some vector of indexes 𝒌. Define X′

𝒌 ⊆ X′ where

X′
𝒌 ∶=

{

𝒙𝑟 ∈ X′ ∶ lim
𝑚→∞

𝝁𝑘𝑟 ,𝑚 = 𝒙𝑟, for any 𝑘𝑟 ∈ {𝑘1,… , 𝑘𝑛}
}

.

Let #(X′
𝒌) = 𝑞𝒌 ≤ 𝐾. Therefore, 𝑝𝑓𝒌 (⋅) in (11) can be factorized as 

𝑝𝑓𝒌 (𝒙1,… ,𝒙𝑛;𝜽𝑚) =
∏

𝑟∶𝒙𝑟∈X′
𝒌

𝑓 (𝒙𝑟;𝝁𝑘𝑟𝑚,𝜮𝑘𝑟𝑚)
∏

𝑟∶𝒙𝑟∈X⧵X′
𝒌

𝑓 (𝒙𝑟;𝝁𝑘𝑟𝑚,𝜮𝑘𝑟𝑚). (13)

As 𝑚⟶ +∞, 𝑓 (𝒙𝑟;𝝁𝑘𝑟𝑚,𝜮𝑘𝑟𝑚) ∈ 𝑂(𝜆min(𝜽𝑚)
− 𝑝

2 ) for all 𝑟 such that 𝒙𝑟 ∈ X′
𝒌, therefore

sup
𝛩̃𝐾

∏

𝑟∶𝒙𝑟∈X′
𝒌

𝑓 (𝒙𝑟;𝝁𝑘𝑟𝑚,𝜮𝑘𝑟𝑚) ∈ 𝑂
(

𝜆min(𝜽𝑚)
− 𝑝

2 𝑞𝒌
)

.

On the other hand, for all 𝑟 such that 𝒙𝑟 ∈ X⧵X′
𝒌 and a positive constant 𝑐𝑘𝑟

𝑓 (𝒙𝑟;𝝁𝑘𝑟𝑚,𝜮𝑘𝑟𝑚) ≤ 𝑂(𝜆min(𝜽𝑚))
− 𝑝

2 𝑔(𝜆min(𝜽𝑚)−1𝑐𝑘𝑟 ).

Assumption  1–(b) and 𝑞𝒌 ≤ 𝐾 ensure that 𝑔(𝜆min(𝜽𝑚)−1𝑐𝑘𝑟 )
𝑛−𝑞𝒌 ∈ 𝑜(𝜆min(𝜽𝑚)

𝑝
2 𝑛), therefore

sup
𝛩̃𝐾

∏

𝑟∶𝒙𝑟∈X⧵X′
𝒌

𝑓 (𝒙𝑟;𝝁𝑘𝑟𝑚,𝜮𝑘𝑟𝑚) ∈ 𝑂
(

𝜆min(𝜽𝑚)
− 𝑝

2 (𝑛−𝑞𝒌)
)

𝑜
(

𝜆min(𝜽𝑚)
𝑝
2 𝑛
)

.

The latter implies that
sup
𝛩̃𝐾

𝑝𝑓𝒌 (𝒙1,… ,𝒙𝑛;𝜽𝑚) ∈ 𝑂
(

𝜆min(𝜽𝑚)
− 𝑝

2 𝑞𝒌
)

𝑂
(

𝜆min(𝜽𝑚)
− 𝑝

2 (𝑛−𝑞𝒌)
)

𝑜
(

𝜆min(𝜽𝑚)
𝑝
2 𝑛
)

That is
sup
𝛩̃𝐾

𝑝𝑓𝒌 (𝒙1,… ,𝒙𝑛;𝜽𝑚) ∈ 𝑜(1).

We conclude that sup𝛩̃𝐾 𝑝
𝑓
𝒌 (𝒙1,… ,𝒙𝑛;𝜽𝑚) ⟶ 0 for large enough 𝑚, whatever the vector of indexes 𝒌. The latter implies that all 

factors of  (𝜽 ) in (12) vanish and therefore sup 𝓁 (𝜽 ) ⟶ −∞. □
𝑛 𝑚 𝛩̃𝐾 𝑛 𝑚
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Theorem 1 (Finite Sample Existence). Under Assumption  1, 𝜽𝑛 exists.

Proof.  First note that 𝛩̃𝐾 is not empty because for any 𝛾 ≥ 1 and any choice 𝜮1,𝜮2,…𝜮𝐾 such that the ERC is not fulfilled, for 
all 𝑘 ∈ {1,… , 𝐾} one can always replace 𝜮𝑘 with 𝜮̇𝑘 = 𝑉 (𝜮𝑘)𝛬̇(𝜮𝑘)𝑉 (𝜮𝑘)

𝖳, where 𝑉 (𝜮𝑘) ∈ R𝑝×𝑝 is an orthogonal matrix whose 
columns are eigenvectors of 𝜮𝑘, and 𝛬̇(𝜮𝑘) ∈ R𝑝×𝑝 is a diagonal matrix where 𝛬̇(𝜮𝑘)[𝑗, 𝑗] = min{𝜆𝑗 (𝜮𝑘), 𝛾𝜆min(𝜽)}. By construction 
any such choice 𝜮̇1, 𝜮̇2,… 𝜮̇𝐾 will always satisfy the eigen-ratio constraint. With the following step we show that there exists a 
compact set 𝑇𝐾 ⊂ 𝛩̃𝐾 such that sup𝜽∈𝑇𝐾 𝓁𝑛(𝜽) = sup𝜽∈𝛩̃𝐾 𝓁𝑛(𝜽).

Step (a): Consider 𝜽 such that 𝜋1 = 1, 𝝁1 = 𝒙1, 𝜮𝑗 = 𝑰𝑝 for all 𝑘 ∈ {1,… , 𝐾}, arbitrary 𝝁𝑘 and 𝜋𝑘 = 0 for all 𝑘 ≠ 1. For such a 
choice of 𝜽, 𝑙𝑛(𝜽) = 𝑛−1

∑𝑛
𝑖=1 log 𝑓 (𝒙𝑖;𝒙1, 𝑰𝑝) > −∞, thus sup𝜽∈𝛩̃𝐾 𝑙𝑛(𝜽) > −∞. Step (b): Consider a sequence (𝜽̇𝑚)𝑚∈𝑁 . Lemma  1 rules 

out the possibility that 𝜆̇𝑘𝑗𝑚 ↘ 0 for some index 𝑘 ∈ {1,… , 𝐾} and 𝑗 ∈ {1,… , 𝑝}, because this would imply that sup𝛩̃𝐾 𝓁𝑛(𝜽̇𝑚) ⟶ −∞. 
Using (7), 

𝓁𝑛(𝜽) =
1
𝑛

𝑛
∑

𝑖=1
log

( 𝐾
∑

𝑘=1
𝜋𝑘𝑓 (𝒙𝑖;𝝁𝑘,𝜮𝑘)

)

≤ 𝐾 log
(

2𝜋𝜆min(𝜽)
)− 𝑝

2 . (14)

Assume that 𝜽̇𝑚 ⟶ 𝜽̇ where 𝜽̇ ∈ 𝛩̃𝐾 and 𝜆̇𝑘𝑗𝑚 ⟶ +∞ for some indexes 𝑘 ∈ {1,… , 𝐾} and 𝑗 ∈ {1,… , 𝑝}. Because of the ERC, 
𝜆min(𝜽̇𝑚) ⟶ +∞, and (14) implies that sup𝜽̇𝑚 𝓁𝑛(𝜽̇𝑚) ⟶ −∞. Therefore, the case that 𝜆̇𝑘𝑗𝑚 ⟶ +∞ is also ruled out. Step (c): now 
suppose that ‖

‖

𝝁̇𝑘𝑚‖‖ ⟶ +∞ for some 𝑘 ∈ {1,… , 𝐾}. W.l.o.g take 𝑘 = 1. Choose an alternative sequence (𝜽̈𝑚)𝑚∈N that is equal to 
(𝜽̇𝑚)𝑚∈N except now 𝝁̈1𝑚 = 𝟎 for all 𝑚 ∈ N. Note that 𝑓 (𝒙𝑖; 𝝁̇1𝑚, 𝜮̇1) ⟶ 0 for all 𝑖 ∈ {1,… , 𝑛}, which implies that 𝜓(𝒙𝑖, 𝜽̇𝑚) < 𝜓(𝒙𝑖, 𝜽̈𝑚)
for large enough 𝑚 for all 𝑖 ∈ {1,… , 𝑛}. Hence, 𝓁𝑛(𝜽̇𝑚) < 𝓁𝑛(𝜽̈𝑚) for large 𝑚.

Steps (a)–(c) plus the fact that 𝜋𝑘 ∈ [0, 1] for all 𝑘 ∈ {1,… , 𝐾} imply that the vector 𝜽 maximizing 𝓁𝑛(⋅) must lie in a compact 
subset 𝑇𝑛 ⊂ 𝛩̃𝐾 , and the continuity of 𝓁𝑛(⋅) guarantees existence of 𝜽𝑛. □

Remark 2 (Finite Sample Existence for Specific Models). The key Assumption  1–(b) holds depending on the density generator function 
𝑔(⋅). For the Gaussian distribution, 𝑔(𝑡) = 𝑐𝑝 exp(−𝑡∕2), with 𝑐𝑝 being a constant dependent on 𝑝. It is easy to see that the condition 
is fulfilled for all 𝑛 > 𝐾. For the Student-t distribution with 𝜈 degrees of freedom, 𝑔(𝑡) = 𝑐𝑝,𝜈 (1 + 𝑡∕𝜈)−(𝜈+𝑝)∕2 where 𝑐𝑝,𝜈 is a constant 
that depends on both 𝑝 and 𝜈. In the latter case Assumption  1–(b) holds if 𝑛 > 𝐾(1 + 𝑝∕𝜈), requiring more data points for larger 𝑝
and smaller 𝜈. Not surprisingly, if 𝜈 ⟶ +∞, the condition is fulfilled with 𝑛 > 𝐾 as for the Gaussian case. Assumption  1–(b) can 
be easily checked for other ESDs as well.

Remark 3 (Computing). The previous statement is also relevant to ensure that applying computing algorithms searching for 𝜽𝑛
on a given input data set makes sense. In the FMM context, the usual approach to compute the MLE is to run the Expectation–
Maximization (EM) algorithm of [6] or some of its variants [see 26]. EM-type algorithms implementing the ERC for the case of 
a Gaussian FMM were introduced in [5,11]; [5] also proved convergence results. The general structure of the EM applied to the 
FMM will apply to finite mixtures of ESDs; however, the generality of 𝑔(⋅) in (1) does not allow to write down the M-step explicitly. 
Furthermore, the implementation of the ERC for the Gaussian case can be extended to those ESD that have a Gaussian representation. 
For instance, for mixtures of Student-t distributions, one can take the EM algorithm presented in Chapter 7 of [29] and add the ERC 
via a conditional M-step similar to the CM1-step of Algorithm 2 in [5]. In general, an appropriate constrained M-step needs to be 
developed depending on the specific 𝑔(⋅), but this is outside the scope of this paper.

4. Asymptotic analysis for general 𝑷

Now consider a general 𝑃  as generator of 𝑝-dimensional data to be analyzed by an MLE derived from an FMM of ESDs. Treating 
𝐾 in the definition of 𝜓 as fixed, define the following log-likelihood-type functionals:

𝐿(𝜽, 𝑃 ) ∶= ∫ log𝜓(𝒙,𝜽)𝑑𝑃 (𝒙),

and

𝐿𝐾 ∶= 𝐿𝐾 (𝑃 ) ∶= sup
𝜽∈𝛩̃𝐾

𝐿(𝜽), 𝜽⋆ ∶= 𝜽⋆(𝑃 ) ∶= argmax
𝜽∈𝛩̃

𝐿(𝜽, 𝑃 ).

𝜽⋆(𝑃 ) is not normally unique (in particular, there is the ‘‘label switching’’ issue, i.e., the numbering of the mixture components 
is arbitrary), and is taken to be any of the maximizing parameter vectors. Without demanding that 𝑃  is of type (2), the usual 
interpretation of these quantities is that 𝐿(𝜽;𝑃 ) is proportional, up to a term that only depends on 𝑃 , to the Kullback–Leibler risk 
(KLR) of approximating the density of 𝑃  by 𝜓(⋅,𝜽). Therefore, 𝜽⋆(𝑃 ) provides the best approximation to 𝑃  in terms of KLR obtainable 
from a 𝐾-components ESD mixture model. The following analysis establishes the existence of 𝜽⋆(𝑃 ) and the convergence of (𝜽𝑛)𝑛∈N
to 𝜽⋆(𝑃 ). The notation E𝑃 [⋅] denotes the expectation with respect to the distribution 𝑃 .

Assumption 2.  For every set 𝐴 =
{

𝒙1,𝒙2,… ,𝒙𝐾
}

⊂ R𝑝 with at most 𝐾 points: 𝑃 (𝐴) < 1.

Assumption 3. E
[

log 𝑔( 𝑋 2)
]

> −∞.
𝑃 ‖ ‖
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Assumption 4.  For fixed 𝛽 ∈ R>0, 𝑔(𝛽𝑦−1) ∈ 𝑜(𝑦) as 𝑦 ↘ 0.

Assumption 5. 𝐿𝐾−1(𝑃 ) < 𝐿𝐾 (𝑃 ).

Assumption  2 is fulfilled if 𝑃  does not concentrate its mass on 𝐾 points. Note that this assumption is fulfilled by the empirical 
distribution 𝑃𝑛 for sufficiently large 𝑛 when 𝑃  is absolutely continuous. Assumption  3 is needed to ensure that under 𝑃  it makes sense 
to maximize the log-likelihood function. When 𝑓 (⋅) is the Gaussian density, Assumption  3 is fulfilled if E𝑃 ‖𝑋‖

2 exists. Assumption 
4 is the analog of Assumption  1–(b) and deals with the degeneration of the scatter matrices. It implies that, far from the centers 
𝝁𝑘, 𝑓 (⋅) vanishes at a speed that is sufficiently fast compared to the speed at which it becomes unbounded in the center when 
𝜆∗min(𝜮𝑘) ↘ 0. Assumption  4 is fulfilled by the Gaussian model. When 𝑓 (⋅) is the Student-t distribution with 𝜈 degrees of freedom, it 
holds if 𝜈 + 𝑝 > 2.

Regarding Assumption  5, note that generally 𝑟 < 𝑠 ⇒ 𝐿𝑟(𝑃 ) ≤ 𝐿𝑠(𝑃 ), because any parameter 𝜽 with 𝑟 mixture components 
can be reproduced with more mixture components setting some component proportions to 0. If 𝐿𝐾−1(𝑃 ) = 𝐿𝐾 (𝑃 ), then maxima of 
the likelihood exist with a component proportion of 0, and the corresponding location and scatter parameters can take any value. 
Particularly then the maxima of the likelihood cannot be forced into any compact set.

To prove the consistency Theorem  3, we first establish the existence of the ML functional 𝜽⋆ (or equivalently 𝜽⋆(𝑃 ) ≠ ∅) in 
Theorem  2. The existence Theorem  2 is obtained via the compactification of the parameter space based on the following Lemmas 
2–4.

Lemma 2.  Under Assumption  3, for all 𝐾 ≥ 1, 𝐿𝐾 (𝑃 ) > −∞.

Proof.  Choose 𝜽 ∈ 𝛩̃𝐾 such that 𝝁1 = 𝟎, 𝜮1 = 𝑰𝑝, 𝜋1 = 1, 𝜋2 = ⋯ = 𝜋𝐾 = 0. Note that 𝜮1 fulfills the ERC. All remaining parameters 
of 𝜽 are chosen arbitrarily. The statement is proven by using Assumption  3:

sup
𝜽∈𝛩̃𝐾

∫ log𝜓(𝒙,𝜽)𝑑𝑃 (𝒙) ≥ ∫ log𝜋1𝑓 (𝒙;𝝁1,𝜮1)𝑑𝑃 (𝒙) ≥ ∫ log 𝑔(‖𝒙‖2)𝑑𝑃 (𝒙) > −∞. □

Lemma 3.  Under Assumptions  2 to 4 there exist 𝜆⋆min > 0, 𝜆⋆max <∞, 𝜖 > 0, so that

(a) 𝐿(𝜽, 𝑃 ) ≤ 𝐿𝐾 − 𝜖 for every 𝜽 with 𝜆min(𝜽) < 𝜆⋆min or 𝜆max(𝜽) > 𝜆⋆max,
(b) for iid samples 𝑋1, 𝑋2,… from 𝑃 , for sequences (𝜽̇𝑛)𝑛∈N with 𝜆min(𝜽̇𝑛) < 𝜆⋆min or 𝜆max(𝜽̇𝑛) > 𝜆⋆max for large enough 𝑛: 𝓁𝑛(𝜽̇𝑛) ≤

𝓁𝑛(𝜽𝑛) − 𝜖 𝑃 -a.s.

Proof.  Consider a sequence (𝜽𝑚)𝑚∈N where 𝜽𝑚 ∈ 𝛩̃𝐾 with 𝜆max(𝜽𝑚) ⟶ +∞ for all 𝑚 ∈ N. The ERC enforces 𝜆min(𝜽𝑚) ⟶ +∞
and therefore sup𝒙 𝑓 (𝒙,𝝁𝑘𝑚,𝜮𝑘𝑚) ↘ 0 for all 𝑘 = 1,… , 𝐾, and sup𝒙 𝜓(𝒙;𝜽𝑚) ↘ 0. The dominated convergence theorem implies that 
E𝑃

[

𝜓(𝒙;𝜽𝑚)
]

↘ 0, and therefore 𝐿(𝜽𝑚, 𝑃 ) ≤ log(E𝑃
[

𝜓(𝒙;𝜽𝑚)
]

) ⟶ −∞. 𝐿(𝜽𝑚, 𝑃 ) ↘ −∞ according to Lemma  2 makes it impossible 
that 𝐿(𝜽𝑚, 𝑃 ) is close to 𝐿𝐾 (𝑃 ) for 𝑚 large enough. The latter proves the existence of the upper bound 𝜆⋆max < ∞ as required in part 
(a).

Now consider a sequence (𝜽𝑚)𝑚∈N where 𝜽𝑚 ∈ 𝛩̃𝐾 with 𝜆min(𝜽𝑚) ↘ 0. Define

𝐴𝑚,𝜖 =
{

𝒙 ∶ min
1≤𝑘≤𝐾

‖𝒙 − 𝝁𝑘𝑚‖ > 𝜖
}

.

Assumption  2 ensures that for 𝛿 > 0 there exists 𝜖 > 0 so that 𝑃 (𝐴𝑚,𝜖) ≥ 𝛿 for all 𝑚 ∈ N.

𝐿(𝜽𝑚, 𝑃 ) ≤∫𝐴𝑚,𝜖
log𝜓(𝒙;𝜽𝑚)𝑑𝑃 (𝒙) + ∫𝐴𝑐𝑚,𝜖

log𝜓(𝒙;𝜽𝑚)𝑑𝑃 (𝒙)

≤∫𝐴𝑚,𝜖
log

(

𝐾(2𝜋)−
𝑝
2 𝜆min(𝜽𝑚)

− 𝑝
2 𝑔(𝛾𝜆min(𝜽𝑚)−1𝜖2)

)

𝑑𝑃 (𝒙) + ∫𝐴𝑐𝑚,𝜖
log

(

𝐾(2𝜋)−
𝑝
2 𝜆min(𝜽𝑚)

− 𝑝
2 𝑔(0)

)

𝑑𝑃 (𝒙)

≤ 𝑃 (𝐴𝑚,𝜖)
(

log𝐾 −
𝑝
2
log(2𝜋) −

𝑝
2
log 𝜆min(𝜽𝑚) + log 𝑔(𝛾𝜆min(𝜽𝑚)−1𝜖2)

)

+

𝑃 (𝐴𝑐𝑚,𝜖)
(

log𝐾 −
𝑝
2
log(2𝜋) −

𝑝
2
log 𝜆min(𝜽𝑚) + log 𝑔(0)

)

≤ 𝑐1 + 𝑐2 log 𝜆min(𝜽𝑚)−1 + 𝑐3 log 𝑔
(

𝑐4𝜆min(𝜽𝑚)−1
)

,

for positive constants 𝑐1, 𝑐2, 𝑐3 and 𝑐4 all independent of 𝜽𝑚. The previous inequality can be rearranged as follows

𝐿(𝜽𝑚, 𝑃 ) ≤ log 𝑔
(

𝑐4𝜆min(𝜽𝑚)−1
)

(

𝑐1
log 𝑔

(

𝑐4𝜆min(𝜽𝑚)−1
) − 𝑐2

log 𝜆min(𝜽𝑚)
log 𝑔(𝑐4𝜆min(𝜽𝑚)−1)

+ 𝑐3

)

.

By Assumption  4, as 𝑚 ⟶ +∞, 𝑔(𝑐4𝜆min(𝜽𝑚)−1) ↘ 0 faster than 𝜆min(𝜽𝑚) and 𝐿𝐾 (𝑃 ) ⟶ −∞, which contradicts 𝐿𝐾 (𝑃 ) > −∞
established by Lemma  2. Therefore, there exists a lower bound 𝜆⋆min > 0 as stated in part (a) of the statement.

Regarding part (b), let the sequence (𝜽̇𝑛)𝑛∈N be chosen as the sequence above taking 𝑚 = 𝑛 ⟶ ∞. Let 𝑃𝑛 be the empirical 
distribution. The class of all 𝐴𝑛,𝜖 is a subset of the class of intersections of the complements of all closed balls, and therefore 
a Vapnik–Chervonenkis class [see 38]. Glivenko–Cantelli enforces 𝑃 (𝐴 ) − 𝑃 (𝐴 ) → 0 a.s. Note that 𝐿(𝜽̇ , 𝑃 ) = 𝓁 (𝜽̇ ), and 
𝑛 𝑛,𝜖 𝑛,𝜖 𝑛 𝑛 𝑛 𝑛
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𝐿𝐾 (𝑃𝑛) = 𝓁𝑛(𝜽𝑛). For large enough 𝑛 Lemma  2 holds with 𝑃𝑛 replacing 𝑃 . Therefore part (b) of the statement is proved by replacing 
𝑃  with 𝑃𝑛 in the proof of part (a). □

Lemma 4.  Under Assumptions  2 to 5, there is a compact set 𝑇 ⊂ R𝑝, 𝜖1 > 0 and 𝜖2 > 0 so that
(a) 𝐿(𝜽, 𝑃 ) ≤ 𝐿𝐾 − 𝜖1 whenever 𝝁𝑘 ∉ 𝑇  for some 𝑘 ∈ {1,… , 𝐾};
(b) sup𝜽∈𝛩̃𝐾∶𝝁1 ,…,𝝁𝐾∈𝑇 𝐿(𝜽, 𝑃 ) = 𝐿𝐾 (𝑃 ) < +∞;
(c) for iid samples 𝑋1, 𝑋2,… from 𝑃 , for sequences (𝜽̇𝑛)𝑛∈N with 𝜽̇𝑛 ∈ 𝛩̃𝐾 and 𝝁̇𝑘𝑛 ∈ 𝑇  for all 𝑘 ∈ {1,… , 𝐾} for large enough 𝑛: 

sup𝜽̇𝑛 𝓁𝑛(𝜽̇𝑛) ≤ 𝓁𝑛(𝜽𝑛) − 𝜖2 𝑃 -a.s whenever 𝝁̇𝑘𝑛 ∉ 𝑇  for some 𝑘 ∈ {1,… , 𝐾}, and sup𝜽̇𝑛 𝓁𝑛(𝜽̇𝑛) = 𝓁𝑛(𝜽𝑛) 𝑃 -a.s.

Proof.  Consider a sequence (𝜽𝑚)𝑚∈N where 𝜽𝑚 ∈ 𝛩̃𝐾 for all 𝑚 ∈ N. Assume ‖
‖

𝝁𝑘𝑚‖‖ ⟶ ∞ for 𝑘 ∈ {1,… , 𝑟}, and 𝝁𝑘𝑚 ∈ 𝑇  for all 
𝑘 > 𝑟. Note that 𝑟 = 𝐾 would imply 𝐿(𝜽𝑚, 𝑃 ) ⟶ −∞ for large enough 𝑚, therefore, we only consider the case when 𝑟 < 𝐾. Take a 
sequence (𝜖𝑚)𝑚∈N and construct the sets

𝐴𝑚 ∶=

{

𝑥 ∶ ∀𝑘 ∈ {1,… , 𝑟} 𝑓 (𝒙,𝝁𝑘𝑚,𝜮𝑘𝑚) ≤ 𝜖𝑚
𝐾
∑

𝑗=𝑟+1
𝜋𝑗𝑚𝑓 (𝒙,𝝁𝑗𝑚,𝜮𝑗𝑚)

}

,

where 𝜖𝑚 ↘ 0 slowly enough that 𝐴1 ⊃ 𝐴2 ⊃,… and 𝑃 (𝐴𝑚) ↗ 1. Define another sequence (𝜽̄𝑚)𝑚∈N such that 𝜽̄𝑚 ∈ 𝛩̃𝐾−𝑟
with 𝝁̄𝑘𝑚 = 𝝁(𝑘+𝑟)𝑚, 𝜮̄𝑘𝑚 = 𝜮(𝑘+𝑟)𝑚, and 𝜋̄𝑘𝑚 = 𝜋(𝑘+𝑟)𝑚(

∑𝐾
𝑗=𝑟+1 𝜋𝑗𝑚)

−1 for all 𝑘 ∈ {𝑟 + 1,… , 𝐾}. By construction 𝝁̄𝑘𝑚 ∈ 𝑇  for all 
𝑘 ∈ {𝑟 + 1,… , 𝐾}. Lemma  3 implies that for all 𝜽 ∈ 𝛩̃𝐾 that are sufficiently close to 𝐿𝐿 (that is 𝐿(𝜽, 𝑃 ) > 𝐿𝑘 − 𝜖 according to 
Lemma  3) the mixture component densities are bounded above: 𝑓 (𝒙;𝝁𝑘,𝜮𝑘) ≤ 𝑓max = (2𝜋𝜆⋆min)

− 𝑝
2  for all 𝑘 and some suitably defined 

𝜆⋆min > 0. The latter also implies that 𝐿𝐾 < +∞. 𝜓(𝒙, 𝜽̄𝑚) ≥ 𝜓(𝑥,𝜽𝑚) for all 𝒙 ∈ 𝐴𝑚, therefore

𝐿(𝜽𝑚, 𝑃 ) = ∫𝐴𝑚
log(𝜓(𝒙,𝜽𝑚))𝑑𝑃 (𝒙) + ∫𝐴𝑐𝑚

log(𝜓(𝒙,𝜽𝑚))𝑑𝑃 (𝒙) ≤ ∫𝐴𝑚
log((1 + 𝜖𝑚)𝜓(𝒙, 𝜽̄𝑚))𝑑𝑃 (𝒙) + 𝑃 (𝐴𝑐𝑚) log(𝑓max),

≤ ∫ I𝐴𝑚 (𝒙) log(𝜓(𝒙, 𝜽̄𝑚))𝑑𝑃 (𝒙) + 𝑎𝑚,

with 𝑎𝑚 ↘ 0. log(𝑓 (𝒙, 𝝁̄𝑘𝑚, 𝜮̄𝑘𝑚)) can be bounded by log(𝑓max), and by applying the dominated convergence theorem we obtain 
that ∫ I𝐴𝑚 (𝒙) log(𝜓(𝒙, 𝜽̄𝑚))𝑑𝑃 (𝒙) ⟶ 𝐿(𝜽̄𝑚, 𝑃 ). Therefore, 𝐿(𝜽𝑚, 𝑃 ) ≤ 𝐿(𝜽̄𝑚, 𝑃 ) + 𝑜(1) for large enough 𝑚. Because of Assumption  5, 
𝐿(𝜽̄𝑚, 𝑃 ) ≤ 𝐿𝐾−𝑟 < 𝐿𝐾 and therefore 𝐿(𝜽𝑚, 𝑃 ) < 𝐿𝐾 for sufficiently large 𝑚, which proves part (a) of the statement.

Note that Lemma  3 implies that for all 𝜽 ∈ 𝛩̃𝐾 for which 𝐿(𝜽) is close to 𝐿𝐾 , each eigenvalue in 𝜽 is contained in [𝜆⋆min, 𝜆
⋆
max]

with 0 < 𝜆⋆min ≤ 𝜆⋆max < +∞, 𝜓(𝒙,𝜽) ≤ 𝑓max, and therefore 𝐿𝐾 < +∞. Consider (𝜽𝑚)𝑚∈N so that 𝐿(𝜽𝑚) ⟶ 𝐿𝑘 with 𝝁1𝑚,… ,𝝁𝐾𝑚 ∈ 𝑇 , 
and 0 < 𝜆⋆min ≤ 𝜆𝑘𝑗𝑚 ≤ 𝜆⋆max < +∞ for all 𝑘 ∈ {1,… , 𝐾}, 𝑗 ∈ {1,… , 𝑝}. Because of compactness, there exists 𝜽0 such that 𝜽𝑚 → 𝜽0
and, using Fatou’s Lemma, 𝐿𝐾 = lim𝑚→∞ 𝐿(𝜽𝑚, 𝑃 ) ≤ E𝑃

[

lim sup𝑚 𝜓(𝒙,𝜽𝑚)
]

= 𝐿(𝜽0) ≤ 𝐿𝐾 < +∞. The latter proves the existence of a 
maximum stated in part (b).

As for the proof of Lemma  3–(b), part (c) of the statement is shown by setting 𝑛 = 𝑚, replacing the previous sequences (𝜽𝑚)𝑚∈N
and (𝜽̄𝑚)𝑚∈N with (𝜽̇𝑛)𝑛∈N and ( ̇̄𝜽𝑛)𝑛∈N, and replacing 𝑃  with the empirical distribution 𝑃𝑛. The same steps as before can be applied 
taking into account the following observations. Glivenko–Cantelli enforces 𝑃𝑛(𝐴𝑛) − 𝑃 (𝐴𝑛) ⟶ 0 a.s. because we can construct a 
sequence of closed balls (𝐵𝑛)𝑛∈N so that 𝐵𝑛 ⊆ 𝐴𝑛 and 𝑃 (𝐵𝑛) ⟶ 1 a.s. The closed balls are a Vapnik–Chervonenkis class, and 
𝑃𝑛(𝐴𝑛) ≥ 𝑃𝑛(𝐵𝑛). Note that for all 𝜽 ∈ 𝛩̃𝐾 with 𝐿(𝜽, 𝑃 ) > 𝐿𝐾−1: 𝓁𝑛(𝜽) ⟶ 𝐿(𝜽, 𝑃 ) a.s. by the strong law of large numbers and 
therefore for large enough 𝑛: sup𝜽∈𝛩̃𝐾 𝓁𝑛(𝜽) > 𝐿𝐾−1 a.s. Furthermore, if ̇̄𝜽𝑛 is chosen optimally in a compact set as in the proof of 
part (b), 𝓁𝑛(⋅) converges uniformly over 𝛩̃𝐾−𝑟 (see Theorem 2 in [21]) and therefore lim sup𝑛→∞ 𝓁𝑛( ̇̄𝜽𝑛) ≤ 𝐿𝐾−1 < 𝐿𝐾 . □

Theorem 2 (Existence of the ML Functional). Under Assumptions  2 to 5 there is a compact subset 𝑇𝛩̃𝐾 ⊂ 𝛩̃𝐾 so that there exists 𝜽 ∈ 𝑇𝛩̃𝐾
such that −∞ < 𝐿(𝜽) = 𝐿𝐾 < +∞, and for all 𝜽 ∉ 𝑇𝛩̃𝐾 , 𝐿(𝜽) is bounded away from 𝐿𝐾 .

Proof.  The statement is shown by putting together Lemmas  2–4. □

The identifiability of certain classes of finite mixtures of ESDs was studied by [16]. If 𝑃 = 𝑃0, and 𝜓(𝑥;𝜽0) is its density whose 
mixture components also fulfill the sufficient conditions of [16], the previous theorem guarantees that the argmax functional 𝜽⋆(𝑃 )
exists and is unique up to label switching. This is a consequence of Lemma 1 of [39]. But here we are interested in the more realistic 
case when 𝜓 is not necessarily a density of 𝑃 . In this case neither 𝐿(𝜽) nor 𝓁𝑛(𝜽) can be expected to have a unique maximum, not 
even up to label switching. Based on a technique inspired by [33], we show that the sequence of constrained ML estimators is 
asymptotically close to one of the parameters 𝜽⋆ giving the best approximation of 𝑃  in terms of the KLR. This technique provides 
consistency on the quotient space topology identifying all population log-likelihood maxima. Define the sets

𝑆(𝜽̇) ∶=
{

𝜽 ∈ 𝛩𝐾 (𝑃 ) ∶ ∫ log𝜓(𝒙;𝜽)𝑑𝑃 (𝒙) = ∫ log𝜓(𝒙; 𝜽̇)𝑑𝑃 (𝒙)
}

,

 (𝜽̇, 𝜀) ∶=
{

𝜽 ∈ 𝛩𝐾 (𝑃 ) ∶ ‖𝜽 − 𝜽̈‖ < 𝜀 ∀ 𝜃̈ ∈ 𝑆(𝜽̇)
}

, for any 𝜀 > 0.

Note that 𝑆(𝜽̇) and  (𝜽̇, 𝜀) do not depend on the specific likelihood maximizer if 𝜽̇ = 𝜽⋆. 
8 
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Theorem 3 (Consistency). Under Assumptions  2 to 5, for every 𝜀 > 0 and every sequence of maximizers 𝜽𝑛 of 𝓁𝑛(⋅): lim𝑛→∞
Pr

[

𝜽𝑛 ∈  (𝜽⋆, 𝜀)
]

= 1.

Proof.  Because of Lemmas  3–(b) and 4–(c) there is a compact set 𝑇𝛩̃𝐾 ⊂ 𝛩̃𝐾 so that all 𝜽𝑛 ∈ 𝑇𝛩̃𝐾  for large enough 𝑛 a.s. Using 
Lemma  3, | log𝜓(𝒙,𝜽)| ≤ 𝐶 for some finite constant 𝐶 for all 𝜽 ∈ 𝑇𝛩̃𝐾 . Sufficient conditions for Theorem 2 in [21] are satisfied, 
and therefore sup𝜽∈𝑇𝛩̃𝐾

|

|

𝓁𝑛(𝜽) − 𝐿(𝜽)|| ⟶ 0 𝑃 -a.s. Applying the same argument as in the proof of Theorem 5.7 in [37], we obtain 
𝐿(𝜽𝑛) ⟶ 𝐿(𝜽⋆) 𝑃 -a.s. By continuity of 𝐿(⋅) and Theorem  2 we have that for every 𝜀 > 0 there exists a 𝛿 > 0 such that 𝐿(𝜽⋆)−𝐿(𝜽) > 𝛿
for all 𝜽 ∈ 𝑇𝛩̃𝐾 ⧵  (𝜽⋆, 𝜀). Denote (𝛺,, 𝑃 ) the probability space where the sample random variables are defined, and consider the 
following events

𝐴𝑛 ∶=
{

𝜔 ∈ 𝛺 ∶ 𝜽𝑛 ∈ 𝑇𝛩̃𝐾 ⧵  (𝜽⋆, 𝜀)
}

,

and

𝐵𝑛 ∶=
{

𝜔 ∈ 𝛺 ∶ 𝐿(𝜽⋆) − 𝐿(𝜽𝑛) > 𝛿
}

.

Clearly 𝐴𝑛 ⊆ 𝐵𝑛 for all 𝑛. 𝑃 (𝐵𝑛) ⟶ 0 for 𝑛⟶ ∞ implies 𝑃 (𝐴𝑛) ⟶ 0. The latter proves the result. □

5. The MLE functional in the mixture case

After having showed the nonparametric consistency of the MLE for its own canonical functional, here we investigate the canonical 
functional for a 𝑃  that is a mixture of 𝐾 well enough separated nonparametric components 𝑄1,… , 𝑄𝐾 (see [18] for methods that 
address this problem explicitly).

Such a 𝑃  can be interpreted as generating 𝐾 well separated clusters, even though the 𝑄𝑘, for 𝑘 ∈ {1,… , 𝐾}, can be chosen 
so flexibly that one or more of them themselves could be multimodal or even a mixture of well separated components generating 
homogeneous data. As the MLE functional of the mixture of ESDs enforces 𝐾 components to be fitted to 𝑃 , it seems reasonable, 
interpreting these as corresponding to 𝐾 clusters, to expect that they align with 𝑄1,… , 𝑄𝐾 also in the latter case if the separation 
between 𝑄1,… , 𝑄𝐾 is stronger than the separation between any ‘‘subcomponents’’ of any 𝑄𝑘.

For 𝑃  of this type, the clusters generated by the 𝐾 ESD mixture components of the MLE functional (ESDC) will indeed 
approximately correspond to the ‘‘central regions’’ of 𝑄1,… , 𝑄𝐾 , and the parameters of the ESDC will approximate the parameters 
of the MLE canonical functionals of separate ESDs evaluated at each of 𝑄1,… , 𝑄𝐾 alone. For example, if the ESD family is chosen 
as Gaussian with flexible means and covariance matrices, the corresponding parameters of the ESDC will approximate the mean and 
covariance matrix functionals of 𝑄1,… , 𝑄𝐾 .

Here are some definitions and assumptions. Let 𝑄1,… , 𝑄𝐾 be distributions on R𝑝 (generally the same notation refers to 
distributions and their cumulative distribution functions) parameterized in such a way that 0 is their ‘‘center’’ in some sense; it 
could be the mode, the mean, a (however defined) multivariate median or quantile; important is only that 𝑄𝑘 is defined relative to 
0. Let 𝜉1,… , 𝜉𝐾 > 0 mixture proportions with ∑𝐾

𝑘=1 𝜉𝑘 = 1. For 𝑚 ∈ N, 𝑘 ∈ {1,… , 𝐾} let 𝝆𝑚𝑘 ∈ R𝑝 sequences so that

lim
𝑚→∞

min
𝑘1≠𝑘2∈{1,…,𝐾}

‖𝝆𝑚𝑘1 − 𝝆𝑚𝑘2‖ = ∞.

Define a sequence of distributions 𝑃𝑚 on R𝑝 by 𝑃𝑚(𝒙) ∶=
∑𝐾
𝑘=1 𝜉𝑘𝑄𝑘(𝒙 − 𝝆𝑚𝑘). The mixture 𝑃𝑚 is constructed in such a way that 

its mixture components for increasing 𝑚 become better and better separated, although they are nonparametric and may have 
non-vanishing densities, so there may be overlap between them even for arbitrarily large 𝑚.

Consider, for 𝜖 > 0, the ‘‘central set’’ {𝒙 ∶ ‖𝒙‖ < 𝜖} about 0. 𝜖 can be chosen large enough that for arbitrarily small 𝜂 > 0: 

∀𝑘 ∈ {1,… , 𝐾} ∶ 𝑄𝑘{‖𝒙‖ < 𝜖} ≥ 1 − 𝜂, (15)

which in particular implies that 

∃𝛿 > 0 ∶ ∀𝑘 ∈ {1,… , 𝐾} ∶ 𝜉𝑘𝑄𝑘{‖𝒙‖ < 𝜖} ≥ 𝛿. (16)

The following theorem states that in this setup, when evaluating 𝜽⋆(𝑃𝑚), eventually the different clusters include the full (arbitrarily 
large) central sets of the different mixture components, and in this sense the clustering corresponds to the mixture structure. We 
require: 

Assumption 6.  For any sequence (𝝁𝑛,𝜮𝑛)𝑛∈N, 𝑄𝑘, 𝑘 ∈ {1,… , 𝐾} for which 𝜆
∗
max(𝜮𝑛)
𝜆∗min(𝜮𝑛)

≤ 𝛾:

lim
𝑛→∞

𝜆∗min(𝜮𝑛) = 0 ⇒ lim
𝑛→∞∫ log 𝑓 (𝒙;𝝁𝑛,𝜮𝑛)𝑑𝑄𝑘(𝒙) = −∞.

Assumption 7. ∃𝑐 > −∞ so that for all 𝑘 ∈ {1,… , 𝐾} ∶ ∫ log 𝑔(‖𝒙‖)𝑑𝑄 (𝒙) ≥ 𝑐 .
0 𝑘 0
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Remark 4. Assumption  6 is e.g. fulfilled for 𝑄𝑘 if 𝑄𝑘 is not concentrated on a single point and 𝑔(𝑥) ∈ 𝑜(𝑥−𝛿), where 𝛿 > 𝑝
2𝜖 , 𝜖 > 0

so that there are two disjoint sets 𝐴 and 𝐵 ∶ 𝑄𝑘(𝐴) ≥ 𝜖, 𝑄𝑘(𝐵) ≥ 𝜖, inf𝑥∈𝐴,𝑦∈𝐵
‖𝑥−𝑦‖

2 =∶ 𝜂 > 0. This is because in that case, using (6),

∫ log 𝑓 (𝒙;𝝁𝑛,𝜮𝑛)𝑑𝑄𝑘(𝒙) ≤ 𝑢
(

𝜖, 𝛿, 𝑝,𝜮𝑛
)

∈ 𝑜
((

𝜖𝛿 −
𝑝
2

)

log 𝜆∗max(𝜮𝑛)
)

,

where

𝑢
(

𝜖, 𝛿, 𝑝,𝜮𝑛
)

= 𝜖
[

log 𝑔
(

𝜆∗max(𝜮𝑛)−1𝜂2
)

−
𝑝
2
log 𝜆∗min(𝜮𝑛)

]

+ (1 − 𝜖)
[

log 𝑔(0) −
𝑝
2
log 𝜆∗min(𝜮𝑛)

]

.

With similar reasoning, 𝑄𝑘 continuous and 𝑔(𝑥) ∈ 𝑜(𝑥−𝛿) with 𝛿 > 𝑝
2  will fulfill Assumption  6.

Assumption  7 may be violated if 𝑄𝑘 has far heavier tails than 𝑓 ; e.g., if 𝑓 is Gaussian, it amounts to 𝑄𝑘 having an existing 
covariance matrix.

Theorem 4.  With the above definitions, under Assumption  6, for large enough 𝑚, the clusters of 𝜽⋆(𝑃𝑚) can be numbered in such a way 
that for 𝑘 ∈ {1,… , 𝐾} ∶

𝐵𝜖(𝝆𝑚𝑘) ∶= {𝒙 ∶ ‖𝒙 − 𝝆𝑚𝑘‖ < 𝜖} ⊆ 𝐶𝑚𝑘 = {𝒙 ∶ cl(𝒙,𝜽⋆(𝑃𝑚)) = 𝑘}.

Proof.  Show the following statements:
S1: For 𝜽̃𝑚 defined by 𝜋̃𝑚𝑘 = 𝜉𝑘, 𝝁̃𝑚𝑘 = 𝝆𝑚𝑘, 𝜮̃𝑚𝑘 = 𝑰𝑝, 𝑘 ∈ {1,… , 𝐾}: 

∃𝑚− > −∞ ∀𝑚 ∶ 𝐿(𝜽̃𝑚, 𝑃𝑚) ≥ 𝑚−. (17)

S2: For a sequence (𝜽𝑚)𝑚∈N let
𝐷𝑚(𝜽𝑚) ∶= max

1≤𝑘≤𝐾
min

1≤𝑗≤𝐾
‖𝝆𝑚𝑘 − 𝝁𝑚𝑗‖.

If lim sup𝑚→∞𝐷𝑚(𝜽𝑚) = ∞, then lim inf𝑚→∞ 𝐿(𝜽𝑚, 𝑃𝑚) = −∞.

S3: The following hold for 𝜽𝑚 ∶= 𝜽⋆(𝑃𝑚): There are constants 0 < 𝑐1 < 𝑐2 < ∞ independent of 𝑚 so that 𝑐1 < 𝜆min(𝜽𝑚) < 𝑐2, and 
there is a constant 𝑐3 > 0 so that for large enough 𝑚, 𝑘 ∈ {1,… , 𝐾} ∶ 𝜋𝑚𝑘 ≥ 𝑐3.

S4: If ∃𝑚𝐷 < ∞ so that ∀𝑚 ∶ 𝐷𝑚(𝜽𝑚) ≤ 𝑚𝐷, and S3 holds for (𝜽𝑚)𝑚∈N, then for large enough 𝑚 the components of 𝜽𝑚 can be 
numbered so that for 𝑘 ∈ {1,… , 𝐾}: 

𝐵𝜖(𝝆𝑚𝑘) ⊆ 𝐶𝑚𝑘. (18)

S1 together with S2 imply that lim sup𝑚→∞𝐷𝑚(𝜽⋆(𝑃𝑚)) <∞, so that, together with S3, (𝜽⋆(𝑃𝑚))𝑚∈N fulfills the condition for S4, from 
which the theorem follows.

Proof of S1. 

𝐿(𝜽̃𝑚, 𝑃𝑚) = ∫ log

( 𝐾
∑

𝑗=1
𝜋̃𝑚𝑗𝑓 (𝒙; 𝝁̃𝑚𝑗 , 𝜮̃𝑚𝑗 )

)

𝑑
𝐾
∑

𝑘=1
𝜉𝑘𝑄𝑘(𝒙 − 𝝆𝑚𝑘) =

𝐾
∑

𝑘=1
𝜉𝑘 ∫ log

( 𝐾
∑

𝑗=1
𝜉𝑗𝑓 (𝒙;𝝆𝑚𝑗 , 𝑰𝑝)

)

𝑑𝑄𝑘(𝒙 − 𝝆𝑚𝑘)

≥
𝐾
∑

𝑘=1
𝜉𝑘 ∫ log

(

𝜉𝑘𝑓 (𝒙;𝝆𝑚𝑘, 𝑰𝑝)
)

𝑑𝑄𝑘(𝒙 − 𝝆𝑚𝑘) =
𝐾
∑

𝑘=1
𝜉𝑘 ∫ log

(

𝜉𝑘𝑔(𝒙
𝖳𝒙)

)

𝑑𝑄𝑘(𝒙) = 𝑚−,

independently of 𝑚. 𝑚− > −∞ follows from Assumption  7. □

Proof of S2.  it suffices to consider lim𝑚→∞𝐷𝑚(𝜽𝑚) = ∞ because in case this holds for the lim sup, there is a subsequence diverging 
to ∞. W.l.o.g., number mixture components so that 𝐷𝑚(𝜽𝑚) = ‖𝝆𝑚𝑘∗ − 𝝁𝑚𝑘∗‖ for a fixed 𝑘∗ ∈ {1,… , 𝐾}.

The following is required for showing that lim𝑚→∞ 𝐿(𝜽𝑚, 𝑃𝑚) = −∞: Because of the properties of 𝑓 and 𝑔, for 𝑘 ∈ {1,… , 𝐾} and 
any sequence (𝝁𝑛,𝜮𝑛)𝑛∈N for which 

𝜆∗max(𝜮𝑛)
𝜆∗min(𝜮𝑛)

≤ 𝛾: 

lim
𝑛→∞

𝜆∗min(𝜮𝑛) = ∞ ⇒ ∫ log 𝑓 (𝒙;𝝁𝑛,𝜮𝑛)𝑑𝑄𝑘(𝒙) = −∞. (19)

Furthermore, 

lim
𝑛→∞

|𝝁𝑛| = ∞ ⇒ ∫ log 𝑓 (𝒙;𝝁𝑛,𝜮𝑛)𝑑𝑄𝑘(𝒙) = −∞, (20)

regardless of whether 𝜆∗min(𝜮𝑛) is bounded (in which case log 𝑓 (𝒙;𝝁𝑛,𝜮𝑛) ⟶ −∞ for 𝒙 ∈ 𝑆 with 𝑄𝑘(𝑆) arbitrarily close to 1), 
diverges to ∞ (in which case (19) obtains), or converges to zero (Assumption  6).

Observe 

𝐿(𝜽𝑚, 𝑃𝑚) = 𝜉𝑘∗ ∫ log

( 𝐾
∑

𝜋𝑚𝑗𝑓 (𝒙;𝝁𝑚𝑗 ,𝜮𝑚𝑗 )

)

𝑑𝑄𝑘∗ (𝒙 − 𝝆𝑚𝑘∗ ) + 𝐿∗
𝑚, (21)
𝑗=1

10 
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where

𝐿∗
𝑚 ∶=

∑

𝑘≠𝑘∗
𝜉𝑘 ∫ log

( 𝐾
∑

𝑗=1
𝜋𝑚𝑗𝑓 (𝒙;𝝁𝑚𝑗 ,𝜮𝑚𝑗 )

)

𝑑𝑄𝑘(𝒙 − 𝝆𝑚𝑘).

Because of (20), the first term of (21) diverges to −∞, and so does 𝐿(𝜽𝑚, 𝑃𝑚) if 𝐿∗
𝑚 is bounded from above. Assumption  6 implies 

that 𝜆min(𝜽𝑚) ≥ 𝑐 > 0, therefore 𝑓 (𝒙;𝝁𝑚𝑘,𝜮𝑚𝑘) ≤ 𝑐−𝑝∕2𝑔(0) < ∞, and 𝐿∗
𝑚 ≤ 𝑐−𝑝∕2𝑔(0). This proves S2. □

Proof of S3. 𝑐1 < 𝜆min(𝜽⋆(𝑃𝑚)) < 𝑐2 holds by S1, Assumption  6, and (19).
Because of S2, ∃𝑚𝐷 <∞ so that ∀𝑚 ∶ 𝐷𝑚(𝜽⋆(𝑃𝑚)) ≤ 𝑚𝐷. Number the components of 𝜽𝑚 so that for 𝑘 ∈ {1,… , 𝐾}: 

‖𝝆𝑚𝑘 − 𝝁𝑚𝑘‖ = min
1≤𝑗≤𝐾

‖𝝆𝑚𝑘 − 𝝁𝑚𝑗‖. (22)

This is possible because of 𝐷𝑚(𝜽𝑚) ≤ 𝑚𝐷.
Assume w.l.o.g. that 𝜋𝑚1 ⟶ 0. Then, (21) holds with 𝑘∗ = 1. 𝐿∗

𝑚 is once more bounded from above, and 

lim
𝑚→∞∫ log

( 𝐾
∑

𝑗=1
𝜋𝑚𝑗𝑓 (𝒙;𝝁𝑚𝑗 ,𝜮𝑚𝑗 )

)

𝑑𝑄1(𝒙 − 𝝆𝑚1) = −∞, (23)

because 𝜋𝑚1 ⟶ 0, 𝑓 (𝒙;𝝁𝑚1,𝜮𝑚1) ≤ 𝑐−𝑝∕21 𝑔(0) < ∞ as in the proof of S2, and for 𝑗 ≠ 1 ∶ 𝑓 (𝒙;𝝁𝑚𝑗 ,𝜮𝑚𝑗 ) ⟶ 0 for 𝒙 ∈ 𝑆 with 
∫𝑆 𝑑𝑄1(𝒙 − 𝝆𝑚1) arbitrarily close to 1. But for 𝜽𝑚 = 𝜽⋆(𝑃𝑚), (23) is in contradiction to S1. □

Proof of S4.  for large enough 𝑚 number the components of 𝜽𝑚 according to (22). For 𝒙̃ ∈ 𝐵𝜖(𝟎) so that 𝒙 = 𝒙̃ + 𝝆𝑚𝑘 ∈ 𝐵𝜖(𝝆𝑚𝑘)
consider

𝜏𝑘(𝒙;𝜽𝑚) =
𝜋𝑚𝑘𝑓 (𝒙;𝝁𝑚𝑘,𝜮𝑚𝑘)

∑𝐾
𝑗=1 𝜋𝑚𝑗𝑓 (𝒙;𝝁𝑚𝑗 ,𝜮𝑚𝑗 )

.

Because of S3, 𝜋𝑚𝑘 ≥ 𝑐3, and 𝑓 (𝒙;𝝁𝑚𝑘,𝜮𝑚𝑘) ≥ 𝑐4 > 0, whereas for 𝑗 ≠ 𝑘 ∶ 𝑓 (𝒙;𝝁𝑚𝑗 ,𝜮𝑚𝑗 ) ⟶ 0 uniformly for 𝒙̃ ∈ 𝐵𝜖(𝟎), so that 
𝜏𝑘(𝒙;𝜽𝑚) ⟶ 1, and for large enough 𝑚 ∶ ∀𝒙 ∶ cl(𝒙,𝜽𝑚) = 𝑘. □

Remark 5.  It is not essential that 𝐵𝜖(𝝆𝑚𝑘) is defined based on the Euclidean distance; other 𝐿𝑝-distances will work as well as 
Mahalanobis distances with any fixed covariance matrix.

Remark 6.  For 𝑚 large, the different components 𝑄𝑘, 𝑘 ∈ {1,… , 𝐾}, are shifted by 𝝆𝑚𝑘 and their central sets 𝐵𝜖(𝝆𝑚𝑘) are therefore 
very far away from each other. It may therefore not seem surprising that these ultimately belong to different clusters. But the 
statement is not trivial. The 𝑄𝑘 can have densities that are nowhere zero and even have heavy tails ( Assumption  7 will then 
require 𝑓 to have heavy tails, too), so that there will always be overlap between the 𝑄𝑘. There are clustering methods with fixed 
𝐾 that for 𝑛⟶ ∞ will not match the 𝐾 different clusters to 𝐵𝜖(𝝆𝑚1),… , 𝐵𝜖(𝝆𝑚𝐾 ):

• If the 𝑄𝑘 (or even at least one of them) are chosen so that for 𝑛⟶ ∞, the largest distance 𝐷𝑚𝑎𝑥,𝑛 of an observation to its nearest 
neighbor goes to ∞ in probability (which holds for distributions with heavy enough tails, see Theorem 5.3 in [20]), then for any 
given but arbitrarily large 𝑚, 𝑛 can be chosen large enough so that 𝐷𝑚𝑎𝑥,𝑛 is arbitrarily much larger than max1≤𝑗,𝑘≤𝐾 ‖𝝆𝑚𝑗−𝝆𝑚𝑘‖
with arbitrarily large probability. Then, the Single Linkage dendrogram based on the Euclidean distance will merge different 
central sets earlier than connecting the observation that is farthest from its nearest neighbor with anything else.

• A trimmed clustering method trimming a proportion of 𝛼 observations can trim a complete central set if 𝛼 ≥ 𝜉𝑘 for some 𝑘. 
Similarly, RIMLE [5] may classify a complete central set as noise.

Arguably there are situations in which the behavior of trimmed clustering and RIMLE as explained above may be seen as desirable, 
namely if one of the 𝑄𝑘 looks like modeling more than one cluster; e.g., it can be bimodal with two clearly separated modes. It may 
then be seen as appropriate if this attracts more than one of the 𝐾 clusters, whereas another 𝑄𝑘 with either low probability or low 
(smoothed) density may be classified as generating outliers.

The following theorem states that for the setup of Theorem  4, the estimators of 𝝁𝑚𝑘 and 𝜮𝑚𝑘 converge to the estimators for the 
individual mixture components 𝑄𝑚𝑘, so that the increasing separation of mixture components for 𝑚⟶ ∞ implies that ultimately the 
characteristics of 𝑄𝑚𝑘 defined in terms of the ESD densities 𝑓 can be estimated without influence of the other mixture components. 
For example, if 𝑓 defines a Gaussian location-scale family, 𝝁⋆𝑚𝑘 will converge toward the mean of 𝑄𝑚𝑘, and 𝜮⋆

𝑚𝑘 will converge to 
the covariance matrix of 𝑄𝑚𝑘, see Corollary  1, which shows that the required Assumption  8 below holds at least in this case.

For 𝑘 ∈ {1,… , 𝐾}, let

𝜿̃𝑘 ∶= (𝝁̃𝑘, 𝜮̃𝑘) = argmax
𝜿

𝐿̃(𝜿, 𝑄𝑘), 𝐿̃(𝜿, 𝑄) ∶= ∫ log 𝑓 (𝒙;𝜿)𝑑𝑄𝑘(𝒙).

The corresponding functionals for 𝑄𝑚𝑘 = 𝑄𝑘(∙ − 𝝆𝑚𝑘) are 
𝝁̃𝑚𝑘 ∶= 𝝁̃𝑘 + 𝝆𝑚𝑘, 𝜮̃𝑚𝑘 ∶= 𝜮̃𝑘. (24)
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Assumption 8.  For given 𝑄𝑘,
∀𝜀 > 0 ∃𝛽 > 0 ∶ ‖𝜿 − 𝜿̃𝑘‖ > 𝜀 ⇒ 𝐿(𝜿̃𝑘, 𝑄𝑘) − 𝐿(𝜿, 𝑄𝑘) > 𝛽.

Assumption 9.  For 𝜽̃ = (𝜉1,… , 𝜉𝑘, 𝜿̃1,… , 𝜿̃𝐾 ): 𝜆min(𝜽̃)
𝜆max(𝜽̃)

≤ 𝛾.

Theorem 5.  With the above definitions, under Assumptions  6 and 7, for large enough 𝑚, the clusters of 𝜽⋆(𝑃𝑚) can be numbered in such 
a way that for 𝑘 ∈ {1,… , 𝐾}, with 𝜽⋆𝑚 ∶= 𝜽⋆(𝑃𝑚). 

lim
𝑚→∞

‖𝜋⋆𝑚𝑘 − 𝜉𝑘‖ = 0, (25)

and if 𝑄1,… , 𝑄𝐾 fulfill Assumption  9, then for those 𝑄𝑘 that fulfill Assumption  8: 
lim
𝑚→∞

‖𝜿⋆𝑚𝑘 − 𝜿̃𝑚𝑘‖ = 0. (26)

Proof.  Assume throughout that mixture components are numbered according to (22). Show the following statements:
S1: For 𝜽⋆𝑚 = 𝜽⋆(𝑃𝑚), using the notation of (3), and 𝜽⋆𝑚𝑘 denoting the parameters in 𝜽⋆𝑚 belonging to mixture component 𝑘, 𝑘 ∈

{1,… , 𝐾},

𝜽⋆𝑚𝑘 = argmax
𝜽 ∫ 𝜏𝑘(𝒙;𝜽⋆𝑚𝑘)(log𝜋𝑘 + log 𝑓 (𝒙;𝜿𝑘))𝑑𝑃𝑚(𝒙).

S2: (25) follows from S1.
S3: From S1,

𝜿⋆𝑚𝑘 = argmax𝜿
𝑞𝑚𝑘(𝜿),

where 𝑞𝑚𝑘(𝜿) is a function so that 𝑞𝑚𝑘(𝜿) − ∫ log 𝑓 (𝒙;𝜿)𝑑𝑄𝑘(𝒙 − 𝝆𝑚𝑘) converges uniformly to 0.
S4: (26) follows from S3 and Assumption  8. □

Proof of S1.  the proof is based on the two-step form of a mixture model involving for each observed 𝑋 an unobserved random 
variable 𝜁 indicating the mixture component that has generated 𝑋, see Section 2.1. S1 is the population version of the fixed point 
equation on which the EM-algorithm is based, see Section 3 and in particular Corollary 2 of [6]. Regarding the mixture (2), on 
which the ML-estimation is based, let 𝜓̃(∙;𝜽) be the joint density of 𝑌 = (𝑋, 𝜁 ), and 𝜓̄(∙|𝒙;𝜽) be the conditional density of 𝑌  given 
𝑋 = 𝒙 so that for all 𝒚, 𝒙: 

𝜓̄(𝒚|𝒙;𝜽) =
𝜓̃(𝒚;𝜽)
𝜓(𝒙;𝜽)

. (27)

Define

𝐺(𝜽′|𝜽) ∶= ∬ log(𝜓̃(𝒚;𝜽′))𝜓̄(𝒚|𝒙;𝜽)𝑑𝒚𝑑𝑃 (𝒙), and 𝐻(𝜽′|𝜽) ∶= ∫ ∫ log(𝜓̄(𝒚|𝒙;𝜽′))𝜓̄(𝒚|𝒙;𝜽)𝑑𝒚𝑑𝑃 (𝒙).

Then, following [6], (27) still holds averaged over the 𝑦|𝒙 assumed distributed according to 𝜓̄(𝒚|𝒙;𝜽), and then averaging over 𝑃𝑚(𝒙)
yields

𝐿(𝜽′, 𝑃 ) = 𝐺(𝜽′|𝜽) −𝐻(𝜽′|𝜽).

For given 𝒙, formula (1e6.6) in [31] implies

∫ (log 𝜓̄(𝒚|𝒙;𝜽) − log 𝜓̄(𝒚|𝒙;𝜽′))𝜓̄(𝒚|𝒙;𝜽)𝑑𝑦 ≥ 0 ⇒ 𝐻(𝜽|𝜽) ≥ 𝐻(𝜽′|𝜽).

Let 𝑀(𝜽⋆𝑚) ∶= argmax𝜽 𝐺(𝜽|𝜽
⋆
𝑚). Then

𝐿(𝑀(𝜽⋆𝑚)) = 𝑄(𝑀(𝜽⋆𝑚)|𝜽
⋆
𝑚) −𝐻(𝑀(𝜽⋆𝑚)|𝜽

⋆
𝑚) ≥ 𝐺(𝜽⋆𝑚|𝜽

⋆
𝑚) −𝐻(𝜽⋆𝑚|𝜽

⋆
𝑚) = 𝐿(𝜽⋆𝑚),

implying 𝜽⋆𝑚 = argmax𝜽 𝐺(𝜽|𝜽⋆𝑚) (otherwise the ‘‘≥’’ above would be ‘‘>’’ and 𝑀(𝜽⋆𝑚) would improve 𝐿). Note that

𝐺(𝜽|𝜽⋆𝑚) = ∫

𝐾
∑

𝑘=1
𝜏𝑘(𝒙;𝜽⋆𝑚𝑘)(log𝜋𝑘 + log 𝑓 (𝒙;𝜿𝑘))𝑑𝑃𝑚(𝒙),

which can be maximized for each 𝑘 separately, leading to S1. □

Proof of S2. ∫ 𝜏𝑘(𝒙;𝜽⋆𝑚𝑘)(log𝜋𝑘 + log 𝑓 (𝒙;𝜿𝑘))𝑑𝑃𝑚(𝒙) can be maximized separately over 𝜋1,… , 𝜋𝐾 and 𝜿1,… ,𝜿𝐾 . Maximizing 
∫ 𝜏𝑘(𝒙;𝜽⋆𝑚𝑘) log𝜋𝑘𝑑𝑃𝑚(𝒙) yields 

𝜋⋆𝑚𝑘 = 𝜏𝑘(𝒙;𝜽⋆𝑚𝑘)𝑑𝑃𝑚(𝒙) = 𝜏𝑘(𝒙;𝜽⋆𝑚𝑘)𝑑𝑃𝑚(𝒙) + 𝜏𝑘(𝒙;𝜽⋆𝑚𝑘)𝑑𝑃𝑚(𝒙), (28)
∫ ∫𝐵𝜀(𝝆𝑚𝑘) ∫𝐵𝜀(𝝆𝑚𝑘)𝑐
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𝐵𝜀(𝝆𝑚𝑘) chosen as in the proof of S4 of Theorem  4. From there, 𝜏𝑘(𝒙;𝜽⋆𝑚𝑘) ⟶ 1 for 𝒙̃ ∈ 𝐵𝜖(𝟎), i.e., 𝒙 ∈ 𝐵𝜖(𝝆𝑚𝑘), therefore 

lim
𝑚→∞

|

|

|

|

|

|

∫𝐵𝜀(𝝆𝑚𝑘)
𝜏𝑘(𝒙;𝜽⋆𝑚𝑘)𝑑𝑃𝑚(𝒙) − ∫𝐵𝜀(𝝆𝑚𝑘)

𝑑
𝐾
∑

𝑘=1
𝜉𝑘𝑄𝑚𝑘(𝒙)

|

|

|

|

|

|

= 0, (29)

and furthermore, for 𝑗 ≠ 𝑘, 𝑚⟶ ∞, because of (15), 

𝑄𝑚𝑗 (𝐵𝜀(𝝆𝑚𝑘)) ⟶ 0 ⇒ ∫𝐵𝜀(𝝆𝑚𝑘)
𝑑𝜉𝑗𝑄𝑚𝑗 (𝒙) ⟶ 0. (30)

𝜀 can be chosen so large that 𝑄𝑚𝑘(𝐵𝜀(𝝆𝑚𝑘)) is arbitrarily close to 1, and due to (30), ∫𝐵𝜀(𝝆𝑚𝑘) 𝑑
∑𝐾
𝑘=1 𝜉𝑘𝑄𝑚𝑘(𝒙) is arbitrarily close to 

𝜉𝑘. Furthermore, assuming 𝑚 large enough that 𝐵𝜀(𝝆𝑚𝑗 ), 𝑗 ∈ {1,… , 𝐾}, do not intersect, with 𝐵̃ =
(

⋃𝐾
𝑗=1 𝐵𝜀(𝝆𝑚𝑗 )

)𝑐
,

∫𝐵𝜀(𝝆𝑚𝑘)𝑐
𝜏𝑘(𝒙;𝜽⋆𝑚𝑘)𝑑𝑃𝑚(𝒙) =

∑

𝑗≠𝑘
∫𝐵𝜀(𝝆𝑚𝑗 )

𝜏𝑘(𝒙;𝜽⋆𝑚𝑘)𝑑𝑃𝑚(𝒙) + ∫𝐵̃
𝜏𝑘(𝒙;𝜽⋆𝑚𝑘)𝑑𝑃𝑚(𝒙).

For the same reason as (29) and (30) (with roles of 𝑗 and 𝑘 inverted),
∑

𝑗≠𝑘
∫𝐵𝜀(𝝆𝑚𝑗 )

𝜏𝑘(𝒙;𝜽⋆𝑚𝑘)𝑑𝑃𝑚(𝒙) ⟶ 0.

Because of (15), 𝑃𝑚(𝐵̃) is arbitrarily small for 𝜀 large enough, as is ∫𝐵̃ 𝜏𝑘(𝒙;𝜽⋆𝑚𝑘)𝑑𝑃𝑚(𝒙). Putting everything together, (28) implies 
(25). □

Proof of S3.  with

𝑞𝑚𝑘(𝜿) = ∫ 𝜏𝑘(𝒙;𝜽⋆𝑚𝑘) log 𝑓 (𝒙;𝜿𝑘)𝑑𝑃𝑚(𝒙) = ∫ 𝜏𝑘(𝒙;𝜽⋆𝑚𝑘) log 𝑓 (𝒙;𝜿𝑘)𝑑
𝐾
∑

𝑘=1
𝜉𝑘𝑄𝑚𝑘(𝒙).

As in (28) and the proof of S2,

𝑞𝑚𝑘(𝜿) = ∫𝐵𝜀(𝝆𝑚𝑘)
𝜏𝑘(𝒙;𝜽⋆𝑚𝑘) log 𝑓 (𝒙;𝜿𝑘)𝑑𝑃𝑚(𝒙) + ∫𝐵𝜀(𝝆𝑚𝑘)𝑐

𝜏𝑘(𝒙;𝜽⋆𝑚𝑘) log 𝑓 (𝒙;𝜿𝑘)𝑑𝑃𝑚(𝒙),

and

∫𝐵𝜀(𝝆𝑚𝑘)𝑐
𝜏𝑘(𝒙;𝜽⋆𝑚𝑘) log 𝑓 (𝒙;𝜿𝑘)𝑑𝑃𝑚(𝒙) =

∑

𝑗≠𝑘
∫𝐵𝜀(𝝆𝑚𝑗 )

𝜏𝑘(𝒙;𝜽⋆𝑚𝑘) log 𝑓 (𝒙;𝜿𝑘)𝑑𝑃𝑚(𝒙)

+ ∫𝐵̃
𝜏𝑘(𝒙;𝜽⋆𝑚𝑘) log 𝑓 (𝒙;𝜿𝑘)𝑑𝑃𝑚(𝒙).

Because of Assumption  6, regarding argmax𝜿 𝑞𝑚𝑘(𝜿), it suffices to consider 𝜿 with 𝜆∗min(𝜮) > 𝑐1 for suitable 𝑐1 > 0, 𝑐2 = log(𝑐−𝑝∕21 𝑔(0)), 
so that log 𝑓 (𝒙;𝜿𝑘) < 𝑐2. On 𝐵𝜀(𝝆𝑚𝑘), according to the proof of Theorem  4, 𝜏𝑘(𝒙;𝜽⋆𝑚𝑘) ⟶ 1 and, for 𝑗 ≠ 𝑘, 𝜏𝑗 (𝒙;𝜽⋆𝑚𝑗 ) ⟶ 0, and 
furthermore, for 𝑚⟶ ∞,

∫𝐵𝜀(𝝆𝑚𝑘)
𝜏𝑘(𝒙;𝜽⋆𝑚𝑘) log 𝑓 (𝒙;𝜿𝑘)𝑑𝑄𝑚𝑗 (𝒙) < 𝑐2 ∫𝐵𝜀(𝝆𝑚𝑘)

𝜏𝑘(𝒙;𝜽⋆𝑚𝑘)𝑑𝑄𝑚𝑗 (𝒙) ⟶ 0.

Therefore, 

lim
𝑚→∞

|

|

|

|

|

∫𝐵𝜀(𝝆𝑚𝑘)
𝜏𝑘(𝒙;𝜽⋆𝑚𝑘) log 𝑓 (𝒙;𝜿𝑘)𝑑𝑃𝑚(𝒙) − ∫𝐵𝜀(𝝆𝑚𝑘)

log 𝑓 (𝒙;𝜿𝑘)𝑑𝜉𝑘𝑄𝑚𝑘(𝒙)
|

|

|

|

|

= 0. (31)

For 𝑗 ≠ 𝑘, on 𝐵𝜀(𝝆𝑚𝑗 ) ∶ 𝜏𝑘(𝒙;𝜽⋆𝑚𝑘) ⟶ 0, therefore 

∫𝐵𝜀(𝝆𝑚𝑗 )
𝜏𝑘(𝒙;𝜽⋆𝑚𝑘) log 𝑓 (𝒙;𝜿𝑘)𝑑𝑃𝑚(𝒙) < 𝑐2 ∫𝐵𝜀(𝝆𝑚𝑗 )

𝜏𝑘(𝒙;𝜽⋆𝑚𝑘)𝑑𝑃𝑚(𝒙) ⟶ 0, (32)

and 

∫𝐵̃
𝜏𝑘(𝒙;𝜽⋆𝑚𝑘) log 𝑓 (𝒙;𝜿𝑘)𝑑𝑃𝑚(𝒙) < 𝑐2𝑃𝑚(𝐵̃). (33)

Consider 𝑞𝑚𝑘(𝜿) = 𝑞𝑚𝑘(𝜿)
𝜉𝑘

 in order to drop 𝜉𝑘 from (31). Once more 𝜀 can be chosen large enough that 𝑃𝑚(𝐵̃) becomes arbitrarily 
small, and 𝑄𝑚𝑘(𝐵𝜀(𝝆𝑚𝑘)) becomes arbitrarily large, so that (31), (32), and (33) together imply that

𝑞𝑚𝑘(𝜿) − ∫ log 𝑓 (𝒙;𝜿)𝑑𝑄𝑚𝑘(𝒙) ⟶ 0,

and the convergence is uniform over 𝜿 as neither 𝜏𝑗 (𝒙;𝜽⋆𝑚𝑗 ) for any 𝑗 nor 𝜖 nor 𝑐2 depend on 𝜿. □

Proof of S4.  given arbitrarily small 𝜀 and the corresponding 𝛽 from Assumption  8, according to S3, for 𝑚 large enough, uniformly

|𝑞 (𝜿) − 𝐿̃(𝜿, 𝑄 )| <
𝛽
.
𝑚𝑘 𝑘 2
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This means that 𝜿 with ‖𝜿 − 𝜿̃𝑚𝑘‖ > 𝜖 cannot maximize 𝑞𝑚𝑘(𝜿), and therefore 𝜿⋆𝑚𝑘 = argmax𝜿 𝑞𝑚𝑘(𝜿) will become arbitrarily close to 
𝜿̃𝑚𝑘, because Assumption  9 enforces 𝜆min(𝜽̃)

𝜆max(𝜽̃)
< 𝛾, which is also required to hold for 𝜽⋆(𝑃𝑚). This proves (26). □

Corollary 1.  In the situation of Theorem  5, requiring Assumptions  6 and 7, if 𝑔 is chosen so that 𝑓 (∙;𝝁,𝜮) is the density of a 𝑝-variate 
Gaussian distribution with mean 𝝁 and covariance matrix 𝜮, then 

lim
𝑚→∞

‖

‖

‖

‖

𝝁⋆𝑚𝑘 − ∫ 𝒙𝑑𝑄𝑘(𝒙) − 𝝆𝑚𝑘
‖

‖

‖

‖

= 0. (34)

If additionally Assumption  9 holds, then

lim
𝑚→∞

‖

‖

‖

‖

𝜮⋆
𝑚𝑘 − ∫ (𝒙 − 𝝁̃𝑘)(𝒙 − 𝝁̃𝑘)

𝖳𝑑𝑄𝑘(𝒙)
‖

‖

‖

‖

= 0.

In this case, Assumption  6 will hold if 𝑄𝑘 is not concentrated on a single point, see Remark  4. Assumption  7 amounts to 
∫ ‖𝒙𝖳𝒙‖𝑑𝑄𝑘(𝒙) < ∞.

Proof.  Due to Assumption  6, consider 𝜿 with 𝜆∗min(𝜮𝑘) > 𝑐1 for 𝑘 ∈ {1,… , 𝐾} , 𝑐1 > 0. For the multivariate Gaussian (see, e.g., [1])

log 𝑓 (𝒙;𝝁,𝜮) = 𝑐 − 1
2
log |𝜮| − 1

2
(𝒙 − 𝝁)𝖳𝜮−1(𝒙 − 𝝁),

and
𝜕
𝜕𝝁

log 𝑓 (𝒙;𝝁,𝜮) = 𝜮−1(𝝁 − 𝒙), 𝜕
𝜕𝜮−1

log 𝑓 (𝒙;𝝁,𝜮) = 1
2
𝜮 − 1

2
(𝒙 − 𝜇)(𝒙 − 𝜇)𝖳.

For 𝝁 ∈ 𝐵𝜀(𝝁0) for any 𝝁0,
‖

‖

‖

‖

𝜕
𝜕𝝁

log 𝑓 (𝒙;𝝁,𝜮)
‖

‖

‖

‖

≤ 𝑐−𝑝1 (‖𝝁0 − 𝒙‖ + 𝜀).

For 𝜮−1 ∈ 𝐵𝜀(𝜮0
−1) for any 𝜮0,

‖

‖

‖

‖

‖

𝜕
𝜕𝜮−1

log 𝑓 (𝒙;𝝁,𝜮)
‖

‖

‖

‖

‖

≤ 1
2

(

𝜮0 + 𝜀 − (𝒙 − 𝜇)(𝒙 − 𝜇)𝖳
)

.

Both these bounding functions are integrable w.r.t. 𝑃𝑚 because of Assumption  7. This means that log 𝑓 (𝒙;𝝁,𝜮) can be differentiated 
under the integral sign. Standard algebra yields

𝝁̃𝑚𝑘 = ∫ 𝑥𝑑𝑄𝑚𝑘(𝑥), 𝜮̃𝑚𝑘 = ∫ (𝒙 − 𝝁̃𝑚𝑘)(𝒙 − 𝝁̃𝑚𝑘)
𝖳𝑑𝑄𝑚𝑘(𝒙).

Assumption  8 follows because log 𝑓 (𝒙;𝝁,𝜮) is strictly concave in 𝝁 and 𝜮−1 [1], and the Corollary follows from Theorem  5. 
Assumption  9 is not required for (34), because ∫ 𝑥𝑑𝑄𝑚𝑘(𝑥) maximizes the Gaussian likelihood regardless of 𝜮, cf. S3 and S4 in 
the proof of Theorem  5. □

6. Numerical experiments

In order to illustrate the results in Section 5, we present a small simulation study. We computed MLEs for mixtures of two 
different families of ESDs, namely Gaussian (mle-n) and multivariate 𝑡5 (mle-t5), and applied them to mixtures with components 
that deviate from those assumed. We generated data from four different mixture models, each with 𝐾 = 3, namely a mixture of 
three bivariate 𝑡3-distributions, a mixture of three skew normal distributions [see 24], a mixture of one skew normal, one Gaussian 
and one 𝑡3-distribution, and a mixture of uniform distributions on ellipsoids. The previous models are labeled t3, sn, nsnt, and ue
respectively. For each model we varied the amount of separation between mixture components. Parameters were chosen as follows. 
For all models 𝜋1 = 𝜋2 = 𝜋3 = 1∕3. Given a separation parameter 𝑠 > 0, let

𝝁1 =
(

0
𝑠

)

, 𝝁2 =
⎛

⎜

⎜

⎝

− 𝑠
√

2
− 𝑠

√

2

⎞

⎟

⎟

⎠

, 𝝁3 =
⎛

⎜

⎜

⎝

𝑠
√

2
− 𝑠

√

2

⎞

⎟

⎟

⎠

,

𝜮1 =
(

0.1 0
0 1

)

, 𝜮2 =
(

0.55 0.45
0.45 0.55

)

, 𝜮3 =
(

0.55 −0.45
−0.45 0.55

)

,

𝜹1 =
(

5
5

)

, 𝜹2 =
(

15
15

)

, 𝜹3 =
(

1
10

)

.

In the t3 model, the three mixture components had means 𝝁1, 𝝁2, 𝝁3 and covariance matrices 𝜮1, 𝜮2, 𝜮3. 𝑠 was chosen to range 
from 0.5 to 20. Skew normal distributions in the sn model were generated according to 𝝁𝑘 +𝜹𝑘|𝑍0|+𝑍1, where 𝑍0 ∼ 1(0, 1), 𝑍1 ∼
2(𝟎,𝜮𝑘), 𝑘 ∈ {1, 2, 3}, where 𝑝 denotes the 𝑝-dimensional Gaussian distribution. If the 𝑘th component of the mixture has a 
skew normal distribution, its expectation is 𝝁𝑘 + 𝜹𝑘

√

2∕𝜋, and its covariance matrix is 𝜮𝑘 + 𝜹𝑘𝜹𝑘
𝖳(1 − 2∕𝜋). For this model, the 

separation parameter 𝑠 was chosen from the range 𝑠 = 2 to 𝑠 = 40. For the mixed mixture model nsnt, the skew normal component 
14 
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Fig. 1. Data sets generated from mixture models t3, sn, and nsnt. ‘‘Weak Separation’’ is obtained setting 𝑠 = 0.5 for t3 and nsnt, and 𝑠 = 2 for sn. ‘‘Strong 
Separation’’ is obtained setting 𝑠 = 20 for t3 and nsnt, and 𝑠 = 40 for sn. The sample size is set to 𝑛 = 1000 in all the six cases.

was generated using the parameters 𝝁1, 𝜮1, 𝜹1, the Gaussian component was generated using the mean 𝝁2 and the covariance 
matrix 𝜮2, and the 𝑡3-component was generated using the mean 𝝁3 and the covariance matrix 𝜮3. For this model, 𝑠 was chosen 
in the interval [1,20]. The sampling for the ue model is as follows. Let 𝑈 be a uniform distribution generating points on a circle 
centered at the origin 𝟎 with radius 𝑟. E[𝑈 ] = 𝟎, and the radius is such that Var [𝑈 ] = 𝑰2. The 𝑘th component is defined by the affine 
transformation 𝑈𝑘 = 𝜴𝑘𝑈 +𝝁𝑘, where 𝜴𝑘 is the lower triangular matrix obtained from the Cholesky decomposition of 𝜮𝑘. Note that 
E
[

𝑈𝑘
]

= 𝝁𝑘, and Var
[

𝑈𝑘
]

= 𝜮𝑘. This sampling produces uniformly distributed points on the ellipsoids determined by the previously 
defined mean and covariance parameters. As for the previous sampling design, we also consider 𝑠 ∈ [0.5, 20]. For each of the four 
models, we consider a grid of five (logarithmically equispaced) values of 𝑠 for a total of 15 data-generating processes. We consider 
sample sizes 𝑛 ∈ {250, 1000, 10000} for a total of 60 sample designs. Fig.  1 shows examples of datasets with 𝑛 = 1000 generated by 
the four models, with two different choices of the separation parameter 𝑠.

We ran 1000 Monte Carlo replicates with i.i.d. sampling. For each sample, we computed mle-n and mle-t5 with 𝛾 = 100. After 
computing the MLEs, the observations were assigned to clusters using the MAP rule. These were compared with the true mixture 
components using the Adjusted Rand Index (ARI; [17]). Results are shown in Fig.  2. Panel A shows the ARI averages over the Monte 
Carlo runs. Panel B shows the root mean square error (RMSE) of the mean parameters fitted by mln-n and mle-t5 compared to the 
mean of the generating mixture components. Panel C shows the root mean square deviation (RMSD) between the mean parameters 
estimated by the fit of mle-n and mle-t5, respectively, and the corresponding estimators computed on only the observations from the 
true mixture components, i.e., the sample mean (as to be compared to the mle-n component mean estimators), and the ML estimator 
of location of a 𝑡5-distribution (as to be compared to the mle-t5 component location estimators). The latter would indicate the best 
performance one could expect, using true component information, estimating 𝜿̃𝑚𝑘 from (26) (Theorem  5) by ML.

The results show that with low separation 𝑠 estimation and clustering do not work well. For the larger values of 𝑠, the ARI becomes 
almost perfect, which means that the clustering from the misspecified mixture model matches the true component memberships. This 
illustrates Theorem  4. Even with the small sample size 𝑛 = 250 already such a good classification is achieved that any improvement 
with larger 𝑛 is not visible. The ue model achieves a performance in line with the other three models, even though here the underlying 
uniform structure is in some distance from the Gaussian and Student-t density models on which the estimators mle-n and mle-t5 are 
built. On the other hand, here there exists 𝑠0 such that for 𝑠 ≥ 𝑠0, there is a total absence of overlap between the ellipsoidal clustered 
regions. Note that for the ue model, the tails are as dense as in the center of the distribution. Therefore, we expect a greater overlap 
for low values of 𝑠 than the other models considered here. In contrast, the overlap sharply disappears for larger 𝑠 ≥ 𝑠0. The influence 
of growing 𝑛 becomes clear looking at Panel B, where the improvement of the RMSE for larger values of 𝑛 is obvious especially in 
cases of low separation. For mle-n the RMSE for 𝑛 = 10000 is close to zero for all three setups. We are interested in particular in 
examining the RMSE for estimating the mean with the aim of illustrating Corollary  1. For 𝑡3-distributions, the mean is the center of 
symmetry, and therefore the ML-estimator that treats the data as 𝑡5 estimates the 𝑡3-mean as well, and does this better (with lower 
variance) than the arithmetic mean. Correspondingly, mle-t5 achieves a lower RMSE than mle-n for the model t3, but both will 
converge to zero for 𝑛→ ∞. The models sn and nsnt involve asymmetric mixture components for which the ML location functional 
based on the 𝑡5-distribution is not the same as the mean. For this reason, the RMSE for mle-t5 comparing it to the mean will not 
converge to zero for 𝑛→ ∞, and consequently it seems to hit a nonzero floor in Panel B. For the uniform model ue the performance 
is better except for low 𝑠.

Panel C shows that for strong enough separation the location estimators from mle-n and mle-t5 become indistinguishable from 
the corresponding estimators computed based on the true component information for models t3 and sn, as should be expected from 
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Fig. 2. Monte Carlo averages for ARI (Panel A), RMSE for mean parameters (Panel B) and RMSD for ML mean functionals (Panel C).

Theorem  5 and Panel A. For model nsnt, however, the RMSD of mle-t5 does not seem to converge to zero. Surprised by this, we found 
numerically that the ML functional based on the 𝑡5-distribution computed for the components separately violates 𝜆min(𝜽̃)

𝜆max(𝜽̃)
≤ 𝛾 = 100, 

i.e., Assumption  9, and therefore it cannot be recovered even asymptotically by mle-t5. In fact, also the Gaussian ML functional 
violates 𝜆min(𝜽̃)

𝜆max(𝜽̃)
≤ 100 here, but this does not affect the consistency of the means from mle-n, as Assumption  9 is not required for (34). 

For the uniform model ue the convergence is pretty fast once 𝑠 touches the point where the ellipsoids become reasonably separated.

7. Conclusion

Statistical model assumptions are not normally fulfilled in real life situations, and it is of interest how statistical methodology 
behaves in cases in which the model assumptions are not fulfilled. Consistency for the canonical functional means that for large 
data sets the estimator will stabilize even if its distributional assumptions are not fulfilled, although still assuming i.i.d. data. Results 
of this kind can be found in many places. Additionally here we look at specific underlying distributions 𝑃  that are of such a kind 
that using the mixture MLE could be of interest for clustering, namely a mixture with 𝐾 well separated components that can have 
a different distributional shape from what is assumed. The components of the canonical functional will then correspond in a well 
defined sense to the components of 𝑃 , although potentially very strong separation is required. Without requiring strong enough 
separation, such a result cannot be had, and actually it would not be desirable, as the components 𝑄𝑘 of 𝑃  can themselves be 
heterogeneous. If different 𝑄𝑘 are not well separated, from the point of view of clustering it may be more sensible to split up a 
heterogeneous, potentially multimodal, 𝑄𝑘 into subgroups rather than separate it from a 𝑄𝑙 ≠ 𝑄𝑘 from which it is not separated. That 
said, investigating the canonical functional in more general situations is certainly of interest. Furthermore, performance guarantees 
for fixed 𝑛 would be welcome, although these will require more restrictive assumptions.

The presented results concern the global optimum of the likelihood function whereas existing algorithms are not guaranteed to 
find it. Similar results for local optima as found by the EM-algorithm would also be a desirable extension.
16 
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Appendix. Affine equivariance of estimators on sphered data

In many situations, an estimator that is not affine equivariant can be modified into an affine equivariant estimator by being 
applied on sphered data. We are not aware of any explicit statement of this in the literature (although some statisticians may think 
that this is folklore knowledge), and we show here a version of this claim that applies in the situation discussed in the present paper.

Let 𝑋 ∈ R𝑝×𝑛 a data matrix with 𝑛 observations and 𝑝 variables. Let 𝐿 ∶ R𝑝×𝑛 ↦ R𝑝 be an affine equivariant location estimator 
so that, for 𝐴 ∈ R𝑝×𝑝 invertible and 𝑎 ∈ R𝑝: 𝐿(𝐴𝑋 + 𝑎) = 𝐴𝐿(𝑋) + 𝑎. Let 𝑆 ∶ R𝑝×𝑛 ↦ R𝑝×𝑝 be an affine equivariant scatter estimator 
so that 𝑆(𝐴𝑋+𝑎) = 𝐴𝑆(𝑋)𝐴𝖳. Assuming that 𝑆(𝑋)−1 exists, define 𝐵(𝑋) ∈ R𝑝×𝑝 by 𝑆(𝑋)−1 = 𝐵(𝑋)𝖳𝐵(𝑋). Let 𝑃 (𝑋) = 𝐵(𝑋)(𝑋−𝐿(𝑋))
be the sphered version of 𝑋.

Let 𝑇 ∶ R𝑝×𝑛 ↦ R𝐾 × R𝐾×𝑝 × R𝐾×𝑝×𝑝 be an estimator of the parameters of an ESD mixture with 𝐾 components, i.e., 𝑇 (𝑋) =
(𝑇1(𝑋), 𝑇2(𝑋), 𝑇3(𝑋)), where 𝑇1(𝑋) estimates the 𝐾 proportion parameters 𝜋𝑘, 𝑇2(𝑋) estimates the 𝐾 location vectors 𝝁𝑘 and, and 
𝑇3(𝑋) estimates the 𝐾 scatter matrices 𝜮𝑘, 𝑘 ∈ {1,… , 𝐾}.

𝑇  is called affine equivariant if, for 𝐴 and 𝑎 as above,
𝑇 (𝐴𝑋 + 𝑎) = (𝑇1(𝑋), 𝐴𝑇2(𝑋) + 𝑎, 𝐴𝑇3(𝑋)𝐴𝖳).

We abuse notation here to some extent by not writing out separately what happens to every mixture component, i.e., by 𝐴𝑇2(𝑋)+𝑎
we mean that the transformation 𝐿 ↦ 𝐴𝐿 + 𝑎 is applied to all 𝐾 component location estimators etc. 

Proposition 1.  For any not necessarily affine equivariant estimator 𝑇  as defined above,
𝑇 ∗(𝑋) = (𝑇 ∗

1 (𝑋), 𝑇 ∗
2 (𝑋), 𝑇 ∗

3 (𝑋)) = (𝑇1(𝑃 (𝑋)), 𝐵(𝑋)−1(𝑇2(𝑃 (𝑋))) + 𝐿(𝑋), 𝐵(𝑋)−1𝑇3(𝑃 (𝑋))(𝐵(𝑋)−1)𝖳)

is affine equivariant.

Proof.  Let 𝑌 = 𝐴𝑋 + 𝑎. Observe that 𝐵(𝑌 ) = 𝐵(𝑋)𝐴−1, and consequently 𝑃 (𝑌 ) = 𝑃 (𝑋). Therefore 𝑇 ∗(𝑌 ) = (𝑇 ∗
1 (𝑋), 𝐴𝑇 ∗

2 (𝑋) +
𝑎, 𝐴𝑇 ∗

3 (𝑋)𝐴𝖳) as required. □

Note that the ERC here apply to 𝑇 ∗(𝑃 (𝑋)), but not necessarily to 𝑇 ∗(𝑋). Note also that 𝐿 and 𝑆 can be any affine equivariant 
location and scatter estimates, for example the sample mean and covariance matrix, regardless of any knowledge of the underlying 
distribution or clustering.
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