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ARTICLE INFO ABSTRACT

Editor: Johann Sienz Advances in composite structures with improved mechanical properties enable a better balance
Keywords: between strength and weight, benefiting high-demand fields like civil and aerospace engineering.
FEM Higher-order theories effectively model such structures but are often complex owing to the multi-
Buckling tude of parameters involved. To ease this burden, internal constraints are introduced, but they can
GPLRC plate complicate numerical methods like the finite element method (FEM) by requiring higher-order
Lagrange multiplier method shape functions. Driven by the challenges of finite element modeling for constrained compos-
Penalty method ites, this study focuses on the thermal buckling behavior of higher-order GPLRC plates. Internal

constraints in higher-order plate theories are introduced by employing the Lagrange Multiplier
Method (LMM) and the Penalty Method (PM). These methods disable the interpolation of dis-
placement parameters using Lagrange shape functions with C° continuity, ensuring simple shape
functions, a well-posed weak formulation, compatibility with standard FEM software, and avoid-
ing the need for complex formulations in a classical finite element framework. The theoretical
formulation of the GPLRC laminate plate is derived based on the General Third-order Shear de-
formation plate Theory (GTST). The Halpin-Tsai model and rule of mixtures are used to deter-
mine the laminated plate material properties. Four GPL distribution patterns across composite
layers are analyzed for their impact on laminate buckling behavior. The LMM and PM results
are systematically compared by varying parameters such as element count, GPL weight fraction,
and geometrical dimensions, demonstrating the effectiveness and accuracy of constraint enforce-
ment techniques in FEM-based thermal buckling analysis of composite plates. The study provides
a robust framework for modeling complex composite structures, enabling efficient solutions in
computational environments.

1. Introduction

Graphene platelet-reinforced composite (GPLRC) laminates have emerged as promising materials for high-performance applica-
tions due to their superior strength-to-weight ratio, thermal stability, and stiffness. These materials are increasingly used in aerospace
structures, automotive components, marine systems, and advanced civil infrastructure, where lightweight yet mechanically robust
solutions are critical. Accurate modeling of their behavior under various loading conditions, including thermal environments, is es-
sential to ensure safety, durability, and optimal performance in such demanding applications.

Functionally graded graphene platelet reinforced composites (GPLRCs) are promising advanced materials for high-performance
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\begin {equation}\begin {split} u_x(x,y,z) & = u(x,y) + z \theta _x(x,y)+z^3 \psi _x(x,y)\\ u_y(x,y,z) & = v(x,y) + z \theta _y(x,y)+z^3 \psi _y(x,y)\\ u_z(x,y,z) & = w(x,y) + z^2 \phi _z(x,y) \end {split} \label {eq:1}\end {equation}
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\begin {equation}\begin {split} \varepsilon _{xx} &=\frac {\partial u}{\partial x} +z \frac {\partial \theta _x}{\partial x} +z^3 \frac {\partial \psi _x}{\partial x}+\frac {1}{2} \left (\frac {\partial w}{\partial x}\right )^2\\ \varepsilon _{yy}&=\frac {\partial v}{\partial y} +z \frac {\partial \theta _y}{\partial y} +z^3 \frac {\partial \psi _y}{\partial y}+\frac {1}{2} \left (\frac {\partial w}{\partial y}\right )^2\\ \varepsilon _{zz}&=2z \phi _z\\ \gamma _{xy}&=\frac {\partial u}{\partial y} + \frac {\partial v}{\partial x} +z \left (\frac {\partial \theta _x}{\partial y}+\frac {\partial \theta _y}{\partial x}\right )+ z^3 \left (\frac {\partial \psi _x}{\partial y}+\frac {\partial \psi _y}{\partial x}\right ) +\frac {\partial w}{\partial x}\frac {\partial w}{\partial y}\\ \gamma _{yz}&=\frac {\partial w}{\partial y}+\theta _y+z^2 \left ( 3\psi _y+ \frac {\partial \phi _z}{\partial y}\right )\\ \gamma _{xz}&=\frac {\partial w}{\partial x}+\theta _x+z^2 \left (3\psi _x + \frac {\partial \phi _z}{\partial x}\right ) \end {split} \label {eq:2}\end {equation}


$\gamma _{ij}=2\varepsilon _{ij}$


$i,j=x,y,z$


$i\ne j$


\begin {equation}\bm {\varepsilon } = \bm {\varepsilon }^{(0)} + z\bm {\varepsilon }^{(1)}+z^2 \bm {\varepsilon }^{(2)}+z^3\bm {\varepsilon }^{(3)}+ \bm {\varepsilon }_{NL} \label {eq:3}\end {equation}


$\bm {\varepsilon }^{\top } = \{ \varepsilon _{xx}\;\varepsilon _{yy}\; \varepsilon _{zz} \; \gamma _{xy}\; \gamma _{yz}\; \gamma _{xz}\}$


$NL$


\begin {equation}\begin {aligned} \bm {\varepsilon }^{(0)} &= \mathbf {D}^{(0)} \mathbf {u},\quad \bm {\varepsilon }^{(1)} = \mathbf {D}^{(1)} \mathbf {u},\quad \bm {\varepsilon }^{(2)} = \mathbf {D}^{(2)} \mathbf {u} \quad \bm {\varepsilon }^{(3)} = \mathbf {D}^{(3)} \mathbf {u} \\ \bm {\varepsilon }_{NL} &= \mathbf {D}^{(M)} \mathbf {u}\circ \mathbf {D}^{(N)} \mathbf {u}& \end {aligned} \label {eq:4}\end {equation}


$\mathbf {u}^{\top } = \{ u\; v\; w\; \theta _x \; \theta _y\; \phi _z \; \psi _x \; \psi _y \}$
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\begin {equation}\mathbf {D}^{(0)} = \begin {bmatrix} \frac {\partial }{\partial x} & 0 &0 &0 &0 & 0 &0&0\\ 0 & \frac {\partial }{\partial y} &0 &0 &0 &0 &0&0\\ 0 & 0 &0 &0 &0 &0 &0&0\\ \frac {\partial }{\partial y} & \frac {\partial }{\partial x}&0 &0 &0 &0 &0&0\\ 0 & 0& \frac {\partial }{\partial y}& 0&1 & 0& 0 &0\\ 0 & 0& \frac {\partial }{\partial x}& 1 &0& 0& 0 &0 \end {bmatrix} \label {eq:5}\end {equation}


\begin {equation}\mathbf {D}^{(1)} = \begin {bmatrix} 0 &0 &0 & \frac {\partial }{\partial x} & 0&0 &0 &0\\ 0 &0 &0 & 0 & \frac {\partial }{\partial y}&0 &0 &0\\ 0 &0 &0 & 0 & 0&2 &0 &0\\ 0 &0 &0 & \frac {\partial }{\partial y} & \frac {\partial }{\partial x} &0 & 0 &0\\ 0 &0 &0 & 0 & 0 &0 & 0 &0\\ 0 &0 &0 & 0 & 0 &0 & 0 &0 \end {bmatrix} \label {eq:6}\end {equation}


\begin {equation}\mathbf {D}^{(2)} = \begin {bmatrix} 0 &0 &0 & 0 & 0&0 &0 &0\\ 0 &0 &0 & 0 & 0&0 &0 &0\\ 0 &0 &0 & 0 & 0&0 &0 &0\\ 0 &0 &0 & 0 & 0 &0 & 0 &0\\ 0 &0 &0 & 0 & 0 &\frac {\partial }{\partial y} & 0 &3\\ 0 &0 &0 & 0 & 0 &\frac {\partial }{\partial x} & 3 &0 \end {bmatrix} \label {eq:7}\end {equation}


\begin {equation}\mathbf {D}^{(3)} = \begin {bmatrix} 0 &0 &0 & 0 & 0&0 &\frac {\partial }{\partial x} &0\\ 0 &0 &0 & 0 & 0&0 &0 &\frac {\partial }{\partial y}\\ 0 &0 &0 & 0 & 0&0 &0 &0\\ 0 &0 &0 & 0 & 0 &0 & \frac {\partial }{\partial y} &\frac {\partial }{\partial x}\\ 0 &0 &0 & 0 & 0 &0 & 0 &0\\ 0 &0 &0 & 0 & 0 &0 & 0 &0 \end {bmatrix} \label {eq:8}\end {equation}


\begin {equation}\mathbf {D}^{(M)} = \begin {bmatrix} 0 &0 &\frac {1}{2}\frac {\partial }{\partial x} & 0 & 0& 0 &0&0 \\ 0 &0 &\frac {1}{2}\frac {\partial }{\partial y} & 0&0 & 0 &0&0 \\ 0 &0 &0 & 0&0& 0 &0 &0\\ 0 &0 & \frac {\partial }{\partial x} & 0 &0& 0 &0&0\\ 0 &0 &0 & 0&0& 0 &0 &0\\ 0 &0 &0 & 0&0& 0 &0 &0\\ \end {bmatrix} \label {eq:9}\end {equation}


\begin {equation}\mathbf {D}^{(N)} = \begin {bmatrix} 0 &0 &\frac {\partial }{\partial x} & 0 & 0 & 0 &0&0\\ 0 &0 &\frac {\partial }{\partial y} & 0&0& 0 &0 &0\\ 0 &0 &0 & 0&0& 0 &0 &0\\ 0 &0 & \frac {\partial }{\partial y} & 0 &0& 0 &0&0\\ 0 &0 &0 & 0&0& 0 &0 &0\\ 0 &0 &0 & 0&0& 0 &0 &0\\ \end {bmatrix} \label {eq:10}\end {equation}


\begin {equation}\begin {Bmatrix} \sigma _{xx}\\ \sigma _{yy}\\ \sigma _{zz}\\ \sigma _{xy}\\ \sigma _{yz}\\ \sigma _{xz}\end {Bmatrix}=\begin {bmatrix} {C}_{11}& {C}_{12}&{C}_{13}&0&0&0\\ C_{12}& {C}_{22}& {C}_{23}& 0&0& 0\\ C_{13}& C_{23}&{C}_{33}&0&0&0\\ 0& 0&0&{C}_{66}&0&0\\ 0& 0 &0&0&{C}_{44}&0\\ 0& 0&0&0&0&{C}_{55}\\ \end {bmatrix}\begin {Bmatrix} \varepsilon _{xx}\\ \varepsilon _{yy}\\ \varepsilon _{zz}\\ \gamma _{xy}\\ \gamma _{yz}\\ \gamma _{xz} \end {Bmatrix} \label {eq:11}\end {equation}
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\begin {equation}\bm {\sigma }=\mathbf {C} \bm {\varepsilon }\label {eq:12}\end {equation}


$n_l$


\begin {equation}\begin {split} \text {Pattern 1: } V_{GPL}&=V_{GPL}^{*}\\ \text {Pattern 2: } V_{GPL}&=2V_{GPL}^{*}\frac {\left |2k-n_{L}-1\right |}{n_L}\\ \text {Pattern 3: } V_{GPL}&=V_{GPL}^{*}\left (1-\frac {\left |2k-n_{L}-1\right |}{n_L} \right )\\ \text {Pattern 4: } V_{GPL}&=2V_{GPL}^{*}\frac {\left (2k-1\right )}{n_l} \end {split} \label {eq:13}\end {equation}


$k = 1, 2 \ldots , n_{l} = 10$


$V_{GPL}^{*}$


\begin {equation}V_{GPL}^{*} = \frac {W_{GPL}}{ W_{GPL} + (\rho _{GPL}/\rho _{m})(1-W_{GPL})} \label {eq:14}\end {equation}


$W_{GPL}$


$\rho _{GPL}$


$\rho _m$


$\sigma _{xz}$


$\sigma _{yz}$


$\gamma _{xz}$


$\gamma _{yz}$


$z = \pm h/2$


\begin {equation}\psi _x=-\frac {4}{3h^2}\left (\theta _{x}+\frac {\partial w}{\partial x}\right )-\frac {1}{3}\frac {\partial \phi _z}{\partial x} \label {eq:15}\end {equation}


\begin {equation}\psi _y=-\frac {4}{3h^2}\left (\theta _{y}+\frac {\partial w}{\partial y}\right )-\frac {1}{3}\frac {\partial \phi _z}{\partial y} \label {eq:16}\end {equation}


\begin {equation}\begin {split} \mathbf {N}^{(0)}&=\sum _{k=1}^{n_l}\int _{z_k}^{z_{k+1}} \bm {\sigma } \,dz=\sum _{k=1}^{n_l}\int _{z_k}^{z_{k+1}} \mathbf {C}^{(k)}(\bm {\varepsilon }^{(0)}+z\bm {\varepsilon }^{(1)}+z^2\bm {\varepsilon }^{(2)}+z^3{\bm {\varepsilon }}^{(3)}) dz\\ \mathbf {N}^{(1)}&=\sum _{k=1}^{n_l}\int _{z_k}^{z_{k+1}} \bm {\sigma } z \,dz =\sum _{k=1}^{n_l}\int _{z_k}^{z_{k+1}} \mathbf {C}^{(k)}(z\bm {\varepsilon }^{(0)}+z^2\bm {\varepsilon }^{(1)}+z^3\bm {\varepsilon }^{(2)}+z^4{\bm {\varepsilon }}^{(3)}) dz\\ \mathbf {N}^{(2)}&= \sum _{k=1}^{n_l}\int _{z_k}^{z_{k+1}} \bm {\sigma } z^{2}\, dz=\sum _{k=1}^{n_l}\int _{z_k}^{z_{k+1}} \mathbf {C}^{(k)}(z^2\bm {\varepsilon }^{(0)}+z^3\bm {\varepsilon }^{(1)}+z^4\bm {\varepsilon }^{(2)}+z^5\bm {\varepsilon }^{(3)}) dz\\ \mathbf {N}^{(3)}&= \sum _{k=1}^{n_l}\int _{z_k}^{z_{k+1}} \bm {\sigma } z^{3}\, dz=\sum _{k=1}^{n_l}\int _{z_k}^{z_{k+1}} \mathbf {C}^{(k)}(z^3\bm {\varepsilon }^{(0)}+z^4\bm {\varepsilon }^{(1)}+z^5\bm {\varepsilon }^{(2)}+z^6\bm {\varepsilon }^{(3)}) dz \end {split} \label {eq:17}\end {equation}
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\begin {equation}\begin {Bmatrix} \mathbf {N}^{(0)} \\ \mathbf {N}^{(1)}\\ \mathbf {N}^{(2)}\\ \mathbf {N}^{(3)}\end {Bmatrix} = \begin {bmatrix} \mathbf {A}_{0} & \mathbf {A}_{1} & \mathbf {A}_{2}&\mathbf {A}_{3}\\ \mathbf {A}_{1} & \mathbf {A}_{2} &\mathbf {A}_{3}& \mathbf {A}_{4}\\ \mathbf {A}_{2} & \mathbf {A}_{3} & \mathbf {A}_{4} &\mathbf {A}_{5}\\ \mathbf {A}_{3} & \mathbf {A}_{4} & \mathbf {A}_{5} &\mathbf {A}_{6} \end {bmatrix} \begin {Bmatrix} \bm {\varepsilon }^{(0)} \\ \bm {\varepsilon }^{(1)}\\ \bm {\varepsilon }^{(2)}\\ \bm {\varepsilon }^{(3)} \end {Bmatrix} \label {eq:18}\end {equation}


\begin {equation}\begin {Bmatrix} \mathbf {A}_{0}&\!\! \mathbf {A}_{1}&\!\! \mathbf {A}_{2}&\!\! \mathbf {A}_{3}&\!\! \mathbf {A}_{4} &\!\!\mathbf {A}_{5}&\!\! \mathbf {A}_{6} \end {Bmatrix}= \sum _{k=1}^{n_l}\int _{z_k}^{z_{k+1}} \mathbf {C}^{(k)} \begin {Bmatrix} 1&\!\! z&\!\! z^2 &\!\! z^3 &\!\! z^4 &\!\!z^5&\!\! z^6 \end {Bmatrix} dz \label {eq:19}\end {equation}
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$\mathbf {A}_{5}$


\begin {equation}\delta U=\int _V \delta \bm {\varepsilon }^{\top } \bm {\sigma } \,dV \label {eq:20}\end {equation}


\begin {equation}\delta U=\int _V \left (\delta \bm {\varepsilon }^{(0)}+z\delta \bm {\varepsilon }^{(1)}+z^2\delta \bm {\varepsilon }^{(2)}+z^3\delta \bm {\varepsilon }^{(3)}+\delta \bm {\varepsilon }_{NL}\right )^{\top } \bm {\sigma } \, dV \label {eq:21}\end {equation}


\begin {equation}\begin {split} \delta U &= \int _A \bigg [(\mathbf {D}^{(0)} \delta \mathbf {u})^\top \mathbf {N}^{(0)}+(\mathbf {D}^{(1)} \delta \mathbf {u})^\top \mathbf {N}^{(1)}+(\mathbf {D}^{(2)} \delta \mathbf {u})^\top \mathbf {N}^{(2)}+(\mathbf {D}^{(3)} \delta \mathbf {u})^\top \mathbf {N}^{(3)} +\\& [(\mathbf {D}^{(M)} \delta \mathbf {u}) \circ (\mathbf {D}^{(N)} \mathbf {u})]^\top \mathbf {N}^{(0)}+ [(\mathbf {D}^{(M)}\mathbf {u}) \circ (\mathbf {D}^{(N)} \delta \mathbf {u})]^\top \mathbf {N}^{(0)} \bigg ] dA \end {split} \label {eq:22}\end {equation}


\begin {equation}[(\mathbf {D}^{(M)}\delta \mathbf {u}\circ \mathbf {D}^{(N)}\mathbf {u}]^\top \mathbf {N}^{(0)}= (\mathbf {D}^{(M)}\delta \mathbf {u})^\top (\mathbf {N}^{(0)}\circ (\mathbf {D}^{(N)}\mathbf {u})) \label {eq:23}\end {equation}


\begin {equation}\begin {split} \delta U &= \int _A \bigg [(\mathbf {D}^{(0)} \delta \mathbf {u})^\top \mathbf {N}^{(0)}+(\mathbf {D}^{(1)} \delta \mathbf {u})^\top \mathbf {N}^{(1)}+(\mathbf {D}^{(2)} \delta \mathbf {u})^\top \mathbf {N}^{(2)}+(\mathbf {D}^{(3)} \delta \mathbf {u})^\top \mathbf {N}^{(3)}+\\& (\mathbf {D}^{(M)} \delta \mathbf {u})^ \top [\mathbf {N}^{(0)}\circ (\mathbf {D}^{(N)} \mathbf {u})]+ (\mathbf {D}^{(M)}\mathbf {u})^ \top [\mathbf {N}^{(0)}\circ (\mathbf {D}^{(N)} \delta \mathbf {u})] \bigg ]dA \end {split} \label {eq:24}\end {equation}


\begin {equation}\mathbf {N}^{(0)}\circ \mathbf {D}^{(N)} \mathbf {u}=\mathbf {N}_0 \mathbf {D}^{(N)} \mathbf {u} \label {eq:25}\end {equation}
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$\mathbf {N}^{(0)}$


\begin {equation}\begin {split} \delta U &= \int _A \bigg [(\mathbf {D}^{(0)} \delta \mathbf {u})^\top \mathbf {N}^{(0)}+(\mathbf {D}^{(1)} \delta \mathbf {u})^\top \mathbf {N}^{(1)}+(\mathbf {D}^{(2)} \delta \mathbf {u})^\top \mathbf {N}^{(2)}+(\mathbf {D}^{(3)} \delta \mathbf {u})^\top \mathbf {N}^{(3)} + \\& (\mathbf {D}^{(M)} \delta \mathbf {u})^ \top [\mathbf {N}_0 (\mathbf {D}^{(N)} \mathbf {u})]+ (\mathbf {D}^{(N)} \delta \mathbf {u})^ \top [\mathbf {N}_0 (\mathbf {D}^{(M)} \mathbf {u})] \bigg ]dA \end {split} \label {eq:26}\end {equation}


\begin {equation}\begin {split} \delta U &= \int _A (\delta \mathbf {u})^\top \bigg [-({{\mathbf {D}}^{(0)}}^{\top } \mathbf {N}^{(0)})-({{\mathbf {D}}^{(1)}}^{\top } \mathbf {N}^{(1)}) -({{\mathbf {D}}^{(2)}}^{\top } \mathbf {N}^{(2)})-({{\mathbf {D}}^{(3)}}^{\top } \mathbf {N}^{(3)}) -{{\mathbf {D}}^{(M)}}^{\top }[\mathbf {N}_0 (\mathbf {D}^{(N)} \mathbf {u})] -{{\mathbf {D}}^{(N)}}^{\top }[\mathbf {N}_0 (\mathbf {D}^{(M)} \mathbf {u})]\bigg ] dA+ \Gamma _U \end {split} \label {eq:27}\end {equation}


\begin {equation}\begin {split} \delta U &= \int _A (\delta \mathbf {u})^\top \bigg [-\left ({{\mathbf {D}}^{(0)}}^{\top } (\mathbf {A}_{0} \mathbf {D}^{(0)}+\mathbf {A}_{1} \mathbf {D}^{(1)}+\mathbf {A}_{2} \mathbf {D}^{(2)}+\mathbf {A}_{3} \mathbf {D}^{(3)})\right )\\&\quad -\left ({{\mathbf {D}}^{(1)}}^{\top } (\mathbf {A}_{1} \mathbf {D}^{(0)}+\mathbf {A}_{2} \mathbf {D}^{(1)}+\mathbf {A}_{3} \mathbf {D}^{(2)}+\mathbf {A}_{4} \mathbf {D}^{(3)})\right ) \\&\quad -\left ({{\mathbf {D}}^{(2)}}^{\top } (\mathbf {A}_{2} \mathbf {D}^{(0)}+\mathbf {A}_{3} \mathbf {D}^{(1)}+\mathbf {A}_{4} \mathbf {D}^{(2)}+\mathbf {A}_{5}\mathbf {D}^{(3)})\right )\\&\quad -\left ({{\mathbf {D}}^{(3)}}^{\top } (\mathbf {A}_{3} \mathbf {D}^{(0)}+\mathbf {A}_{4} \mathbf {D}^{(1)}+\mathbf {A}_{5} \mathbf {D}^{(2)}+\mathbf {A}_{6}\mathbf {D}^{(3)})\right )\\& \quad -{{\mathbf {D}}^{(M)}}^{\top }[\mathbf {N}_0 (\mathbf {D}^{(N)} )] -{{\mathbf {D}}^{(N)}}^{\top }[\mathbf {N}_0 (\mathbf {D}^{(M)} )]\bigg ] \mathbf {u} \,dA+ \Gamma _U \end {split} \label {eq:28}\end {equation}


$\Gamma _{U}$


\begin {equation}\Gamma _U=\left [({\delta \mathbf {u}})^\top [\mathbf {N}^{(0)}+ \mathbf {N}^{(1)}+\mathbf {N}^{(2)}+\mathbf {N}^{(3)} + \mathbf {N}_0 (\mathbf {D}^{(N)} \mathbf {u}) +\mathbf {N}_0 (\mathbf {D}^{(M)} \mathbf {u})]\right ]_{\Gamma } \label {eq:29}\end {equation}


\begin {equation}\delta U + \delta {\Pi }_L = 0 \label {eq:30}\end {equation}


$\Pi _L$


\begin {equation}\delta {\Pi }_L = \int _A \bigg ( \delta {\bm {\lambda }}^\top \left ( \mathbf {D}_{\lambda } \mathbf {u} \right ) + \left ( \mathbf {D}_{\lambda } \delta \mathbf {u} \right )^{\top }\bm {\lambda } \bigg ) dA \label {eq:31}\end {equation}


$\bm {\lambda }^\top = \begin {Bmatrix} \lambda _1\; \lambda _2 \end {Bmatrix}$


$\mathbf {D}_{\lambda }$


\begin {equation}\mathbf {D}_{\lambda }=\begin {bmatrix} 0& 0& \frac {4}{3h^2}\frac {\partial }{\partial x} & \frac {4}{3h^2}&0&\frac {1}{3}\frac {\partial }{\partial x}&1&0\\ 0& 0& \frac {4}{3h^2}\frac {\partial }{\partial y} & 0&\frac {4}{3h^2}&\frac {1}{3}\frac {\partial }{\partial y}&0&1 \end {bmatrix} \label {eq:32}\end {equation}


\begin {equation}\delta U + \delta {\Pi }_p = 0 \label {eq:33}\end {equation}


\begin {equation}\begin {split} {\Pi }_p&= \frac {1}{2}\int _A \Bigg [ p_1^2 \left (\psi _x+\frac {4}{3h^2}\left (\theta _x+\frac {\partial w}{\partial x}\right )+\frac {1}{3}\frac {\partial \phi _z}{\partial x}\right )^2 + p_2^2 \left (\psi _y+\frac {4}{3h^2}\left (\theta _y+\frac {\partial w}{\partial y}\right )+\frac {1}{3}\frac {\partial \phi _z}{\partial y}\right )^2\\&\quad +2 p_1 p_2 \left (\psi _x+\frac {4}{3h^2}\left (\theta _x+\frac {\partial w}{\partial x}\right )+\frac {1}{3}\frac {\partial \phi _z}{\partial x}\right ) \left (\psi _y+\frac {4}{3h^2}\left (\theta _y+\frac {\partial w}{\partial y}\right )+\frac {1}{3}\frac {\partial \phi _z}{\partial y}\right ) \Bigg ] dA \end {split} \label {eq:34}\end {equation}


${\Pi }_p$


\begin {equation}\begin {split} \delta {\Pi }_p &= \int _A \Bigg [ p_1^2 \left ( \delta \psi _x + \frac {4}{3h^2} \left ( \delta \theta _x + \frac {\partial \delta w}{\partial x} \right ) + \frac {1}{3} \frac {\partial \delta \phi _z}{\partial x} \right )\left ( \psi _x + \frac {4}{3h^2} \left ( \theta _x + \frac {\partial w}{\partial x} \right ) + \frac {1}{3} \frac {\partial \phi _z}{\partial x} \right )\\&\quad +p_2^2 \left ( \delta \psi _y + \frac {4}{3h^2} \left ( \delta \theta _y + \frac {\partial \delta w}{\partial y} \right ) + \frac {1}{3} \frac {\partial \delta \phi _z}{\partial y} \right )\left ( \psi _y + \frac {4}{3h^2} \left ( \theta _y + \frac {\partial w}{\partial y} \right ) + \frac {1}{3} \frac {\partial \phi _z}{\partial y} \right )\\&\quad + p_1 p_2 \left ( \delta \psi _x + \frac {4}{3h^2} \left ( \delta \theta _x + \frac {\partial \delta w}{\partial x} \right ) + \frac {1}{3} \frac {\partial \delta \phi _z}{\partial x} \right )\left ( \psi _y + \frac {4}{3h^2} \left ( \theta _y + \frac {\partial w}{\partial y} \right ) + \frac {1}{3} \frac {\partial \phi _z}{\partial y} \right )\\&\quad + p_1 p_2 \left ( \delta \psi _y + \frac {4}{3h^2} \left ( \delta \theta _y + \frac {\partial \delta w}{\partial y} \right ) + \frac {1}{3} \frac {\partial \delta \phi _z}{\partial y} \right )\left ( \psi _x + \frac {4}{3h^2} \left ( \theta _x + \frac {\partial w}{\partial x} \right ) + \frac {1}{3} \frac {\partial \phi _z}{\partial x} \right ) \Bigg ] dA \end {split} \label {eq:35}\end {equation}


$p_1, p_2 \rightarrow \infty $


$\Pi _p$


$w, \theta _x, \theta _y, \phi _z, \psi _x$


$\psi _y$


\begin {equation}\delta {\Pi }_p=\int _{A}(\mathbf {D}_p \delta \mathbf {u})^\top \mathbf {P}(\mathbf {D}_p \mathbf {u}) \,dA \label {eq:36}\end {equation}


$\mathbf {D}_{p}=\mathbf {D}_{\lambda }$


$\mathbf {P}$


\begin {equation}\mathbf {P}=\begin {bmatrix} p_1^2&p_1 p_2\\ p_1 p_2 &p_2^2 \end {bmatrix} \label {eq:37}\end {equation}


\begin {equation}\mathbf {u}_L = \begin {Bmatrix} \mathbf {u} \\ \bm {\lambda } \end {Bmatrix} = \begin {bmatrix} \mathbf {N}_8 & \mathbf {0} \\ \mathbf {0} & \mathbf {N}_2 \end {bmatrix} \begin {Bmatrix} \bar {\mathbf {u}} \\ \bar {\bm {\lambda }} \end {Bmatrix} = \mathbf {N}\mathbf {d}_e \label {eq:38}\end {equation}


$\mathbf {N}$


$\mathbf {d}_e$


$\mathbf {N}_8$


$8\times 8n$


$\mathbf {N}_2$


$2\times 2n$


\begin {equation}\begin {split} &\delta \bar {\mathbf {u}}^{\top }\bigg \{\int _{A_e} (\mathbf {B}_{0}^{\top } \mathbf {A}_{0} \mathbf {B}_0 + \mathbf {B}_0^{\top } \mathbf {A}_{1} \mathbf {B}_1 + \mathbf {B}_0^{\top } \mathbf {A}_{2} \mathbf {B}_2 + \mathbf {B}_0^{\top } \mathbf {A}_{3} \mathbf {B}_3 + \mathbf {B}_1^{\top } \mathbf {A}_{1} \mathbf {B}_0 + \mathbf {B}_1^{\top } \mathbf {A}_{2} \mathbf {B}_1 + \mathbf {B}_1^{\top } \mathbf {A}_{3} \mathbf {B}_2 + \mathbf {B}_1^{\top } \mathbf {A}_{4} \mathbf {B}_3 + \mathbf {B}_2^{\top } \mathbf {A}_{2} \mathbf {B}_0 \\&+ \mathbf {B}_2^{\top } \mathbf {A}_{3} \mathbf {B}_1 + \mathbf {B}_2^{\top } \mathbf {A}_{4} \mathbf {B}_2 + \mathbf {B}_2^{\top } \mathbf {A}_{5} \mathbf {B}_3 + \mathbf {B}_3^{\top } \mathbf {A}_{3} \mathbf {B}_0 + \mathbf {B}_3^{\top } \mathbf {A}_{4} \mathbf {B}_1 + \mathbf {B}_3^{\top } \mathbf {A}_{5} \mathbf {B}_2 + \mathbf {B}_3^{\top } \mathbf {A}_{6} \mathbf {B}_3+ \mathbf {B}_{M}^{\top } \mathbf {N}_0 \mathbf {B}_{N}+ \mathbf {B}_{M}^{\top } \mathbf {N}_0 \mathbf {B}_{N}) dA_e \bigg \} \bar {\mathbf {u}}\\&+ \delta \bar {\mathbf {u}}^{\top }\bigg \{ \int _{A_e} \mathbf {B}_{\lambda }^{\top } \mathbf {N}^{(0)} dA_e \bigg \}{\bar {\bm \lambda }}+ \delta {\bar {\bm \lambda }}^{\top } \bigg \{ \int _{A_e} \mathbf {{N}^{(0)}}^{\top } \mathbf {B}_{\lambda } dA_e\bigg \} \bar {\mathbf {u}} =0 \end {split} \label {eq:39}\end {equation}


$\mathbf {B}_0 = \mathbf {D}^{(0)} \mathbf {N}$


$\mathbf {B}_1 = \mathbf {D}^{(1)} \mathbf {N}$


$\mathbf {B}_2 = \mathbf {D}^{(2)} \mathbf {N}$


$\mathbf {B}_{\lambda } = \mathbf {D}^{(\lambda )} \mathbf {N}$


$\mathbf {B}_M = \mathbf {D}^{(M)} \mathbf {N}$


$\mathbf {B}_N = \mathbf {D}^{(N)} \mathbf {N}$


\begin {equation}\begin {split} \mathbf {K}_{\lambda } &= \int _{A_e} \bigg ( \mathbf {B}_{0}^\top \mathbf {A}_{0} \mathbf {B}_0 + \mathbf {B}_0^{\top } \mathbf {A}_{1} \mathbf {B}_1 + \mathbf {B}_0^{\top } \mathbf {A}_{2} \mathbf {B}_2 + \mathbf {B}_0^{\top } \mathbf {A}_{3} \mathbf {B}_3 + \mathbf {B}_1^{\top } \mathbf {A}_{1} \mathbf {B}_0 + \mathbf {B}_1^{\top } \mathbf {A}_{2} \mathbf {B}_1 + \mathbf {B}_1^{\top } \mathbf {A}_{3} \mathbf {B}_2+ \mathbf {B}_1^{\top } \mathbf {A}_{4} \mathbf {B}_3 + \mathbf {B}_2^{\top } \mathbf {A}_{2} \mathbf {B}_0 \\&+ \mathbf {B}_2^{\top } \mathbf {A}_{3} \mathbf {B}_1 + \mathbf {B}_2^{\top } \mathbf {A}_{4} \mathbf {B}_2 + \mathbf {B}_2^{\top } \mathbf {A}_{5} \mathbf {B}_3+ \mathbf {B}_3^{\top } \mathbf {A}_{3} \mathbf {B}_0 + \mathbf {B}_3^{\top } \mathbf {A}_{4} \mathbf {B}_1 + \mathbf {B}_3^{\top } \mathbf {A}_{5} \mathbf {B}_2 + \mathbf {B}_3^{\top } \mathbf {A}_{6} \mathbf {B}_3 + \mathbf {B}_{\lambda }^{\top } \mathbf {N}\mathbf {B}_{\lambda }+ \mathbf {B}_{\lambda } \mathbf {N}^{\top } \mathbf {B}_{\lambda }^{\top } \bigg ) dA_e \end {split} \label {eq:40}\end {equation}


\begin {equation}\begin {Bmatrix} \delta \mathbf {\bar {u}} &\delta \bar {\bm {\lambda }} \end {Bmatrix}\begin {bmatrix} \mathbf {K}_{uu}& \mathbf {K}_{u\lambda }\\ \mathbf {K}_{\lambda u}& \mathbf {0} \end {bmatrix} \begin {Bmatrix} \mathbf {\bar {u}} \\\bar {\bm {\lambda }} \end {Bmatrix} =0 \label {eq:41}\end {equation}


$\mathbf {K}_{\lambda u}=\mathbf {K}_{u \lambda }^\top $


\begin {equation}\begin {split} &\delta \bar {\mathbf {u}}^{\top }\bigg \{\int _{A_e} (\mathbf {B}_{0}^{\top } \mathbf {A}_{0} \mathbf {B}_0 + \mathbf {B}_0^{\top } \mathbf {A}_{1} \mathbf {B}_1 + \mathbf {B}_0^{\top } \mathbf {A}_{2} \mathbf {B}_2 + \mathbf {B}_0^{\top } \mathbf {A}_{3} \mathbf {B}_3 + \mathbf {B}_1^{\top } \mathbf {A}_{1} \mathbf {B}_0 + \mathbf {B}_1^{\top } \mathbf {A}_{2} \mathbf {B}_1 + \mathbf {B}_1^{\top } \mathbf {A}_{3} \mathbf {B}_2 + \mathbf {B}_1^{\top } \mathbf {A}_{4} \mathbf {B}_3 + \mathbf {B}_2^{\top } \mathbf {A}_{2} \mathbf {B}_0 \\&+ \mathbf {B}_2^{\top } \mathbf {A}_{3} \mathbf {B}_1 + \mathbf {B}_2^{\top } \mathbf {A}_{4} \mathbf {B}_2 + \mathbf {B}_2^{\top } \mathbf {A}_{5} \mathbf {B}_3 + \mathbf {B}_3^{\top } \mathbf {A}_{3} \mathbf {B}_0 + \mathbf {B}_3^{\top } \mathbf {A}_{4} \mathbf {B}_1 + \mathbf {B}_3^{\top } \mathbf {A}_{5} \mathbf {B}_2 + \mathbf {B}_3^{\top } \mathbf {A}_{6} \mathbf {B}_3+ \mathbf {B}_{M}^{\top } \mathbf {N}_0 \mathbf {B}_{N}+ \mathbf {B}_{N}^{\top } \mathbf {N}_0 \mathbf {B}_{M}+ \mathbf {B}_{p}^\top \mathbf {P}\mathbf {B}_p) dA \bigg \} \mathbf {u}=0 \end {split} \label {eq:42}\end {equation}


$\mathbf {K}_{p}$
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$\mathbf {B}_p=\mathbf {D}_p \mathbf {N}$


\begin {equation}\bm {\sigma }=\mathbf {C} \bm {\varepsilon }-\mathbf {C}\bm {\alpha }\Delta T\label {eq:44}\end {equation}


$\mathbf {C}$


$\beta $


$\bm {\alpha }$


\begin {equation}\bm {\alpha }=\mathbf {T} \bm {\alpha }_0 \label {eq:45}\end {equation}


${\bm {\alpha }_0}^\top =\begin {Bmatrix} \alpha _{xx}& \alpha _{yy}& \alpha _{zz}& \alpha _{xy}& \alpha _{yz}& \alpha _{xz}\end {Bmatrix}$


$\mathbf {T}$


$\mathbf {N}_0$


$\mathbf {H}_d$


$\mathbf {H}$


\begin {equation}\mathbf {H}=\sum _{k=1}^{n_l}\int _{z_k}^{z_{k+1}}{\mathbf {C}}^{(k)} \bm {\alpha }^{(k)}\, \,dz \label {eq:46}\end {equation}


$T_{0}$


\begin {equation}\left (\mathbf {K}_{T}-T_0 \mathbf {K}_G\right ) \mathbf {d}_e= \mathbf {0} \label {eq:47}\end {equation}


$\mathbf {K}_T$


$\mathbf {K}_{G}$


\begin {equation}\mathbf {K}_G= \int _{A_e} \bigg ( \mathbf {B}_M^{\top } \mathbf {H}_d \mathbf {B}_N+ \mathbf {B}_N^{\top } \mathbf {H}_d \mathbf {B}_M \bigg ) dA_e \label {eq:48}\end {equation}
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\begin {equation}T=\alpha _{0} T_{cr} \cdot 10^3 \label {eq:49}\end {equation}
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\begin {equation}T_{cr}=\min (T_0) \label {eq:50}\end {equation}
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Nomenclature

a Length of GPLRC plate
b Width of GPLRC plate

h Thickness of GPLRC plate

k Number of GPLRC Layers

o Hadamard Product

n Maximum Number of GPLRC Layers

Vv Total Volume Fraction of GPLs

Wgpr GPL Weight Fraction

pgpr, Mass Density of GPL

p Mass Density of Epoxy

Vgpr, Total Volume Fraction of GPLRC

hy Thickness of a Single Layer of GPLRC Laminate
p1-p, Penalty Parameters

n Number of Degrees of Freedom per Node

AT  Temperature Variation along GPLRC Plate Thickness
B Orientation of Layers in Laminated GPLRC Composite
A Buckling Mode Eigenvalue

v Effective Poisson’s Ratio

E Effective Elasticity Modulus of GPLRC

P Effective Density of GPLRC

a Effective Thermal Expansion Coefficient of GPLRC

a Normalization Factor
N, Number of Finite Elements
T Non-dimensional Critical Buckling Temperature

T,, Minimum Critical Buckling Temperature

structures due to their excellent thermal [1], mechanical [2,3], and electrical properties [4]. Graphene Platelets (GPLs) and their
polymer composites have been extensively studied in terms of their fabrication, functionalization, properties, and applications [5,6].
By tailoring the spatial distribution of GPLs through the thickness of the plate, engineers can achieve optimized structural perfor-
mance, weight reduction, and resistance to thermal degradation [7]. GPLRC plates are particularly suitable for environments subjected
to elevated temperatures, where conventional composites may suffer from thermal instability or reduced load-bearing capacity [8].
Among various structural applications, accurately predicting the thermal buckling behavior of such plates is of significant interest
in the design of aerospace panels, automotive components, and microelectromechanical systems (MEMS) [9,10]. Thermal buckling
is a critical form of instability resulting from temperature-induced expansion, which can lead to sudden and catastrophic failure if
not properly considered during the design phase [11,12]. Moreover, dynamic analysis of GPLRC structures is essential to address
various engineering challenges [13]. These materials belong to a broader class of nanostructure reinforced composites, which also in-
cludes carbon nanotube (CNT)-reinforced composites. Both GPLRCs and CNT-based composites leverage the exceptional properties of
carbon-based nanomaterials to enhance the performance of conventional matrices [14]. Although CNTs have been extensively studied
for their exceptional axial stiffness and high aspect ratio, GPLRCs offer advantages such as better dispersion, easier fabrication, and
improved interfacial bonding with the matrix [15]. Due to their shared and complementary properties, GPLRCs and CNT-reinforced
composites are often grouped as high-performance nano-reinforced composite structures [16,17]. The study of buckling is funda-
mental in structural engineering, particularly for elements such as columns, beams, and plates, as it offers essential insights into
the failure mechanisms of materials and structures [18-20]. Structures can become unstable under certain conditions, resulting in
sudden and catastrophic failures due to buckling [21,22]. Consequently, buckling analysis is essential in the design and evaluation of
systems subjected to diverse loads and environmental factors [23]. Plus, understanding structural behavior is crucial for optimizing
systems [24,25], enhancing engineering performance [26,27], analyzing interaction effects [28], and ensuring compliance with safety
standards. Unlike other failure mechanisms, such as material yielding or fracture, buckling can occur under significantly lower loads
than those required to cause material failure. This makes buckling analysis an essential component of the design process, enabling
engineers to prevent catastrophic failures in structures [29,30], buildings [31], and aerospace components [32,33]. Thermal buck-
ling analysis of composite plates, particularly those incorporating functionally graded or layered GPL distributions, poses significant
computational challenges [34], especially when higher-order theories are used to capture transverse shear deformation and warping
effects [35]. Moreover, finite element modelling and computational mechanics are broad fields with applications across various
domains, including solid mechanics [36], and structural analysis [37]. These disciplines offer powerful tools for analyzing complex
physical phenomena in engineering, physics, and the applied sciences. While higher-order displacement theories can improve accu-
racy, they often result in complex governing equations that require the use of C! continuous shape functions in the finite element
framework, such as Hermite polynomials [38]. However, the implementation of such shape functions increases the complexity and
computational cost of the finite element method (FEM), particularly for multilayered or irregular geometries [39]. The application
of Lagrangian multipliers in analyzing composite structures has been extensively investigated in the literature, demonstrating their

2
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robustness and versatility. For instance, Kiani [40] employed the Lagrangian multiplier technique to analyze the free vibration be-
havior of CNT-reinforced composite plates supported at discrete points, showcasing its effectiveness in handling complex boundary
conditions. Similarly, Chen [41] utilized this approach to derive an exact solution to the eigenvalue problem for a clamped orthotropic
plate subjected to low-velocity impact, highlighting the method’s precision in eigenvalue analysis.

York et al. [42] further extended the analytical framework by incorporating Lagrangian multipliers in the study of skew plates,

illustrating its adaptability to non-standard geometries. As emphasized by Berak [43], the Lagrangian multiplier technique can be
seamlessly integrated with numerical methods such as finite element analysis (FEA), thereby enhancing its applicability to complex,
multilayer, or composite plate systems. Complementing this, the Penalty Method (PM) offers a computationally efficient alternative,
particularly beneficial in large-scale simulations where strict enforcement of constraints via Lagrangian multipliers may increase
system complexity. Reddy’s development of a penalty-based bending element formulation for composite plates [44] exemplifies how
LMM and PM contribute significantly to computational methodologies by simplifying implementation of constraints while maintain-
ing acceptable accuracy.
This paper aims to contribute to computational mechanics by introducing a robust and efficient finite element framework for the
investigation of the buckling behavior of laminated composite plates. The framework specifically is employed for thermal buckling
analysis of graphene platelet-reinforced composite (GPLRC) plates, utilizing General Third-order Shear deformation plate Theory
(GTST). Since ensuring inter-element continuity in numerical implementations of higher-order plate theory can be challenging, the
Lagrange Multiplier Method (LMM) and the Penalty Method (PM) were employed to enforce the constraints in this work. These two
methods allow the formulation to avoid the need for Hermite interpolation functions with C! continuity, which simplifies imple-
mentation while maintaining the accuracy of higher-order plate theories. Specifically, LMM converts the constrained problem into
an augmented system by adding new variables that enforce continuity as equality constraints whereas, regarding the model size, the
Penalty Method (PM) does not add any extra degrees of freedom (DOF). Various GPL distribution patterns through the plate thick-
ness are considered to reflect realistic manufacturing and optimize performance. The finite element model is applied to multilayer
GPLRC plates under different boundary conditions. A systematic study examines how constraint enforcement methods LMM and PM,
GPL dispersion, and plate geometries affect the critical buckling temperature. These findings enhance understanding of advanced
composite behavior and promote their wider engineering application.

2. Theoretical background

Consider a laminated GPLRC plate with length a4, width b, and thickness ~ . The plate is modeled using the General Third-Order
Shear Deformation Theory (GTST), modified to include the nonlinear von Karman terms. The plate is composed of k layers, with
four different GPL distribution patterns along the thickness, as illustrated in Fig. 1. Displacement fields based on GTST have been
presented as [18]:

Uy (X, 3, 2) = u(x, ) + 20,(x, y) + 22w, (x, )

uy(x, 3, 2) = v(x,y) + 20,(x,y) + 2y, (x. y) 1

u(x,y, 2) = w(x, y) + 2 ¢, (x, y)
where u(x, y) and v(x, y) are the in-plane-displacements, and w(x, y) is the transverse displacement at the mid-plane z. 6, and 6, are
the rotations of the mid-plane about the y and x axes, respectively, and ¢, is the higher-order term representing thickness stretching
(curvature-related field). y,, and y, are warping variables in x — z and y — z planes, respectively. These terms provide a more

accurate representation of the plate’s behavior than classical plate theories, particularly for thick or composite laminated plates. The
strain terms considering von Kdrman nonlinearity [45] are:

ou | 00 op. 1 <aw)2
== +-(Z
fox = 5% T 0x ox 2\ ox
2
e 0w 0 Sy 1w
ooy dy dy 2\ oy
EZZ = 22¢Z
ou  dv 20, 00, 30w, OWy\  dw dw @
=Z T =+ )+ 2 )+ 2228
Vay Jdy Ox z< y x z dy 0x ox dy
ow o
]/yz—a—y+9y+zz(3l[/y+ ayz>
Jw )
Yz = 5 +¢9x+z2<3l//x+ a—)j)

where y;; = 2¢;; fori,j = x,y,zand i # .
The strain components considering von Kadrman geometric nonlinearity can be expressed more compactly in matrix form as:

e=e0 4 2e® 4 226@ 4 3P 4 ENL 3
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where €T = {¢,, €,, €. 7y, 7,2 7x,} is the strain vector, and the subscript N L stands for nonlinear terms.
Each term of Eq. (3) can be defined as:

O —pOy, e =py, @ =pOy @ = pAy “
4
enr. = DMuoDMy
where u” = {uv w0, 0, ¢, w, v,} is the vector of displacement parameters. The kinematic operators D©, DIV, D@, D@, D™, and
D®) used in Eq. (4) take the form:
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00 0 0 0 0 0 O
o0 0o 0 0 0 0 0 o
(0 0 0 0 0 0o 0 O
00 0 0 0 0 0 O
@ |00 0 0 0 0 0 0
D=0 0 0 0 0 0 0 o ™
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0 0 0 0 0 0 0 0
The constitutive relation of stress can be presented as [18]:
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Pattern 1 Pattern 2
Pattern 3 Pattern 4

Fig. 1. Different GPL distribution patterns in GPLRC layers.

where C;; denote the components of the stiffness matrix C for the GPLRC plate, as described in [13].
The constitutive relation in matrix form can be presented as:

o =Ce 12)

The effective elasticity modulus, density, and Poisson’s ratio are computed by employing the Halpin-Tsai micromechanical model
and the rule of mixture as addressed in [13]. Graphene platelets (GPLs) are dispersed within epoxy matrix layers. The plate consists
of n; layers of equal thickness, each exhibiting a distinct GPL weight fraction, as shown in Fig. 1. Pattern 1 is an isotropic monotonic
multilayer plate case in which the GPLs are distributed regularly. Pattern 2 indicates that the GPL’s weight fraction is the highest in
the mid-plane and decreases layer by layer when it moves to the top and bottom layers, as shown in Fig. 1. In contrast to Pattern 2,
Pattern 3 has both the top and the bottom layers with the maximum weight fraction of GPLs, which it changes to the lowest by moving
to the mid-plane. In Pattern 4, the GPL’s weight fraction exhibits a non-symmetric linear gradient, with the maximum concentration
at the bottom layer and decreasing progressively toward the top surface (see Fig. 1).

The volume fraction functions of these four GPL distribution patterns have been represented as follows [13]:

Pattern 1: Vgpy = V5

GPL
. 2k=n, -1

Pattern 2: Vp; =2V, ——————

nL

|2k —n, — 1] (13)
Pattern 3: Vgpy = Vip, | 1 = —

L
2k —1

Pattern 4: Vgp; = 2VG*PL¥

n

where k =1,2...,n, =10, and V}

py1. is the total volume fraction of GPL that can be represented as follows:

* - WGPL
GPL ™ Wepr +(pgpr/Pw)(1 = Wopr)

14

where W p;, pgpr and p,, are introduced in the list of symbols.
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If the transverse shear stresses, o, and ¢, are required to be vanished on the top and bottom of the plate, as assumed in the
Reddy third-order theory [46,47], y,. and ¥y, must be zero at z = +h/2. This, in turn, leads to two constraints as follows:

4 Jw 109,
=-—(o —) - = 15
MAREY® ( *Tox/) 3 oox (15)
4 ow) 109,
=t (g, 40w _1%: 16
Yy 3h2<y ay> 3 9y (16)
We introduce thickness-integrated stress resultants provided by integration along the thickness of the layer as:
Moz AT
NO = Z / odz= Z/ COED 1 2eW 4 226@ 4 3Bz
k=1 2k k=1" %k
M2k M2k
NO = Z / ozdz= 2 / CP(ze©® 4 226D 4 3@ 4 24eBygz
k=12 k=172
17

i z n z
N® = Z/ o dz= Z/ T OW(2e® 4 B0 4 2@ 4 PFe®iz
k=17 2k k=17 %k

ny z, n z,
N® = Z/ o ocdz= Z/ o CR(Be® 4 24e® 4 296@ 4 296B)gz
k=17 2k k=1 %k

where n; considered to be the total number of layers as mentioned earlier, and the generic kth ply is characterized by thickness
hy =z, — z, where z; ., z; are the upper and lower bounds. Therefore, the overall thickness can be computed as 1 = ZZI: , hi- The
superscript (k) indicates the k—th orthotropic lamina. Therefore, the constitutive equations presented in Eq. (17) in terms of stress
resultants are:

NO Ay A A Al]e@
N Al A, Ay Al)eD

= ~ 1
N®@ A, Ay AL A5|]e® (18)
NO| A, A, Ay Ag|[e®
where
i Zgl
(Ao A A, Ay A, A, A6}=Z/ COf1 z 2 2 2 5 Sz 19
k=1 2k

It is good to mention that the the components of the matrix A;, A3, and Ay are equal to zero for isotropic plates and symmetric
laminate plates due to the odd function properties in symmetric domains [48].
The variation of the strain energy is the following:

8U = /VaeTa dv (20)
substituting the terms indicated in Eq. (3) into equation Eq. (20) yields:

8U = /V (6© + z6eM + 2266 + 226e®) + 5y, ) T dV (21)
using extended form of Eqgs. (4) and (21) becomes:

8U = / [(D<°>5u)TN<0)+(D“>5u)TN<“+(D<2>5u)TN<2>+(D(3>5u)TN<3)+
A

(22)

(DM 5u)o(DMuw)] TN + (DM u)o(DM su)] "N | d 4

The nonlinear strain terms arising from kinematic effects are small compared to those induced by thermal loads; therefore, all
nonlinear terms except those influenced by these effects are neglected. For the last two terms of the Eq. (21), the commutative
property of the Hadamard product is applied as follows:

(DM 5ueDMu]"TNO = (DM 5u)T(NO o(DMu)) (23)
Since a similar definition applies to the other term, Eq. (22) can be further simplified as:
sU = / [(D(O)éu)TN(O) +(DWsu)'NO + (D@ su)'N® + DD su) TN+
A

(24
DM 5u)TINOodMu)] + (DM u) T INOo(DM su)]|d A
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Considering the property of the Hadamard product, the following simplification can be made [49]:

NOopMy = NOD(N)u

(25)

where the element-wise multiplication of N with D™ is equivalent to the standard matrix multiplication with N,, assuming N, is

a diagonal matrix whose terms on the main diagonal are the components of vector N©,
The variation of strain energy can be rewritten as:

8U = /A [(D(O)(Su)TN(O) +O®Ds5u)"™NO + (DPsu)'N® + (D@ su) ' NO+
DM su)T[No(DMw)] + DN su)T [Ny (DM u)][d A
By applying integration by parts, we obtain:
U = /A 6" [ — O NO) - dDTND) - d@TN®) - @ TNG) - DM TNy DM )] - DN [Ny DM u)][dA +T,
By using the definition presented in Eq. (18):
U = /A 6w’ [ - (D<°>T(A0D<°> +A,DV + A,D? 4 A3D<3>))
- (D<1)T(A1D<°> +A,D0 4+ A,D? 4 A4D<3)))
- (D<2)T(A2D<"> +A;DD 4+ A,D? 4 A5D<3)))
- (D<3)T(A3D<"> +A, DD+ AD? 4 A6D(3)))
— DT[Ny DM)] - D<N>T[N0(D<M>)]] WdA+Ty
where I';; denotes the boundary terms, which can easily be demonstrated as:
Iy = [6w)TINO + NO £ N® + NO 4 Ny@Nu) + Ny w)]| .
3. Lagrange multiplier method (LMM)

The variational statement considering the Lagrange Multiplier Method (LMM) is [44]:

8U + 611, =0

where I1; represents the energy term of the LMM method. The two constraint equations are presented in Egs. (15) and (16).

The variation of the energy term can be stated as:
ST, = / <5>\T (D,u) + (D,L&u)T)\> dA
A

where AT = {ﬂ] /12} represents the Lagrange multiplier vector and the operator D, is represented as:

4 0 4 19
vlo o TE YL T, ]

4. Penalty method (PM)

The variational statement for the penalty case is given by [44]:
U + 611, =0

The energy functional for the penalty function is given by:

2
1 > 4 6w> 10¢, B 4 Jw
m,=- +— (0, +=— )+ = + +—(0,+=—)+
? 2//4[”1(""‘ 3h2(" ox /" 3 ox P\ T 32\ T,

+2, +i(9 +a—w>+l% + 3 (g, 42 +la¢"‘
P1P2\ Wx 3]’!2 X Ox 3 ox l/’y 3h2 y 0}’ 3 ay

(26)

27)

(28)

(29

(30)

(31)

(32)

(33)

(34)
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The variation of I, is:
osw 1 06¢ ow 109
s, = (s 80, + — ) + - —= 0, + — z
p A[”l("’* 3h2( )3 ><W"+3h2( * )+3dx>
) 4 4 9w 1 06¢, 4 ow 109,
+p5( 6 80, +-—= +—(0,+—)+=
”2< U3\t oy )3 )\t s\t ey ) T3y
w106, 4 ow\ 109,
- 0,+=— -
)+ e\t ) T35

4
+P1P2(5Wx 3h2(69 t o
>:|dA

+ B 4 50, 4 Pow +105¢Z +i(0 +a—w)+l
P2\ oWy 3\ 5 ) T35y J\ T3\t ) 3

If p;, p, — oo, the constraints are satisfied exactly. The penalized potential, I1,, is a function of the variables w, 6., 0,, ¢, y,, and y,.

(35)

3 ox

811, = / (D,5uw)"P(D,u)d A (36)
A
where D, = D, as presented in Eq. (32) and the penalty parameters can be collected in the matrix P as:
2
pP= [ Py P|§’2] (37)
P1P2 p;

The finite element method can be applied by employing the standard finite element procedure [50], considering Lagrange interpo-
lating polynomials as:

e (21 (5}

where N collects the shape functions [50] and d, represents the generalized displacement vector. Ny is a mainly diagonal 8 x 8n
matrix, and analogously N, is a mainly diagonal 2 x 2»n matrix.
The discretized form of the system is expressed as follows:

51'1T{ / (BjAoB; +BJA B, +BJA)B, + BJAsB; + B[A;B; + B[A,B, + B[A;B, + B[A,B; + B] A,B,

e

+BJA;B, +BJA,B, + B]AsB; + B{AsB; + BJA,B, + B]AsB, + BJA(B; + B] NBy +B] NBy)d4, }ﬁ (39)

+5ﬁ7{/ BIN(U)dAe}X+55\T{/ N(O)TBAdAe}ﬁzo
A A

where B, = DON, B, = DN, B, = D®N, B, = DN, B,, = DMN , By, = D™N. Eventually, the stiffness matrix for the LMM can
be derived as:
K, = / <BOTAOB0 +BJAB, +BJA;B, + BJA;B; + BA B; + BJA)B, + B/ A3B, + B[A,B; + B]A,B,
A, (40)
+BJA;B, +BJAB, + B]AsB; + BJA;B, + BJA,B, + B]AsB, + B]A;B; + BINB, + BANTBI> dA,
Eq. (39) can also be written in this form:
K

{su 55\}[2: 6”']{2}:0 (41)

where K, = K. Here, the finite element implementation for the Penalty function is presented:

5ﬁT{ / (BJA)B)+BJA B, +BJA,B, + BJA;B; + B/A B+ B/A,B, + B/A;B, + B/A,B; + B] A,B,
A, (42)
+B;A;B; +B]A,B, + B]AsB; + B]A;B; + B{A,B; + B]AsB, + B]AcB; + B N;By + B{N;B,, + B PB,)dA }u =0

Therefore the stiffness matrix K, including the Penalty method is:
K, = /A (BgAOBO +BJAB; +BJA;B, + B{A;B; + B/A B; + B/A;,B, + B[A;B, + B/A,B; + BJA,B;+

P
. (43)
B;A;B, +BJA,B, + BJAsB; + BJA;B; + BJA,B, + B]AsB, + BJA¢B; + B;PBp>dAe

where B, =D,N.
The well-known elastic constitutive equations accounting for thermal effects, expressed in matrix form, are given by:

o =Ce - CaAT (44
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Fig. 2. Convergence plot for a multilayer GPLRC plate employing LMM and PM (a/b = 1,a/h = 100, Ty,,., referred to Ref.[13]).

where C is introduced in Eq. (11).
For a laminated composite plate with orientation of the layer 8, the global thermal expansion matrix « can be derived as:

a=Taq, (45)

where " = {a,, @, @, @, @, a}, notethatonly the membrane terms are nonzero and T is representing a square
matrix.

It is necessary to mention that for the thermal buckling analysis, the nonlinear terms affected by thermal loads are taken into
account. For this reason, N, should be replaced by H, which represents the diagonal form of H for the thermal terms as:

Moz
H=) / COa® gz (46)
k=172
After simplifying the equation terms, the governing equation for determining the critical temperature of the system, Tj, is:
(Kr —TyKg)d, =0 47)

where K; is the stiffness matrix for the thermal buckling of a GTST plate [18]. The stiffness matrices employing the LMM and PM
are addressed in Egs. (40) and (43), respectively. K stands for the geometric stiffness matrix resulting from the thermal force, which
takes the form:

Kg =/ (BLHdBN +B,TVHdBM>dAe (48)
where H, represents the diagonal form of H.

If the solution of PM is taken into account, K; takes the same form as presented in Eq. (48) with the order of 8n x 8n while for the
LMM method, the order of the matrices is 10n X 10n. In the present study, the finite element method (FEM) has been implemented
in an in-house MATLAB code developed entirely from scratch. The initial framework of the code was inspired by the FEM textbook
[50]. The computations were performed using MATLAB’s built-in eigenvalue solver. A structured mesh consisting of Q4 quadrilateral
elements was employed throughout the analysis, with regular rectangular elements as described in the text.

5. Results and discussion

This section presents numerical results of the thermal buckling analysis of the GTST laminated GPLRC plate employing LMM and
PM methods. The dimensions of the plate are considered to be a = b = 1. The material properties of GPL as a reinforcement and epoxy
are given in Table 5. Distribution Patterns 1 to 4 are considered as presented in Fig. 1.

The convergence behavior of the present implementation is thoroughly shown in Fig. 2 (considering n, = 10 for GPLRC plies) for
both LMM and PM solutions. The validity of the model is evaluated with respect to the relative error between the numerical solution
and the exact value taken from [13], where Ty, refers to the exact value resulting from the analytical computation of the same
plate.

Subsequently, a comparison with the literature [51,52], which used a local Kriging meshless method, is shown in Table 2. The
average error is demonstrated to be adequate, when compared to both references [51], and [52]. It should be noted that Q4 represents
a 4-node finite element as introduced in [50].

Results are presented in terms of the non-dimensional form of the temperature as:

T = qyT,, - 10° (49)
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Table 1

Material properties of epoxy and GPL.
Material Properties Epoxy GPL
E (GPa) 3 1010
v 0.34 0.186
p (kgm™) 200 1060
a (°ChH 60-107° 5-107°

Table 2
Critical buckling temperature T = «,T,, - 10° for a simply supported GPLRC
plate (with W, = 0.3), using Q4 20 x 20 elements (a/b =1, a/h = 100, and

v =0.3).
LMM PM Ref [51] Ref [52] Error (%) - LMM Error (%) - PM
0.1203 0.1205 0.1265 0.1272 5.08 5

Table 3

Critical buckling temperature T = a,T,, - 10° for a sim-
ply supported isotropic plate (a/b=1,ay=10°K " E=
10°N/m?, v = 0.3).

a/h Present - LMM Ref [24] Error (%)
16 x 16 18x 18  20x%20

10 10.5 11.05 11.09 11.83 6.25

20 2.716 2.917 2.998 3.089 2.94

100 0.1126 0.1189 0.1203 0.1271 5.35

Table 4

Critical buckling temperature T = a,T,, - 10> of the sim-
ply supported isotropic plate (a/b=1,ay=10°K ' E=
105 N/m?, v = 0.3).

a/h Present - PM Ref [24] Error (%)
16 x 16 18x 18 20 x 20

10 10.5 11.63 11.19 11.83 5.40

20 2.798 2.983 3.021 3.089 2.20

100 0.1114 0.1186 0.1205 0.1271 5.19

where a resulted from the rule of mixture [13]. The critical temperature is computed as:
T., = min(Tp) (50)

where Ty, is carried out based on the eigenvalue solution of the Eq. (47). In all the following computations, N,; = 20 finite elements
are considered, given that such many finite elements provide accurate solutions within a reduced computational time.

Validation based on the number of elements, compared to [24], which used the kp-Ritz method, is summarized in Tables 3 and
4 for LMM and Pm methods respectively. Results indicate an acceptable average error compared to the reference [24]. Both tables
show a consistent trend with respect to the number of elements; as the number of elements increases, the corresponding values also
increase, which is expected and consistent with anticipated behavior. A reduction in error is observed as the plate thickness decreases,
corresponding to an increase in the a/h ratio from the thickest to the thinnest configuration examined in the current study.

According to the results obtained from these two tables, PM seems slightly more accurate than LMM when compared to the same
from [24].

The effects of the weight fraction of GPLs, represented by Wp;, on the thermal buckling behavior of the GPLRC laminates,
considering four distribution patterns, are illustrated in Fig. 3. For this computation, both the LMM and PM methods are considered
to assess the validity of the proposed approach. As observed in Fig. 3, dispersing more GPLs in outer layers of the laminate plate, like
Patterns 3 and 4, results in higher critical temperature values. This highlights that the outer layers of a laminate contribute most to the
bending stiffness because stiffness increases with the distance from the neutral axis, which in turn enhances bending resistance and
delays the onset of thermal buckling. In other words, it is attributed to the fact that the outer layers experience the highest thermal
stresses due to temperature gradients, and the increased stiffness and thermal conductivity from the GPLs help resist deformation
under these conditions.

Fig. 4 illustrates the influence of plate thickness on the critical buckling temperature. As the ratio a/h increases (i.e., as the plate
becomes thinner), the plate stiffness in bending decreases, making it more flexible. Consequently, plates with higher slenderness
ratios exhibit larger thermal deformations under the same temperature rise. This increased deformability lowers the thermal load
required to trigger instability, resulting in a smaller critical buckling temperature compared to thicker (more compact) plates. From

10
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Fig. 3. Critical buckling temperature (T = «,T,, - 10>) vs. GPL weight fraction for a simply supported GPLRC plate: (a) Pattern 1 and Pattern 2, (b)
Pattern 3 and Pattern 4 (a/b = 1,a/h = 100, N,, = 20, n;, = 10).
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Fig. 4. Critical buckling temperature (T = a,T,, - 10>) vs. slenderness ratio a/h for a simply supported GPLRC plate (a/b =1, N,, =20,n, = 10,
Wgpr = 0.3)).

11



S. Qaderi et al. Applied Mathematical Modelling 154 (2026) 116672

0.8 T '
= =Pure Epoxy &
— =Pattern 1 %%J
06| O Pattern2 AN
* Pattern 3 %%69
7/
O Pattern 4 %&
~ 04 1
0.2 1
0
0 1 2 3

Salls}

Fig. 5. Critical buckling temperature (T = «,T,, - 10*) vs. aspect ratio a/b for a simply supported GPLRC plate considering four patterns of GPL
distribution (N,; = 20,n, = 10, Wg;p, = 0.3).

Table 5
Critical buckling temperature (T = «,T,, - 10*) vs. geometric ratio a/b for a simply-supported GPLRC plate
using 20 x 20 Q4 elements considering four GPL’s distribution patterns (a/h = 100, and W, = 0.6).

Pure Epoxy Pattern 1 Pattern 2 Pattern 3 Pattern 4

a/b LMM PM LMM PM LMM PM LMM PM LMM PM

0.5 0.0626 0.0632 0.0630 0.0626 0.0627 0.0619 0.0633 0.0633 0.0634 0.0635
1 0.1108 0.1111 0.1115 0.1114 0.1109 0.1105 0.1120 0.1122 0.1121 0.1121
1.5 0.1931 0.1943 0.1943 0.1947 0.1933 0.1929 0.1953 0.1953 0.1954 0.1952

a physical standpoint, a thinner plate stores less bending strain energy for a given in-plane thermal expansion, and the energy
balance governing buckling is reached at a lower temperature. It is also worth noting that the influence of ratio a/h on critical
buckling temperature becomes significant for ratios more than 25, where shear flexibility reduces the overall bending stiffness and
further affects the thermal buckling response. The aspect ratio a/b significantly influences the thermal buckling behavior of laminated
composite plates, as shown in Fig. 5. Square plates (a = b = 1) generally exhibit higher critical buckling temperatures because their
stiffness and constraint conditions are symmetric in both directions, leading to a more balanced resistance to thermal expansion. As
the aspect ratio a/b deviates from unity, the plate becomes more compliant along its longer dimension. This directional flexibility
reduces the overall bending stiffness and causes non-uniform in-plane thermal stresses, which promote localized deformation and
earlier onset of instability. Consequently, plates with higher aspect ratios a/b store less strain energy before reaching the buckling
condition, resulting in a lower critical buckling temperature. Therefore, plates with extreme aspect ratios are more prone to thermal
buckling due to the combined effects of stiffness asymmetry and uneven stress redistribution.

Table 5 compares the critical buckling temperature parameter 7 for LMM and PM methods, listing the effects of the aspect ratio
a/b considering four distribution patterns. The values were obtained for the simply-supported GPLRC plate using a 20 x 20 finite
element mesh. The results presented in Table 5 demonstrate very good consistency between the two proposed methods, LMM and
PM.

Table 6 lists the impact of the GPL’s weight fraction on the same parameter when four distribution patterns are considered. As
illustrated in Table 6, the results obtained from LMM are in good agreement with those resulting from PM. Study of four distribution
patterns in different weight fractions show that placing more reinforcement material in the outer layers (like Pattern 3 and Pattern
4) results in a higher critical buckling temperature. Moreover, as W, increases from 0.1 to 0.9, the critical temperature 7 increases
monotonically for all four patterns.

Figs. 6 to 8 illustrate the first ten buckling modes of the structure under study. The associated eigenvalues of each buckling mode
4 are noted above each sub-figure. Fig. 6 illustrates the (1-4) buckling modes (eigen modes) of the square GPLRC plate with simply-
supported edges using 20 x 20 Q4, whereas modes (5-8) for the same case are plotted in Fig. 7. Fig. 8 shows modes 9 and 10 for the
equivalent scenario.

6. Conclusions

This study successfully analyzed the role of both the Lagrange Multiplier Method (LMM) and the Penalty Method (PM) in thermal
buckling behavior of higher-order Graphene Platelet Reinforced Composite (GPLRC) plates using the finite element method (FEM).
The General Third-Order Shear Deformation Plate Theory (GTST) was employed to derive the governing equations, combined with the

12
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Table 6
Critical buckling temperature (T = ,T,, - 10*) of simply-supported GPLRC square plate vs.

GPL’s weight fraction (W), using 20 x 20 Q4 elements considering four GPL’s distribution
patterns (a/h = 100).

Pattern 1 Pattern 2 Pattern 3 Pattern 4
Wepr (%) LMM PM LMM PM LMM PM LMM PM
0.1 0.1110 0.1111 0.1108 0.1112 0.1110  0.1108 0.1110  0.1107
0.3 0.1111 0.1112 0.1108 0.1109 0.1114  0.1113 0.1114  0.1116
0.6 0.1115 0.1114 0.1109 0.1105 0.1120  0.1122 0.1121 0.1121
0.9 0.1118 0.1118 0.1110 0.1109 0.1127  0.1127 0.1128  0.1129

(1) = 0.1270 A(2) = 0.29538

1 1
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
% 0.5 1 % 0.5 1
1 A(3) = 0.34941 1 A(4) = 0.51067
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
0 0
0 0.5 1 0 0.5 1

Fig. 6. Buckling modes (1-4) for a simply-supported GPLRC plate (a = b), % = 100, using 20 x 20 Q4 elements using LMM.

rule of mixtures and Halpin-Tsai micromechanical model, to determine the equivalent material properties of the GPLRC. Four distinct
graphene platelet dispersion patterns along the laminated layers were considered. The key findings are summarized as follows:

 The proposed methods enable a streamlined finite element implementation using C° approximations, unlike traditional approaches
that rely on Hermite interpolation functions, which need C! continuity and therefore cause higher computational cost.

¢ Numerical results exhibit excellent agreement with existing literature, validating the accuracy and stability of both LMM and PM
in capturing the complex thermal buckling response of GPLRC plates.

¢ The computational analysis demonstrates that both methods reliably predict thermal buckling behavior while effectively handling

geometric complexities inherent to higher-order shear deformation theories.

This study offers significant insights into advanced composite modeling, establishing a solid foundation for future developments

involving nonlinear effects and experimental validation.

Overall, the research provides a robust computational framework for modeling the thermal behavior of GPLRC laminates, contributing
valuable tools for the design and analysis of advanced composite structures.
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A(5) = 0.5869 A(6) = 0.73463

0 0.5 1 0 0.5 1

A(7) = 0.79555 8) = 0.88664

0 0.5 1 0 0.5 1

Fig. 7. Buckling modes (5-8) for a simply-supported GPLRC plate (a = b), % =100, using 20 x 20 Q4 elements using LMM.

A(9) = 1.0158 A(10) = 1.1591

1
0.8
0.6
0.4
0.2
0
0 0.5

1 0 0.5 1

Fig. 8. Buckling modes (9-10) for a simply-supported GPLRC plate (a = b), % = 100, using 20 X 20 Q4 elements using LMM.
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