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Two-factor model

1. Introduction

Empirical evidence indicates that the conditional volatility of financial assets is influenced by several stochastic components.
Researchers have demonstrated the superiority of employing two factors over a single factor in capturing and modeling the rich
and multifaceted dynamics of volatility. For example, Alizadeh et al. (2002), Bollerslev and Zhou (2002), and de Magistris and
Grassi (2015) support stochastic volatility specifications that incorporate two sources of uncertainty, highlighting the inadequacy
of a simple one-factor volatility model to fully account for the dynamic dependencies observed in the daily volatility of exchange
rates. Additionally, Gallant et al. (1999) and Chernov et al. (2003) find that two-component volatility specifications provide higher
accuracy than single-factor models when fitting equity market data and conclude that at least two components are necessary to
capture the dynamics of volatility.

In addition, Bates (1996), Taylor and Xu (1994), Fouque et al. (2004), Schwartz and Trolle (2009), and Fouque and Lorig
(2011) demonstrate that the introduction of a second volatility factor is crucial for capturing the behavior of the volatility surface
implied by options. Moreover, Bates (2000) and Christoffersen et al. (2009) propose two-factor stochastic volatility models that
significantly outperform closely related one-factor models both in-sample and out-of-sample when applied to equity options data.
Furthermore, Christoffersen et al. (2012) highlight the potential of multi-factor models for capturing time and cross-sectional
variations in the implied volatility structure.

The aforementioned research documents the significantly superior performance achieved by multi-factor volatility models in
continuous time. However, theoretical and empirical studies have also explored the multi-factor nature of volatility in discrete time.
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The generalized autoregressive conditional heteroskedasticity (GARCH) model, originally proposed by Engle (1982) and Bollerslev
(1986), is one of the most popular and effective single-component models for filtering volatility in discrete time, as it inherently
allows for direct estimation of volatility from historical returns. Consequently, given the complex and multifaceted nature of volatility
observed empirically in financial markets, researchers have generalized the original GARCH model to incorporate two volatility
components.

Ding and Granger (1996) propose a novel approach to modeling volatility persistence by employing two GARCH components,
demonstrating a significant likelihood improvement over the standard GARCH model when applied to S&P500 daily returns data.
Another two-component GARCH model is developed by Engle and Lee (1999), who provide evidence in support of volatility
decomposition into two components by investigating the US and Japanese stock equity markets. Adrian and Rosenberg (2008)
further advance this area by proposing a GARCH model with short-run and long-run components that significantly outperforms one-
component GARCH-type models. Leveraging this approach and building on the work of Engle and Lee (1999), Christoffersen et al.
(2008) introduce a Heston-Nandi GARCH model with two volatility components, demonstrating excellent option pricing performance
compared to a one-component GARCH model. The model of Christoffersen et al. (2008) was generalized by Christoffersen et al.
(2014) and Bormetti et al. (2015) by also including the realized variance. Additional evidence supporting the effectiveness of
two-component models on equity returns data is presented in Christoffersen et al. (2010) and Conrad and Kleen (2020).

While existing two-component models have typically assumed a single innovation term in the return equation, there is no
theoretical necessity to presume that both volatility components must be driven by the same stochastic factor. In contrast, Fouque
et al. (2000) and Fouque et al. (2003) provide compelling evidence for the existence of two distinct volatility time scales in asset
returns, each governed by separate random processes. Additionally, Christoffersen et al. (2018) also argue that a two-factor stochastic
volatility model, positing that market-wide and idiosyncratic risks follow different physical processes. Similarly, in the framework
of Conrad and Engle (2021) one volatility component captures abrupt spikes triggered by negative news, while a second, more
persistent component—shaped by macroeconomic expectations, monetary policy, and GDP forecasts—responds asymmetrically to
both positive and negative news, with the latter exerting a more sustained influence. This dual-factor dynamic helps explain the
pronounced short-term asymmetry in volatility as well as its longer-term propagation, as also emphasized in Engle et al. (2013).
Together, these findings underscore the necessity of multi-factor models to accurately capture the nuanced behavior of financial
market volatility.

More recently, Wang et al. (2024) introduced a non-affine model that incorporates two variance components, each driven by
a distinct stochastic factor, by leveraging realized variance. However, their framework implicitly assumes both components are
predictable, given the observability of returns and realized variance. In parallel, Ghanbari (2024) developed a two-factor GARCH
model wherein each volatility component is independently driven by a separate stochastic source. Despite this advancement, the
model assumes no interaction between the volatility components, limiting its capacity to capture complex spillover effects and
dynamic interdependencies within financial markets.

Therefore, in the present work, filling a gap in the GARCH literature, we propose a GARCH model that incorporates two distinct
components, each driven by an independent and unobservable innovation factor. Drawing on the frameworks of Engle and Rangel
(2008), Adrian and Rosenberg (2008), and Engle et al. (2013), our model introduces two separate stochastic factors, enabling it
to more effectively adapt to varying market conditions and capture heterogeneous market dynamics. Specifically, one component
appears to capture market skewness risk — interpreted as a proxy for the tightness of financial constraints — while the other
reflects business cycle risk. Our empirical analysis substantiates this interpretation by identifying two volatility components with
differing sensitivities to external shocks. Moreover, the proposed framework accommodates flexible modeling of volatility spillovers
by allowing for cross-effects between the lagged values of the two components, thus capturing the dynamic interactions inherent in
financial market volatility.

From a mathematical standpoint, the model we propose is a bivariate affine specification that extends the one-factor GARCH
model of Heston and Nandi (2000), allowing for a closed-form expression of the moment-generating function, which allows for
quasi closed-form derivatives pricing. Notably, our proposed framework nests the recent model by Ghanbari (2024), as it allows
for a richer interaction structure between the volatility components. Importantly, this study is the first in the literature to derive
conditions for geometric ergodicity and strict stationarity in a GARCH model driven by two stochastic factors and two volatility
components with coupled dynamics. Additionally, the continuous-time limit of our volatility process recovers the popular stochastic
volatility specification by Christoffersen et al. (2009). However, the continuous-time model of Christoffersen et al. (2009) has four
brownian motions, whereas our model has only two sources of noise which greatly enhances empirical applicability and allow
derivation of statistical properties. Moreover, discretization aligns the model with the inherent discreteness of financial data and
improves the efficiency of filtering unobserved noise processes.

We test the empirical performance of the proposed two-factor GARCH model by comparing it against closely related models
such as the one-factor model of Heston and Nandi (2000), the component GARCH model of Christoffersen et al. (2008), and the
two-factor GARCH model of Ghanbari (2024). We conduct extensive in-sample and out-of-sample exercises, focusing on the S&P500
total return time series. The results show that our model exhibits superior performance compared to the benchmark models in
explaining the cross-section of equity returns. Specifically, the introduction of a second innovation term significantly enhances the
empirical fit compared to single-innovation benchmarks. Furthermore, the advantage of incorporating volatility spillovers leads to
a marked improvement in predictive accuracy, both in-sample and out-of-sample, when applied to returns data.

Finally, after deriving the risk-neutralized version of the proposed model, we utilize it for pricing options written on the S&P500
index. The empirical findings show that the inclusion of a second factor generally enhances the option pricing performance compared
to single-innovation benchmark models across various moneyness and maturity levels.
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The remainder of the paper is organized as follows. In Section 2, we introduce the GARCH model with two innovations, establish
sufficient conditions ensuring strict stationarity and geometric ergodicity, discuss some statistical properties of the model, and derive
a continuous-time limit. Section 3 discusses the parameter estimation procedure in detail. In Section 4, we briefly review some
popular (affine) GARCH models that we use as benchmarks. Section 5 presents the empirical performance of the proposed model
and the benchmarks when applied to the S&P500 total return time series. In Section 6, we perform the risk-neutralization, derive
the expression for the characteristic function, and in Section 7, we test the models in pricing options written on the S&P500. Finally,
Section 8 concludes. All mathematical proofs are gathered in the appendix.

2. Modeling returns with two factors

In this section, we introduce a novel bivariate GARCH model with two innovation factors to capture the different components
of the volatility of log-returns. This model will be labeled GARCH with two factors (GARCH-2F).

Let S, denote the price of a risky asset at time 7 € Z and let us consider the total log-return R, = In(
D,. We model the return process as follows:

R, =p + \/Ul.tZl,t + U2 Zo s ®

where v;, and v,, denote the time-varying variance components. Moreover, we specify the conditional expected return as y, =
r+ A(vy, + vy,), where r represents the (constant) risk free rate and 4 is the (constant) risk premia parameter. Unlike traditional
GARCH models and similarly to cgntinuous time §pochastic volatility models, the specification in (1) contains two sources of risk,
Z,, and Z,,, and we assume Z |, N O, 1, Z,, N 0, 1) with Z,, L Z,, for all t € Z. Note that the (conditional) total variance
of returns is equal to vy, + v,,.

We model the time-varying variance components via the following bivariate system of equations:

2
[U],t] _ [(01] n [ﬂn ﬂll] [UU—I] 4 [a” aIZ] (ZU—' N VUU—') ) @)
Uy o P P (V241 LOTIN)) ( A \/Uz_x—|)2

Eq. (2) specifies two volatility processes governed by Heston-Nandi type GARCH(1,1) dynamics, see Heston and Nandi (2000),
allowing spillovers between each variance component and innovation component. The specification includes only one lag in order to
keep a parsimonious structure, but further lags can be added. Note that there is no spillover if g, = ,; = a;5 = ay; = 0. Moreover, if
Wy = P1p = Py = Po) = aj3 = @y = ap; = 0 we obtain a model with a single volatility component driven by the standard Heston-Nandi
dynamic, see Heston and Nandi (2000).

S;+D,
Si-1

1), including the dividend

Assumption 1. To ensure the positivity of the variances we assume that the parameters of model Egs. (2) satisfy the following
conditions:

a)i>0» ﬁ,-jZO, (1,-j20, i7j=1527

aj+ap >0, ay +ay >0,

Bii+PBi>0, Py +Pp>0.

2.1. Stationarity and ergodicity

In this section, we derive sufficient conditions under which the model given by (1) and (2) generates stationary and ergodic
trajectories.

We prove the geometric ergodicity of {R,,v,}, where v, = (v, v,,)T, based on the Markov chain stability theory of Nummelin
(1984) and Meyn and Tweedie (1993). To this aim, let us define D = [w,, o) X [w,, o) and let us consider the following (non-linear)
state representation of model (1)—(2):

R =u+Gwy, Z)), 3
v,=F@w,_,.W)), (€]

where W,=Z,_, and G : DxR? - R, and F : DxR? — D, are defined as follows:

zZ
Gw,Z,)= [,/vl‘, ,/vz,,] [Z;J] ,

2

(Wl,r -n \/Ul,t—l)
21

(VVz,r —Y24/V24-1 )

R Y B I E L WS

Fo_,W)=0o+pv,_+a
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The process v, is a homogeneous Markov chain with state space (D, B), where 73 is the Borel ¢-algebra on D. Following Chapter
7 of Meyn and Tweedie (1993), we define inductively a sequence of functions F, for t+ = 1,2,3,..., by F,,(x, W,...., W) =
F(F,(x,W,...,W,),W,,,), so that, for any initial condition v, = x and r > 1, we can use Eq. (4) recursively to obtain v, =
F,(x,W,....,W,). If we replace the random disturbances {W,} with a deterministic control sequence, say {w,}, we obtain the
so-called deterministic control model associated to the non-linear state space model (4), see Chapter 7 of Meyn and Tweedie (1993)
for more details.

We use 0 () to denote the Lebesgue measure and P" (x, A) = P (vn € A‘vo = x), for x € D and A € B, to denote the n-step
transition probability measure of the Markov chain v,. For n = 0 we have P%(x, A) = 1 ,4(x), that is the indicator of the set A: 1,(x) = 1
if x € A, 1,(x) =0if x ¢ A. For n = 1 the notation P(x, A) is used. We denote with ||-|| the L,-norm of any vector and matrix and
by p(A) the spectral radius of any square matrix A, ie., p(A) = max{|p;| : ¢, is an eigenvalue of A}.

For later purposes, we introduce the autoregressive matrix of the model (2):

_{putanrt potany;
Por + @1yt P +any;
We state the definitions of the main concepts related to stationarity and ergodicity.

B %)

Definition 1 (Meyn and Tweedie, 1993). A Markov process {v,} is said geometrically ergodic if there exist a probability measure z
on (D, B), a constant 0 < ¢ < 1, and a z-integrable nonnegative measurable function Q such that:

[I1P"(x,) = z()llry <c"O(x), n>0, Vxe€D,

where ||-]|7, denotes the total variation norm, that is ||u|l7 = sup|g < |u(g)| for any signed measure x4 on 3.

Definition 2 (Meyn and Tweedie, 1993). The Markov chain {v,} is y-irreducible if there exists a measure y on B such that, for all
x € D, whenever y(4) > 0, there exists some k > 0, possibly depending on both A4 and x, such that P*(x, A) > 0.

If {v,} is w-irreducible there exists a maximal irreducibility measure M on (D, B), i.e., an irreducibility measure such that
all other irreducibility measures are absolutely continuous with respect to M (Meyn and Tweedie, 1993). Moreover, we set
Bt ={AeB: M(A) >0}

Definition 3 (Nummelin, 1984). A sequence (E,, ..., E;_,) of d non-empty disjoint sets in 53 is called a d-cycle if forall i =0, ...,d -1
and all x € E;:

P(x, EJ‘.') =0, j=i+1 mod (d).

If d = 1, the chain is called aperiodic, otherwise is periodic.
Definition 4 (Nummelin, 1984). A set C € B is called small if there are n > 1, k > 0 and a positive measure v(-) such that
P'(x,-) > kv(-), Vx€C.

The following lemma appropriately defines the measure y so that we achieve y-irreducibility and aperiodicity under mild-
assumptions.

Lemma 2.1. If Assumption 1 holds, p(B) < 1, p(f) < 1 and det(a) # 0, the Markov chain {v,} is y-irreducible, where y(-) = pjqp, (- N 2)
denotes the Lebesgue measure restricted to the set £ defined in Eq. (29) below. Moreover, {v,} is aperiodic.

The proof of the Lemma, together with the other proofs, is reported in the appendix of the article. Here we note that in the proof
of Lemma 2.1 we also derive an explicit form for the density of the transition probability associated to (2), see Eq. (31).

Studying the small sets of an irreducible chain allows us to derive its long-run probabilistic behavior. Specifically, to prove
geometric ergodicity, we first establish the following proposition.

Proposition 2.1. If the assumptions of Lemma 2.1 hold and using the irreducibility measure vy, the set C = {x € D : ||x|| < r}, for any
r > F where F is specified in Eq. (32) below, is a small set.

Then, given that {v,} is irreducible and aperiodic, an appropriate small set exists and we can provide sufficient conditions for
the geometric ergodicity of the process {R,,v,}.

Theorem 2.2. If the assumptions of Lemma 2.1 hold, then {R,,v,} is geometrically ergodic.
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2.2. Other model properties

As shown in the Appendix, the conditional covariance between the total variance V. = vy | +v,,,; and the return R,, is given
by

Cov[Viy1, RiIFi1] = =2y 1(ay; + ax vy, — 2rp(apn + an)vy,. (6)

This expression exhibits greater flexibility than that implied by the simpler one-factor GARCH model in Heston and Nandi (2000).
The inclusion of two leverage parameters y; and y,, and the two-factor structure of the model allows more complex dynamics driven
by both volatility components. For comparison, the covariance for the one-factor GARCH model of Heston and Nandi (2000) is given
by

Cov[v, 1, Ri|F;_1]1 = —2ayv,. @

Moreover, as discussed in Christoffersen et al. (2018), while a volatility model may account for some of the excess kurtosis
observed in financial returns, residual excess kurtosis in the model’s standardized innovations suggests that additional features,
such as multiple volatility components, may be required to fully capture tail behavior. Then, using similar procedure as in Carnero
et al. (2004) and Francq and Zakoian (2019), we derive the (unconditional) kurtosis of return innovations for the GARCH-2F model.

Proposition 2.2. Consider the model (1)-(2) and let ¢, = R, — y,. Assume that p(B) < 1, then the unconditional kurtosis of ¢, is given by

5 E[v] ] +E[v3 1+ 2E[v ,05,] ®

K=

(D) + 0,)?
where 5, = E[v; ] and 0, = E[v,,].

The kurtosis depends on the unconditional second moments E[uit] and IE[U; l of the variance processes v;, and v,,, and
their unconditional covariance E[v;,v,,], reflecting contributions from both components. The inclusion of two variance processes
enhances flexibility in modeling tail behavior, potentially yielding higher kurtosis when v;, and v,, are positively correlated
(i.e., E[v 05,1 > 0,5,). In contrast, the single-factor model of Heston and Nandi (2000) restricts variability to one volatility source,
which may leave more residual excess kurtosis in its innovations, limiting its ability to fully explain the leptokurtosis observed in
return distributions.

2.3. Continuous time limit

In this section, we derive the continuous time limit of the model in Egs. (1)—-(2). We adopt the convergence scheme of Nelson
(1990) and also use the same notation.

Proposition 2.3. If Assumption 1 holds, as the time interval shrinks, the sequence {,R,,,v,} (defined in Eq. (39) of the Appendix)
converges weakly (in distribution) to the solution {R,,v,} of the following stochastic differential equations:

dR, = (r+ AUy, + 0y )t + A f01, AWy + ([03,d Wi,
doy, = (@) +ayy +ap = 01101, = 0150, )dt + 2ay1714/01, d W3, + 2a15724/02,d Wy, 9
dvy, = (@p + @y + @y — 05101, = 0550 )dt + 251111 /01  dW3, + 2a00124/02, AW,y
where the only non-zero correlations between Brownian motions are given by
E [dW, ,dW5,] = —sign(y,)dt, E[dW,,dW,,| = —sign(y,)d1.

We note that the set of Egs. (9) is analogous to the bivariate square-root stochastic volatility specification considered, for example,
in Christoffersen et al. (2009).

2.4. Three nested models

In this section, we present three parsimonious GARCH specifications nested within the GARCH-2F model. This enables a
comparison between the full GARCH-2F model and its nested versions, where spillovers are either restricted or entirely absent.

2.4.1. The GARCH-2F § model
In this model we partially remove the spillover between the two volatilities in Eq. (2), by imposing:

Bio =P =0.
2.4.2. The GARCH-2F a model

In this model we remove the spillover between each volatility and the innovation driving the other. This amounts to imposing:

aj, =y =0.
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2.4.3. The GARCH-2F af model
In this model we remove all the spillover components given by the « and g coefficients. This amounts to setting:

Bra =Py =app=ay =0. 10

By implementing these restrictions, we can completely eliminate the spillovers between the two volatility components, resulting
in a more parsimonious variance process. Notably, under the specification in (10), we recover the interesting two-factor GARCH
model introduced by Ghanbari (2024).

3. Parameter estimation and filtering

In this section, we illustrate a feasible and computationally efficient approach to estimate model (1)-(2). Eq. (1) contains two
sources of unobservable uncertainty, Z, , and Z,,, which implies that we cannot estimate the model as done in traditional GARCH
models, rather we need a filtering method. Following Christoffersen et al. (2012), we note that a key property of a filter is that the
filtered states are equal to their expected values conditional on the relevant information set. Hence, we define the filtered estimates
of Z,, and Z,, conditional to the filtration 7, = c({R,, R,_;,...}) at time ¢ as

Z,=ElZ,|Fl i=12 a

Since Z;, is normally distributed, then also R, is normally distributed so that the conditional expectation in Eq. (11) can be
computed using a well-known result on Normal distributions conditioning, see Chapter 2 of Carlin et al. (2016), that is:
1 R; - /71

Z, = L ), i=1,2, (12)
’ 3. Ult+U2t
\/ Vix ’ ”

where /i, = r + A0}, + U,,) and 7, and 7, denoting the filtered estimates of the conditional variances v;, and v,, respectively,
which can be computed using Eq. (2)

N —\2
[Eu] _ [wl] + [ﬂn /712] [El,t—l] + [‘111 ‘112] (Zl”" “ny UU‘I) ) (13)
U]l |@2f P Paof (U241 ap ap ( AN )2

The log-likelihood function can now be constructed as the product of the conditional distributions across the sample. Specifically,
conditional on 7 ; and 7, ), the log-likelihood function of returns is given by

T 1 = (R, —fi)?
retarms(0) = =5 log Qa(@y, +0y)) - 3 Z‘ ﬁ (14)

where T denote the length of the daily log-returns series.
4. Benchmarks models

Given the affine and two-component structure of model (1)—(2), we will compare it with the following models: the GARCH model
developed by Heston and Nandi (2000), hereafter GARCH-HN, the two-component GARCH model introduced by Christoffersen et al.
(2008), hereafter GARCH-CJOW model, and the GARCH-2Fa of Ghanbari (2024). Both the GARCH-HN and GARCH-CJOW models
employ a single innovation factor, and, for the reader’s convenience, they are briefly recalled below.

4.1. The GARCH-HN model

The return and the volatility processes are defined as follows
R =r+ v, +/v,7Z,,
Vet = @1+ Pryvg, + @ (Z, = 714/,
where Z, = N(0, 1).

4.2. The GARCH-CJOW model

The component GARCH model proposed by Christoffersen et al. (2008) comprises three equations, one for the return process,
one for the long-term variance component ¢,, and one for the short-term variance component s,:
R, =r+ Mg, +5s)+ g, + s, Z,,
Q1 = 01 + By + @ (Z] =1 =211 Z\ g, +5,),
i1 = (B + azzyzz)sr +ap(Z2 = 1-21,Z,\/q,+ 5,

where Z, = N(0, 1).
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Fig. 1. Daily time series of total S&P500 log-returns from January 5, 1988 to December 29, 2023.

5. Empirical results for returns

In this section, we present empirical results for the total S&P500 daily adjusted log-returns time series. Our data span from
January 5, 1988 to December 29, 2023 (9069 daily observations), as shown in Fig. 1.

5.1. In-sample analysis

The estimation procedure described in Section 3 requires, besides the time series of log-returns, also the risk-free interest rate,
which we proxy using the 3-month US Treasury Bill rate. The data for the daily levels of the Adjusted Close Price for the S&P500
total Returns series is retrieved from Refinitiv Datastream, whereas the data for the 3-month Treasury Bill rate are gathered from
the Federal Funds Effective Rate (FRED) dataset.

The in-sample results, based on the maximum likelihood estimation described in Section 3, are illustrated in Table 1. To assess the
model performance we consider the Akaike (AIC) and the Bayesian information criteria (BIC). To further assess the goodness-of-fit
of our model specification we performed a likelihood ratio (LR) test for the GARCH — 2F model and its three nested models versus
the one factor GARCH-HN model. The LR statistics are reported at the bottom of Table 1.

As we may see, the GARCH — 2F model and its nested versions provide superior goodness-of-fit to the returns data compared to
the one-factor benchmark models. The LR statistic is significantly higher, and the AIC and BIC values are lower by at least 60 points.
Moreover, the most parsimonious model, the GARCH — 2Fap proposed by Ghanbari (2024), achieves 30 likelihood extra points
compared to GARCH — CJOW and 130 points compared to GARCH — H N. However, in comparison to GARCH — 2Faf, results
also highlight the significance of including volatility spillovers, either through o« for the GARCH-2Ff model or the § coefficient for
the GARCH-2Fa model specification.

We further assessed the volatility persistence for all the considered models. The persistences of the two variance components
vy, and vy, in model (1)-(2) are defined as the two eigenvalues of the autoregressive matrix B in (5). Whereas, the persistences,
of the GARCH-CJOW model, as discussed in Christoffersen et al. (2008), are equal to f;; + “11712 for the one volatility component
and fy, + a22y22 for the other volatility component. At the bottom of Table 1 we present the persistences of the volatilities for all the
models. A feature that characterize all the component models is that the component displaying the highest g coefficient is also the
one possessing the lowest reaction to innovation shocks, as indicated by the a coefficient. However, the persistence values do not
differ significantly among the nested model specifications and are aligned to the persistences of the GARCH-CJOW model.
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Table 1
Maximum likelihood estimation results.
GARCH-HN GARCH-CJOW GARCH-2F GARCH-2Fp GARCH-2Fa GARCH-2Faf
[oN 0 1.115e—06*** 0 0 0 0
(8.849e-09) (2.193e-07) (6.925e—08) (8.911e-09) (1.695e-08) (2.792e-10)
o, 0 0 0 0
(5.268e-08) (3.351e-09) (2.644e-08) (6.743e-10)
) 5.055e—06*** 1.764e—06*** 2.967e—07** 2.966e—07*** 4.676e—07*** 1.503e—07***
(9.089e-07) (3.426e-07) (1.327e-07) (1.069e-08) (1.108e-07) (5.654e-10)
7 169.418%** 115.328%** 107.640%** 107.638*** 145.708** 358.980%**
(17.864) (26.286) (32.944) (25.913) (88.501) (6.042)
N 0.812%** 0.991%** 0.986*** 0.986*** 0.975%** 0.978 ***
(0.016) (0.001) (0.004) (0.004) (0.014) (0.001)
a 2.441e—-06*** 5.334e-06 ** 5.333e—-06*** 4.195e—-06*** 1.039e—05 ***
(7.818e-07) (8.491e-07) (8.110e-07) (1.556e-06) (2.069e-07)
7 369.261%** 419.987%** 420.007*** 469.691%** 154.782 ***
(115.072) (37.253) (33.263) (85.395) (2.691)
P 0.539%** 2.599e-07 1.607e—-06 0.011 0.684%**
(0.127) (8.989e-07) (1.903e-06) (0.019) (0.013)
ap, 2.921e—-08 *** 2.921e—08***
(1.155e-08) (1.185e-08)
a 1.716e-06%** 1.716e-06%**
(6.431e-07) (6.072e-07)
B 0 0.005%**
(2.107e-08) (0.001)
By 0 0.058%*
(1.373e-08) (0.030)
A 1.101 1.115%*+ 1.630 1.632 2.170 0.903
(1.073) (0.349) (4.790) (1.575) (1.830) (0.953)
Log-likelihood 29,667 29,761 29,831 29,831 29,812 29,797
AIC -59,324 -59,506 —-59,636 -59,640 -59,602 -59,576
BIC —59,288 —59,449 —59,543 -59,561 -59,523 -59,511
LR 0 - 328 328 290 260
Persistence 0.96 0.99 | 0.87 0.99 | 0.94 0.99 | 0.94 0.99 | 0.93 0.99 | 0.93

The estimation period spans from January 5, 1988 to December 29, 2023 (9069 observations). The standard errors, reported in parenthesis, are computed by
inverting the negative Hessian matrix evaluated at the optimum parameter values. [*],[**],[***] denote statistical significance at the 0.1, 0.05, 0.01 levels,
respectively.

When analyzing the model parameters, we observe that for all considered models, the first volatility component returns a g,
estimate around 0.9, which is commonly encountered in the GARCH literature (see Heston and Nandi (2000), Christoffersen et al.
(2008)). A similar pattern holds for «;; and y,. The parameter w, is largely non-significant across most models, except for the
GARCH-CJOW. In the component models, the second volatility component exhibits higher sensitivity to innovations, as reflected by
ay, and y,. The autoregressive parameter f,, for the second component is generally lower than #,, and is not always significant in
the GARCH-2F, GARCH —2Fp and GARCH — 2F«a models.

If we consider the spillover effects between the two volatility components in the GARCH — 2F and the GARCH - 2F f models,
the coefficients a;, and a,, are highly significant. In the GARCH — 2F«a model, the spillovers through the f,, and f,, coefficients are
also significant. Consequently, the more parsimonious GARCH-2F af specification proposed by Ghanbari (2024), which eliminates
spillovers between the two volatility components, is not fully capable of capturing the dynamics of return data.

In Fig. 2, we plot the filtered conditional volatility of the GARCH — HN model and the two volatility components of the
GARCH — CJOW model and GARCH - 2F model. One of the volatility components of the GARCH — 2F model mimics the
dynamics of the one-factor GARCH — H N, and the other volatility component is a slower moving process with much lower variation
over the considered time span.

In Fig. 3, we compare the conditional variances of the one-factor GARCH — HN model and of the two-factor GARCH —2F
model, that is v, , + v,,. The variance of both models displays a similar pattern, however during highly volatile periods, as in 2008
and 2020, the higher spikes of the GARCH — 2F might yield a better description of the high volatility of such periods.

To assess the role of these components in driving equity dynamics, Fig. 4 compares their behavior alongside the innovations in
explaining return dynamics. We observe that the first volatility component, v;,, effectively captures periods of increased volatility,
whereas the second component, v, ,, accounts for the slowly varying patterns of volatility.

As in Christoffersen et al. (2009), in Fig. 5 below, we illustrate how the covariance between returns and variance evolve over
time, using the parameter estimates presented in Table 1 for both the one-factor GARCH-HN model and the two-factor GARCH-2F
model.
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Fig. 2. Filtered conditional volatility for the GARCH — HN (left); GARCH — CJOW total volatility /¢, +s, (center blue) and long-term
volatility component /g, (center red); GARCH —2F first volatility component /o, (right red) and second volatility component /v, (right
blue). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 3. GARCH — HN conditional variance (red) and GARCH —2F total conditional variance v,, + v,, (blue). (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 4. Log-return R, (black) and the GARCH — 2F filtered components ,/v,,Z,, (blue) and ,/v,,Z,, (red). (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this article.)

5.2. Out-of-sample analysis

To test the forecasting performances of the rival models, we forecast the Value-at-Risk (VaR) at the 1% and 5% significance
levels from one to five days ahead. We test the models during different periods of crisis by splitting the dataset into two subperiods
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Fig. 5. Filtered conditional covariance between spot return and variance for the GARCH — HN model (red) and GARCH - 2F (blue). (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

(4534 observations each) and running separate out-of-sample analyses: from January 5, 1988 to December 21, 2005 (to include
the September 11, 2001 crisis) and from December 22, 2005 to December 29, 2023 (to include the 2008 financial crisis and the
COVID-19 period). For each of the considered subsamples, we estimate the model parameters using a rolling window equal to 60%
of the days in the period. That is, we start by using the first 60% of the daily S&P500 total returns to calibrate the models, leaving
the remaining data for the out-of-sample analysis. Then, for each day in the out-of-sample, we re-estimate the model parameters
using the past 60% daily observations and compute forecasts from one to five days ahead.

In particular, for all the competing models, at each forecasting time, we simulate 100,000 sample paths of R, ,, with # =
1,2,3,4,5, according to the return Eq. (1). This is done by randomly simulating the Z, , and Z,, standard normal random variables.
Then, we estimate the VaR at the 1% and 5% significance levels by computing the empirical quantiles of the simulated sample paths
of R p.

We then measure the statistical accuracy of the VaR forecasts by performing the proportion of failures test of Kupiec (1995) and
the correct conditional coverage test of Christoffersen (1998). The results obtained for the proposed GARCH —2F, GARCH —2Fa
and GARCH - 2Fp, together with the competing GARCH —2Faf, GARCH — HN and GARCH — CJOW models, are reported in
Tables 2 and 3.

We note that, overall, the novel two-factor specifications result in a significantly lower number of failures compared to the one-
factor models. For the period from January 1988 to December 2005, both the Kupiec and Christoffersen tests confirm the superior
performance of the GARCH-2F models, particularly the GARCH-2F 8, which consistently performs well at both the 95% and 99%
confidence levels, outperforming the GARCH-2F af model with no spillovers between the volatility components. For the period from
December 2005 to December 2023, the GARCH-2F and GARCH-2F § models exhibit similar performances.

In addition, we further compare the accuracy of the VaR forecast using the Model Confidence Set (MCS) introduced by Hansen
et al. (2011). Following Gonzélez-Rivera et al. (2004), we measure performance by means of the quantile loss function as in Bassett
and Koenker (1978), defined as

QL (9 = = Lig,, ,<var,, 9} Rryr = VaR; £ (9),

where VaR,,,(9) denotes the VaR on day 7 + ¢ at the significance level 9. Moreover, to check if the forecasts of the models
GARCH — CJOW, GARCH —2F, GARCH - 2Fa, GARCH - 2Ff and GARCH - 2Fap significantly differ from the ones of the
GARCH — H N benchmark we performed the test of Diebold and Mariano (2002). The quantile losses and the p-values are reported
in Table 4.

Overall, the GARCH - 2F model, its three nested specifications, and the GARCH — CJOW model return significantly different
forecasts compared to the ones of the GARCH — HN as indicated by the p-values for both periods and significance levels. For the
period from January 5, 1988 to December 21, 2005, all the four GARC H — 2F models return lower quantile lossess, thus indicating
a superior VaR forecasting accuracy and are included in the MCS, contrary to the GARCH — CJOW model. In the period from
December 22, 2005 to December 29, 2023, only the GARCH — 2F § is always included in the MCS and outperform the benchmark
models by returning lower quantile losses.

6. Option pricing
In this section, we derive results that allow us to value option contracts using the four proposed two-factor models. First, we

perform the risk-neutralization of these models. Second, we estimate the GARCH-2F model (and its nested models) by jointly using
returns and options data.

10
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Table 2
Likelihood ratio test statistic of Kupiec (1995), p-values in parentheses.
January 1988 to December 2005

9=5%

=1 =2 =3 =4 =5
HN 52.206(0.000) 52.206(0.000) 54.805(0.000) 53.499(0.000) 54.805(0.000)
cJow 36.641(0.000) 40.024(0.000) 37.755(0.000) 34.457(0.000) 35.542(0.000)
2F 7.113(0.007) 6.496(0.011) 7.761(0.005) 7.113(0.007) 7.113(0.007)
2Fp 2.275(0.132) 1.644(0.200) 1.644(0.200) 1.644(0.200) 1.946(0.163)
2Fa 7.415(0.007) 7.965(0.005) 9.120(0.003) 9.724(0.002) 13.008(0.000)
2Fap 0.984(0.321) 1.440(0.230) 1.202(0.273) 1.202(0.273) 1.202(0.273)

December 2005 to December 2023

9=5%

=1 =2 =3 ‘=4 =5
HN 9.688(0.001) 10.309(0.001) 9.688(0.001) 10.309(0.001) 9.688(0.001)
CJIOW 2.264(0.132) 2.923(0.087) 2.923(0.087) 2.264(0.132) 2.583(0.108)
2F 5.379(0.020) 5.379(0.020) 5.379(0.020) 4.852(0.021) 4.354(0.037)
2Fp 1.961(0.161) 2.648(0.104) 2.648(0.104) 2.291(0.130) 2.648(0.104)
2Fa 2.648(0.104) 2.648(0.104) 2.648(0.104) 1.961(0.161) 1.961(0.161)
2Faf 0.034(0.854) 0.006(0.940) 0.006(0.940) 0.006(0.940) 0.006(0.940)

January 1988 to December 2005

9=1%

=1 =2 =3 =4 =5
HN 81.442(0.000) 73.481(0.000) 76.104(0.000) 73.481(0.000) 70.891(0.000)
cJow 115.931(0.000) 115.931(0.000) 98.179(0.000) 95.317(0.000) 89.679(0.000)
2F 0.781(0.377) 0.437(0.509) 0.001(0.976) 0.001(0.976) 0.042(0.838)
2Fp 2.352(0.125) 2.352(0.125) 2.352(0.125) 2.352(0.125) 1.743(0.187)
2Fa 0.001(0.976) 0.073(0.788) 0.263(0.608) 0.073(0.788) 0.073(0.788)
2Faf 7.611(0.006) 4.654(0.031) 3.042(0.081) 3.042(0.081) 3.042(0.081)

December 2005 to December 2023

9=1%

=1 =2 =3 =4 =5
HN 49.055(0.000) 40.323(0.000) 38.239(0.000) 38.239(0.000) 38.239(0.000)
CIOW 26.628(0.000) 21.439(0.000) 19.808(0.000) 18.228(0.000) 15.226(0.000)
2F 0.266(0.606) 0.583(0.445) 0.583(0.445) 1.632(0.201) 1.632(0.201)
2Fp 5.558(0.018) 3.801(0.051) 3.033(0.082) 3.033(0.082) 2.344(0.126)
2Fa 15.226(0.000) 12.445(0.000) 11.141(0.001) 9.897(0.002) 8.715(0.003)
2Faf 16.700(0.000) 12.445(0.000) 8.715(0.003) 6.543(0.011) 5.558(0.018)

6.1. The GARCH-2F risk neutral dynamics

Egs. (1)-(2) define the return and the volatility dynamics under the physical measure. In this section, we risk-neutralize the
model, so that we can compute option prices. Following Christoffersen et al. (2012), we consider a pricing kernel with affine dynamic

M- e—r—ﬁ(\/U]‘rzl,r+\/”2,rzz,z)
! E[e_f(\/Ul.tZI,t+\/U2,tzZ,t) | ] ’

where E denotes the expectation operator under the physical measure. Accordingly, we guess the conditional Radon-Nikodym
derivative in the following form

do, B AWV Z1it /021 22,)

(15)

= ) (16)
dp E eA(\/Ul.rZI,r+\/UZ,rZZ,1)‘Pt_I:I
and we impose
do,
— =M., 17
ap, ~ ¢ 17)

so that using Egs. (15)—(17) we obtain A = —¢. Therefore, we have the following result.

Proposition 6.1. Let us consider the return process specified by Eq. (1), then the equivalent martingale measure QQ associated to the
Radon-Nikodym derivative in (16) exists if and only if the coefficient A satisfy

1
A=—-A-. 18
3 (18)

11
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Table 3
Likelihood ratio test statistic of Christoffersen (1998), p-values in parentheses.
January 1988 to December 2005

9=5%

=1 =2 =3 =4 =5
HN 53.399(0.000) 53.399(0.000) 55.774(0.000) 54.577(0.000) 56.362(0.000)
cJow 37.093(0.000) 41.201(0.000) 39.923(0.000) 37.138(0.000) 40.089(0.000)
F2 9.294(0.009) 8.515(0.014) 10.111(0.006) 9.294(0.009) 13.271(0.001)
2Fp 3.143(0.208) 2.326(0.313) 2.326(0.313) 2.326(0.313) 2.718(0.257)
2Fa 7.462(0.024) 8.211(0.017) 9.688(0.008) 11.661(0.003) 18.748(0.000)
2Fap 1.030(0.598) 2.341(0.310) 3.154(0.207) 3.154(0.207) 3.154(0.207)

December 2005 to December 2023

9=5%

=1 =2 =3 ‘=4 =5
HN 11.631(0.003) 12.103(0.002) 11.631(0.003) 12.103(0.002) 11.631(0.003)
CJIOW 3.662(0.160) 5.028(0.081) 5.028(0.081) 4.698(0.096) 4.850(0.089)
2F 8.689(0.013) 8.689(0.013) 8.689(0.013) 7.957(0.019) 7.262(0.026)
2Fp 3.839(0.147) 4.841(0.089) 4.841(0.089) 5.878(0.053) 6.456(0.040)
2Fa 8.416(0.015) 8.416(0.015) 8.416(0.015) 7.176(0.028) 7.176(0.028)
2Faf 2.774(0.250) 2.566(0.277) 2.566(0.277) 2.566(0.277) 2.566(0.277)

January 1988 to December 2005

9=1%

=1 =2 =3 =4 =5
HN 82.208(0.000) 74.554(0.000) 77.067(0.000) 74.554(0.000) 72.078(0.000)
cJow 115.996(0.000) 115.996(0.000) 98.494(0.000) 95.692(0.000) 91.254(0.000)
2F 1.322(0.516) 0.929(0.628) 0.362(0.834) 0.362(0.834) 0.444(0.801)
2Fp 3.206(0.201) 3.206(0.201) 3.051(0.218) 3.051(0.218) 2.387(0.303)
2Fa 0.362(0.834) 0.395(0.821) 0.548(0.760) 0.395(0.821) 0.395(0.821)
2Faf 10.126(0.006) 5.219(0.074) 3.791(0.150) 3.791(0.150) 3.791(0.150)

December 2005 to December 2023

9=1%

=1 =2 =3 =4 =5
HN 49.385(0.000) 40.478(0.000) 38.360(0.000) 38.360(0.000) 38.360(0.000)
CIOW 26.633(0.000) 21.445(0.000) 19.824(0.000) 18.258(0.000) 16.768(0.000)
2F 2.558(0.278) 3.111(0.211) 3.111(0.211) 1.820(0.403) 1.820(0.403)
2Fp 6.043(0.049) 4.454(0.108) 3.783(0.151) 3.783(0.151) 3.199(0.202)
2Fa 19.300(0.000) 17.065(0.000) 16.054(0.000) 15.116(0.001) 14.254(0.001)
2Faf 16.750(0.000) 12.586(0.002) 8.999(0.012) 6.954(0.031) 6.043(0.049)

Finally, the following proposition yields the dynamic of the risk-neutralized processes {R,}, {v;,} and {v,,}.

Proposition 6.2. Under the risk-neutral measure Q, the dynamics of the return and of the two variance components are as follows:

1
r— 3 (vl’, + vzy,) + ‘/Ul’,ZI‘J + UZJZ;J, (19)

* * 2
[Ul,t+l] _ [wl] " [ﬁu ﬂn] [Zl,z] n [Zu 0‘12] (ZT,,—VIVULr)z , 20)
2.1 21

U241 @, P b 22 (Zikt_},; Uz,x)

where Zr, ~ N©O,1) and z;, ~ NQO1D denote the risk-neutral shocks and rnn=ntit % and v,=rntit % are risk-neutralized
parameters.

R,

6.2. Moment generating function

Egs. (1)—(2) allow us to derive the moment generating function using a standard procedure as in Heston and Nandi (2000).

Proposition 6.3. The conditional moment generating function for the logarithm of the terminal stock price In Sy, that is

SA®) = E[e#15T

can be computed as

f’,], 1<T, 1)

fid) = P IS+ ADIHBY (D01 111 +B (B)02141 | (22)
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Table 4
QL,,,(9) ratios with respect to GARCH-HN and p-values of the test of Diebold and Mariano (2002) are reported in parentheses (left column);
Models included in the MCS of Hansen et al. (2011) according to QL,,.(9) function (right column).

January 1988 to December 2005

9=5%

=1 =2 =3 ‘=4 =5

QL MCS QL MCS QL MCS QL MCS QL MCS
HN 1 1 1 1 1
cJjow 1.021(0.000) 1.023(0.000) 1.025(0.000) 1.025(0.000) 1.025(0.000)
2F 1.073(0.000) 4 1.074(0.000) v 1.075(0.000) v 1.077(0.000) v 1.078(0.000) v
2Fp 1.059(0.000) v 1.060(0.000) v 1.060(0.000) v 1.061(0.000) v 1.062(0.000) v
2Fa 1.050(0.000) 4 1.050(0.000) v 1.050(0.000) v 1.049(0.000) v 1.048(0.000) v
2Fap 1.056(0.000) 4 1.056(0.000) v 1.057(0.000) v 1.057(0.000) v 1.058(0.000) v

December 2005 to December 2023

9=5%

=1 =2 =3 =4 =5

QL MCS QL MCS QL MCS QL MCS QL MCS
HN 1 v 1 1 v 1 v 1 v
cJow 1.015(0.001) 4 1.017(0.000) 1.018(0.000) v 1.018(0.000) v 1.018(0.000) v
2F 0.983(0.000) 0.986(0.000) 0.987(0.000) 0.988(0.000) v 0.988(0.000) v
2Fp 1.054(0.000) v 1.054(0.000) v 1.053(0.000) v 1.050(0.000) v 1.049(0.000) v
2Fa 0.985(0.000) 0.985(0.000) 0.985(0.000) 0.985(0.000) 0.985(0.000)
2Fap 1.027(0.000) 4 1.028(0.000) 1.028(0.000) v 1.027(0.000) v 1.026(0.000) 4

January 1988 to December 2005

9=1%

=1 =2 ‘=3 =4 =5

QL MCS QL MCS QL MCS QL MCS QL MCS
HN 1 1 1 1 1
cJow 0.919(0.000) 0.927(0.000) 0.932(0.000) 0.934(0.000) 0.936(0.000)
2F 1.257(0.000) 4 1.236(0.000) v 1.231(0.000) v 1.221(0.000) v 1.224(0.000) v
2Fp 1.244(0.000) v 1.234(0.000) v 1.233(0.000) v 1.223(0.000) v 1.221(0.000) v
2Fa 1.240(0.000) v 1.229(0.000) v 1.221(0.000) v 1.210(0.000) v 1.201(0.000) v
2Fap 1.237(0.000) 4 1.234(0.000) v 1.234(0.000) v 1.230(0.000) v 1.226(0.000) 4

December 2005 to December 2023

9=1%

=1 =2 ‘=3 =4 =5

QL MCS QL MCS QL MCS QL MCS QL MCS
HN 1 1 1 1 1
cJow 1.097(0.000) 4 1.104(0.000) v 1.111(0.000) v 1.114(0.000) v 1.119(0.000) v
2F 1.138(0.001) 4 1.134(0.001) v 1.129(0.001) v 1.121(0.001) v 1.120(0.001) 4
2Fp 1.127(0.000) v 1.131(0.000) v 1.129(0.000) v 1.132(0.000) v 1.134(0.000) v
2Fa 1.101(0.002) v 1.099(0.001) v 1.096(0.001) v 1.095(0.001) v 1.094(0.002) v
2Faf 1.144(0.007) 4 1.151(0.003) v 1.151(0.002) v 1.154(0.001) v 1.157(0.001) 4

Values greater than one indicate better out-sample performance.

where the expressions for A,(¢), B ,(¢) and B, ,(¢) can be computed using the recursion Egs. (71) in Appendix.
6.3. Valuation of options

Let us consider a European Call option on the underlying asset .S, with strike price K and maturity 7. Using the inversion theorem
in Gil-Pelaez (1951), the option price at a generic time 7 < T, which we denote by C,, is computed as follows:

o @ = K @fg+1)
C==-5+%—" [ Re|—t "~ 23
2 ot 7 /0 € i$ (23)
11 e | KTrrae)
_KerT-n L _/ Re | — 2%
¢ P i® ’

where, as in Heston and Nandi (2000), f;* denotes the (conditional) moment generating function under the risk-neutral measure,
that is function (22) evaluated using risk-neutral parameters. Put option values can be calculated using the well-known put—call
parity as in Heston and Nandi (2000).
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Table 5
Number of S&P500 option prices considered, sorted by moneyness and day-to-maturity
(DTM).
Moneyness Number of option prices
Maturity
14 < DTM <50 50 < DTM <150 150 < DTM <365 All
08<K/S, <09 156 573 1133 1862
09<K/S, <1.02 817 1997 2527 5341
1.02<K/S, <12 245 807 1117 2169
All 1218 3377 4777 9372

7. Option valuation empirics

We consider European options, both Put and Call, written on the S&P500 index, with data retrieved from Thomson Reuters Eikon
Datastream. Specifically, we consider options with maturities ranging from March 31, 2021 (the nearest maturity) to December 31,
2023 (the farthest maturity), and we analyze the time series of their daily prices from February 10, 2021, to December 29, 2023.

As a common practice, see for example Christoffersen et al. (2012), Ballestra et al. (2023) and Ballestra et al. (2024), we apply
several exclusion filters to obtain the final panel of option contracts. We keep only the options with time-to-maturity between 14
and 365 days and we select only out-of-the-money Put and Call options (we compute the moneyness as K/.S,, where K is the strike
price and S, is the underlying index level), and we filter out illiquid quotes by selecting only the six most liquid strikes at each
maturity, and we consider option quotes only on Wednesday. Finally, we remove price quotes lower than 3.8$.

In Table 5, we report the resulting number of option prices on the S&P500 index, sorted by moneyness and days to maturity,
for a total of N = 9372 options prices.

7.1. Parameter estimation using both returns and options

A common practice for estimating parameters using daily time series of log-returns and a panel of option contracts is using
a suitably weighted log-likelihood function, see Christoffersen et al. (2012) and Ballestra et al. (2023). The log-likelihood for the
returns series, ¢pewums(0), is already available in Eq. (14), whereas, for the N option prices, we proceed as follows. First, we define
the error on the volatility implied by the ith option price as

TVMKT _ [y MOD

_ i i
&= TV MKT ’ (24)
where IV MKT and 1V MO denote the market and the model volatilities implied by the ith option price, which we compute via the
Black-Scholes model. Then, by assuming a Gaussian distribution for e;, we can derive the log-likelihood associated to the option
pricing errors as

e?

1
=, (25)
il

M=

N 1
foptions(e) = ) log (27[0'3) )

where %2 represents the variance of the option pricing errors.

The number N of data points available from the option panel could be significantly higher than the number T of daily returns,
see Section 4. Therefore, following Christoffersen et al. (2012), we assign an equal weight to returns and option prices by considering
the following weighted joint (total) log-likelihood:

Fiom(@) = T f"pt‘;‘sw) R f‘e‘“;“s(e).

The joint estimation results are presented in Table 6. We calculated standard information metrics AIC and BIC, and we also report
the persistence values, as we did in Table 1. We observe different persistence values around 0.98 and 0.97 for the two volatility
components, compared to the returns data-only estimation, which were 0.99 and 0.92. Additionally, we report the variance of the
option pricing errors. The proposed GARCH-2Fp model return the highest joint likelihood values and lower AIC and BIC compared
to the benchmark models, indicating improved performance in fitting both option and returns data. The GARCH-2F models allowing
for spillovers have highly significant parameters and provide a superior fit compared to the GARCH-2Faf model.

(26)

7.2. Empirical results for options

To assess the performance of the six competing models (including the models nested by the GARCH-2F) in option pricing, we
follow Christoffersen et al. (2012) and employ the (percentage) implied volatility root mean square error:

N

1 MKT MOD\2

¥ (TVMET _ jy MOD)*, 27)
i=1

IVRMSE(%) = IOOX\J
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Table 6
Joint maximum likelihood estimation results.
GARCH-HN GARCH-CJOW GARCH-2F GARCH-2Fp GARCH-2Fa GARCH-2Faf
[oN 6.529e—07%** 8.109e—06*** 1.207e-12 1.207e-12 1.207e-12 1.207e-12
(2.828e-11) (3.053e-08) (3.195e-12) (1.624e-12) (1.804e-11) (1.898e-12)
w, 1.207e-12 1.207e-12 4.928e—08*** 4.928e—08***
(2.887e-12) (4.240e-12) (4.081e-11) (6.855e—-12)
) 1.738e—06*** 4.972e—06*** 3.545e-11 3.545e—11%*** 3.545e-11 3.545e-11
(2.279e-10) (7.820e-09) (3.411e-12) (3.532e-12) (5.671e-12) (2.660e-12)
7 335.931%** 291.608*** 132.891%** 132.892%** 132.891%** 132.891***
(0.016) (0.443) (0.043) (0.091) (0.028) (0.014)
N 0.772%** 0.907*** 0.985%** 0.985%** 0.984%*** 0.985%**
(1.337e—04) (0.002) (1.107e-04) (5.428e-04) (1.617e—04) (2.719e-04)
a 2.525e—-06*** 2.175e—-06%** 2.175e-06*** 2.175e-06%** 2.168e—-06***
(4.856e—-07) (2.618e-10) (4.533e-10) (1.704e—09) (6.660e—10)
7 149.761%** 274.319%** 274.323%%* 274.319%** 274.318%%*
(0.017) (0.087) (0.434) (0.064) (0.072)
P 0.741%** 0.803*** 0.802%** 0.803*** 0.804%**
(5.498e-04) (1.007e—04) (3.695e—-04) (8.350e—-05) (2.134e-04)
ap, 1.135e—11%*** 1.135e—11%**
(1.475e-12) (1.255e-12)
a, 1.230e-13 1.231e-13
(1.965e-12) (3.158e-12)
Pin 0.000 1.622e—05***
(4.466e—-08) (1.350e-08)
P 3.220e—-05%** 1.622e—05***
(4.902e—-09) (1.414e-08)
A 0.158%** —6.816%** 3.179%** 3.177%** 3.179%** 3.178%**
(1.583e—-05) (0.007) (5.890e—-04) (0.002) (0.004) (3.443e-04)
Log-likelihood 28,039 27,251 28,135 28,135 28,126 28,118
AIC -56,068 —54,486 —-56,244 -56,248 -56,230 -56,218
BIC -56,029 —54,443 —56,142 -56,162 —56,144 —56,148
63‘ 0.084 0.076 0.085 0.083 0.085 0.086
Persistence 0.97 0.96 | 0.81 0.98 | 0.97 0.98 | 0.97 0.98 | 0.97 0.98 | 0.97

The estimation period spans from January 5, 1988 to December 29, 2023 (9069 observations) for the returns, and spans from February 10, 2021 to November 29,
2023 (9372 observations) for the option prices. The standard errors, reported in parenthesis, are computed by inverting the negative Hessian matrix evaluated at
the optimum parameter values. The variance o2 is calculated as the empirical variance estimator of the N option implied volatility errors. [*],[**],[***] denote

e

statistical significance at the 0.1, 0.05, 0.01 levels, respectively.

The results obtained, shown in Table 7, reveal that the novel two-factor specifications yield better performance compared to the
benchmark approaches when pricing options. In particular, the GARCH-2F model and its nested models return lower (from 2% to
4%) overall implied volatility pricing errors compared to the one factor GARCH-HN benchmark model. By sorting the options for
moneyness and days to maturity, the GARCH-2F and its nested models provide consistent results, that is lower IVRMSE than the
one-factor benchmark models, and reveal more robust performance in pricing out-of-the money options (0.8 < K/.S, < 0.9). Notably,
the parsimonious GARCH-2Fa model demonstrates slightly better performance across both moneyness and days to maturity.

8. Conclusions

Accurately capturing the complex and multi-faceted nature of volatility is crucial for effective financial analysis and risk
management. In this paper, we introduce a novel GARCH specification with two volatility components each driven by an independent
stochastic factor, an approach commonly used in the continuous time (stochastic) volatility models, see, e.g., Christoffersen et al.
(2008) and Fouque and Lorig (2011), yet still overlooked in discrete-time GARCH models.

We conducted a theoretical investigation that establishes, for the first time, sufficient conditions for strict stationarity and
geometric ergodicity in a two-component GARCH model driven by independent stochastic factors. Additionally, we derived a
continuous-time limit for the proposed GARCH-2F model, which recovers a well-known bivariate square-root stochastic volatility
specification. Finally, we considered three more parsimonious nested models: the GARCH-2F a, GARCH-2F 8, and GARCH-2F a3, the
latter introduced by Ghanbari (2024).

We empirically tested the two-factor models on S&P500 total log-returns data and compare their in-sample and out-sample
performance against one-factor affine benchmark models. Overall, the two-factor models demonstrate superior in-sample and out-
sample VaR prediction accuracy. Then, we also considered the pricing of options on the S&P500 index. The two-factors model
provide lower implied volatility pricing errors, particularly for out-of-the money options, when estimated jointly using returns and
options data.
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Table 7
Implied volatility root mean square error, in percentage points.

Panel A: IVRMSE(%) overall

HN CJOW F2 F28  F2a  F2af

5.383 5.573 5.273 5.273 5.200 5.161
Normalized 1.000 1.035 0.980 0.980 0.966 0.959
Panel B: IVRMSE(%) by moneyness
Moneyness HN CJOW  F2 F2p F2a Fap
08<K/S, <09 7.212  7.418 6.936 6.935 6.831 6.765
Normalized 1.000 1.029 0.962 0.962 0.947 0.938
09<K/S, <1.02 4918 5.091 4.835 4.834 4769 4.735
Normalized 1.000 1.035 0.983 0.983 0.970 0.963
1.02< K/S, <12 4.874 5.103 4.873 4.873 4.810 4.784
Normalized 1.000 1.047 1.000 1.000 0.987 0.982
Panel C: IVRMSE(%) by day-to-maturity (DTM)
Maturity HN cJow F2 F2p Fla Fap
14 < DTM <50 5.902 5.658 5.819 5.818 5.746 5.712
Normalized 1.000 0.959 0.986 0.986 0.974 0.968
50 < DTM <150 5.050 5.200 4.949 4948 4.872 4.832
Normalized 1.000 1.030 0.980 0.980 0.965 0.957
150 < DTM < 365 5.478 5.809 5.355 5.355 5.284 5.243
Normalized 1.000 1.061 0.978 0.978 0.965 0.957

The approach proposed in this article can be extended in many directions. Potential extensions include incorporating fat-tailed
distributions for the innovations while preserving model affinity, exploring different specifications for the drift of the return process
(e.g., an autoregressive model), and considering additional lags.
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Appendix

Proof of Lemma 2.1. We need to prove that for each k € N, the k-step transition probability density of {v,} is strictly positive
over the set of states 22 defined below. This ensures that if the set 2 has positive Lebesgue measure, then {v,} is irreducible w.r.t.
the Lebesgue measure restricted to (2, that is the measure y, see Meyn and Tweedie (1993).
We begin by studying the set of states that are reachable in one step from an initial state x = (x;,x,)’ € D, which we denote by
Gy,
Given an initial value x and using Egs. (2) and Assumption 1, we derive the set of points y = (y,»,)" that can be reached by
the process {v,} in one step starting from x as

Gy ={y€D : yZucc(D"'ﬂx}s
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where >,,. denotes component-wise inequality. We proceed deriving the reachable set in two-steps, G, , which includes the points
z =(z;,2,)7 that can be reached by the process {v,} in two-steps starting from x, i.e.,

GXVZ:{ZGD:zzma)+,By, yeGle}.
Similarly, the reachable set in k-steps starting from x can be recursively obtained as follows
Gx,k={zeD: Z 2> @+ Py, yer,k,l}.

By induction and using Proposition 1.5.31 Hubbard and Hubbard (2009) we can derive a more compact expression for G, ;, that
is:

Gx.k={zeD:zzm (Iz—ﬂk)(Iz—[})_la)+ﬂ"x}, (28)

where I, denotes a 2 x 2 identity matrix and (-)~! denotes matrix inversion.
We can also define the limit set 2 that can be reached with an infinite number of steps as

Q={zeD:z2, U,-p 'o}. (29)

We note that the set £ does not depend on x. Now that we have derived the reachable sets in any step, we proceed studying

the one-step transition probability. Given an initial value x € D and y € G, ;, the one-step transition probability is given by

P(vl 5y)v0=x>=P(a)+ﬂv0+aAl Sy‘v():x), (30)

2 2
where A} = (A}, 4, )T with 4| = (WI,I - 71#”1,0) and A, = <W2’1 —724/U20

Using the independence between A, ; and A,,, we can compute the transition probability density function of A, given v, as
follows

2
PA, (a1, aalvg = x) = H L@/ cosh(1/x;a;) a; >0,
=1 V27a;
which is the product of two independent non-central chi-squared probability density functions with one degree of freedom and
non-centrality parameters x; = y2x; and x, = y2x,.
Using the linear transformation M, = @A, and based on (30) we have

P (vl < y)vo = x) =PM, <y-o-pPyylvy=x)= //D ) PMw,(Mlvg = x)dm,
2 XDy

where Dy = (0,y; — @ = B1x| = Bpxal, Dy = (0,5 — @y — Py x; — Prox,] and pyy,, is the one-step transition probability density
function of M, given a starting value v\, which is computed as follows

PMv, (m‘vo = x) =Pa, <a’1m‘vo = x) -det(a™h), (31)

where the Jacobian determinant det(e~!) is not null by assumption.

According to Definition 2, it remains to prove that for any set A that satisfies y(A) > 0 there exists k € N such that P¥(x, A) > 0
for all x € D. Since yw(A) > 0 the intersection between A and 2 has positive Lebesgue measure. Moreover, since 2 is the limit of
the G, , sequence of sets, there exists a set A* C A, with w(A*) > 0, which is included in G, , for every x and for k sufficiently
large. Moreover, for each integer k > 2, given an initial state x, the k-step transition probability density function of reaching state
z is given by the Chapman-Kolmogorov equation (Meyn and Tweedie (1993), Theorem 3.4.2)

pllctllvo(mlv() =x) = //G . 1’;;|Il,0(}’|vo =X) pmp,(mlvy = y)dy,

where m = z — @ — v, for z € G, and py,, (m|lv; = y) denotes the transition probability density function of M, given v,. By
mathematical induction, we deduce that pllcmuo(”‘l”O = x) is positive for every z € A* so that P¥(x, A*) > 0 and P*(x, A) > 0.

Having proved y-irreducibility, we now proceed to study the aperiodicity of the Markov chain {v,}. The aperiodicity is proved
if d = 1 according to Definition 3. By contradiction, if we assume a period d > 2, then there exists a d—cyclecof y-positive disjoint
sets E, ..., E;_; such that P(x,E;, ;) = 1 for every x € E; withi =0,...,d — 1 and such that V' = Uf;ol E;| has null y measure.
This implies that when starting our chain {v,} at any initial state x € E, we have P(x, E,) = 1 so that w(E; n G, ;) > 0 and that
w(E; NG, ) =0 for every i # 1. Then, similarly at a second step, we would have P(y, E,) = 1 for y € E, implying w(E, N G,,) >0
and w(E; NG, ,) = 0 for every i # 2 and for initial states x € E, such that our chain is in E; after one step. But in our case, we
know that the intersection G, ; N G, , has non-null y measure since G, ; and G, , are unbounded sets of the type [a, ) X [b, o) for
some a,b € R, with non-empty intersection with Q. Therefore, w(G,; N G,,) > 0. Furthermore,

d-1 d-1
WG, NGy =y <(ny1 NGy N (U E;U V>> =Y WG, NG,NE)>0.
i=0 i=0

Hence, there exists an integer i =0, ...,d — 1 such that w(G, | N G,, N E;) > 0. This contradicts the fact that w(E; NG, ;) =0 for
every i# 1 and w(E;NG,,)=0foreveryi#2. W
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Proof of Proposition 2.1. First, let us define

F:max<\/a)%+w§,2>, (32)

1 -
where Q = max|C ﬂ”)w' ;ﬂ)'flwzﬁ )ﬂzﬂ' w;“ e represents the maximum coordinate value of the closest point to the origin of the set
11 12

Q, as defined in (29) It can be easdy shown that 2 > 0. Indeed, we have

1 Iy P ]m
det(Iz B b 1=pyu]

-p e
where

det(I, — B) = 1 — trace(B) + det(B)
=1+ L)+ 44
=(1-2p1-2)>0,

with 2, and 1, denoting the eigenvalues of g, which are guaranteed strictly smaller than one in absolute value by p(8) < 1.

For proving that the compact set C = {x € D : ||x|| < r}, for any r > F, is small we use Proposition 2.11 of Nummelin (1984).
We note that by letting r > 7 we ensure C to be non-empty and C € B*, given that C has yu;,,-positive intersection with Q. The
proposition states that a set C € B* is small, if there is a set B € B*, such that for all A € B* with A C B,

L
H n
;gfcgap (x,4) >0,

for some non-negative integer L.

We prove that the condition above holds for some L > 1. The first step is to find the set B with y(B) > 0 which implies that
B € B* as y is the irreducibility measure. Let us define B = (d}, 00) X (d, ) with (d},d,)” = (I, - )~ '@+ B (r,r)T so that B C G,
for each x € C and k > 0.

By the y-irreducibility proved in Lemma 2.1, for x € C, we have a positive probability of visiting all sets A C B with y(A) > 0,
i.e., P*(x, A) > 0 for some k > 0. Lastly, the proof is concluded since we know that a positive and real-valued continuous function
on C has a positive infimumon C. W

Proof of Theorem 2.2. We first show that the so-called drift condition is satisfied with the function Q(v) = ||v||. Then, we can
extend geometric ergodicity property of the variance process {v,} to the return process thanks to Carrasco and Chen (2002).

For verifying the drift condition we use the m-step criterion introduced by Tjgstheim (1990). Specifically, we consider m = 1 and
we verify Conditions (3.7) and (3.8) in Tjgstheim (1990) using a small set C = {x € D : ||x|| < r} for r > F sufficiently large with
complement C¢ and a non-negative test function Q:

E [Q(Vﬂ(g(v,)ecw

R-E [Q(v,)|v,_, = x] <0(x)—¢, xeC, (34)

v,_4 :x] <M, xeC, (33)

for some M < o0, € > 0 and some R > 1.
. . T .
Given a standard Gaussian vector [Z;, Z,,| , we have the expression

T
Elv,|v, 1]—w+aE[[Z“ . 7 1] ]Jer,_1 =d+Bv,_,. (35)

T T . . .
where B is given in (5) and d = @ + [a; + a5 ay +ap| . Iterating m times this formula, we get

m—1
Elv,|v,,] = B"v,_,, + ). Bd, (36)
j=0
By leveraging the non-negativity, subadditivity, and submultiplicativity properties of the Euclidean norm, and under the
assumption that p(B) < 1 (as imposed in Lemma 2.1), Gelfand’s formula ensures that || B"| < 1 if m is large enough. Consequently,
we obtain:

E[0@|rin = x| < 1B 0G0+, 37)
where ¢ = ||d|| Z ||Bf|| < oo is independent of x.
Using mequahty (37), we can easily verify condition (33), since E [Q(v,)|v,_; = x| < M, for x € C and Q is nonnegative. Let us

prove inequality (34). We can find a constant R > 1, such that R||B"| < 1, so that after multiplying inequality (37) by R and by
adding and substracting ||x|| we obtain

R-E[Qw)|vis = x| < lIxll+ (RIB"I = D x| + Re, x € C,

which satisfies (34) for r > 7 large enough.
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Now that we have proved the conditions (33)—(34), according to Tjgstheim (1990) we can state that {v,} is geometrically ergodic
and if it is initialized from its invariant measure z, then it is strictly stationary. Finally, the geometric ergodicity can be extended
to the Markov chain {(R,,v,)} by Proposition 4(i) of Carrasco and Chen (2002), so that {R,} is strictly stationary and geometrically
ergodicc. W

Proof of Proposition 2.2. Expanding ¢, = /vy, Z,, + 1/0,,Z,,, We compute

3/2
1t

1/2
1t

3/2

Zl.f”z,r

4_ 2 4 3 2 2 3 2 4
g = UIJZU + 4v Z”\/UZ‘,ZZ, + 601,,21’1024,,22’[ +4v Zz’, + UZJZZJ.

Taking the expectation, we obtain
Ele]] = 3E[v] 1+ 6E[vy 10,1 + 3E[0] 1.
Thus, the unconditional kurtosis is

E[v], 1+ E[v] ]+ 2E[v,0,,]
k=3 — = s
28 + Uy

where the first-order unconditional moments ¢, and &, can be obtained as follows

0 1|l +a+a
_1 =(I,- B) 1 1 11 12
Uy @) + Ay +

where B is given in (5). To obtain second-order moments, as in Fengler and Herwartz (2018), we need to compute the expectation
of the Kronecker product v, ® v, as follows

>

Elv,®v,]1=U,-B®B) "(0®w+E[{,_ ®_ ]+
4+ Kp){(I, ® B) (@ @ Elv,_; ] +E[{,_; ®v,_ 1]+ @ QE[{,_1]D}), (38)

where K,, is the commutation matrix, as defined in Magnus and Heinz Neudecker (2019), and

= “11(2124,,_1 =2r1\01Z-) + ‘112(2221,_1 = 2724/021Z2,-1)

-1 = .
2% (ley,_l =2r\/v1Z-D + 0‘22(222,,_1 —2724/V21Z2,-1)

This expression is well defined and finite since p(B ® B) = [p(B)]*> < 1 and

af B+ 4y70)) + al,(3 + 473 0;) + 20y a5

e, ®¢, = a3+ 4y|2171) +apar(3+ 4)/22172) + (a1 + apay7) <
-1 —11= ~ =

a3+ 4y]2vl) + a3+ 43/%112) + (a1 + appay;)

a2 3+ 4y20)) + a2, (3 + 4y20;) + 209,05

and

(ay; + 1) 0y
(a1 + a1p) Oy
E[§,- ®uv, ] = < oo,
e (@) + 033) Uy

(ag1 + ap) 0y

Finally, note that from (38) we can obtain the second-order moments which appear in (8). ]

Proof of Proposition 2.3. Following the discretization scheme of Nelson (1990), we consider the stochastic difference Egs. (1) and
(2) as we partition time more and more finely. We allow the parameters of the system , §, @ and y to depend on the time partition
h > 0 and make both the drift term of Eq. (1) and the variance of Z;, and Z,, proportional to h, so that

nRin =1+ 2 GU1kn + nV2kn) + A/nV1kk - nZ1kn F A WV2n * 12 kn>
where , v, 4, and ,v,,, denote a sequence of discrete times that depend on both / and the (discrete) time index kh, k =0, 1,2, ...

and ,Z; N ©,h), i =1,2, with ,Z, ), L ,Z,,,. After computing the square and using matrix notation, Eq. (2) is rewritten as
follows

2
thz,(k—l)h —2hlayy, hZ1 (k-1yn\/n01 (k=1)h ’
nZ5 _tyn 1L (k=1)h \/RV2,(k=1)h

Wkn = @ + (B + ahYZYh)hv(k—l)h + h_]/zah [
T T
] y ®Op = [wu, a’z,h]
p p a a y 0
By = [ R R ) I L4 ’

Pon P B1p X02p 0 Y2.n

where vy, = [hvl,kh hU2,kh

>

where, for all A, Assumption 1 ensures that the process ,v,, remains positive with probability one.
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We define continuous-time processes {,R,} and {,v,} as

R = 3Ry pU = pVpp,  kh <1 <(k+ Dh. (39)
We derive the drift per unit of time, conditioned on information at time (k — 1)A, for the return as

Een [27 " nRen] = 1+ AnGuo1 in + nVoin)s (40)

and for the variance process as
B, [h-! _ = 5! h-l T, _r p1/2 | 9n % (41)
i [P s = win)] = W @y + BBy + ) v — D)plps + >
®1pt A p

where Ey[-] = E[[|My,] and M, denotes the c—algebra generated by , Ry, ..., , Ry_1), and with vy, ..., ,v,. For the drift per unit
of time to converge the following limits must exist and be finite

lim Wl =r, lim WA, = A }li_r>r(1)h_la)h =, (42)
lim /=172 [®10 F @n| _ |90 o lim b~ (I, — B, — a,y"y,) = 6 (43)
h—0 Oy + a +ay| h=0 S '

Similarly, by letting ), = rj, + A,(301 k5 + pUaxs) for convenience, we can derive the second conditional moment per unit of
time for the return:

By [ RG] = nbticn + 01k + n024cns (44

the conditional covariance per unit of time:

Egn [P h Rin(hlryn = win)] = B By [(h#kh + 0 Z1kh A nV1kn + 0 L2kn\ nV2.kn) (45)
Wzt
X (wh +Bn+oanyty, — Iy, + '\ Pa, le’kh

h“2 kh

la,y 1 Z1knA/nV1Lkn )]

- w¥h
1 Z2knA/nV2.kn

.
=Op - pHih Vi + B+ apY ¥ — 1) pVknnbin

172 Ayt App -1
+ 2, = 2h7 AR pp Vs
D pt+ oy

and the second conditional moment of the variance per unit of time:

Eip [h_l(hv(k+l)h = Wk Vksyn — thh)T] = (46)

T
= n 1B, (4072 ( ayy, nZ1kh\/nV1kn @t nZ1kh\/nV1kh
nZ2.kn\/nV2.kn nZ2.kn\/nV2.kh

72

rar

+ <wh + B+ anyyvn — I)pvyy, + aph™'? le’kh >
h“2.kh

T
ZZ
1 |n
X (("h + B+ @y vy — 1)pgy + ayh™' Lzlz’kh] > +§0]
2.k

2,2 2 .2 2 2
= ap2 a“_h}’lzythl,kh + alz,hyzqhhvg,kh all,hail,h}’ljhhvl,kh + aIZZ,hagz,hylthZ,kh
X111 0| yhVLkh T X12,8%22,0Y5 A V2 kh Oy WY iphVikh T @ 3 V5 phV2kh

- o +a
+h! <wh + By +apyiyy — I)yvg, + 3012 [ 1A 121!])
W pt Ay

T
+
o O e Kt

where & is defined as a (2 x 1) vector containing terms of Eq. (46) that satisfy E,, [£,] = 0.
Assuming that

cp-1/2,
A= (47)

and substituting (42)—(43) into Egs. (44)-(46) we obtain
B [hilhRih] = wU1kh + nU2n +0(1), (48)

B [A7 5 Rienhles 1y — nPkn)] = =2 - 05 + (1), (49)
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—1 T
Eyp [h WVUrin = 1V B %+1)h = hVkR) ] = (50)
2.2 2.2
A Y RV Lkh + QY hV2kh Ckh
4 s o s - + o(1),
Ckh @ Y RV kh T 95 Y5 hU2 kh

where ¢;;, = all“Zlylthl,kh + “12“22722hU2,kh~ We can easily find {r,, 4, @, ;. v, B} sequences that satisfy (42)—(43) and (47), for
instance, rj, = r- h, 4, = 4+ h, @), = @ - h,a, = Vha,y, = Vhy, B, = I, = B*a (y"y) - 6h. Let us denote the instantaneous drift
function, i.e., the right hand side limit for 4 tending to zero of Egs. (40)-(41), as b:

r+ Avy, +vy,)
b(R, vy, 0y,) = | @y + ayy +app — 01101, — 0100, | (51
@) + @y + 0y — Oy 101 — b0

and denote the instantaneous covariance matrix, i.e., as the right hand side limit for A tending to zero of Egs. (48)-(50), as a:

a(R, vy, 02) = (52)
U+ Vg —2(ay1y101, + @p7202,) —2(az1v101, + ara0,)
=2(ay 17 V1 + a21202,) 4(0‘121 712U1,x + 0‘1227’221)2,;) 4(“11"’217’1201,: + “12"’227’22”2,:) .
2y 7101, + anraty,)  Aay @y v o, + @panyivy,) 4(a3 7701, + a3,7305))

Using Theorem 2.1 of Nelson (1990), the limits in (42)—(43) and (47), and definitions (51) and (52), we have that the processes
Ry, and v, converge to continuous time processes R, and v, solutions of the following system of stochastic differential equations:

dR, = (r+ Moy, + v ))dt + \fo AWy, + ([0, d Wy,
doy, = (@) +ayy +ayp = 01101, = 01505 )dt + 2ay1 71 4/01, dW3, + 2a15124/02,d Wy,
dvy, = (wy + oy + agp — 0101, — 020 )d1 + 20y 74 \/W,de&x + 205,75 \/ﬁ,tdWMv
where the Brownian motions W, ,, i = 1,...,4, are independent from the initial values (R,. v}, v,) and from each other, except for

E [dW, ,dW5,] = —sign(y))dt, E [dW,,dW,,] = —sign(z,)d.. N

Proof of Proposition 6.1. The equivalent martingale measure Q must satisfy

d
E [eR'd—% T’,,l] =e. (53)
t

From Egs. (1) and (16) we obtain

E [e(AJrl)(\/Ul.rzl,1+\/”2,r22,x) ‘Ft—l]
e"*‘“”l,r"‘”lx) =e. (54)

E [eA(\/WJZl‘t+\/E)ZZ.! 7:'[_1:|
By taking logarithms we can rewrite (54) as

E [e(A‘H)(\/Ul,tz],x+\/v2,xz2,x) |FI—| ]

Moy, +0,,)+1n =0. (55)
1Lt 1 Uy E[e,\(\mz,_ﬁ\/mzz,,)'ﬁ_l]

The conditional expectations in (55) can be easily computed since Z;, and Z,, are normally distributed and independent, we
obtain

E [eA(\/”Lzzl.f"'\/vz./zz.t))7:}_1] - e%Az(Ul,z‘H’z,r)’ (56)
E [e“”')(‘F“Zl”‘sz’zz"))f’,_l] = a2 (v hn,) (57)

Therefore, by using (56) and (57) we obtain

o3 A+ (0402,
Ao+ )+In| ———— | =0, (58)

e%/‘z(vl,ﬂ‘vz,r)

which yields

(/1 + %) (01, +V2) + AWy, +0y,) =0. (59)
By collecting terms we obtain
(/1+ % +A>(u1,,+u2,,):o, (60)
and, by equating the coefficients of v, , and v,, to zero we obtain Eq. (18). W
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Proof of Proposition 6.2. First, we denote by E? the expectation operator under the risk-neutral measure Q, so that the risk-neutral
(conditional) moment generating function of the process {/v|,Z;, + /v,,Z,,} is given by

Q [e(ﬁ(\/mzl"ﬂ/azz”)‘f’,_l] - |:e¢(\mzl,z+mzz,x)%|rt_l:| . (61)
t

Using the Radon-Nikodym derivative given in Eq. (16) we can write the conditional expectation in (61) as

E [e(¢+A><\ﬁv1,,Zl.mﬁvz., Zz,,>|pt_l]

E |:e¢(\/mzl,,+\/azz,r)@|r I] — (62)
dp """ E[E“WTZM+WEJNWE74
Since the innovations Z,, and Z,, are independent and based on (56)-(57) we finally have
R [e<¢+A)(mzl,r+\/Ezz,,> ?,_1]
Q [€¢(\/WJZI’I+MZZJ)‘T},1] - ‘ (63)

E [e/\(\/Ul,xZl,r‘*‘\/”lrzz.r) ‘7:'[_1 ]

le+b2r 1

S (A =5 A2 (01 o)

It can be seen that %4)201‘, +¢Avy, is the exponent of the normal (conditional) moment generating function with mean Av;, and
variance v, ,, so that we denote the risk-neutral shocks as Z,, ~ N(Av,,, 1) and Z,, ~ N(Av,,, 1).
Therefore, under the risk-neutral measure, the return process in (1) can be written as

Ry =r+Mv, +0,) + 01,21, + /02, 2, (64)
However, to express the normal shocks as mean-zero innovation we set
zi, = Zy,— A\Jor,, z;,= Zy, — AyJor,, (65)
so that Z,.*t ~ N(0, 1) under the risk-neutral measure, i = 1,2. Then, by using (18) we can rewrite Eq. (64) as

,=r— —(v],+vz,)+,/UI,Z + /02 Z

Lastly, under the risk-neutral measure and based on Eq. (65), the recursions in (2) are written as
ﬁu Bia| o1y o ap (Zl*.r -7 U1~’)2
+ \ (66)

[Ul,t+1] — 5
v ﬂ p v a ’
2,041 21 P22 V2 22 ( Z;J -7 ﬁ)

where rp=A+ % + 7y, and v, =A+ % + 75, which concludes the proof. [ |

Proof of Proposition 6.3. To obtain the recursive equations for A,(¢), B;,(¢) and B, ,(¢) for t < T, we use the tower property of
the conditional expectation

£ =E[fa@|F]. 67)
so that by using Eq. (22) we can express (67) as

fr(d’) =E [e¢l°gsr+l+Ar+l(¢)+Bl.r+l(¢)U1.r+2+32,r+1(¢)”2,r+2

7| (68)
If we substitute Egs. (1) and (2) into (68) we obtain
f (¢) [ (1°g5r+’+}‘(vl 102, D+ 01 2y 1102001 22,41 )+Az+](¢)
t

2 2
By 141(4) (“)1 110141 +HP1202, 041+ (Zl.r+l =71/V141 ) +0’12(Zz.x+1 —124/V2,41 ) )
e

2 2
By 1+1(®) (wz+ﬂ21 U1 1+ 00 41+ (ZI,H-I’VI V0Ll ) +axn (Zz,z+1 =724/V2,1+1 ) )
e

.

[e¢(10g Si4r)+ B 141 (D)o +By | (P)wp+A 4 (¢)+(¢/1+/31 1+B) 1011 712ﬂ21 +B) 111221 VIZ)U],H-I (69)

After re-arranging terms and by completing squares and some algebra we obtain
fi(p)=E

x e(“llBl +1(@)r+ag By 1) 1,+1+\/m2>’1( —a11 By py1(P)—az By z+1(¢))21 141

« e(”‘IZBI 41 @) an By 41($))Z 2 41 h/ﬁ%z(*—(llz By 141(@)—ap By 1y (¢)>Zz,r+|

4,

2 2
% e(¢/1+ﬁ12+31.r+1 1275 B20+Bo 102275 )Uz.m
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so that we can make use of the following result for a standard Normal random variable Z:
WZ24b7 B Liog(1-2a) 1
E [e ] =e2l-2a) 2 , a< 3 (70)
Using (70), the independence between Z,, and Z,, and subsequently equating terms in both sides of (69) we obtain:
1
A((@) =A11(@) + dr + By 11 (P)wy + By (P)wy — 5 log (1 =2 (By 141 (d)ayy + Byyi1 (@) )
1
3 log (1 =2 (B, (@ay + By 1 (P)ayy))
By, (@) =pa+ (P +an7}) Biei () + (B + 00177) By (9) 71)
2
2y} (% —ay By () - “21Bz,r+1(¢)>
1= 2(ay; By 141(P) + 031 By 141 ()
By (&) =b4+ (P + a73) Bo1 () + (Bio + 1273) By (9)

2( 9 2
2r; (E —anBy i 1(P) - alzBLH_l(qﬁ))

1 =2 (a2 B) 141 (@) + a1 By 141 ()
We can finally use Eqgs. (71) to calculate the coefficients recursively starting with A7(¢) = B, 17(¢) = B, 7(¢)=0. N

B
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