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ARTICLE INFO ABSTRACT

Editor: Yasaman Farzan Deviations from unitarity of the CKM matrix in the quark sector are considered excellent windows
to probe physics beyond the Standard Model. In its leptonic counterpart, the PMNS matrix, these
searches are particularly motivated, as the new physics needed to generate neutrino masses often
leads to non-unitary mixing among the standard neutrinos. It is then interesting to consider how
neutrino oscillations are affected in such scenario. This simple question is, however, subject to
several subtleties: What is the correct way to define oscillation probabilities for a non-unitary
mixing matrix? Do these probabilities add up to one? Does a non-unitary mixing matrix lead to
observable flavor transitions at zero distance? What is the interplay between unitarity constraints
obtained from neutrino oscillations and from electroweak precision data? This work aims to shed
light on these issues and to clarify the corresponding misconceptions commonly found in the
literature. We also compile updated bounds from neutrino oscillation searches to compare with
those from flavour and electroweak precision observables.
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1. Introduction

The phenomenon of flavour change in the Standard Model (SM) of particle physics is entirely controlled by the unitary 3 x 3
CKM mixing matrix. These transitions are suppressed by the celebrated GIM mechanism [1] and are therefore excellent probes of
new physics, since this suppression would, in general, not apply. As such, unitarity tests of the CKM matrix are a fundamental tool
to search for physics beyond the SM.

The discovery of neutrino masses and mixings through the observation of neutrino oscillations implies the existence of the PMNS
matrix, the leptonic analogue of the CKM. Global fits to the available neutrino oscillation data already constrain with very good
accuracy its mixing angles and start to provide constraints on its CP-violating phase [2-4]. It is then natural to consider how this
picture would be affected in presence of a non-unitary (NU) mixing matrix. Indeed, this search is particularly well-motivated in
the neutrino sector since neutrino masses already require physics beyond the SM. Moreover, the simplest SM extension to explain
their origin, i.e. the inclusion of right-handed neutrinos as in the popular type-I Seesaw mechanism [5-8], already predicts unitarity
deviations of the PMNS mixing matrix at some level [9]. Remarkably, even if only neutrino oscillation experiments are presently
sensitive to the individual PMNS matrix elements, weak interaction rates would be affected in presence of non-unitarity and thus
unitarity deviations can also be very efficiently probed via flavour and electroweak precision observables (EWPO) [10-53].

There is by now a very large body of works in the literature dealing with the impact of a non-unitary PMNS mixing matrix at
present or future neutrino oscillation facilities [29,54-99]. This issue is, however, riddled with many subtleties that have led to a
number of misconceptions which have propagated through the literature. Indeed, as we will elaborate later, the very definition of
oscillation probability is not completely straightforward when in presence of a non-unitary mixing matrix and the comparison with
what is experimentally determined is also subtle. In this work we aim to shed light and clarify these misconceptions and potentially
incorrect results. In particular, we will first cover the possible definitions of oscillation probability and their properties. We will then
address a number of subtle issues that have led to misconceptions in previous works, in particular:

We comment on the apparent paradox of oscillation probabilities not adding up to one when in presence of non-unitary mixing.
We discuss how oscillation probabilities generally need to be “normalized” so as to match what is experimentally determined
and how this in turn impacts the observability of some non-unitarity effects that might have been naively expected. Notably
“zero-distance effects” in disappearance channels.

We comment on the option of employing unitarity triangles, as common practice in the quark sector, to study non-unitary in the
lepton sector. We find that this tool is not optimal given the differences between the two sectors, which we discuss in detail.
We remark on the impact of the usual practice of extracting the mixing parameters as input for the non-unitary mixing matrix
from analyses where its unitarity is assumed. This procedure is at the root of seemingly inconsistent results when analyzing
non-unitarity effects through different parametrizations.

We discuss how the usual extraction of G from u decay is affected in presence of a non-unitary mixing matrix and how this
indirect dependence should also be taken into account when studying matter effects in neutrino propagation.

We discuss what is the correct description of the number of events detected via neutral current interactions in the context of a
non-unitarity mixing matrix, which is particularly subtle.

We present updated constraints on non-unitarity stemming from neutrino oscillation data and compare them to those from flavour
and electroweak precision observables, discussing their relative importance and possible complementarity.

Finally, we also discuss how the presence of sterile neutrinos and in a regime where they are light enough to be produced at
the neutrino experiment but too heavy for their oscillations to be resolved by the detector, displays very similar phenomenology to
that of a non-unitary mixing matrix. However, in this regime, the bounds from flavour and electroweak precision observables do not
apply, making the oscillation probes the main experimental avenue to search for their signals.
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2. What is non-unitarity and where is it coming from?

The scenario we will consider and refer to as non-unitarity' is characterized by a relation between the neutrino fields v; that
diagonalize their mass matrix and the neutrino flavour fields v,, in which the weak interactions are diagonal, given by a non-unitary
leptonic mixing N such that:

Ve =Ny v, (€Y
with @ = e, u,7 and i = 1,2,3, and a sum over repeated indices is assumed. This implies that neutrino CC and NC interactions are
modified and given by:

v;+ h.c. (2)

g
PLNwvi >_ 2cos Oy,

Z,y"P, (NTN), v

a’yﬂ ij ]

£>-L (w7,
V2
The simplest SM extension leading to this scenario corresponds to introducing new sterile (right-handed) neutrinos mixing with
the active SM ones, such that the N matrix is just a sub-block of a larger unitary matrix V. In more general terms, this non-unitarity
framework is equivalent to introducing only the following dimension-6 operator:

4
L9 = Z"ﬂ (T )id(f7Ly), ©)

with # an Hermitian matrix. This is in fact the sole d = 6 operator obtained at tree level upon integrating out the heavy right-handed
neutrinos [9] in a type-I Seesaw mechanism.? After the Higgs develops its vacuum expectation value v, the impact of this operator
is to lead to non-canonical neutrino kinetic terms which, upon diagonalization and normalization, leads to the desired non-unitary
leptonic mixing matrix as [9]:

N=UI-nV, (C))

where V is a unitary matrix. This parametrization is completely general [58], as any matrix can be decomposed as the product of a
Hermitian and a unitary matrix, and it has the advantage of providing a natural connection with the relevant effective operator in
Eq. (3).

Another popular parametrization, and particularly convenient for the study of neutrino oscillations, is through the product of a
lower triangular matrix « times a (different) unitary matrix U [66,101]:

N=(I-aoU, (5)
where
a,, O 0
a=|a, «, 0| (6)
Are ary Arr

At leading order in the small parameters that encode the unitarity deviations (# or a) the relation between the two parametrizations
is given by [67]:

Tyq =N +OP), g =215+ O%), (@#P). @

The relation between U and V can also be found in Ref. [67]. Notice that neither U nor V correspond exactly to the “standard”
unitary PMNS matrix through which neutrino oscillations are normally analized and whose mixing angles are obtained from global
fits to the 3-neutrino paradigm [2-4]. We will elaborate on this issue in Section 4.2. We also discuss options that do not rely on a
matrix that could be identified with the unitary PMNS [65,81,82] in Section 4.3.

3. Defining probabilities

The relation in Eq. (1) implies that the flavour basis in which neutrinos are produced and detected is not orthonormal. Conversely,
the mass basis is necessarily orthonormal since it diagonalizes the Hermitian matrix M M, with M the mass matrix. As such, several
subtle issues arise that are not intuitive and often lead to misconceptions. First and foremost among these is the key fact that oscillation
probabilities are not directly observable but rather indirectly inferred from numbers of events and therefore different definitions
are possible and have been used in the literature. In particular, we can define a “theoretical probability” P in the usual manner,
as the squared amplitude for the transition between two quantum states. With this definition, this “theoretical probability” is a true
probability but, in general, might not directly map to the measured quantity. Conversely, we can define an “experimental probability”

1 Some works, such as [65], consider instead a different regime with light sterile neutrinos but whose oscillations are averaged out. We will discuss this regime and
its connection with the alternative definition at the end of Section 5. For more details see Refs. [67,100].

2 We note that, in the heavy neutrino extension of the SM, the coefficient of this operator, 7, is positive-definite while, in all generality, it is only constrained to be
Hermitian.
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P as the one extracted by a given experiment from the comparison of a measured number of events to its expected value in the absence
of oscillations. This, by definition, is observable but, in general, may not correspond to an actual probability. In the following, we
discuss both definitions and their relation in more detail, highlighting when the two coincide and when they differ.

3.1. Theoretical probability

In order to obtain properly normalized transition probabilities, the production and detection states from CC interactions (i.e. the
flavour eigenvalues |v,)) need to be normalized such that:

N:i|"i>

\/ E[ |N{li|2

And thus the “theoretical probability” P of obtaining a state ‘vﬂ> when starting from a |va) after propagating for a baseline L will
be simply given by:

®

|ve) =

—im*LJ2E 2
|2iN;ie MEREN,

2
Zi |Nai| Zj )Nﬂj
where propagation in vacuum has been assumed for simplicity.

As already mentioned, this definition yields true probabilities. Nevertheless, although the states in Eq. (8) are normalized, since
N is non-unitarity they are not orthogonal. Thus:

2
P, (D =| (D) | = ©

-

<Vﬁlva> # 0up s (10)

and these probabilities will generally not add up to one, since the different elements of the basis are not mutually exclusive. This
fact has led to some misconceptions with alternative definitions of “probabilities” adding up to one being proposed in the literature.
However, these alternative definitions are not correct. Actual probabilities should not add up to one when describing events that are
not mutually exclusive.

As a toy example, let us consider a basis for the spin states of an electron where the first element is positive spin in the X direction
and the second element is positive spin in the Z direction. The two elements of the basis are not orthogonal and, therefore, do not
represent mutually exclusive outcomes. But they do form a complete and normalized basis in complete analogy to our neutrino flavour
basis. Now consider a state which has positive spin along the X axis. The probability to detect it as the first element of our basis is
1 and the probability to detect it as the second element of our basis is 1/2. The probabilities add up to more than 1 but they are
clearly correct and it is simply a consequence of the elements of the basis not being mutually exclusive. Similarly, if the initial state
had negative spin along the X axis, the probabilities to detect it as the elements of the basis would add up to less than 1, but there is
nothing inconsistent with this observation.

Another consequence of the non-orthogonality of the flavour basis is the presence of “zero distance effects”, where a flavour
transition does not need neutrinos to propagate. We will discuss them in detail in Section 4.1.

3.2. Experimental probability

Even if the probabilities defined in the previous section do represent transition probabilities between two given states, it is
important to notice that sometimes they do not correspond to what is experimentally determined. The actual measurement rather
corresponds to the number of oscillated events from which collaborations extract the “oscillation probabilities” by comparing them
with estimated number of events in absence of oscillations. These estimations necessarily require the input of the neutrino flux and
cross section that will in turn be based on some observable that will also be affected by the non-unitarity of the mixing matrix.

Indeed, since neutrinos will always be produced or detected via the weak interactions of Eq. (2), the decay rates in which neutrinos
are produced or the cross sections where they are detected associated to a charged lepton #,, will be proportional to Y, |N,; 2#£1,
and thus depend on the non-unitarity parameters. This indirect dependence must be propagated and considered in the oscillation
probabilities measured in this way, which reduces the sensitivity to non-unitarity effects in many experiments [67,93,102]. Indeed,
denoting the event rates measured in presence of oscillations by R,_, 5, the “experimental probability” can be extracted as:
‘2

dRyp % —im*L/2E
~E _|ZiNaie ! N

Pva_wﬂ(L): s ; > an
tgt= g “p i INail Zj|Nﬂj)

where ¢, and o are the flux and cross section used to estimate that rate, N, is the number of targets and ¢ the detection efficiency.

Note that in practice, this is often tantamount to normalizing the neutrino states as in Eq. (8), so it often coincides with the theoretical

probability in Eq. (9). The exception is when, for some reason, the estimation is performed through a process involving a different

flavour than the one considered in the transition. This can for example be the case of near detectors for oscillation facilities looking for

the v, — v, oscillation when the flux and cross section are estimated from measurements of v, at the near detector. In this example

4
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the “experimental probability” P extracted by correlating the number of events between the far and near detectors would rather
correspond to [67]:

Y [Nl

P, (D). (12)

e (L) =

2 2
Zi |Nui Zj |Nuj‘
Thus, in this particular example, the “theoretical” and the “experimental” probabilities do not coincide.

It is important to notice that, in practice, there will always be two normalization factors as in the middle expression of Egs. (11)
and (12). One corresponding to propagating the dependence on N,; in the production process and another for the detection inter-
action. It has been argued on occasions that such normalization factor would not appear if the estimation of the neutrino flux or
cross section used to extract the “experimental” oscillation probability does not utilize any actual measurement but rather relies only
in “pure” SM predictions or processes not involving neutrinos (and hence not affected by N,;). While this is technically correct, in
practice it never happens. Even when the meson flux produced in a beam experiment or atmosphenc shower is estimated via hadropro-
duction measurements and MonteCarlos, the neutrino flux will be obtained from that meson flux times the corresponding branching
ratio to v;. In order for these branching ratios to add up to one, the normalization factor Y, | N;|? is needed [93] in the denominator.
In presence of non-unitarity, there can be no truly “pure” SM prediction for a neutrino flux or cross section via charged currents.
Indeed, this would require, at the very least and avoiding more direct measurements, the input of the CKM matrix element V;, which
is determined via § or meson decays involving neutrinos. Hence, even in such a scenario a ) ; | Ny, | factor would appear.

An observation that can be useful to understand why the two normalization factors in Egs. (11) and (12) are always necessary is
that, in a toy scenario where the effect of non-unitarity was simply an overall normalization » such that N; = nU,; with U unitary, it
would be impossible to distinguish this scenario from the SM rescaling the coupling constant g — n g as long as only v CC interactions
are considered,® which is mostly the case for neutrino oscillations. Thus, the same number of powers of N needs to be present in the
numerator and denominator of Egs. (11) and (12). Otherwise, spurious sensitivity to n would have been introduced via an incorrect
normalization. This oversight is rather common in the existing literature.

m|

4. Common misconceptions
4.1. The zero-distance effect

The necessary normalization of the oscillation probability has the important consequence of cancelling some of the dependence
on unitarity deviations that could have been naively expected. Indeed, when the estimation of the unoscillated events is done using
data with the same flavour as the targeted transition, the “experimental” probability in vacuum is given by:

mZL mzL mzL 2
- 1 _miL mZL oL
Pvﬂ—n/ﬂ(L) = 1"2a4 —2a.. Tou —2a ‘(1 — Uy —(Xpﬂ)z U;I-e ' Upi — 2 Olay Ji ~'2E Upi — Z U;I.e '2E ag, U, +O(a?)
ax b i iy#a iLy#p
m?L
WUy - Y @l Ure -5 U,,, Y Ule -5 zxﬂyUyl +(9(a2), (13)

iy#a L,y#p

and the leading order dependence on the flavour-diagonal non-unitary parameters cancels altogether. This effect is especially relevant
for zero-distance effects in the disappearance channel, where, without the proper normalization, one would obtain a linear dependence
on the flavour-diagonal non-unitary parameters for the disappearance channels. As such, these data have been often considered a
source of strong constraints on the diagonal entries encoding unitarity deviations. However, particularizing Eq. (11) for « = f and
L =0, the sensitivity to « is lost at all orders:

2
’Zi N;iNai

By (L= 0>——=1. 14

Conversely, this cancellation does not take place for a # j,

P, .y, (L=0)= g +0@). 15

and therefore the zero distance effect in appearance channels can be a very useful tool to probe for non-unitarity. In fact, these
zero-distance effects have been stringently constrained by, for example, KARMEN [103] and NOMAD [104,105].

3 Unless processes with different number of neutrino legs are compared. For instance comparing measurements of G via u decay (2 neutrino legs), via f decays (1
neutrino leg) or via My, (no neutrino legs). This provides very good sensitivity to non-unitarity, as discussed in Section 5, but it is unrelated to neutrino oscillations.
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4.2. Non-unitarity parametrizations and comparison with oscillation data

In Ref. [67] it was pointed out that the oscillation probabilities in presence of unitarity deviations appear very different when
expressed using different parametrizations such as those introduced in Egs. (4)-(5). This apparent contradiction is solved through
the realization that the unitary matrices involved in both of them, U and V, are not the same. Moreover, they generally will not
coincide either with what is usually dubbed the PMNS matrix, parametrized through its three mixing angles 6;,, 6,5 and 0,5 and the
CP violating phase 6, and whose values are extracted from the results of oscillation experiments and global fits to them when assuming
that the mixing matrix is unitary [2-4].

Indeed, in order to consistently constrain the non-unitarity parameters, a simultaneous fit to them as well as the mixing angles
contained in the unitary part of Egs. (4)-(5) should be performed. In fact, this effect is in general linear in the non-unitarity parameters
(see Ref. [67]) and, as such, it is not consistent to neglect it when studying the sensitivity to non-unitarity. This is most often overlooked
in the literature, where it is not uncommon to assume the best-fit values of the standard unitary 3-flavour paradigm for the mixing
angles of either U or ¥V, thus missing the fact that their extraction will be modified by the presence of a non-unitary matrix.*

However, it is possible to try to optimize the non-unitarity parametrization in such a way as to minimize this non-unitarity
“contamination” in the extraction of the mixing angles. Indeed, as previously stated, the a-parametrization of Eq. (5) is particularly
useful for this purpose. For starters, since all the entries a,; =0 for f§ # e, the extraction of 6,3 from V,-disappearance at reactor
experiments will be unchanged, since the only non-zero entry that modified production and detection (a,,) cancels altogether® due
to the normalization of the probability. Following Eq. (11):

_ in? L im? L in? L . 2
Precor = DUy U= Y a,Uye 28 Ul— Y Uye™ 26 af, U,
i i,y#e i,y#e

ims L

~ S5 *
Y Uye 28 U,
i

2 2
i

16

Furthermore, since matter effects at these facilities are negligible, non-unitarity will not modify in any way the oscillation. As a
consequence, the measured value of 6,5 reported by the collaborations can be used at face value and directly identified with the 6,5
angle entering in the definition of the unitary matrix U in Eq. (5).

Regarding the extraction of 0,3 from v, -disappearance at accelerator facilities or atmospheric neutrino oscillations, both «,,, and
a,, enter in the modification of the probability at production and detection. While a,,, cancels due to the normalization, «,, survives
at leading order. Neglecting matter effects, the oscillation probability is given by:

2

.m‘.zL _m‘zL _m‘zL 2
pacc. _ * —l—5= ¥ * —l—5 _ B el
Pre, = DU U, —ak, Y Uke " E U, —a,, ) Ure™ 2 U, + 0| 17
i i i
where the term multiplying a,,, once the unitarity condition ), U, U, = 0 is employed, can be rewritten as:
.m%L ‘m%L .AW'%IL lm%L .AmglL
% —l =T _ —l = * _ —l == _ —l = * _ —l
DU 2E U, == 26 UUp|l—e 26 |—¢ 28 ULU|1-¢ 26 |, 18)
i

and similarly for the term multiplying a;e. It is easy to see that the first term in the r.h.s. of Eq. (18) is suppressed by Am% L/2E,
while the second is suppressed by 6,5. Thus, within the a-parametrization and for vacuum oscillations, the effect of non-unitarity in
production and detection in v, -disappearance are subleading. Nevertheless, the non-unitarity parameters will modify the probability
through the Earth matter effect, as we will discuss in Section 4.4, so this approximation is only good when matter effects are negligible.
Thus, when adopting the a-parametrization, the impact on the determination of 6,5 is suppressed by either 6,3, Amgl or the relative
strength of matter effects.

Conversely, for the extraction of 6, from solar neutrino experiments avoiding relevant corrections from non-unitarity is challeng-
ing and not accomplished by the a-parametrization. Indeed, due to the sizeable matter effects in the Sun, the picture discussed above
is very different since virtually all of the non-unitarity parameters modify the oscillation probability, as we will outline in Section 4.4.
Consequently, the measurement of ¢;, will be modified in a highly non-trivial manner and would require special treatment. This
fact is most often ignored in the literature. On the other hand, the extraction of §;, at KamLAND (and eventually JUNO) is very
clean, since the same arguments as for Eq. (16) apply. Nevertheless, this determination is not competitive and leads to much larger
uncertainties than the solar neutrino measurement for the time being.

Having outlined some of the caveats and difficulties that are associated to the analysis of neutrino oscillations in the presence of
a non-unitary mixing matrix, it should be stated that these complications may be evaded, since they are often not the best probes
of the non-unitarity parameters. In fact, they may be probed in a more robust and straightforward way through the search for
“zero-distance” flavour conversions discussed in Section 4.1. Alternatively, another powerful probe of these parameters is neutrino
oscillations in the regime in which matter effects are dominant. This is the case for v,-disappearance or even v, -appearance for high-
energy atmospheric neutrinos traversing the Earth, which is a channel best probed by neutrino observatories such as IceCube [109,

4 Similar conclusions apply to the light sterile neutrino scenario (see for instance [106-108]).
5 Notice that the cancellation of the a dependence is exact at all orders in this channel even though Eq. (13) was expanded.
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110] and KM3NeT [111]. Since matter effects dominate over the vacuum term, the oscillation probability does not depend on the
mixing angles and can be exclusively expressed in terms of the non-unitarity parameters (see e.g. [112]).

4.3. Unitarity triangles

Given the subtleties associated with the choice of a suitable parametrization for the unitarity deviations we just described, a
potentially interesting alternative is to avoid parametrizing them altogether. Indeed, this is the standard approach when testing
for CKM unitarity, where independent measurements of the individual CKM matrix elements VacbKM are compared to test if unitarity
conditions suchas )., VaCbKM VHSKM* = 6y, hold. When b # c, this relation leads to the celebrated unitarity triangles testing the unitarity
of the CKM matrix. Thus, it is natural to consider whether such a successful probe may be applied to the PMNS matrix as well.

However, the differences between the quark and neutrino sectors make this option somewhat inefficient when applied to the
PMNS matrix. Indeed, while in hadronic weak decays the flavour of the up and down-type quarks can usually be tagged leading to a
clean and precise measurement of the corresponding VacbKM element, in the lepton sector only the charged fermions #,, are detected.
As such, a direct measurement of the element N,; is not generally possible, as it would require the identification of the neutrino
mass eigenstate v;. Instead, neutrino oscillation experiments usually tag the initial #, and final #; and are thus sensitive to more
convoluted combinations of matrix elements as in Eq. (13). This deteriorates the precision with which the individual N,; elements
can be recovered, especially if unitarity is not imposed, as this leads to too many free parameters for neutrino oscillation data to
effectively constrain.

Conversely, as mentioned above, matter effects or the zero distance effect provide very good sensitivity directly to the « parameters.
In other words, they directly test the unitarity relation since ), N si N;‘l. RO, —ag, —a’ 5 Thus, with present data, our knowledge of
the lepton mixing matrix is that it is close to unitary with higher accuracy than the uncertainty we typically have in its individual
entries. As such, depicting this information through unitarity triangles (as for the CKM matrix) or measurements of the individual
matrix elements may be somewhat misleading when used to transmit our uncertainty of the amount of non-unitarity presently allowed
for the PMNS matrix. On the contrary, choosing a parametrization of these effects as in Eq. (4) or Eq. (5), more efficiently decouples
the two sets of parameters. On the one hand, the unitary part of Egs. (4) and (5) controls the size of the PMNS matrix elements and
is best determined through long-baseline experiments. On the other hand, the unitarity-violating parameters that are generally more
efficiently probed via short-baseline searches or through regimes with strong matter effects, as well as via flavour and EWPO.

4.4. Matter effects

Even though the flavour basis is not orthogonal, the mass basis is orthonormal. In it the Hamiltonian is Hermitian, so the evolution
is unitary and can be computed in the usual manner. In particular, in the mass basis the Hamiltonian is given by [29,67]:

1
1 0 ne — Enn
- 2 t 1
Hi o+ Hi =gl am s V26N ~1n
Ay —%"n

N*, 19

where the second term corresponds to the matter potential in the mass basis assuming that matter is neutral, and containing contribu-
tions both from CC and NC interactions, which can be readily computed at leading order in terms of the non-unitarity parametrizations
of Egs. (4) or (5). In the isoscalar limit, in which the electron and neutron number densities n, and n, are equal,® the matter potential
reads:

1- Ao = Ay a;«e/z are/2
Hﬁal’@ = \/EGFneU’ a;e/2 0 a,/2 |U*+ O@@?), (20)
a;‘e/Z IZ:”/Z Arr — a”;,{

where we have subtracted «,,,, from the diagonal entries, as a term proportional to the identity in the Hamiltonian does not contribute

to oscillations. Equivalently, in the #-parametrization, the matter potential reads:

1- Nee = Nyup 0 0
Hito=V2Gm V[0 0 my  [vTrou). (1)
0 Moy Mee = Mup

Notice the very different structure of Eqs. (20) and (21). This is due to cancellations that take place in the ;1 — e and 7 — e entries when
the isoscalar limit is taken for the #-parametrization. The solution to this apparent inconsistency, that may also lead to misconceptions,
is again the fact that U and V are not the same matrix [67].

Another important observation often overlooked in the literature is that, in the presence of a non-unitary leptonic mixing matrix,
the Fermi constant that enters in the above equations does not coincide with the quantity that is experimentally extracted from muon
decay. Indeed, as it proceeds through CC interactions involving neutrinos, non-unitarity will also affect the muon decay rate I', and
modify the extraction of the Fermi constant:

6 This is a fairly good approximation for the Earth, as the PREM model [113] fixes the average Earth neutron-to-proton ratio at (Yne’) =1.051.
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5 GZmS
_7u"
W= Tozes Z‘ M| Z) = Togms (12 = 20) = 7.5 22

As a consequence, the value of the Fermi constant extracted form muon decay (GM) is related to the actual Fermi constant (G )
entering, for example, electroweak precision observables and, in particular, the above matter potential, in the following way:

GFzG”(1+aa,+aW). (23)

Upon substituting the above expression in Eq. (20), there is an exact cancellation [93] at leading order:

1 aﬂe/Z a./2
HI o =V2G,nU'|a},/2 0 @, /2 |U*+ 0@, (24)

19/2 a:”/z Frp = Ay

which removes all sensitivity to a,, + @, in neutrino propagation’ through the Earth in the isoscalar limit. Beyond the n, = n,, limit
some sensitivity will remain, although at quadratic order or suppressed at linear order by <Yn@> —1=0.051. We thus conclude that
the main sensitivity that neutrino propagation in the Earth has to diagonal non-unitarity parameters is the combination a,, — a,,,.

4.5. Neutral-current detection

There are samples of neutrino events measured through neutral current interactions (NC) that can be useful to constrain new
physics and in general will also be sensitive to non-unitarity. When the neutrino detection is performed via NC, the outgoing neutrino
is not measured and, as such, the number of events would be given by the incoherent sum of the different possible independent
final states. Thus, naively, a sum over all the flavour states would provide the desired event rate and hence be proportional to the
“experimental probability”. In fact, this has been the approach often adopted:

P\?aai—vjzvc(L) = 2 ap = N Z ‘ E NN . |2 - % ﬁz N:iNﬂiN“jN;jeiAm]ziL/zE ’ (25)
g

where, for simplicity, we have assumed vacuum propagation and N is the necessary normalization factor which will depend on how
the neutrino flux and cross section is estimated, as discussed in Section 3.2.

However, as emphasized in Section 3.1, the different neutrino flavour eigenstates are not mutually exclusive since they are not
orthogonal. As such, the incoherent sum in Eq. (25) is not correct and it should rather be performed in the orthonormal mass basis,
which truly represent independent outcomes (see e.g. the discussion in Ref. [114]). Moreover, it is also important to notice that, in
presence of non-unitary mixing, NC interactions are not proportional to &;; in the mass basis but instead to N TN, as given by Eq. (2).
As such, and in complete analogy to the N, factor from the production of a |v,) via CC interactions, the NC detection rate of a |v,)
is given by [115]:

m2 L

D _ 1 * 2 * o i * * 2 ——

PVWVNC(L)_V; " NZ(ZN 73 Nﬁ, ﬁZI”N Ny Ny N NN, &0, (26)
where S denotes the evolution operator. Using that

2

Z N i = 8gy = @y, — a5+ O(a), 27)

in Eq. (26) we obtain:
1 iAm? L/2E iAm?, L/2E
Py (=P (L)- v NNy N, N as oS PPE_ N NN, Ny g™ PE L o S (28)
SN

Hence, there are leading order corrections to the naive approach of adding incoherently over the flavour states often adopted that
must be considered to obtain the correct result.

A further subtlety is that, for NC detection, it does not seem possible to define a useful “theoretical probability” as in Section 3.1
representing a true probability, that is, an overlap between normalized states. Indeed, since NC detection goes with the elements of
(NTN) ij # 0;;, each mass eigenstate contribution to the NC detection is weighted by a different factor. Thus, the NC detection process
could be written as a weighted incoherent sum of actual probabilities, but not as a probability itself. Nevertheless, the corresponding
“experimental probability”, as in Section 3.2, can be defined normalizing Eq. (28) properly through N according to how the NC even
rate is estimated in the corresponding experiment. For example, if the expectation is calibrated by a NC near detector measurement
of the |v,) flux, the normalization factor would read:

7 Alternatively, it could be possible to use as input a value of G . not affected by non-unitarity, for instance extracted from the value of the W mass M, . Nevertheless,
much better sensitivity is obtained by comparing this value with G, (see e.g. Ref. [53]), given the much higher accuracy as compared to measurements of the neutrino
matter effects.
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N = zk: | ; N;[NﬂiN;k|2, (29)
and the correctly normalized “experimental probability” would be given by:
2L
] Z|E NN NG 7 |
B, ., (D)= — (30)

| NN

5. Applicability of the different non-unitarity bounds

Given the fact that the neutrino oscillation phenomenon is sensitive to the elements of the non-unitary leptonic mixing matrix,
it could be expected to provide its most direct probe. Nevertheless, the Lagrangian shown in Eq. (2) has other very important and
sensitive phenomenological consequences. Indeed, since both CC and NC neutrino interactions are modified, very well-measured pro-
cesses from which fundamental parameters are extracted are affected. This is the case, as already outlined, of G from u decay, whose
amplitude has two insertions of N,,;. Similarly, §, = and = decays are affected. This means that electroweak precision observables and
lepton universality tests can provide exquisite sensitivity to unitarity deviations of N. Moreover, flavour-violating processes can also
provide relevant constraints since the GIM mechanism [1] suppressing them in the SM stems from the unitarity of the mixing matrix,
which is now lost. These sets of observables have been used to derive very stringent constraints on how large unitarity deviations are
presently allowed to be. For instance, the most recent global fit [53] constrains most elements of « to be below the 1073 level at 2o,
beyond the sensitivity of present or near future neutrino oscillation experiments. It is then interesting to consider the applicability
and potential complementarity between the two sets of constraints.

It has become common to refer to bounds stemming from flavour and EWPO as “charged lepton” or “indirect” bounds and those
from neutrino oscillations as “neutrino” or “direct” bounds, somehow implying that the latter are more robust, even if they are in
principle weaker. However, in both cases the sensitivity to the mixing matrix and its possible unitarity deviations mainly stems from
processes involving CC interactions, thus always involving both a neutrino and a charged lepton. Their characterization as “charged
lepton” or “neutrino” bounds is therefore spurious. In fact, there is a large overlap between the processes involved in the constraints
from flavour and EWPO and those responsible for neutrino production and detection in neutrino oscillation experiments. For example,
the same 7 decays through which the neutrino fluxes for many neutrino oscillation experiments are produced, are also the source of
the strong constraints originating from weak lepton universality tests given by its ratios. Both involve neutrinos and charged leptons
and are, in principle, equally applicable and robust, since they are based in the same underlying process. Similar arguments can be
applied to neutrino detection via inverse f decay and the constraints coming from f or u decays in EWPO.

In a more general framework, one could consider introducing appropriate 4-fermion operators precisely cancelling all the effects
of a non-unitary mixing matrix in EWPO. However, these 4-fermion operators would also induce neutrino non-standard interactions
(NSI) also cancelling the effect of non-unitarity in neutrino oscillations, as expected. Indeed, as discussed in Ref. [67], by integrating
out the W and the Z, all NU effects can be described as a particular realization of the NSI formalism involving both NC and CC NSI
with particular correlations among their coefficients. Thus, the two sets of observables are generally equally robust.

However, some of the EWPO might be affected by new physics contributions that do not affect neutrino oscillations similarly. For
instance, one of the strongest constraints comes from direct measurements of M, when comparing with G. as extracted from u decay.
If u decay is modified, for instance via a dimension-6 4-fermion operator, it could cancel the effect of non-unitarity in x4 decay and
avoid this constraint, while neutrino oscillations not involving production from u decay would however not be affected. Similarly,
new physics affecting the T parameter may help to avoid this constrain without significantly affecting neutrino oscillations. The
constraints from lepton flavour universality tests are, on the other hand, more difficult to avoid without losing as well the sensitivity
in neutrino oscillation experiments. Particularly those stemming from z decay. Moreover, apart from the measurement of My,
precise measurements of sin @y, at different energies as well as § decays also provide strong constraints and would all need to be
avoided by different ad hoc new physics, which seems rather challenging. Thus, while it is technically possible to avoid some of the
flavour and EWPO constraints without affecting neutrino oscillations, it is, in general, not possible to avoid all of them without also
losing the effect in the oscillation phenomenon itself.

5.1. Non-unitarity from light sterile neutrinos

An interesting way of evading all flavour and EWPO constraints on non-unitarity is when it is originated by extra sterile neutrinos
which are light enough to be produced in all relevant processes down to f decays. In this scenario, unitarity is restored in all flavour
and EWPO, as all the mass eigenstates are kinematically accessible. Conversely, these neutrinos would be produced and propagate
together with the 3 standard light neutrinos, participating of the oscillation phenomenon. Thus, an effect is still present in neutrino
oscillation experiments even if flavour and EWPO constraints are lost.

If the new mass eigenstates are light enough, they will lead to new oscillation frequencies that might be probed for at neutrino
oscillation experiments looking for sterile neutrinos. Conversely, if the new mass eigenstates are characterized by masses that lead to
large Am?L/E, their oscillations will average out at the detector or lose coherence. Interestingly, as discussed in Refs. [67,100], the
phenomenology of sterile neutrinos in this averaged-out regime and that of non-unitarity is the same except for a constant term that
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Table 1

Constraints on the non-unitarity parameters @y, from neutrino oscillation
searches (left columns) and flavour and EWPO (right columns). For the os-
cillation bounds we report constraints that apply for sterile neutrino masses
in the averaged-out regime with Am? > 100 eV2. For lighter masses, stronger
constraints exploiting the new oscillation frequencies generally apply. All
flavour and EWPO bounds apply for sterile neutrino masses at least m > M ,.
For lighter sterile neutrinos down to m ~ 1 MeV stronger constraints from
direct searches may apply. See main text for further details.

90% CL  Averaged v Oscillations Flavour & EWPO [53]
m>10eV m>M,
Direct Schwarz Direct Schwarz
a,, 84x107% [108] - 12x1073 -
™ 12x1072 [117] - 8.6x1075 -
a,, 29%x1072 [110] - 6.0x10™* -
|a,‘e 18x1072 [105]  14x1072  19x10°  54x107
a,e| 6.1x 1072 [104] 2.2x1072 6.2x 1073 1.5%x 1073
a,, 9.1x1073 [104]  2.6x102  69x103  15x10™

is generally subleading. Moreover, the normalizations discussed in Section 3.2 are typically not present in this scenario, as long as the
sterile oscillations have not developed yet at the near detector or in the data used to normalize the flux or cross section. This may lead
to an enhancement of the sensitivity compared to the “standard” scenario covered in the previous sections, as discussed in Ref. [67].
While this scenario does not fully correspond with the definition of non-unitarity introduced in Section 2, the phenomenological
impact in the neutrino oscillation phenomenon is almost the same and non-unitarity constraints from neutrino oscillation searches
largely apply to this regime, while flavour and EWPO do not. Indeed it is not uncommon to find analyses in the literature referring
to this regime also as non-unitarity, even though it may more naturally and accurately be described by the large Am? limit of the
sterile neutrino framework [116].

The 3 + 1 sterile neutrino analyses in short baseline experiments are typically performed as a function of the mixing between the
active and mostly sterile states U}, or the effective mixing angles 9,,:

5 Am? L

P, _.,, (L) =sin® 28, sin® 4—2 , (31)
- Am? L

P, _, (L)=1-sin?29,, sin’ 4—2 (32)

However, as we have already mentioned, it can also be performed in terms of the a parameters in the averaged-out sterile neutrino
scenario. The connection between both parameterizations can be easily derived by considering the unitarity of the full mixing matrix
UUT=1. In the common 3 + | case we have® [67,86]

sin? 955 (33)

1 1. 1
agy = 5|1/'ﬁ4|2 =3 sin’ Ops = 3

. . 1, .
5] = |1/‘y47fﬂ*4| ~|sinf,4||sin 6| ~ El sin29,1, (34)

with y > B.

In Table 1 we compare the bounds on the non-unitarity parameters a from EWPO (right column) and neutrino oscillation experi-
ments when assuming sterile neutrinos in the averaged-out regime of their new Am? (left column). The latter, compiled and updated
for this work, mainly come from short baseline experiments, therefore probing the “zero distance effect”, or searches exploiting
sizable matter effects, which are the most sensitive probes, as discussed in the previous sections. For all constraints displayed, the
bounds apply from at least Am? > 100 eV2. Nevertheless, several of them also apply for smaller values and, in any event, for Am?
values below the averaged-out regime, generally stronger constraints apply since sensitivity can improve exploiting also the shape
information. Constraints are particularly strong around the Am? = 1 eV? region. Indeed, several dedicated experiments have probed
the long-standing short-baseline neutrino anomalies which could be interpreted as signal but are also in strong tension with other
observations [118]. Therefore, we do not include the short-baseline neutrino anomalous results in the set of data used to derive the
constraints. Regarding the flavour and EWPO, all constraints apply at least for neutrino masses above the mass of the Z. While several
of the constraints would also apply down to the yx mass, generally stronger bounds are also in place from direct searches for sterile
neutrinos. These go from ~ 100 GeV through collider searches down to ~ 1 MeV from production through meson decays or even to
~ 1 keV for a,, from searches at § decays (see for example Ref. [119,120]).

8 Notice that the relations in Egs. (33)-(34) are only valid for small mixing angles.
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For the flavour off-diagonal elements, besides the direct constraints already mentioned, we also provide those derived from the
Schwarz inequality

lag, | <24/agpa, . (35)

This relation follows when the coefficient of the d = 6 operator of Eq. (3) # is positive (or negative) definite. This is the case of
the type-I Seesaw mechanism, which is the only UV completion that leads only to the d = 6 operator of Eq. (3). Other sources of
non-unitarity will generally also contribute to other operators usually affecting the charged lepton sector and therefore more strongly
constrained. Nevertheless, it is technically possible to combine several UV completions and tune their respective couplings to cancel
other contributions and avoid the applicability of the Schwarz inequality. Ref. [51] briefly describes the level of complexity required
to achieve this through a particular example. In such a case, only the direct bounds would apply.

To summarize, non-unitarity of the lepton mixing matrix may be induced by many different generic high-energy extensions of the
SM if, upon integrating out their new heavy degrees of freedom, a contribution to the d = 6 operator of Eq. (3) is obtained. These
scenarios are best probed by flavour and EWPO and the role of neutrino oscillation constraints is generally subleading. Further new
physics beyond the SM is necessary to explain the origin of neutrino masses and mixings, and the simplest and most natural extension
is to add right-handed neutrinos to the SM particle content. If these neutrinos are too heavy to be directly produced, they can still
be probed for indirectly through the non-unitarity they induce and the strongest constraints are from flavour and EWPO. Conversely,
when they are light enough to be produced and participate together with the three standard neutrinos in the oscillation phenomenon,
neutrino oscillation experiments can be the main window to test their existence, as most other constraints are lost. In this sense, the
two sets of constraints on non-unitarity can be viewed as complementary, as they are probing two different parts of the parameter
space of this simplest SM extension.

6. Conclusions

We have highlighted a number of subtle issues that arise when considering neutrino oscillations in presence of a non-unitary
leptonic mixing matrix. In particular, after introducing the framework and possible sources of non-unitarity we have discussed that:

In general, oscillation probabilities do not match with the experimental observable and we proposed two possible definitions.
The first is a “theoretical probability” which is a true probability but may not correspond to the measured quantity. The second
is the “experimental probability”, which more directly corresponds to what is determined at a given experiment, but may not
represent an actual probability. While the two may coincide, this is not always the case in presence of non-unitarity.

In presence of a non-unitary mixing matrix, the flavour eigenstates are not orthogonal and hence not mutually exclusive. As such,
even the “theoretical probabilities” describing transitions to different flavours do not need to add up to 1, which has sourced
some misunderstandings in the literature. Similarly, when considering detection via NC interactions, the appropriate basis is the
mass basis, since the states are orthogonal and mutually exclusive. Naively performing the computation in the flavour basis may
lead to incorrect results.

The non-orthogonality of the flavour eigenstates also leads to flavour transitions at zero distance. This “zero distance effect”
has often been considered in disappearance channels as a source of strong constraints, given its linear dependence with the
non-unitarity parameters. However, when properly normalizing the oscillation probabilities, the “zero distance effect” cancels
in disappearance channels and care must be taken. Similarly, also at longer baselines, some sensitivity to non-unitarity is lost in
disappearance channels.

It is convenient to parametrize a non-unitary mixing matrix through a unitary one and some additional (small) parameters that
encode the unitarity deviations. A common misconception is to use as input for the unitary part the outcome of global fits
to oscillation data that assume unitarity in their analysis. This neglects the non-unitary corrections that would also affect the
experiments analyzed in the global fit. This procedure leads to different and inconsistent results depending on the parametrization
employed, as the non-unitary corrections neglected in the unitary global fit are of leading order in the non-unitary parameters.
Some parametrizations, like the popular lower triangular introduced in Eq. (5), can mitigate its impact, making non-unitary
corrections essentially absent in the extraction of 6,53 and subleading for 6,;. Unfortunately, matter effects in solar neutrino
experiments do make an extraction of ;, free from non-unitary corrections challenging.

Unlike for the CKM, the best sensitivity to non-unitarity effects in the lepton sector does not arise from a precise determination
of the individual elements in the PMNS matrix in oscillation data. Instead, the unitarity-violating parameters are generally more
efficiently probed via short-baseline searches or through regimes with strong matter effects, as well as via flavour and EWPO.
Therefore, depicting our knowledge of the unitarity of the PMNS matrix through unitarity triangles is not as convenient.

A non-unitary mixing matrix also affects the rates of weak processes involving neutrinos such as u, z, f or = decays. Given
its impact in weak decays, flavour and EWPO also provide constraints on the unitarity of the lepton mixing matrix which are
generally stronger than the sensitivity found for neutrino oscillation experiments. While it is sometimes argued that the latter
constitute more “direct” or “robust” constraints, this is not the case, as the sensitivity is in both cases provided mainly by the
same underlying processes. In Section 5 we have updated and compared both sets of constraints.

The usual extraction of G from y decay is affected and this indirect dependence on the non-unitarity parameters should also be
taken into account consistently when considering the impact of matter effects in oscillation experiments. This also cancels some
sensitivity.

11
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Finally, an interesting regime related to non-unitarity is neutrino oscillations in presence of sterile neutrinos that are light enough to
be produced together with the three standard neutrinos but too heavy for their oscillations to be seen at the far detector (oscillations
average out or decohere). In this regime, the phenomenology is largely the same as in presence of a non-unitary mixing matrix
but the normalization of the “experimental probability” may not be present, leading to an increased sensitivity and recovering “zero
distance effects” in disappearance channels. Moreover, the stronger constraints from flavour and EWPO do not apply, making neutrino
oscillation experiments the best window to probe this scenario.
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