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Matrix denoising is central to signal processing and machine learning. Its statistical analysis when the
matrix to infer has a factorized structure with a rank growing proportionally to its dimension remains a
challenge, except when it is rotationally invariant. In this case, the information-theoretic limits and an
efficient Bayes-optimal denoising algorithm, called the rotational invariant estimator, are known. Beyond
this setting, few results can be found. The reason is that the model is not a usual spin system because of the
growing rank dimension, nor a matrix model (as appearing in high-energy physics) due to the lack of
rotation symmetry, but rather a hybrid between the two. In this paper, we make progress toward the
understanding of Bayesian matrix denoising when the hidden signal is a factored matrix XX⊺ that is not
rotationally invariant. Monte Carlo simulations suggest the existence of a denoising-factorization transition
separating a phase where denoising using the rotational-invariant estimator remains Bayes-optimal due to
universality properties of the same nature as in random matrix theory, from one where universality breaks
down and better denoising is possible, though algorithmically hard. We also argue that it is only beyond the
transition that factorization, i.e., estimating X itself, becomes possible up to irresolvable ambiguities. On
the theoretical side, we combine mean-field techniques in an interpretable multiscale fashion in order to
access the minimummean-square error and mutual information. Interestingly, our alternative method yields
equations reproducible by the replica approach of Sakata and Kabashima. Using numerical insights, we
delimit the portion of phase diagram where we conjecture the mean-field theory to be exact and correct it
using universality when it is not. Our complete Ansatz matches well the numerics in the whole phase
diagram when considering finite-size effects.
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I. INTRODUCTION

Statistical inference is the powerhouse of modern infor-
mation processing systems as appearing, for instance, in
signal processing, error correction for communication, and
data cleaning in neuroscience, biology, or finance.
Ultimately, the goal is always to separate the signal from
the noise in the data at hand, where “signal” simply means
what is considered the relevant part of the data for a specific
application. Given the ubiquity of arrays to represent

modern data, a particularly general inference task is the
one of matrix denoising. For example, in recommender
systems, rows represent users and columns the products
they have rated, or in medicine with patient versus
measured physiological features. A basic reflex to make
sense of a large data array is to write down its empirical
covariance matrix, followed by a preprocessing denois-
ing step.
However, denoising a large covariance matrix, modeled

as a product of two factors, is a hard problem, both
algorithmically and from the viewpoint of theoretical
analysis, especially if its rank is proportional to its dimen-
sion as in the present contribution. The applications of
matrix denoising range from dictionary learning [1], repre-
sentation learning [2], or sparse coding [3–6] in machine
learning and computational neuroscience to robust principal
components analysis [7,8], submatrix localization [9], blind
source separation [10], matrix completion, and recom-
mender systems [11–13] or video processing [6,14] in signal
processing, but also appear in the analysis of community
detection in large graphs [15–17]. Matrix denoising
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problems can also be interpreted as “planted spin glasses,”
and are therefore naturally linked to the statistical physics of
disordered systems [18], a connection we will exploit
extensively here.
In this paper, we focus on the denoising of symmetric

positive definite signal matrices, which can therefore be
interpreted as empirical covariance matrices, corrupted by a
symmetric Gaussian matrix, which is a standard modeling
assumption for noise. In order to study the fundamental
limits of inference, i.e., the information theoretically
optimal performance achievable independent of the com-
putational cost to do so, the correct framework is the
Bayesian one. Denoising is thus formulated as a Bayesian
inference problem over an empirical covariance matrix
XX⊺ given a noisy data matrix Y ∈RN×N generated as

Y ¼
ffiffiffiffi
λ

N

r
XX⊺ þ Z: ð1Þ

The rectangular matrixX∈RN×M is the hidden factor [also
called signal, a terminology we will also use for the square
matrix XX⊺ ∈RN×N of rank at most minðN;MÞ if there is
no ambiguity] and Z∈RN×N is a noise drawn from the
Gaussian orthogonal ensemble (GOE), i.e., a symmetric
matrix with independent Gaussian entries on its upper
triangular part Zij ¼ Zji ∼N ð0; 1þ δijÞ. We consider the
ideal setting where the signal X has independent and
identically distributed (i.i.d.) components ðXiμÞi≤N;μ≤M
drawn from a sub-Gaussian prior distribution PX with zero
mean and unit variance.
When the prior is different than a centered Gaussian, the

signal XX⊺ (and thus the data) is not rotational invariant.
Rotational invariance means in this context that the pro-
bability density PðXX⊺Þ would be equal to PðOXX⊺O⊺Þ
for any N × N orthogonal matrix O. The setting where the
prior PX breaks this invariance, as well as the differences
this induces with respect to the rotational-invariant
Gaussian prior PX ¼ N ð0; 1Þ, will be of particular impor-
tance in this paper.

A. The well known: Denoising a rank-one matrix

Model Eq. (1) may look rather special at first sight.
However, a long line of work in the statistical physics of
high-dimensional inference has proven that the analysis of
prototypical models allow us to understand general mech-
anisms, similar to how dissecting the Ising model in physics
has paved the way to understand phase transitions and
critical phenomena way beyond it. The connection between
the Ising model and matrix denoising is actually more than
an analogy. Indeed, the rank-one version M ¼ 1 of matrix
denoising (also called the spiked Wigner model) with signal
entries taking binary valuesXi ¼ �1 is precisely the planted
version of the celebrated Sherrington-Kirkpatrickmean-field
spin glass [19] (see Refs. [18,20] for the mapping), whose

analysis is at the core of a fruitful 40-yr research field
involving physicists and mathematicians [21,22].
The special features of this spin model inherent to the

presence of a planted signal (or, equivalently, “on the
Nishimori line”), first analyzed using spin-glass techniques
by Nishimori [18], have triggered numerous works by
various communities. Spiked matrix models (i.e., low-rank
perturbations of much larger rank matrices, in the present
case, the noise) are naturally a whole subject in random
matrix theory. It was first understood in this context that the
presence of the signal may yield a phase transition
phenomenon now known as the Ben Arous-Baik-Péché
(BBP) transition [23–25] at a critical value of the signal-to-
noise ratio (SNR) λ. This is one of the most studied
examples of phase transition in information processing.
The top part of Fig. 1 illustrates the BBP transition: For
SNR greater than a critical value λBBP, an outlier eigenvalue
of the data Y escapes the semicircular bulk of eigenvalues
associated mostly with the noise component. A simple
spectral estimator corresponding to the associated eigen-
vector then has a nontrivial overlap with X. Before this
point, however, no eigenvector of the data aligns with the
signal, and spectral estimation is thus doomed. In the
statistics literature, the spiked Wigner model was intro-
duced as a statistical model for sparse principal components
analysis (PCA) [26–29].
Concerning the Bayesian viewpoint on the model, as

considered in the present paper, multiple approaches are
now available for the computation of the main information-
theoretic quantities, in particular, the mutual information
between signal and data and the minimum achievable
mean-square error. We mention the replica method
[21,32,33] among the nonrigorous ones, and proofs based
on the analysis of message-passing algorithms [34,35],
spatial coupling [30,36], the interpolation method and its
adaptive version [37–40], the cavity method [16,41], large
deviation arguments [42], or partial differential equations
approaches [43,44]. This influential series of works has led
to a rich and general picture summarized by the bottom part
of Fig. 1.
The phase diagram shown in the figure possesses three

distinct regions. In the “impossible phase” at low λ, for a
typical large realization of the probabilistic model Eq. (1)
withM ¼ 1, the data contain a vanishing information about
the signal and thus inference, whether computationally
efficient or not, is impossible. Consequently, even the
Bayes-optimal estimator (corresponding to the Bayes
posterior mean, black solid curve) yields trivially bad
reconstruction error. Beyond the information-theoretic
transition λIT the picture changes: here, the data typically
contain information and inference becomes, in theory,
possible. However, no practical algorithm running with a
subexponential complexity in N is known. Those we have
at hand, including the aforementioned spectral estimator
and a Bayesian, prior-aware, approximate message-passing
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(AMP) algorithm [33,45–47], are all failing. Finally,
beyond the algorithmic threshold λAlgo (which, for the
choice of prior in Fig. 1, matches λBBP), the signal is strong
enough to be efficiently extracted from the data and, in
particular, the Bayesian AMP algorithm suddenly becomes
optimal in spite of its low computational cost, following a
phase transition in its performance. In this region, inference
is thus “easy”.
Such a phase diagram with a hard region (also called

computational-to-statistical gap) and associated discontinu-
ous transitions in algorithms performance is not specific to
matrix denoising, but is actually typical in high-dimen-
sional inference [20,48]. Their study is the central question
in average-case complexity theory in modern computer
science. Furthermore, web of reductions exist that prove
that if the hard phase is fundamental (in the sense that there
exists no polynomial-in-N complexity algorithm for signal

extraction in this phase), then a plethora of other inter-
connected inference problems must also be hard [49,50].
The analyses of prototypical matrix denoising models
therefore have a conceptual impact that goes way beyond
their specific instance.
We mention that numerous generalizations of the

spike Wigner model have recently been considered in
Refs. [51–57].

B. The challenge: Extensive-rank matrix denoising,
beyond rotational invariance

In this paper, we aim at going beyond low-rank matrix
inference [i.e.,M ¼ Oð1Þ while N ≫ 1] by considering the
much more challenging extensive-rank setting; that is,
N;M ¼ MN both large and verifying

lim
N→þ∞

M
N

¼ α∈ ð0;þ∞Þ:

In this scaling regime, much less is known; we refer to
Table 1 in [58] for a compact account of the current status
of the problem. This scaling is natural in random matrix
theory. It is indeed the one where the signal is not anymore
a “perturbation” (due to its low-rank nature) of the noise,
but rather a “macroscopic deformation” of it. In this case,
the BBP phenomenology is not valid anymore, because for
any λ > 0, the spectrum of the data deviates macroscop-
ically from the semicircular law. Many questions can then
be answered using random matrix theory. For instance, the
data asymptotic spectral density can be obtained using free
probability [59].
In this paper, however, we are not interested in typical

random matrix theory questions, but rather in information-
theoretic ones, usually more akin to spin-glass approaches.
A major difficulty is that, when interpreted in statistical
physics terms, the model Eq. (1) is not a planted version of
a well-known spin model as whenM ¼ 1, because we have
to treat a whole matrix rather than a vector of variables as
usual. This induces novel difficulties.
The standard strategy to access the information-theoretic

quantities in statistical mechanics of inference is to cast the
problem as the computation of a free entropy (i.e., log-
partition function) associated with the Gibbs-Boltzmann
distribution of the model, which is the posterior distribution
given the data in the context of inference, see Eq. (3). In
doing so, we will see in Sec. II that the partition function of
extensive-rank matrix denoising resembles a “matrix
model.” A prototypical matrix model is a partition function
of the type

ZMMðAÞ ≔
Z
HN

dF expð−TrF2 þ TrAFÞ; ð2Þ

where HN is the space of Hermitian N × N matrices, dF
denotes the Lebesgue measure over it, and the source

FIG. 1. The top illustrates the Ben Arous-Baik-Péché transition
occurring in the rank-one spiked matrix model. In orange is the
histogram of eigenvalues of Y when M ¼ 1. Before the tran-
sition, it closely matches Wigner’s semicircular law (blue) and its
top eigenvalue (red line) sticks to the end point of the bulk of
eigenvalues. All eigenvectors of Y have a vanishing oNð1Þ
overlap with the hidden signal X. The BBP transition is marked
by an outlier eigenvalue detaching from the bulk. The associated
eigenvector aligns nontrivially with X and can thus serve as
spectral estimator. At the bottom is the phase diagram of the
model considered from the Bayesian (information-theoretic)
perspective, with sparse prior PX ¼ ρδ0 þ τδ−a þ ð1 − τ − ρÞδb
for a proper choice of parameters (see, e.g., Refs. [30,31]).
Impossible, hard, and easy inference phases appear for typical
realizations of Eq. (1) as the signal strength increases, delimited
by information-theoretic and algorithmic transitions. The behav-
ior of the Bayes-optimal, spectral, and Bayesian approximate
message-passing algorithm are shown. For this example of prior
PX, the transitions for the message-passing and spectral algo-
rithms match, but the Bayesian algorithm outperforms the
spectral one as it exploits the prior, while the latter does not.
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A∈HN . This one-matrix integral can be solved in the large-
N limit by the character expansion method [60,61] and by
means of the Harish-Chandra–Itzykson–Zuber (HCIZ)
integral [62,63] defined later in Eq. (8). Matrix models
appear in high-energy physics, in particular, in Yang-Mills
theories with internal symmetry groups of diverging
dimension [64], in random matrix theory approaches to
quantum gravity [65,66], quantum chromodynamics [67],
statistical mechanics of planar random lattices [68–71], or
when counting planar diagrams [72,73]. We refer the
interested reader to the review in Ref. [74].
The known approaches for computing partition functions

of matrix models require a Lebesgue measure over the
matrix elements or a rotational-invariant one. This allows
integration of the ΘðN2Þ rotational degrees of freedom
using the HCIZ integral, leaving only N variables for the
eigenvalues. If the exponent of the integrated matrix model
staysΘðN2Þ, then a final saddle point over eigenvalues (that
are only N) is justified to finish the computation.
In the present paper, however, we can no longer rely on

rotational symmetry because it is, in general, broken by the
prior measure PX as we shall see. Therefore, the challenge
that we tackle here is to provide a framework for analyzing
information-theoretic limits of matrix denoising, cast as a
statistical mechanics model looking like a matrix model (or
vice versa). In doing so, we will not be able to rely on
standard spin-glass approaches, as it is a matrix rather than
a vector spin system, nor on those from matrix models due
to the breaking of rotational invariance. Nevertheless, we
will see that both types of techniques are key when properly
adapted. This is the main contribution of the paper, with the
ultimate goal of drawing the equivalent of the phase
diagram in Fig. 1 but in the extensive-rank case M ≈ αN.
Finally, this scaling regime is interesting due not only to

its challenging nature, but because it is also practically
relevant. Many applications mentioned at the beginning in
signal processing and learning naturally belong to this
regime. Importantly, as it was realized that low-rank spiked
matrix models play an important role in modern neural
networks [75–77], so does their extensive-rank counterpart,
see the recent works in Refs. [78,79], which exploit a deep
connection to extensive-rank matrix denoising in order to
analyze modern scaling regimes of neural networks.

II. BAYESIAN SETTING, RELATED LITERATURE,
AND MAIN CONTRIBUTIONS

Before properly defining the setting, let us introduce a
few notations and information-theoretic basic definitions.
Symbol ∼ expresses that a random variable is drawn

from a certain law. Xiμ ∼i:i:d:P means that ðXiμÞi;μ are
independent and identically distributed according to P.
For a matrix x ¼ ðxiμÞi≤N;μ≤M, we denote dPXðxÞ ¼Q

i;μ dPXðxiμÞ. Vectors are columns, and their transpose
are rows. xi ¼ ðxiμÞμ≤M ∈RM is the vector of the elements

of x on row i. Consistently, xi will still be referred to as a
column vector, even if it contains row elements.
Analogously, xμ ¼ ðxiμÞi≤N ∈RN is the vector of the
elements of x on column μ. We denote the inner product
between vectors equivalently as u · v ¼ u⊺v ¼Pi uivi.

The symbol ¼D means equality in law. The norm kAk ¼
ðPij A

2
ijÞ1=2 is the Frobenius norm. The limit limN→∞

means that both N and M diverge with M ¼ αN þ oNð1Þ
and is called the “thermodynamic limit.” N ðm; σ2Þ is the
density of a Gaussian with mean m and variance σ2.
The mutual information between two random variables

X, Y with joint distribution PX;Y and marginals PX, PY

is the Kullback-Leibler divergence IðX;YÞ ¼ IðY;XÞ ≔
DðPX;YkPX ⊗ PYÞ. For our purposes, Y ¼ Y will be a
continuous random variable, whereas X ¼ X can be dis-
crete or continuous, but the conditional density PYjXðyjxÞ
will always be accessible and well defined. In this regards,
the mutual information (MI) can also be recast as

IðX;YÞ ¼
Z

dPXðxÞdyPYjXðyjxÞ ln
PYjXðyjxÞ
PYðyÞ

¼ HðYÞ −HðYjXÞ;

where HðYÞ is the differential entropy and HðYjXÞ is the
conditional differential entropy. The same symbol H will
also be used for discrete random variables, in which case it
denotes the Shannon entropy. We refer the reader not
familiar with these notions to Refs. [80,81] for more details.

A. Bayesian matrix denoising: Setting

Consider the data generating model Eq. (1). In order to
perform Bayesian inference, the first step is to write down
the posterior distribution of the signal given the data using
Bayes’s law. As the signal has a known factorized structure,
the posterior is a probability distribution over the factor X
alone. Given observation Eq. (1) the posterior dPðxjYÞ ≔
PðX∈ ½x;xþ dxÞjYÞ reads

dPðxjYÞ ¼
exp
�
− 1

4
kY −

ffiffiffi
λ
N

q
xx⊺k2

�
CðYÞ dPXðxÞ; ð3Þ

with CðYÞ a normalization. We denote the expectation with
respect to the posterior using the bracket notation

h·i ¼ h·iY ≔ E½·jY�:

Expectation E is with respect to the data Y generated as
Eq. (1) or, equivalently, with respect to the independent
variables ðX;ZÞ. The posterior (3) gathers all information
on the generating process of the signal and data: the
factorized form of XX⊺, the size N ×M of the unknown
factor X, its prior law PX, and the Gaussian nature of the
symmetric noise, as well as the SNR λ. This setting where
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the posterior is known exactly to the statistician is said to be
“Bayes optimal.” This ideal case is the appropriate one for
studying the fundamental performance limits in inference.
For the information-theoretical analysis, one of the main

goals is the computation of the MI density, i.e., per signal
element,

IðXX⊺;YÞ
MN

¼ HðYÞ
MN

−
HðYjXX⊺Þ

MN
¼ HðYÞ

MN
−
HðZÞ
MN

;

where given that the normalized distribution of the data
is PðYÞ ¼ CðYÞ=Qi≤j≤N

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πð1þ δijÞ

p
, the differential

entropy of the data is

HðYÞ ¼ 1

2

X
i≤j

ln (2πð1þ δijÞ)þ
1

4
EkYk2

− E ln
Z
RN×M

dPXðxÞe1
2

ffiffi
λ
N

p
TrYxx⊺− λ

4NTrðxx⊺Þ2

and the noise one is HðZÞ ¼ 1
2

P
i≤j ln (2πeð1þ δijÞ).

Noticing that ½1=ðMN2Þ�EkXX⊺k2 ¼ 1þ αþOð1=NÞ
for a centered unit variance prior, the MI density therefore
reads

IðXX⊺;YÞ
MN

¼ λ

4
ð1þαÞþOð1=NÞ

−
1

MN
E ln

Z
RN×M

dPXðxÞe1
2

ffiffi
λ
N

p
TrYxx⊺− λ

4NTrðxx⊺Þ2 :

ð4Þ

Observe that the MI betweenXX⊺ and Y is the same as that
between X and Y because Y is a stochastic function of X
through onlyXX⊺. In statistical mechanics of inference, the
MI plays the same role as the free energy and is thus the
thermodynamic potential of the problem. In the thermo-
dynamic limit, its nonanalytic point(s) possibly encoun-
tered when tuning the control parameters ðα; λÞ correspond
(s) to the phase transition(s), whose characterization is a
central goal in this paper.
The integral in the MI (4) is the logarithm of the partition

function of a matrix model like Eq. (2) where F is replaced
by XX⊺, which is symmetric positive semidefinite and
where the data Y play the role of source A. A major
difference is that the reference measure of the integral is not
rotational invariant, in general.
The noise being additive Gaussian, the MI is linked to

the minimum mean-square error (MMSE) on XX⊺ via a
thermodynamic identity called the “I-MMSE relation” [82],

d
dλ

IðXX⊺;YÞ
MN

¼ 1

4MN2
EkXX⊺ − hxx⊺ik2: ð5Þ

The rhs is the MMSE ¼ MMSEN divided by 4, with

MMSE ≔
1

MN2
EkXX⊺ − hXX⊺ik2

¼ 1

M
E

����XX⊺

N

����2 − 1

M
E

���� hxx⊺i
N

����2; ð6Þ

using Proposition 2 in Appendix C for the second line.

B. Related works

In the past 15 years, an interest in the statistical analysis
of the challenging proportional scaling regime, M=N → α
as N → þ∞, has grown. Given the numerous conjectures
revolving around extensive-rank matrix denoising, we now
review relevant results.

1. Rotational-invariant setting

A major contribution came from random matrix theory.
Ledoit and Péché [83] and Bun et al. [84] introduced a
rotational-invariant estimator (which could be more appro-
priately called rotational-equivariant estimator as noted in
[85]) for optimal denoising of rotationally invariant signals.
Given data as in Eq. (1), the rotational-invariant estimator
(RIE) is the best estimator diagonalizing on the eigenbasis
of the data, collected in an orthogonal matrix OY . That
given, it just remains to clean the eigenvalues by means of
the “shrinkage formula,”

ξiðYÞ ≔
γY;i − 2πH½ρY �ðγY;iÞffiffiffi

λ
p ; ð7Þ

where ðγY;iÞ are the eigenvalues of Y=
ffiffiffiffi
N

p
, the spectral

density ρY is the corresponding weak limit of ð1=NÞPi δγY;i
as N → þ∞, and H is the Hilbert transform H½ρY �ðxÞ ≔
ð1=πÞP:V: R dρYðyÞ=ðx − yÞ, where P.V. denotes the princi-
pal value integral. The RIE is then composed as

ΞðYÞ ≔ OYdiag

�
(ξiðYÞ)i≤N

�
O⊺

Y:

The RIE exploits the factorized structure of the signal
and its rank in (7) through its Marchenko-Pastur asymptotic
spectral law ρXX⊺, needed to compute ρY ¼ ρXX⊺⊞ρZ by
free convolution⊞ with the noise semicircular spectral law
ρZ (see Ref. [59]) and which depends on α and the first and
second moments of PX; higher-order moments are irrel-
evant to ρXX⊺ by spectral universality [86]. This is, however,
a priori partial compared to the complete prior knowledge

that the signal is of the form XX⊺ with Xiμ ∼i:i:d:PX, as
exploited by a Bayesian estimator. For example, this
washes out the dependence on local statistics of the
eigenvalues or on the moments of PX beyond the second.
Yet, the RIE is optimal when the signal XX⊺ is rotational
invariant [83,84].
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The special case of Gaussian prior PX ¼ N ð0; 1Þ of the
present model is the only one inducing rotational invariance
of the signal and data. In this case, the log-partition function
and MI of the model are exactly computable by means of
the HCIZ integral defined as

ZHCIZðA;BÞ ≔
Z

dμðOÞ exp
�
βN
2

TrOAO⊺B

�
; ð8Þ

where β ¼ 2 if A, B are N × N Hermitian matrices, and
β ¼ 1 if they are real symmetric. Respectively, the integral
is over the unitary group UðNÞ when β ¼ 2 or the
orthogonal one OðNÞ when β ¼ 1, with respect to the
corresponding uniform Haar measure μ. Remarkably, for
β ¼ 2 this integral is solved in closed form [63] for any N,
and its asymptotics was also computed first by Matytsin
[87] and then rigorously proved in Refs. [88,89]. The
asymptotic of this integral when β ¼ 1 is also known [90].
Starting from the HCIZ integral, the simplifications in

Refs. [58,91] show that the MMSE with Gaussian prior
reads

lim
N→∞

MMSE ¼ 1

λα

�
1 −

4π2

3

Z
ρYðyÞ3dy

�
: ð9Þ

Integrating the I-MMSE relation Eq. (5) in the limit, one
gets the asymptotic MI density ιG for matrix denoising
when X has i.i.d. Gaussian N ð0; 1Þ entries,

ιGðα; λÞ ≔ lim
N→þ∞

IðXX⊺;YÞ
MN

¼ 1

8α
þ 1

2α

Z
dxdyρYðxÞρYðyÞ ln jx − yj: ð10Þ

For its numerical computation at SNR λ, a convenient
approach is to use the I-MMSE relation, i.e., to numerically
integrate 4 times the MMSE Eq. (9) with respect to
λ0 ∈ ½0; λ� using ρY given explicitly in Ref. [58] for a
Wishart signal XX⊺=

ffiffiffiffi
N

p
.

Optimal denoising and the RIE for the rectangular,
nonsymmetric version of the problem was proposed
recently in Refs. [92–95] based on the rectangular HCIZ
integral [96]. The work in Ref. [97] provided an interesting
approach to the factorization problem discussed in Sec. VI
based on the RIE. The authors of Ref. [98] managed to
exploit rotational invariance in order to analyze the dynam-
ics of gradient flow for the denoising of a Wishart matrix.

2. Statistical mechanics approaches and beyond

Moving away from the rotationally invariant setting,
among the first works based on statistical physics we
mention Ref. [99], which proposed a replica approach with
an original “Gaussian Ansatz” (see Appendix F) for dic-
tionary learning in an optimization setting. It was followed

by the concurrent works of Refs. [100–102] applying
the same method in a Bayesian setting similar to ours.
These works, however, do not take into account some
correlations between variables that turn out to be relevant,
in general, in the high-dimensional limit, as understood
in Refs. [103,104] and further detailed by some of the
previous authors in Ref. [91]. Although it is true that in
Refs. [99–102] relevant correlations are neglected when
considering the Gaussian prior, our numerical evidence
suggests that this is not the case in the factorization
phase we identify. The factorization phase cannot appear
for theGaussian prior and has thus eluded subsequent studies
[104] that aimed at matching the formulas in Refs. [99–102]
with the theoretical predictions for the Gaussian prior by
means of the asymptotic expansion of Matytsin [87].
However, Ref. [104] was missing a justification of their
final result, whichwas later provided in the concurrent works
of Refs. [91,105] and rigorized in Ref. [58].
The authors of Ref. [91] provide a perturbative attempt to

the computation of the MI based on Plefka-Georges-
Yedidia (PGY) expansion [106,107]. The PGY formalism
yields MN equations that should approximate to a certain
perturbation order the Thouless-Anderson-Palmer (TAP)
equations [108]. When comparing the PGY estimator,
truncated at order 2 and 3 of the perturbative expansion,
with the exact solution for the Gaussian prior given by the
HCIZ integral, the authors still measure a significant
discrepancy, a sign that higher perturbative orders may
be non-negligible. The authors of Ref. [105] attempted an
innovative spectral replica symmetric Ansatz, yet leading to
an unsatisfactory solution as it is not possible to evaluate it
and it is thus hard to extract predictions from it.
A step toward the phase diagram for generic prior was

done in the series of works if Refs. [109–111], where the
authorsmap themodel into a sequence of neural networks for
associative memory. They introduce a “decimation scheme,”
greatly inspired by the replica computation for the Hopfield
model [112] carried out byAmit et al. inRef. [113] and by the
unlearningmechanism [114–116]. Reference [110] provides
a phase diagram for the decimation scheme and numerical
evidence that, when the SNR is high, α is low, and the prior is
informative enough (such as the Rademacher case), deci-
mation is able to outperform the RIE, despite requiring a
computational time that is exponential in the size N of the
system. The idea of decimation is that of retrieving the
columns ðXμÞ (i.e., patterns in an associative memory
interpretation) one at a time. In order to do this, one needs
to simplify the term −½λ=ð2NÞ�Trðxx⊺Þ2 in the Hamiltonian
Eq. (17). The latter favors posterior samples whose columns
ðxμÞ remain quasiorthogonal to each other, a sort of “caging
effect,” preventing pattern estimators to collapse onto the
same ground truth patterns, thus boosting the joint recovery
of all of them. This rigidity, which helps in the estimation, is
completely given up on by decimation in favor of an
analytically tractable model, paying the price of a brittle
estimation: it works only for rather high SNR. On the
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contrary, in extensive-rank matrix denoising, it is possible to
give a nontrivial estimate of XX⊺ as soon as λ > 0 via the
RIE. Therefore, a comprehensive theory should be able to
take into account this caging effect.
Recently, Ref. [85] put forward a conjecture of “univer-

sality,” intended as independence of the MMSE and MI on
the priorPX (as long as it is centered and with unit variance),
which can be formulated in a weak and a strong version. The
weak one states that the RIE is optimal among finite-degree
polynomial estimators in the data matrix elements, whereas
the strong one would posit the universality to hold for all
estimators. The strong version would imply that, under
Gaussian additive noise, the MI is the one corresponding
to the Gaussian prior case of Refs. [58,88,91,105]. However,
this is in contrast to the evidence produced with decimation
algorithms. From our analysis, a richer picture emerges. We
disprove strong universality rigorously for any α > 0. More
precisely, we can prove that there exists an SNR beyond
which the RIE cannot be optimal. Nevertheless, the con-
jecture is not to be completely discarded. In fact, we argue
that universality of the MI andMMSE holds for low enough
SNR, as supported by the next section’s numerics.A possible
explanation for the breaking of validity of the analysis in
Ref. [85] arguing strong universality is the following. The
argument is based on the analysis of low-degree polynomials
[117]. The author is able to show that no algorithm based on
degree-D polynomials of the data entries with D ≤ 3 can
outperform the RIE when N → þ∞. He also suggests that
his argument extends to larger D. Then, assuming that the
N → þ∞ and D → þ∞ can be exchanged, he concludes
that no function of the data (approximated by a polynomial of
arbitrary degree) can thus serve as better estimator. However,
commutation of limits can break at a phase transition, as
mentioned by the author. Therefore, it may be that the
argument is valid up to a critical SNR, a point beyond which

more care should be taken with the large degree and size
limits.
The universality-breaking threshold λc we identify in

Sec. V depends on α. In particular, recent literature supports
the fact that when α → 0 the universality phase should shrink
below λcðα ¼ 0Þ≕ λ̄c > 0 (see Fig. 7). In Ref. [54], the
authors prove that with a factorized prior, under some
suitable hypothesis, the MI and MMSE reduce to those of
the standard rank-one formulas when M ¼ MN grows
sufficiently slowly, which is prior dependent and thus clearly
not universal above the phase transition. Note that, for SNRs
lower than the critical one, universality holds trivially at low
rank, because the MMSE is that of the null estimator, i.e., 1.
On top of it, here we show in Appendix E that the mean-
square error (MSE) of the RIE when α → 0 is that of naive
PCA, which is worse than the Bayes-optimal performance
for nonrotational-invariant priors beyond the transition.
Furthermore, still for α → 0, decimation’s performance
reduces to the one found via the low-rank formula for the
MI [111] and is thus likely optimal in said limit. All this
evidence supports that universality cannot hold for all λ
when α → 0.

C. Organization and main contributions

We now outline the organization of the remaining, while
presenting our main results in order of appearance.
In Sec. III, we present the observations obtained from

numerical experiments based on parallel tempering
[118,119] and annealed importance sampling [120] used
to compute the MI and MMSE.

(i) Our numerical evidence in Sec. III A, see Fig. 2–4,
suggests the existence of a phase transition occurring
for structured enough priors, coined “denoising-
factorization transition,” separating two regions of

FIG. 2. Monte Carlo results for the mutual information with Rademacher prior (left) and discrete prior PX ¼ 1
4
δ ffiffi3p þ 3

4
δ−1=

ffiffi
3

p (right)
for various sizes with α ¼ 0.5, i.e.,M ¼ N=2. Error bars represent the standard error of the mean. The curves are compared to the exact
infinite-size limit Eq. (10) in the case of standard Gaussian prior computed using the HCIZ integral. The red dashed curve corresponds to
Shannon entropy of the prior considered in each panel, which bounds the MI for all sizes from above.

PHASE DIAGRAM OF EXTENSIVE-RANK SYMMETRIC MATRIX … PHYS. REV. X 15, 021085 (2025)

021085-7



the diagram of different nature: a low-SNR region
where prior universality holds and its complement
where it does not.

(ii) These numerics also support the fact that the rota-
tional-invariant estimator discussed earlier is optimal
for SNRs smaller than the critical value λcðαÞ [later
identified theoretically by Eq. (36)] and suboptimal
for larger values. They also suggest in Fig. 5 that
despite outperforming the RIE is information theo-
retically possible beyond λcðαÞ, this is algorithmi-
cally hard for Monte Carlo methods without a
sufficiently informative initialization.

(iii) Importantly, the suboptimality of the RIE and the
breaking of prior universality for discrete priors is
proven in Sec. III B, see Eq. (11), thus discarding the
strong version of the universality conjecture in
Ref. [85] in a portion of the diagram. Yet, as
previously mentioned, our numerics suggest that
universality does hold before the transition, which
we exploit for the analytical solution in that region,
see result (iv).
All these findings are summarized by a qualitative

phase diagram in ðα; λÞ plane; see Fig. 7 which
generalizes the low-rank picture of Fig. 1.
Section IV develops a “multiscale mean-field

theory” able to match the numerical observations
at high enough SNR. It relies on a combination of
methods from spin glasses. Our approach yields
equations characterizing the MMSE through
Eq. (33) and the MI Eq. (35), also obtainable by
an earlier replica calculation by Sakata and Kaba-
shima Ref. [99], which was deemed incorrect in the
whole phase diagram ðα; λÞ for reasons discussed in
Sec. II B. With our independent multiscale mean-
field approach, we redeem their results, but only in a
restricted region of the diagram.

(iv) In Sec. VA, we identify this subregion of the phase
diagram where these two a posteriori equivalent,
mean-field approaches are conjecturally exact: the
“factorization” or “nonuniversal phase” after the
transition Eq. (36). Using our numerical findings (i,
(iii) and the work in Ref. [85] while assuming the
existence of a single transition point, we supersede
the mean-field equations by the known exact ones
for the Gaussian prior in the complement of the
phase diagram based on the universality of the
solution in PX: This is the denoising or universal
phase. The resulting complete Ansatz therefore
takes into account these two scenarios (effective
presence or lack of prior universality) and provides
expressions for the MI between data and signal and
for the MMSE, for all ðα; λÞ: It corresponds to
formula Eq. (37) paired with Eq. (35) for the MI
after the identified transition Eq. (36), and Eq. (33)
for the MMSE. Instead, for lower SNR than the
transition, the HCIZ integral Eq. (10) is used for the

MI and Eq. (9) for the MMSE. This complete
Ansatz together with (iii) are the main theoretical
results, whose consequences are discussed in
Sec. V B.

Our complete Ansatz Eq. (37) also brings for-
ward the major conceptual result of this work: in
extensive-rank matrix denoising, the model be-
haves in the two identified phases in fundamentally
different ways, which require treatments based on
very different techniques. The universal phase is
akin to a matrix model, where universality proper-
ties hold and the HCIZ integral is the proper tool. In
the factorization phase, strong concentration-of-
measure effects take place and the model is instead
akin to a planted spin glass treatable by mean-field
methods. This mixed behavior in a single model is
an interesting feature, in contrast to the low-rank
regime, which remains always mean field in nature.

Section VI elaborates around the possibility to
carry out factorization, namely, finding X alone
(rather than the covariance XX⊺), up to unresolv-
able symmetries.

(v) There we propose Algorithm 2, which is empirically
shown to estimate X in the factorization phase (thus
its name) when given posterior samples obtained by
Monte Carlo simulation. We also argue that, in
contrast, its estimation is asymptotically impossible
in the denoising phase where only nontrivial denois-
ing of XX⊺ is statistically possible.

Finally, the reader can find Appendixes after the
Conclusions in the following order. In Appendix A, we
discuss the irrelevance (from an information-theoretical
perspective) of the diagonal of Y. Appendix B gives the
details about our numerical experiments carried out using
Monte Carlo sampling. In Appendix C, we report the
derivations of our multiscale mean-field theory of Sec. IV.
In Appendix D, we discuss the main properties of the
multiscale mean-field Ansatz for the MI. In Appendix E, we
compute the α → 0 limit of the estimation performance of
the RIE. Appendix F contains the reduction of the approach
of Ref. [99] to our setting. Appendix G explores potentially
richer Ansätzes for the MI, which end up yielding the same
solution, thus supporting the validity of the proposed mean-
field solution in the factorization phase.
The Monte Carlo simulations used in this paper are

accessible at link in Ref. [121].

III. EXPLORING THE PHASE DIAGRAM

We start by illustrating some important findings about
the nature of extensive-rank matrix denoising that can be
probed using numerics and simple rigorous arguments. To
do so, we conducted replica-exchange Monte Carlo sim-
ulations, the details of which can be found in Appendix B.
The left panel of Fig. 2 shows the results concerning the
finite-size value of the MI with α ¼ 0.5 for the Rademacher
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prior PX ¼ 1
2
δ1 þ 1

2
δ−1, which will be our main running

example of discrete prior with same the mean and variance
as the standard Gaussian prior throughout this paper.
However, most of the conclusions we draw are not specific
to the Rademacher prior; in fact, we also present the
simulation results for the nonsymmetric distribution PX ¼
1
4
δ ffiffi3p þ 3

4
δ−1=

ffiffi
3

p (again having the same mean and variance)
in the right panel of Fig. 2 and demonstrate that quanti-
tatively similar conclusions can be drawn. Because in the
Gaussian case we know the exact asymptotic solution, we
use as comparison the curve computed using the HCIZ
integral corresponding to the N;M → ∞ limit of the MI,
see Eqs. (9) and (10) and text below.
According to the I-MMSE relation Eq. (5), the derivative

of the MI with respect to the SNR gives access to the
MMSE. We plot it on Fig. 3 (where it was computed by
Monte Carlo sampling, rather than by numerical differ-
entiation of the MI) for the Rademacher prior. In addition,
we plot the performance of the RIE for the same sizes. We
recall that the RIE denoises the data Y through eigenvalue
shrinkage (keeping its eigenvectors untouched) in order to
estimate XX⊺, while exploiting its factorized structure and
prior through only its asymptotic spectral law. This
procedure is provably Bayes optimal when the signal is
rotationally invariant, which corresponds to Gaussian prior
PX ¼ N ð0; 1Þ in the present setting, as the MSE of the RIE
matches the MMSE Eq. (9), see Refs. [58,122].

A. Partial universality, a phase transition, and a
statistical-to-computational gap

As mentioned before, the recent strong conjecture from
Semerjian inRef. [85] states that for any priormeasurePX for
the i.i.d. entries of X, which is centered with unit variance,
the MI andMMSE are universal in the sense that, for a large
system, their valuesmatch for all λ ≥ 0 andα > 0 the ones in
the Gaussian case PX ¼ N ð0; 1Þ (up to vanishing, nonuni-
versal corrections). Moreover, this MMSE performance

should be reachable efficiently using the RIE. That this
conjecture is wrong, in general, is clear from our finite-size
numerical experiments. Indeed, a striking observation is that,
beyond a certain SNR threshold, the MI curves for the
Gaussian and discrete priors display an evident discrepancy
in the behavior of their respective slopes, a point beyond
which the MI for the discrete priors saturate quickly. This
effect becoming sharper as the system size grows suggests a
first-order discontinuous phase transition in the λ derivative
of the MI, and thus the MMSE, which suddenly decreases
beyond it in Fig. 3. The same effects suggesting a first-order
transition are also observed for the nonsymmetric discrete
prior, for which the MMSE is provided in Fig. 4, where the
sharpening of the transition with increased system size
becomes evenmore apparent. Based on the current numerics
and later on our theory (see Sec. V B), we believe that in
the thermodynamic limit this denoising-factorization tran-
sition λcðαÞ is first order for α > 0; instead, for α → 0,
which recovers the low-rank setting, the transition can be
second order (continuous in the MMSE), like for the
Rademacher prior.

FIG. 4. Monte Carlo results for the MMSE for N ¼ 10, 20, and
40 with prior PX ¼ 1

4
δ ffiffi3p þ 3

4
δ−1=

ffiffi
3

p and α ¼ 0.5. Error bars
represent standard errors of the mean.

FIG. 3. Monte Carlo results for the MMSE for N ¼ 10 (left), 20 (middle), and 40 (right) with Rademacher prior (solid colored lines)
and α ¼ 0.5. They are compared to the MSE of the RIE for both Rademacher and Gaussian priors with corresponding N. Error bars for
the RIE are omitted since they are too small to be visible. Error bars for the MMSE represent standard errors of the mean. Insets are in
log scale.
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Another important observation is the good agreement
before the transition between the asymptotic MI for
Gaussian prior and the finite-size MI for both discrete
priors, which improves with increasing N and M. The
numerics thus strongly suggest that, despite the univer-
sality not holding for all SNRs, it does before the transition
in the thermodynamic limit N → þ∞. Also, at the level of
the MSE, we observe an almost perfect matching between
the MMSE for the Rademacher prior computed by
Monte Carlo sampling and the performance of the RIE
already at N ¼ 40, the latter being evaluated for both
Rademacher and Gaussian priors (the same holds for the
nonsymmetric prior of Fig. 4). As it should, the RIE
performance is independent of the prior details as long
as mean and variance match. However, while the RIE is
Bayes optimal for all SNR in the Gaussian case, beyond λc
it becomes suboptimal for the tested structured priors, as
expected if universality breaks down, given that it cannot
exploit the discrete nature of the priors.
A natural question is then whether in the region λ > λc

there is a statistical-to-computational gap that prevents not
only the RIE to reach the MMSE performance, but also a
larger class of efficient algorithms including Bayesian ones
like Monte Carlo methods. To address this, we also run
standard Monte Carlo Metropolis-Hastings simulations
(without replica exchange) with different initialization
schemes and estimators summarized here:

Experimental setup in Fig. 5:
Red circle: A single Monte Carlo simulation with a
random initialization, in which the sample average
over the Markov chain is given as an estimator.

Blue triangle: Results from 32 Monte Carlo simulations,
each given a different random initialization. The sample
average over all 32 Markov chains is the estimator.

Black diamond: A single Monte Carlo simulation
initialized from the ground truth.

Further details are given in Appendix B. The numerics
indicate that only with a strongly informative initialization
about the signal (black diamond), outperforming the RIE
becomes possible. Moreover, we observe that, beyond the
transitionwhere the “informative factorization state” appears
(λ larger than ∼7.5), the performance of an estimator
constructed from a single Monte Carlo chain with random
initialization (red circle) is worse than the RIE (the name
“factorization state” is linked to the possibility of solving the
factorization task using samples associated with this thermo-
dynamic state, see Sec. VI). The poor performance of
Monte Carlo simulation is probably due to a dynamical
glass phase transition [123] where exponentially many
metastable states appear [124], preventing it to properly
sample the equilibrium corresponding to the factorization
state beyond ≈7.5, recall Fig. 3. The metastable states are,
however, correlated due to the data. Therefore, an additional
average over random initializations (and thus over associated
metastable states) should somehow “clean” the effect of
glassiness. This hypothesis can be tested by running several
Monte Carlo chains, each with an independent random
initialization, and adopting the sample average over all of
these chains as an estimator (blue triangle). The performance
reached in this way matches precisely that of the RIE, so the
aforementioned cleaning takes place, suggesting that the
dynamical glass corresponds to a shattering of the RIE state.
Yet, the equilibrium factorization state is not reached, which
would require instead averaging over an exponentially (inN)
large number of Monte Carlo samples (or a smarter sampling
procedure, like the replica-exchange Monte Carlo algorithm
used for Fig. 3, which is not an inference algorithm). We
conclude that the dynamical glass phase can be cleaned in
polynomial time but the final outcome cannot outperform
the RIE, which supports the existence of a hard phase.
Algorithmic hardness was hypothesized in [85] as a possible
consequence of the validity of the weak universality con-
jecture but not of the strong one.
To summarize, the picture that emerges is that of

universality of the information-theoretic quantities effec-
tively holding at low SNR, which suggests calling this
region the universal phase. As proven in the next sub-
section, universality cannot hold for a discrete prior beyond
a certain SNR. We claim that prior universality breaks
down at larger SNR through a phase transition marking the
starting point of the nonuniversal phase, which is also the
hard phase for Monte Carlo algorithms.
The hard nonuniversal phase can also be alternatively

called the factorization phase. The name comes from the
fact that, in order to denoise XX⊺ optimally in this phase,
exploiting all the prior information about the factorized
structure of the signal andPX, beyond simplyρXX⊺ as theRIE

MCMC Rad uninfo.

MCMC Rad uninfo. averaged

MCMC Rad info.

RIE

5 10 15 20

0.2

0.4

0.6

0.8

1.0
MSE

0.7

FIG. 5. MSE of the Metropolis-Hastings algorithm for estimat-
ing XX⊺ with ðN;MÞ ¼ ð40; 28Þ, so α ¼ 0.7, with each estima-
tor (red circle, blue triangle, and black diamond markers)
designated in the main text under “Experimental setup.” Before
the transition, all markers overlap. These are compared to the
RIE performance in the large system limit (blue line). Exper-
imental markers are averaged over 36 i.i.d. instances of the
problem ðX;ZÞ.
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does, becomes necessary and, importantly, factorization is
possible only there, see Sec. VI. The universal phase is
instead algorithmically easy by optimality of the RIE for
denoising there. Thus, we also call this region the denois-
ing phase.
In the factorization phase, there is a close match between

the MMSE and the one in the rank-one setting where
factorization occurs, see Fig. 6. Quantitatively, this trans-
lates into an exponential decay of the MMSE as a function
of the SNR (similar to what happens in dictionary learning,
see Fig. 5 of [102]), whose exponent is the same as in rank-
one matrix estimation, see Fig. 6. We also stress the even
better agreement of our theory presented in Sec. VA with
the N ¼ 60 points in this figure. In particular, despite the
gap between the green points and the rank-one curve being
very small, our theory can explain it. In contrast, in the
denoising phase, the MMSE decay in λ is polynomial, see
insets of Fig. 3. This change of polynomial to exponential
decay of the MMSE will be captured by the theory, as well
as the fact that the MMSE is close to the rank-one curve in
the factorization phase, see Sec. V B.

B. Breaking of universality beyond the transition

With all these observations in mind, we thus agree with
the strong universality conjecture of Ref. [85] when the
SNR is sufficiently low, but we can rigorously discard it
beyond a threshold using a simple argument based on the
definition of the MI. Consider a discrete prior PX with same
mean and variance as N ð0; 1Þ. Since X is discrete, the MI
can always be written as (see Theorem 3.4 in Ref. [81])

IðXX⊺;YÞ
MN

¼ HðXX⊺Þ
MN

−
HðXX⊺jYÞ

MN
≤
HðXX⊺Þ
MN

;

where the upper bound follows from the fact that for
discrete priors both entropies are non-negative. That is it:
The MI cannot grow indefinitely as a function of the SNR
for a discrete prior (the upper bound remains finite for
any size), while it does so for the Gaussian prior (black
dashed curve in Fig. 2). This discards the possibility of
universality at least beyond the point where the MI density
for the Gaussian case crosses the entropy density associated
with the matrix XX⊺. We are going to show below that
jHðXX⊺Þ −HðXÞj ¼ oðMNÞ. Therefore, we have a bound
on the denoising-factorization transition. Let X ∼ PX, a
centered discrete prior of unit variance. We have the
following upper bound on the domain of possible prior
universality:

λcðαÞ ≤ inffλ ≥ 0∶ιGðα; λÞ ≥ HðXÞg: ð11Þ

Because ιGðα; λÞ is known using the HCIZ integral via
Eqs. (9) and (10), the bound is explicit [we have used that
the prior is factorized over the signal matrix entries to get
HðXÞ=MN ¼ HðXÞ, but a similar bound can be written
even if there is no such factorization]. In the case of
Rademacher prior, its entropy equals ln 2. We indeed see in
the left panel of Fig. 2 that the bound holds (also for the
other prior on the right panel), but it does not look sharp.
Interestingly, we can also explain the apparent gap

between the value toward which the finite-size MI saturates
and the entropy of the prior. In fact, the observations Y are
informed about the ground truth X through only the
combination XX⊺ ¼Pμ≤M XμX

⊺
μ. Hence, for large λ,

we shall have IðXX⊺;YÞ ≈HðXX⊺Þ at leading order,
which is smaller than HðXÞ by the data processing
inequality. The inequality in this case is strict: HðXX⊺Þ <
HðXÞ because XX⊺ is a noninvertible function of X. The
degeneracy of the mapping X ↦ XX⊺ explains accurately
the gap. Specifically, for each XX⊺ there can be M!
permutations of the columns of X that leave it invariant.
Furthermore, if the prior is also symmetric, as in the
Rademacher prior case in the left panel of Fig. 2, we must
add possible sign flips of these columns to the invariance
group ofXX⊺. Of these 2MM!, some are actually redundant
because columns of X can match. The probability that any
two columns match with a factorized Rademacher prior,
however, is OðM22−NÞ, which is negligible for large
enough N with respect to the leading-order corrections
that we compute. The probability of more columns match-
ing is of even lower order. Hence, we can finally say that

HðXÞ ¼ HðXX⊺Þ þ lnð2MM!Þ − oNð1Þ: ð12Þ

Putting these considerations together, we readily get

IðXX⊺;YÞ
MN

⟶
λ→∞HðXÞ

MN
−
lnð2MM!Þ

MN
þ oNð1Þ; ð13Þ

FIG. 6. Monte Carlo results for the MMSE for N ∈ f20; 40; 60g
with Rademacher prior, with α ¼ 0.5 and SNR λ in the factori-
zation phase. We also plot the rank-one MMSE and the MMSE
obtained from our multiscale theory (see Sec. IV) for comparison.
Error bars represent standard errors of the mean.
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where the remainder can be estimated to be of order
Oð2−NM ln MÞ. It is now manifest that as M;N → ∞,
despite the degeneracy induced by signed permutations, the
contributions yielded by the second and third terms on the
rhs vanish. This explains why increasing N andM in Fig. 2
is sufficient to reduce the gap with the saturation value ln 2.
For example, for N ¼ 20, M ¼ 10 the contribution of the
signed permutations is approximately 0.1102 which
summed to the saturation value of the blue curve at
approximately 0.5826 yields approximately 0.6928, which
is remarkably close to ln 2 ≈ 0.6931. The same holds for
the other gaps, and the argument also explains the dis-
crepancy for the nonsymmetric prior in the right panel of
Fig. 2, where in this case one does not need to consider sign
invariance. Note that we do not claim that beyond the
transition the thermodynamic limit of the MI should
saturate strictly to the prior entropy. Indeed, Fig. 3 shows
that a small gap survives whose size decreases exponen-
tially fast with λ.
The rhs of Eq. (11) is a rigorous bound above which

universality of the MI and MMSE cannot hold for discrete
priors in any possible scenario. We note that, given the
extensive set of works on universality in random matrices
in Refs. [59,86,125–131], it may come as a surprise that it
breaks down. For example, at the level of the asymptotic
spectrum ofXX⊺ and thus of Y, or even at the level of more
local statistics, the previous papers show universality.
However, the mutual information depends on all the fine
statistical properties of the data and X, which become
manifest at high enough SNR.
We also remark that the reasoning leading to the

existence of a threshold beyond which universality with
respect to the base measure of the matrix to infer cannot
hold can be extended to a much broader set of matrix
inference and learning models. In any such model, if the
signalX is discrete, the MI between data and signal cannot
exceed the entropy ofX (as a function of the SNR, number
of data, etc.). This establishes an upper bound on the region
of possible validity of prior universality in models where
replacing the signal by a Gaussian equivalent with match-
ing moments yields an unbounded MI. Indeed, this MI
saturation has already been shown to have deep implica-
tions in neural networks [79].
Whether this universality breaking holds for continuous

(but non-Gaussian) priors is an unanswered question in this
paper. We conjecture that, like the case with discrete priors,
the nonrotational-invariant nature of the prior should be
exploitable to construct a Bayesian estimator with perfor-
mance well exceeding the RIE once the SNR is high
enough. However, as the mutual information cannot be
bounded from above in such settings, the previous argu-
ments negating universality do not apply. Performing
numerical experiments under continuous priors is also
considerably more difficult due to the inability to exploit
the binary nature of x in the implementation for fast

computations. Moreover, the enlargement of the phase
space from a discrete one to a continuous one may result
in a longer relaxation time for the Monte Carlo chain to
converge. Confirming whether this conjecture holds or not,
either theoretically or numerically, is a challenging problem
left open for future investigation.
Note that while N, M may seem small, the total number

of variables itself is MN, which ranges from 50 to 1800 in
our experiments. This is comparable with the extensive
numerical studies done on the Edwards-Anderson Ising
spin glass using parallel tempering [132], in which the
system size ranges from 64 to 1000.

1. Summary and phase diagram

Our findings are condensed into a phase diagram in the
ðα; λÞ plane, see Fig. 7, which generalizes Fig. 1 to the
extensive-rank regime. We have identified two phases for
matrix denoising with discrete prior under the hypothesis
that the denoising-factorization transition λcðαÞ exists and
is unique. In the denoising or universal phase λ∈ ½0; λcðαÞÞ,
treatable using matrix model techniques and the HCIZ
integral, we conjecture that it is statistically not possible to

FIG. 7. Qualitative phase diagram for matrix denoising with
discrete (Rademacher) prior. This picture generalizes that of the
low-rank case in Fig. 1 to the extensive-rank regime. The
thermodynamic phase transition λcðαÞ (solid line) is believed
to be first order for α > 0. Increasing λ, it is preceded by a
spinodal transition where the thermodynamic factorization state
appears but is not yet the equilibrium (dashed line). The blue
region is the denoising phase where prior universality holds, and
optimal denoising is algorithmically easy using the RIE. The
shaded region corresponds to the dynamical glass phase (we
cannot assess whether it starts precisely at the spinodal transition
as displayed). The red region is the factorization phase where
prior universality does not hold. There, it is statistically possible
but algorithmically hard to estimate X and to denoiseXX⊺ better
than the RIE. The line α ¼ 0 recovers the results for the rank-one
problem and is thus special: λ̄c ¼ λcð0Þ is second order and there
is no hard phase for Rademacher prior. For other priors (possibly
discrete), a hard phase can appear in the low-rank case too,
see Fig. 1.
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outperform the RIE for denoisingXX⊺ despite it using only
its asymptotic spectral distribution as prior. It is therefore
algorithmically easy to reach the MMSE performance
(i.e., in polynomial complexity in N). Universality in the
prior of the MI and MMSE holds and may be linked to the
quasiuniformity of the eigenvectors ofXX⊺ [133–136] and
the universality of its spectrum [86,130] when X is made
of i.i.d. entries. We argue in Sec. VI that, in this region,
factorization, namely, estimating X up to a unresolvable
ambiguities inherent to the mapping X ↦ XX⊺, is sta-
tistically impossible.
Beyond the transition point, we find the factorization or

nonuniversal phase λ∈ ðλcðαÞ;þ∞Þ where techniques
from mean-field spin glasses become correct. In this phase,
exploiting the complete prior knowledge about XX⊺

beyond its spectrum becomes essential: Information theo-
retically, a Bayesian algorithm, such as Monte Carlo sam-
pling, can outperform the RIE for denoising. Moreover,
factorization is also possible on top of denoising. Both tasks
are, however, algorithmically hard due to the presence
of a dynamical glass phase appearing through a spinodal
transition.
Finally, we can also interpret the transition as marking the

starting point of a feature learning regime, where it becomes
information theoretically possible to detect and exploit fine
features in the data for achieving better denoising and
factorization. In the denoising phase, on the contrary, even
knowing in advance the features (factorized and discrete
structure) does not yield any improvement compared to
assuming no particular structure (i.e., a Gaussian prior).
Notice two major differences compared to the phase

diagram in Fig. 1 for M ¼ 1. First, in the extensive-rank
case, the diagram is defined on a plane ðα; λÞ rather than
parametrized by the SNR λ only. The transition is thus now
a line λcðαÞ and its nature (order) can change along it.
Indeed, between α ¼ 0 or strictly positive, it does change,
for instance, in the Rademacher prior case. Second, at fixed
α > 0, no easy regime appears once the transition is
crossed, even at very large SNR. Extensive-rank matrix
denoising is thus algorithmically much more demanding
than in the low-rank case for large λ.

IV. MULTISCALE MEAN-FIELD THEORY

We now outline a theory matching the numerical obser-
vations discussed earlier. As already mentioned, we cannot
employ methods from matrix models such as the HCIZ
integral. Instead, we rely on spin-glass techniques concat-
enated in an original way. The proposed approach is called
multiscale mean-field theory because it uses multiple mean-
field techniques in a multiscale fashion. The details of the
derivations of this section are deferred to Appendix C.
To begin with, as proved in Appendix A, we observe

that the diagonal of the data ðYiiÞi≤N does not contribute
to the MI in the thermodynamic limit. In fact, Yii ¼ffiffiffiffiffiffiffiffiffi
λ=N

p kXik2 þ Zii ≈
ffiffiffiffiffiffiffiffiffi
λ=N

p kXik2. However, kXik2=N

can be already estimated precisely without knowing Yii:
Its value is known to a Bayes-optimal statistician, as it
concentrates on the second moment of the prior (i.e., 1) by
the law of large numbers. We thus now work with

Yij ¼ Yji ¼
ffiffiffiffi
λ

N

r
X⊺

iXj þ Zij; 1 ≤ i < j ≤ N: ð14Þ

The MI for this channel then reads

IðXX⊺;YÞ
MN

¼ λ

4
− ϕN þOðN−1Þ ð15Þ

with “free entropy”

ϕN ≔
1

MN
EY ln ZN;MðYÞ: ð16Þ

Using the language of statistical mechanics, we introduced
the partition function of the model

ZN;MðYÞ ≔
Z
RN×M

dPXðxÞe−HNðx;YÞ

with (minus) Hamiltonian (which is the log-likelihood)

−HNðx;YÞ ¼
ffiffiffiffi
λ

N

r XN
i<j;1

Yijx
⊺
ixj −

λ

2N

XN
i<j;1

ðx⊺
ixjÞ2: ð17Þ

The associated Boltzmann-Gibbs average, i.e., the posterior
average, will also be denoted by h·i in this section.
The MMSE of the inference problem Eq. (14) does not

include any error on the reconstruction of the diagonal part
of the signalXX⊺ and is thus defined (with a little abuse of
notation) as

MMSE ¼ 1

MN2
E
XN
i≠j;1

½ðX⊺
iXjÞ2 − hx⊺

ixji2�

¼ 1 −
1

NM
E
XN−1

i¼1

hx⊺
ixNi2 þOðN−1Þ: ð18Þ

One can show that the above is equal to Eq. (6) up to oNð1Þ,
which is why it has been denoted in the same way. This
oNð1Þ discrepancy is precisely due to the diagonal con-
tributions that would appear in Eq. (6) (see Appendix A).
The second line is instead obtained using the exchange-
ability of the rows, selecting j ¼ N for convenience.
The free entropy ϕN can be viewed as that of a

nonstandard spin system made of N spins [the rows of
x, ðxiÞi≤N] which are M dimensional (i.e., have extensive
dimensionality instead of being scalar or low-dimensional
variables) or, instead, M spins [the columns of x, ðxμÞμ≤M]
which are N dimensional. The two viewpoints are equiv-
alent, but the first turns out to be more amenable for a cavity
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computation, which would imply the extraction of a row of
x. The reason is that the part of the Hamiltonian depending
on row xi ∈RM carries a noise variable Zi ∈RN indepen-
dent of the rest. More precisely, the posterior can be
decomposed in terms of rows xi and Yi ¼ ðYijÞj≤i−1,
i ¼ 1;…; N, as

dPðxjYÞ ∝ dPXðxNÞPðYN jxN; ðxjÞj≤N−1Þ
×
Y

i≤N−1
dPXðxiÞPðYijxi; ðxjÞj≤i−1Þ

∝ dPðxN jYN; ðxjÞj≤N−1Þ
× dP(ðxjÞj≤N−1jðYjÞj≤N−1); ð19Þ

where we have dropped normalizations. This decomposi-
tion following from Eq. (14) emphasizes that, conditional
on the “bulk” ðxjÞj≤N−1, the “cavity” xN depends on a
single data row YN, and the bulk marginal posterior
measure is independent of the cavity. Note that the same
argument holds when extracting any other cavity row after
a proper permutation of row indices. This decomposition is
crucial as, first, it makes manifest that the posterior of the
cavity conditional on the bulk corresponds to a lower-
dimensional Bayes-optimal inference problem. Second, the
bulk measure can be simplified without having to modify
the cavity measure. Such a decomposition cannot be
written if we dig a column cavity.

A. Computing the limiting MMSE

The perspective introduced above is particularly useful
when combined with the MMSE in Eq. (18). The latter is,
in fact, the so-called YMMSE of a random linear estimation
(RLE) problem with noisy design (see Refs. [137,138]),
where samples x̄ ≔ ðxiÞi≤N−1 are used for the estimation of
the uncertain design matrix X̄∈RN−1×M, while samples xN
from the cavity posterior measure dPðxN jYN; ðxjÞj≤N−1Þ
are used to estimate XN .

1. First scale reduction

Mapping onto the RLE task has the advantage of
converting a matrix model into a vector inference problem
over the cavity (still with an annealed bulk matrix),
potentially tractable using known approaches. This has
the effect of “reducing the scale of the problem”: we go
from a partition function associated with a Hamiltonian of
magnitudeOðMNÞ to one with anOðMÞHamiltonian. This
OðMNÞ → OðMÞ reduction performed by means of the
cavity method corresponds to the first scale reduction in our
scheme. Contrary to standard spin or inference models
(like the Hopfield model or the perceptron treated with the
cavity method in Refs. [139,140]), the RLE problem that
will appear remains high dimensional because M → þ∞
with N.

Let us now identify the correct RLE problem. We denote
the cavity variable xN by η∈RM, XN by H∈RM, and the
bulk (i.e., all but the cavity) variables as x̄; X̄∈RN−1×M.
The RLE under study then corresponds to the two follow-
ing observation channels:

ỸðλÞ ¼
ffiffiffiffi
λ

N

r
X̄Hþ Z̃; ð20Þ

Y 0
ijðζÞ ¼

ffiffiffiffi
ζ

N

r
X⊺

iXj þ Zij; 1 ≤ i < j ≤ N − 1: ð21Þ

The first one is the linear observation of the cavity ground
truth variable H through the uncertain design matrix X̄,
whereas the second is additional information about X̄ only.
ζ is an auxiliary SNR that should be taken equal to λ, but we
consider a more general model where it may differ, in
which case we denote the data Y0ðζÞ ¼ (Y 0

ijðζÞ)i<j≤N−1.
Denoting by h·i∘ the posterior average acting on ðx̄; ηÞ of
this Bayes-optimal inference problem over ðX̄;HÞ, we
define the YMMSE given Eqs. (20) and (21) as

YMMSEðλ; ζÞ ≔ 1

NM
EkX̄H − hx̄ηi∘k2

¼ 1 −
1

NM
Ekhx̄ηi∘k2;

where the second equality follows from the Nishimori
identity Proposition 2 in Appendix C. This is the correct
RLEproblembecause for ζ ¼ λ the above is equal toEq. (18)
up to vanishing errors (and also h·i ¼ h·i∘). The YMMSE is
obtained by an I-MMSE relation similar toEq. (5) through a λ
derivative of the following conditional MI:

ιRLEN ðλ; ζÞ ≔ 1

M
I(ðX̄;HÞ; ỸðλÞjY0ðζÞ)

¼ 1

M
H(ỸðλÞjY0ðζÞ) − 1

M
H(ỸðλÞjY0ðζÞ; X̄;H):

ð22Þ

Specifically, we have

d
dλ

ιRLEN ðλ; ζÞ ¼ 1

2
YMMSEðλ; ζÞ: ð23Þ

The reason we introduced ζ in the first place is to be able to
write down this relation. Taking ζ ¼ λ from the beginning
would prevent accessing MMSE ≈ YMMSEðλ; ζ ¼ λÞ
through an I-MMSE relation with SNR λ influencing a
single (cavity) row. This is thus needed to relate the
calculation of MMSE Eq. (18) to the RLE problem. The
second entropy in Eq. (22) is just the one of the noise Z̃ and is
thus simple. The first is instead related to the free entropy
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ϕRLE
N ðλ; ζÞ ¼ ϕRLE

N

≔
1

M
EỸðλÞ;Y0ðζÞ ln

Z
RM

dPXðηÞ
D
e−H

row
N;Mðη;X̄;λÞ

E0
ð24Þ

by a constant shift and a sign. Here,Hrow
N;M given by Eq. (C3)

in Appendix C 1 is the “cavity Hamiltonian,” namely, the
termcapturing all the dependence on the extracted row η (and
its interactionwith thebulk) in the totalHamiltonianEq. (17).
What remains of Eq. (17) is the “bulk Hamiltonian,” see
Eq. (C2). The latter defines the posterior average h·i0 given
Y0ðζÞ only, thus acting on the bulk X̄ but not the cavity η.
ϕRLE
N clarifies the connection between our mapping to the

RLE setting and the cavity method. It actually mirrors a term
appearing in the Aizenman-Sims-Starr representation of the
free energy in standard spin glasses and inference [16,41].

2. Second scale reduction

The previous reduction by the cavity method is exact.
However, the complexity due the inherent matrix nature of
the problem has not disappeared: It is now segregated into
the uncertainty of the design x̄ ¼ ðxiÞi≤N−1 measured by
h·i0. In order to integrate this bulk, we will resort to a mean-
field Ansatz, yielding a model that is tractable by means of
rigorous replica formulas [48], in which one can identify
scalar inference problems with Oð1Þ Hamiltonians. This
OðMÞ → Oð1Þ magnitude reduction of the Hamiltonian
corresponds to the second scale reduction in our approach.
Before doing this, let us make a remark. We could

have tried to simplify the problem using an Ansatz
directly at the level of the original Hamiltonian in order
to go from OðMNÞ degrees of freedom to Oð1Þ effective
ones in one step, e.g., using the replica method as in
Refs. [91,99,102,105]. However, having already reduced
the scale down to OðMÞ by the cavity method in an exact
manner, our assumptions will only be at the level of the
bulk (and thus potentially more interpretable): the “direct”
interaction between cavity and bulk captured by channel
Eq. (20), which defines the first posterior in Eq. (19), is
kept untouched, with approximations only made through
the simplification of h·i0, i.e., the second posterior law in
Eq. (19). In essence, our mean-field Ansatz assumes that the
interactions among bulk variables have a lower-order effect
on the free entropy ϕRLE

N obtained by the cavity method
compared to the direct cavity-bulk interaction.
In addition to being physically meaningful, these

assumptions allow us to integrate the bulk variables. We
achieve this by replacing channel Eq. (21) by an effective,
more manageable one,

Y0
effðσÞ ¼

ffiffiffi
σ

p
X̄þ Z0

eff ; ð25Þ

where Z0
eff ¼ ðZ0

iμÞi≤N−1;μ≤M is a matrix of i.i.d. standard
Gaussian variables, X̄ is the ground truth bulk as before,

and σ is a tunable SNR for the effective observations
Y0

effðσÞ ¼ ðY0
i ∈RMÞi≤N−1 ¼ ðY 0

iμÞi≤N−1;μ≤M. This is the
anticipated mean-field Ansatz, i.e., a parametrization of
the bulk measure in terms of marginals only. Its potential
validity in this extensive-rank setting will be thoroughly
discussed later. For now, let us just notice that this form of
marginal is asymptotically exact for standard low-rank
models [16,30,48], provided σ is suitably tuned.
Within this effective factorized mean-field Ansatz, the

simplified bulk measure reads

h·i0eff ¼
YN−1;M

i;μ¼1

1

Z0ðY 0
iμÞ
Z

dPXðxiμÞe
ffiffi
σ

p
Y 0
iμxiμ−

1
2
σx2iμð·Þ

with proper normalization Z0. We can now leverage on
known results [48] in order to derive a variational expres-
sion for the limit of ϕRLE

N after trading Eq. (21) for Eq. (25)
(see Appendix C),

ϕRLE
eff ðλ;σÞ ¼ extrþ

�
Eξ;H ln

Z
dPXðηÞeðξ

ffiffi
r

p þHrÞη−1
2
rη2

−
rq
2
þ λ

2
−

1

2α
lnð1þ λα(1− JðσÞq)Þ

	
; ð26Þ

where ξ ∼N ð0; 1Þ; H ∼ PX, and extrþ denotes the extrem-
ization operation with respect to ðr; qÞ. Theþ subscript
indicates that, in case of multiple extremal points, the one
that realizes the largest value of the potential should be
considered. Finally, we called this free entropy ϕRLE

eff and
not ϕRLE to distinguish our Ansatz based on Eq. (25) from
the true asymptotic free entropy. Through our Ansatz, ζ has
disappeared in favor of a properly chosen parameter σ (we
will later see how to choose it) that appears in a function
JðσÞ defined as

JðσÞ ≔ EX;Z0



X

R
dPXðxÞxeð

ffiffi
σ

p
Z0þXσÞx−1

2
σx2R

dPXðxÞeð
ffiffi
σ

p
Z0þXσÞx−1

2
σx2

�
; ð27Þ

where X ∼ PX and Z0 ∼N ð0; 1Þ. This is the overlap of a
Gaussian channel of SNR σ. Based on definition Eq. (22),
we can relate the free entropy ϕRLE

eff for RLE with uncertain
design with effective observations Eq. (25) to the corre-
sponding approximation ιRLEeff ðλ; σÞ of limN→∞ ιRLEN ðλ; ζÞ,

ιRLEeff ðλ; σÞ ¼ λ

2
− ϕRLE

eff ðλ; σÞ: ð28Þ

Note that, under the effective bulk observations Eq. (25), this
equality is essentially rigorous. This is because, in this case,
the problem can be mapped onto a standard RLE problem
with perfect knowledge of the design matrix but with higher
measurement noise (aswe exploit inAppendixC 2),which is
covered by the theorems in Ref. [48].
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Before moving to the saddle point equations, we observe
that in the Bayes-optimal setting the extremizer q� ¼
q�ðλ; σÞ in Eq. (26) corresponds to the asymptotic overlap
between the ground truth row H and a sample η from the
posterior associated with the RLE problem with noisy
covariates Eqs. (20) and (25) or between two conditionally
independent posterior samples [by the Nishimori identity,
see Eq. (C1)], which concentrate onto their mean given by

q� ¼ lim
N→∞

E
1

M
H · E½ηjỸðλÞ;Y0

effðσÞ�

¼ lim
N→∞

E
1

M
kE½ηjỸðλÞ;Y0

effðσÞ�k2;

where E½ηjỸ;Y0
eff � equals the posterior mean of the cavity

given direct observations Ỹ about it and the effective
observations for the bulk. Instead, the extremizer r� ¼
r�ðλ; σÞ is the effective SNR that controls the cavity fields
underlying the marginals of the cavity coordinates under
model Eqs. (20) and (25): asymptotically, the un-normal-
ized random marginal probability measure of any of the ηi
reads

dPðηi ∈ ½η; ηþ dηÞÞ ∝ dPXðηÞeðξi
ffiffiffi
r�

p þHir�Þη−1
2
r�η2 ; ð29Þ

with randomness ξi ∼N ð0; 1Þ and Hi ∼ PX. In other
words, in the thermodynamic limit, a cavity coordinate
has marginal corresponding to a random posterior distri-
bution PðHi ∈ j ffiffiffiffiffir�p

Hi þ ξiÞ associated with the effective
scalar observation

ffiffiffiffiffi
r�

p
Hi þ ξi with prior PX.

B. Saddle point equations and mutual information

The saddle point equations are obtained by equating the
gradient of f� � �g in Eq. (26) to zero,

q ¼ Eξ;H½Hhηir�; r ¼ λJðσÞ
1þ λα(1 − JðσÞq) ; ð30Þ

where

h·ir ¼ h·irðξ; HÞ ≔ 1

Zr

Z
dPXðηÞeðξ

ffiffi
r

p þHrÞη−1
2
rη2ð·Þ;

and Zrðξ; HÞ is the normalization. The solutions ðr�; q�Þ
depend on α, λ, and JðσÞ.
The main question now is how to set the effective bulk

SNR σ in order to capture the effect of the original bulk
observations Eqs. (21) when ζ ¼ λ. We argue that it can be
determined with a consistency argument. σ parametrizes
the marginals of the bulk variables x̄ ¼ ðxiμÞi≤N−1;μ≤M
through Eq. (25). In the original problem or, equivalently,
the model Eqs. (20) and (21) with ζ ¼ λ, rows of x are
completely exchangeable under the law Eh·i. Therefore, the
random cavity marginals Eq. (29) corresponding to SNR λ
should have the same law as the bulk marginals. This is

achieved by matching the SNRs in the effective scalar
observation channels for the cavity coordinates,ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r�ðλ; σÞ

p
Hi þ ξi, and bulk coordinates,

ffiffiffi
σ

p
Xiμ þ Z0

iμ.
This yields the third missing consistency equation needed
for σ�ðλÞ in addition to the two we already have for ðq; rÞ,

r� ¼
λJðσ�Þ

1þ λα(1 − Jðσ�Þq�)
¼ σ�: ð31Þ

By Eq. (27), J is the overlap that any bulk row in X̄ has
with the corresponding ground truth row in X̄. As intuition
may suggest, matching the laws of the cavity and bulk
marginals also equates the two overlaps J and q�. To see
this, it is sufficient to realize that the function FðrÞ ¼
EHhηir is monotonic in r ≥ 0 and thus invertible. Then, by
a simple application of it to both sides of Eq. (31), we
readily get q� ¼ Jðσ�Þ as predicted. The two conditions
σ� ¼ r� and Jðσ�Þ ¼ q� are thus equivalent.
Using this knowledge, we recast Eq. (30) as

q ¼ Eξ;H½Hhηir�; r ¼ λq
1þ λαð1 − q2Þ : ð32Þ

These are solved via fixed-point iterations. Their solutions
shall be denoted by q�ðα; λÞ and r�ðα; λÞ. Using the relation
Eq. (28) and that the solution is extremizing ϕRLE

eff , we
finally get an Ansatz for the MMSE by using the I-MMSE
relation Eq. (23) but for the model with the mean-field bulk
Ansatz [here approximate equalities are up to vanishing
corrections Oð1=NÞ],

MMSE ≈ YMMSEðλ; λÞ ≈ 2
∂

∂λ

�
λ

2
− ϕRLE

eff ðα; λ; σ�Þ
�

¼ 1 − q�ðα; λÞ2
1þ λαð1 − q�ðα; λÞ2Þ

: ð33Þ

Note that q� ¼ r� ¼ σ� ¼ 0 is always a solution for any
ðα; λÞ. We call it the “paramagnetic solution” as it corre-
sponds to no alignment between posterior sample and
ground truth. However, the MMSE for this solution,

MMSEpara ¼
1

1þ αλ
;

is a nontrivial decreasing function of the SNR. This is
because denoising is still possible, for any λ > 0, when the
matrix X has no macroscopic overlap with a posterior
sample [q� ¼ 0 which is both the row or column overlap
under Ansatz Eq. (25)]. We have checked that, apart from
very low SNR, this solution is unstable in the sense that any
small positive initialization for the iterative solution of the
saddle point equations will yield another solution.
Given the MMSE, one could be tempted to use the

I-MMSE formula Eq. (5) to integrate it with respect to the
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SNR λ in order to obtain the MI of matrix denoising.
However, there could be multiple solutions q�ðα; λÞ asso-
ciated with given values of λ and α, which impeaches this
naive reasoning. A more careful approach is required.
Given Eqs. (32), we reconstruct in Appendix D the “mutual
information potential” that generates them, and we shall
always choose solutions that minimize it. Indeed, there is a
unique potential function ιðr; q;α; λÞ that yields the system
Eq. (32) when extremized over ðr; qÞ and that at the same
time satisfies the I-MMSE relation Eq. (5) with the
previously found solution Eq. (33) as MMSE, namely,
such that

d
dλ

ιðr�; q�; α; λÞ ¼
1

4

1 − q�ðα; λÞ2
1þ λαð1 − q�ðα; λÞ2Þ

:

This potential is

ιðr; q; α; λÞ ≔ rq
2
þ 1

4α
lnð1þ λαð1 − q2ÞÞ

− Eξ∼N ð0;1Þ;H∼PX
ln
Z

dPXðηÞeðξ
ffiffi
r

p þHrÞη−1
2
rη2 :

ð34Þ

The mean-field prediction for the MI of the original
problem is then

ιðα; λÞ ≔ extr−fιðr; q; α; λÞg; ð35Þ

where extremization is with respect to ðr; qÞ, and extr−
selects the solution of the saddle point Eqs. (32) minimiz-
ing the potential. Let us stress again that this formula will
not be our final prediction for the MI in the whole phase
diagram ðα; λÞ, but just for a subregion of it as explained in
the next section.
This formula recovers the known replica symmetric

potential for the rank-one case [16,30] (which is always
correctly described by mean-field theory) when α → 0,

ιðr; q; 0; λÞ ¼ rq
2
þ λ

4
ð1 − q2Þ

− Eξ;H ln
Z

dPXðηÞeðξ
ffiffi
r

p þHrÞη−1
2
rη2 :

We observe that, in the converse limit α → ∞, the formula
trivializes and is optimized at r ¼ q ¼ 0. This is due to our
choice of normalizations in channel Eq. (14). We refer to
Refs. [85,91] for a different scaling where this limit is
meaningful and thoroughly investigated. In addition,
Appendix D 2 shows that ιðα; λ → ∞Þ approaches the
entropy of the prior HðXÞ as it should; it is also apparent
from Fig. 9 appearing later on.
From the more general derivation in Appendix C, it is

clear that our multiscale mean-field theory can handle
generic observation channels as long as the observations

remain independent conditionally on the signal, namely,
Yij ∼ Poutð·jXi ·Xj=

ffiffiffiffi
N

p Þ conditionally independent. The
fixed-point equation q ¼ EHhηir is unchanged, whereas
r ¼ goutðqÞ with a channel-dependent gout. The consistency
r� ¼ σ� still holds, as well as Jðσ�Þ ¼ q�.

1. Relation to the replica method with Gaussian Ansatz
of Sakata and Kabashima

The same formula for the MI Eq. (35) can be produced
using the earlier approach of Ref. [99], also used in
Refs. [100–102] in a Bayesian context. We have adapted
their method to our model in Appendix F for com-
pleteness, which is close to what is done in Ref. [102].
This alternative derivation does not go through a cavity
computation but instead uses a nonstandard replica
method at the scale OðMNÞ. From our understanding,
the first Gaussian Ansatz they use is to approximate
ðzaij ¼ xa

i · x
a
j =

ffiffiffiffi
N

p Þi;j¼1;…;N;a¼0;…;n, where a is the replica
index, as a jointly Gaussian family. The second Ansatz is on
their covariance. Somewhat counterintuitively, they con-
sider ðzaijÞ independent (up to symmetry, zaij ¼ zaji). Overall,
this is equivalent to consider ðzaijÞi;j as a GOEmatrix, with a
semicircular spectral density. This is hard to justify a priori,
given that this matrix is of Wishart type, whose spectrum
follows the Marchenko-Pastur law. This assumption may,
however, be more justifiable as α ≈M=N gets large
because, in this case, a Wishart matrix resembles more a
GOE one with a mean. As discussed in Ref. [91], this
approximation is supposedly more accurate in this case (as
confirmed by our numerics) and even possibly exact in the
α → ∞ limit. Interestingly, Eq. (34) also yields the rank-
one formula when α → 0, which signals that the approach
is actually taking into account both α limits.
As mentioned in Sec. II B, Eqs. (32) were deemed

incorrect for a long time [91,103]. In fact, in the past they
were tested against the exact MI for Gaussian prior only
[91]. However, this is precisely the case in which they are
not supposed to hold for all ðα; λÞ, because the denoising
phase never ends for the Gaussian prior and so the HCIZ
integral is the right tool. With our contribution, we redeem
the replica equations found more than a decade ago in
Refs. [99–102] using an independent, original, mean-field
approach, by showing that they actually yield excellent
results but in the factorization phase only (and good ones in
the denoising phase for large α), a phase which exists only
for non-Gaussian priors. Despite leading to the same
equations, the multiscale theory we have presented is based
on different, interpretable hypotheses. The fact that the
earlier replica method and our cavity-based approach yield
the same equations is not evident a priori given the
nonstandard Gaussian Ansatz used in the former. This is
an indication of their validity when the concentration-of-
measure effects needed to reduce the high-dimensional
integrals entering the free entropy to saddle point equations
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over order parameters take place. This, we claim, happens
only in the factorization phase, which was not understood
until now.

V. COMPLETE ANSATZ TAKING
INTO ACCOUNT THE PRIOR UNIVERSALITY

IN THE DENOISING PHASE

A. Complete Ansatz for the whole phase diagram

We have confirmed numerically that the strong prior
universality conjecture of Ref. [85] holds but only before
the denoising-factorization transition. This should be
incorporated to correct the inaccuracies of the mean-field
approximations in this region. Indeed, the MMSE predicted
by the mean-field theory does not match the known exact
one for Gaussian prior, nor for discrete priors in the
denoising phase. This is somehow expected. The reason
is that our Ansatz for the bulk measure, corresponding
to taking the posterior associated with the channel
Y0

eff ¼
ffiffiffi
σ

p
Xþ Z0

eff , breaks an “effective rotational sym-
metry” that seems to hold in the denoising phase as we
argue in Sec. VI. The rotational symmetry breaking comes
from the fact that this channel corresponds to a direct
observation of X instead of XX⊺ which “mixes” the
entries. Therefore, there is no reason for the theory to be
correct in the denoising phase. Yet, in the factorization
phase, the mean-field prediction for the MMSE is in
agreement with the exponential decay in Fig. 6, due to
the strong alignment between posterior “patterns” ðXμÞμ≤M
and the planted ones ðXμÞμ≤M (see Sec. VI). This implies
that in this phase the behavior of a row η is indeed
dominated by its direct interaction with the associated
planted row H (mediated by Hrow

N;M), while the effect of the
bulk simplifies greatly and is captured by the mean-field
Ansatz Eq. (25). We conclude that the denoising phase is a
“matrix model regime” which needs to be analyzed by its
own set of techniques (i.e., proofs of universality and the
HCIZ integral). In contrast, the factorization phase is a
“mean-field regime” amenable to statistical physics meth-
ods. We are thus confident that the mean-field solution is
accurate in this region, as backed up by the numerics and its
robustness to attempts on improving it, see Appendix G, as
well as the matching with the replica approach of Sakata
and Kabashima [99].
From Fig. 5 and the related discussion, we deduce that

there are only three possible thermodynamic states: One
corresponds to the universal RIE branch, another to the
nonuniversal factorization branch reached from informative
initialization, and finally the dynamical glass state. Given
our numerical evidence as well as the work of Semerjian
[85], we select the universal RIE branch as the equilibrium
state for low SNRs, which corresponds to the Gaussian MI
Eq. (10). After the transition yet to be identified, we instead
select the factorization state described by the mean-field
formula Eq. (35).

The question now is how to locate the denoising-
factorization phase transition, assuming there is only one
transition. The single transition scenario is backed up by
our numerical experiments. We know three key properties
of the asymptotic MI that can be used to locate the
transition between the universal and mean-field branches:
(i) The MI is continuous in λ; (ii) it is also concave in λ (its
second derivative is the first derivative of the MMSE, which
must decrease when λ increases); and (iii) for a discrete
prior, we know from Eq. (13) that the MI saturates toHðXÞ
when λ → þ∞. Therefore, the only possibility to link the
Gaussian solution at low SNR to the mean-field one at
higher values [which does approach HðXÞ exponentially
fast in λ by Appendix D 2] is to locate the transition as the
point where they cross, namely,

λcðαÞ ¼ supfλ ≥ 0∶ιGðα; λÞ ≤ ιðα; λÞg: ð36Þ

As we show in the next section, this is in good agreement
with our finite-size experiments once we properly take into
account finite-size effects. Consistently, our final Ansatz ι�
for the MI is then

ι�ðα; λÞ ¼ minfιGðα; λÞ; ιðα; λÞg: ð37Þ

The choice of selecting the Gaussian MI in the denoising
phase for an informative prior like Rademacher is also
well motivated by the following argument. An informative
(structured) prior carries more information than the
Gaussian one, and thus the associated MMSE cannot be
larger than in the Gaussian case given the same data.
Therefore, for such a prior, the mean-field theory cannot be
correct when it predicts an MMSE (33) larger than the exact
one for the Gaussian prior Eq. (9). The Gaussian MMSE is
thus at least a better approximation to the true one in such a
region. Figure 8 shows that there is indeed a low-SNR
region where this happens and therefore the mean-field
solution is incorrect. We claim that in this region the
Gaussian curve is not just a better approximation to the
truth, but is actually exact, in agreement with [85] and our
numerics. On the other hand, as illustrated by Fig. 6 and
further discussed in the following section, the choice of the
mean-field solution beyond a point is validated by the
excellent agreement with our numerical experiments. Then,
from the single transition hypothesis and the aforemen-
tioned properties (i)–(iii) of the MI, the transition Eq. (36)
emerges.
The form of the final Ansatz ι� shares features of classical

limit formulas in spin glasses such as the Parisi formula
[141,142]. In the Parisi formula, the limit free entropy
F�ðβÞ at inverse temperature β is also given by a mini-
mization over different candidate “branches,”

F�ðβÞ ¼ minfFRSðβÞ; F1RSBðβÞ; F2RSBðβÞ;…g;
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where FRSðβÞ; F1RSBðβÞ;…, etc., are the respective replica
symmetric, 1-replica symmetry-breaking step;…, approx-
imations of the free entropy. However, there are important
differences too. First, our model is replica symmetric as it
lives on its Nishimori line. However, more importantly, in
contrast to our setting, a key difference in spin glasses and
usual inference problems is that, in all their phases (i.e.,
regimes of symmetry breaking), these models remain
mean-field in nature, and thus the different branches of
symmetry breaking can be described by one formalism
yielding an overarching formula. This is not the case for
extensive-rank matrix denoising: the current techniques to
compute the MI in the denoising and factorization phases
are very different, which reflects their fundamentally
distinct nature. We believe it is unlikely there exists a
mean-field theory describing both concurrently, unlike
what happens in the Parisi formula. This is the main reason
why we had to employ matrix model techniques in the
denoising phase.

B. Theoretical predictions and consistency
with the numerical experiments

We plot in Fig. 8 the mean-field solution for the MMSE
Eq. (33) obtained by iterating Eq. (32) (dark blue curves)
and the associated asymptotic MI Eq. (35) in Fig. 9. When
solving Eq. (32) by fixed-point iteration, we call the
initialization qt¼0 ¼ 1 “informative”. The “uninformative”
initialization is instead qt¼0 ¼ ε ≪ 1 but nonzero. From
these two obtained solutions, the equilibrium ðq�; r�Þ is the
one that minimizes Eq. (34). The other solution (we always
observed at most two) is called “metastable.” It matches the
equilibrium solution if unique, as for α ¼ 0.5 in Fig. 9,
while they can differ for α ¼ 0.7.
Recall, however, that before the transition Eq. (36) we

claim that the correct branch is instead the universal one.
For all plots displayed, the complete Ansatz taking into
account universality at low SNR ι�ðα; λÞ Eq. (37) (cyan
curves for both MI and MMSE) correctly describes the key
features of the problem evidenced by our numerical experi-
ments. In particular, we stress the very good agreement
between 4 times the λ derivative of ι� and the finite-size
MMSEs in the factorization phase, see Figs. 6 and 8, but
also in the denoising phase, see Figs. 3 and 8. Hereby, we
describe our theoretical findings focusing on the complete
Ansatz ι� if not specified otherwise, comparing them with
those of Sec. III.

(i) Agreement with the mutual information and tran-
sition upper bounds. ι� remains upper bounded by
the entropy HðXÞ of the prior as it should, see
Appendix D 2 and Fig. 9. This implies that the
theoretical transition Eq. (36) occurs before the
rigorous upper bound Eq. (11), which becomes
tighter as α increases, see Fig. 10. This nontrivial
consistency check entails that, for high SNR, the
theoretical MMSE decays exponentially with it, as

supported by the numerical experiments, see Figs. 6
and 8. This exponential decay in the factorization
phase, which is asymptotically in λ the same as for
the rank-one case with Rademacher prior, hints at
the fact that in this phase the posterior patterns ðxμÞ
are weakly coupled, and the problem resembles (but
is not equivalent to) M-independent rank-one prob-
lems with properly tuned SNRs.

(ii) Universality at low SNR. Despite the mean-field
solution ι being only approximate in the denoising
phase, at low SNR it captures universality: the mean-
field curves ιðα; λÞ for Gaussian and Rademacher
priors do match, see Fig. 9; it is also evident at the
level of the MMSE in Fig. 8. This is in agreement
with experiments shown in Figs. 2 and 3. When α
increases, this matching lasts until close to the
crossing of ι and the Rademacher entropy: This
signature of universality becomes more pronounced.
It shows that ι becomes more accurate and consistent
at larger α (but it also is exact at α ¼ 0). Obviously,
ι� is universal before the transition by construction.

(iii) Denoising-factorization transition.ι� encodes the
denoising-factorization transition observed in our
numerical experiments. Indeed, for all α’s tested we
see a change of behavior in the λ derivative of
ι�ðα; λÞ separating the regime where the MI is prior
independent from the factorization phase where
the MI for discrete prior approaches the entropy
of the prior exponentially fast in λ. The MI for
the Gaussian prior instead continues to increase
smoothly. The algebraic versus exponential decay
of the MMSE with the SNR observed numerically is
quantitatively caught by the theory, see Fig. 8.

For what concerns the transition location, it seems
from Fig. 8 that there is a non-negligible gap with
what ι�ðα; λÞ predicts. We argue here that this is due
to the finite-size of the simulated system and can be
accounted for. In fact, our arguments in Sec. III
make it clear that for finite sizes the MI for
Rademacher prior must not saturate to ln 2 due to
the degeneracy induced by column permutations and
signs, which explains precisely the gap to ln 2 in the
left panel of Fig. 2. Since the empirical MI curves
closely follow ιGðα; λÞ at low SNR, they must start
saturating earlier, namely, at a smaller λ than the
asymptotic one λc, and toward a lower value than
ln 2. For instance, for α ¼ 0.5 andN ¼ 40 saturation
occurs at MI ≈ 0.6228, which is also reported as the
lowest dotted horizontal line in the left panel of Fig. 9.
The curve ιG crosses that value at λ ≈ 7.2, which gives
us a rough upper bound on the transition location for
that size, in good agreement with what is observed in
Figs. 2 and 3 (even if formally we cannot talk about
phase transition at finite size). However, we see that
the change in the behavior of the derivative of the
finite-sizeMI is not sudden and starts even before 7.2.
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This is consistent with Fig. 8 for α ¼ 0.5, where the
Markov chain Monte Carlo (MCMC) curve detaches
from the Gaussian MI around λ ≈ 6.5. Nevertheless,
observe that the finite-size-corrected approximation
to the transition at 7.2 falls nicely in the middle of the
“crossover region” between the two phases for the
MMSE. The same correcting approach works for
the other values of α.
Let us explain in more detail the way we computed

corrections to the transition location. The pro-
cedure starts by computing the finite-size entropy

HðXX⊺Þ=ðNMÞ using Eq. (12). Then we find the
SNR where ιG attains this value: This gives an upper
bound on the finite-size “transition,”which we expect
to be close to it given the numerical and theoretical
evidence. This implies that the largerα, the smaller the
slope of ιGðα; λÞ in λ, and thus the larger the gap
between the asymptotic transition point λc and its
approximate location for finite size, see Fig. 9.

On top of this gap increasing with α, the crossover
region for the transition should also get wider. To see
it, we notice that the finite-size corrections to the MI,
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FIG. 8. Thermodynamic limit of the MMSE as function of the SNR for α∈ f0.3; 0.5; 0.7g with Gaussian and Rademacher priors.
Logarithmic scale on the left, linear scale on the right. We plot (i) the rank-one MMSEs, (ii) the “multiscale” curves correspond to the
mean-field Eq. (33) with the equilibrium solution selected, (iii) the “exact Gauss” curve is the true Gaussian MMSE obtained via Eq. (9),
which also corresponds to the performance of the RIE for any prior with zero mean and unit variance, (iv) the cyan “theory Rad” is our
theoretical prediction for the MMSE with Rademacher prior corresponding to 4 times the derivative of ι�ðα; λÞ Eq. (37) with respect to λ,
and (v) “MCMC Rad” are the Monte Carlo results with Rademacher prior (see Tables I and II for details). Finally, (vi) the rightmost
vertical line pinpoints the location of the infiniteN transition λc Eq. (36), while the one on the left is its approximate location once taking
into account finite-size effects; see the caption of Fig. 9 and the text for an explanation.
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estimated through Eq. (13) as lnð2MM!Þ=ðMNÞ
(≈5 × 10−2 in all our experiments), are large given
the size of the system (MN ≈ 1000 in all our experi-
ments).As comparison, in the rank-one spikedWigner
model, finite-size corrections to the MI instead vanish
as 1=N, which is faster relative to the system size. For
size 1000, this yields a correction roughly 2 orders of
magnitude smaller than here. Notice also that finite-
size corrections increase in α, since they are directly
linked to the number of column permutations. In
summary, thanks to the aforementioned correction
procedure, the predicted finite-size transition does fall
in the middle of the crossover region for the MMSE,
which gets wider with larger α. Out of these crossover
regions, the theory proves to be extremely accurate.
Despite the exponential decays and the modest sizes
that can be simulated, our predictions for the MMSEs
deep in the factorization phase remain precise even at a
y scale of 10−3.

(iv) Spinodal transition and statistical-to-computational
gap. According to our theory ι�, the thermodynamic
denoising-factorization phase transition at λcðαÞ is of
first order, i.e., with a discontinuity in its λ derivative,
which is the MMSE over 4 by Eq. (5), for any α > 0.
We have already discussed based on Fig. 5 that, at low
SNR, the only thermodynamic state present is the
universal RIE state. This implies that, before the first
order transition, there must be a spinodal transition
linked to the appearance of the informative factori-
zation state in addition to theRIE state, a point around
which the RIE state seems to shatter into a dynamical
glassy state observed in Fig. 5. A spinodal transition
followed by the coexistence of informative and
glassy states is a typical mechanism at the root of

algorithmic hardness in high-dimensional inference
[123,143]. This connection should, however, be
considered with some caution, as it has been noticed
invarious settings that the onset of glassiness does not
always prevent inference algorithms, including sam-
pling based, to perform well [123,144,145]. ι� is a
pure equilibrium theory and is therefore unable to
detect the location of the spinodal transition. One
would need to modify it in order to take into account
out-of-equilibrium glassy effects linked to replica
symmetry breaking [21,123], which is out of the
scope of the present paper. Given that we are in the
Bayes-optimal setting, the thermodynamic equilib-
rium should anyway be described by a replica
symmetric theory [18,146,147].
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FIG. 9. Thermodynamic limit of the mutual information as function of the SNR for α∈ f0.5; 0.7g with Gaussian and Rademacher
priors. We plot (i) the rank-one MI, (ii) the multiscale curves referring to ιðα; λÞ Eq. (35) with the equilibrium solution selected, (iii) the
“multiscale met.” curve corresponds to the metastable solution (which exists only for Rademacher prior), (iv) the exact Gauss curve is
the exact MI for Gaussian prior ιGðα; λÞ Eq. (10), (v) the theory Rad is the complete Ansatz ι�ðα; λÞ Eq. (37) for Rademacher prior once
taking into account universality in the denoising phase, (vi) the entropy density HðXX⊺Þ=ðNMÞ for N → þ∞, equal to ln 2, and its
finite-size approximation Eq. (12) given by ln 2 − lnð2MM!Þ=ðMNÞ with N ¼ 40;M ¼ αN. Finally, (vii) the rightmost vertical line
pinpoints the crossing of the exact Gaussian MI with the multiscale mean-field prediction, i.e., the infinite-size transition λc Eq. (36),
while the leftmost vertical line shows the crossing of the Gaussian MI with ln 2 − lnð2MM!Þ=ðMNÞ which approximates the location of
the denoising-factorization transition taking into account finite-size effects.
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FIG. 10. Thermodynamic denoising-factorization phase tran-
sition λcðαÞ given by Eq. (36) and its upper bound given by the
rhs of Eq. (11), for Rademacher prior.
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It is worth noting that, even though the mean-field MI
ιðα; λÞ is inexact in the denoising phase, the potential
Eq. (34) captures the presence of a spinodal transition for
α ≥ 0.7. Indeed, when α ¼ 0.7 the mean-field theory
exhibits a metastable branch around λ ≈ 7; see the dis-
continuity in the green curve in Fig. 9. It detaches from the
equilibrium mean-field curve through a spinodal transition
where the informative fixed point appears. We thus
interpret the mean-field theory as an approximation in
the denoising phase (which becomes exact after the
transition, while ι� is deemed to be exact everywhere),
in the sense of the critical phenomenology it implies that
cannot be probed from the equilibrium theory ι� alone.

VI. PROBING THE PHASES THROUGH THE
OVERLAP MATRIX AND FACTORIZATION

So far, we have focused on the denoising task of
recovering the square signal XX⊺. We have divided the
phase diagram in two thermodynamic phases: the universal
denoising phase where the RIE is optimal and the factori-
zation phase where it is not, because exploiting the prior
and factorized structure of the signal beyond its asymptotic
spectrum ρXX⊺ is needed there to better denoise. It is thus
natural to wonder if optimal denoising is related to the
factorization task, i.e., estimating the single factor X
nontrivially. Nontrivial estimation means finding an esti-
mator X̂ ¼ X̂ðYÞ∈RN×M verifying

lim
N→þ∞

1

NM
max
Π∈ π̄M

TrðX⊺X̂ΠÞ > 0; ð38Þ

where π̄M is the set ofM ×M signed permutation matrices.
It is not clear that it is possible given the numerous
symmetries and invariances of the model when M →
þ∞ with N. When M is independent of N, if denoising
is possible, then factorization is, because the number of
symmetries to resolve in order to inferX given an estimatordXX⊺ of XX⊺ remains generally finite; e.g., for M ¼ 1, the
eigenvector of dXX⊺ with largest eigenvalue estimatesX up
to a global sign.
We will explore here this question by getting a more

detailed description of the phases through the analysis of a
richer order parameter than the MMSE, namely, the overlap
matrix,

Q ≔
X⊺x
N

¼
�
X⊺

μxν

N

�
μ;ν≤M

∈RM×M;

where x ∼ Pð·jYÞ is a posterior sample, and ðxμÞ are the
columns, or patterns, of x. The MMSE can be written
directly in terms of the overlap,

MMSE ¼ 1

M
E

����XX⊺

N

����2 − 1

M
EhkQk2i; ð39Þ

which follows from the Nishimori identity. From Eq. (38), a
posterior sample X is a nontrivial estimator for the
factorization task if ð1=MÞTrðQΠ�Þ > oNð1Þ for an
x-dependent permutation Π�. The overlap can also be
defined in terms of two conditionally i.i.d. samples from the
posterior rather than using the ground truth: xð1Þ⊺xð2Þ=N.
By Bayes optimality and the Nishimori identities, the
conclusions of this section based on Q would still hold.

A. Behavior of the overlap in the two phases:
Can X be inferred in addition to XX⊺?

It is insightful to distinguish between diagonal and off-
diagonal contributions of the overlap to the MMSE. Note
that, from the independence of the data on the permutation
of the columns of X (and their signs for symmetric priors),
the induced invariance of the posterior implies that the
columns of posterior samples x obtained from the
Monte Carlo sequence must be sorted appropriately to
match the ones of the ground truth in order to access a
meaningful overlap. In other words, we need an efficient
way to approximate the solution of the optimization
problem Eq. (38). Numerically, this is achieved via iteration
with respect to the columns of X. In the first iteration, one
finds the column of X showing the largest absolute inner
product with X1, labeling its index as πð1Þ. For iterations
μ ¼ 2;…;M, choose πðμÞ as πðμÞ ¼ argmaxν∈ Sμ jX⊺

μxνj,
where Sμ is the set of indices from 1 to M excluding
πð1Þ;…; πðμ − 1Þ, see Algorithm 1 below.
By executing this procedure for each posterior sample,

we can distinguish between diagonal and off-diagonal
contributions to the MMSE, with the diagonal one repre-
senting the error made from misalignment between
matched patterns and the off-diagonals representing the
contributions from alignment between unmatched patterns.
For all the rest of this section, every time a posterior sample
x appears, it is assumed that the signs and ordering of its
columns has already been resolved according to the above
greedy procedure as x ← ðπ∘σÞðxÞ, and the Monte Carlo
approximations of expectations h·i are taking into account
this per-sample operation.
Figure 11 shows the diagonal and off-diagonal over-

lap contributions to the MMSE Eq. (39) for finite sizes

Algorithm 1. Greedy column and sign alignment.

Input: Reference matrix X, ordered matrix x
Output: Permutation π, signs σ
Initialize: S ← f1; 2;…;Mg (Set of available indices)
Initialize: π and σ as empty arrays of length M

1: for μ ¼ 1 to M do
2: πðμÞ ← argmaxν∈ SjX⊺

μxνj
3: σðμÞ ← signðX⊺

μxπðμÞÞ
4: S ← SnfπðμÞg
5: end for
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computed by Monte Carlo sampling. First, looking at
the diagonal contribution for SNRs in the denoising
phase (λ≲ 6 for this size), the curve seems to approach
1 ¼ E

P
M
μ¼1 kXμk4=ðN2MÞ as N increases, indicating that

no strong “pattern matching” is happening. Looking at the
bottom part of Fig. 11, we observe that in this phase it is
instead the off diagonal of the overlap that contributes
the most in decreasing the MMSE, e.g., in Fig. 3.
The strong negative value of (E

P
μ≠νðX⊺

μXνÞ2 −
E
P

μ≠νhðX⊺
μxνÞ2i)=ðN2MÞ indicates that ðQμνÞμ≠ν fluctu-

ate more around 0 than in the case of i.i.d. patterns
ðX⊺

μXν=NÞμ≠ν. This is even more evident when plotting

the histogram of the overlap entries in the denoising
phase, see Fig. 14. The broader distributions compared
to the gray one indicate larger fluctuations than in the
random case (whereX and x are i.i.d.). EachXμ has thus a
small projection on most ðXνÞ of orderOð1= ffiffiffiffi

N
p Þ; yet, as λ

increases, a large fraction of these projections become
typically larger than between independent patterns (but of
the same order).
Beyond the transition, however, the diagonal contribu-

tion to the MMSE drops to zero, meaning that posterior
patterns pair with ground truth patterns which are retrieved
in a synchronized way (lower part of Fig. 12). Consistently,
the off-diagonal contribution approaches 0, as posterior
patterns “orthogonalize” with respect to the planted pat-
terns, except for matched pairs that contribute to the
reduction in the diagonal MMSE contribution. This shows
that, in the factorization phase, nontrivial estimation ofX is
possible, up to the unavoidable signs and permutation
ambiguities of the columns.
Let us discuss a concrete algorithm to do so. Once the

posterior samples’ column permutation and sign symmetry
are broken in the factorization phase, their average is
expected to possess a nontrivial alignment with X up to
the aforementioned ambiguity. The posterior samples
can be synchronized efficiently by taking a single posterior
sample as reference matrix (instead of X) and then
aligning each remaining sample against this using again
Algorithm 1, see Algorithm 2 below.
This procedure outputs an estimator hxialg ofX verifying

criterion Eq. (38). If in addition one is given an oracle

FIG. 11. Monte Carlo results for the diagonal (upper) and off-
diagonal (lower) contributions to the MMSE Eq. (39) after
reordering and sign selection of the columns of each posterior
sample according to Algorithm VI A, with Rademacher prior,
for various N with α ¼ 0.5. Error bars are standard errors of
the mean.

FIG. 12. Average squared overlap N−2hðX⊺xÞ⊙2i (the square
applies entrywise) for various SNRs obtained by Monte Carlo
sampling after reordering and sign selection of the columns of
each posterior sample according to Algorithm VI A, for a single
instance ðX;ZÞ with Rademacher prior and ðN;MÞ ¼ ð60; 30Þ.
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permutation π̂ðXÞ and signs σ̂ðXÞ, the remaining ambi-
guities can be broken by setting hxialg ← ðπ̂∘σ̂ÞðhxialgÞ.
Figure 13 depicts the recovery performance of hxialg from
Algorithm 2 (in which the oracle permutation and signs are
exploited for the sake of illustration). As can be seen clearly
from both the Frobenius norm and trace overlap between
hxialg andX, information onX itself can be retrieved in the
factorization phase. Notice that Algorithm 2 requires as
input posterior samples, which take a time exponential in N
to sample by Monte Carlo simulation beforehand. Thus, we
do not claim that factorization can be done efficiently, but
rather that it is statistically possible.
Whether a nontrivial estimation of X is possible in the

denoising phase is less clear. The averaged entrywise
squared overlap is displayed in Fig. 12 for various SNRs
and, in particular, close to the crossover region (three plots
at the bottom). The homogeneous background and weaker
diagonal before the transition (upper part) signals that the
information about the ground truth patterns is somehow
diluted in all the posterior patterns, consistent with the
bottom panel of Fig. 11. The diagonal then gets suddenly
stronger and the background much smaller around the
transition, indicating again a strong pattern-to-pattern
matching between posterior samples and the signal in
the factorization phase. Overall, these figures illustrate a
clear change of behavior between the two phases, where the

quasibasis of posterior patterns ðxμÞ (i.e., a set of N-
dimensional vectors whose pairwise inner products are
approximately

ffiffiffiffi
N

p
) “aligns” much more with the quasi-

basis of planted patterns ðXμÞ beyond the transition.
We have made two empirical observations that may

suggest at first sight that factorization is possible in the
denoising phase, too: (i) the diagonal contribution to the
MMSE (upper part of Fig. 11) seems bounded away
from one, and (ii) the diagonals displayed in Fig. 12
seem Oð1Þ in the denoising phase. The question we thus
aim at elucidating is whether these are artifacts of
finite-size effects combined with the column reordering
procedure applied to the posterior samples (which
necessarily amplifies the overlap diagonal) or not. In
other words, is the overlap jxμ ·Xμj=N between matched
pairs vanishing or not in the thermodynamic limit in the
denoising phase (still assuming the permutation ambi-
guity is resolved)?
In order to answer this question, we can heuristically

estimate finite-size corrections, helping ourselves with the
histograms at the top panel in Fig. 14. Similar histograms
were obtained from overlap matrices to which we removed
the diagonal for a fair comparison (even if the histogram
almost does not change if keeping the diagonal, which is
not true anymore beyond the transition as clear form the
bottom panel in Fig. 14). The diagonal is removed since it
has different statistical properties than the off-diagonal
entries, and we need to understand the statistics of the
complement of the diagonal in order to assess if such
random variables can induce the observed diagonal just
through the reordering procedure. From Fig. 14, we deduce
that the marginal law of off-diagonal elements rescaled byffiffiffiffi
N

p
behaves as centered Gaussian variables with variance

σ2ðλÞ tuned by the SNR, evaluated numerically from the
histograms. We thus make the simplifying assumption that
the correlations among the ðQμνÞμ;ν≤M are sufficiently weak
to consider them independent. This allows us to estimate
the average of the diagonal of the entrywise squared
overlap matrix under the null hypothesis that it is just
due to the reordering.
According to the aforementioned independence and

Gaussianity hypotheses on the overlap entries, the law of
the μth diagonal squared overlap element in Fig. 12 can be
modeled as that of

χμ ≔ max
μ≤ν≤M

Q2
μν:

The cumulative distribution function of χμ is explicit,

Pðχ ≤ tÞ ¼ PðjQ11j ≤
ffiffi
t

p ÞMμ ¼ erf

 ffiffiffiffiffiffiffiffiffiffiffiffiffi
Nt

2σ2ðλÞ

s !
Mμ

for any t ≥ 0, where Mμ ≔ M − μþ 1, and erfðzÞ ≔
ð2= ffiffiffi

π
p Þ R z0 e−x2dx. Furthermore, χμ being a positive

Algorithm 2. Synchronized posterior average.

Input: Posterior samples fxtgNMC
t¼1 .

Output: hxialg.
Initialize: hxialg ¼ x1=NMC

1: for t ¼ 2 to NMC do
2: π; σ ← Algorithm 1 with Inputs x1 and xt
3: hxialg ← hxialg þ ðπ∘σÞðxtÞ=NMC
4: end for

FIG. 13. MSE (blue line, left axis) and overlap with the ground
truth X (red, right) for estimator hXialg from Algorithm 2 with
5.105 Monte Carlo samples for ðN;MÞ ¼ ð60; 30Þ and a single
data instance.
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random variable, the expectation of any function f of it can
be computed via tail integration as

EfðχμÞ ¼ fð0Þ þ
Z

∞

0

f0ðtÞPðχμ ≥ tÞdt

¼ fð0Þ þ
Z

∞

0

f0ðtÞ
 
1 − erf

 ffiffiffiffiffiffiffiffiffiffiffiffiffi
Nt

2σ2ðλÞ

s !
Mμ
!
dt:

We are interested in evaluating the mean and order of the
fluctuations of the average of the diagonal elements

χ̄ ≔
1

M

XM
μ¼1

χμ:

Following our assumptions, the χμ’s are independent ran-
dom variables, so the variance Vðχ̄Þ ¼PM

μ¼1 VðχμÞ=M2.
Therefore, if the empirical dominant diagonal in Fig. 12 was
just an artifact of the reordering, its average value should be
compatible with

χ̄ ≈ Eχ̄ � 2

M

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXM
μ¼1

VðχμÞ
vuut ;

considering two standard deviations as confidence interval.
Recall that both values on the rhs depend on the SNR
trough σ2ðλÞ.
Figure 15 compares the value of χ̄ with its uncertainty

(orange) to the arithmetic mean of the diagonal elements of
the averaged squared overlap N−2hðX⊺XÞ⊙2i (blue). There
is an evident agreement in the denoising phase: the curve
obtained via MCMC never detaches from χ̄ by more than 2
standard deviations. This suggests that our assumptions on
the overlap elements Qμν’s are effective, and above all that
the diagonals in Fig. 12 for λ ≤ 6.723, i.e., in the denoising
phase for that size, are compatible with the diagonal-

FIG. 14. Upper: Histogram of the entries of
ffiffiffiffi
N

p
Q in the

denoising phase for a single instance of ðX;ZÞ with size
ðN;MÞ ¼ ð60; 30Þ and Rademacher prior, obtained from 5 ×
103 Monte Carlo samples after reordering of each sample
column. All entries are accumulated into each histogram, result-
ing in a sample size of 5 × 103M2 each. The gray histogram
indicates the distribution of the overlap between two random
Rademacher patterns of size N, which approaches a standard
normal distribution as N → þ∞. Lower: Histogram of

ffiffiffiffi
N

p
Q for

λ ¼ 7.96 which lies at the start of the factorization phase given
that size, see Fig. 8. In that case, outliers emerge and so we
have separated the diagonal and off-diagonal contributions. The
diagonal one is peaked around

ffiffiffiffi
N

p
≈ 7.7. The off-diagonal

histogram resembles again a normal distribution, and its variance
is very close to 1.

Exp. diagonal overlap

Reordering effect:

Mean-field overlap q

2 4 6 8 10 12 14

0.2

0.4

0.6

0.8
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FIG. 15. Experimental average diagonal of the squared overlap
as a function of λ obtained via Monte Carlo sampling after
reordering of each sample column for a single instance ðX;ZÞ
with Rademacher prior and ðN;MÞ ¼ ð60; 30Þ (blue), as in
Fig. 12. It is compared to the effect of the reordering of the
columns of the posterior samples estimated by Eχ̄ (orange curve),
with 2 standard deviations confidence interval (band). We also
display the equilibrium diagonal overlap q� given by the mean-
field theory Eq. (32). The complete Ansatz Eq. (37) predicts a
transition at λcðα ¼ 0.5Þ ≈ 9.1 (vertical purple dashed curve),
which can be corrected for finite-size effects yielding ≈7.1, see
caption of Fig. 9.
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amplifying effect of the column reordering procedure. This
entails that the posterior patterns ðxμÞ are delocalized in the
quasibasis of the ground truth patterns ðXμÞ. On the
contrary, after the transition, the values of χ̄ are incompat-
ible (further than 5 standard deviations) with the empirical
curve, signaling that the values in the diagonals of the
bottom center and right panels in Fig. 12 are due not only to
reordering, but to a real effect happening in the factoriza-
tion phase. Note that the sudden decrease in Eχ̄ in Fig. 15 is
related to the collapse of the blue histogram at the bottom of
Fig. 14 onto a variance one normal law right after the
transition, while it was more spread just before it, i.e., it is a
manifestation of the transition through σ2ðλÞ. As a last
comment, we can show that the effect Eχ̄ of the reordering
vanishes as O(2σ2ðλÞ lnð2MÞ=N) (as it is a mean of
maxima of i.i.d. Gaussians, see Ref. [148]).
In conclusion, from the evidence we gathered, we expect

that the seemingly bright diagonals in Fig. 12 for λ ≤ 6.723
disappear in the thermodynamic limit. Consequently, in the
denoising phase, it is more plausible that factorization is not
possible, in contrast with the factorization phase, and only
denoising of XX⊺ is. This aligns with the fact that one
cannot extract an estimator of x from the RIE, which we
think is Bayes optimal in that phase (or at least we do not
see how to do so).
Note that Figs. 11–13 and 15 once more suggest that the

phase transition is discontinuous for discrete priors.
We have argued that nontrivial estimation of X is

impossible in the denoising phase. In order to clarify what
is inferred about it that allows denoising of XX⊺, consider
the following rotation for a given posterior sample:

O�ðXÞ ≔ argmin
O∈RM×M∶ O⊺O¼IM

kX − xOk2:

In Fig. 16, we plot the overlap matrix between “optimally
rotated” posterior samples and the ground truth, averaged
over Monte Carlo samples, i.e.,X⊺hxO�ðxÞi=N. Clearly, in
the denoising phase the profile of this matrix is diagonal,
but with the diagonal now remaining order one as N
increases and whose intensity grows with λ. Note that there
is a finite diagonal overlap even when λ ¼ 0, as two
random M-dimensional subspaces of RN always have a
common subspace of dimension OðNÞ. This demonstrates
two points: On one hand, the denoising phase is the regime
where the ground truth factor is estimated but only up to an
unknown rotation of the basis in which the patterns ðXμÞ
are expressed. On the other hand, this also reveals that it is
not sufficient to break the permutation symmetry of the
columns in order to see a nontrivial overlap appear (as was
done in Fig. 12). One instead needs to break the much larger
symmetrygroupof rotations,which further requires anoracle
already knowing the planted matrix. This “effective rota-
tional invariance” is what we believe to be the source of

universality in the denoising phase and what prevents
factorization. We refer to Ref. [149] for a related discussion.
As a last comment, solving the saddle point Eqs. (32), we

get that the mean-field overlap q� detaches from 0 around
λ ¼ 2 in the denoising phase, see Fig. 15. We have verified
that this has an effect on themultiscale curves in Figs. 8 and 9,
but it is just too small to be visible by eye. This may seem in
contradiction with our negative conclusions concerning
factorization in this phase. However, we claim that this is
an artifact of the mean-field theory being applied in the
“matrix model and denoising regime” where the necessary
concentration-of-measure effects for it to hold are not
present. As discussed in Sec. V, mean-field equations are
reliable only after the transition λcðα ¼ 0.5Þ ≈ 9.1, as mani-
fest from the figure. We therefore do not interpret this
detachment from 0 as a true transition, nor as a signal of
possible factorization in this phase.

VII. CONCLUSION AND PERSPECTIVES

In this paper, we have first conducted numerical experi-
ments to grasp features of the phase diagram of matrix
denoising in the challenging regime of extensive-rank
beyond the rotational-invariant setting. We have clarified
the rich phenomenology of the model. In particular, we
uncovered a first-order phase transition separating a regime
akin to a matrix model where strong universality properties
hold and the RIE is a Bayes-optimal denoising algorithm,
from a fundamentally different phasewhere it is not anymore
due to universality breaking and which is more amenable to
statistical physics techniques. The free entropy Eq. (16)
seen as a function of the SNR λ thus interpolates between a

FIG. 16. Average overlap N−1X⊺hxO�ðxÞi computed by
Monte Carlo sampling after reordering of each sample columns
for a single instance of ðX;ZÞ with Rademacher prior and
size ðN;MÞ ¼ ð60; 30Þ.
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matrix model solvable by the HCIZ integral (the denoising
phase) and a planted mean-field spin model (the factoriza-
tion phase).
We have then proposed a mean-field theory based on a

combination of spin-glass approaches to compute the
mutual information and minimum mean-square error.
Interestingly, it yields the same equations as the replica
approach of Refs. [99–102]. The latter was believed to be
incorrect for a long time. Through our independent analy-
sis, we have instead clarified in which regime it is reliable
—the factorization phase—or not—the denoising phase—
and have shown how to correct it when not accurate thanks
to universality, as conjectured by Semerjian [85], but for the
whole phase diagram. Our complete Ansatz for the two
phases is in good quantitative agreement with the experi-
ments, up to unusually large finite-size corrections which
we were able to quantify.
The numerical evidence suggests that optimal denoising is

algorithmically hard only beyond the transition point, due to
the presence of the universal RIE state at all signal-to-noise
ratios. We have experimentally confirmed that this state
preventsMonteCarlo algorithms fromoutperforming theRIE.
There are many directions to pursue from here.

Concerning our present setting, we have proven that beyond
a certain SNR universality cannot hold. It would be interest-
ing to rigorously confirm that the universality indeed holds at
low SNR and breaks precisely at the predicted transition
λcðαÞ, and that the mean-field theory does become asymp-
totically exact beyond that point.
Concerning generalizations, the most natural one is the

nonsymmetric version of the problem, with more general
noises, as considered in Refs. [99–102].
In addition, our setting shares several similarities with

the Hopfield model [112] of associative memory. The
phenomenology of the latter is well understood (at least at
the replica symmetric level) thanks to the seminal work in
Ref. [113]. The key idea is that samples from the
Boltzmann-Gibbs measure cannot have extensive projec-
tions on all memorized patterns, but only on a finite subset
and typically Oð1= ffiffiffiffi

N
p Þ projections onto the others. These

infinitesimal contributions, being extensively many, give
rise to a contribution that can be treated as effective noise
called pattern interference. Its intensity depends on the
load of the memory M=N ≈ α. There exists a retrieval
phase for low α and temperatures, where an algorithm
sampling from the Boltzmann-Gibbs distribution with
informative initialization “recalls” a pattern. Out of this
region, the samples have instead Oð1= ffiffiffiffi

N
p Þ overlap with

all the patterns.
We observe that for matrix denoising too, in the

denoising phase, the overlap matrix presents Oð1= ffiffiffiffi
N

p Þ
entries. However, instead of treating these elements as noise
as done in Hopfield, here they actually give a fundamental
contribution to decreasing the MMSE as illustrated in
Fig. 11. This is one of the main differences with the

Hopfield model: The sum of spurious alignments of the
posterior sample columns xμ onto other patterns of
the ground truth is exploitable as information when
denoising XX⊺, and it is not a disturbance. The term
Trðxx⊺Þ2 in the Hamiltonian Eq. (17) contributes to this
phenomenology, generating a caging effect that prevents
posterior patterns from overlapping and thus helps. As a
consequence, we find that the “load” α that the memory can
withstand is higher. Our theory supports the fact that it is
possible to retrieve all the patterns even for α’s sensibly
larger than the Hopfield critical load αc ≈ 0.138 for binary
patterns, provided an informative initialization is available
and the signal-to-noise ratio is sufficiently high.
Furthermore, our theory and its agreement with experi-

ments in the factorization phase indicates that this caging
effect becomes strong enough to almost completely cleanse
the system from pattern interference, yielding an MMSE
akin to that of several quasidecoupled rank-one problems.
Another major difference is that in matrix denoising one

attempts to recall all patterns (columns of X) at once (see
the recent related work in Ref. [150] where multiple, but
finitely many, patterns are jointly recovered), different from
the approach of Ref. [110] for instance.
To conclude this analogy, the study of the memorization

properties of this model should be carried out in a non-
Bayes-optimal setting. One issue is that the universal
branch of the matrix denoising problem is known exactly
only thanks to the Nishimori identities which allow one to
simplify the HCIZ integral [58,91]. Bayes optimality also
prevents replica symmetry breaking [21]. These simplify-
ing symmetries break down in the absence of Bayes
optimality, and solving the model without relying on them
could be much more challenging.
A further connection that is drawing attention is that with

information-theoretical limits of neural networks. It was
recently pinpointed by some of the present authors that a
theory similar to ours can be used to describe learning
transitions in shallow neural networks. More specifically, in
[78] the authors exploited a mapping between the learning
of an extensive-width neural network with quadratic
activation function in a teacher-student setting and a matrix
denoising problem, where the hidden matrix follows a
Wishart distribution (and thus is exactly rotationally invari-
ant). Based on the ideas of the present paper, Ref. [79] goes
beyond by tackling any activation function but also
possibly nonrotationally invariant weight matrices. Given
the similar nature of the problem treated in Ref. [79], the
remarkable agreement between theoretical predictions and
numerical experiments in the said paper also supports our
claims of exactness of the theory proposed here. Hence, our
theory (together with the one of Refs. [99–102]) and, in
particular, the rich phenomenological picture we have
identified has the potential to become a valuable tool for
describing a wide variety of matrix models going much
beyond matrix denoising.
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Another stretched, yet potentially fruitful comparison is that
with Anderson localization [151]. The phenomenon is differ-
ent as being quantum by nature and is not a thermodynamic
phase transition. Yet, the similarity is striking due to both
transitions being linked to localization, i.e., macroscopic
pairwise alignment of two bases of vectors: the eigenvectors
of the energy operator of the quantum system at hand localize
in lattice basiswhen tuning the amount of disorder,while in the
present problem the quasibasis of posterior patterns ðxμÞ
localizes at the transition in the quasibasis of planted ones
ðXμÞ, which manifests itself by the abrupt increase of the
overlap diagonal in Fig. 12. It would be interesting to explore
how far this analogy can be pushed.
A final direction to pursue would be to compare known

Bayesian algorithms for matrix inference to our results, such
as BiGAMP [152], the AMP algorithm of Ref. [102], or
Unitary AMP [153]. Given our results on the hardness of
denoising using Monte Carlo sampling, we think that these
algorithms adapted to the present settingmay, too, face a hard
phase and be outperformed by the RIE without additional
information onX. We plan to look into this in a future work.
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APPENDIX A: IRRELEVANCE OF THE
DIAGONAL OF THE DATA

Proposition 1: Information irrelevance of the data
diagonal components. The diagonal part of the data
ðYiiÞi≤N does not contribute to the MI in the high-
dimensional limit. Specifically, the inference problem

Ỹij ¼
ffiffiffiffi
λ

N

r XM
μ¼1

XiμXjμ þ Z̃ij; Z̃ij ∼
i:i:d:N ð0; 1Þ; 1 ≤ i < j ≤ N ðA1Þ

has the same asymptotic mutual information density between data and signal as Eq. (1).
Proof. The proof is based on standard interpolation. The interpolating inference problem is

Yt
ij ¼

8<: Ỹij i < jffiffiffi
tλ
N

q P
M
μ¼1 X

2
iμ þ Zii i ¼ j

where Zii ∼
i:i:d:N ð0; 2Þ. The MI density for this problem is

1

MN
IðYt;XÞ ¼ λ

4MN2

X
i≠j

XM
μ;ν¼1

EXiμXjμXiνXjν þ
tλ

4MN2

XN
i¼1

XM
μ;ν¼1

EX2
iμX

2
iν

−
1

MN
E ln

Z
dPXðxÞ exp

X
i<j

" ffiffiffiffi
λ

N

r
Ỹijxi · xj −

λ

2N
ðxi · xjÞ2

#

× exp
1

2

XN
i¼1

" ffiffiffiffi
tλ
N

r
Yt
iikxik2 −

tλ
2N

kxik4
#

¼ λð1þ αtÞ
4

−
1

MN
E ln

Z
dPXðxÞ exp

X
i<j

" ffiffiffiffi
λ

N

r
Ỹijxi · xj −

λ

2N
ðxi · xjÞ2

#

× exp
1

2

XN
i¼1

" ffiffiffiffi
tλ
N

r
Yt
iikxik2 −

tλ
2N

kxik4
#
þOðN−1Þ:
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The last error term is uniform in t∈ ½0; 1�. The t derivative of this interpolating MI thus reads

d
dt

1

MN
IðX;YtÞ ¼ λα

4
−

1

MN

XN
i¼1

E

�
1

4

ffiffiffiffiffiffi
λ

tN

r
Ziikxik2 þ λ

kXik2kxik2
2N

−
λ

4N
kxik4



t
þOðN−1Þ:

Now we can integrate the Zii’s by parts, taking into account that their variance is 2,

d
dt

1

MN
IðX;YtÞ ¼ λα

4
−

1

MN

XN
i¼1

E

�
λ

2N
kxð1Þ

i k4 − λ

2N
kxð1Þ

i k2kxð2Þ
i k2 þ λ

kXik2kxð1Þ
i k2

2N
−

λ

4N
kxð1Þ

i k4



t
þOðN−1Þ

¼ λα

4
−

λ

4MN2

XN
i¼1

EkXk4 þOðN−1Þ ¼ OðN−1Þ;

where in the last step we also used the Nishimori identity

Ehkxð1Þ
i k2kxð2Þ

i k2it ¼ EhkXik2kxð1Þ
i k2it;

and superscripts xðkÞ denote replica indices, namely, condi-
tionally (on Y) independent samples from the posterior
measure. The error term is again uniform in t so the proof is
complete by noticing that Yt¼1 are the observations in
Eq. (1) and Yt¼0 is Eq. (A1). ▪
The above proposition holds also if α is vanishing in the

high-dimensional limit, i.e., for low-rank settings.

APPENDIX B: DETAILS OF THE
MONTE CARLO PROCEDURE

In this appendix, we elaborate on the numerical proce-
dures necessary to evaluate the MI and MMSE for finite-
size systems. The target distribution is the posterior
measure given by

Pλðx;X;ZÞ ¼ PXðxÞe−Hλðx;x;ZÞ

ZλðX;ZÞ ;

−Hλðx;X;ZÞ ¼
ffiffiffiffi
λ

N

r XN
i<j;1

ðXi ·Xj þ ZijÞxi · xj

−
λ

2N

XN
i<j;1

ðxi · xjÞ2;

where Zλ is the partition function for SNR λ. Here, all
expressions are explicitly rewritten using the quenched
random variables X;Z, and the subscripts for N, M are
dropped for brevity.
Evaluating the MI numerically requires one to calculate

lnZλðX;ZÞ with high precision, which is difficult to
perform with standard MCMC samplers. Therefore, we
use bridge sampling [154,155], more popularly known as
“annealed importance sampling” [120]. Given a strictly
increasing sequence of SNRs 0 ¼ λ0 < λ1 < � � � < λR, the
logarithm of the partition function at λR can alternatively be
expressed as a telescopic sum,

lnZλRðX;ZÞ¼ ln
YR−1
r¼0

Zλrþ1
ðX;ZÞ

ZλrðX;ZÞ

¼
XR−1
r¼0

lnhexp½Hλrðx;X;ZÞ−Hλrþ1
ðx;X;ZÞ�iλr ;

ðB1Þ
where h·iλ is the expectation with respect to Pλðx;X;ZÞ.
By taking λrþ1 and λr sufficiently close, and consequently
taking Hλrðx;X;ZÞ −Hλrþ1

ðx;X;ZÞ close to 0, the value
in the brackets would yield low variance, allowing one to
estimate its mean with high precision using samples
generated from Pλðx;X;ZÞ. To sample from a sequence
of posterior measures with SNRs fλrgRr¼0 in an efficient
manner, we employ parallel tempering, or the replica-
exchange Monte Carlo method [118,119]. This approach
involves simultaneous execution of “local” MCMC sam-
plers specifically simulating each of the Rþ 1 systems. In
addition, configurations between adjacent SNRs are occa-
sionally exchanged while satisfying the detailed balance
condition for fast mixing time. More explicitly, given an
adjacent pair of SNRs λ and λ0, with its current configu-
ration of their corresponding sampler being given by x and
x0, respectively, the exchange probability of the two
configurations can be given using Metropolis’s method,

minf1; exp½Hλ0 ðx0;X;ZÞ −Hλ0 ðx;X;ZÞ þHλðx;X;ZÞ
−Hλðx0;X;ZÞ�g:

In our experiments, we use a single spin-flip Metropolis-
Hastings algorithm as the local MCMC sampler for each
SNR. A single MCMC step is defined as 30NM local spin-
flip moves on all Rþ 1 systems, followed by a replica-
exchange move between all adjacent pairs of SNR. Before
each replica-exchange move, the configuration of xx⊺ of
each MCMC chain is recorded. After the Monte Carlo
procedure has finished, the thermal average appearing in
the expression for the log-partition function Eq. (B1)
needed for the MI and in the MMSE Eq. (6) is obtained
by the empirical average over these samples. This whole
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Monte Carlo procedure is executed for several instances of
ðX;ZÞ to then evaluate the average over the quenched
randomness.
The specific number of MCMC steps and the number of

replicas R, as well as the number of random instances of
ðX;ZÞ used for the simulations are given in Table I. Table II
specifies which data were used to generate each figure in
this paper. The precise values of fλrgRr¼0 are chosen such
that the exchange rate between adjacent SNRs is always
finite (typically larger than 0.3) by using the adaptive
algorithm given by Ref. [156]. This is with the exception of
experiments designated with the star in Table I, whose SNR
values are given by equispaced values in the range 8–15.
As indicated in Table II, the MCMC curves in Fig. 8 are

obtained by augmenting data from two different types of
experiments: one from the usual replica-exchange MCMC
[Eqs. (3) and (11)] and the other from MCMC specifically
run under high SNR, Eqs. (7) and (8). Note that with only
the results from Eqs. (3) and (11), the mean of the MMSE
will become hidden in the statistical error from a finite
number of random instances. The results from high SNR,
Eqs. (7) and (8), are given to clarify the exponential decay
of the MMSE, which have significantly lower statistical
error due to the larger number of random instances we can
afford to average over.

1. Experiments for Fig. 5

The experimental procedure to obtain Fig. 5 is very
different from that to obtain the other ones. Unlike the other
experiments, here we consider onlyMCMCwithout replica-
exchangemoves, i.e., independentMCMCchains are simply
run for each value of SNR. The informative points (black
markers) are obtained by initializing a MCMC chain on the
ground truth and performing 50 000 × 30NM local spin-flip
moves for each SNR. This is repeated on 36 random
realizations of ðX;ZÞ to evaluate the disordered average.
The uninformative points (red markers) are obtained by
initializing eachMCMCchain to a randomconfiguration and
repeating the same process as that to obtain the informative
points. Last, the averaged uninformative points, indicated by
the blue markers, are obtained by running 32 individual
MCMC chains with random initialization for each SNR and
ðX;ZÞ. The estimator forXX⊺ is obtained by averaging over
all 32 runs with different initializations. More concretely, for
a given realization of ðX;ZÞ, if we let xiðtÞ∈ f−1;þ1gN×M

be the configuration of the MCMC chain after 30NMt local
spin-flip moves were performed from a random initialization
indexed by i, the estimate of XX⊺ is given by

hxx⊺iuninfo averaged ¼
1

32 × 4000

X32
i¼1

X5000
t¼1001

xiðtÞxiðtÞ⊺:

This procedure is then repeated over 36 random realizations
of ðX;ZÞ to evaluate the disordered average. Note that,
for each initialization, only 5000 × 30NM local spin-flip
moves were performed in total, since we found after
performing the experiments for uninformative points (red
markers) that the MCMC chains get stuck to a random spin
configuration typically after ∼100 × 30NM local spin-flip
moves for SNR larger than 7. Note that this is different from
the procedure to obtain uninformative points (red markers),
where for a given realization of ðX;ZÞ, the estimate is given
only by a single initialization,

TABLE II. Table of corresponding experiments used to gen-
erate each figure in this paper.

Figure ref. Experiment no.

2, 3, 4 (1,2,3)
6 (4,5,6)
8 (α ¼ 0.3) (9)
8 (α ¼ 0.5) (3) (for λ < 8) (6) (for λ > 8)
8 (α ¼ 0.7) (10) (for λ < 12) (7) (for λ > 12)
11 (1,2,3)
12–16 (8)

TABLE I. Specific parameters used to run each Monte Carlo experiment. Experiments (1)–(3) are conducted for both the Rademacher
prior case and the nonsymmetric prior case (PX ¼ 1

4
δ ffiffi3p þ 3

4
δ−1=

ffiffi
3

p ) with the same parameters. The rest of the experiments are conducted
only for the Rademacher prior case.

Experiment no. ðN;MÞ α Burn-in MCMC steps Sampling MCMC steps Rþ 1 No. of random instances

(1) (10, 5) 0.5 2000 8000 72 128
(2) (20, 10) 0.5 10 000 40 000 135 128
(3) (40, 20) 0.5 10 000 40 000 261 32

ð4Þ⋆ (20, 10) 0.5 10 000 40 000 29 128
ð5Þ⋆ (40, 20) 0.5 10 000 40 000 29 128
ð6Þ⋆ (60, 30) 0.5 40 000 160 000 29 128
ð7Þ⋆ (40, 28) 0.7 10 000 40 000 29 128

(8) (60, 30) 0.5 500 000 500 000 313 1

(9) (60, 18) 0.3 40 000 160 000 256 32
(10) (40, 28) 0.7 40 000 160 000 261 32
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hxx⊺iuninfo ¼
1

40 000

X50 000
t¼10 001

x1ðtÞx1ðtÞ⊺:

2. Initialization of the MCMC chains

In principle, given sufficient amount of Monte Carlo
steps, the MCMC simulations are able to sample from the
true equilibrium measure, irrespective of the configuration
in which each chain was initialized. Here, the ground truth
X is chosen as the initial configuration, with the obvious
exception of experiment Eq. (3). This is done for the
following reason. As seen in Fig. 5, for low SNR the system
converges to the RIE irrespective of initialization, indicat-
ing a benign energy landscape explorable by local spin
flips. On the other hand, under high SNR, an MCMC chain
with random initialization encounters a possibly glassy
phase, where mixing time increases exponentially with
respect to N. This resembles a “golf-course”-type of energy
landscape [157], where it consists of a large number of
excited glassy states and a small number of ground states,
which correspond to the ground truth X. An important
observation is that, while it is difficult to reach the ground
truth from the excited states by using replica-exchange and
local spin-flip moves, one can easily reach excited states
from a ground state by exchanging configurations with
replicas in low SNR. Therefore, given that the replicas
exchange with finite probability in our simulations, replicas
with a paramagnetic equilibrium will not remain trapped in
the initial ground state for exponentially long periods; these
replicas can access equilibrium states through exchanges
with replicas in low SNR or via local spin-flip moves if the
landscape is benign (which is the case in the denoising
phase). Simultaneously, for the replicas within the factori-
zation phase, initializing on X eliminates the effort to
search for rare ground states across the entire configuration

space. This enables efficient investigation of the problem
without introducing significant bias toward informative
states in the numerical results.

APPENDIX C: DETAILS OF THE MULTISCALE
MEAN-FIELD COMPUTATION

The subsequent analysis will rely on special identities
inherent to the Bayes optimality of the setting. As a simple
consequence of the tower rule for conditional expectations,
one can prove the Nishimori identities that will induce
numerous simplifications along the way. With a little abuse
of notation, we denote by h·i also the infinite product
measure ⊗∞

n¼1 E½·jY�. Hence, replicas, namely, condition-
ally (on Y) independent samples from the posterior (3), are
averaged jointly by the measure h·i. Now we can state the
following.
Proposition 2: Nishimori identity. Let f be a bounded

function of the observations Y, the ground truth factor X,
and of replicas ðxðkÞÞk≤n drawn independently from the
posterior (3). Then,

EX;YhfðY;X;xð2Þ;…;xðnÞÞi¼EYhfðY;xð1Þ;xð2Þ;…;xðnÞÞi:
ðC1Þ

An elementary proof of this fact can be found
in Ref. [16].

1. First scale reduction: OðMNÞ → OðMÞ reduction
by the cavity method

Here we detail more precisely how to devise properly the
RLE problem mentioned in Sec. IV via the cavity method.
Recall the Hamiltonian Eq. (17) with N rows and M
columns and where Yij has been expanded in signal and
noise contributions,

−HN;Mðx;Z;XÞ ¼
XN
i<j

" ffiffiffiffi
λ

N

r
ZijXi ·Xj þ

λ

N
ðXi ·XjÞxi · xj −

λ

2N
ðxi · xjÞ2

#
with xi · xj ¼

P
μ≤M xiμxjμ. Recall also the notation for the row cavity xN ≡ η∈RM,XN ≡H, and the bulk (i.e., all but the

cavity) variables x̄; X̄∈RN−1×M. Now we segregate the contribution of η from the Hamiltonian,

−HN;Mðx̄; η; λÞ ¼ −H0
N;Mðx̄; λÞ −Hrow

N;Mðη; x̄; λÞ;
with bulk Hamiltonian

−H0
N;Mðx̄; λÞ ¼

XN−1

i<j

" ffiffiffiffi
λ

N

r
Zijxi · xj þ

λ

N
ðXi ·XjÞxi · xj −

λ

2N
ðxi · xjÞ2

#
ðC2Þ

and cavity Hamiltonian

−Hrow
N;Mðη; x̄; λÞ ¼

XN−1

i¼1

" ffiffiffiffi
λ

N

r
ZiNxi · ηþ

λ

N
ðXi ·HÞxi · η −

λ

2N
ðxi · ηÞ2

#
: ðC3Þ
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In order to lighten the notation, we have dropped
dependencies on the ground truth and the noise.
From −Hrow

N;M, we recognize (up to a constant) the log-
likelihood of an RLE with uncertain design inference
problem over both ðX̄;HÞ with data ỸðλÞ ¼ YN ¼ ðỸi ¼
YNiÞi≤N−1 generated as in Eq. (20) or, more generally, as

Ỹi ∼ Pout

�
·

����Xi ·Hffiffiffiffi
N

p
�
; i ≤ N − 1; ðC4Þ

with output channel

PoutðyjxÞ ≔
1ffiffiffiffiffiffi
2π

p e−
1
2
ðy− ffiffiλp

xÞ2 : ðC5Þ

In addition, we also have side information about the bulk
variables coming from the observations Eq. (21).
We are going to work in this general setting and

specialize to the Gaussian linear channel Eq. (C5) at the
end. Note that, with these notations, the mutual information
IðỸðλÞ;Y0ðζÞ; X̄;HÞ is equal to the original one Eq. (15)
when ζ ¼ λ.

Let us also introduce

h·i0 ¼ 1

Z0(Y0ðζÞ)
Z
RN−1×M

dPXðx̄Þe−H0
N;Mðx̄;ζÞð·Þ

with proper normalization Z0. h·i0 is the posterior measure
associated with the channel Eq. (21) with SNR ζ, and it is
the one averaging over the bulk degrees of freedom.

2. Second scale: OðMÞ → Oð1Þ reduction by bulk Ansatz
and replica formulas

We recall that within the mean-field Ansatz Eq. (25) the
simplified σ-dependent bulk measure reads

h·i0eff ¼
YN−1;M

i;μ¼1

1

Z0ðY 0
iμÞ
Z

dPXðxiμÞe
ffiffi
σ

p
Y 0
iμxiμ−

1
2
σx2iμð·Þ;

where Z0ðY 0
iμÞ is the proper normalization per bulk entry.

Under this simplified bulk measure, we define the free
entropy ϕRLE

eff;N similar to Eq. (24),

ϕRLE
eff;Nðλ; σÞ ¼ ϕRLE

eff;N ≔ −
1

α
E lnPoutðỸ1j0Þ þ

1

M
EỸðλÞ;Y0

effðσÞ ln
Z
RM

dPXðηÞ
�YN−1

i¼1

Pout

�
Ỹij

xi · ηffiffiffiffi
N

p
�
0

eff
:

For the first term, we have used the fact that PoutðỸj0Þ factorizes over the elements of Ỹ, giving a sum of contributions that
are all equal in average. Again, the different symbol for the above quantity stresses the fact that we have used our mean-field
Ansatz. Notice also that we are using the more generic definition Eq. (C4). There is an immediate simplification due the
factorization of the bulk measure,

ϕRLE
eff;N ¼ −

1

α
E lnPoutðỸ1j0Þ þ

1

M
EỸðλÞ;Y0

effðσÞ ln
Z

dPXðηÞ
YN−1

i¼1

�
Pout

�
Ỹij

xi · ηffiffiffiffi
N

p
�
0

eff
;

where we were able to factorize the i product.
Under the factorized measure h·i0eff , the rescaled sums xi · η=

ffiffiffiffi
N

p
behave as Gaussians by the central limit theorem, for

any fixed η. Therefore, it is now equivalent to think of the xiμ’s as independent Gaussians with mean and variance

mðY 0
iμÞ ≔ hxiμi0eff ; VðY 0

iμÞ ≔ hx2iμi0eff − ðhxiμi0effÞ2

or, equivalently,

xiμ¼DmðY 0
iμÞ þ ξiμ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VðY 0

iμÞ
q

; ðC6Þ

with ξiμ ∼i:i:d:N ð0; 1Þ the new annealed bulk degrees of freedom. It is now the moment to define JðσÞ in Eq. (27) as the overlap
for the bulk variables

J ¼ JðσÞ ≔ EmðY 0
iμÞXiμ ¼ EX;Z0



X

R
dPXðxÞxeð

ffiffi
σ

p
Z0þXσÞx−1

2
σx2R

dPXðxÞeð
ffiffi
σ

p
Z0þXσÞx−1

2
σx2

�
with Z0 ∼N ð0; 1Þ; X ∼ PX. By the Nishimori identity, it is also equal to J ¼ EmðY 0

iμÞ2. Hence, using the properties of the
prior, we have that (mðY 0

iμÞ)i;μ are i.i.d. sub-Gaussian random variables with
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EmðY 0
iμÞ ¼ 0; EmðY 0

iμÞ2 ¼ J: ðC7Þ

Rewriting ϕRLE
eff;N by means of Eq. (C6) we get

ϕRLE
eff;N ¼ 1

M
EỸ;Y0

eff
ln
Z

dPXðηÞ
YN−1

i¼1

EξiPout

�
Ỹij

mðY0
iÞ · ηffiffiffiffi
N

p þ ð ffiffiffiffiffiffiffiffiffiffiffiffi
VðY0

iÞ
p ∘ξiÞ · ηffiffiffiffi

N
p

�
−
1

α
E lnPoutðỸ1j0Þ þ oNð1Þ

with ξi ¼ ðξiμÞμ≤M,mðY0
iÞ ¼ (mðY 0

iμÞ)μ and similar for VðY0
iÞ, and ∘ denotes the componentwise product. The remainder is

due to the fact that i runs to N − 1 and not to N. It will be dropped in the following.
Being in a Bayes-optimal setting, strong concentration effects allow us to simplify (ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

VðY0
iÞ=N

p ∘ξiÞ · η)i. Indeed,
conditionally on η these are independent centered Gaussian random variables with variance

1

N

XM
μ¼1

VðY 0
iμÞη2μ ¼ αEVð ffiffiffi

σ
p

X þ Z0Þ þ oNð1Þ;

where the equality holds with overwhelming probability when N;M → ∞. We stress that we have used
kηk2=M ¼ 1þ oNð1Þ. η is a sample from a posterior, so this replacement is a priori not guaranteed, but thanks to
Bayes-optimality kηk2=M concentrates onto its mean, which is the same as for the ground truth by the Nishimori identity.
Still using the Nishimori identity, one gets directly that EVðY 0

iμÞ ¼ 1 − J. Therefore, by defining the noisier channel

P̃ðσ;αÞ
out ðyjxÞ ≔ Eξ∼N ð0;1ÞPoutðyjxþ ξ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α(1 − JðσÞ)

p
Þ

and collecting all the above observations, up to negligible corrections the free entropy is rewritten as

ϕRLE
eff;N ¼ −

1

α
E lnPoutðỸ1j0Þ þ

1

M
EỸ;Y0

eff
ln
Z

dPXðηÞ
YN−1

i¼1

P̃ðσ;αÞ
out

�
Ỹij

mðY0
iÞ · ηffiffiffiffi
N

p
�
:

The first contribution is simple to compute since Ỹ1 ∼ Poutð·jX1 ·H=
ffiffiffiffi
N

p Þ is asymptotically equal in law to Ỹ1 ∼
Poutð·j

ffiffiffi
α

p
Z0Þ with Z0 ∼N ð0; 1Þ. A final simplification is to replace the i.i.d. centered sub-Gaussian variables (mðY 0

iμÞ)
playing the role of quenched covariates by Gaussians ð ffiffiffi

J
p

τiμÞ with τiμ ∼i:i:d:N ð0; 1Þ, using Eq. (C7). This leaves the free
entropy unchanged at leading order because the replica computation for the generalized linear model and its rigorous proof
simply leverage on the fact that (mðY0

iÞ · η=
ffiffiffiffi
N

p
)i≤N behave as Gaussian random variables under the quenched expectation

with respect to Y0, and these have the same law in the large system limit as ðτi · η
ffiffiffiffiffiffiffiffiffi
J=N

p Þi. Therefore, we have

ϕRLE
eff;N ¼ −

1

α
E lnPoutðỸ1j0Þ þ

1

M
EỸ;τ ln

Z
dPXðηÞ

YN−1

i¼1

P̃ðσ;αÞ
out

�
Ỹij

ffiffiffi
J

p τi · ηffiffiffiffi
N

p
�

at leading order. It is finally in the familiar form of free entropy of a generalized linear model with quenched Gaussian
covariates matrix, whose rigorous limiting value is found in Ref. [48],

ϕRLE
eff ¼ lim

N→∞
ϕRLE
eff;N ¼ extrþ

�
−
rq
2
þ Eξ;H ln

Z
dPXðηÞeðξ

ffiffi
r

p þHrÞη−1
2
rη2 −

1

α
Eξ

Z
dyPoutðyj

ffiffiffi
α

p
ξÞ lnPoutðyj0Þ

þ 1

α
Eξ;u0

Z
dyP̃ðσ;αÞ

out (yj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αJðσÞð1 − qÞ

p
u0 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αJðσÞq

p
ξ) lnEuP̃

ðσ;αÞ
out (yj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αJðσÞð1 − qÞ

p
uþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αJðσÞq

p
ξ)

	
;

where extremization is intended with respect to ðr; qÞ, and ðξ; u0; uÞ are i.i.d. standard Gaussian variables, H ∼ PX. extrþ
selects the solution of the saddle point equations, obtained by equating to zero the gradient of the replica potential f� � �g,
which maximizes it. If we specify the above to the Gaussian output channel Eq. (C5), we readily obtain Eq. (26).
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APPENDIX D: PROPERTIES OF THE
MEAN-FIELD MUTUAL INFORMATION

1. Reconstruction of Eq. (34)
from the saddle point equations

We are looking for an MI potential, denoted in the
following as ιðr; q; α; λÞ, generating the saddle point
Eqs. (32). We start by imposing the I-MMSE relation
Eq. (5),

d
dλ

ιðr�; q�; α; λÞ ¼
1

4

1 − q�ðα; λÞ2
1þ λαð1 − q�ðα; λÞ2Þ

: ðD1Þ

We observe that Eq. (32) defines a vector field

vrðr; qÞ ≔ q − EHhηir; vqðr; qÞ ≔ r −
λq

1þ λαð1 − q2Þ :

It is conservative, because it is irrotational on a simply
connected domain,

∂

∂q
vrðr; qÞ ¼ 1 ¼ ∂

∂r
vqðr; qÞ:

Therefore, any line integral of this vector field starting from
(0,0) and ending at an arbitrary point ðr; qÞ will yield the
potential, up to a constant shift and an arbitrary common
rescaling of the vector field components. We choose the
integration path ð0; 0Þ → ðr; 0Þ → ðr; qÞ,

ιðr; q; α; λÞK þ C ¼
Z

r

0

vrðs; 0Þdsþ
Z

q

0

vqðr; pÞdp

¼ −2Eξ;H ln
Z

dPXðηÞeðξ
ffiffi
r

p þHrÞη−1
2
rη2

þ rqþ 1

2α
lnð1þ λαð1 − q2ÞÞ;

where we have introduced two constants K and C to be
fixed later. The term EHhηis ¼ 1 −MMSEðHj ffiffiffisp

H þ ξÞ
has been integrated with respect to s using the I-MMSE
relation for a scalar Gaussian channel [82]. It is easy to
check that this potential generates the correct saddle point
equations. Now we evaluate it at their solutions. This will
yield an MI whose basic properties will help us to fix K
and C. In particular, at λ ¼ 0 one has q� ¼ r� ¼ 0 and
ιðr�; q�; α; 0Þ ¼ 0, which directly entails C ¼ 0. In order to
fix K, we compute the derivative

d
dλ

ιðr�; q�; α; λÞ ¼
1

2K
1 − q�ðα; λÞ2

1þ λα(1 − q�ðα; λÞ2)
:

The I-MMSE relation Eq. (D1) then requires K ¼ 2. This
determines Eq. (34).

2. Large SNR limit of Eq. (35) for discrete priors

With a discrete prior, one can see that 1 − q2 ¼
oλðλ−1Þ ¼ 1 − q. This must be verified in order for r in
Eq. (32) to diverge as ∼λ, so that q indeed saturates to 1 in
the infinite SNR limit. Furthermore, the Eξ;H… term of
Eq. (34) is related to a Bayes-optimal scalar Gaussian
channel with SNR r. Hence, when r ∼ λ → ∞, the integral
over the prior can be done by saddle point and must select
η ¼ H,

Eξ;H ln
Z

dPXðηÞeðξ
ffiffi
r

p þHrÞη−1
2
rη2

¼ r
2
þ EH ln

Z
dPXðηÞ1ðη ¼ HÞ þ oλð1Þ:

Here, 1ðη ¼ HÞ is the indicator function of the event η ¼ H
(recall that H is discrete in this derivation). The integral on
the second line is thus precisely −HðXÞ. Plugging this into
Eq. (34), we get

ιðα; λÞ ¼ rðq − 1Þ
2

þ oλð1Þ þ
1

4α
lnð1þ oλð1ÞÞ þHðXÞ:

When λ → ∞, r ∼ λ at leading order and both λð1 − q2Þ;
λð1 − qÞ are oλð1Þ. Hence,

lim
λ→∞

ιðα; λÞ ¼ HðXÞ:

APPENDIX E: MEAN-SQUARE ERROR
OF THE ROTATIONAL-INVARIANT

ESTIMATOR WHEN α → 0

Consider the usual problem,

Yffiffiffiffi
N

p ¼
ffiffiffi
λ

p

N
XX⊺ þ Zffiffiffiffi

N
p ;

where we rescaled the observations so that they have Oð1Þ
eigenvalues and a well-defined, finitely supported, asymp-
totic spectral density ρY. Standard random matrix theory
[59] shows that ρY ¼ ρs:c:⊞ρ ffiffiλp

MPð·; αÞ is the free con-
volution between the semicircular density and the spectral
density of a Wishart matrix (Marchenko-Pastur distribution
of parameter 1=α) multiplied by

ffiffiffi
λ

p
. We recall once more

the shrinking procedure of Ref. [84] needed to get the
eigenvalues of the RIE,

ξi ¼ ξiðYÞ ≔
γY;i − 2πH½ρY �ðγY;iÞffiffiffi

λ
p ; ðE1Þ

where ðγY;iÞ are the eigenvalues of Y=
ffiffiffiffi
N

p
, and

πH½ρY �ðxÞ ¼ P:V:
Z

dy
ρYðyÞ
x − y

¼ lim
ϵ→0þ

RegYðxþ iϵÞ:
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gY is the Stieltjes transform of the spectral density ρY [59],

gYðzÞ ≔
Z

dy
ρYðyÞ
z − y

; z∈CnSuppðρYÞ:

We consider the low-rank limit α → 0. For simplicity, we
set M ¼ 1, but the argument below can be extended to any
M finite, and we claim it can be extended to sublinear
rank regimes M ¼ αNγ with γ < 1. Under this hypothesis,
gY ¼ gZ, since low-rank perturbations are not enough to
modify the spectral density of the noise. Y then turns into a
low-rank perturbation of a full-rank Wigner matrix. Hence,
some eigenvalues (one for M ¼ 1) will pop out of the bulk
spectrum of the noise.
The eigenvalue(s) that pops out, for λ > 1, is located at

z� ¼ ffiffiffi
λ

p þ ð1= ffiffiffi
λ

p Þ according to our notation [23]. The
Stieltjes transform of the observations evaluated at z�
is thus

gYðz�Þ⟶α→0
gZðz�Þ ¼

1

2

�
z� − z�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4=z�2

q �
¼ 1

2

� ffiffiffi
λ

p
þ 1ffiffiffi

λ
p −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ − 2þ 1

λ

r �
¼ 1ffiffiffi

λ
p ;

and hence

πH½ρY �ðz�Þ⟶α→0 1ffiffiffi
λ

p :

From the above, we can infer the shrinkage of the leading
eigenvalue,

ξ1 ¼
1ffiffiffi
λ

p
� ffiffiffi

λ
p

þ 1ffiffiffi
λ

p −
2ffiffiffi
λ

p
�

¼ 1 −
1

λ
:

All other eigenvalues are flushed to 0. In fact, we can
safely assume that, under low-rank perturbations of the
noise bulk, all eigenvalues expect the leading one lie inside
the bulk. In that case, thanks to the identity

P:V:
Z

dy
ρZðyÞ
x − y

¼ x
2
; x∈R;

it is straightforward to see that Eq. (E1) yields 0 for all such
eigenvalues.
Therefore, the estimator given by the RIE in the low-rank

limit (recall M ¼ 1) would read�
XX⊺

N



Y
¼ uYu

⊺
Y

�
1 −

1

λ

�
;

where uY is the unit eigenvector corresponding to the
leading eigenvalue z� of Y. This estimator is also Bayes
optimal when the prior on X is rotational invariant, and the
MSE attained is

MSE ¼ 1 −
�
1 −

1

λ

�
2

:

This MSE is attained by the RIE regardless of the prior and
is equal to that of PCA [16], which is suboptimal for
general prior other than Gaussian. This argument thus
supports the suboptimality of the RIE in the limit α → 0,
unless there is a discontinuous behavior in α.

APPENDIX F: THE SAKATA AND KABASHIMA
REPLICA APPROACH TO EQ. (35)

Here we adapt to our model the method of Ref. [99]
developed originally for dictionary learning in an optimiza-
tion setting, then concurrently extended in Refs. [100–102]
to theBayesian case. In order tomatch notations,we consider
the generic output channel

Yij ∼ Pout

�
·jXi ·Xjffiffiffiffi

N
p

�
; 1 ≤ i < j ≤ N:

The free entropy we are interested in computing, to be later
connected to the MI, is

ϕ̃N ≔
1

MN
E ln Z̃ðYÞ − 1

MN
E ln

Y
i<j

PoutðYijj0Þ;

where

Z̃ðYÞ ≔
Z

dPXðxÞ
YN
i<j;1

Pout

�
Yijj

xi · xjffiffiffiffi
N

p
�
:

We proceed to the computation of the log-partition function
with the replica method,

EZ̃nðYÞ¼
Z YN

i<j

dYij

Z Yn
a¼0

dPXðxaÞ
YN
i<j;1

Pout

�
Yijj

xa
i ·x

a
jffiffiffiffi

N
p

�
;

wherewe setX0 ¼ X. We now introduce a constraint on the
overlaps

EZ̃nðYÞ ∝
Z YN

i<j

dYij

Z Yn
a¼0

dPXðxaÞ

×
Z Yn

a≤b¼0

dQabδðNMQab − Tr½xaxb⊺�Þ

×
Yn
a¼0

YN
i<j;1

Pout

�
Yijj

xa
i · x

a
jffiffiffiffi

N
p

�
:

Now we aim at identifying the joint law of the variables

zaij ¼
xa
i · x

a
jffiffiffiffi

N
p ; 1 ≤ i < j ≤ N:
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More precisely, let us introduce a δ function to isolate these variables

Z
dY
Z Yn

a≤b¼0

dQab

Z Yn
a¼0

dPXðxaÞ
Yn

a≤b¼0

δðNMQab − Tr½xaxb⊺�Þ
YN
i<j;1

Yn
a¼0

δ

�
zaij −

xa
i · x

a
jffiffiffiffi

N
p

�
PoutðYijjzaijÞ

and let us isolate their non-normalized probability measure for a given value of the overlaps Qab,Z Yn
a¼0

dPXðxaÞ
Yn

a≤b¼0

δðNMQab − Tr½xaxb⊺�Þ
YN
i<j;1

Yn
a¼0

δ

�
zaij −

xa
i · x

a
jffiffiffiffi

N
p

�
:

The key assumption is then to consider the z’s as a Gaussian family with zero mean and a covariance equal to

Ezzaijz
b
kl ¼ αQ2

abδikδjl:

This Gaussian Ansatz allows us to move forward with the replica approach.With the above covariance structure, coupled only
in replica space, we can write

Pz(ðzaijÞa≤njðQabÞna;b¼0) ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð2πÞnþ1 det T
p exp



−
1

2

Xn
a;b¼0

zaijz
b
ijðT −1Þab

�

with T ≔ ðαQ2
abÞna;b¼0. Hence, we can replace

Z Yn
a¼0

dPXðxaÞ
Yn

a≤b¼0

δðNMQab − Tr½xaxb⊺�Þ
YN
i<j;1

Yn
a¼0

δ

�
zaij −

xa
i · x

a
jffiffiffiffi

N
p

�
≈ Pz(ðzaijÞa≤njðQabÞna;b¼0)e

lnVðQÞ;

where

VðQÞ ≔
Z Yn

a¼0

dPXðxaÞ
Yn

a≤b¼0

δðNMQab − Tr½xaxb⊺�Þ

is a normalization. Therefore, the replicated partition function reads

EZ̃nðYÞ ∝
Z Yn

a≤b¼0

dQab expðlnVðQÞÞ


EZ∼N ð0;T Þ

Z
dY
Yn
a¼0

PoutðYjzaÞ
�
N2=2

:

LettingN andM diverge,weget the following expression by saddle pointwith respect to the integrationvariables ðQabÞ0≤a;b≤n:

1

MN
lnEZ̃nðYÞ ¼ extrþ

�
1

MN
lnVðQÞ þ 1

2α
lnEZ∼N ð0;T Þ

Z
dY
Yn
a¼0

PoutðYjzaÞ
	
þ oNð1Þ:

Now,we specify our saddle point to the replica symmetricAnsatz: T RS ¼ αð1 − q2Þδab þ αq2, andwe then sendn → 0. Here,
we have further imposed thatQa0 ¼ q ¼ Qab for any a ≠ b, and v ¼ Qaa for all a ¼ 0;…; n, which amounts to imposing the
Nishimori identities on the solution of the saddle point. This is justified by theBayes-optimal setting. The computation ofVðQÞ
also requires the introduction of Fourier δ representations. These steps are standard, andwedefer the reader toRef. [100] for this
computation, since for where VðQÞ is concerned, it is identical. In the end, one gets

1

MN
lnVðQÞ ¼ −nextrþ

�
rq
2
þ E ln

Z
dPXðxÞ exp



ð ffiffiffi

r
p

Z þ rXÞx − r
2
x2
�	

þOðn2Þ;

where extremization is with respect to r. The other term is easily dealt with,
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1

α
lnEZ∼N ð0;T Þ

Z
dY
Yn
a¼0

PoutðYjzaÞ ¼
n
α
Eu0;ζ

Z
dYPout

�
Yj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αðv2 − q2Þ

q
u0 þ

ffiffiffiffiffiffiffiffi
αq2

q
ζ
�
lnEuPout

�
Yj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αðv2 − q2Þ

q
u

þ
ffiffiffiffiffiffiffiffi
αq2

q
ζ
�
þOðn2Þ:

We reach

1

MNn
lnEZ̃nðYÞ ¼ extrþ

�
−
rq
2
þ E ln

Z
dPXðxÞ exp



ð ffiffiffi

r
p

Z þ rXÞx − r
2
x2
�
þ 1

2α
Eu0;ζ

Z
dYPout

�
Yj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αð1 − q2Þ

q
u0

þ
ffiffiffiffiffiffiffiffi
αq2

q
ζ
�
lnEuPout

�
Yj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αð1 − q2Þ

q
uþ

ffiffiffiffiffiffiffiffi
αq2

q
ζ
�	

þ oNð1Þ þOðnÞ;

where extremization is always intended with respect to r, q. Specifying to Gaussian channel

PoutðyjxÞ ¼
1ffiffiffiffiffiffi
2π

p exp

�
−
1

2
ðy −

ffiffiffi
λ

p
xÞ2
�
;

one gets

extrþ

�
−
rq
2
þ E ln

Z
dPXðxÞ exp



ð ffiffiffi

r
p

Z þ rXÞx − r
2
x2
�
−

1

4α
ln (1þ λαð1 − q2Þ) − 1

4α
log 2πe

	
þOðnÞ

and we can now subtract the term

1

MN
E ln

YN
i<j

PoutðYijj0Þ ¼
1

2α
E lnPoutðYj0Þ þ oNð1Þ ¼ −

1

4α
log 2πe −

λ

4
:

Putting it all together, we get the free entropy

ϕ̃ ¼ lim
N→∞

ϕ̃N ¼ extrþ

�
λ

4
−
rq
2
þ E ln

Z
dPXðxÞ exp



ð ffiffiffi

r
p

Z þ rXÞx − r
2
x2
�
−

1

4α
ln (1þ λαð1 − q2Þ)

	
:

For Gaussian channel, in order to obtain the MI it is sufficient to subtract λ=4 from the above and flip the sign,

ιðα; λÞ ¼ extr−

�
rq
2
þ 1

4α
ln (1þ αλð1 − q2Þ) − E ln

Z
dPXðxÞ exp



ð ffiffiffi

r
p

Z þ rXÞx − r
2
x2
�	

;

where r and q have to be extremized. This formula matches
Eq. (35).

APPENDIX G: CAN THE MEAN-FIELD THEORY
ιðα;λÞ BE IMPROVED?

We have shown that the mean-field Eqs. (35) based on
the bulk Ansatz Eq. (25) produce excellent results in the
factorization phase, where an MMSE lower than the
Gaussian one is possible; they are, however, only approx-
imative in the denoising phase where ι� correct them. One
may wonder if it is possible to do better by generalizing
Ansatz Eq. (25). We have performed several attempts,
keeping the bulk measure factorized over the indices
ði; μÞ as needed to justify the computation of the RLE
free entropy.

As first trial, one may think that each entry ði; μÞ comes
with a different SNR σiμ, whose values are i.i.d. drawn from
a certain distribution that becomes the new order parameter.
In that case, Eqs. (30) simply contain EσJðσÞ in place of
JðσÞ. In particular, the equation for r forces the distribution
of σ to be a δσ� where again σ� ¼ r�, since the rhs is
deterministic. Hence, this approach recovers the proposed
solution.
Another approach is to introduce an SNR profile ðσμÞ

such that Y 0
iμ ¼ ffiffiffiffiffi

σμ
p Xiμ þ Z0

iμ, labeled only by μ to detect
possible inhomogeneities at equilibrium in the “column
index space.” The ðσμÞ are then assumed to be divided in an
arbitrary number C of blocks to be sent to þ∞ after the
thermodynamic limit, in a similar fashion to spatial
coupling, see Refs. [158,159] for similar computations.
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Specifically, σμ ¼ σc if μ∈Λc ⊂ f1;…;Mg. The compu-
tation in Sec. IV (and in Appendix C) still works, except
that this time we need to introduce more order parameters
ðrc; qcÞc¼1;…;C, where qc corresponds to the overlap
ðC=MÞPμ∈Λc

ημHμ. These order parameters then satisfy
the equations

qc ¼ EHhηirc ; rc ¼
λJðσcÞ

1þ λαð1 − 1
C

P
C
c¼1 JðσcÞqcÞ

;

together with the cavity-bulk consistency equation σc ¼ rc.
This system always admits the paramagnetic solution σc ¼
rc ¼ qc ¼ 0 for any given set of c’s and the homogeneous
solution ðσc; rc; qcÞ ¼ ðσ�; r�; q�Þ for all c’s, which also
coincides with the solution given by the Ansatz Eq. (25).
No other solution seems to exist. Interestingly, the latter
seems to be always the most convenient in terms of MMSE,
since we see numerically that in that case all the SNR
values σc get attracted to a higher SNR σ� with respect to
the case when some σc are set to 0. Furthermore, if one
interprets the above system of equations as a fixed-point
equation for σc,

σc ¼
λJðσcÞ

1þ λαð1 − 1
C

P
C
c¼1 JðσcÞ2Þ

;

the solutions where some σc ¼ 0 are unstable under such
iteration which discards them. One can also run a pop-
ulation dynamics [124] using the above equation inter-
preted as a distributional fixed-point equation, which thus
looks for a solution where the law of the ðσμÞ is the same for
all μ, rather than to look for solutions for the ordered profile
ðσc) shared by all rows. Again, the final histogram of ðσμÞ
ends up peaked around the value of the homogeneous
solution σ�.
A final attempt we made consists of admitting a block

structure also in the i index, i.e., the row index: σiμ ¼ σlc
for i∈Λl; μ∈Λc, with l ¼ 1;…; L and c as before. With
this block structure, one can recast the fixed-point equa-
tions in terms of the same order parameters as above with
some slight differences,

ql0c ¼ EHhηirl0c ;

rl0c ¼
1

L

XL
l¼1

λJðσlcÞ
1þ λαð1 − 1

C

P
C
c¼1 JðσlcÞqcÞ

;

where l0 corresponds to the index of the row block from
which the cavity was extracted. They are completed with
the cavity-bulk consistency σl0c ¼ rl0c. All this must be
true for all l0 ∈ f1;…; Lg as the cavity can be extracted
from any block. Because the rhs of the rl0c ¼ � � � equation
is l0 independent, solutions must be homogeneous in the
row-block indices and we are back to the previous case.

In conclusion, none of these possible generalizations of
Eq. (25) yield an improvement with respect to our current
Ansatz. This strengthens our belief that the mean-field
theory is exact in the factorization phase, as it is robust to
richer Ansätze as long as the bulk measure is assumed to be
factorized.
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