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Abstract: We study the thermodynamic properties of the generalized non-convex multi-
species Curie-Weiss model, where interactions among different types of particles (forming
the species) are encoded in a generic matrix. For spins with a generic prior distribution,
we compute the thermodynamic limit of the generating functional for the moments of
the Boltzmann—Gibbs measure using simple interpolation techniques. For Ising spins, we
further analyze the fluctuations of the magnetization in the thermodynamic limit under
the Boltzmann—Gibbs measure. It is shown that a central limit theorem (CLT) holds for a
rescaled and centered vector of species magnetizations, which converges to either a centered
or non-centered multivariate normal distribution, depending on the rate of convergence of
the relative sizes of the species.

Keywords: non-convex Curie-Weiss model; central limit theorem; Ising model;

multispecies mean-field model; arbitrary spin distribution

MSC: 82D40; 60F05; 82B26

1. Introduction

The Curie-Weiss model, also known as the mean-field Ising model, is one of the
simplest models of magnetism that exhibits phase transitions [1]. In this model, the spins
assume discrete binary values (£1) and interact uniformly with one another. Due to its
simplicity and analytical tractability, it has been applied in a variety of fields, including
voting dynamics [2—4] and social collective behavior [4-7]. A multispecies extension
of the Curie-Weiss model [8-10] has been proposed to capture the large-scale behavior
of interacting systems involving multiple types of interacting particles, whose strength
depends on which species each particle belongs to. These extensions were originally
introduced in statistical physics as approximations of lattice models [11,12] and meta-
magnets [13,14], which exhibit both ferromagnetic and antiferromagnetic interactions.
From a mathematical physics perspective, the free energy of a two-species ferromagnet
was rigorously derived in [15] and further investigated in [16-18] with the Hamilton-
Jacobi formalism. Beyond the computation of the free energy, the fluctuations of the
order parameter of the multispecies Curie-Weiss model were initially studied in [19],
under a convexity assumption on the Hamiltonian, using the same approach as [20]. More
recently, stronger results have been proved using different approaches. Notably, refs. [21,22]
showed the validity of central limit theorems (CLTs) and provided their convergence
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rate via Stein’s method, while in [23-25] a moment generating functional approach was
used. We stress that in all the aforementioned literature, the convexity assumption on
the interaction matrix always plays a crucial role. A similar convexity condition appears
in the context of disordered multispecies models, where a formula for the free energy is
only known in the convex case [26,27], for spherical models [28,29], and on the Nishimori
line [30,31]. The non-convex case remains an open problem (see [32,33] for partial results
on the subject). Regarding models with random interactions, few fluctuation theorems for
the order parameter are known: for the Sherrington—Kirkpatrick model, the validity of
CLTs is limited to high-temperature regions [34-36], unless the model is on the Nishimori
line [37], while the multispecies case was studied here [38].

In this paper, we introduce a multispecies Curie-Weiss model with non-convex energy
arising from coupling constants, thereby allowing for arbitrary interaction matrices. This
extension is motivated by the need to model systems in which interspecies interactions
may be competitive—a scenario relevant not only in statistical physics but also in areas
such as game theory [39], neural networks [40], and social science [41,42], where it may
find applications. Furthermore, we allow for generic spin values within [—1, 1], extending
the model beyond the classical Ising framework.

The aim of this work is to study the multispecies Curie-Weiss model in full generality,
in particular, without any convexity assumption for the interaction matrix. The work is
divided into two main parts. The first part examines the limiting free energy of the model
for arbitrary spin distributions supported on [—1, 1]. Using a combination of interpolation
methods and decoupling techniques, we derive a variational formula for the free energy.
The second part focuses on the asymptotic behavior of the vector of species magnetization
in the case of Ising spins. The methods used in the latter are inspired by [43,44]. By gener-
alizing these methods, we demonstrate that the rescaled vector of species magnetization
follows a standard CLT in the region of the phase space, where the order parameter concen-
trates on a single value. On the other hand, when concentration occurs at multiple points, a
conditional CLT still applies.

This paper is structured as follows: Section 2 gives a description for the generalized
multispecies Curie-Weiss model with a generic coupling matrix. The main results are
presented in Section 3, followed by detailed proofs in Section 4. Section 5 concludes the
paper and discusses future directions. The Appendix A contains some technical results
used in the proofs.

2. Model Description and Definitions

Let p be a probability measure supported on [—1, 1], and K an integer representing the
number of different species. Consider a Hamiltonian system consisting of N interacting
spins, each labeled by an integer, 0;, that lies in the set of indices A = {1,2,...,N}. To
introduce a multispecies structure, we divide the set of indices A into K disjoint subsets A,
of cardinality N, for p = 1,...,K, namely

K
ApNA =@ Vp#1, Y |A)|=Ni+---+Ng=N. (1)
p=1

For future convenience, we also introduce the form factors, or relative sizes ratios
(ap)p<k = (Np/N)y<k, that shall be collected into a diagonal K x K matrix
o = diag(ap)y<k. Naturally, one has }_,cxap = 1. In the following, we also allow
these ratios to depend on N, & N,ps and we shall call their limit a:

: N
dm oy = Jim g = o p <K @
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However, for simplicity, we adopt the notation ), instead of ay .

Let us turn back to our Hamiltonian system. The configuration space is [-1,1]N = Q.
Now that the multispecies structure has been introduced, let the interaction be governed
by an indefinite symmetric matrix J € RX*X and the species specific external field h € RX.
A schematic representation of the interaction network is displayed in Figure 1.

]lr

Figure 1. Interaction scheme for the multispecies model.

The model under study is thus defined as follows: Let o = (0;)ica € Qn, then for a
given (J,h) € RX*K x RX, the multispecies model is defined by the Hamiltonian:

1 N N N K K
Hy(0) = ~oN Y Jijoio; — ) hioi = -5 ZZ mpacp gy — N thxphpmp 3)
ij=1 i=1 pi=1 p=

where for each species p the magnetization density is
mp(0) = ~— 2 O 4)

and we denote by my = (m,),<x € [—1,1]X the magnetization vector. Here, Jp1 denotes
the coupling strength between all species of types p and [/, while 5y, is the external field
acting on all species of type p. The Hamiltonian (3) can now be rewritten as

Hy = —g(mN, Amy) — N(h,my) 5)

where (-, -) denotes the scalar product in R and
A=ajJu and h = ah. (6)

The joint distribution of ¢ is governed by a Boltzmann-Gibbs measure

e*HN(O’) N

G(0) = “— [ [do(ey), @)

i=1

where Zy = || (—11]N e~ Hn(0) Hf\il dp(o;) is the partition function. Note that, in Equation (7),

the usual inverse temperature  is absorbed into the model parameters J and h. Averages
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with respect to Gy will be denoted by wy (). The generating function for the moments of
the measure in (7) is given by

1
PN = NIOgZN. (8)
Note that py coincides, up to a multiplicative factor, with the free energy of the model.

3. Main Results

In this section, we provide the variational formula for the large N limit of the generat-
ing functional (8) of the generalized multispecies Curie-Weiss model (5). Additionally, in
the case of Ising spins, we present central limit theorems for the magnetization vector my.
We reiterate that the coupling matrix J used throughout this work is an arbitrary symmetric
real matrix.

3.1. Thermodynamic Limit of the Generating Functional

Our first result expresses the large N limit of py (8) as a variational problem in RK,
Let us define the following variational functional:

-9

1 K K
Poar (A, 0; X) = poar(x) = —E(x, AX) + Z ap log/de((f) exp [0(2 Jprox; + hp>
p=1 1=1

Now, let O be the orthogonal matrix diagonalizing A. Then, the following theorem holds:
Theorem 1. For any (J,h) € RKXK x RK we have that

lim py = inf sup poar(Oz). (10)

N—oo B2 70 4 e 2K

It is worth noting that the large N limit of pj can also be derived using large deviation
techniques [45,46]. However, in this work, we adopt interpolation bounds. For further
discussion, we refer interested readers to [47], where the phase diagram of the Curie-Weiss
model with ferromagnetic interaction and generic compact spin distribution is analyzed.

3.2. Fluctuations of the Magnetization
Here, we state fluctuation results for the species magnetization in the binary spin case,
ie, o= (0;)i<n € {—1,1}N. Let us define the function

f(x) = =(x,Ax) + (h,x) — (& I(x)), x¢&[-1,1]K (11)

NI —

where I(x) = (I(x,))p<k € RX and

I(x)_Hlog(lzx)+1+xlog<1+x>, xe[-1,1] (12)

2 2 2

and & is the vector associated with the diagonal matrix «.
In what follows, we assume that the convergence in (2) is sufficiently fast. More
precisely, setting ay = diag(an,,) <k, we assume that

an = & + N %diag(B) (13)

where B = (By)p<kx With 0 < B, < coand 6 € %,oo . The fluctuations of the mag-
netization vector my depend on the global maximum point(s) of the function f in (11).
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A detailed analysis of the critical points and the maximizers can be found in [15,21,48]
for K = 2. We also note that for general K and zero external fields, a high temperature
condition [22,25] implies that the zero vector is the unique global maximum of f, meaning
the system exhibits no spontaneous magnetization.

The following theorems present central limit theorems for the vector of global species
magnetization my = (my, ..., mg) under the measure Gy (7). We begin with the case of a
unique, non-degenerate global maximum.

Theorem 2. Assume that (J,h) € RK*K x RX are such that f in (11) has a unique global
maximizer p = (pr),<k with Hessian H¢(p) < 0. Then, under the measure G, the following
convergence in distribution holds:

_ D N (v, Vet (w)/a) if6 =3

where v = —\/a H;l (p) ) diag(p)B.
When multiple global maxima coexist, Gaussianity can be restored under suitable conditions:

Theorem 3. Assume that (J,h) € RK*K x RX are such that f in (11) has n global maximizers
', ..., u", each with Hessian Hs(u') < 0 forall i = 1,...,n. For any collection (A;)i<y of
subsets of [—1,1]K such that u' € int(A;) and f(u') > f(x) forall x € cl(A;)\{p'}, then

(VNVan(my = )| {my € 43} (15)

Nl—= N—

N—oo

D N, Vet () Va) ife =
% .
N0, aHs () va) ife >
and vl = —\/a H}?l(yi) w) diag(p')B foralli=1,...,n.

4. Proofs
4.1. Proof of Theorem 1

We begin by noting that any indefinite matrix can be decomposed as the sum of two
semi-definite matrices:

A=A +A_ whereA;y >0,A_ <0. (16)
Thus, the scalar products seen so far split into two terms with definite signs. For instance,
(my, Amy) = (my, Aymy) + (my, A-my). (17)

Next, we order the species and eigenvectors so that the diagonal components satisfy

AP = diag(Ay, ..., Aa, Aag1, ., Ak), where Aq,..., A <0, Agpq,..., Ak >0, (18)
AP = AP + AP = diag(Ay,...,A4,0,...,0) +diag(0,...,0,Aus1,. .., AK). (19)

Here, the superscript D indicates a diagonal matrix. Additionally, note that the orthogonal
matrix O simultaneously diagonalizes A, A, and A_. We now establish the following
key result:
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Proposition 1 (Hybrid Sum Rule). For every N and x € RX, the following holds:

_ 1 1 'B—N(m Armp)+BN(h+A_x,my)
PN = =5 A-x) + NIOg/RK dp(o)e 7 N AN N
1 11
+ E/ dt wy + [(mN —x,A_(mpy — x))} , (20)
0
where wy; + is the Gibbs state induced by a suitable interpolating Hamiltonian.

Proof. Consider the following interpolating Hamiltonian:

(1) =~ (my, A my) — 2 (my, & my) — (1 DA xmy) ~ N(Rmy). Q1)

The associated Boltzmann—Gibbs average is wy t, and the interpolating generating func-
tional py (t) satisfies

pn(1) = pN (22)
P (0) = 1 log [ dp(o)e’ (muema) N xms), 23)

Differentiating and completing the square yields

(1) = —ssn(Hy(0) = 3 (6 A x) + o [(my —x A (my —x))]
PN E) = NWN,t N =5 X, A_x ZWN,t my—X,A_(my —X))|.
The result follows by an application of the fundamental theorem of calculus. O

Lemma 1. Assume the eigenvalue ordering in (19). Then, for any (J, h) € RE*K x RK one has

log N

pn(Ah) < (9( °8 > + inf sup pox(A h;0z). (24)
N A1z, g2k

Proof. We define the grid of hypercubes as A} = [yf, vh+ I\%p] , where y; = —1+2(k—

1)/N for k € A, and p is the species label. The vertices of this grid are identified by a
multi-index v = (y1,...,7k) € AKX and and we denote them as y, in the following.
Next, observe that

1 N r
il S (my,Apmpy)+N(h+A_x,my)
N]og/RN dp((r)ez NA+mMN N

1 K Np N =
=—1lo / do(o 1(m, € AP)e2 (mnAimy)+N(h+A_xmy)
108 @) TT X 1 4

Ni,..,Nk

—llo

K -
/RN dp(0) H ]l(mp c A[I{;p)e%(mN,A+mN)+N(h+A_x,mN). (25)
Vi YK=1 p=1

Enforcing the constraint HI];:l 1(m, € A ,), we obtain

0 < (my —yq,Ar(my —yy)) < (26)

N2

where C > 0, and the multi-index y = (1, ..., k). Using this bound, we obtain
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L og | /RN dp(cr)e (myArmy) iN(R A xmy) < €

1 ~
+ 710g 1/RN H 1(m, € Af; )e—%(ywA+yw)+N(mN,A+yw)+N(h+AfxrmN)
Y1r--/YK= p:

N-
< i + llog 12 / do(c)e™ 2 Ny Aiyy)+N(my,Asy,)+N(h+A_xmy)
N? N Y1 YK=1

_ [logN 1 —N(y,Ary)+N(E+A_x+Ay,my)
= (’)( >+N10g81;p/RN dp(o)e” 22+ +ymN

N

-0 (lolg\fN> + %log supe 2 (A+) / dP(a)eNZLl % Ny Lieny 0illy a1 (A-x+A1y)yp)
y RN

K
= sulp{—(y'AzJFY) + Zlocp log/de((f) exp{ofh+a 1 (A_x+ A+y)]p}} +0 (IOI%]N) . (27)
p=

Due to the decomposition of A, certain combinations of the components of x and y
do not appear, i.e., those corresponding to the zero eigenvalues of A and A_. Therefore,

we have
Avy +A_x =0ARyP + OAPXP = OAPzP = Az (28)
where zP = (xP,...,xP,yP ..., yR) (29)

and D, when accompanying vectors, indicates vectors read in the basis of the eigenvectors
of A (i.e., they denote vectors expressed in the eigenbasis of A). Hence, only K degrees of
freedom remain. Now, by Equation (23), we have

log N
pn(0) < (’)( Zg\l ) + sup pW,(A+, “TA_Xx+h; Oy )
YR
K
= O(lOgN) + sup —E(OyD,A+OyD) +) ocplog/ dp(c)e?® 1202 +h), L (30
N YerrrWR 2 p=1 &

Note that this holds for any xP,...,xP corresponding to the negative definite ma-
trix. Adding the missing quadratic term (A_) from the derivative and optimize over the
remaining degrees of freedom, we obtain

pN < O(lo;g\}N) + inf sup Poar(0Z) .

21,20 5 212K
We omitted D since z is now a dummy variable. O

Now we need to find the other bound.

Lemma 2. Forany (J,h) € RE*K x RK, we have

1
pn > inf sup Poar(Oz) + O( ) (31)

Z1Za 700,02k N
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Proof. For any z € RK, consider the interpolating Hamiltonian:
N Nt -

Hy(t) = =5 (my, Amy) + —(my -z, A(my — z)) — N(h,my). (32)

The corresponding interpolating generating functional py (t) satisfies
pn(0) = pn (33)
PN (1) = poar(A, h; z) (34)

1

Ph(t) = —swn[(my — 2 A(my —2))]. (35)

By the convexity of the interpolating generating functional pn(t), pn(1) < pn(0) + piy(0).
Thus, for every z € RX, we obtain

1
PN > EwN,O[(mN — Z,A(I‘I‘lN — Z))] =+ Pvur(A/ h;Z). (36)
Now suppose that z equals a critical point zZP =01z of Poar, then

0

A [goexpo(atAz + h)dp(0)
aziDPvar

Jzexpt(a 1Az + h)dp(T)

d
(02°) = O poar(2z) = O| Az + =0 (37)

where the above exponentials and division are applied component-wise. Criticality implies
from (37) that

5 Jroexpo(a~tAZ +h)dp(0)

Jrexp T(a~1AZ +h)dp(7) € Ker(4). (8)

Observe that the above can also be recast as
zZ — wno(my) € Ker(A).
Expanding the quadratic form and separating diagonal and off-diagonal terms, we obtain
K
wnpl(my —Z,A(my — Z))] = Zl:l Apwnol(my —zp)lwnol(my, —21)]
p#l, .

+ Appr,O[(mp - Zp)z] . (39)
p=1

Now, observe that

wn,o[(mp — ZP)Z] = wN,o[(mp)2] —2wn,o[mp|zp + (Zp)z

1
— m ( Z a)N,o[O'iZ] -+ Z(UN/()[O'Z‘O']']) — sz,O[mp]Zp + (Zp)z. (40)
P \icn, iZj

For i # j, the measure wy o factorizes, and naturally } ;- Ay (fi2 < Njp. Therefore,

wn,o[(mp — Zp)z} = W%\],o[(mp —Zp)| + O(N1). (41)
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This finally implies
WN 0 [(mN —Z,A(my — Z))} =0 () + (wno(my —Z), Awno(my —Z)).  (42)

The last term vanishes because wy o(my — z) € Ker(A). O

The proof of Theorem 1 thus follows from Lemma 1 and Lemma 2.

4.2. Proof of Theorem 2

The proof of the CLT in the case of Ising spins, where p = %((5_1 +6.1), is based on
careful control of the asymptotic expansion of the partition function Zy, following the
methods of [43,44]. For any integer N and x € [—1, 1], we define the quantity

NI N
An(x) = card{(f e{-1,1}": = Z‘Ti = x} = ( N(14x) |- (43)
N = 2
We state the following useful standard bounds on Ay, whose proof can found in [36].

Lemma 3. Forany x € [—1,1], the following inequality holds:

1T NI _NI(x)
—e < An(x)<e 44
VN < An(x) < (44)
where C is a universal constant and,
1—x 1—x 14+ x 1+ x
I(x) = 7 log( 5 ) +— log< > > (45)

Moreover, for any x € (—1,1), one has

An(x) = 7_[N(12xz)exp(NI(x)) : (1 +O(N_1>). (46)

We begin by dividing the configuration space {—1,1}N into microstates of equal
local magnetization. For a given species I < K with spins configuration ¢(!), the local
magnetization m; takes valuesin S; = {—1 + Zﬁrj,n =0,...,N;},with |S;| = (N; +1). The
magnetization vector my = (1)< thus takes values in Sy = Xfil S;. Thus, the partition
function can be expressed as

K
Zn =) [TAN(x1) exp (—Hn(x)). (47)

xeSy =1

Here, Ay, (x;) counts the number of configurations of o) € {~1,1}N that share the same
magnetization x;. From Lemma 3, we can obtain the following bound for the generating
function (8), by substituting (44) into (47):

K
—(logC—i— ZlogNl> +maXfN( Z og(N; +1) +mafo( ) (48)
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where
1 K K K
fn(x) = 5 Y anifpanpxpxr+ Y anphpxp — Y anpI(xp). (49)
pl=1 p=1 p=1
Therefore,
lim = max X 50
Jim py xE[—l,l]Kf( ) (50)
where 1
f(x) = lim fy(x) = =(x,Ax) + (h,x) — (&, I(x)) (51)
N—oo 2
and I(x) = (I(x;));<k is defined in (45). The stationarity conditions are
K
x;=tanh | 7,4+ Y apJipxp for 1=1,..,K (52)
p=1

The solutions of the fixed point Equation (52) correspond to the stationary points of f,
among which we are interested in those that achieve the supremum. There may be more
than one global maximizer, depending on the parameters (J, h) of the model. In general,
even for K = 2, the landscape of critical points of f, depending on the values (J, h), can be
rather complicated; see [48,49] for a detailed study of this case. The Hessian of f can be
expressed as

He(x) = tx(] — o diag(1 — x%);;K)a.

Thus, the Hessian is negative definite whenever J — a~!diag(1 — x%);%  is. Using a test
1

vector, it is not difficult to see that if J — a™" is negative definite, then H;(x) remains
negative definite (and hence f concave) over the entire optimization domain. This regime, in
which Equation (52) has only one solution, can be identified with the case where interactions
are not strong enough to induce a phase transition. On the contrary, if ] — a~! has even a
single positive eigenvalue, the variational potential develops an unstable saddle around the
origin, and there exists some x € [—1,1]X where convexity and concavity are exchanged
again. What we can say for sure, however, is that for h = 0, the point x = 0 is always
critical, and is the solution to (52) when J — a~! < 0. On the other hand, if ] — «~! has a
positive eigenvalue, x = 0 becomes a saddle, and the potential necessarily develops other
maxima. Therefore, for h = 0 for instance, a phase transition must necessarily occur when

1 vanishes.

the maximum eigenvalue (with sign, not spectral radius) of J — a™
Here, we assume that (J, h) are such that f admits a unique maximizer u = (u)),<g
with negative definite Hessian, i.e.,, Hs(p#) < 0. Moreover, f is smooth around y since the
latter lies in the interior of [—1, 1]K for any choice of (J, h) (see Lemma (A1)).
The main idea is to derive the asymptotic expansion of the partition function for a

perturbed system, where a small external field is added. For any t € RX, we define

Hy(my) = Hy(my) — VN(t, /ay my) (53)

where \/ay = diag(/N,/N)p<k, and Hy(my) is the unperturbed Hamiltonian defined
in (5). The associated partition function is denoted by Zy ;. We also define the function
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Faup(x) = fn() + jﬁu, wx) (54)

Observe that from (54), the function fy ¢+, and all its partial derivatives, with respect to x, of
any order converge uniformly to those of f on the interior of [—1, 1]X. Hence, by Lemma A2,
for large enough N, the function fy+ admits a unique maximizer py , = (yg\lgt)lg x € RK
that converges to p, and satisties H,  (u nt) < 0. Next, we demonstrate that the magnetiza-
tion vector concentrates around ) , with overwhelming probability under the Boltzmann—
Gibbs measure Gy ¢ induced by Hy ¢. For 6 > 0, we denote by By 5 a poly-interval centered
at pr ¢, with each coordinate yg\lgt as the center and le%ﬂs as the length of the interval in
the 1" direction:

1.5
Bus = {xERK: ]x,—;é@t\ <N 2P vie {1,...,1<}}. (55)

Lemma 4. Let t € RX and assume that f(x) admits a unique global maximizer u satisfying

Hf(]t) =< 0. Then, for a sufficiently large N, fn ¢ has a unique maximizer BNt Nreo, u and
Hpy (M) < 0. Moreover, for 6 € (0, 2I<lﬁ)/ we have that

1. 55 3K
Gnt(my € By s(pne)) < exp {2N2())\N,t}O(N32K)- (56)

where Ay ¢+ < 0 and the partition function (47) can be expanded as

eNfN,t (”N,t)

\/det (—Hlet(yN,t)) T, (1 - (1))

: (1 +O(N%+<K+2>5)>. (57)

Ny =

Proof. By Lemma A2, for a sufficiently large N, fy+ has a unique non-degenerate global
maximizer. For the concentration bound, we observe

Yxeswngg,, [Tic1 An; (x1) exp (—Hye(x))
EXESN Hlel AN[ (xl) exp (_HN,t (X))
C I—[1K:1 VNi(N;+1) SUPxeps, | eNfN(x)
Supxe[fl,l]’( eNfN,t(X)

= exp {N( sup fa(x) - fN,th,t)) }O(st).

C
xEBN/(;

Ont(my € By ;) =

(58)

The sup in the denominator of the inequality appearing in the second line has
been extended over [71,1]K instead of Sy due to the fact that fy is Lipschitz con-
tinuous away from the boundaries of [—1,1]X. The difference between sup, sy SNE(X)
and sup,c_j 1k fnt(x) is small due to the Lipschitz property of fy and bounded by a
constant due to the mesh size of Sy. Let us consider the simplest case, where K = 1.
Then, the set Sy = S; and §; = {—1+ 12\]—’1,11 = 0,...,N1} with mesh size N% and
t € RX = t. Now, the Lipschitz continuity of fy ; means there exists a constant L such
that |fx(x) — fnt(y)| < L|x —y| for all x, y away from £1. Given that the maximum
distance between any point x € Sy and the nearest point in (—1,1) is at most N%, the
difference between the supremum of fy over Sy and over (—1,1) can be bounded by

SUP. gy, fNH(X) = SUPLe(q 1) fna(x)| < 12\,—1{ Thus, the difference is small and goes to zero
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as N — oo. This justifies substituting the sum over the discrete set Sy with the supremum
over [—1,1], with the error being controlled by the mesh size and the Lipschitz constant L.

The supremum of fy ¢ restricted to B N I the last equality of (58), is attained at some
YN.t5 on the boundary of By 5. A formal proof can be obtained through a straightforward
generalization of Lemma B.11 in [43]. In fact, if x € B N then at least one of the coordinates

x; is outside (ng),t — Nl_7+5, yg\,)t + Nl_er ) . The function fy + decreases outside By 5, and

hence the supremum must be on the boundary. Bearing this in mind, we have

|YN,t,(5 _ / 2 < Z lelJrZrS — Z(N“N,ZYHZ(S — N71+25 2(“N,l)71+25
I<K 1<K I<K
—_————
=Can, o
— N71+2(5C{XN,§ (59)
and, hence, using a Taylor expansion up to third order with Lagrange type remainder,
1
ni(yngs) = fN,t(.uN,t) =+ 5 ((YN,t,rS - .uN,t)HfN,t (F‘N,t)/ (YNto — P‘N,t))
1 & fag
+te 1 p;l 3%9%,9%: (ON) (YNto — PN 1IN — Bn ) p (YN — B g)s
Ly-142 1y | fis ~3/2+430 3/2
< fN,t(P‘N,t) + EN Cap,d AN+ 6 2 W@Nﬁ) N (Cth,J)

Lps=1
>1 P

1 _
< fualig) + NP+ O(NY2) - (60)

where #y is an intermediate point of the segment [yN,t, YNto), ANt < 0 is the largest
eigenvalue of H Faer and in the third term of the last inequality of (60) we have that ay ; — «;
as N — oo. Hence, (56) follows from (58) and (60).

We now prove the asymptotic expansion of the partition function Zy + (57). Observe
that the concentration results, Equation (56), imply that almost all the contribution to Zy
comes from spin configurations with magnetization my in a vanishing neighborhood of

By ie, Gne(my € Bys) =1— O(e=N*) for some ¢ > 0. Hence,

K

Nt = (1 + (’)(e*CNu)) Y (0, i) =11 <N,(I1\zflrx,)> exp(—Hy ().

XGSNOBN,§ =1
(61)

Following the same argument as [43,44], we approximate the sum in (61) by an integral
using Lemma A5 over the set By ; with shrinking interval containing the unique vector of
the global maximizer of fy ¢, which are elements of Sy:

< N(zH0)(K=1) N—3+5 . N—K sup |V{n+(x)]

XGBN,(,“

= O(NCIED ) () (62)

‘/N"Cm Hz Y XESZ Ine(x)

NNBN,s

where sup, g |VOnt(x)| is bounded in Lemma A3. Now, following from (62) and
applying the results of Lemma A6 to approximate the integral, we have that
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K 1
Y w0 = HEE [ g ax+ 0 (NCHOE D) 2

XESNNBN 5
_ Hle N; 2K (2m)K eNINE(EN L)
K
2 K Hf:l I\]l(1 - (.”g\l]?t)z) Hf:l N det (_HfN,t (IuN,t))

) (1 +O<N—1/2+(1<+2)5>>

NN (B )

_ . (1 + o(N%HKW)) (63)
Wet (=M, 0 ) T (1 = (0)%)

for o € (O, ﬁ) . Therefore, we obtain the asymptotic form of the partition function:

NN (BN )

\/det <_HfN,t<”N,t)) H1K:1(1 - (.ug\ll),t)z)

ZNng = : (1 +0 (N*%HK“)‘S) > (64)

This completes the proof. [J

Now we are ready to proof Theorem 2. In order to approximate the distribution of the
scaled difference between the vector of global species magnetization and the limiting global
maximizers, we will compute the limiting moment generating function of my = (m;);<x
for some t € RX using the expanded form of the partition function in (64):

E|eVNtyan(my—p) | — o—VN(t/anu) H‘{K eVNEVENmN) G (my ) dmy

— o~ VN(tyann) Znt . (65)
ZN

From the last equality on the right of (65) and using (64),

ZN ¢ _exp (N maxx fni(x))
Zn  exp (N maxy fn(x)) (66)

— exp (Nlfin0) — (i) + VR (b, Vi, ) )

where ~ denotes an equality up to (1 + 0(1)). In the last equality above, we had that py;
and p; are unique global maximizers of fy ¢(x) and fn(x), respectively. Now, following
from Lemma A4, Equation (66) becomes

Z 1
% ~ exp (—2 (t, VeanH) (VN)\/D‘Nt) +VN(t, \/WFN))- (67)
N
Therefore,

. emum(mwn} oo VN () | VN (i) o 3 (VAL ) Vo)
(68)
m{t\/ﬁ(w—ﬂ)] . ef% (t,\/WH;§ (yN)\/Wt)
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Now, from (49) we have that
py = tanh (Janpy +h). (69)
Let B = (Bp)p<k with [By] < oo, and 6 € [%,oo). Assume that
ay = a(B) = « + N~ %diag(B). If we set by = Janpy + h, then
ouy  duy oby
9p _ oby P (70)
where 3 b 5
PN _ . 2 9ON _ [ 22N
by diag(1 — py,)i<k  and 3B =] B Uy +Ju N aﬁ (71)
Let M = diag(1 — p3,)i<k then
oy oy ou
B =M G e g 72
which entails 5
IEN 1 —NOT
3 (M1~ Jay| = N~ diag(uy)- (73)

Since Hy, (py) = — {M_l —J ocN} -, hence, (72) yields

9 -1
aLéV — {M’l —]ocN] N~Jdiag(py) = ~N7"H ! (uy) en T diag(py).  (74)

Finally, a Taylor expansion of u) around = 0 gives
iy — 1= —N"H; () a ] diag(u)B+ O (N2, (75)
Therefore, Theorem 2 follows from (75) and taking the limit as N — oo of (68).

4.3. Proof of Theorem 3

We will now address the case where f reaches its maximum in more than one point.

Lemma 5. Suppose f(x) has n global maximizers u' for i < n satisfying Hf(yi) =< 0. For each
i <, let A; C [—1,1]K be a poly-interval such that ' € int(A;) is the unique maximizer of f
on cl(A;). Then, for each i < n and for a sufficiently large N, fn v has a unique global maximizer
yl}\,,t — pon A; with Hy, (,ué\,lt) < 0. Moreover, for 6 € (0, ﬁ), one has

3K

, 1 , 3K
Gni(my € By s(py ) Imn € A;) = exp {2N25/\11\1,t}0(N 2 ) (76)
where /\é\],t < Ois the largest eigenvalue of Hp, (yé\,,t) for yé\,,t € int(A;) and

1<i<n

QNt(mNEBNM)—exp{lNZ‘) max /\3\“}(9<N32K> (77)

where By 5, = Ui<n Bﬁ\],c;(yé\,’t). The partition function restricted to the interval A; can be
expanded as



Mathematics 2025, 13, 1343

15 of 25

K
a= 2 [TANG)expN(fye(x))
xeSNNA; =1

ZN g

Nk ) (78)

_ ) (1 +O<N*1/2+(K+2)5>).

%et (A ) T (1 (1))

Proof. For a sufficiently large N, By 45( Vé\f,t) C A;foralli < nand equation (76) is obtained

following the step-by-step argument used to prove Equation (56). Hence, it follows that

. 1 ; 3K
One(my € By s(py ) [my € A;) = exp {2N25/\3\1,t}o(N2)~ (79)

Now;, let us observe that, for a sufficiently large N, A; \ By s (yé\u) = A; \ By for
i < n.Hence, forall1 <i < nand N large, it follows that

Gne(my € By 5(piy ) Imy € Aj) = Gne(my € BS 5, Imy € A)). (80)
Therefore, we have that

Gne(my € Bys,) = ). Ine(my € B s, [my € Aj) One(my € A))
1<i<n
1 i 3K
<exp {ZNZ‘5 max NN,t}O(N 2 ) 2 Oni(my € 4;)  (81)

I<i<n 1<i<n

=exp { %Nz‘s [max )\ZN,t}O <N%) .
This complete the result in (77) following from (81).

The proof for the asymptotic expansion of the partition function when there are
multiple vectors of global maximizers of fy ¢ follows exactly the same argument for the
case with a unique vector of global maximizer when conditioned on an interval containing
only one of the global maximizers. Notice that for fixed i < n and N large, my concentrates
around y’N,t € A; as stated in Equation (76). Hence,

. 1 K N;
One(my € Bys(py)lmy € A)) = —— ) ] <N1(1+x,)) exp { — Hye(x)}.
ZN,t!A,. XESNMBysI=1 N7 2

(82)
Now, following the exact computation and argument in the uniqueness case, the restricted
partition function for each of the global maximizers p}; , for i < n can be expanded as

N el )
Jar (a5 i) T (1- ()

This completes the proof of Lemma 5. [

ZN g

4= . (1 + @(N—1/2+(K+2)5)>_ (83)

The conditional moment generating function for a certain parameter t € RX can be
computed as
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E o/ N4 {my, ¢ Ai}}

— ¢ VN(bvaEN) [ o VN(aNmN) G ()

JRK ‘{mNeAi}dmN

i Z ,
— o VN(tyanu) ZNAAL gy
N|4;

Using the asymptotic expansion of the perturbed partition function in (83), the proof
follows the same arguments as in Theorem 2. Hence,

ZN 1A
ZN|A,

~ exp (Nlfu(,) = ()] + VN (b Vaniy, ) ) (85)

where lué\],t € int(4;) is the unique maximizer of fy and p}; € int(4;) is the unique
maximizer of fn. Now, following the argument of Lemma A4 and the proof of Theorem 2,
we have that

B NN (g € 4,)] e V) VN e) o (VoL )

B e\FN[t\/W(”iN_”i)} 'e,%(t,mﬂf;&(ﬂﬁv)\/ﬁt)_ (86)

Similarly, if we set ay = a(B) = a + N~%diag(B), it follows from (75) that
py —# = =NTOH () ) diag(w) B+ O (N (87)

for B = (Bp)p<k where 0 < B, < coand § € 3,00). Hence, Theorem 3 follows from (87)
by taking the limit as N — oo of (86). This completes the proof of Theorem 3.

5. Conclusions

In this work, we introduced a generalized version of the multispecies Curie-Weiss
model featuring arbitrary spins and a non-definite interaction matrix. Specifically,
we computed the large-number limit of the generating functional associated with the
Hamiltonian (3) and established the validity of the Central Limit Theorem (CLT) for a suit-
ably rescaled vector of global magnetization in the Ising spin case. Our results demonstrate
that the rescaled global magnetization vector follows either a centered or non-centered mul-
tivariate normal distribution, depending on the rate at which the relative particle densities
converge to their limiting values as the system size tends to infinity.

This generalized framework holds significant promise for applications in systems
where spin particles or units can exhibit arbitrary states, moving beyond traditional binary
or discrete-valued models. Such flexibility is particularly relevant in fields like statistical
physics, network theory, and social dynamics, where elements often have a continuum of
possible states or operate under complex interactions. Furthermore, the inclusion of an
indefinite interaction matrix enables the modeling of systems with both cooperative and
antagonistic interactions [50], broadening the scope of potential applications to include
meta-magnets, financial systems, and multi-agent interactions.

Future work could explore extending these results to models with more complex
topologies or additional constraints, such as time-varying interaction matrices or non-
equilibrium dynamics [51-53]. Additionally, investigating the robustness of the CLT under
perturbations in the interaction matrix or in the distribution of spin states could yield
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further insights into the stability and universality of the model’s behavior and broaden its
applicability [54].

Author Contributions: Conceptualization, F.C., EIM. and G.O.; methodology, F.C., EM. and G.O.;
validation, F.C., EM. and G.O.; formal analysis, F.C., EM. and G.O.; investigation, F.C., E.M. and
G.O.; writing—original draft preparation, F.C., EM. and G.O.; writing—review and editing, F.C., EM.
and G.O,; supervision, E.M.; project administration, G.O. All authors have read and agreed to the
published version of the manuscript.

Funding: E.M. was supported by the EU H2020 ICT48 project Humane AI Net contract number
952026; by the Italian Extended Partnership PE01—FAIR Future Artificial Intelligence
Research—Proposal code PE00000013 under the MUR National Recovery and Resilience Plan. E.M.
and G.O. were supported by a grant for the project PRIN22CONTUCCI, 2022B5LF52 “Boltzmann
Machines beyond the “Independent Identically Distributed” Paradigm: a Mathematical Physics
Approach”, CUP J53D23003690006, under the MUR National Recovery and Resilience Plan.

Data Availability Statement: No new data were created or analyzed in this study. Data sharing is
not applicable to this article.

Acknowledgments: The authors would like to thank Pierluigi Contucci for inspiring this collabora-
tion. They are also grateful to the anonymous reviewers for their valuable suggestions.

Conflicts of Interest: The authors declare no conflicts of interest. The funders had no role in the design
of the study; in the collection, analyses, or interpretation of data; in the writing of the manuscript; or
in the decision to publish the results.

Appendix A. Technical Tools
Lemma A1. The maximizer u of f(x) belongs to the interior of [—1,1]K.

Proof. Observe that the function f(x) satisfies

of & - 1 1+x _
axl_r;Al’pxp+hllxl<210g<l—x, for 1=1,..K. (A1)

Suppose that by contradiction y? = 1 for some I < K. Then, if we consider the
function f(x;) = f(x)

K it follows that f(x;) attains its maximum in at least one

Xj=Hj]
point x; € (—1,1) which satisfies (52). Indeed, from (A1), lim, 4+ a%}f(x,) = 400 and
lim,, ;- 3%1 f(x;) = —oo. Therefore, there exists € > 0 such that f(x;) is strictly increasing
on [—1, -1+ €] and strictly decreasing on [1 — ¢, 1]. Since this is true foralll = 1,...,K,

then the thesis follows. [

Lemma A2. Let p be a point on the interior of [—1,1]K and let A be an open neighborhood of p.
Let f : cl(A) — R and assume that p is the unique global maximum point of f and the Hessian
H s (p) is negative definite. Let (fn) be a sequence of functions with bounded partial derivatives
up to order 2 converging uniformly to those of f. Then, for a sufficiently large N, fy has a unique
maximizer p; — pand Hy, (py) < 0.

Proof. Suppose that {xy} is a sequence of any maximizer of fy which exists since cl(A)
is compact. Then, there exists a subsequence {Nj, },,>1 such that {xy, } converges to some
y. Clearly, fn, (xn,) > fn,(x) for all x € cI(A). Therefore, by uniform convergence and
taking the limit as n — 0o, we obtain that f(y) > f(x) for all x € cI(A). This implies that
y = p by uniqueness of the global maximizers of f and, therefore, () < 0. Now, since
fn converges uniformly to f, one has that for a sufficiently large N, the maximizer p,; of
fn is unique and Hp, (py) < 0. O
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Lemma A3. For ¢ € (0,1/6], the following bound holds

sup VN ()] < Ol ) O (NV/2). (a2)

XEBN/‘)‘

Proof. The proof is carried in two steps, the first is to compute V{y(x) and the second
finds the supremum.
Step 1: Let us recall from (61) that

K

N;
000 =TT (it ) 39 { = Hua(w)) (83
2

Suppose that ML |

is any real number, then the binomial coefficient becomes a continu-
ous binomial coeff1c1ent and can be expanded using the arguments of [43,55]. Now, using

gamma functions, we have that foreach/ =1,...,K:

N ) I(N;+1) (Ad)

AN (x1) = (Nz(lz-i-x]) - F(NI(1+xl) Jr1>1~(N1(1 x1) +1>

For a given component /, differentiating with respect to x; gives
aANl(x,) Nl(l+xl) N; Nl(l —xl) N;

Here, ¢(z) is the digamma function, the derivative of logI'(z). Now, using the asymp-
totic expansion of ¢ and the properties of I', we have that

Ni(1 + x;) oo N+ x) 1 =)
1/)<2+1> log( 5 >+Nl(1+xl)+O(Nl and

1P<Nl(12_ x1) + 1) :log(Nl(lz_ xl)) + Nl(ll— ) + O(Nfz)'

Now, by the product and chain rule, we have that

0 JAN (x 8
Ing(x) _ 9AN(x1) [TAn,(xp) - exp (—Hnp(x) + A (x1) - [T An, (xp) - 5— exp (—Hy(x))
axl E)xl p#l p#l i

= T an oy (tog (B ) —tos(552 ) 4 5 - N1(11+ 7+ 0(47) ) e i)

p<K
t \/

+ H AN, (xp) AN, (x1) - { 2 Appxp + 7+ } -exp (—Hn t(x))

p<K p=1

= H ANp(xp) exp (—Hn(x)) | —Njarctanh (x;) + T N Z Appxp + hy + tlr + (9( )
(1 xl) p=1

p<K

K - t1/N| x;
— H ANP (xp)exp (—Hne(x)) | N { 2 Appxp +hp — ay arctanh (x;) + ! N LV + (9( )
p<K =1 (1—27)

={ng(x) Nt
T 9y

=§N,t(x>< afg;l( )+(1 flxlz)+0(N1)>. (A7)
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gN“'”N,t)

Step 2: Observe from the last equality in (A7) that

d 7t X -
(W2 2o} -

Now, for each I € {1,...,K}, by the Mean Value Theorem, there exists a point c in the line

sup [VIn(x)| = sup{

XEBNA XEBn 5

segment connecting [x, py; ¢| such that

Afne(x) _Ofnen,e) Z Pfnele) (®)y
ax, x, ax,axp S
K (A9)
_y? fuale) oy,
= ox;ox, ~F TNA
Hence,
2
sup afN,t(x)' S sup d fN,t(C) N—%-HS. (AlO)
XGBN,‘; axl CGBN,J p=1 axlaxp
Therefore,
sup |V fne(x)| = O(N’” H) (A11)
XEBNj
and using (46) we have that
1 1- ”%\It
sup ne(x) < (1+ONT))ne(pne) sup ([ 55 = dnalun ) O(1). (Al2)
xeBn,s XEBN s —X
This implies that
d X
sup | 2N | En (i ) O(NY247). (A13)
XEBN,(5 X
Hence,

asz,t(C)

dx19xp

N—%-‘r&}

= Onaliy)O(NV2). - (A14)

K
sup |VIn(x)] < max }{ sup {nit(x) -N- sup Z

XGBNJ le {1 XEBNﬁ CEBijzl

O

Lemma A4. Let Q) be a bounded open set in RX. Let fiy : Q — R be a sequence of functions such
that for a sufficiently large N, it has a unique global maximum point p, € Q and Hp, (py) <0
with bounded partial derivatives up to order 3. For any t € RK, consider the function

gn(tx) = fn(x) + (t, /anx). (A15)

1
VN
Then, for a sufficiently large N, the function gn(t,x) also has a unique global maximizer with
Hey (Bn) < 0and py ¢ — pas N — oo, the following expansion holds:

~ Inlin) = = 35 (& VAR i) V) + (b V) + O(N2). (A16)
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Proof. In order to prove (A16), let us start with

1

ngN(t, x) = vfo(X) + ﬁw/al\]t. (A17)

Now, since py; ; is a maximizer of gN(t,x), then

1
ngN(t, x) |X:I4N,t =0= vfo (”N,t) + ﬁ\/ ant. (A18)
Now, we take the gradient on both sides, obtaining
1 -1

VtyN,t = —ﬁﬂfl\] (”N/t)\/al\]- (Alg)

Let us notice from Equation (A15), and using the fact that u; , and ), are the global
maximizers of gn(t,x) and fx(x), respectively, we have that

gn(tbpne) — () = fn(pne) — () +\/1N(t’ VRN ¢)- (A20)

=Py

By an application of Taylor’s expansion of fy (g ) around py:

N = %(("Nﬁ - ”N)'wa (nn) (#N,t - #N)) +O(N73/2), (A21)

Now to compute ®y, we need py — py. To begin with, let us first observe from

Equation (A15) that, when t = 0: ¢n(0,x) = fn(x) and hence py o = py. Therefore,
taking Taylor’s expansion of p ; around t = 0 and using (A19):

1
BNt — Hno =Viiyot+ O (N)

= — jﬁaf;w)mH O(i})

(A22)

It now follows from (A21) that

1

O = (Hy0 () VAN Hpy, () 1y i) VaRE) + O(N2) (A23)
= (b VAN H (o) V) + O(N2)

and, therefore,

SN (t ) —fnpy) = %(t MH;;(yN)\/mt)

+ e (v (i = el vawt) ) + oy

(L VEH ) vie)
a %(t MHE\}(F‘N)\/WQ +O(N3/2)

=— % (t, \/WHf;(ﬂN)\/@t) + \;ﬁ(t' Vanty) + O(N73/2),

(t vVanmy) (A24)

This completes the proof. O
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Appendix B. Approximation Lemmas

In this section, standard mathematical approximations which played a crucial role in
the asymptotic expansion of the partition function are given.

Lemma A5 (Multidimensional Riemann Approximation). Let Q = [ay,b1] X [ag, by] X
x lak, bx] be a rectangular domain in RX, and let P = {(x10,...,xk0), (X1.1,---, XK 1),-- -,
(X1,1,---,XKn)} be any partition of Q, where a; = x;9 < xj1 < ... < Xj,, = bj for each

i=1,2,...,K. Assume that g has continuous partial derivatives % onQforalli=1,2,..., K
1
Let €; = maxj<j<y (x,»,j - xi,]',l) denote the mesh size of the partition along the i-th variable. Then,

n K
/g(x) dx — Z C]lr]Zr r]K H xlr]z xz,],—l <
Q J12srjx=1 i=1
K-1 (i) (i) .
K b\ — \Y% . (A25
n " max( a )rgneagl\ g(é‘)llgel (A25)

where ¢;, j, i, is any point in the ji-th subinterval along the first variable, jo-th subinterval along
the second variable, and so on, up to the jx-th subinterval along the K-th variable.

Proof. To begin with, we can decompose the integral into a summation of integrals over
all the poly-intervals Q;, i, . i constituting the mesh grid:

/QS(X) dx /Q " X. (A26)

Using the fact the g is continuous and that each poly-interval is compact, we can use

Jij2- /]K 1

the integral mean value theorem. Therefore, for any ji, j2, ..., jk, there exists a T;
such that

1J2,--1JK

K
/Q 8()dx = g(j i) T [(xij, — xiji1)- (A27)

12K i=1
This allows us to rewrite the Lh.s. of (A25) as a unique summation:

n K

Z (g(leer/---ij) Ch]zf ,]1< H Xij; — xl],—l (A28)
J1g2sjk=1 i=1

In order to bound its absolute value, we use the triangular inequality, Cauchy-Schwartz
inequality and the multivariate version of Lagrange’s mean value theorem:

n K
2 1(g(T]'1,]'2,---J'1<) C]l 2 )I—{ Xiji — xl]z—1
j i=

J1d2refk=

n K
< )y  fnax IV jnc = Tinnmiic | T T |Fijs = Xij—1| (A29)
k=1 i=1

]'1,]42,.“,’[(: 12K

n

K
< max [ V(@) [Ter X leipic = Tmicll-

=1 jujoejr=1

Let us briefly focus on the last factor, and let us consider only the summation with regards
to, say, j1:
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: 0 (i)
j; ”Ch,jzw T Tk | < ;]’2—11 Citarmii ~ Gijzmix
1— —i/1=
K =n . . K . . . .
<Y ) ‘xj(ll) - x;:ll‘ = Z(b(l) —aly < Krrg(x(b(’) —a) (A30)
i:1j1:1 = [

where we used the standard L2 — L! norm inequality and () denotes the i-th component.
Hence, the difference between the Riemann sum and the integral is controlled by

K

Kk max(b ) max V(@)1 ] T (A31)
O
Remark Al. Notice that ifall ; = hm;”( ) , then the above is still of order
NrK max(b) — gkt L — 0(1> (A32)
i<K n n

which means it still vanishes when the decomposition is fine enough (n — o), and if the dimension
K is not diverging.

Lemma A6 (Multivariate Laplace Approximation). Let fy : Q C RK — R be a differentiable
1y
sequence of function bounded away from the boundary of Q = XlK ) [P‘Nl ~N, 2t ung +

N, 1+ ] satisfying V f (py) = 0 and Hy, (py) < 0, such that fn(py) > fn(x) forall x € Q.
Let g(x) be analytic function in a neighborhood of py, then for 6 € (0, 1) the following holds:

NING) gy = (27m)" Nfn () ~1+s
/Qg(x)e > \/Hf_ldeet(—HfN(ﬂN))g(”N)e (O (A39)

Here, V fy is the gradient vector.

Proof. Observe from the left hand side of Equation (A33) that

i+ 27 HNK+Ng 2
E — / g(x)eNfN(x)dx — / N 7ll+5 .. / NK lis g(xll K)eNfN(xl ----- xK)dxl . de . (A34)
Q H I

2 2
N1—N; N,k —Ng

Let us consider the following change of variables t; = \/N;(x; — iy ) forl =1, ..., K.

Then, it follows that x; = \/t—lel + un;and dx; = \d} Now, the bounds on x € Q become

t; € [-N?, N?] and the integral transforms into

¢ Nfn [ —A=+pin 1,0 At dt
:/7 / (—f—]l]\]l, ,\/%K‘FVN,K)E N(\/m Nod» NK)H ! (A35)

By an application of Taylor expansion of fy and g around the vector u,;, we have that
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3 d 3
eNfN<\/71N71+HN/1""'\/7IIfTK+HN'K> = eNfN(I‘NH%(t'HfN e (1 Ho <N(\I>%) )) e

g(\/tll\lil +UN 1 \/t]%( + yN,K) =g(uy) +Ve(uy) (5%)

= g(uy) (1 +0 (N“/Z)). (A36)

Now, following from (A36), the right side of (A35) becomes

L= Lo 1+ O(NO-1/2 O(N3-1/2 Nfn(py) Ny Nk 3 (bH ()Y 4
Tk (5 0w 2) ) 1012 im [ [ o

= (1 +0 <N351/2)> _ (2m)K g(VN)eNfN(um . (A37)
[T Ny det (~H, ()

Notice that we have bounded ¢, by its limit Nl§ . This completes the proof of Lemma A6. O
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