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ABSTRACT

A linear analysis of mixed convection flow in a fluid saturated porous layer is carried out with respect to the onset of thermal instability. In
particular, the threshold conditions for the onset of absolute stability are investigated. The horizontal boundary walls of the porous layer are
impermeable and subjected to symmetric heating/cooling. The basic stationary state whose stability is investigated prescribes a throughflow
in the horizontal direction, inclined an angle u to the x direction, and a temperature gradient which has both horizontal and vertical
components. The dependence of the disturbances on the horizontal y-direction is parametrized by employing the inclination angle u. The
perturbed problem is thus treated without any loss of generality in a two-dimensional fashion by employing the streamfunction-temperature
formulation. The solutions of the problem obtained by perturbing and linearizing the governing equations are sought in form of normal
Fourier modes. The resulting eigenvalue problem is solved numerically as a boundary value problem. In order to study the onset of absolute
instability, the steepest descent approximation is employed. The comparison between the threshold values for the onset of convective and
absolute instability is performed by varying the basic flow strength and the inclination angle u. The inclination angle has a relevant impact
on the threshold for the onset of absolute instability: as the basic stationary flow displays a non-negligible component in the propagation
direction of the wavepacket, the threshold value of the Darcy–Rayleigh number for the onset of absolute instability increases rapidly.

VC 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0290854

I. INTRODUCTION

The study of mixed convection in a porous channel bounded by
heated/cooled walls is a classical problem of heat transfer. Its practical
interest is evident as it provides a simplified model of many heating/
cooling devices such as compact heat exchangers enhanced by metal
foams.1–3

The phenomenon of thermal instability in fluid–saturated porous
structures subjected to heating from below has been a focal point of
extensive research, initially sparked by the seminal works of Horton
and Rogers4 and Lapwood.5 These pioneering investigations have been
comprehensively summarized in numerous works.6–9 The pioneering
studies by Horton, Rogers, and Lapwood addressed the porous
medium analogue of the classical Rayleigh–B�enard instability
problem.10

The development of the Horton–Rogers–Lapwood problem com-
mences with exploring variations on the boundary conditions. The
Horton–Rogers–Lapwood problem studies the stability of a basic sta-
tionary state which is characterized by still fluid and a negative and
vertical temperature gradient. This temperature gradient is provided

by employing either Dirichlet or Neumann boundary conditions (also
a combination of them). For such configurations, the heat enters from
below and is completely dissipated at the top boundary to obtain a sta-
tionary state. A more complex choice for the boundary condition is
presented by Brevdo11 which investigated the stability of a basic sta-
tionary state characterized by a inclined, to the vertical, temperature
gradient due to a horizontally varying temperature at the boundaries.
Also other authors investigated the stability of an inclined temperature
gradient12–15 while Brand~ao et al.16 investigated the stability of a gener-
alized basic state which includes the case of a temperature which is
varying along the horizontal directions. It is worth noting that the
cases just mentioned do not require a net mass flow rate to reach the
stationary state.

The presence of an inclined, to the vertical, temperature gradient
may also be obtained by setting symmetric heating/cooling boundary
conditions. This type of configuration exceeds the usual configuration
for the investigation of thermal instabilities which prescribes a system
heated from below. A difference, in fact, emerges when both the
boundaries are subjected to uniform heat fluxes, leading to symmetric
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heating or cooling of the porous matrix as reported by Barletta:17 a net
mass flow rate is required to obtain a stationary basic state. In order to
conserve the total energy of the system, the excess heat must be dissi-
pated or the lost heat must be replaced.

The presence of a throughflow rises the opportunity of investigat-
ing the parametric conditions for the emergence of the absolute insta-
bility.18–20 Beside the study of the convective instability, through the
modal analysis namely the study of the evolution in time of single
Fourier modes of perturbations extended over the whole domain,17

one can indeed study the evolution in time of a superposition of
Fourier modes: the evolution in time of a wavepacket initially localized
in space. An observer in a laboratory reference frame which is looking
at a bounded fluid system may, in fact, see a wavepacket with growing
amplitude being moved out of sight by the throughflow. This will let
the observer conclude that the fluid system is convectively unstable but
absolutely stable. To obtain a system which is absolutely unstable a
wavepacket spreading in space and growing in time is required: this
yields a wavepacket which, as the time proceeds, spreads all over the
domain. This would allow the observer to see the fluid system under-
going instability (in terms of wavepacket instability) even if a net mass
flow rate is present.

II. MATHEMATICAL MODELLING

The paper proposes the investigation of the absolute instability
for a fluid saturated horizontal porous layer of height L subject to sym-
metric heating/cooling at the impermeable walls, as presented in Fig. 1.
The dimensionless local balance equations employed to model the
heat and mass transfer of the porous layer, together with the boundary
conditions, are the following:

r � v ¼ 0;

v ¼ �rpþ Tez;

r
@T
@t

þ v � rT ¼ r2T;

z ¼ 0 : w ¼ 0;
@T
@z

¼ �Ra;

z ¼ 1 : w ¼ 0;
@T
@z

¼ Ra;

(1)

where v ¼ ðu; v;wÞ is the velocity, p is the local difference between the
pressure and the hydrostatic pressure, T is the temperature, ez is the
unit vector in the z-direction, and r is the heat capacity ratio of the sat-
urated porous medium with respect to the fluid. The scaling employed
to obtain Eq. (1) is

v
a=L

! v;
T � T0

DT
! T;

p
la=K

! p;

ðx; y; zÞ
L

! ðx; y; zÞ; t
L2=a

! t;
(2)

where DT ¼ a l=ðb g K LqÞ and the Darcy–Rayleigh number Ra is
defined using the dimensional heat flux at the wall q0, namely,

Ra ¼ q g b q0 K L2

l a k
: (3)

In the previous equations, the parameter a refers to the effective ther-
mal diffusivity of the layer, b to the fluid thermal expansion coefficient,
g is the gravity acceleration vector modulus, k is the effective thermal
conductivity of the layer, K is the permeability of the porous layer, l is
the fluid dynamic viscosity, and q is the fluid density evaluated at the
reference temperature T0 which is the average fluid temperature within
the channel.

A. Equilibrium state

The stationary equilibrium state whose stability is here investi-
gated exists only if a mass flow rate is present. Without a net mass flow
rate, the symmetric heating/cooling boundary conditions would not
allow for the conservation of energy: the temperature would be either
increasing or decreasing with time. A net mass horizontal flow rate is
thus assumed. The velocity profile depends on the transverse coordi-
nate to the layer and the temperature gradient is oblique. The through-
flow is inclined at an angle u with respect to the x-direction. The
stationary equilibrium state is called here basic state. The basic velocity
and temperature fields thus are

vb ¼ Peþ Ra
Pe

ð1� 2 zÞ
� �

cosu ex þ sinu eyð Þ;
rpb ¼ �ubex � vbey þ Tbez;

rTb ¼ 2
Ra
Pe

cosu ex þ sinu eyð Þ

þRa 2z � 1� 2Raðz � 1Þz
Pe2

� �
ez;

(4)

where the subscript b refers to the basic state solution, the P�eclet num-
ber is defined as the dimensionless average velocity of the basic flow
while ex; ey; ezf g are the unit vectors. This basic state coincides with
the one presented in Barletta17 for the convective instability analysis
where the author demonstrated that no linear instability arises for
Pe < 19:1971.

III. STREAMFUNCTION–TEMPERATURE FORMULATION
FOR THE PERTURBED PROBLEM

By inclining the basic flow with respect to the x-direction, the
angle between general wavelike perturbations propagating along
the x-axis and the basic flow direction is indeed given by u. Thus,
general perturbations are considered as y independent and the
forthcoming analysis is performed by focusing on the plane ðx; zÞ.
Since the problem becomes two-dimensional, a streamfunction-
temperature formulation is here employed. Small amplitude dis-
turbances are superposed to the basic state just presented in Eq.
(4). The formulation

FIG. 1. A sketch streamwise cross section of the porous layer together with the
symmetric thermal boundary conditions.
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uðx; z; tÞ ¼ ubðzÞ þ @Wðx; z; tÞ
@z

;

vðx; z; tÞ ¼ vbðzÞ þ Vðx; z; tÞ;

wðx; z; tÞ ¼ � @Wðx; z; tÞ
@x

;

pðx; z; tÞ ¼ pbðx; zÞ þ Pðx; z; tÞ;
Tðx; z; tÞ ¼ Tbðx; zÞ þHðx; z; tÞ;

(5)

is employed to obtain, by substitution into Eq. (1), the linearized gov-
erning balance equations and boundary conditions for the disturban-
ces, namely

r2Wþ @H
@x

¼ 0;

r
@H
@t

þ ub
@H
@x

þ @Tb

@x
@W
@z

� @Tb

@z
@W
@x

¼ r2H;

z ¼ 0; 1: W ¼ 0;
@H
@z

¼ 0;

(6)

where the curl differential operator has been applied to the momentum
balance equation and the component V of the perturbed velocity is
proved to be zero. The dependence of the disturbances on the horizon-
tal direction x is expressed by employing the Fourier transforms ~W
and ~H. The inverse Fourier transforms are thus given by

Wðx; z; tÞ ¼ 1ffiffiffiffiffiffi
2 p

p
ð1
�1

~Wðk; z; tÞeikxdk;

Hðx; z; tÞ ¼ 1ffiffiffiffiffiffi
2 p

p
ð1
�1

~Hðk; z; tÞeikxdk:
(7)

The parameter k is the wavenumber of the given Fourier mode. By
employing the Fourier transforms Eq. (6) yield

@2 ~W
@z2

� k2 ~W þ ik ~H ¼ 0;

r
@ ~H
@t

þ ikub ~H þ @Tb

@x
@ ~W
@z

� ik
@Tb

@z
~W ¼ �k2 ~H þ @2 ~H

@z2
;

z ¼ 0; 1: ~W ¼ 0;
@ ~H
@z

¼ 0:

(8)

The dependence on time is treated differently for convective and abso-
lute instability analysis. For this reason, in the following, two distinct
sections are presented, Secs. IV and V. Before moving on toward the
modal and wavepacket analyses, a note on the sign of Ra and Pe is
necessary.

A. Invariance of the problem to the sign of Darcy–
Rayleigh and P�eclet numbers

The sensitivity of the problem (8) to the sign of the Darcy–
Rayleigh and P�eclet numbers deserves some attention. If the
transformation

Ra ! �Ra; z ! 1� z; (9)

is applied to Eq. (8), one may note that it leaves the equations
unchanged: ub and @Tb=@z, in fact, do not change sign while the sign
change coming from the term @Tb=@x is absorbed by the derivative
@W=@z. This allows one to treat, in the forthcoming analysis, just the

case Ra > 0, namely, the symmetric heating regime, without any loss
of generality.

From the P�eclet number point of view one may apply the follow-
ing transformation

Pe ! �Pe; k ! �k; ~W ! � ~W; (10)

to Eq. (8) noting no changes. Thus, one may focus on positive values
of Pe without losing generality. Throughflows in the positive x direc-
tion are considered in the forthcoming analysis.

IV. CONVECTIVE INSTABILITY ANALYSIS

Despite the convective instability analysis is presented in
Barletta,17 it is necessary to report some details for completeness and
for future convenience. For the modal analysis, the time dependence
of the given Fourier mode is parametrized by the complex parameter
k ¼ kR þ ikI by using the exponential function, namely,

~Wðk; z; tÞ; ~Hðk; z; tÞ
� �

¼ f ðzÞ; hðzÞ� �
ek t ; (11)

where the real part of k, kR, is the growth rate of the given Fourier
mode and its imaginary part, kI , is minus the angular frequency of the
given Fourier mode. Although not explicitly declared, functions f ðzÞ
and hðzÞ parametrically depend on the wavenumber k. The substitu-
tion of Eq. (11) into Eq. (8) yields

f 00 � k2f þ ikh ¼ 0;

h00 � k2 þ rkþ ikubð Þh� @Tb

@x
f 0 þ ik

@Tb

@z
f ¼ 0;

z ¼ 0; 1 : f ¼ 0; h0 ¼ 0:

(12)

The solution of the eigenvalue problem (12) is obtained by setting
a null growth rate of the modes, kR ¼ 0. Thus, one obtains the neu-
tral stability curve RaðkÞ for each value of the pair ðu; PeÞ. Such
data are obtained numerically: the eigenvalue problem is solved as
a boundary value problem where one of the boundary conditions
in (12) is substituted by a scale fixing conditions (in order to
exclude the trivial solution). The boundary conditions employed
are thus

z ¼ 0: f ¼ 0; h ¼ 1;

z ¼ 1: f ¼ 0; h0 ¼ 0:
(13)

The boundary condition not employed for the formulation of the
boundary value problem, h0ð0Þ ¼ 0, is used as target condition for a
root finding procedure to compute the eigenvalues ðkI ;RaÞ. This pro-
cedure consists in using the solution obtained by the boundary value
problem to set up a system of two algebraic equations by employing
the real and the imaginary parts of h0ð0Þ ¼ 0. The software employed
for the numerical solution isWolfram 14#.

The critical values of the governing parameters for the onset
of convective instability are identified by the absolute minima of
the neutral stability curves RaðkÞ. To obtain them numerically, the
boundary value problem employed before is integrated with an
additional set of equations which are given by (12) differentiated
with respect to k. The condition which identifies the minima is
dRa=dk ¼ 0. Thus, the supplementary set of equations is the
following:
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bf 00 � k2bf þ ikbh � 2kf þ ih ¼ 0;bh 00 � k2 þ ikub þ rkð Þbh � @Tb

@x
bf 0 þ ik

@Tb

@z
bf

� 2kþ iub þ rbk� �
hþ i

@Tb

@z
f ¼ 0;

z ¼ 0; 1 : bf ¼ 0; bh0 ¼ 0;

(14)

where the symbol bdenotes the derivative of f, h, and k with respect to
k (a different symbol will be employed for the derivative with respect
to k in the absolute instability analysis). For this expanded problem,
i.e., Eqs. (12)–(14), the target conditions for the root finding procedure
are two, which means four when expressed in terms of real equations.
They allow one to find the values ðkI ; dkI=dk; k;RaÞ, while the input
parameters are, as before, the P�eclet number Pe and the inclination
angle u. The results are not presented here since they perfectly repro-
duce those obtained by Barletta.17

V. ABSOLUTE INSTABILITY ANALYSIS

The wavepacket analysis investigates the behavior in time of the
superposition of infinite Fourier modes, i.e., a wavepacket, instead of
the behavior in time of a single Fourier modes, as for modal analysis.
This implies that the parameter k is considered as a function of the
wavenumber k, namely kðkÞ. The time dependence is thus given by

~Wðz; tÞ; ~Hðz; tÞ
� �

¼ f ðzÞ; hðzÞ� �
ekðkÞ t ; (15)

to obtain

f 00 � k2f þ ikh ¼ 0;

h00 � k2 þ rkðkÞ þ ikub
	 


h� @Tb

@x
f 0 þ ik

@Tb

@z
f ¼ 0;

z ¼ 0; 1 : f ¼ 0; h0 ¼ 0:

(16)

Since for Eq. (15) the behavior of the disturbance streamfunction W
and temperatureH is driven by the exponentials in time, the threshold
for the onset of absolute instability is obtained by imposing the condi-
tion that the real part of k, namely, the growth rate, is zero,
Re kðkÞ� � ¼ 0.

A. Steepest descent approximation

The threshold values of the Darcy–Rayleigh number for the onset of
absolute instability are obtained by employing the steepest descent
approximation.19 Such an approximate evaluation of the Fourier integrals
allows one to detect the large time behavior of the following integrals:

Wðx; z; tÞ ¼ 1ffiffiffiffiffiffi
2 p

p
ð1
�1

f ðzÞeikxekðkÞ tdk;

Hðx; z; tÞ ¼ 1ffiffiffiffiffiffi
2 p

p
ð1
�1

hðzÞeikxekðkÞ tdk;
(17)

which are obtained using Eqs. (7) and (15). The steepest descent
approximation yields

limt!1 jWðx; z; tÞj � g1ðzÞffiffi
t

p eRe kðk0Þf gt ;

limt!1 jHðx; z; tÞj � g2ðzÞffiffi
t

p eRe kðk0Þf gt ;
(18)

where g1ðzÞ and g2ðzÞ are two functions which do not influence
the threshold values for the onset of absolute instability. In Eq.
(18), k0 is a complex saddle point of the complex function kðkÞ
such that

@k
@k

����
k¼k0

¼ 0: (19)

In order to be a saddle point which allows one to use the approxima-
tion in Eq. (18), k0 must fulfill the holomorphy requirement.19 The
evaluations in Eq. (18) are, in fact, based on the continuous deforma-
tion of the integration path in Eq. (17): the path, in the complex
k–plane, is deformed such as to cross the saddle point k0 along a line
of steepest descent. The holomorphy requirement implies that the
region bound by the deformed integration path and the real axis of the
complex k–plane does not include any singularity of the dispersion
relation kðkÞ. The absolute stability analysis is focused on finding the
saddle points which satisfy the holomorphy requirement. A check of
the holomorphy requirement in a few sample cases is reported in
Sec. VID.

In order to implement the condition (19), the derivative of
Eq. (16) with respect to k is performed by considering Pe and Ra as
prescribed, namely k independent, quantities, namely,

�f
00 � k2�f þ ik�h � 2kf þ ih ¼ 0;

�h
00 � k2 þ ikub þ rkðkÞ	 


�h � @Tb

@x
�f
0

þik
@Tb

@z
�f � 2kþ iubð Þ hþ i

@Tb

@z
f ¼ 0;

z ¼ 0; 1 : �f ¼ 0; �h
0 ¼ 0;

(20)

where the symbol � denotes the derivative with respect to k
(a different notation compared with that used for the modal
analysis).

The absolute instability analysis is carried out by solving Eqs. (16)
and (20). This procedure allows one to obtain the saddle points k0 cor-
responding to the threshold values of the Darcy–Rayleigh number Raa
for any given pair ðu; PeÞ.

VI. INTERPRETATION OF THE RESULTS

The wavepackets in Eq. (17) propagate along the x-axis and the
base flow is oriented along the ðcosu; sinu; 0Þ direction: the role
played by the angle u becomes crucial for the onset of absolute insta-
bility. The analysis starts by considering the peculiar case where the
basic flow direction is perpendicular to the wavepacket propagating
axis, namely the case u ¼ p=2.

A. Basic flow perpendicular to the wavepacket
propagation direction

For the case u ¼ p=2, the basic flow reported in Eq. (4) yields

ub ¼ 0;
@Tb

@x
¼ 0: (21)

Equation (21) allows one to simplify Eqs. (12) and (14), to
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f 00 � k2f þ ikh ¼ 0;

h00 � k2 þ rkð Þ hþ ik
@Tb

@z
f ¼ 0;

bf 00 � k2bf þ ikbh � 2kf þ ih ¼ 0;

bh00 � k2 þ rkð Þbh þ ik
@Tb

@z
bf � 2kþ rbk� �

hþ i
@Tb

@z
f ¼ 0;

z ¼ 0; 1 : f ¼ bf ¼ 0; h0 ¼ bh0 ¼ 0:

(22)

On the other hand, in this special case, Eqs. (16) and (20), simplify to

f 00 � k2f þ ikh ¼ 0;

h00 � k2 þ rkð Þhþ ik
@Tb

@z
f ¼ 0;

�f
00 � k2�f þ ik�h � 2kf þ ih ¼ 0;

�h
00 � k2 þ rkð Þ�h þ ik

@Tb

@z
�f � 2khþ i

@Tb

@z
f ¼ 0;

z ¼ 0; 1 : f ¼ �f ¼ 0; h0 ¼ �h
0 ¼ 0:

(23)

The two systems (22) and (23) are identical except for the
extra term �rbkh in the fourth equation (22). Since Barletta17 proved
that, at the onset of convective instability, the eigenvalue problem with
u ¼ p=2 is such that bk ¼ 0, we deduce that, for u ¼ p=2, the convec-
tive and absolute instability eigenvalue problems coincide. This implies
that, for every given Pe, the threshold for the onset of absolute instabil-
ity Raa and the critical value Rac for the onset of convective instability
have the same value. This is evident if one compares the Raa reported
in Table I for u ¼ p=2 and the Rac reported in Barletta.17

For the physical interpretation of this case, it is worth noting that
the wavepacket has an infinite width in the y direction. A basic flow
defined by u ¼ p=2 is oriented along the y direction so that it does
not convect downstream the wavepacket. Such a feature means that its
time growth is always detectable in the laboratory reference frame, as
the wavepacket occupies the whole domain in the flow direction. This
argument provides a physical demonstration that the threshold value
of the Darcy-Rayleigh number Raa for the onset of absolute instability

coincides with the critical value Rac for the onset of convective instabil-
ity when u ¼ p=2, a result already proved mathematically above.

B. Basic flow oblique to the wavepacket propagation
direction

When the basic flow inclination angle u decreases continuously
from p=2 to 0, the threshold value of the Darcy–Rayleigh number Raa
increases, as reported in Fig. 2. In Fig. 2, the threshold values Raa are
displayed as solid lines and the critical values Rac are drawn as dashed
lines, for a straightforward comparison. In Fig. 2, each color refers to a
different value of the P�eclet number Pe. The right-hand side frame of
Fig. 2 is meant to illustrate the steep change of Raa vs u when Pe is
very large and u is close to p=2. How rapid is this growth can be
appreciated also by inspecting Table I where values of Raa are reported
both for u ¼ 88� and u ¼ 90�. In Fig. 2, the angles are reported in
degrees instead of radians for a more intuitive interpretation.

One may note that, for every case reported in Fig. 2, namely for
every value of the P�eclet number, the value of Raa displays a rapid
growth as u decreases from p=2. This suggests that having a nonzero
basic velocity component ub along the direction x where the distur-
bance wavepacket propagates significantly inhibits the onset of abso-
lute instability. The left-hand side frame of Fig. 2 highlights how
RaaðuÞ becomes a steeper and steeper function of u for P�eclet num-
bers approaching the limiting value Pe ¼ 19:1971 (beyond which no
linear instability is present17).

C. Absolute instability islands

An important comparison between absolute and convective insta-
bility analysis is presented in Fig. 3. This figure displays the behavior of
the threshold values Raa for a wider range of Ra, compared with Fig. 2,
with the aim of following the curves to their possible end. A mandatory
note must be brought before going on: Barletta17 presented, for the
convective instability analysis, the neutral stability curves relative to
the most unstable modes. Such curves, for sufficiently low values of the
P�eclet number, take the form of islands. For decreasing values of the
P�eclet number, these islands shrink in size till they become a point and
then, for Pe < 19:1971, they disappear. Having an instability island
means that the only parametric configurations which can become
unstable are those confined inside the island. Thus, the modal analysis
leads to the conclusion that, outside the island and even above it, only
stable configurations are present. This is a peculiar behavior which is
also found here for the absolute instability analysis. It is worth recalling
that, for u ¼ p=2, the threshold value for the onset of absolute insta-
bility Raa coincide with the threshold value for the onset of convective
instability Rac, as explained in Sec. VIA.

In Fig. 3, for sufficiently low values of Pe and u ¼ p=2, one may
see two values of Raa. These two values correspond to the lowest and
highest values of Ra of the relative neutral stability island of the con-
vective instability case (for the same Pe). This behavior brings a num-
ber of implications: if one chooses a pair ðu; PeÞ which yields two
values of Raa, one may conclude that the basic flow can become abso-
lutely unstable only for a value of Ra included in the range defined by
these two values. Moreover, by increasing u, the range of possibly
unstable Ra shrinks in size and reduces to a point for u ¼ p=2 with
Pe ¼ 19:1971 and Raa ¼ 368:456. Finally, one may note that, for a
given value of Pe, there exists a minimum inclination angle um below

TABLE I. Lowest threshold of Ra for the transition to absolute instability for u ¼ 88�

and u ¼ 90� (i.e., u ¼ p=2) with different P�eclet numbers.

Pe

Raa

u ¼ 88� u ¼ 90�

1 1 119.064
1000 634.304 119.081
500 327.990 119.134
100 143.945 120.866
80 138.581 121.913
40 137.849 131.779
27 157.841 153.882
23 182.776 178.646
21 214.650 209.163
20 251.943 243.270
19.5 296.746 280.146
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which there is no transition to absolute instability. Numerical values of
um are reported in Table II for some values of Pe showing that um is a
decreasing function of Pe. These minima for the angle u are also
reported in Fig. 3 with the dashed line.

It is worth noting that if one thinks of a porous layer which is not
infinitely wide in the y-direction, for instance a porous duct of rectan-
gular cross section with impermeable walls, one obtains a basic station-
ary flow moving along the x-direction. This means u ¼ 0 and thus,
from Fig. 3, a basic flow which is absolutely stable or with a threshold
value Raa for the onset of absolute instability which is indefinitely
high.

D. Holomorphy check

A sample check of the holomorphy requirement for the detection
of the saddle points pertinent for the determination of the transition to
absolute instability is reported in Fig. 4. This figure focuses on a few
sample cases and, hence, it is not meant to be exhaustive. The saddle
points k0 are identified in Fig. 4 with black dots while the steepest
descent paths are drawn as dashed lines. Each solid line displayed in
Fig. 4 is obtained by imposing a value of rkR. The special lines drawn
for rkR ¼ 0 intersect at the saddle point. All frames shown in Fig. 4
are obtained by setting u ¼ 0:49p. Each frame is drawn by imposing a
different P�eclet number, as reported inside the frames, and by consid-
ering the lower threshold value of the Darcy–Rayleigh number Raa for
the transition to absolute instability, obtained for the prescribed pair
ðu; PeÞ. In Fig. 4, one may note that no singularities are present in the
region between the deformed integration path crossing the saddle
points through the steepest descent path and the Re kf g axis. Hence,
one may conclude that the holomorphy requirement is fulfilled. It is
worth recalling that the steepest descent approximation is employed to

FIG. 2. Threshold values of Ra for the onset of absolute instability (solid lines) and critical values of Ra for the onset of convective instability (dashed lines). Each color refers
to different values of Pe.

FIG. 3. Threshold values of the Darcy–Rayleigh number for the onset of absolute
instability vs u for different values of the P�eclet number.

TABLE II. Minimum values of the inclination angle u beyond which no absolute
instability occurs, for different P�eclet numbers.

Pe um Raa

19.1971 90� 368.456
19.2 89:7� 368.567
19.25 88:6� 370.487
19.3 88:0� 372.418
19.5 86:5� 380.215
20 84:0� 400.040
21 80:5� 441.021
23 75:2� 528.994
27 67:3� 729.000
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evaluate the large time behavior of the wavepacket disturbances per-
turbing the basic state.

VII. CONCLUSIONS

The onset of absolute instability for a porous channel subjected to
symmetric isoflux boundary conditions (either heating or cooling) at
the horizontal impermeable walls is investigated. For this symmetric
heating/cooling configuration, a net mass flow rate is needed to obtain
a stationary basic state. As a consequence, the basic state is character-
ized by a horizontal throughflow and an oblique temperature gradient.
The three-dimensional linear stability analysis is simplified to a two-
dimensional one by assuming that the basic horizontal flow direction
is inclined an angle u to the horizontal x axis. This choice allows one

to treat the stability analysis with a streamfunction-temperature for-
mulation. The comparison between the threshold value of the Darcy–
Rayleigh number Ra for the onset of absolute instability and its critical
value for the onset of convective instability is carried out. The aim of
this comparison is meant to understand how the intensity of the basic
throughflow and its inclination to the x direction may influence the
emergence of absolute instability. Furthermore, the holomorphy
requirement necessary for the steepest descent approximation has
been checked, for a reasonable amount of cases.

The main conclusions are the following:

• the inclination angle turns out to be a key parameter for the onset
of absolute instability;

FIG. 4. Isolines of rkR in the plane ðRe kf g; Im kf gÞ for u ¼ 0:49 p ð¼ 88:2�Þ and Ra ¼ Raa. Each frame is drawn for different values of the P�eclet number, as reported on
the frames. The black dots refer to the saddle points to be checked while the dashed arrows denote the steepest descent paths.
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• when the basic flow direction is perpendicular to the propagating
direction of the disturbances (u ¼ p=2, namely the basic state is
oriented along the y-direction) the threshold for the onset of
absolute instability, Raa, coincides with the critical value relative
to the convective instability, Rac. For this inclination of the basic
state, the wavepacket evolution in time is not influenced by the
presence of the net mass flow rate;

• as the basic throughflow velocity shows up a non-negligible com-
ponent in the propagation direction of the wavepacket, namely in
the x direction, the values of Raa rapidly grow. The threshold
value for the onset of absolute instability is, for angles u < p=2,
by far greater than the critical value for the onset of convective
instability obtained for the same value of the P�eclet number;

• the threshold values for the onset of absolute instability Raa
grow, as already pointed out by Barletta17 for the convective
instability, by decreasing the value of the P�eclet number Pe;

• the dependence of the threshold values for the onset of absolute
instability, Raa, on the inclination angle, u, is more intense for
very large values of P�eclet number and also for values of the
P�eclet number approaching its limiting value Pe ¼ 19:1971 below
which no linear instability is present;

• the linear instability islands found by Barletta17 for the convective
instability have their counterpart for the absolute instability. For
a given pair ðu; PeÞ, with sufficiently small value of Pe, two values
of Raa are found, namely the relative basic flow can become abso-
lutely unstable only for a value of Ra included in the range
defined by these two values;

• the absolute instability islands shrink for decreasing values of Pe
till they become a point for u ¼ p=2 and Pe ¼ 19:1971 where
Raa ¼ Rac ¼ 368:456;

• by fixing Pe in a range approaching 19.1971 from above, a mini-
mum value of u exists below which no absolute instability is pre-
sent. Such a minimum u decreases for increasing values of the
P�eclet number.

It is worth mentioning that a possible lateral confinement of the
channel by impermeable and adiabatic walls means that the threshold
to absolute instability coincides with the threshold to convective insta-
bility. This transition would be triggered by longitudinal modes.

An interesting development of this study could be to test the
emergence of the absolute instability islands in laboratory experiments.
Another possible extension of the paper is relative to the study of the
absolute instability with isoflux boundary conditions in a vertical
porous channel. This problem has been solved, relative to onset of the
convective instability, in Barletta.21 This paper21 belongs to the wider
area of studies initiated by Gill22 and recently developed by other
authors.23–26
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