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Abstract

The classical problem of the Darcy-Bénard instability in a horizontal porous layer satu-
rated by a binary fluid mixture and subject to a non-uniform solutal concentration field
is revisited. In particular, a generalised anomalous diffusion model departing from the
classical Fickian diffusion and accounting for subdiffusion or superdiffusion phenomena
is employed. At the porous layer boundaries, a uniform vertical concentration gradient is
imposed, so that an unstable density stratification arises. The boundaries are modelled as
open, meaning that uniform pressure conditions are prescribed. A linear stability analysis
of the basic rest state is carried out, showing how the departure from the classical Fickian
diffusion affects dramatically the conditions for the onset of the instability.

Keywords Porous layer - Darcy-Bénard instability - Binary mixture - Anomalous
diffusion - Open boundaries - Normal modes

1 Introduction

Anomalous diffusion in fluids and fluid saturated porous media has significant appli-
cations across disciplines. In materials science, it plays a central role in the design
of efficient filtration systems and drug delivery mechanisms. In environmental sci-
ence, it may provide realistic models of pollutant transport in groundwater. In biology
and biophysics, taking into account anomalous diffusion provides novel insights into
the knowledge of intracellular transport and molecular crowding effects. Despite its
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ubiquitous nature, there are still unexplored aspects regarding its elementary mecha-
nisms and its mathematical models. There are several reviews available in the litera-
ture. Among the many, we mention the papers by Weeks et al. (1995); Metzler and
Klafter (2000); Henry et al. (2010) and dos Santos (2019).

Anomalous diffusion in fluids is relative to a deviation from the classical Fickian
diffusion, where the mean squared displacement of the solute molecules does not scale
linearly with time. Such deviations from the linear law may lead to phenomena, where
the solutal spreading inside the solvent is a process slower than linear, leading to sub-
diffusion, or faster than linear as for superdiffusion. There are many possible math-
ematical models of anomalous diffusion, all implying a generalisation of the classical
diffusion equation, involving either fractional derivatives or a time-dependent diffusion
coefficient (Henry et al. 2010).

Natural convection in fluid saturated porous media is caused by temperature or
solutal concentration gradients leading to an unstable density stratification in the
saturating fluid. Such gradients exist either individually or jointly. In the latter case,
the buoyancy resulting from one of the gradients may act synergically or not. Several
investigations on the effects of mass diffusion and thermohaline convection in satu-
rated porous media have been carried out by Prof. Nield and co-workers during the
years, starting from the celebrated paper by Nield (1968). Among the many studies, we
mention Nield et al. (1993); Manole et al. (1994); Nield et al. (2008); Kuznetsov and
Nield (2008, 2010) and Barletta and Nield (2011). Furthermore, a study by Straughan
(2020) presents a generalised boundary condition perspective on convection onset due
to temperature and concentration gradients.

Recent papers are devoted to the reconsideration of natural convection and its
onset in porous media by taking into account the phenomenon of anomalous diffu-
sion (Karani et al. 2017; Klimenko and Maryshev 2017). The analysis of the Rayleigh-
Bénard instability in a saturated horizontal porous layer has been carried out in the
light of a time-dependent diffusivity model by Barletta (2023), by Straughan and Bar-
letta (2024), and by Barletta et al. (2025). All these three papers were relative to condi-
tions of impermeable boundaries.

The aim of this paper is to extend the analysis of the influence of anomalous diffu-
sion in the onset of convective cells for a horizontal porous layer with open boundaries
subject to a prescribed vertical gradient of the solute species concentration. This study
represents an extension of the investigations carried out by Barletta (2023) and by
Straughan and Barletta (2024) by exploring a case, where open boundaries are present,
and by focussing on a general time-variable diffusivity coefficient mostly along the
line proposed in the paper by Barletta et al. (2025). In Sect. 2, the phenomenology of
anomalous diffusion is surveyed by emphasising the logical path that links the molec-
ular random walk dynamics to the emergence of a time-dependent diffusivity coeffi-
cient. In Sect. 3, the model of natural convection flow in a saturated porous medium is
formulated as a pressure-concentration system of partial differential equations govern-
ing the flow. In Sect. 4, the basic state with the fluid at rest and a vertical concentration
gradient is described and its stability/instability is analysed by a linearized system of
equations for the perturbation fields; such equations are then solved for the normal
wave-like modes. In Sect. 5, the results of the linear analysis are discussed in detail,
with reference to a general time-dependent mass diffusivity or to the specific power-
law expression employed in most experimental studies of anomalous diffusion.
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2 Phenomenology of the Anomalous Diffusion

The microscopic description of the mass diffusion of solute within a base solvent fluid is
grounded on the stochastic dynamics of any single solute molecule within a molecular milieu
of solvent and solute molecules. Such a milieu is the microscopic description of what, on a
macroscopic scale, is the binary fluid mixture. A sample trajectory of a randomly walking sol-
ute molecule is drawn in Fig. 1. The stochastic dynamics is described by the Langevin equa-
tion (Pomeau and Piasecki 2017; Barletta 2023),

d d
d‘;’) _— 3—(;) +F (), (0

which is nothing but a stochastic version of Newton’s second law. The stochastic character
of (1) stems from the random collisions experienced by the diffusing molecule, with mass
m, whose instantaneous position at time f, r(?), is to a large extent unpredictable due to the
random nature of the force F(¢). The latter is, in fact, the resulting effect of the many colli-
sions happening in each time-span, no matter how short it can be. In competition with the
stochastic force F(r), the Langevin model equation features a friction force proportional to
the velocity, —y dr(s)/dz. By defining the statistical ensemble average ( - ) at a prescribed
time ¢, one can obtain from (1)

&(x(n)  dr®)
m =-y ,

(@)
dr dr
where the hypothesis of zero average stochastic force is used,
(F()) =0, foreveryt>0. 3)
Fig.1 Sample three-dimensional
trajectory of a randomly walking
molecule
Y
x
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The physical meaning of (3) is that F(¢) is the zero average residual force remaining once
the net frictional effect of the random collisions, —y dr(¢)/dt has been evaluated. Equation
(2) yields

dr@®) _ @) _im
dr — dr t=Oe o @

meaning that, at large times ¢ > m/y, the average position (r(z)) becomes time independ-
ent. Hence, by a suitable choice of the reference frame origin, one may write

(r()) =0, (5)

at large times. We can evaluate the scalar product of (1) with the position vector r(¢) and
then take the ensemble average of the resulting equation, so that we can write

(1L e + 128 (1e0P) - (vo) ) = o Foy. ©
2 dr? 2mdt

where v(r) = dr(r)/dt is the molecule velocity. An analysis of the random molecular walk

at large times means assuming the friction term —y dr(f)/d¢ as dominant over the inertial

term m d’r(r)/d*. This approximation yields a further simplification of (6), namely

%%mmﬂ=mm@ﬂ+@mnm. ™

2.1 Thermodynamic Equilibrium

If we assume a situation, where diffusion happens with a thermodynamic equilibrium condi-
tion, then one can rely on the energy equipartition principle as well as on the assumption that
the stochastic force F() is uncorrelated to the molecule position. In formulas, we have

ZAVOPY = 25,7, (xF@) = (FO)F@) = 0. ®)

The first equation (8) is the energy equipartition theorem applied to the molecule con-
sidered as a point-like particle (three degrees of freedom), where kp is Boltzmann’s con-
stant and T the temperature of the binary mixture (Kennett 2020). In other words, ther-
modynamic equilibrium manifests itself as a condition, where the average kinetic energy
m{|v(£)|?)/2 is time independent. The second equation (8) expresses the lack of statistical
correlation between the random variables r(¢) and F(¢), where the average value of both
variables is zero at every instant of time, as already pointed out above. Hence, (7) can be
rewritten as

6x5T

d%(Ir(t)lz) = 9)

The quantity (|r(r)|?) increases linearly in time and, at large times, (|r(¢)|?) is expected to
be much larger than (|r(0)|?), so that one may write

6, T
(IFOP) ~ =524, (10)
Y
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Equation (10) is the distinctive trend of mass diffusion according to the classical Fickian
theory. On account of (9), one defines the mass diffusion coefficient D as

L4 ropy = L
D = g (o === (11)

This coefficient has SI units m?/s and is time independent.

2.2 Out of Thermodynamic Equilibrium and Anomalous Diffusion

When the binary mixture is not in thermodynamic equilibrium, there are no general
insights that allow one to express the right hand side of (7). We can just say that it will be,
generally speaking, time-dependent. Hence, one owes to the general definition of diffusion
coefficient (11) the conclusion that such coefficient will be a function of time,

_1d 2y m 2y, L
D) = dt(lr(t)l )= 3y(lv(t)l )+ 3 (r(0.F@®)), (12)

N =

and that D(z) is positive for every ¢. The latter feature is nothing but the consequence of the
second law of thermodynamics, or Boltzmann’s H-theorem (Kennett 2020), where it pre-
dicts a spreading {|r(¢)|?) for the possible positions of the diffusing molecule that increases
in time or, equivalently, an uncertainty in the position of the molecule that increases in
time. Equation (12) is the basis for the modelling of anomalous diffusion, where the trend
at large times of D(r) marks the possible departure from the classical theory of mass diffu-
sion. Indeed, one may write

0 for subdiffusion;
lim D) =3 D, # 0 forasymptotic classical diffusion; (13)
e ) for superdiffusion,

where D, is a positive constant. Subdiffusion and superdiffusion are the types of processes
showing up a discrepancy with respect to the classical diffusion theory. We note that (12)
characterises the diffusion coefficient as an expression of the increasing rate of the molecu-
lar spreading over space, (|r()|?). As a consequence, the large time regimes described by
(13) define subdiffusion as a process, where the increase of the spatial molecular spread-
ing is slower than for classical diffusion, while superdiffusion is a faster process. In fact,
one of the typical, though occasional, events that may happen with superdiffusion are the
so-called Lévy flights with the molecule spanning a significantly long distance without col-
liding with other molecules. Such events are responsible for the altered statistics of random
walk in superdiffusion (Weeks et al. 1995; Dubkov et al. 2008).

3 Solutal Convection in a Porous Medium
Let us now consider a setup typical of the Darcy-Bénard problem, also called Horton-Rog-

ers-Lapwood problem (Rees 2000; Straughan 2008; Nield and Bejan 2017; Barletta 2019). In
fact, we study the onset of convection in a horizontal porous layer with a vertical thickness H
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saturated by a fluid and subject to conditions inducing an unstable density stratification in the
vertical direction z. The z axis is chosen with the origin, z = 0, at the lower boundary.

The layer is assumed as infinitely wide in the horizontal x and y directions (see Fig. 2).
As pointed out, for example, in Chapter 6 of Nield and Bejan (2017), the unstable density
stratification in the z direction can be due to an imposed temperature gradient or to an imposed
solutal concentration gradient or even to the simultaneous action of both such gradients. These
gradients are usually caused by the boundary conditions, say, different uniform temperatures
or different uniform concentrations of the solute species.

There is a plethora of different combinations of such boundary conditions with the bound-
ary conditions for the seepage velocity field. Although not exhaustive, a classification is
shown in Table 6.1 of the book by Nield and Bejan (2017). Typically, the alternative for the
velocity boundary conditions is the rigid wall versus the open boundary. While the former
means a normal velocity component equal to zero at the boundary, the latter means a uniform
boundary pressure. The forthcoming analysis will focus on the open boundary conditions at
z=0and z = H. We will also consider unstable density stratification as caused by a solutal
concentration gradient directed along the z axis without any contribution from a temperature
gradient.

3.1 Governing Equations

The mathematical model is based on Darcy’s law, the Oberbeck-Boussinesq approximation
(Barletta 2022; Barletta et al. 2023) and on the diffusion equation expressed, according to
(12), with a time-dependent diffusion coefficient (Henry et al. 2010; Barletta 2023). Thus, the
local mass balance, momentum balance and solutal diffusion equation yield (see, for instance,
Nield and Bejan 2017, )

Vu=0,
Zu=-VP - pf(C - Cple. a
q)% +u.VC = pD(HV’C,
A B
30/32 =—A H open boundary
® 00 :
g0 ® o‘.‘.{‘
® e® 04 ...
0e0 8¢, 0
e ® ®
®ee0s 0850 y
..‘ { ) ... ‘7 ...... >
80/32 —_A 0 open boundary x

Fig.2 A schematic drawing of the Darcy-Bénard problem with a horizontal porous layer saturated by a
fluid
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where u is the seepage velocity of the binary mixture, P is the local difference between the
pressure p and the hydrostatic pressure, p, is the reference density of the binary mixture
evaluated when the solutal concentration C coincides with its reference value C, f is the

isobaric expansion coefficient
1{0p
P = C<0C>p’ (15)

g is the gravitational acceleration, y is the dynamic viscosity, K is the permeability of the
solid medium and ¢ its porosity. A detailed deduction of the third equation (14) is provided
in Appendix A.

The boundary conditions, as shown in Fig. 2, are given by

o __, o _ 0P _
0z ox dy

s il

0, atz=0andz=H, (16)
where A is a constant such that fA > 0 in order to get an unstable density stratification.

Indeed, the coefficient § can be either positive or negative depending on the binary mix-
ture, so that also A can be, a priori, positive or negative.

3.2 Dimensionless Quantities

A dimensionless reformulation can be achieved by defining suitable constant scales for
the different quantities, namely

()‘cyz):(x’y’Z) f=— 1 a=(iL,7,w) = wvw) ___u
e H ~ H2/D(t,)’ ” D) /H Dty)/H’
s (1)
po_Lf %
uD(ty) /K’ AH ~

where the overline ~ identifies the dimensionless quantities and f, is an arbitrarily cho-
sen instant of time which may be representative of the specific anomalous diffusion model
adopted. A possible, though not mandatory, choice is #, such that

1, D(ty) = H>, (18)

which implies that the scale adopted for defining the dimensionless time 7 be ¢ itself.
We also introduce the symbol Ra for the Darcy-Rayleigh number, hereafter called
simply Rayleigh number for the sake of brevity, and the dimensionless function D(7),

AKH?
_ Po8p . ®0) = D() ’
PudD(t)) D(ty)
with g standing for the modulus of g.

In terms of the dimensionless quantities, the governing equations (14) can be rewrit-
ten as

19)
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Vau=0,
=-VP R
u - VP + @Ra Ce,, 20)
o+ w.VC = pD(1)V3C,
while the boundary conditions (16) are now given by

oC oP oP

—=-1, —=0, — =0, atz=0andz=1.

oz ox dy atz=oandz @D

On writing (20) and (21), the overlines have been omitted for the sake of simplicity. Such
a simplified notation does not preclude the clarity of the forthcoming analysis as it will be
almost entirely focussed on the dimensionless quantities. When dimensional quantities will
be needed, it will be explicitly declared in order to avoid any possible confusion.

In the second equation (20), e, is the unit vector along the z axis. One may reformulate
system (20) in terms of the fields P and C as

VP — @Ra 6aC 0,
) (22)
oC oC 2
(pa— —VP.VC + @Ra Cd_ = eD(@)V-C.
4 Onset of Convection
A stationary solution of (20) and (21) with zero velocity exists, given by
_o. C = an_O an_O oP, Ra )
ub_ ) b_” 2, ax_v ay_ ) aZ = @ra\n 2), (23)

where “b” stands for basic solution and # is an arbitrary constant. The linear stability of
this solution can be studied by introducing perturbations of the fields C and P,

C=C,+eC, P=P,+¢€P, (24)

where ¢ is a perturbation parameter such that |e| < 1. We substitute (24) into (22) and (21)
by neglecting terms O(¢?), so that we obtain the governing equations for the perturbation
fields,

V2P - @Ra %C 0,
e ¢ (25)
9C L 9P _ oRa€ = p®()V2C,
P, az @Ra C = ¢D(1)
subject to the boundary conditions
aC oP oP
=0, — =0, — =0, atz=0andz=1.
oz ox dy atz=landz (26)

We can carry out a modal analysis by looking for solutions of (25) and (26) in the form
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P = f(0)e'* R sin(nrz), € = h(t)e'®+5Y cos(nrz),

27
for n=0,1,2,3, ... . @7

Here, (k,, k,) is the two-dimensional wave vector of the normal modes, such that

k=,/k§+k§ (28)

is the wave number. We note that (27) implies that the boundary conditions (26) are identi-
cally satisfied. The substitution of (27) into (25) yields

(n*7® + ) (t) — nwpRa h(t) = 0,

29
(p% + nzf (1) — eRa h(t) + (7 + kKH)DD)h(r) = 0, 29)
leading to a first-order ordinary differential equation for the amplitude A(?),
nz@Ra
1) = ——— (1),
fO) = =5 h) o
dh(r) k*R
d(t - [nznz sz — (27 + kz)‘b(t)] h(t) = 0.
The solution of (30) can be expressed as
t 0
(i) = Choy ) o[ (7 + ) 0], @D
with G(r) defined as
! k*Ra
G(l) =8tr— /0- @(T)d‘[, where S = m (32)

We mention that such an approach based on a general model of time-dependent diffusivity
is very similar to that presented by Barletta et al. (2025), relative to a saturated porous layer
bounded by impermeable walls.

5 Discussion of the Results

By relying on the different asymptotic trends of the dimensional diffusivity function
D(1), given by (13), and on the definition of the dimensionless diffusion coefficient,
given by (19), one may identify the large time approximations of G(f) and, as a conse-
quence, the large time behaviour of f(¢) and A(¢). In fact, we note that the integral

+o00
/ D(r)dr (33)
0

can be either a positive constant or infinite, where the former case is possible only in the
case of subdiffusion. As for the latter case, let us evaluate the limit of G(¢)/t when t — +oc0
by employing L’Hopital rule,
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t
lim @=S— lim l/ D(r)dr
0

t—+40c0 f t—=+o00 [
S for subdiffusion; (34)
=S— lim @) =4 S -, forasymptotic classical diffusion;
e —00 for superdiffusion,

where D, is the dimensionless counterpart of the dimensional constant employed in (13)
and denoted with the same symbol.

From these results, we can draw our conclusions regarding the large time approxima-
tions of G(¢) for subdiffusion, classical diffusion and superdiffusion. Such results are shown
in Table 1. Based on this table, the linearly stable/unstable evolution of the perturbation
amplitudes f(¢) and h(?) can be established for the different diffusion regimes.

5.1 Linear Stability and Instability

For subdiffusion, by employing (31) and Table 1, if either the integral (33) is finite or not,
: 2 27 _
Jim [f(5)° + h(0)°] = co, (35)

meaning that subdiffusion always ensures that the basic state (23) is unstable, whatever are
the normal mode parameters n =0, 1,2, ...and k > 0.

For classical diffusion, the asymptotic behaviour of f(f) and h(f) depends on the differ-
ence S — D,. Thus,

. ) 21 J O forS <D
tEH};o @? + ] = { o for§ > D,. (36)

The threshold to instability, S = D, defines the neutral stability condition which can be
reformulated as

Ra B (I’l27[2+k2)2

5 5 forn=01,2, . andk>0. (37)

(o]

The least conditions for neutral stability, in terms of Ra/D_, is achieved for the modes
n = ( leading to,

Ra

D> = K, fork > 0. (38)

[oe]

From (29), one may conclude that such modes have f(#) =0, so that they describe an
unperturbed field P with a perturbation regarding exclusively the concentration C. We note

Table 1 Asymptotic trends

of G(#) at large times for the Subdiffusion ~ St
different diffusion regimes Classical diffusion ~ (=Dt
Superdiffusion !
~— D(r)dr
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that, on account of (13) and (19), the ratio Ra/D,, is nothing but a redefined Rayleigh
number, where the dimensional D, is used instead of the dimensional D(z,).

As pointed out by Nield (1968), the “case of two boundaries of the constant pressure type
is, at first sight, rather impractical. However, one might consider rigid porous matrix supported
laterally and bounded above and below by standing fluid. For this situation, the critical Ray-
leigh number is zero”. This conclusion emphasised by Nield (1968) is, in fact, coherent with
(38), where the onset of convective instability evidently occurs with infinitely long wavelength
modes, i.e. modes with k — 0, meaning a critical value of Ra equal to zero. Furthermore,
Nield (1968) comments that the “slightest destabilizing thermal gradient is now sufficient to
cause convection if the layer is of infinite extent; the presence of lateral walls would give a
small but non-zero critical Rayleigh number”. In the study by Nield (1968), a “destabilizing
thermal gradient” is mentioned, but exactly the same conclusion may be drawn if one consid-
ers a destabilising concentration gradient, as in the present analysis.

For superdiftusion, we get

. 2 27
tl}-rl—noo[f(t) +h(t)"]1 =0, (39)

as it can be inferred from the asymptotic behaviour of G(f) reported in Tab. 1 and from
(34). In fact, for large times, |G(¢)| grows faster than linearly to infinity. Hence, superdiffu-
sion turns out to be the only regime, where the basic state is always asymptotically stable,
according to the linear analysis.

It must be pointed out that the regimes of subdiffusion and classical diffusion prefig-
ure an instability of the basic state for every positive Rayleigh number Ra. However, the
circumstances are different for these two regimes. In the case of subdiffusion, the onset of
the instability happens for every Ra > 0 for every integer n and for every wave number k.
In the case of classical diffusion, the onset of the instability happens for every Ra > 0 pro-
vided that the basic state is perturbed by normal modes with n = 0 and with a vanishingly
small wave number k. As suggested by Nield (1968), a vanishingly small wave number k
might not be allowed if the horizontal width of the porous medium is limited by a lateral
wall confinement. This situation could make a difference for classical diffusion, but not for
subdiffusion.

5.2 Power-law Model of Anomalous Diffusion

The simplest model of anomalous diffusion is based on an asymptotic power-law behaviour
of the dimensional diffusion coefficient D(r) at large times,

D) ~ act™ !, (40)

where ¢ is the dimensional time. Due to (12), equation (40) is equivalent to the assumption
that the molecular spreading over space, i.e. the dimensional mean squared displacement
(Ir(5)|*), has the asymptotic expression (Henry et al. 2010),

(r®|?) ~ 651" 41)

In (40) and (41), o is a positive constant, often called fractional diffusion coefficient, with
SI units m?/s?. Furthermore, a is a positive dimensionless parameter which, in the spe-
cial case a = 1, identifies classical diffusion. When @ < 1, we have subdiffusion and, when
a > 1, we have superdiffusion. The popularity of the power-law model relies on the pos-
sibility to interpolate efficiently the experimental data for (|r(r)|*) and determine a in terms
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of their logarithmic slope. Besides the experimental study carried out by Ren et al. (1992),
relative to the diffusion in aqueous gelatin solutions, most recent experiments demonstrat-
ing a power-law with a # 1 are relative to biofluids. Thus, for instance, Gal and Weihs
(2010) determined @ = 1.25 + 0.01 for the superdiffusion of polymeric particles embedded
in living cells, clarifying that the observed superdiffusion is driven by active cellular trans-
port. Subdiffusion is revealed by Toli¢-Ngrrelykke et al. (2004) for lipid granules diffusing
in living yeast cells, showing up an exponent « around 0.75. Further examples are provided
in Jeon et al. (2013). It must be mentioned that the accuracy in the experimental determi-
nation of « is significantly larger than that for the estimate of ¢. In fact, this parameter can
be evaluated by an extrapolation of the data with a possibly wide uncertainty. It is not a
coincidence that experimental studies, where « is determined straightly from the logarith-
mic slope of the average square position (|r(z)|*) usually involve cases, where the diffusing
particle size is much larger than that of the solvent fluid molecules, as such circumstances
are the most favourable for a direct tracking of the diffusing particle position in time.

5.3 Additional Considerations

What turns out to be striking in the stability analysis based on the theory of anomalous
diffusion, as it emerges from the discussion presented in Sect. 5.1, is the sensitivity to the
value of a. In fact, even a very slight uncertainty about the value of « in a neighbourhood of
unity may mean a puzzling situation, where linear instability and stability may equally well
be predicted depending on a provided that this parameter is either slightly lower or slightly
greater than 1.

The whole stability analysis depends on the behaviour of D(¢) in the limit # - +o0. For
instance, in order to have the linear instability condition characteristic of classical mass
diffusion and based on the neutral stability curve (38) is not required that D(¢) is a con-
stant at every time ¢, but only that its limit when # — +oo be a non-zero constant. This is
a very important point as there are experimental observations, where the anomalous dif-
fusion occurs just as a transient regime (Latini and Bernoft 2001). In such cases, the tran-
sient anomaly in the diffusion turns out to have an influence on the perturbation amplitude
evolution at intermediate times, but no influence on the onset of the instability which is
governed, according to the classical diffusion theory, by the neutral stability condition (38).

6 Conclusions

The onset of instability in a horizontal porous layer saturated by a fluid binary mixture has
been studied through a linear analysis. The effects of anomalous mass diffusion, resulting
in a time-dependent diffusivity, D(z), have been taken into account. Open boundary condi-
tions (uniform pressure) for the saturated porous layer have been assumed, together with a
uniform vertical concentration gradient for the solute yielding an unstable density stratifi-
cation in the basic stationary state.

A linear stability analysis shows that the asymptotic behaviour of D(#) in the limit# - +oco
determines the condition of stability/instability for the basic stationary state. An unconditional
instability is predicted by the linear analysis in the case of subdiffusion when the limit of D(z)
for t — +o0 is zero. When the limit of D(¢) at large times is infinite then we have superdif-
fusion, a case where unconditional stability is predicted by the linear analysis. Such results
markedly conflict with the classical diffusion case, where D(r) asymptotically approaches a
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non-zero positive constant, and stability/instability is conditioned by the neutral stability
threshold and, hence, by the value of the Darcy-Rayleigh number being smaller/larger than
such a threshold. In particular, for the case considered in this paper, where the boundaries are
modelled as open, the neutral stability curve yields a zero critical Darcy-Rayleigh number cor-
responding to the minimum along the curve for infinite wavelength normal modes or, equiva-
lently, for a zero wave number, as pointed out in the classical paper by Nield (1968).

This analysis confirms the results obtained in previous studies of the Darcy-Bénard prob-
lem with anomalous diffusion relative to boundary conditions of rigid impermeable walls
(Barletta 2023; Straughan and Barletta 2024; Barletta et al. 2025). This comparison suggests
a universal feature of the anomalous diffusion for convective flows in porous media. Such a
universal feature is even more important as the distinction between subdiffusion, classical dif-
fusion and superdiffusion relies, in experimental studies, on the estimate of an exponent, @,
in a widely employed power-law expression of D(¢) at large times. Especially when the value
of such an exponent is very close to unity, an even minimal experimental uncertainty makes
a dramatic difference between the diverse regimes of asymptotic diffusion and, hence, a dra-
matic difference between stability and instability.

Appendix A Master Equation for Anomalous Diffusion

The master equation for a molecular diffusion process is the partial differential equation satis-
fied by the probability density P(r, r), where r = (x, y, z) is the position vector. The probability
density is defined so that P(r, r) dV is the probability to find a diffusing molecule in an infini-
tesimal volume dV around the pointr = (x, y, z) at time .

In order to express such a probability density, we devise a discrete random walk where the
molecular position belongs to a three-dimensional grid, where the average spacings in the x, y
and z directions are denoted with Ax, Ay and Az, respectively.

If the molecule undergoing the discrete random walk is to be at (x, y, z) at time ¢, then it
must be at either of the six grid positions,

x—Ax,y,2), @x+Axy,2, @&y—-Ay2, Oy+Ayz2),

A.l
x,y,2— Az, xy,z+ Az, (A

for the previous instant of time ¢ — Af (see Fig. 3). In fact, the average spacings Ax, Ay and
Az are the distances covered on average in a discrete time-step At. Furthermore, the spac-
ings Ax, Ay and Az can be equal or different depending on the diffusion process being iso-
tropic or not. We will limit this argument to the isotropic case where, by employing (12),
one can approximate Ax?, Ay* and Az? for a very small At as

AP =AY = AP~ %(h‘(t)lz)At = 6D(AL. (A2)

The six positions listed in (A.1) are equally probable. Thus, one may express the probabil-
ity density as

Plx,y,z,1) = é [P — Ax,y,z.t = At) + P(x + Ax, y,z,1 — A1)

+ Plx,y — Ay, z,t — At) + P(x,y + Ay, z,t — Ar) (A.3)
+ Px,y,z— Az, t — At) + P(x,y,z+ Az, t — At)].
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Fig.3 Grid neighbouring posi- (,y,z + Az)
tions for a three-dimensional *
random walk
(z,y+ Ay, z)
(x — Az,y,z) (z+ Az, y,2)
(z,y,2)
(z,y — Ay, 2)
°
(z,y,2 — Az)

Now, on account of (A.2), one can employ low-order approximations in At given by the
Taylor series,

0P(x,y,z,1)
ox

Px £ Ax,y,2,t — Af) = P(x,y,2,1) + [6D(1)A1'/?

OP(x,y,2,1) 0*P(x,y,2,1)
- " A+ 39d() ————=
ot +320 0x2

(A4)
At + O(AP?),

Plx+ Ax,y,z,t — At) = P(x, y,2,1) + [6D()Ar]'/?

0P(x,y,2,1)
dy
Px,y,2.1) (A-5)

_ 0Py, z.1)
ot 0y?

At +3D(1) At + O(AP?),

—0P(xéy 20 (6m(1)Ar] 2
Z

Plx + Ax,y,z,t — At) = P(x,y,2,0) +

) (A.6)
- 07’(965, LY, NP P(g’ f o0 At OBFP),
vé

On substituting (A.4)-(A.6) into (A.3), one obtains to O(Ar),

2 2 2
0P(x,y,2,1) Ar = D) 0“Px,y,z,t)  0°Px,y,z,t) 0°Px,y,z,1)
ot 0x2 0y? 07>

At. (A7)

The O(Ar) approximation becomes exact when Ar — 0, namely when the discrete ran-
dom walk tends to a continuous random walk. Thus, one may write the master equation

oP _ 2
i D(VP. (A.8)

If we denote by M the overall mass of the solute species contained in the binary mixture,
then MP(r, t) is the concentration field C(r, r). As the overall mass M is a constant, (A.8)
yields the diffusion equation
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aC 2
5 = DOVC. (A.9)

The only effect of an underlying velocity field u(r, ) for the binary mixture is turning the
partial derivative d/d¢ in (A.9) into a substantial time-derivative. Thus, for convective
flows, (A.9) changes into

% +u.VC = D)VC. (A.10)

By extending the elementary reasoning provided in Chapter 3 of Nield and Bejan (2017),
for a porous medium saturated by a fluid, one obtains from (A.10) the porous medium
advection/diffusion equation

aC
o= TuVC= PD(1)V>C, (A.11)

where @ is the solid medium porosity and u is now intended as the seepage, or Darcy,
velocity field.
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