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Inducing time-dependent potentials at nanoscale.
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Abstract. We discuss a mechanism that can generate a time-dependent potential at the
nanoscale. The elements required for the formation of such a potential are a molecule
with a nonvanishing dipole moment, a cylindrical metallic or semimetallic nanowire, and the
always present environmental fluctuations. When a molecule approaches the vicinity of a
metallic/semimetallic cylinder (tube), it induces on the surface of the tube an electrostatic
potential due to dipole-dipole interactions. = Moreover, the molecule is also subject to
fluctuations, which vary the relative position of the molecule with respect to the surface of
the tube over time. This combination creates a time-dependent force field in the vicinity of
the tube’s surface as well as at the position of the dipole. While we use a carbon nanotube to
represent a nanowire for the purposes of discussion, the present model can be applied to any
large molecule with cylindrical symmetry.

1. Introduction

At the nanoscale, many molecules engage in active motion, which means that somehow they
convert environmental fluctuations into useful work in order to complete a task. [1] Directed
motion or any other organized repetitive action capable of carrying out a concrete function is
associated with either a breaking symmetry or with the supply of energy by an external stimulus
that sustains the operation. The presence of a time-dependent potential allows a symmetry
to break. The conditions or cooperative processes necessary to generate such a potential are
constantly under investigation by the scientific community. A time-dependent potential is likely
the result of the cooperation of other molecules, aside from those that form the surroundings,
whose relative positions in relation to the "machine" or probe particle can cause changes in the
force field that direct the motion of the probe particle.

The two main forces at work at the nanoscale are van der Waals and electrostatic interactions.
These interactions have been shown to have a direct impact on a number of phenomena, such
as surface adhesion, friction, and colloid stability. They may also have an impact on the
diffusion dynamics of nanoparticles.|2] Approaching a charged or partially charged species in
the surroundings of a metal surface, independent of the shape of the latter, an additional term
of interaction arises. This is because of the potential that the charged entity on the surface
has induced. Within the framework of classical electrodynamics, [3] the issue of a single charge
near a metallic surface can be addressed. Analytical solutions for the stopping force and the
induced potential have also been provided. [4] In addition, simpler analytical solutions amenable
to molecular dynamic simulations for the case of a single charge near a metallic cylinder have
been obtained. [5]

Finding a molecule near a metal surface, however, is a more likely scenario. The molecule
has zero total charge, but it may have a non-zero dipole moment. The latter creates a potential
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on the metal surface, which may serve as the basis for a variety of uses. It has been reported
that there is a dominant channel for the fluorescence decay of nanoemitters, such as single or
colloidal dye molecules or quantum dots, near a metal substrate. Through this channel, it was
observed extremely fast fluorescence decay and a 10-fold higher energy dissipation rate than
expected. The strong and coherent dipole-dipole interaction that a metal substrate induces is
what leads to this mechanism. [6] Moreover, the magnitude of dipole-dipole interaction depends
on the kind of geometry of the metallic surface in which a molecule is approached. The strength
of these interactions decreases from a flat to a cylindrical surface, and for the cylindrical one, the
strong asymmetry of the spontaneous emission line of an atom into an optical nanofiber may be
attributed to their sharp decrease over distance. [7]

Both pictures mentioned above consider a fixed position for the molecule with respect to
a metallic surface. Nonetheless, a molecule immersed or not in solution is subject to the
ever-present environmental fluctuations and can, in principle, perform an erratic motion whose
characteristics are defined to an extent by fluctuations already in place. This is the topic of
the present work. We consider a molecule with a well-defined dipole moment in the vicinity
of a metallic cylindrical surface, which can correspond to a lengthy molecular structure. As a
working example, we consider a carbon nanotube. However, the findings of the present work can
find application to any other molecular structure with the same geometry. Carbon nanotubes
can be viewed as fully conjugated macromolecules with a hollow, chemically inert interior and
reactive exterior. Their choice is made due to their wide range of technological applications,
exploiting the variety of their mechanical, electrical, and electronic properties. [8] For example,
they can be used as electronic devices [1], containers for molecules and ions, |9, 10| next generation
composites, [11] shuttles for organ-selective drug delivery. [12, 13] It is generally accepted that
all the properties of carbon nanotubes can be altered by their environment, which may contain
molecules or macromolecules species.

2. Electrostatic Interactions and Induced Potentials
A system that consists of two charged particles with different signs but equal in absolute value,
separated by a distance [, is called dipole. On the other hand, a carbon nanotube is described by

its radius a = %\/ n? +m? + nm, and its chiral angle, 3 = tan™! (ﬁ%), Cy_pg being

the carbon carbon distance approximately equal to 0.142nm. The indices (n,m) take integer
values and also allow the classification of a carbon nanotube as either metallic for (n—m)/3 = k,
with k£ being an integer, or as semi- metallic if £k = 0, and semiconductor if k is not an integer.
Since the carbon nanotube can be considered a hollow cylinder, the positions of the two charges
of the dipole are described by the vectors ri, and rg with respect to the main axis (z-axis)
of the carbon nanotube. The bold stands for the vector, and we express them in cylindrical
coordinates (p, ¢, z). The total interaction energy of a dipole approaching a carbon nanotube
is not simply the sum of two terms, each of which describes the interaction of a single charge
with the nanotube. The total interaction energy is also influenced by screening and interference
effects.

Based on classical electrostatics, the mathematical model, which describes the energy of
interaction between a SWNT and a dipole, where the latter is considered as a discrete distribution
of charges, is based on solving Poisson’s equation in cylindrical coordinates. The potential energy
in this instance can be found using the following formula.|3]

1 .
Ufﬁz = §ZQJ(I)§nd(pj7¢jvz) (1)
Z.hj

The induced electrostatic potential caused by the charge j at the position of the charge ¢, with
j=1,2andi=1,2 (i # j), is expressed by the term ®} ,(p;, ¢;,2) and can be obtained through
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the Green’s expansion method,[3| see also equation (A3) in Appendix A for details. It is worth
mentioning that the total induced self-energy of the molecular projectile has been determined
by using Equation (1). [14]

U—— ’“C‘—’{Z / dknf(’jj))<f<2(km)+f<2(kp2)

m=—0Q

(2)

o0

I, (ka)
-2 A Az)——K, K
3 coslmare | dweostia) K (k) ()}
where Az = z; — z9, and A¢p = ¢ — ¢o. The energy of interaction between the

dipole and the tube when it is outside the tube is given by equation (2) and agrees
exactly with a previous solution provided for the same problem.[7] Equation (2) contains two

terms. The first one U(indep) = kcq DRHIND Dl oo Jo© dkF In( kR)) (K2 (kp1) + K2, (kp2))

corresponds to the interaction energy caused by each one of the two charges.[5] The second

one, U(inter) = 2qu > oo COS(MAQ) [ dkcos(kAz) I’"((kR)) m(kp1)Km(kp2) includes all
the interference terms that arise from the interaction between the induced charge of the first
charged particle with the second charged particle and vice versa. The interference terms are
symmetric with respect to interchanging the positions of two charges. The total interaction
energy is zero only if the conditions A¢p = 0, Az = 0 and p; = p2 hold true at the same time.
Moreover, if we assume that the mean distance of the centre of the dipole is constant with respect
to the tube’s surface, the total energy depends on the orientation of the dipole regarding the
tube. We provide two different orientations, which would correspond to different energetic states
if the dipole were rotating with respect to the z-axis. Notice that the distance between the z-axis
of the tube and the z-axis of the dipole is equal to o + d. We choose a dipole initially placed
parallel to the z-axis, see Figure 1; however, any other orientation can be examined in a similar
manner.

Figure 1: A dipole oriented parallel to z-axis of a tube, for the illustration as cylinder we consider
a carbon nanotube, which can be either metallic or semimettalic.

The first one, Az = [, where [ is the length of the dipole, and A¢ = 0 describes a dipole
orientated parallel to the z-axis. For this orientation equation (2) reads
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Setting y = ko, and substituting p; = ps = v/(a +d)% + (1/2)? into equation (2) leads to
equation (3), with d being the distance between the centre of the dipole and the surface of the

tube. For the second orientation it holds true that Az =0, § = 5, A¢ = cos™ (M),

(a+d)%1(1/2)2
see Equation (A.6) for § = Z in the Appendix, and p; = py = \/(a +d)? + (1/2)?, and describes
a dipole perpendicular to the z-axis. For this case the interaction energy reads

2 > o0
o S [l (i e )

{1 — cos <2mcosl <EZ 1’ Z;z - E;g;z»}

(4)

Equations (3) and (4) provide the interaction energy for two different orientations of the
dipole with respect to the tube’s surface. The force exerted on the dipole at each one of the
aforementioned orientations can be found by taking the derivative of the interaction energy with
respect to the distance d, F = —$% Equatlons (3) and (4) can be further simplified by expanding
them with respect to the parameter &7 considering that the length of the dipole is much shorter
than the radius of the tube, and keeping terms up to the second order. Still, even in this instance,
numerical analysis of the final formulas is necessary to identify more straightforward expressions.
[5] The latter, however, is not in the spirit of the presence work.

If each one of these two orientations corresponds to a different state of a mechanism carrying
out a concrete task, alternating its position between the two, then a rotating dipole in a full
rotation performs two cycles; notice once more that the positions of the charges are symmetric
in interchanging. Actually, to go from one state to the second one, we need a rotation of 90
degrees, while the next rotation by 90 degrees keeping the same direction of rotation sends the
dipole to its initial state.

3. Fluctuations and rotational motion of the dipole

The dipole, which is a molecule, is subject to environmental fluctuations. We assume that the
mean position of the centre of the dipole is practically unchanged, and the dipole can rotate
around the z-axis. Moreover, we assume that the magnetic field produced by the rotation of
the dipole is weak and cannot affect the system "tube-molecule". Under these assumptions, the
motion of the dipole can be described by a generalised Langevin equation of the form

t
MM@Zﬂmtéﬂth@+ﬂﬂ (5)

with w(t) = % being the angular velocity, providing the rate of change of the angle of
rotation, 6, which is formed by the main-axis of the dipole with respect to the z-axis of the tube.
I(t) is the inertia of the dipole, and it is typically time-dependent. However, for the problem
under investigation, I(t) = I because the dipole’s centre is fixed and rotation is constrained
around the z-axis. T, is any possible external torque that affects directly or indirectly the
rotation of the dipole. ~y(t) is the generalised friction force, and £(t) is the noise term with
zero mean, < &(t) >= 0, and autocorrelation < &(t)&(t') >, which remains to be specified.
For a typical thermal environment, the noise term is considered white with autocorrelation
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< E()E(H) >= 2kpT~0(t — t'), where kpT is the Boltzmann’s constant times the temperature
of the bath and v a constant friction; notice that in this case the term ~(¢ — ¢') appearing in
equation (5) takes the simpler form (¢t —t') = 2§(¢t —t"). Moreover, we consider that the external
torque affects the rotation of the dipole indirectly. The torque modifies the ambient noise, which
in turn affects the dipole’s rotation. The overall noise, Tez(t) +£(t) = &.(t), has again zero mean,
and the index ¢ stands for coloured noise. Equation (5) with respect to the angle of rotation 6
reads

I+ /0 Yt — )0t = E.(1) (6)

where single and double dot in equations (5) and (6) stand for first and for second derivative
with respect to time. We use the Laplace pair, L{f(t)}(s) = [y~ ™5 f(t)dt, for solving equation
(6), and we take

0(s) = fo + ((Two + £c(s))G(s) (7)

with G(s) = m being the response function, and 6(t = 0) = Oy, w(t = 0) = wy. We

assume that the autocorrelation of the coloured noise has the form < &(t)£(t') >= o2e =1 [15]
This noise is known as Orstein-Uhlenbeck process and corresponds to a colour Gaussian process.
Any other choice of autocorrelation can be made, i.e., power law noise, [16], one parameter
Mittag-Leffler noise. [17, 18] Finding the analytical form of 6(t) passes through the estimation of
the generalised friction term. From the second fluctuation dissipation relation,|[19] it holds true
that < &(t)&(t") >= kpT~(|t —t]), and from the latter we end up with ~(t) = k‘;—QTe_“t where
1 is the inverse of the lifetime, the memory the coloured noise retains, whose Laplace transform
reads %o 1 Substituting the latter into the response function and after some calculus, see
ref. [17] for details, we end up with the relation

kBT s+p°

Ag(t) :<0—90>(t):L eAzt_eA1t+LIZB;T(AQ(l_e)\ﬂ)_)\1(1_6)\2t)> (8)

2 402
K = TkpT

where Ay = 1(—p—1/p? — Ii‘;QT) and Ay = 2 (—p+y/p? — %) are the roots of the quadratic

equation s? 4 us+ % = 0. Equation (8) returns the angle of rotation of the dipole with respect
to the z-axis, and substituting it into equation (2), we end up with the time-dependent potential
energy, which reads

2 > sin
o 5 [t (ol D)

() o ()

(9)

Equation (9) is the primary outcome of the present work, equations (3) and (4) are special
cases of equation (9) for # = 0 and 6 = 7 respectively.

4. Conclusion
We present a toy model that can describe the generation of a time-dependent potential at a given
point. The idea is based on a rotating dipole in the vicinity of a metallic or semi-metallic tube.
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The induced potentials on the tube’s surface create a stopping force at the position of the centre
of the dipole that keeps it there, a kind of adsorbed state. The dipole can only rotate around the
z-axis due to environmental colour noise. It is created in that way a time-dependent potential,
which at least can drive the system between two states, a kind of molecular switch.

5. Appendix A

For a cylindrical shell with radius «, the electrostatic potential can be obtained by the Green’s
expansion method. [3] The Green’s function, G(p, 8, ¢), is found by solving the singular Poisson
equation

9? Lo 1 0?

op?  pdp  p?0¢?

In equation (A1), p is the radial distance from the tube axis, ¢ is the azimuthal angle, and

z is oriented along the main axis of the tube. If two charged particle are located at coordinates

(pi, di, z;) with ¢ = 1,2, outside a tube, they polarize its surface and generates a scalar potential,
which reads

2 _
+ ) Glp02) = —ax o Pg e —20) (A1)

(Etot(pv ¢a Z) - Z kc

J

Z Z/ dkcos(k z—zj))eim(¢_¢j)Aijm(kp) (A2)

Ir—rl
j 1 m=—o0

2
=1

In equation (A2), the first term at the r.h.s. is the summation of the bare Coulomb terms
which are created by the charged particles, and k., = m with €y being the absolute dielectric
value of the vacuum and € the dielectric value of the material where the system is embedded. The
second term at the r.h.s. of equation (A2) describes the induced potential. It contains the term
Yo e(@=%;) which is the discrete Fourier transform of §(¢ — ¢j) with m = 0,1,2,3, ...
being the integer modes taking values from minus infinity to plus infinity, and the integral
Jiso dkcos(k(z — z;)) that being the continuous Fourier transform of §(z — z;). The function
Tin(kp) is a linear combination of modified Bessel functions first kind, I,,,(z), and second kind,
K, (z), and the term T,,(kp) depends on the position of the dipole and on the boundary
conditions, which must be satisfied by the total potential.

The total potential vanishes as the radial distance tends to infinity and should be finite as
the radial distance tends to zero, except in the case that a charged particle is located at the
origin. Also, if the mathematical treatment is limited to metallic or semi-metallic tubes, then
their surface must be an equipotential surface, and the total potential on it equals zero.

By expanding the Coulomb terms of Equation (A2) in cylindrical coordinates, and by applying
the proper boundaries - the total potential on the surface of the tube is zero, and it is vanishing
as p — oo - and by considering that |g1| = |g2| = ¢ with (g1 > 0 and ¢2<0), the total induced
potential at (p, ¢, z) with p > «

Pind(p, b, 2) = 2kcq{ Z / dkCos(k(z — z))em(@—phi) Tn(kQ) 1 sk (ko)

= Km(ka)
memee o (A3)
m;)o/ dkCos(k(z — 22))e™ phm)Km((kO;))k (ko2)Km (ko))

We consider two systems of axes. In the first one, the principal system (z,y, z) describes the
coordinates of the cylinder, and the second one - the auxiliary system (2’3, 2)- describes the
dipole. The origins of the two systems are connected by a vector displacement pg. The center of
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Figure 2: Schematics of the relative positions of a dipole with respect to a cylinder.

the dipole is located on 2’ axis and the orientation of the dipole forms an angle § with the same
axis, see Figure 2.

The parameters Az, A¢, p1, p2, are written in terms of pg, and 6, as follows

= = |/ 2+ (sini0)? (A1)
Az =lcos(0) (A5)
2 (Lo 2
A — cos—L [ Pi—(55in(0)) A
’ p% + (Lsin(6))? (46)
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