Journal of Sound and Vibration 619 (2025) 119391

Contents lists available at ScienceDirect

Journal of Sound and Vibration

journal homepage: www.elsevier.com/locate/jsvi s

Check for

PSAFE: A semi-analytical finite element formulation for spatially
periodic structural systems

S. Mariani” *, F. Zeighami'”, A. Marzani'”, A. Palermo

Department of Civil, Chemical, Environmental and Materials Engineering — DICAM, University of Bologna, Viale del Risorgimento
2, Bologna, 40136, Italy

ARTICLE INFO ABSTRACT

Keywords: In this article, we present a semi-analytical finite element (SAFE) scheme that enables modeling
SAFE spatially periodic structural systems. This represents a fundamental extension of the existing
PSAFE ) SAFE methods, which strictly require translational invariance along the wave propagation
Bloch expansion direction. Specifically, we develop a formulation that considers viscoelastic plates equipped with
Metamaterials . is . .
Wave propagation regularly spaced resonant structures under plane-strain conditions. Our approach involves (i)
Periodicity & imposing Bloch conditions on the unknown displacement field within the plate, (ii) discretizing

only the plate’s cross-section, and (iii) modeling the resonant structures as periodic mechanical
impedances. This effectively transforms the problem into Fourier space, where the geometrical
coordinates are replaced by their Fourier series expansion counterparts. As a result, we obtain
an infinite set of coupled equations governing the plate’s dispersion relations, each of which
corresponding to a specific Fourier coefficient and containing an infinite number of terms
associated with the periodic resonant structures. To solve this problem numerically, we truncate
the infinite series to a finite number of terms and then recast the system into a linearized
eigenvalue problem. By means of two case studies, we show that accurate results can be
achieved even with low truncation orders, and that the accuracy can be refined by increasing
the system’s dimensionality, though at the cost of higher computational expense.

1. Introduction

The study of wave propagation in thin structural components such as plates has been largely driven by its numerous applications
in non destructive evaluation (NDE) [1] and structural health monitoring (SHM) [2]. More recently, this topic has also gained
significant attention from researchers involved in the design of metamaterials. This is because structures comprising elastic
waveguides coupled to periodic arrays of resonators exhibit complex dispersion characteristics, such as frequency bandgaps, mode
conversion, and other phenomena that are of interest for wave manipulation and attenuation [3]. Understanding these effects
requires accurate computational methods capable of capturing the interactions between the waveguide and the resonators as well
as the periodicity of the system. For the latter aspect, the formulation of the elastodynamic equilibrium equation requires the use
of Bloch wave conditions [4]. Other than via analytical methods, which, however, typically rely on a simplified model for the
waveguide’s behavior [5,6], at present, the full elastodynamic solution for periodic structural systems can only be obtained via
numerical schemes, such as the finite element (FE) method.

In this context, two approaches are possible [3]. The first one, known as Bloch Operator Finite Element Method (BOFEM),
assumes a Bloch displacement solution of the problem, builds its weak form utilizing Bloch test functions and discretizes the weak
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form equation over the “unit cell” (i.e., the fundamental repeating unit that defines the structure along the wave propagation
direction) domain [7]. In the second approach, known as Wave Finite Element Method (WFEM), the unit cell domain is discretized
in a standard FE manner, and Bloch conditions are applied at the boundaries of the unit cell [8]. Notably, both approaches require
the full discretization of the waveguide’s unit cell, a condition which could lead to high computational costs, especially in the
context of dispersion analysis where multiple eigensolutions at several wavenumber or frequency steps are sought. For this reason,
reduced order models based on either WFEM [9] or BOFEM [10,11] have been developed to alleviate the computational burden.
Still, a major improvement can be achieved by discretizing only the cross-sectional domain and assuming an analytical solution
along the wave propagation direction, as is typically done in semi-analytical finite element (SAFE) formulations [12]. However,
existing SAFE implementations are limited to structures with translational invariance along the wave propagation direction, making
them unsuitable for spatially periodic structures.

Typically, semi-analytical formulations uses standard finite element spaces [13-16], although some other variants of SAFE
use non-uniform rational B-splines (NURBS) [17], spectral collocation [18] or peridynamic differential operator [19]. All these
formulations lead to the formation of an eigenvalue problem, whose solution provides the dispersion relations. Importantly, the SAFE
approach also enables the modeling of adjacent unbounded domains coupled to the structure of interest, though this comes at the cost
of added complexities and, often, of much increased computational dimensionalities for the associated eigenvalue problems [20-22].
At present, there exist a few SAFE implementations that have been made available as open-source tools [23,24] or packaged into
software made available to the interested practitioners or researchers in the NDE or SHM fields [25,26]. Nonetheless, to the best
of our knowledge, none of them have yet found applications for waveguides coupled to periodic resonant structures. Notably, an
initial extension of the SAFE method to model waveguides equipped with resonant structures has been presented by some of the
authors of this article, although employing a homogenization approach that restricts the analysis to the long-wavelength regime
and thus neglects the effects of periodicity [27].

In this work, we extend the SAFE formulation to analyze plates coupled to arrays of resonant structures, fully accounting for their
periodic arrangement along the wave propagation direction. This is achieved by (i) imposing Bloch conditions on the displacement
field, (ii) discretizing only the plate’s cross-section (i.e., effectively reducing the discretization to a 1D domain under plane-strain
conditions), and (iii) modeling the resonators as periodic mechanical impedances. We then derive an approximate solution to the
resulting eigenvalue problem, which can be refined as needed by increasing the problem’s dimensionality, albeit at the cost of higher
computational expense.

The remainder of the article is structured as follows. Section 2 derives the semi-analytical finite element formulation for
plates coupled to periodic arrays of resonators. Section 3 presents and discusses the numerical results obtained from two different
case studies, one involving mass—spring-dashpot oscillators and the other slender resonant structures. Finally, Section 4 gives the
conclusive remarks.

2. Semi-analytical finite element formulation

We investigate the propagation of elastic plane waves along a plate coupled to an infinite array of slender resonant structures
attached to its upper surface, as illustrated in Fig. 1(a). The plate is made of an isotropic linear viscoelastic material having density
p and supporting longitudinal and shear waves traveling at speeds ¢; and c;, respectively. The resonant structures are invariant
along the out-of-plane direction y and periodically arranged along the wave propagation direction x with constant spacing d, and
have identical mechanical properties. With these assumptions, this system can be studied along the x-z plane under plane-strain
conditions. The unit cell consists of a plate segment of length d, including a slender resonant structure, which defines the periodicity
of the system.

Our goal is to model the wave propagation problem in the coupled system by formulating it solely in terms of the dynamic
equilibrium of the plate, which is eventually discretized using an ad-hoc SAFE methodology, which we denote PSAFE (where “P”
stands for “periodic”). To this end, we model the resonators as displacement-dependent tractions (i.e., impedance-type loads) exerted
at the top surface of the plate. Note that, although such tractions are shown in Fig. 1(b) as being uniform over the resonators’
footprints, their actual form depends on the modeling assumptions chosen to describe the resonators’ effects on the plate’s dynamics.
As a matter of example, we consider two different scenarios in Section 2.3. Consequently, the displacement (u), strain (e), stress
(o), and external traction (t) vectors within the plate are expressed as:

u EXX o—XX t
u(x, z,t) = [ux] , ex,z,t)=|e |, ox,z,0)=|0, |, tlxz0)=t"F(xz=01)= [l"] (€))
: Yrz Tz :

where ¢ is time and the only external tractions we allow are those exerted by the resonant structures (t'S).

Assuming time-harmonic motion at circular frequency w, we omit the associated time exponential factor (exp(—iwr)) in all
variables and retain only their spatial dependence. Considering the periodicity induced by the arrangement of the resonators, the
displacement field u(x, z) must satisfy the Bloch conditions [4], and hence can be expressed as:

+o0 L . d/2 o
u(x, z) = 2 a,(z)e" e, f,(z) = % / u(x, z)e <X dx 2
n=—oo —d/2

where & = 2z/d is the modulation wavenumber associated with the period length d (i.e., with the spatial modulation due to the
resonant structures), £ is the unknown wavenumber(s) in the first Brillouin zone [28] at the specific frequency w and u,(z) is the
nth Fourier coefficient of u(x, z).
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Fig. 1. Schematic of a plate coupled to an infinite array of equally spaced resonant structures at its upper surface. (a) General physical scenario. (b) Unit cell
of the problem, with the resonant structure represented by the tractions it exerts on the plate, and also showing the degrees of freedom for a one-dimensional
three-node element.

2.1. Finite element discretization

We discretize the cross-sectional domain of the plate lying on the y-z plane, £, by n, three-node one-dimensional finite elements
(as shown in Fig. 1(b)), each having domain £,. This results in a total of n,,4es = 2 X ng; + 1 nodes and ngyr = 2 X nyqes degrees-
of-freedom. We then approximate the variation of the generic nth coefficient @,(z) of the displacement field u®(x, z) along the
z-direction over the generic 2, as:

9(z) = N(2)0® 3)

where the vector IAJEf) collects the component-wise nth Fourier coefficients of the nodal displacement vector

UOw=U, U; U, U; U, Uzk]T = Y® (Welntxeiéx (T being the transpose operator) and N(z) is the shape function
matrix, which reads:

n=—oo0

N 0 N. 0 N. 0
Nz = |V 2 3 4
@=lo N 0 N 0 N ®
Consequently, the displacement field over the element domain u‘®(x, z) can be expressed as:
+oo o
u@(x,2) = N@UO(x) =N(z) ) U[elnxelx 5)
n
n=—00
The compatibility equations over the element domain reads:
1 0 0 0
£9x,2) = [in +L.2|u9x 2, Le=lo o] L.=|0 1 6)
0 1 1 0
hence the strain vector over the element domain, £ (x, z), can be expressed as:
+oo .
e90x,2) = ) (By(2)+1i (& +nE) By(z)) O elreié %)
n=—00
where B;(z) = L,N (z), and B,(z) = L,N(z), in which N (z) is the derivative of the shape function matrix with respect to z.
The constitutive equations relate strains £°)(x, z) and stresses 6‘°)(x, z) over the element domain as:
69(x,z) = CWe¥(x, 2) 8)
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where C© is the generally complex material’s stiffness matrix. For a linear viscoelastic material subjected to time harmonic motions,
the latter can be expressed as C© = C©” —iC©®”, where C” and C©" contains storage and loss moduli, respectively.

Considering that the only external tractions we allow are those exerted by the resonant structures, we express the external traction
over the generic 2, as a frequency-dependent mechanical impedance matrix Z(¢)(x, w), which is periodic along x with period length
d, multiplied by the nodal displacements and corresponding shape functions as:

t©(x, z) = N(2)ZO (x, )U®(x) 9)

By taking the Fourier series expansion of Egs. (9) we obtain the following expression for the external traction over £,:
+oo +oo B
902 =Nz Y, Y ZV(@)0Pelrrmexeits (10)
n=—00 p=—00

where the double summation reflects the convolution structure in Fourier space, hence we have introduced a new index p with
Zﬁf)(w) being the pth Fourier coefficient of Z()(x, w). Note that Z®(x, ) is a 6 x 6 matrix whose entries are zeroes for all elements
except for the case of the first element (i.e., Z(x, ®)), whose top-left 2 x 2 entries can differ from zero (since its first node lies at
the plate’s top surface).

The principle of virtual work for the eth element (e = 1,2, ...,nq) and for any pair of mutually-consistent virtual displacement
(6u'®(x, z)) and strain (6¢'®)(x, z)) vectors prescribes the following relation between the work done by the external traction and the
increments of kinetic and potential energies:

/< ) su@" (x, 2t (x, z) dB® = /( ) su®" (x, 2)(p9a 9 (x, 2)) dA® + /( ) Se(e)T(x, 2)6©@(x, z) dA® (11
Bl A Ale

where [p, [JAB® is the line integral over upper and lower boundaries of the element, [,., [1dA® is the surface integral over the
element, p(© is the density of the material, and the two dots over a term indicate second derivative with respect to time.
By expressing the virtual displacement and strain vectors as:

+00 +oo
su®(x, z) = N(z) 2 sUCeinxemiex - 5e)(x, z) = z (B, (2) =1 (& + n€) By(2)) 50 e Inexeitx 12)
n=—00 n=—00

and by substituting Egs. (5)-(10), (12) into Eq. (11), the latter yields:

Z 50" / [NT(2)N(z)| dB© Z 29(@)0 el =
B©

n=-—00 p=—00
+oo
> 509" w? / [/©NT (2)N(z)] dA©TE)
n=—oo A©
Z 50" / " (BT (2) — i (& + n€) B] (2))C(B, (2) + i (& + n€) By(2))] dAVTY (13)
Ale

After rewriting [, (0dB® = [ [Odx and [, (0dA©® = [ / o Ddzdx with z{ and z(e) being the z coordinates of upper and lower

nodes for the eth element (as indicated in Fig. 1(b)), some algebralc manipulations yield:

+00 +oco  +oo
Y [KO +ite + DK + €+ nEPKE - 0?MO 00 = 3 ZO@)0 e =0 14)
n=—oo n=—00 p=—00

where K(l"), K(z"), K;") and M© are “standard” stiffness and mass matrices as used in previous SAFE formulations [15,27], which
read:
Z(f) Z(E)

() k . () k . &
K = /z“’ [BI(z)C@B,(2)] dz, K}’ = /z@ [BY(2)C@B,(z) - B] (2)CB,(2)] dz

£@ (e)

K = /U" [B] (2)CBy(2)] dz, M€ = /( f [*N"(2)N(z)] dz (15)

By applying standard finite element assembling procedures to Eq. (14), the following system of governing equations is obtained:

+oo +o0  +o0
Y K +ig K+ £K ~ oM 0, 3 3 Z,@)0,e" =0 (16)
n=—oo h=—00 p=—00

where &, = &+ né is the total wavenumber expressed as the contribution of the wavenumber in the first Brillouin zone ¢ and that of
the modulation wavenumber & K, K,, K; and M are ng.¢ X ngqof matrices; U, is the nth Fourier coefficients of the ng, global nodal
displacement vector U(x), and Zp(“’) is the pth Fourier coefficient of the ngys X ngor global impedance matrix Z(x, ).

Eq. (16) provides the w — ¢ dispersion relations for the considered system. In order to simplify it, we pre-multiply both sides by
eihfx.f/(Zn), where h is an arbitrary integer, and we integrate the result over the modulation period, i.e., from —z /& to z/& [29].
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Then, leveraging the orthogonality of harmonic functions [30], we drop the summation in » and we rewrite it as the following
system of equations, which must hold for any integer value h:

+00
K, +i&,K; + &Ky = M| U, = Y Z,(@)U0,_, =0, withheZ a7)
p=—c0

where &, = & + hé.
2.2. Numerical solution of the eigenvalue problem

In order to solve Eq. (17) numerically, we approximate it by setting |n| < P and |p| < 2P, where P is an integer number, hence
obtaining:

+2P
[K; +i&,K, +EK; —?M] U, = Y’ Z,(@)0,_, =0, with [n| <P (18)
p=-2P

As a matter of example, by choosing P = 1 and expanding the terms, Eq. (18) reads:

E, 0 0 2,0 0
LK +i| 0 & 0 [®K+[0 & 0 |®K;
0 0 &, 0 0 ;{1

?o(w) 251(00) ?72(0’)
~’LOM = |2, (@) Zy@) Z )

U
U,
Zy(w) Zp(w) Zyw) ||[Uy

0
=0 19

0
where ® and I, indicate Kronecker product and identity matrix of size k, respectively.

For a given real and positive angular frequency w, Eq. (18) can be seen as a quadratic generalized eigenvalue problem of size
(2P + 1) X ngo with respect to the complex wavenumber &, = £ + h€. At this stage, it is worth noting that the additional eigenvalues
that are obtained by increasing P are replicas at higher order Brillouin zones (2| > 0) of the solutions ¢ found at the first Brillouin
zone (h = 0), rather than additional physical solutions. Finally, Eq. (18) can be linearized by reformulating it into a first-order
eigensystem, thereby doubling its algebraic size, as:

0 A A, O ) 0
- .| = 2
([Ao Al] ¢ [ 0 —A2]> [5@] [0] @
where & = [ﬁ_ p .. 0Oy ... 0, p]T, while the quantities A, A, and A, are given as:
Ap=DLpy K| +iED Q K, + ED? @ K; — 0’ Lyp,; @ M — E(w),
A =ilp,, ®K, +2D Q K, 2D
Ay =Lp, QK

where D = diag(-P,—P +1,...,0,..., P — 1, P); o indicates Hadamard (element-wise) product; and = is a (2P + 1) X 2P + 1) matrix
arranged as:

Zo@) L@ e Zop@
E(w) = Z+1:(a)) Zﬂfw) Z—ZP;H(CU) 22)
Z+2P (@) Z+21>71 (@) - 20(00)

2.3. Examples of impedance matrices due to different types of resonant structures

2.3.1. Discrete mass—spring-dashpot oscillators
Here we consider the case of a periodic array of single-degree-of-freedom oscillators coupled to the top surface of the plate with
spatial periodicity d, as shown in Fig. 2(a). We model them as discrete mass—spring-dashpot oscillators with mass m,, stiffness k,,,

and damping coefficient c,. Hence, the equation of motion at the location x, = pd (with p € Z), where the generic pth oscillator is
located, is given by:

d2uo duo duzp
mge e (G =) k() =0 @

where u, denotes the absolute displacement of the oscillator’s mass in the z-direction, while u,, is the z-directed displacement of
the top surface of the plate at x, = pd. Assuming a time-harmonic motion at frequency o at the base of the oscillator and omitting
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Fig. 2. Schematic of a plate coupled to an infinite array of equally spaced single-degree-of-freedom oscillators at its upper surface. (a) General physical scenario.
(b) Spatial distribution of the tractions exerted on the plate and (c) its Fourier series coefficients.

the associated exponential time factor (exp (—iwt)) in all variables, the z-directed traction exerted by the pth oscillator on the plate
can be expressed, after some algebraic manipulations, as:

2
2 m,w-(ioc, + k,)
t, = mywu, = ——————

zp L3

» = Lo(@u, (24)

—w?m, +iwc, + k,

Since the traction terms given by Eq. (24) are concentrated at specific discrete positions due to the periodic arrangement of the
oscillators, their overall effect can be expressed as:

Y, t,6(x = pd) = L”;w)uzp > el (25)

p=— p=—00

where we made use of the Poisson Summation Formula [31].
Rearranging Eq. (25) in terms of the global nodal displacement vector U featured in our PSAFE formulation (in particular, noting
that u,, corresponds to U,,), the generic pth Fourier coefficient of the global impedance matrix can be written as:

R 0 Ly 0|1
Zw =, D oole (26)
0 0 0 0

This expression for Zp(a)) can be used in Egs. (16)—(22) to obtain the dispersion relations for plates coupled to the considered
periodic array of d-spaced mass—spring-dashpt oscillators.

2.3.2. Slender resonant structures

Here we consider a periodic array of vertically-oriented plates capable of supporting both flexural and compressional resonant
modes. These structures have thickness a < d and height 4, are made of homogeneous and linear elastic materials, and are perfectly
bonded to the top surface of the plate. The geometrical configuration is that shown in Fig. 1(a). We model the effects of such array
of resonant structures on the plate’s dynamics using ad-hoc impedance functions, whose derivations are detailed in Appendix A. In
particular, Egs. (A.5), (A.11), (A.12) provide the frequency-dependent tractions ¢, and ¢, exerted by the pth resonant structure over
the contact area at the top surface of the plate, i.e., in the domain X, € [x,—a/2,x,+a/2] at z=0, where x, is the x-coordinate of
the central axis of the pth resonant plate, as:

1.(X,, w) = r(x,)L i (0)uy,
1,(%p, @) = 1D (x,, @) + 1 (x,, 0) = F(X,) (@), + 5(X,) L pr(@)uy, (27)

where r(x,) = 1 in x,; s(x,) varies linearly from —a/2 to a/2 in x,; Uy and u,, are the x- and z-directed displacements of the top
surface of the plate at x, respectively; and the two contributions to the z-oriented traction ¢, due to longitudinal and flexural plate
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Fig. 3. Case of a plate coupled to an infinite array of equally spaced slender resonant structures at its upper surface. (a—c) Spatial variations over the contact
area of a resonant structure of the tractions caused by its (a) longitudinal and (b,c) flexural motions. (d) A periodic rectangular pulse function and (e) its Fourier
series coefficients. (f) A periodic sawtooth function and (g) its Fourier series coefficients.

(Z” and t(zf ), respectively. The spatial variations of t(zl), l(zf ) and t, over the region x, are displayed in Figs.

3(a—c), while they are null elsewhere in the spatial period d.

vibrations are denoted ¢

Considering the periodic distribution of these resonant structures, the spatial variation of r(x) over the top surface of the plate
is that of a periodic rectangular pulse function (as shown in Fig. 3(d)) with period d, pulse length a and unitary amplitude. The
Fourier series expansion of such function yields the following coefficients 7, [32]:

s for p=0
().
sin{ == ), or p#0

~>
Il
BN

(28)

N

P

whose distribution is schematized in Fig. 3(e).

The spatial variation of s(x) over the plate is that of a periodic sawtooth function where the amplitude within the active area
varies linearly from —a/2 to a/2. Such function is depicted in Fig. 3(f), and its Fourier series coefficients §, can be computed
numerically (e.g., in MATLAB environment) yielding a distribution as that shown in Fig. 3(g).

After rearranging Eq. (27) in terms of the global nodal displacement vector U of our PSAFE formulation (where u,, and u,,
correspond to U,; and U, respectively), the pth Fourier coefficient of the global impedance matrix can be expressed as the sum
of two contributions, one due to the traction terms #,(x) and t’z(x), which are spatially distributed as a periodic rectangular pulse
function, and the other to t{ (x), which is distributed as a periodic sawtooth function, as:

Lp@ 0 0 0 0 0

, 0 L ol |z 0 0

Z=| | ’f“’) Sl fzs(“’) S 8 29)
0 0 0 0 0 0 0 0

This expression for Zp(w) can be used in Egs. (16)—(22) to obtain the dispersion relations for plates coupled to the considered
periodic array of slender resonant structures.
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3. Numerical results

In this section, we compute and discuss the dispersion curves for a 1 mm-thick steel plate, modeled as a linear elastic material
with density p = 7700 kg/m3 and supporting longitudinal and shear waves traveling at ¢; = 5960 and ¢, = 3260 m/s, respectively.
We discretize the cross-section of the plate using 5 one-dimensional three-node elements, for a total of 11 nodes and 22 degrees of
freedom. Two different case studies characterized by the presence of two different arrays of periodic resonant structures coupled to
the top surface of the plate are considered, namely (i) one involving discrete mass—spring-dashpot oscillators of the type discussed
in Section 2.3.1, and (ii) the other involving thin resonant structures as those discussed in Section 2.3.2. Note that, as a preliminary
validation of our PSAFE approach, in Appendix B we also compare the dispersion results obtained for the pristine plate, namely in
the absence of resonators, to those given by the WFEM method [8] developed in COMSOL Multiphysics [33].

3.1. Case of discrete mass—spring-dashpot oscillators

The geometrical configuration of this structural system is that shown in Fig. 2(a). The oscillators under consideration have
a mass m, = 0.00154 kg, a damping coefficient ¢, = 0, and a resonant frequency f, = 1 MHz, and they are regularly spaced
along the x-direction with an inter-distance d = 2 mm. The dispersion relations for the oscillators-coupled plate are described
by Eq. (18) where the Fourier coefficients of the global impedance matrix are those given by Eq. (26). Solutions are obtained by
solving the corresponding eigenvalue problem expressed in Eq. (20), i.e., by prescribing an angular frequency » and solving for
the corresponding complex wavenumbers £. In particular, we obtained three sets of solutions for the same range of w values by
choosing three different truncation orders, P = 1, P = 5, and P = 20. Results are given in terms of the real and imaginary parts
of the corresponding wavenumbers in Fig. 4(a) and Fig. 4(b), respectively, with Fig. 4(c,d) zooming in the two regions of Fig. 4(a)
marked with green rectangles. The solutions pertaining to P = 1, P =5, and P = 20 are plotted with black, yellow, and blue dots,
respectively. Fig. 4(a,c,d) also shows with red circles the results given by the WFEM method applied on an analogous 2D finite
element plane-strain model of the coupled oscillators-plate system, whose details are provided in Appendix B.

Fig. 4(a,c,d) show that by increasing the truncation parameter P one can improve the accuracy of the PSAFE results, until
essentially converging to the WFEM solution. In particular, at P = 1 there exists a noticeable discrepancy between the results given
by PSAFE and WFEM in regions where oscillators-plate interactions are strong, i.e., in a frequency band centered at 1 MHz. As P is
increased to 5, the PSAFE predictions align more closely with the WFEM results, hence capturing the key dispersion features with
much better accuracy. Finally, at P = 20 (blue dots) the agreement with the WFEM solution is almost exact, as can be more clearly
observed in the zoomed-in views of Fig. 4(c,d).

This improvement in the solution’s accuracy comes at the cost of an increased computational effort, as a larger truncation order
requires solving a higher-dimensional eigenvalue problem. Thus, a trade-off must be considered between accuracy and computational
efficiency when selecting P for practical applications. For example, for applications involving e.g. metamaterial design or vibration
control, one may wish to run the preliminary studies at low P values to speed up the selection of some of the parameters under
consideration, before increasing P when converging towards the final stages of design. In this respect, Fig. 5 is very informative,
as it shows the time required by our laptop mounting an Intel i7-1255U CPU, a mid-range processor for business use (at time
of writing), when using the built-in MATLAB function “eig” [34] to provide the wavenumber solutions corresponding to a single
angular frequency w as P is varied from 1 to 20. As a matter of example, at P = 5 the computational speed is still excellent, with
less than 0.5 s required for the solution (an order of magnitude higher than the P = 1 scenario). At, e.g., P = 20, instead, the
computational cost becomes significantly more demanding, and the time required for the solution of the corresponding eigenvalue
problem is about three order of magnitudes higher than P = 1.

Fig. 5 also indicates with a red horizontal line the time required by the same laptop to provide the lowest 10 frequency solutions
at a single wavenumber when using the WFEM method implemented as discussed in Appendix B (and whose full set of results are
those plotted with red circles in Fig. 4(a,c,d)). Note that a direct comparison with the computational times of PSAFE requires some
caution, as PSAFE furnishes all complex wavenumber solutions at a fixed frequency, while in our WFEM’s implementation it is the
real part of the wavenumber that is fixed (the imaginary part not being considered), and the exact computational time would depend
on the number of eigenfrequencies being sought. Furthermore, the computational costs would also depend on the specific choices
made for the 1D and 2D meshes required in PSAFE and WFEM, respectively. Nevertheless, it is still informative to note that the
computational time of WFEM is approximately 4 s, hence an order of magnitude faster than the solution at P = 20 of our PSAFE
method, though being two and one orders of magnitude slower than the PSAFE’s solutions at P = 1 and P = 5, respectively. As a
final remark on computational times, note that they can be reduced in WFEM by implementing a dynamic condensation technique,
which allows internal degrees of freedom to be eliminated prior to solving the eigenvalue problem [35].

In the following, we provide some comments on the physical phenomena represented in Fig. 4, which have been analogously
captured by both our PSAFE formulation and the WFEM approach. The system’s periodicity induced by the oscillators modifies the
dispersion curves of the “classic” plate modes, causing them to undergo folding. This is characteristic of phononic crystals, where
the periodicity of the structure modifies the wave propagation characteristics, creating a periodic band structure. The periodicity
also induces a bandgap between the A0 mode and its folded branch around the frequency range (0.42 — 0.46) MHz, located at the
maximum wavenumber, ¢ = x/d. This bandgap is indicative of a Bragg scattering mechanism, where the propagation of AO mode
is inhibited due to destructive interference between counter-propagating waves. The presence of this bandgap is further confirmed
by the emergence of a bubble-like shape in the imaginary wavenumber plot, as shown in Fig. 4(b). The imaginary wavenumber
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Fig. 4. Dispersion relations of a 1 mm-thick steel plate coupled to an array of mass—spring-dashpot oscillators, spaced 2 mm apart, on its top surface. (a) Real
and (b) imaginary parts of the complex wavenumbers corresponding to plane waves in the system. (c,d) Zoomed-in views of the two green rectangular regions
in (a).

reveals the evanescent nature of the AO mode within this frequency range, indicating exponential decay of wave energy. Similarly,
S0 mode and its folded branch open a tiny bandgap in the frequency range (1.33 — 1.35) MHz.

When the SO mode approaches the resonance frequency of the oscillators (f, = 1 MHz), it undergoes hybridization with them,
resulting in a reduction of its phase velocity, and causing the elastic wave energy to be trapped within the oscillators rather than
propagating through the plate. This interaction induces a very narrow bandgap, which is typical of local resonance mechanisms,
resulting in a significant attenuation of the propagating waves, as evidenced by large imaginary wavenumber values around 1 MHz.
Both WFEM and PSAFE for P = 20 reveal that the system’s resonance frequency actually occurs at about 0.9 MHz, i.e., at a lower
frequency than the oscillators’ intrinsic resonance f, = 1 MHz. This frequency shift is primarily due to the relatively large inertia
of the oscillators with respect to that of the plate, which essentially behaves as a soft foundation.

Notably, both PSAFE and WFEM accurately capture the avoided-crossing behavior between the propagating branches and their
folded counterparts. Indeed, the mode veering between the folded branch of the A0 mode and the SO mode results in the formation
of a bandgap within the frequency range (0.71 — 0.74) MHz, which is best observed in Fig. 4(d). This mode veering effect is similar
to that regarding the interaction between the hybridized SO mode and its folded counterpart around resonance.

3.2. Case of slender resonant structures

In this section, we consider the structural system depicted in Fig. 1(a), where the resonant structures have thickness a = 0.2 mm,
height ~ = 4 mm, and are made of the same steel material used to model the plate. The resonant structures are regularly spaced
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along the x-direction with an inter-distance d = 2 mm. The dispersion relations of such periodic waveguide are described by Eq. (18)
where the Fourier coefficients of the global impedance matrix are those given by Eq. (29). As in the previous section, the dispersion
curves are obtained by solving the eigenvalue problem expressed in Eq. (20). In this case, two truncation orders are considered,
namely P =1 and P =5, and the corresponding results are plotted with black and yellow dots, respectively, in Fig. 6. In particular,
Fig. 6(a,c,d) refer to the real parts of the wavenumbers, while Fig. 6(b) to the imaginary ones. The resonance frequencies associated
to longitudinal and flexural vibrations of the plates, as given by Eq. (A.5) and Egs. (A.11), (A.12), respectively, are indicated by
purple and cyan dashed lines, respectively.

Fig. 6 also plots with red circles the dispersion relations obtained via the WFEM method on a similar, though slightly different,
structural system (the details of which are again provided in Appendix B). In fact, while the geometrical and material properties
of the slender resonant structures modeled in the PSAFE and WFEM approaches are nominally identical, the discrepancy primarily
stems from two factors: (i) our current PSAFE implementation assumes a Kirchhoff plate flexural behavior for the resonant structures,
while in WFEM they are discretized using 2D finite elements under plane-strain conditions, and (ii) PSAFE neglects rotational degrees
of freedom at the junction between the resonators and the plate as discussed in Appendix A, whereas the WFEM model allows for
such rotations. Both differences point towards a slightly stiffer structural system being modeled in PSAFE. Consequently, in this
case perfect agreement between PSAFE and WFEM is not expected, and the WFEM solution provided in this section only serves as
a reference.

The frequency range considered in Fig. 6(a) includes the first four resonance frequencies associated to flexural vibrations of
the slender resonant structures (occurring at 12, 70, 194 and 379 kHz) and the first resonance due to longitudinal vibrations
(at 327 kHz). Similarly as in the previous scenario, the PSAFE solutions accurately capture the key dispersive characteristics of
the system, including the hybridization of propagating modes around flexural and longitudinal resonances, mode veering, and the
formation of bandgaps, which are primarily driven by localized resonant effects and are confined to narrow frequency ranges. The
effects of these bandgaps are also observed as bubble-like features in the attenuation plot of Fig. 6(b).

A more detailed view of the dispersion curves at a lower frequency range (0—0.1 MHz) is provided in Fig. 6(c) in order to better
appreciate the effects of the first two flexural resonances, which introduce cut-on frequencies in both A0 and SO modes, leading
to the emergence of multiple branches. Note that, since PSAFE produces complex wavenumber solutions from given real frequency
values given as input, the sampling resolution of the dispersion curves is proportional to their slopes, hence fewer points are seen in
the near-horizontal regions of Fig. 6. Clearly, if one wishes to increase the sampling of such regions, it would be sufficient to adopt
localized finer frequency resolutions, hence without excessively compromising the overall computational time.

The differences in the dispersion curves given by the two considered truncation orders P = 1 and P = 5 are almost indiscernible
at low frequencies (e.g., below 0.2 MHz), while they become more appreciable at higher frequencies. For example, some differences
can be clearly observed in Fig. 6(d), which zooms on a region characterized by intricate mode veering and hybridization effects
induced by the relatively close values of the fourth flexural and first longitudinal resonance frequencies. Finally, a comparison
between PSAFE and WFEM solutions confirms that, as expected, the structural system modeled in PSAFE is slightly stiffer than that
of WFEM, particularly in the regions dominated by the flexural vibrations of the slender resonant structures, although the overall
dispersive characteristics of the two structural systems remain very similar.
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4. Conclusions

We presented a semi-analytical finite element formulation that enables modeling viscoelastic plates equipped with regularly
spaced resonant structures under plane-strain conditions. This was achieved by imposing Bloch conditions on the displacement field
and by modeling the resonators as periodic mechanical impedances. Consequently, we obtained an infinite set of coupled equations
governing the plate’s dispersion relations in Fourier space, each containing an infinite number of terms associated with the periodic
resonant structures. We then proposed a numerical solution to such problem that involved truncating both infinite series of equations
and boundary condition terms, before recasting the system into a linearized eigenvalue problem. Since this method only requires
the discretization of the plate’s cross-section (effectively a line through the plate thickness), it can greatly aid and speed up the
design of periodic structures for applications such as metamaterial design or vibration control.

We illustrated the potential of this formulation, which we denoted PSAFE, through two case studies involving a steel plate
equipped with either discrete mass—spring-dashpot oscillators or slender resonant structures, whose effects on the plate’s dynamics
were modeled using ad-hoc impedance functions. The resulting dispersion curves, providing the relations between real and imaginary
parts of the wavenumber as a function of frequency, were discussed and validated against the solutions given by the well-established
Wave Finite Element Method. Specifically, we showed that, even at very low truncation orders, PSAFE was able to capture the
fundamental physics of the problems including the emergence of bandgaps, mode veering, and hybridization of plane waves with
local resonance of the resonators. We also showed that the results’ accuracy can be refined by increasing the system’s dimensionality,
though at the cost of higher computational expense. Practically, this means that a practitioner or researcher involved e.g. with
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metamaterial design may prefer to run preliminary studies at low truncation orders, before increasing it when converging towards
the final design’s stages.
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Appendix A. Impedance boundary conditions of slender resonant structures coupled to the top surface of a plate

In this section, we derive closed-form expressions for the tractions exerted by a periodic arrangement of slender resonant
structures which are perfectly bonded to the top surface of a plate. The geometrical configuration and the considered reference
system are as shown in Fig. 1(a).

A.1. Normal stresses due to longitudinal vibrations

By neglecting lateral effects, the longitudinal vibrations of slender resonant structures fully constrained at one end and free at
the other one are governed by the one-dimensional longitudinal wave equation. In agreement to Section 2, we denote the horizontal
and vertical displacements by u,(x, z) and u.(x, z) along the x and z directions, respectively. We define a set #, = {x : x = x,,~h <
z £0,p € Z} to indicate the pth slender resonant structure placed at the position x,, such that the displacement component along the
z-axis is denoted as u(f )(xp, z). By restricting the analysis to the harmonic regime and omitting the time-harmonic terms throughout
the derivation, the equation of motion simplifies to the following expression:

[ '
<@ + ﬁm> WP (x,2)=0, for x€ 2, (A1)

where f, = o ;—” is the longitudinal wavenumber of the periodic resonant structures in which E, is Young’s modulus and p,, is
P

the mass density.
The general solution of the governing equation can assume the following form:

uP(x,, z) = C,py cos(B,, z) + Cpp sin(B,, 2) (A.2)

where the two unknown coefficients C,; and C,, can be determined by imposing the two boundary conditions for longitudinal
vibrations of clamped-free plates:
()
uip)(xp, z=0)= uz(xp,O), o(x,,z= —h) = E, Ouz
0z
namely, the continuity of the displacement at the interface between the pth resonant structure and the plate, and free stress condition
at the tip of the resonant structure. Substituting these two boundary conditions in Eq. (A.2) yields the following system of equations:

Cpi| _ |u.(x,,0)
] =[5 =

(A.3)

z=—h

1 0
By, sin(By, 1) B, cos(B,, 1)

which can be solved for the two unknowns C,; = u.(x,,0) and C,, = —u(x,,0) tan(B,, h).
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Therefore, the normal stress exerted by the pth resonant structure at its base (namely, in the region x € [x, — a/2,x, + a/2] and
z =0) can be approximated as:

) 0)——ia"—(zw— 5 B, tan(g, u,(x,,0) = L, () (A.5)
0.7 (x,0) = 1_‘/2 oz —1_‘/2 p tan(f, Mu(x,,0) = Li(w)u,, .

where v, is the Poisson’s ratio of the slender resonant structures, the subscript “/” in L;(w) stands for “longitudinal vibration”, and
u,(x,,0) has been retermed as u,,.

A.2. Stresses due to flexural vibrations

We choose to base the governing equation for the flexural vibration of the pth slender resonant structure on Kirchhoff’s plate
theory, which neglects shear deformations and assumes small deflections. Following the derivation of stresses induced by the flexural
vibration of slender resonant structures attached to the surface of an elastic half-space in Ref. [36], in this section, we present the
relevant equations for the case of a plate substrate. Under the same assumptions made in the previous section, the governing equation

reads:
(d_4 _ 132

(p) — 7
P pf) ul (x,,2z) =0, for xe B, (A.6)

where u(X”)(xp, z) is the displacement component of the pth slender plate along the x-direction, and ﬂpf is the flexural wavenumber
given by:

1/4 3
0, ha? E, a
g, == . with D,=—2— (A7)
! D, 12(1-12)
where D, is the flexural rigidity of the periodic resonant structures. The general solution to Eq. (A.6) can take the form of:
uP(x,, z) = C,y cosh(f, . z) + Cpy sinh(B, . 2) + Cp3 c08(B,, . 2) + Cpy sin(f, . 2) (A.8)
The four unknown coefficients (C,, ..., C,) can be determined by imposing the following set of boundary conditions:
(p) 2,,(P) 3,(P)
0°u o°u
(p) =0)= = = - = X =
ul(x,,2=0) = u,(x,,0), Fyl P 0(x,. 0), Py PP el (R 0 (A.9)

du;(x,0)
0x »
term can be neglected, since the dominant motion is out-of-plane displacement with minimal coupling to the rotation induced by

tangential stresses. Enforcing the four boundary conditions leads to a system of four equations written in a matrix form as:

where 6(x,,0) = represents the slope of the plate’s surface. For low-frequency flexural wave propagation, the slope

1 0 1 0 cpl ux(xp, 0)
0 1 0 1 C 0
2| =
cosh(f, h)  sinh(g, ) —cos(B, by sin, b |[C || 0 (A-10)
- sinh(/}pf h) cosh(ﬁp/ h) - sin(ﬁpf h) - cos(ﬂp/v [ Cpa 0

The unknown coefficients are determined by solving the eigenvalue problem. After some mathematical manipulations, the shear
and normal stresses exerted by the pth resonant structure at its base (namely, in the region x € [x, — a/2,x, + a/2] and z = 0) can
be approximated as:

cosh(f, h)sin(p, h) + sinh(f, h)cos(f, h)
() __Pp3 ’r ’r Pr Py _
T (0= 250, < T+ cosh(g,, m) cos(h,, ) > 40 0 = Ly, A1
» » sinh(ﬂpf h) sin(ﬂpf h) Al2
o, (x,0) = - 1 VI% ﬂpf T COSh(ﬂpf ) COS(ﬂI,[ ) (x— Xp)ux(xp,O) = LfZ((U)(x - xp)”xp (A.12)

where the subscript “f” in “L ;(»)” and “L ;,(w)” indicate “flexural vibration”, and u,(x,,0) has been retermed as u,,,.
Appendix B. Numerical verification of the dispersion curves via WFEM

The dispersion curves given by the PSAFE formulation derived in Section 2 and applied on the numerical examples of Section 3
are compared against the solutions obtained on analogous problems setup via finite element modeling in COMSOL Multiphysics.
To this end, we developed two-dimensional FE models under plane-strain conditions exploiting the WFEM approach [8]. These
numerical models represent the unit cells of the plate, with a height of 1 mm and a characteristic length of d =2 mm, which repeat
periodically along the wave propagation direction. Schematic representations of such models are provided in Fig. B.1 for (a) the
pristine plate, as well as for plates decorated with (b) discrete and (c) continuous resonators.

The FE plate models are discretized using quadrilateral elements with a mesh size of d/50, as shown in Fig. B.1(a—c). The
displacement fields within the models are approximated using quadratic serendipity elements, ensuring second-order accuracy while
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Fig. B.2. Dispersion curves for a 1 mm-thick steel plate without presence of resonators, comparing the results from PSAFE and WFEM (FE model shown in Fig.
B.1(a)) approaches.

minimizing computational cost. This setup enables efficient simulation of elastic wave propagation in our numerical examples, with
a mesh type consistent with that used in PSAFE. In the latter, as expressed in Section 3, the cross-section of the plate is discretized
using five one-dimensional quadratic finite elements. Each quadratic element consists of three nodes—one at each end and an
additional node at the midpoint. The same linear elastic material for steel used in the PSAFE models was assigned to the FE models.

Periodic Bloch boundary conditions are applied to the lateral edges of the plate’s unit cell to account for the periodicity effects
of neighboring cells, as shown in Fig. B.1. Eigenfrequency analyses are then performed by sweeping the wavenumber over the range
& € [0, #/d] and solving for the corresponding eigenfrequencies within the frequency interval [0, 1.5] MHz. The dispersion curves for
the periodic arrangement of the pristine plate’s unit cell obtained from WFEM (red circles) are compared to those yielded by PSAFE
(black dots) in Fig. B.2. As evident, a perfect agreement is achieved, with both the A0 and SO modes of the thin plate accurately
captured, confirming the validity of the adopted methods.

The dispersion curves of the first numerical case study (discussed in Section 3.1), which involves a periodic arrangement of
discrete oscillators attached to the plate’s surface, are validated by modeling a unit cell consisting of a mass—spring system positioned
at x = 0 and z = 0 (considering the reference system shown in Fig. B.1(b)) connected to the plate at its base. In more detail, the
oscillator is modeled as a truss element with stiffness k, and no damping, and it is discretized using a single-element edge mesh,
as shown in Fig. B.1(b). A tip mass m, = 0.00154 kg is added at the free end of the truss element, with its horizontal displacement
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constrained to capture only the longitudinal vibration mode of the oscillator. We set k, = (2z f,)*m, with f, = 1 MHz. The dispersion
relations given by this WFEM implementation are plotted with red circles in Fig. 4(a,c,d), where they are compared to the PSAFE
solutions.

As for the second case study (discussed in Section 3.2), the slender resonant structure is modeled as a vertically-oriented 2D plate
with thickness and height of 0.2 and 4 mm, respectively, which is positioned at the center of the horizontal plate’s unit cell (x =0
and z = 0). Such resonant structure is discretized using the same mesh type and size as the plate model, and shares the same linear
elastic material properties as the latter. The resulting unit cell’s model is shown in Fig. B.1(c), and the dispersion curves obtained
from this WFEM implementation are plotted with red circles in Fig. 6(a,c,d).

Data availability

Data will be made available on request.
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