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Explicit option pricing with additive processes

Michele Azzone* and Lorenzo Torricellif

Abstract. We propose a fully explicit and empirically sound option pricing model based on additive processes.
The model yields analytic closed formulae for pricing vanilla options, is easy to calibrate and simulate,
and fits very well the market implied volatility at an extremely low computational cost. The explicit
expressions for commonly traded products implicate that both large and small maturity leading orders
of the implied volatility level and skew — as well as large strike asymptotics — can be determined
exactly. A plethora of implied volatility shapes can thus be reproduced by just supplying appropriate
term functions, leading to nearly complete control of the implied volatility surface. The methodological
implication of our study is that, in contrast to widespread belief, realistic continuous time models
allowing explicit option pricing do exist. We finally argue that explicit additive models need not to be
only of the proposed Beta type, but by taking into account skew generation mechanisms, analiticity of
vanilla prices can be potentially determined by other kinds of distributions.

Key words. Explicit option pricing; additive processes; implied volatility surface; implied volatility skew; large
strike implied volatilities; infinitely-divisible distributions

MSC codes. 91G20, 60G51

1. Introduction. The mathematical modelling of option markets took off as an independent
strain of research in finance in the wake of the 1987 global equity market crash. The crisis
marked a discontinuity in stock option markets, as the implied volatility surface moved away
from an approximately flat shape — implying near Black-Scholes prices — and started exhibiting
convexity and asymmetry (the “smile” and “skew”). According to many this reflected the
change in the investors’ risk attitude and preferences in setting option premia [10]. In turn, this
called for new dynamic models for asset prices, some that were able to reproduce this economic
observed reality, and yet were (hopefully) simple enough to be used in the financial industry.
As research expanded its scope, new stylized facts began to be observed and studied, such as
volatility clustering and leverage effect, discontinuity of trajectories, volatility skew explosion,
returns memory, slow decay of moments, and so on, up until more sophisticated interactions
such as market microstructure roughness and the Zumbach effect [25, 13]. As a rule of thumb,
the typical approach is that of being able to reproduce this or that market feature while trying
to keep the mathematical complexity as low as required. After all, for a model to be a good one
not only it must be capable to reproduce the investigated natural phenomenon, but also needs
to be easy to implement and disseminate. This perhaps explains the reason of the successes
of the early [44] and [23] models, that despite their by now well-known shortcomings are still
widely used today.

In this respect the availability of closed or semi-closed formulae was traditionally regarded
to be a particularly good feature in a model. Even though the staggering progresses of computer
science in recent years has much eroded the computational advantage of an explicit model to
one that requires numerical handling, it cannot be denied that representability of option prices
retains an intrinsic value, to the extent to which the analytics of option prices share insight and
help to explain some underlying financial stylized facts as those mentioned. Analytical option
values thus represent today not so much a value on their own (although ease of implementa-
tion and peer communication in industry should not be discounted), but first and foremost an
instrument for the investigation and discovery of the various market determinants. In this con-
text, the implied volatility surface is a prime example. Moreover, closed or semi-closed formulae
significantly speed-up the calibration of market data and ensure consistency of hedge ratios and
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2 MICHELE AZZONE AND LORENZO TORRICELLI

other risk-management tools.

Hence, by the very beginning, mathematical model have thus appeared as a trade off be-
tween simplicity and realism. After all, Occam’s principle stipulates that the best model is the
simplest one that delivers an answer within the accepted error tolerance. On the other hand,
at least from the academic perspective, it is difficult to deny that the race for sophistication
has preponderance, which is only natural since, after all, tackling complexity is science’s main
purpose. This sometimes lead to the misconception that simple models are almost invariably
toy models; the flip side of this inference is that a mathematical model needs to be complex if
it is to be trusted.

In the present work we aim at bringing together these two apparently irreconcilable features.
We present here what we believe to be a simple, explicit, and parsimonious model which is also
able to capture well the option markets stylized facts and that performs very well empirically.
Somehow this challenges the common wisdom — in some sense, an epistemological fallacy — that
a reliable model has to be as a necessity complex, or, conversely, that a simple model is certainly
never good enough.

The modelling idea is based on additive processes to model the log-price, i.e. the model itself
is of exponential additive form. An additive process, in the sense of [52], is simply a stochastic
process with independent increments. This of course includes the usual Lévy processes, widely
popular in financial modelling, but it is a strictly larger class since returns stationarity is not
enforced. Financial models based on additive processes first came to prominence with [16] who
proposed to remedy to some shortcomings of Lévy models, especially to their inability to fit
the implied volatility term structure, using a self-similar process of index H with independent
increments introduced in [69], hence termed Sato processes. Such processes are easy to handle.
Much like an infinitely divisible distributions uniquely determines in law a Lévy process, [69]
shows that a self-decomposable distribution, together with a Hurst exponent H, determines in
law an H self-similar process with independent increments. Therefore to go down this modelling
route all one needs to supply is a unit-time self-decomposable marginal law, and the whole
process term structure is fully determined and follows an H power law. Additive drivers in
multi-factor OU processes for energy markets models were first proposed by [12]. Models of
time-changed additive type were proposed later on in [56], [55] and [57] for applications to
energy markets. Here, the additive process is taken to be a time change, and then is coupled
with diffusive and sinusoidal components to capture price seasonality and stochastic volatility.
The mathematics of such models is analyzed in more detail in [54], extending previously known
results of [64].

More recently it has been recognized that additive processes retain distinctive features, and
need not to borrow from the time-changed Lévy theory. Under certain monotonicity and conti-
nuity conditions, a continuous-time family of infinitely divisible distribution uniquely determines
an additive process ([70], Theorem 9.8). Hence the term structure distributional rescaling does
not need to be limited to the time dimension, as with the familiar time change technique, but by
entering nonlinearly in the Lévy structure impacts the spatial component as well. Recently [61]
observed that a space and time rescaling of a self-decomposable process yields to an additive
model which can be used to accommodate a noncostant elasticity of variance; see also [60] for
a similar approach based on integrals of Lamperti transforms of Sato processes, determining
additive processes with bilateral Gamma distributions. In [5] the power law term structures are
directly embedded in the Lévy characteristics of a normal tempered stable process, and it is
shown how this additive modification calibrates almost perfectly option prices when comparing
to Lévy and Sato processes. With regard to numerical simulation, critical for pricing financial
products other than those already traded, [6] propose a fast algorithm based on a fast Fourier
inversion (FFT) to obtain the increments’ cumulative distribution function, a procedure which is
as fast as standard algorithm for simulating Brownian motions. An earlier simulation approach,
based on small-jump truncation and finite activity approximation for large jumps, was presented
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by [24].

In [17] a slightly different approach is taken. By starting from a no-arbitrage option valuation
formula based on an ¢ norm, they show that the implied log-price distribution is supported by
an infinitely divisible family of generalized logistic laws, and that such family determines an
additive process. This idea of putting first valuation formula and then identifying a supporting
process turns on its head the usual valuation paradigm according which the process comes
before the state. The resulting model — whose marginal laws follow the Dagum distribution —
is however of limited practical applicability, as it is unable to capture the volatility skew and
convexity outside a small set of maturities and moneynesses.

In the present paper, we extend and develop this last idea into a realistic and financially
viable pricing model. We posit directly a generalized logistic type IV distribution for the risk
neutral price marginals and consider the additive process they determine. The resulting stock
price will have thus generalized Beta of second kind dynamics. These probability distributions
are well-suited to model option prices: they enjoy a remarkable number of properties, which are
reflected in many useful parity and symmetry relations in option prices. Besides, the analytical
theory of the Beta function is well established and plays a fundamental role for understanding
the limits of option prices. By direct integration, we arrive to explicit option pricing formulae for
vanilla and digital options, which we then exploit to completely describe the implied volatility
surface.

It must be noted that the option pricing equations we end up with have been already dis-
cussed by [62], but without any real justification for the choices of the asset returns distribution,
in the sense that no dynamic no-arbitrage asset pricing model supporting those distributions
is exhibited. The derivations in the first part of this work thus make consistent the pricing
formulae conjectured in [62] within the risk-neutral pricing theory.

We obtain simple and elegant expressions for the small and large maturity implied volatility
level and skew, as well as for the large strike slope. As expected, the formulae are all determined
by the relevant limiting behavior of the involved term structures. In particular, it is possible
to specify the functions to simultaneously capture several implied volatility stylized facts, such
as a positive at-the-money (ATM) small time level, the short time out-of-the-money (OTM)
volatility explosion, the short time ATM skew explosion, and the large maturity persistence
(slow decay) of volatility, to name a few. Since many of the parameters responsible for those
individual features can be independently specified, control of global properties the surface is
possible. For example, we are able to capture the possibility of a “torsion” between the small
and large time segments of the surface, meaning that for a given moneyness, negative skews at
early maturities may become positive at later ones, or perhaps conversely. Implied volatility
surfaces in commodities market do sometimes show this peculiarity (e.g. [47]).

We show that the proposed additive model calibrates very well to the S&P 500 and the
EURO STOXX 50 volatility surface. The calibration computational cost, thanks to the closed
formula for option prices, is up to 50 times faster compared to other additive and Lévy models.

As a conclusion, we reinterpret the model construction through the lenses of a skewing
mechanism popularized in [48], and argue that option price representability — with all of the
attached modelling benefits — can possibly be determined by many different distribution classes,
of which the model presented here is simply one of the many instantiations (i.e. the “logistic”
one).

The paper is organized as follows. Section 2 recalls the logistic and beta distributions and
illustrates some of their analytical theory of use. In Section 3 we introduce the additive model,
compute the option pricing formulae, and find limits of the distribution cumulants. In Section
4 the entire volatility surface is analyzed, with particular attention to the large and small time
asymptotic properties. In Section 5 we calibrate various specifications of the model to a set of
traded option prices. Conclusions and the methodological discussion on the model, with an eye
to further research, are found in the final section.
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4 MICHELE AZZONE AND LORENZO TORRICELLI

2. The model distributions and their infinite divisibility. A logistic distribution is a member
of the scale-location family of probability laws L(u, o) with cumulative density function (CDF)
and probability density function (PDF) given respectively by

1 z—p
(21) FL(;U;M7O-) T = fL(Qj‘;,u,O') = 6702_#7 x?/"LER7J>O‘
I+e o o(l+e= )2

The logistic distribution has a long and distinguished history in statistics, demography and
physics. It is a symmetric distribution with mean, mode and median all equal to u, variance

272/3, zero skewness, and kurtosis equal to 6/5. It is thus often regarded as the “minimal”
leptokurtic variation of the Gaussian distribution. For a comprehensive overview of the main
properties of the logistic distribution, and its generalizations we will be shortly introducing, we
refer the reader to [8].

The distribution class underpinning the stochastic model we are going to introduce is the
so-called generalized logistic type IV GL(u,0,«, ) distribution family (also called log-F', or
Z-distributions, see [48], [9]). Such laws are a skewed generalization of the logistic family, and
its members have a PDF denoted f&* given by
1 eax;H

B(a, f) (1 4 5" )a+s’

(22) fGL(‘,I:;/J’7O-7a7B): x,,UzER,Oé,,B,O'>O.

A GL(p,0,a,1) law is called a skew-logistic SL(u, 0, «) distribution and is another type of
generalized logistic distribution (type I). Clearly SL(u,0,1) = L(u, o).

The tails of a GL distribution are exponential, and taking the log-limits at Foo in (2.2) it
is easy to see that the limiting log-slopes are respectively a/o and —f /0, indicating that a GL
distribution is negatively skewed when a < 3, symmetric when o = 3, and positively skewed if
a > f.

Concerning the moments we have for X ~ GL(u, 0, a, 3) the following equations ([8], page
214)

(23) E[X] = o((0) — $(8)) + 1
(2.4) VarlX] = 02(¢/(a) + ¥/(8)),
 0) )
25 Skew X = ) 1 o3
(2.6) Kurt[x] = 2 () +¥ (5)2

(¢'(a) +¢'(8))*

where ¢ and its n-th derivative (™ are respectively the Digamma and Polygamma functions,
the former being given as the logarithmic derivative of Euler’s Gamma, i.e.

I(2)
I'(z)’

(2.7) b(2) = - logI(2) =

C\ Z<g.
dz 2€C\Z<

The general n-th cumulant is also available, see [42], Corollary 2. For a real and positive
argument, the Digamma function is increasing and convex, while the Polygamma function is
positive and decreasing for n odd, and negative and increasing for n even. This confirms that
the skewness of X is negative for a < f, zero if @ = S and positive otherwise. By direct
differentiation is easy to see that the CDF FEL of a GL(u, 0, a, §) distribution is given by

il

1 (Ie” 7o) B B
(2.8) FGL(%%‘L o, B) = B(aﬁ)/ ¢ 1(1*75)5 tdt = IFL(x;u,o)(aaﬁ), z €R.
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Here Iy(a,b) = By(g? b)) is the Beta-regularized ratio, with B(a,b) and By(a,b) respectively the
Beta and the upper incomplete Beta functions, i.e.
1
_ _ I'(a)l(b) L _
B(a,b)= [ t* 1 -t lat=—~2~7 B b:/tall—tbldt
@b = [ eta—o = 3 8 B = [Teta-o e
(2.9) Re(a),Re(b) > 0,y € (0,1],

and I'(+) indicates Euler’s Gamma function. When |y| < 1 the following useful series represen-
tation of By is used (see [41], 8.392)

a

(2.10) By(a,b) = %gFl(a,l—b;a+1;y), y € [-1,1],

where 9 F] is Gauss’ hypergeometric function which can be defined as the uniformly convergent
series

() ~<=T(a+kT(D+Ek)*

11
(211) 2Fi(a. b, 2) = NCET

z € C,lz| <1,Re(c) ¢ Z<o,

k:O

so that (2.10) and (2.11) lead to the following series representation for the Beta regularized
function

2 T(1—-b+k)z

_ K
B(a,b)I'(1 bk:o a+k k!

(2.12) I(a,b) =

S [0, 1],R€(CL) ¢ ZS07

which also serves as an analytic continuation of I,(a,b). An important relation of the Beta
regularized function which we shall often exploit is the following symmetry property

(2.13) L(a,b) =1—TI_.(b,a), =€ (0,1).

Notice that under some suitable assumptions on the parameters, satisfied by (2.10), (2.11)
converges on the boundary of the unit radius disc, justifying the parameter range in (2.10).
More compactly letting

(2.14) O(z;01, 8,0) = Ipr(pop)(a, B) = F4(2;0,0,0, B),

we shall use the ® notation, observing that

(2.15) FO (s, 0,0, B) = Tpi gy 0y (0, B) = O(z — 5.0, B, 0).

The characteristic function ¢x(z) of a GL(y, 0, o, ) random variable X is given as

B(a+icz, —ioz)
B(a, B)

From the above and standard theory (see [58]), one sees that ¢x is analytic in the strip S =
{z € C: Im(z) < 0/B}, hence GL distributions admit moments of all orders (which also follows
from the exponential tail decay of (2.2)), a moment generating function can be defined, and
exponential moments of order less than o/ do exist.

(2.16) ox(z) = E[e*¥] = ( > et zeR.

The Generalized Beta distribution of the second kind GB(a, b, p, q) is the continuous distri-
bution family whose members’ PDF f&B is given as follows

awap—l

' GBy,.. b —
(2.17) fo b d) = g (1+ (59"

xz,a,b,p,q> 0.
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6 MICHELE AZZONE AND LORENZO TORRICELLI

The GB law generalizes many popular distributions, such as the Fisher F', and distribu-
tions classically used to model income such as the [71] distribution (or Burr type XII) and the
[21] distribution. Its application to finance has been pioneered as far back as [14], who study
estimation methods for such distributions in particular relation to mixing distributions.

As easily verified the GL and GB distributions are connected by an exponential relationship.
If X ~ GL(p,0,c,3) then Y = exp(X) ~ GB(1/0,e", a, ), so that the GB distribution is
effectively a log-GL distribution. The variable Y just described is our candidate option price
distribution. A first element of interest is thus the existence and expression of the moments of
Y. Compatibly with the domain of analyticity of the GL function X = logY’, we have that such
moments exists only for § > ko, and clearly

B(a+ ko, — ko) ik
B(a, ) '

(2.18) E[Y*] =

We recall that a real-valued random variable X is infinitely-divisible if for all n € Ny there
exists X,’j, k=1,...,n,iid. random variables such that

(2.19) XLX4x24 4+ Xx

The random variable X is instead said to be self-decomposable if for all a € (0,1) there exists
a characteristic function ¢, such that

(2.20) px(2) = px(az)pa(z).

A self-decomposable law is also infinitely-divisible, but there are laws that are infinitely-divisible
and not self-decomposable. For details on infinitely-divisible distributions, Lévy processes and
additive processes, we refer to [70], Chapter 2.

The characteristic function ¢ of an infinitely-divisible distribution can be written as

(2.21) vx(z) =exp (izc —22a/2+ / (e —1— izaly <) V(d(L‘)) , z€eR
R

where ¢ € R, 0 > 0 and v is the so-called Lévy measure, a measure on R such that v({0}) =0
and [p(2? A 1)r(dz) < oo. Conversely any triplet (c,o,v) of the form just described is such
that (2.21) is the characteristic function of some infinitely-divisible distribution. Furthermore,
X is self-decomposable if and only if v(dz) = k(z)/|x|dz, with k increasing on (—o0,0) and
decreasing on (0, 00). The triplet (¢, o,v) is called the Lévy (or characteristic) triplet of X, and
k the canonical function of the self-decomposable distribution.

A Lévy process X = (Xt)¢>0, Xo = 0 is a stochastic process supported on a filtered probabil-
ity space (2, F, (F¢)¢>0, P) which is stochastically continuous and has stationary and independent
increments. If X is a Lévy process then X, is infinitely divisible for all ¢ > 0; conversely, if X
is an infinitely divisible law then there exists a unique in law Lévy process X such that X; has
the same distribution of X. One then says that X is the Lévy process associated to X.

A stochastic process Y = (Y;):>0 started at 0 is instead said to be an additive process if it
is stochastically continuous and has independent increments. Hence any Lévy process is also an
additive process, but not the other way around. If Y is an additive process then its marginals
Y; are infinitely divisible for all t > 0. As is the case for Lévy processes, there are standard ways
of constructing additive process by starting from a set of infinitely divisible distributions.

It is well-known that that the GL (and hence the SL and L) distribution classes are infinitely-
divisible. In particular, the Lévy triplet is provided by [42], Proposition 1, and is of the form
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(a,0,v(z)dr) with

(2.22) . /1/06‘5”5—6%“"’@+
’ -9 0 1—e® H
_zB e
e o (A
2.23 v(@) = —— " Tt T
(2.23) (z) 1o ) e T g e

After letting k(z) = |z|v(x) it is easy to see that k is increasing on the negative half line and
decreasing on the positive half line, concluding that GL distributions are not only infinitely
divisible, but also self-decomposable.

Having introduced the distribution classes and the Lévy framework we need, in the next
section we proceed to the construction of martingale additive processes of generalized Beta type
for the underlying security.

3. The Generalized Beta Additive model . Additive processes can be generated starting
from infinitely divisible distribution in a number of ways. Historically (see [16]), the first solution
was to exploit self-decomposibility of certain distributions in order to determine Sato processes,
and the self-similarity parameter arising was fitted to the term structure. More recently, in
the context of commodities markets (see [56], [54]) time changes with respect to additive sub-
ordinators have been used to generate additive valuation models. This approach attempts at
simultaneously capture the econometric reality of such markets and improve the implied volatil-
ity market fits of standard Lévy driven OU-processes.

However, there is a third and even simpler way of canonically constructing an additive
process, that perhaps surprisingly, seems to have been overlooked until recently. Such construc-
tion consists in directly providing a time-dependent family of infinitely divisible distributions:
under some time-consistency conditions the existence of a supporting additive process is auto-
matically guaranteed.

We assume a filtered probability space (€2, F, (Ft)i>0, P) representing a financial market that
trades in a riskless money market account delivering a constant instantaneous interest rate r,
and assume the standard setup that an equivalent martingale measure Q under which all the
discounted risky securities are martingales exists.

Let a, 8,0 : Ry — R4 be continuous functions. In order to define an additive exponen-
tial martingale price process with GB marginal distributions we need to make the following
assumptions.

>
[

a/o, B/o are non increasing;

/N TN TN /N
> B
W N
— N N N

0(0) = 0 and o is nondecreasing;
0 < a(0), B(0) < oo
o(t) <B(t)vt>0.

>

4

The intuition behind (A1)-(A4) is as follows. Continuity, together with (A1)-(A2), makes
it possible to apply the theorem of existence of additive processes supporting the given term
structure of marginal laws. Specifically, continuity in time of the marginals translates into
continuity in probability of the supporting process, the vanishing of ¢ (0) reflects into the process
being started at 0. The monotonicity assumptions ensure that the Lévy measure (see Corollary
3.2 below) increases with time on every given Borel set not containing zero, whose interpretation
is that the expected number of jumps whose size belongs to such set grows with ¢, i.e. the process
disperses. Assumption (A3) guarantees that the term structure is consistent with the parameters
range of the GB distribution. Finally, by (2.18), (A4) ensures that the first exponential moment
exists and thus it makes sense to consider an exponential martingale price process.
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8 MICHELE AZZONE AND LORENZO TORRICELLI

The function o captures the term structure of the scale and the dispersion of the distri-
bution, and «, 5 respectively that of the left/right distributional asymmetry, hence skewness.
Financially, o is a measure of the overall price dispersion and of the implied volatility term
structure, and « and  of the returns asymmetry and hence the slope of the implied volatility.
We shall make these heuristics precise throughout the paper.

Proposition 3.1. Let o, 3,0 be functions satisfying (A1)-(A4), and Sy > 0. Then under Q
there exists a unique in law process S = (St)i>0 with S¢ = Soexp(rt+ X;) where X = (Xy)i>0 i
an additive process with Xo = 0 and such that X; ~ GL(—p*(t),0(t), a(t), B(t)) t > 0, where

o Bla(t) + o (1), (0) — (1)
(31) ) =t (PO TS

Furthermore (e " St)i>0 is a Q-martingale.

Of course by the discussion in Section 2 it also follows that the asset pricing model distri-
bution is GB and namely

(3.2) Sy ~ GB(1/a(t), Soe™ ™ W a(t),B(t)),  t>0.

We have thus succeeded in finding a Q-martingale underlying asset pricing process supporting
the GL and GB distributions as respectively log-prices and prices. We shall refer to the asset
pricing model S in Proposition 3.1 as the generalized-beta additive (GBA) option pricing model.

Once the Lévy triplet of an additive process is known it is possible to recover the semimartin-
gale characteristic of the GL log-price process X by direct differentiation. For a definition of
characteristics we refer to [45].

Corollary 3.2. Assume that o, 3,0 € C1(Ry). The process X in Proposition 3.1 has triplet of
semimartingale characteristics (at,0,v(t, x)dt dx) given by ap = 0 = v(0,x), for all z in R\ {0},
with

o(t) o=BMt)z _ o—a(t)s
(3.3) ar= J(t)/ dx — p*(t),
0

1—e*

e—zB(t)/o(t) L , , I /
olt,a) = e (FH @, 0.0(0) (@ @8(0) = B(1o(0) + F(2,0,00)o(00'(1)) 1520+

et a(t)/o(t)
g (P 0.0@)@ at) - o (O(0) + 1(.0.00)r 00 (1)) La<oy

Remark 3.1. From Corollary 3.2, or even from (2.23), we see that fot Jg lz|v(t, z)dtdr = oo
which implies that the GBA process is of infinite variation.

(3.4)

3.1. Option prices. Determining vanilla and digital option prices in the GBA model is a
standard probability exercise. As well-known (see [15]), digital option values can be interpreted
as the supporting distribution’s CDF or survival function, whereas vanilla options are determined
by a straightforward integration, identical in spirit to that involved in the Black-Scholes formula.

Proposition 3.3. Given a spot price Sy a strike price K and an expiry 7, the initial values
C(So, K, 1), P(So, K,T), DC(So, K,T), DP(So, K, T) of respectively a call option, a put option,
a digital call option and a digital put option of the given parameters in the GBA model are

C(Sy, K, 1) = Soq)(d507K7T; B(1) —o(r),a(r) + o(71), U(T))

(35) - _TTK(I)(dSo,K,T;B(T)aa(7)7o-(7—))7
P(So, K,7) = ¢ "TK®( — dsy k.75 (), B(7), 0(7))
(3.6) — So®( — dsykr3 (1) +0(7), B(1) — (1), 0(7)),

(3.7)  DC(So,K,7) = e " ®(dsy x,7; B(7), a(7),0(7)),
(38)  DP(So, K,7) = ¢ ®( — dgy ki (1), B(7), 0(7)),
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with

(3.9) ds, k- = log % — (1) + T

These simple formulae are akin to those of the Samuelson-Black-Scholes model, where a
standard GL distribution replaces the standard normal distribution, after supplying the two
skewing term structures «, 5. As mentioned in the introduction these expressions were given
in a different but equivalent form in [62], but were not supported by a martingale underlying
model.

We now list a number of important model properties as a series of remarks.

Remark 3.2. The wvaluation equations can be re-interpreted through the familiar “change of
numeraire” technique, where the first partial moment of the equity prices at the moneyness level
represents itself a probability in a new GL law induced by changing from the risk-neutral probabil-
ity measure to the so-called “share measure” (the measure associated with the normalized stock-
price numeraire [39]). Indeed [/2] shows that X ~ GL (u,0,a,8) and Y ~ GL (¢, 0, /. ")
are equivalent if and only if ' = p, o' =0, o/ =a+00, ' =5 — 00, —a/oc < 0 < /0, with
density transform to a measure Q* ~ Q, and t € [0,T*], T* > 0

dQ*

(3.10) Q)

= Z; = exp(0X; — \Iji((_ie))a

where Ui is the cumulant process of X (see the Appendiz). The density Z = (Z;)i>0 is an
example of the so-called Esscher transform, popular for changes of measure in the realm of Lévy
processes, but that can also be defined for additive ones, as here. In our case taking 0 = 1,
which is allowed by (A1), and we obtain Z; = e~ "tS;/Sy, from which the term “share measure”.
Notice that (A1)—(A3) still hold under the measure Q* and S is the exponential of an additive
process on [0, T*] under such measure. Notice also that under Q* the process is integrable (and
hence (A4) holds) as long as we take T* < sup{t > 0: 3(t) — 20(t) > 0}.

Remark 3.3. Homogeneity, stickiness by moneyness. It is easy to verify that the GBA option
pricing model is homogeneous of degree 1, i.e. for all X > 0 it holds

(3.11) C(ASo, AK,T) = AC(Sy, K, 7).

After applying a chain rule arguments, one sees that homogeneity is sufficient to ensure that the
GBA model is sticky-by-moneyness (or sticky-by-delta). Stickiness-by-moneyness means that
the implied volatility surface is a function of the option moneyness alone, and not of separately
strike and spot. This is an important and useful property of option prices, see e.g. [20].

Remark 3.4. The Dagum model. The CPDA (conjugate power Dagum additive) model pro-
posed in [17] based on the Dagum distribution is included in the GBA model class as the particular
case a(t) =1 —o(t), B(t) = 1, with the constraint o(t) < 1. In such case p*(7) = 0 and hence,
because of the basic relations I(a,1) = z®, I,(1,8) = 1 — (1 — z)? it holds for the CPDA call
option price CP

CD(SO, K, 1) =50 (dsy,xr;1 —o(1),1,0(1)) —e " ® (dsy,xr; 1,1 — o(7),0(T))

1/0_(7_) O’(T)*l rr 1/0_(7_) U(T)*l
=Sy (1 + <SI§TT> ) —e""K (1 + <SO; ) ) —e""K
0

(3812) =7 ((Soe™) o) 4 KD k).

Consider now [17], Equation (2.2): by adding a positive interest rate and rewriting the formula
in terms of the forward price, the value M (Sy, K, T) of a portfolio long a call option struck at K
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maturing at T, and long K units of cash, promising at T the payoff max{K,S;}, can be written
as

o(r)
(3.13) M(So, K,7) =" ((Soew)l/o(ﬂ n Kl/o(r)) .

Since M (S, K,7) = C(So, K, 7)+Ke™ "™ we have just found that the new GBA pricing formulae,
for appropriate parameters specify to the max option value of the Dagum model. This is of course
expected, since as we mentioned the Dagum distribution is embedded in the GB distribution class.

Remark 3.5. Increments, Greeks and simulation. A key property of additive processes making
them amenable not just for computing initial values of vanilla options, but also for valuation
after contract inception and pricing of exotic products, is that the characteristic function of the
increments is analytically known. By independence of the increments, for all t,h > 0 we have
that

B 90Xz+h(z)
(314) QOXtJrh*Xt(Z)_ @Xt(z)

and px, is explicit for all t from (2.16). As well known since [53], knowledge of the characteristic
function allows to implement a time t > 0 integral valuation formulae of a financial product.
Therefore (3.14), conditional on t, with the laws from (2.16) is all that is needed to obtain
a seasoned option price. Greeks can be then naturally computed, by just differentiating the
resulting integral representation with respect to the relevant state variable. For more detail see
the aforementioned reference. With regards to the simulation of the process path, necessary to
obtain prices of path-dependent products such as barrier or Asian options, one can follow a
recent suggestion by [6] based on the inversion of the known characteristic function (3.14) to
obtain the CDF of the increments.

3.2. Cumulants term structure. A first indication of how the GBA model term structure is
influenced by the term functions is offered by the cumulants analysis of the log-price, which as
apparent from (2.3)— (2.6) are completely determined by a and S. It is commonly accepted that
the implied volatility term structure is related to the distributional properties and time spread
of the price implied distribution, which is in turn captured, to a first approximation, by the
cumulants term structure. We are especially interested in the small and large times cumulants
asymptotic as this will further on connect with the small and large maturity asymptotics of the
implied volatility surface. Since assumptions (A2) and (A4) together rule out a vanishing ((t)
at oo, there are six possible cases for the long-time asymptotics of the skewness and kurtosis,
which are classified in the following proposition.

Proposition 3.4. Let X; be any of the GL random wvariables appearing in Proposition 3.1.
We, have as t — oo, the following asymptotic results:
(i) if a(t) = aso > 0 and B(t) — Poo > 0, then

] o V)~ B e (an) U ()
G15) S Gt r 0 ST e 0B
(i) if a(t) = ase > 0 and B(t) — oo, then
Viem) o o)
(3.16) Skew|[X;] — o) Kurt[X;] — o)
(iii) if a(t) — oo and B(t) = oo, then
V(B) o V(B
(3.17) Skew[X;] — T B Kurt[X;] — MTMEL
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(v) if a(t) — 0 and B(t) = oo or B(t) = P > 0, then

(3.18) Skew|[X;] — —2, Kurt[X;] — 6;
(v) if B(t) = 0 and a(t) — oo or at) = as > 0, then

(3.19) Skew[X;] — 2, Kurt[X;] — 6;
(vi) if a(t), B(t) — oo then

a(t) 2 + A(t) Al A
Kot~ ST+ s 7

G200 Skl 2 s

Furthermore, in all cases Var[Xy] is nondecreasing.

We thus observe asymptotic finite levels for the normalized cumulants unless both the skew
term functions tend to oo, in which case the cumulants tend to zero. The precise rate at which
this happens depends on the asymptotic rate of o and 5. These five possible limiting cases can
be used as a guiding principle on how to select a parametrization for « and 5 in order to obtain
a plausible term structure of the price implied distributions. In particular, we notice that cases
(1) and (vi) seem to be overparametrized. Case (iv) and (v) have fixed limiting asymptotic
negative skewness and kurtosis, so are not ideal for calibration purposes. Choice (iii) is viable,
but because of (A4), it enforces a bounded scale term function o, which is somewhat undesirable
for reasons we will explain later on. The most natural choice seems then to us (ii), implicating a
negative skewness and cumulants driven asymptotically by a single value. This is the condition
we will enforce in Subsection 4.4. The final statement provides better statistical insight on
assumption (A1): essentially, enforcing (A1) avoids a nonsensical decreasing price variance.

We point out that thanks to the continuity of a and 8 both skewness and kurtosis tend to a
finite constant for small values (the limit skewness is zero if and only if ag = Bp). [49] observed
that the equity market implied skewness and kurtosis appear to be finite both at long and at
short term and non-decreasing in time. The flexibility of the GBA process allows us to replicate
this behavior and other possible term structures: by selecting suitable model parameters we can
replicate two different short and long term finite limits for both cumulants.

4. The implied volatility surface. The explicit formulae for option prices in the GBA model,
other than being a precious tool in the financial practice, lead to explicit characterizations of
the implied volatility surface. It is well-recognized that both long term and short term implied
volatility levels are determined to the first order by the prices of traded options Results on the
short term at the money implied volatility level date back to [18] and [68]. The case of jump
diffusions was first taken into account in [63]. A comprehensive analysis for Lévy processes is
provided by [3] and for the diffusive Heston model see [29], [30] and [31]. The relation between
the at-the-money implied volatility implied volatility skew has been explored by [22], [28], [40]
among others. Results for the long term implied volatility level and skew are scarcer. See [73]
for general results, the cited [3] and [31], as well as the survey [72] for Lévy models. A model-
free framework for the asymptotics of the implied volatility in terms of various combinations of
strike/maturity parameters is obtained by [36].

Throughout the whole Section 4 we assume that r = 0, which leads to no loss of generality,
up to rewriting the pricing equations of Proposition 3.3 in terms of the forward price and
discounting. For an expiry 7, a spot price Sy and a maturity K we denote the Black-Scholes
implied volatility ops(So, K, 7) which we recall is defined as the unique value such that

(4.1) Cps(So, K, 1,085(50, K, 7)) = C(So, K, 1),

where Cpg(So, K, 7, 0) is the Black-Scholes option value of given parameters, with o the volatility
coefficient. Notice that in our GBA setup, because of Remark 3.3 we can define opg(k, 7), where
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k :=log K/Sp as
(4.2) Cps(So, K, 1,055k, 7)) = C(So, K, T).

The reason for which an explicit option model is so beneficial for modelling the volatility surface
is that literature has made clear that implied volatility asymptotics enjoys probabilistic repre-
sentations which can be further related to traded option prices. As we illustrate in this Section
this means that for the GBA model we can achieve near full control of the volatility surface by
specifying suitable term functions «, 5 and o.

4.1. Short term implied volatility level. In the option pricing literature, the short term
implied volatility is investigated thoroughly. Short term asymptotics have a prominent role
since risk management of option portfolios and digital risk becomes increasingly important as
expiry approaches.

Before starting out the analysis, it is necessary to slightly strengthen (A1) as follows:

(A1) 0(0) = 0 and o is strictly increasing.

Hereafter, for the sake of simplicity, we let a(0) = ag, £(0) = Sp. We begin by describing
the short term asympotics of the GL distribution, and in particular of the digital option prices.

Proposition 4.1. Assume P’ is a measure such that P’ ~ P. According to Remark 3.2 let
S be an exponential additive model with P’ law Sy given by (3.2) with parameters satisfying
requirements (A1), (A2)-(A4) and let k = log(K/Sp). Then, as T — 0 the following asymptotic
equivalences hold

(I)(_Da,ﬁvﬁovaml)? ZfSO :K’
6_60Da,ﬂ k
e kBo/o(r) if Sy < K
(4.3) P'(S; > K) ~ { GoBlao, fo) o TR
eaODa,ﬁ
1< kag/o(T) ; K
"~ aoBlan, Bo)© ’ S0z k&
and
((I)(Doé,ﬁva()vﬁ()’l)? ZfSO:K’
e=BoDap
15 *kﬁo/U(T% if Sp < K,
(4.4) P'(S- < K) ~ BoB(ao, o) o
ea’ODa,B k
_ & ckao/o(m) if So > K,
\ g B(ag, 5o) =
where

is the expectation of a GL(0,1, ap, Bo) random variable. In particular, if P’ = Q, then (4.3) and
(4.4) provides the T ~ 0 behavior of DC(So, K,T) and DP(Sy, K, T) respectively.

Under (A1°) let & and 3 be the skew term functions «, 8 written in the o coordinate (see the
proof of Proposition 4.1). In order to transfer the results in Proposition 4.1 to the corresponding
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ones for vanilla options, we need to make another technical assumption on the regularity of &
and (.

(AN) & and f3 are analytical in a neighborhood of o = 0.

Once this is assumed we can derive the asymptotics for the small maturities at-the-money
(ATM) call options.

Proposition 4.2. Assume that in the GBA option pricing model (A1), (A2)-(A4) and (AN)
hold, and let C(Sp, K,T) be given by (3.5). We have, as 7 — 0, that

(4.6) C(So, So,7) = Soca,po(1) + O(a(7)?),
where
d -
(4.7) Cq,p = %C(O,ao,ﬁo) >0
and
(4.8) C(o,&(0), B(0)) == C(1,1,7(c))

is the unit-spot ATM call price in the o coordinate, and (o) is the inverse function of o.

From standard theory (see e.g., [68]) we know that the ATM small maturities option prices
easily translate into the short time asymptotics of the ATM implied volatility, which then follows
as a corollary.

Corollary 4.3. Under the assumptions and notation of Proposition 4.2 for the GBA model we
have that, as T ~ 0

(4.9) ops(0,7) ~ v 27rca”ga(7')7'_1/2.

This is the first important result highlighting the flexibility of the GBA volatility surface. By
selecting a suitable the local rate of o around zero it is possible to generate different ATM implied
volatility levels to match those observed in the market. We can have a vanishing, positive,
or exploding ATM implied volatility level according to whether, respectively, o(7) = o (y/7),
o(1) ~ /T or \/T ~o(o(1)) as 7 — 0. This flexibility is unlike Lévy models which necessarily
have either a positive or vanishing volatility level depending on the presence or absence of a
Brownian motion part (see [68, 40]), irrespective of the model parameters. In particular, a
market feature that is observed in most option markets is a finite implied volatility level which
suggests the rate o(7) ~ ¢\/7, ¢ > 0. In Figure 1, we plot the ATM implied volatility obtained
numerically and with the short-term approximation in (4.9).

The rate of convergence to the intrinsic value of option prices outside the ATM point is given
in the following proposition.

Proposition 4.4. In a GBA model satisfying (A1)—(A4) as 7 — 0 we have

KeDa,sbo So Bo/o(T) _
533(040,50)0 <K> » HH> 5,
(4.10) C(So, K,7) — (So — K)* ~
KePa.p0 K
)0' T

ag/o(T)
—_—— — if K .
a¢B(ao, Bo So> R <5

with Dy, g given in (4.5).
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a(r) ~ V/; a(r)~T1 ofr) 702
017 0.14

*  Approx *  Apprax 7 *  Approx
0.168 ~<}— Numerical 012 ~<}— Numerical ~—<}— Numarical
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Figure 1. ATM implied volatility obtained numerically and with the short-term approximation in
(4.9). We consider ag = 0.8, By = 2, o(1) ~ 0.1 75 where H = 0.5 on the left, H = 1 in the middle and
H = 0.2 on the left.

Observe that by put-call parity C'(Sp, K,7)— (So— K)* is just the value of the OTM option,
call if K > Sp, put if K < Sp. As in the ATM case, it is known theory (see [68, 7]) that the
asymptotics in Proposition 4.2 determine the corresponding small maturity level of the implied
volatility surface. The GBA small maturity implied volatility limits outside the ATM point are
then as follows.

Corollary 4.5. Under the assumptions and in the notation of Proposition 4.4, as 7 — 0 it
holds

o(r) 1/2
koo(r)\"? 3log <W) )
<2507_> 1-— 5 kBy o(T) . if k>0,
(4.11) ops(k,T) ~

1/2
1/2 log U(;)
(o) (o) )

2060 T 2 ‘k|0&0

A generally accepted stylized fact in the small maturity segment of the implied volatility sur-
face is that of an exploding out-of-the-money (OTM) and in-the-money (ITM) implied volatility
level. The GBA model captures such stylized fact if we specify o(7) = o(7). Instead o(7) ~ T,
¢ > 0 and 7 = o(o(7)) respectively correspond to a limiting level — as typically observed in
stochastic volatility models (see e.g., [29]) — and a vanishing implied volatility, not supported by
empirical evidence. Another feature of the GBA model is that the asymmetry of the smile can
persist in the limit, since such limit does depend on ag and Sy, whereas the asymmetry vanishes
for e.g. Lévy models (see e.g. [72], Proposition 4). In Figure 2, we plot the one-day implied
volatility smile obtained numerically. We consider both the full approximations in (4.11) and,
for comparison, its first order truncation by considering only the factor outside parentheses. The
improvement in using the full expression is apparent.

4.2. Short term skew. The implied volatility skew is defined as the sensitivity of the implied
volatility in the variable K (see e.g., [37] pages 35-38). Such quantity is a measure of implied
volatility — and thus of option prices — variability for some given strike and valuation time.
Generally, for small maturity the ATM skew is considered the most important risk factor, since
liquidity concentrates ATM for short expiries. However, the ATM skew typically blows up and
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Figure 2. One day implied volatility smile obtained numerically and with the short-term first and
second order approzimations in (4.11), with ag = 1.5, By = 2, o(7) ~ 0.1/T.

other moneynesses can be important, especially as these can also exhibit different time rates
than that in the ATM point. We thus look at the function S given by

dops
S(So, K, 7) = —— (S50, K
( 05 7T) 0K ( 0 77_)
in the maturity variable 7. As a consequence of the results in [28], [40] and [7] the implied
volatility skew depends on the total implied volatility ogg(k, 7)1/ and the digital and (possibly)
vanilla call values only. Since in view of propositions 4.1 and 4.4 and corollaries 4.3 and 4.5 we
have explicit expressions for the leading orders of all these quantities, we can derive the short

time skew of the GBA process for any given moneyness.

(4.12)

Proposition 4.6. Let S be a GBA model satisfying (AN), (A1°) and (A2)-(A4). For any
given So, K, as 7 — 0 we have

' \/%(VQ — ®(Day,s, Bo, a0, 1) + 0(1)), if K = S,
I o(r)\ 2 |
W18 SEuKT) = g < - ) Fo(l), K>S,

1 <U(7)>1/2 +o(1), if K < S,

L _2K\/2aolog(So/K) T

with Do g given in (4.5).

From Proposition 4.6 we derive the following fundamental properties of the ATM short term
skew in the GBA model.

Corollary 4.7. Under the assumptions of Proposition 4.6, for K = Sy, we have the following:
(i) as T ~ 0 the ATM skew satisfies

8(S0,50,7) ~ V21 (1/2 = B(Da 3. By, 0, 1))7 12
if and only if oy # Bo;

(4.14)
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(i) if cy = Bo then as T ~ 0 it holds

(4.15) S8(8o, So,7) = —\/22?%0(7')7—1/2 +0 (Uf}32> )

where aq > 0,
(iii) there exists To such that for all T < 179 we have S(So, So,7) < 0 (resp. S(So,So,7) >0)

if ag < Po (resp. ap > Po).

The model always determines two distinct rates of skew asymptotics for ATM and OTM
volatilities. Such discontinuity produces the typical ATM kink, a structural feature of the short
term implied volatility. In particular, under the specification o(7) ~ ¢y/7, ¢ > 0, which is
simultaneously consistent with a finite ATM small time level and an OTM blowup, leads to an
OTM skew explosion of order 77/%. A comparison of Corollary 4.7, (ii) with (2.5), confirms
that the sign of the limiting skew is the same as the distributional skewness, as one would expect.
By (7i) in Corollary 4.7, assuming asymptotic distributional symmetry with g = Sy in the GBA
model — so long as a, > 0 — produces an asymptotic ATM order of the skew which is different
(and necessarily slower, consistently with the model free bounds of [51]) than 7=1/2. In such
case the skew may or may not explode, depending upon the asymptotic of o, and the rate of
such behavior is the same as that of the ATM level (Corollary 4.3).

Remark 4.1. The symmetric case is of some interest in relation to the now popular literature
of “rough wvolatility” models (e.g. [38], [20]), using as underlying asset dynamics a stochastic
variance following non-Markovian dynamics involving a fractional Brownian motion or other
Volterra-type stochastic integrals. From the perspective of fitting the implied volatility such models
are generally supported by an empirically observed rate of skew blow-up of 7712, H < 1/2
which these models are able to capture (see [37], [32]). Now, assuming o(7) ~ 75, H < 1/2 the
(asymptotically) symmetric GBA model also reproduces a sub-inverse square root ATM ezploding
skew. In other words, the stylized fact of a slowly exploding ATM skew as maturity tends to the
iniatial valuation time is perfectly consistent with a one-dimensional Markovian model such as the
GBA (although rough models can capture this phenomenon also at later valuation dates, see [3/],
[35]). A similar slow ATM skew blow-up is observed in stable and tempered stable exponential
Lévy models ([72], Proposition 5).

In Figure 3, we report the ATM implied volatility skew obtained numerically and with the
short-term approximation in (4.14) for different values of ap and Sy and o(7) ~ /7/10, as 7 ~ 0.
In the left panel, where ay < [y, we observe a negative power scaling skew in the short term.
In the central panel, with ag > 5y, we have instead a positive power scaling skew. In the right
panel, where oy = 5y, we obtain a zero skew.

4.3. Large strike asymptotics. A direct link between the risk-neutral price distribution S;
of an underlying asset price process with the asymptotic slope of the implied variance for large
strikes is established by [50] and [11], i.e the large strike steepness of the “arms” of the time cross
sections of the implied volatility surface. In [50] it is established that by defining the critical
exponents py > 1 and p_ <0 of S, that is

(4.16) pt i=sup{p: E[SY] < oo}, p_ :=inf{p:E[SY] < oo};
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Figure 3. ATM implied volatility skew obtained numerically and with the short-term approximation
in (4.14) for different values of ag and By. In all cases we consider o(1) ~ 0.1/7. Left panel oy =
0.8, Bg = 2, central panel ag = 2, By = 0.8, right panel cg = By = 2.

the limiting slopes of the Black-Scholes implied variances in log coordinates, are determined as'

k 2
(4.17) liinsup JBS(k’T) =21 Y (/py — /Py — 1)
—00
k 2
(4.18) 1im sup "BSEkT) =2r (/1 —p_ — vV=p)2
——00

Under the conditions that the log-tails of the PDF p of an implied price distribution are regularly
varying” at +oo for some index « [11], sharpen these results to actual limiting behavior. In our
situation we can apply this theory since we do have explicit PDFs available: actually, as we
observed at the very beginning, the parameters o and S dictate the slopes of the log-tails of the
GL PDF. Unsurprisingly, the critical exponents are dictated by the left and right skew functions
in conjunction with the variance rate.

Proposition 4.8. In a GBA model satisfying (A1)—(A4) we have that (4.17) and (4.18) hold
with limits replacing limsups, and

B(7) _ o)

(4.19) P Ly -= o

This means that in the GBA model the left and right skewness parameters o and 3 are
directly responsible for the steepness of the implied volatility wings at large strikes. We have
the following corollary.

Corollary 4.9. Under the assumptions (A1)—(A4) the inequality

2
> lim 7035(& 7)
K—00 k

(4.20) lim_ UBSEIZ 7)°
is satisfied if and only if (1) — (1) > o(7).

the inequalities with equalities.

The corresponding relationship holds true replacing

'We thank an anonymous reviewer for noticing these expressions, which we find much simpler and easier to
handle than the original ones of [50] and [11], appearing in a previous version of this paper.
2A function f: R, — Ry is regularly varying of order o € R at oo if for all A > 0 it holds

m TO9) _
w2




627
628
629
630
631
632
633
634
635
636
637
638
639
640
641
642
643
644
645
646
647
648
649
650
651

652
653
654
655
656
657

658

659

660

661

662

663

664

665

18 MICHELE AZZONE AND LORENZO TORRICELLI

As 7 — 0 by (A2) and (A3) the statement of this corollary holds under the asymptotic re-
quirement ag < By. Such condition includes the characterization of a negative skew in Corollary
4.7, (i7). This clarifies that the relative steepness of the arms at short maturity in the GBA
model follows the sign of the skew, at least when aqg # 5p. This is a desirable, but not universal,
feature of asset pricing models, and it does indeed fail for some Lévy models. For a thorough
discussion see [40], Section 7.

An important consequence of the corollary is that for appropriate choices of term structures,
large strike slopes can change relative steepness ordering, a phenomenon that relates to the
“torsion” of the shape of the volatility surface as maturity increases, which the GBA model can
capture.

4.4. Implied volatility far from maturity and the torsion of the skew. The large maturity
asymptotics of the implied volatility surface are a less investigated topic compared to the short
maturity properties. This may be the inherent difficulties in the financial practice to calibrate
to the long term segment of the implied volatility due to a lack of liquidity or of reliable option
prices. The large maturity skew and level are studied by [3] using the Fourier-Plancharel option
price representation and the steepest descent method. Some general results are provided in [72],
and formulae for the Heston model are given by [31]. In [46] is presented a specific time-changed
model that is able to part from the typical O(7~1) order of the long term implied volatility skew.
In a beautiful piece of mathematics, [73], extending prior research of [67], illustrates that the
leading order of the long term implied volatility is model-free, and just as the small maturity
skew and level leading orders are determined by option prices (vanilla and digital respectively),
it is also fully determined by a financial value, namely that of a covered call. A covered call is a
portfolio short a call option and long the underlying asset. Its payoff is the minimum between
the underlying at maturity and the strike price. In the GBA model, when the interest rates are
0, we have the covered call value CC(Sy, K, T) given by

CC(So, K, 7) = E[S; — (S» — K)*] = Emin{S,, K}] = So — C(So, K, ) =
= S0® (=dsy x5 (7) +0(7), B(7) — 0(7),0(7))
(421) + Ko (dSO,K,ﬂB(T)va(T)?O-(T)) )

having used in (3.5) the usual symmetry property (2.13).

According to the results of [73], Theorem 3.1, under the condition that the limit in probability
of the process S; as 7 tends to infinity is zero, and that S; has an absolutely continuous law, it
holds

—8log CC(SO,K,T))1/2 e

T

(4.22) O‘Bs(So,K,T) ~ <

Furthermore, from Corollary 3.2 in [73], after an easy change of variables, we obtain the leading
order of the long term skew for fixed® K, Sy > 0 as 7 — oo

9 1 _DC(So, K,7)
4.9 K = —— o \% %600 7 ‘
(4.23) (S0, K, 7) T0B5(S0, K, T) <K CC(SO7K’T)> LT

Therefore, exactly as is the case for the small maturity rate, once the leading order of digital
and covered call are determined we have a complete asymptotic description of the large maturity
GBA implied volatility surface level and skew, for all strikes and maturities.

3Relationships (4.22) and (4.23) are actually uniform in K on compact sets. However for the sake of brevity
we will not make use of this additional property, and we will leave the search for uniform bounds in the GBA
model for further research.
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In order to make further progress we must enforce some minimal asymptotic requirements
on the term structure. Our choice is the following:
(LTA) lim o(7) =00, lim B(7) —0o(7) = B >0, lim a(7) = as > 0.

T—00 T—r00 T—00

The first requirement is sufficient® to ensure that the stock price tends to 0 in probability
as 7 gets larger. The conditions on «, 8 are based on the discussion ensuing Proposition 3.4,
where we argued that the limiting regime (i7) is the most natural. This finds confirmation here,
as (LTA) determines extremely natural asymptotic formulae for the skew.

The large maturity asymptotic rate of the covered call in the GBA model is given by the
following proposition.

Proposition 4.10. In a GBA model satisfying assumptions (A1)—(A4) and (LTA), for all
given K and Sy, we have as T — oo the asymptotic equivalence

VS K

U(T)(aoo—f—ﬁoo)/Q—l
VT(ao)T(Bee) -

This proposition not only provides us with the required asymptotic for the financial value
to be supplied in (4.22) and (4.23), but also reveals that the GBA model underlying price
distribution tends to 0 in probability as 7 — oo (see [73], p.631). We have the corresponding
corollary for the large maturity asymptotic implied volatility.

1 o (T)+oo+Boc—2
(4.24) CC(So, K, 7) ~ (2)

Corollary 4.11. In a GBA model, under the assumptions of Proposition 4.10, as T — 00 we
have for all fixred k = log(K/Sy) the following implied volatility asymptotic order

(4.25) ops(k,7) = \/8log?2 (@)m +0 ((W)Uj .

From (4.11) we deduce that the implied volatility has a positive large maturity limiting level
if and only if o(7) ~ ¢7, ¢ > 0. If that is not the case it either vanishes or blows up depending
on whether o(7) = o(7), 7 = o(c(7)). The latter case is inconsistent with market data, but does
not apparently lead to no-arbitrage violations.

It is instructive to compare Corollary 4.11 to its short term counterparts corollaries 4.3 and
4.5. When 7 — 0 we have two different level rates, namely O(o(7)/y/7) ATM and O(\/o(7)/7)
OTM. Instead as 7 — oo we have a single decay rate O(y/o(7)/7) for all strikes. The level
and skew rates, both at small and large expiry, are governed by o, and this gives the flexibil-
ity of modelling different configurations of short and large maturity regimes, by independently
specifying suitable rates of o at 0 and oco.

In view of (4.23), Proposition 4.10 together with Corollary 4.11 leads to the decay rate of
the implied volatility skew.

Proposition 4.12. In a GBA model, assuming (A1)—(A4) and (LTA) the implied volatility
skew satisfies, as T — 0o, the following leading order

U(T)73/2771/2

4.26 S(Sy, K,7) ~ ——u——
( ) ( 0 77-) \/WK

(logam(aoo ) +log g?“”)) ,

(oo)

for all Sy, K > 0.

1Asking o(1) — oo, T — 00, is not necessary for S; — 0 to hold in probability. The Dagum model is a
counterexample where (LTA) does not hold and yet the Dagum call value C7 satisfy

lim CP(So, K,7) = lim (5)/77) + K'Yy _ g — g,
T—00

T—r00

since o(7) — 1, which implies S; — 0 in probability.



701
702
703
704
705

706

707

20 MICHELE AZZONE AND LORENZO TORRICELLI
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Figure 4. ATM implied volatility (left panel) and skew (right panel) obtained numerically and with
the long term approzimations respectively in (4.25) and (4.26), with o(T) ~ 0.5/T, Qoo = 0.8, Boo = 2.

The above proposition confirms that the long term skew sign and steepness depend on the
limits of the skewness term structure a., and B, as well as from the strike K and moneyness
k =log(K/Sp). The precise relationships are as follows.

Corollary 4.13. In a GBA model let (A1°), (A2)—(A4) and (LTA) be in force. Then for all
Sy, K we have that
(i) as T — oo the implied volatility skew satisfies

1 logo(T)

V38log 2K o(71)3/2\/T

if and only if tee # Boo, otherwise S(So, K, 7) = O(o(1)~3/27-1/2);
(ii) there exists Too Such that for all T > 7o we have S(So, K,7) > 0 if doo > Poo, and
S(S0, K,7) <0 if oo < Poo-

Corollary 4.13 mirrors Corollary 4.7. The time decay of the skew is governed by o(7) and
the sign of the limiting slope by @ and So. In particular, in part (i7) of Proposition 4.6, we
established that the sign of the skew is provided by the ordering of ag and Sy, and in (ii) of
the corollary above we see that the analogous relationship holds for as, and 5., with the exact
same ordering. A higher limiting value — at both 0 and oo — of & than that of 5 implies a positive
skew, whereas a lower value a negative one. In Figure 4, we plot an example of the long term
approximations discussed in this section. In the left panel, we have the ATM implied volatility
obtained numerically and with the long term approximation in (4.25) while in the right panel,
we report the skew and the long term approximation in (4.26).

(4.27) S(So, K, 1) ~

Regarding the skew decay, we can reproduce any rate, as opposed to standard Lévy (and
other) models. Unlike the short term case, where we argued that the specification o(7) ~ ¢/T,
¢ > 0 is consistent with the market stylized fact, this same choice would make S(Sp, K,7) ~
Cr—5/4 log(cy/T) for some constant C' > 0 as 7 — oo, provided that an, # Boo. This is faster than
Lévy and does not capture the market stylized fact of a persistent skew. Letting o(7) ~ er!l,
¢,H > 0, as 7 — oo, then S(Sp, K,7) ~ Cr3H/2-1/2]og 7+ for some C' > 0, provided that
Qoo # Poo- So in order to impose a long term skew with a decay slower than the Lévy rate,
which is O(7~!) as shown in [27], Proposition 4.1, we need to set H < 1/3. In Section 5, we will
define some subcases of the generalized beta additive with these properties.

Similarly to the rate of ¢ at 0 and oo, in the GBA framework we have the freedom to specify
also the limiting constants ag, 8y, @ and s according to the market observed surface. In
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volatility

Figure 5. Implied volatility smile (left panel) and skew (right panel) for different times to maturity
obtained numerically. The change of sign of the skew is evident.

Level Skew
ATM
ATM O/ITM O/ITM
/ : ag # Bo | a0 = Bo /
72 172
short | 27} | (72 2| 2l (=)
172
Long (@) 1:%7(;3)/2

Table 1
Absolute values of the implied volatility level and skew
maturities. Constants are neglected.

leading order asymptotics, short and long

a standard equity index volatility surface we would expect a negative short term skew to be
maintained at longer dates, and therefore the specification ay < By, (oo < Boo makes sense.
However, in certain asset classes, such as commodities, it is sometimes observed empirically that
as maturity progresses, the skew changes sign. This has been recently documented by [47] for
natural gas and gold markets.

We dub this stylized fact the implied volatility torsion. The GBA model can capture a degree
of torsion, and that is achieved by specifying ap < 5y and an > foo (negative to positive), or
the other way around. We also remark that the torsion is not just limited to neighborhood of the
ATM point. As we saw in Section 4.3, the change of ordering of o and 8 also impacts the large
strike log-moneyness slopes, suggesting that the torsion in the GBA model involves globally the
surface, which is financially consistent. In Figure 5, we plot an example of torsion: notice how
the skew changes sign as time to maturity increases and finally flattens to zero as no-arbitrage
imposes (see e.g. [67]).

In Table 1, we report a summary of the asymptotics obtained in this section. Moreover, in
Table 2 we detail how the volatility surface behaves depending upon the parametric choices of
the power scaling index, both at infinity and around 0. We assume thus two exponents Hg and
H. such that o(7) ~ 070, 7 ~ 0 and 0(7) = 07>, 7 — c0. The choices Hy = 1/2 and
H,, < 1/3 seem to be the most appropriate to reproduce the volatility surface stylized facts. In
the next section we will introduce actual specifications of ¢ achieving this.

5. Model specification and calibration.
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Short Long
Level Skew
H = Ho, Hoo ATM Level | Skew
ATM | O/ITM |- O/ITM
0<H<1/3 00 00 00 00 00 0 slow
H=1/3 00 00 00 00 00 0 Lévy
1/3<H<1/2| oo 00 00 00 00 0 fast
H=1/2 c>0 00 00 c>0 00 0 fast
1/2<H<1 0 00 00 0 00 0 fast
H=1 0 c>0 00 0 c>0 | c¢>0| fast
H>1 0 0 00 0 0 00 fast
Table 2

Asymptotics for level and skew for short and long maturities in relation to the power scaling, assumed

of the form o(1) ~ aotHo, 7 ~ 0, 0(7) ~ 0uotl>, T = 00, 00,000, Hy, Hse > 0. The short and long

term sections of the table are independent. “Slow” and “fast” are meant in comparison to Lévy models.
We are also assuming cg # Bo.

5.1. The dataset. We consider all quoted monthly S&P 500 and the EURO STOXX 50
option closing prices: these are the two most liquid equity indices worldwide. We consider the
CBOE European options (option prices are reported by the U.S.A. Options Price Reporting
Authority).” The most liquid options expire on the third Friday of the first six months after the
value date and then on March, June, September, and December in the front year and June and
December in the next year. Contracts expiring on June and December of the following years are
available for the EURO STOXX 50. In sections 5.2 and 5.3, we present the calibration results
on the 24™ of October 2018, a month after the September quadruple witching Friday. The name
quadruple witching Friday refers to the simultaneous expiration of stock options, index futures,
and index futures options derivatives contracts. To show that our calibration results are robust
and that calibrated parameters are stable we include also an analysis on all business days of the
3 months that follow the 24*™" of October 2018 in Section 5.4. The dataset provides call /put bid
and ask prices for each available maturity. We implement three standard data pre-processing
liquidity criteria. First, we discard the so-called “penny options”, i.e. options at a very low
price: all options whose value is below 0.1 S&P 500 or EURO STOXX 50 index points fall
within this class. Second, we filter out options with a wide bid-ask spread i.e. options with a
ratio ask-bid /ask larger than 60%. This second criterion excludes also all strikes for which either
bid or ask prices for call and put options are not available. Finally, we consider only options with
delta in the range 10%-90%. Options outside this range are usually not traded with a significant
volume. In tables 3 and 4, we report some descriptive statistic of the option dataset for the
S&P 500 and the EURO STOXX 50 surfaces respectively. In particular, we report, for every
expiry date, the number of options, the average, minimum and maximum strike, the average
and variance of OTM options prices. We report the statistics for OTM option prices because
we calibrate only on OTM calls and puts.

We derive the risk-free interest rate and forward prices following the methodology described
in [4]. This approach allows us to obtain the implicit interest rates and forward prices using only
option prices and a no-arbitrage condition on an option portfolio known as synthetic forward:
a synthetic forward is the price of a call option minus the price of a put option with the same
strike. Synthetic forwards are well synchronized with option prices and usually more reliable
than quoted futures (see e.g., [65, 43]).

Eikon Reuters option chain is 0#SPX*. U for the S&P 500 and STXE* EX for the EURO STOXX 50.
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Expiry # options avg strike min strike max strike avg OTM var OTM
price price
16-Nov-2018 15 2608.3 2400 2800 26.5 261.6
21-Dec-2018 24 2564.6 2250 2875 33.5 455
18-Jan-2019 28 2537.5 2175 2900 39.9 604.2
15-Feb-2019 33 2524.2 2100 2950 45.1 793.5
15-Mar-2019 37 2498 2025 2975 49.5 966.1
21-Jun-2019 48 2459.4 1850 3075 61.9 1565.3
20-Sep-2019 56 2442.9 1725 3150 72.7 2148.5
20-Dec-2019 64 2416.4 1600 3225 78.8 2686.4
17-Jan-2020 66 2416.3 1575 3250 80.9 2854.5
19-Jun-2020 74 2390.5 1450 3350 95.1 3854.1
18-Dec-2020 78 2392.3 1375 3500 113.3 4976.8
Table 3

Descriptive statistic of the option dataset for the S&P 500 surface.

Expiry # options avg strike min strike max strike avg OTM var OTM
price price
16-Nov-2018 16 3037.5 2850 3225 29.7 261.9
21-Dec-2018 21 3050 2700 3350 46.2 538.5
18-Jan-2019 25 2989 2575 3375 49.8 833.1
15-Feb-2019 33 2953 2475 3425 51.1 1096.4
15-Mar-2019 38 2917.8 2400 3450 54.9 1306
19-Apr-2019 13 3034.6 2875 3200 106.4 476.3
21-Jun-2019 19 2871.1 2150 3450 72.3 2297.9
20-Sep-2019 30 2816.7 2000 3550 71.8 2583.9
20-Dec-2019 28 2819.6 2000 3600 86.9 3278
19-Jun-2020 28 2821.4 2000 3650 108.4 3956.3
18-Dec-2020 18 2961.1 2450 3550 166.3 3825.6
18-Jun-2021 21 2978.6 2400 3550 169.6 3989.8
17-Dec-2021 13 2969.2 2400 3600 186.3 3979
Table 4

Descriptive statistic of the option dataset for the EURO STOXX 50 surface.

5.2. Calibration. We calibrate the GBA model on OTM calls and puts following the pro-
cedure reported by [19], Ch.14, pages 464-465. We divide the volatility surface into maturity
cross-sections, each one containing options with the same maturity, and calibrate each slice
separately. We calibrate on OTM put and call.

In Algorithm 5.1, we report the slice-by-slice calibration procedure for the GBA. For each
different maturity, the three time-dependent parameters «(7), 5(7),o(7) are obtained by mini-
mizing numerically the squared differences between model and market prices. The calibration
is performed imposing conditions (A1)—(A4). In particular, we need to check that a(7)/o(7)
and B(7)/o(7) are non increasing and o(7) is non decreasing. Notice that we start to verify
these monotonicity conditions only from the second maturity because for the first maturity we
can always assume that they are verified. We compute option prices in the GBA framework
with the closed formulae in (3.5)—(3.6). We point out that, thanks to these closed formulae, the
calibration of the GBA process is very fast, up to 50 times faster than the alternatives.

Alongside the GBA process, we consider the calibration of two exponential Lévy models:
the normal inverse Gaussian (NIG) and the generalized beta exponential Lévy model (GB).
Furthermore, we calibrate four additive models: the ATS NIG model and the ATS VG model
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Algorithm 5.1 Slice-by-slice calibration algorithm of the GBA model

M number of maturities, Ny number of OTM options in the s maturity.
okt O;ndl market and model OTM option prices for the j* strike and the s maturity.

(Omkt _Omdl 2

Calibrate a(71), 5(71), 0(71) minimizing Z;V:ll —H—5 1 conditional to (A3)-(A4).
for s =2: M do
. T N, (OTkt—Omdl)2 "

Calibrate a(7s), 3(7s),0(7s) minimizing >, —*—5—— conditional to (A1)-(A4).
(A3)—(A4) are self-explicative while (A1)—(A2) are equivalent to «(7s)/o(7s) <
a(1s—1)/0(Ts-1), B(7s)/0(7s) < B(7s-1)/0(75—1) and o(7s) > 0(7s—1). The minimization
is performed with the MATLAB function fmincon.

end for

n [5], the four-parameter Sato model proposed by [16], and the CPDA model of [17]. The ATS
model is regarded as a benchmark since, up to our knowledge, it is the additive process with
the best calibration performance in equity market (see e.g., [5, 60]). For LTS and Sato models,
the parameters are obtained through a global calibration of the whole volatility surface. For
these models, other than for CPDA for which a closed form formula exists, call option prices
are determined using the formula of [53].

VS Ke 1 o i) 1
(5.1) C<50vK,T>=50—27r/_0f v\Fe)

where ¢¢(u) is the characteristic function of the log-process. For the models above the compu-
tation of option prices on the grid of market strikes has been accelerated using the Fast Fourier
Transform technique.

The calibration performance for the date of interest is reported in Table 5 in terms of Mean
Squared Error (MSE) and Mean Absolute Percentage Error (MAPE). We define the MSE and
the MAPE below for OTM put and call:

mkt Omdl

1 M 1 N . .
(52) MSE = M Sz:; E ;(Osjkt - Osjdl)2a MAPE := — Z Z Omkt )

where M is the number of maturities, N is the number of options (OTM puts and calls) for
maturity s, Omkt is the mid market price of the j® OTM option of the s maturity and Omdl
the correspondlng model price. The GBA model outperforms the Lévy processes by two orders
of magnitude in terms of MSE and one order of magnitude in terms of MAPE both in the case of
the S&P 500 and the EURO STOXX 50 volatility surface. GBA also performs better than the
selfsimilar NIG, ATS VG and CPDA models and is outperformed only by the ATS NIG model.
We again stress that thanks to the closed formulae for option prices, calibrating the GBA model
is significantly faster than all the alternatives (from 1/10 to 1/50 of the ATS calibration time).
The GBA and ATS mean absolute percentage errors are below the average bid-ask in the option
prices in the day of interest (4.6% in the S&P 500 case and 6.36% in the EURO STOXX 50
case).

In Figure 6, we plot the market implied volatility and the implied volatility extracted from
the GBA, CPDA, ATS, Lévy GBA, NIG, and ATS NIG models for 3 weeks (left panel) and 2
years (right panel) maturities for the S&P 500 index. In Figure 7 the same comparison is drawn
for the EURO STOXX 50 index.

We observe that the GBA model calibrates very well the implied volatility level and skew with
an especially marked improvement in the short time. Let us notice that the short maturity skew
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Surface S&P 500 EURO STOXX 50
MSE MAPE | MSE MAPE
GBA 9.53 3.96% | 9.87 2.00%
CPDA 513.22 30.43% | 294.77  18.24%
ATS NIG 0.20 0.68% 6.69 1.31%
ATS VG 10.68  4.32% | 11.15 2.32%
Lévy GB 175.19 21.93% | 137.20  15.56%
Lévy NIG 130.75 21.52% | 137.20  16.35%
Selfsimilar NIG | 10.45  4.55% | 16.28 4.55%

Table 5
Calibration performance for the S&P 500 and the EURO STOXX 50 indices in terms of MSE and
MAPE.

Implied volatility comparison: DT=0.057534 Implied volatility comparison: DT=1.1507
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Figure 6. Implied volatility smile of S&P 500 for a given time to maturity: three weeks (left panel)
and 2 years (right panel).
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Figure 7. Implied volatility smile of EURO STOXX 50 for a given time to maturity: three weeks (left
panel) and 3.5 years (right panel).
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of volatility surface is significantly more evident in the short time and that the level of volatility
does not seem to go to zero. Overall ATS and GBA models outperform the other considered
models at both short and long maturities.

5.3. Term structure specification. Slice-by-slice calibration achieves a nearly perfect match
of the implied volatility surface, but the number of parameters increases with the number of op-
tion maturities: on average, we have 13 liquid maturities, and this implies around 39 parameters.
For most applications, which include pricing and hedging European and discretely monitored
products (whose monitoring dates coincide with traded option maturities) slice-by-slice calibra-
tion is a reliable choice. It reproduces very well market prices and leaves the trader with just 3
parameters (or risk factors) for every maturity that can be easily interpreted with the level and
the left and right distributional asymmetries. However, when using the calibrated model as an
input for pricing and simulation on maturities for which options are not available or for continu-
ously monitored products the problem becomes under-specified, as it is left undetermined which
actual term structures are being used. A reasonable alternative is instead to specify functional
forms «, 8,0 and calibrate the free parameters, so that those parametrized functions can then
be passed to pricing and hedging routines. This can be done consistently with all the various
assumptions needed in the previous sections for the theoretical results to hold.

We introduce here four GBA model class specifications. One reduced-form model, with the
lowest possible number of parameters (reduced form GBA, R-GBA), a model which captures
the different time decay/explosions of volatility skew and level (double scaling GBA, DS-GBA),
another one which can exhibit the skew torsion (GBA with torsion, T-GBA), and, finally, a
fourth model combining both torsion and double time scaling (DST-GBA).

As it appears clear from the various discussions in section 4 the main parameters are the
power law for o and the asymptotic values of a and 5 at 0 and co. The following choices for
o, a, 8 achieve the features discussed.

(R-GBA)

alt) =ag,  B(t)=PHo+o(t), oft)=oot™,
(DS-GBA)

alt)=a0,  Bt)=po+o(t), ot)=

arctan (O’(] gtHO )

)
arctan (%t*HOO>
T oo

(T-GBA)
— a0 — Qoo . 50 — Boo B H,
(I(t)_Oloo+To_(t_)a ﬁ(t)—ﬁoo+m+0'(t)7 o(t) = opt™°,
(DST-GBA)
— oo — Poo t m¢Ho
N U e B

arctan (%t—Hw>
(o)

The parameter ranges are aq, 50, Qoo, Boos 00, Too, Hoy Hoo > 0.

Proposition 5.1. All the models above satisfy assumptions (A1l’), (A2)—(A3), (AN) and
(LTA). We have ag > 0, By > 0 and o(t) ~ oot as t ~ 0 for all the models. In the R-GBA
and DS-GBA model we have the asymptotics

(5.3) a(t) — ao, B(t) —o(t) = o,  t— o0,
whereas in the T-GBA and the DST-GBA models it holds

(5.4) at) = aoo, B(t) —o(t) = Poos t — oo.
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Moreover in the R-GBA and T-GBA models it is

(5.5) o(t) ~ oottt — oo,
while in the DS-GBA and the DST-GBA models we have
(5.6) o(t) ~ ouett, t — oo0.

By detaching the long and short term limits of the term structures we are able to differentiate
the asymptotics of the long and short term section of the volatility structure and corollaries 4.3,
4.5, 4.11, and 4.13 all apply independently to separate leading orders.

The number of parameters for the models above are respectively 4, 6, 6 and 8. Generally
speaking the power law parameters are model selection parameters as these determine the term
structure decay/explosion, and since these are characteristics observed in markets and asset
classes, H needs to be selected accordingly. For example as discussed in Section 4.1, Hy = 1/2
in equity markets is the only possible choice consistent with an explosive OTM and positive
ATM implied volatility levels. Likewise, we argued in Section 4.4 that Hy, < 1/3 is consistent
with a long term skew decay slower than Lévy (and other) models (see also Table 2). When
these choices are made the number of parameters drops to 3 for the R-GBA model, 4 for the
DS-GBA model, 5 for the T-GBA model and 6 for the DTS-GBA model.

We also consider a further specification of the GBA model, namely a generic term structure
for o which is linked (at least in the short time) with the term structure of the implied volatility
and same § and « as R-GBA. For this reason, we call this instantiation the R-GBA model with
level (R-GBA-L). The parameter functions are then given as follows

(R-GBA-L) a(t) = ag, B(t) = Bo+ o(t)

with o satisfying the general GBA assumptions, but otherwise unspecified. A similar specifica-
tion can be introduced for the other parametric term structure choices in this section, but we
will not discuss those. Once the term structure of volatility has been taken into account this
model specification has only two free parameters (ag and 5y) with a clear financial interpretation
(the left and right skew).

We calibrate the GBA model instantiations on the S&P 500 and the EURO STOXX 50
volatility surfaces. In Table 6, we report MSE and MAPE for the GBA calibrated slice-by-slice
the generalized beta Lévy, R-GBA, R-GBA-L, DS-GBA, T-GBA and DST-GBA. In Figure 8,
we plot the market implied volatility and the volatility replicated via the models reported in the
table for the 3 weeks (on the left) and 2 years (on the right) maturities for the S&P 500. It seems
that the five GBA specifications, even if slightly less accurate than the GBA calibrated-slice-
slice, are replicating very well the implied volatility smile with fewer parameters. As expected,
we lose some accuracy with respect to the slice-by-slice calibration but we still replicate very
well the implied volatility and skew.

Among the proposed GBA subcases, the reduced form R-GBA shows the worst performance,
while still calibrating much better than the GB-based Lévy model. Adding torsion parameters
(T-GBA) produces only a negligible improvement, which is expected since the data considered
do not exhibit skew torsion. Such specification is thus not warranted for the data set analyzed.
A sizeable error reduction is instead observed when taking into account a term structure for o,
i.e. the R-GBA-L model, as an effect of essentially proceeding slice-by-slice for o(t). What we
find interesting though is that the DS-GBA model is not that far behind the R-GBA-L model,
which is a clear indication that the double scaling functional specification introduced improves
the fit of the volatility term structure. Again, the torsion parameters in the DST-GBA do not
significantly improve on the DS-GBA calibration. All in all, introducing double scaling (DS,
DS-T) reduces the error of the corresponding single scaling models (R, R-T) by 30% up to 50%.
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Figure 8. Implied volatility smile of S&P 500 for a given time to maturity: three weeks (left panel)
and 2.5 years (right panel).

Surface S&P 500 EURO STOXX 50
MSE MAPE | MSE MAPE
GBA Slice | 9.53 3.96% 9.78 2.00%
Lévy GB | 175.19 21.93% | 137.20 15.56%
R-GBA 18.29 6.8% 19.42 6.01%
R-GBA-L 10.42 4.57% 19.83 3.28%
DS-GBA 11.25 4.77% 20.58 3.51%
T-GBA 17.87 6.72% 27.81 5.81%
DST-GBA | 10.84 4.26% 12.66 2.93%

Table 6

Calibration performance for the S&P 500 and the EURO STOXX 50 indices in terms of MSE and
MAPE.

The small cost in terms of calibration error while using parametric specifications instead of
slice-by-slice calibration is outweighed by the drastic parameter reduction and increased model
clarity. The parameter term structures introduced retain a clear financial interpretation, namely
the time rates of the volatility level and of the right and left skew asymmetry. The specifications
introduced provide an accurate, flexible and parsimonious alternative to the classic slice-by-slice
additive calibration.

In Table 7, we report the calibrated parameters of the 5 GBA specifications (for the R-GBA-
L we do not report the term structure of volatility) for both volatility surfaces. Notably, in all
models By > ap and (where present) S > o consistently with the equity negative skew. We
also point out that Hj is reasonably close to 0.5, as implied by the foregoing discussion and
consistent with the equity markets. Another empirical test we offer (Figure 9) is a comparison
between market skewness and excess kurtosis and the corresponding quantities from the GBA
slice-by-slice, R-GBA and DST-GBA calibrations. Market higher moments are extracted by
calibrating a GB distribution on the single maturities without imposing additivity constraints.
This methodology has been previously applied by [49] to the Variance Gamma process (pages
89-91). Both market skewnesss and excess kurtosis appear to be oscillating around a constant
value. The GBA model calibrated slice-by-slice matches very well the market moments while
the R-GBA and the DST-GBA appear very similar between each other and stable at the average
values of the observed moments.
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Surface S&P 500 EURO STOXX 50
ap as | Bo Boo | 00 00 | Hy He | ap s | B0 B | 00 0 | Ho He
R-GBA 0.02 - 0.12 - 0.01 - 0.49 0.24 - 0.71 - 0.04 - 0.49 -
R-GBA-L | 0.02 - 0.12 - - - - 0.21 - 0.59 - - - - -
DS-GBA | 0.07 - 0.54 — 0.01 2.11 | 0.22 0.40 | 0.21 - 0.58 — 0.02 0.93 ]0.34 0.38
T-GBA 0.08 0.00 | 0.83 0.00 |0.02 - 0.49 0.26 0.00 | 0.78 0.00 | 0.02 — 0.47 —
DST-GBA | 0.08 0.00 | 47.75 12.66 | 0.01 241 |0.23 0.37]0.12 0.00 | 0.72 1.73 | 0.02 2.29 | 0.35 0.57
Table 7

Calibrated GBA parameters for the S&P 500 and the EURO STOXX 50 indices.
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Figure 9. Skewness and excess kurtosis for S&P 500 in terms of the time-to-maturity.

5.4. Robustness analysis. To verify the robustness of the calibration results and the param-
eters stability of the GBA specifications we recalibrate all the considered models in all business
days of a three-month dataset that goes from the 24" of October 2018 to the 24" of January
2019. We consider the same calibration methodologies described in Section 5.2.

In Table 8, we present the average calibration performance for the S&P 500 and the EURO
STOXX 50 indices in terms of MSE and MAPE for the three-month period from the 24% of
October 2018 to the 24% of January 2019. We report the calibration results for the GBA
calibrated slice-by-slice, the CPDA, the ATS NIG and VG, the Lévy NIG, and the selfsimilar
NIG. The calibration results, in terms of order of magnitudes, are very similar to those presented
in Table 5: the GBA model substantially outperforms the Lévy processes in terms of MSE and
MAPE and performs better than the selfsimilar NIG, ATS VG and CPDA models while is
outperformed only by the ATS NIG model.

In Table 9, we report the average calibration performance in the three-month period for all
the GBA specifications introduced in Section 5.3. Also in this case, results are comparable to
those of Table 6. The reduced form R-GBA shows the worst performance, while still calibrating
much better than the Lévy model. DS-GBA and R-GBA-L perform better than the T-GBA
model (in terms of RMSE and MAPE for the EURO STOXX 50 and in terms of MAPE for the
S&P 500). Moreover, we confirm that introducing double scaling (DS, DS-T) reduces the error
of the corresponding single scaling models (R, R-T) by 30% up to 40% in terms of MAPE.

In figures 10-13, we plot the time-evolution of the R-GBA, T-GBA, DS-GBA and DST-GBA
parameters for the three-month period that goes from the 24" of October 2018 to the 24" of
January 2019. For every model, we report the S&P 500 parameters on the left and the EURO
STOXX 50 ones on the right. In all cases accounted the parameters ag, 5y, 0o and Hy are
rather stable. In particular, ag is always below 5y, which reflects into a small maturity negative
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Surface S&P 500 EURO STOXX 50
MSE MAPE | MSE MAPE
GBA 774 2.22% | 4.30 1.76%
CPDA 407.76  26.50% | 289.62  18.32%
ATS NIG 2.91 1.13% 4.20 1.34%
ATS VG 21.57  4.43% | 13.34 3.03%
Lévy GB 113.40 18.40% | 104.15  14.34%
Lévy NIG 92.30 16.67% | 95.97 13.81%
Selfsimilar NIG | 5.99 4.26% 9.13 3.93%

Table 8
Average calibration performance for the SEP 500 and the EURO STOXX 50 indices in terms of MSE
and MAPE for the three-month period from the 24t of October 2018 to the 24™ of January 2019.

Surface S&P 500 EURO STOXX 50
MSE MAPE | MSE MAPE
GBA Slice | 7.74 2.22% 4.30 1.76%
Lévy GB | 113.40 18.40% | 137.20  15.56%
R-GBA 19.43  4.44% | 17.05 5.20%
R-GBA-L 15.23 3.96% 12.39 3.16%
DS-GBA 12.04 3.60% 13.22 3.45%
T-GBA 8.22 4.63% | 15.50 5.07%

DST-GBA | 9.47 3.31% 6.55 3.02%
Table 9
Average calibration performance for the S&P 500 and the EURO STOXX 50 indices in terms of MSE
and MAPE for the three-month period from the 24" of October 2018 to the 24™ of January 2019.

skew. The parameter Hy oscillates around 0.5, which is consistent with a finite and positive
short time ATM implied volatility. As mentioned, the torsion parameters a,, and S are not
particularly relevant in this framework because the equity implied volatility surface does not
normally exhibit a torsion of the skew. They are typically close to zero. Finally, the double
scaling parameters o4, and H, are still relatively stable but oscillate more than their short time
counterparts a9 and Hy. However, in DS-GBA and DST-GBA, these two parameters have a low
impact on model prices for the available range of maturities. For this reason, the higher variance
of 05 and Hy, has a negligible impact on the model Greeks and thus should not affect hedging
costs. Regarding H.,, the values can be either higher or lower 0.33, and hence in accordance
to the discussion after Corollary 4.13, our study does not find evidence of a slow decay of the
implied volatility skew, as mentioned e.g. by the important study [33]. This might be evidence
of difficulties with calibrating to possibly illiquid large maturity option prices, or suggest that
the square root decay of large maturity skew deduced in [33] may not be a universal stylized
fact.

Interestingly, the short time parameters «g, 5o, og and Hy do not vary too much from the
R-GBA ones, when considering the T-GBA, DS-GBA and DST-GBA specifications, which is
further evidence that these are the most relevant for model calibration.

6. Conclusion: model or methodology?. Inspired by the original idea of [17], in this paper
we have proposed a simple and yet realistic closed-form option pricing model, challenging the
decades old popular belief that the Samuelson-Black-Scholes model is the only model supporting
analytical option prices. The supporting dynamics for the pricing formula follow an exponential
of an additive process with GL type IV marginal laws. Additive processes are statistically sound
as returns processes and can be efficiently simulated. Since option prices are explicit, the full
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Figure 10. Time-evolution of the R-GBA parameters for the three-month period from the 24th of October
2018 to the 241" of January 2019. We report the S&P 500 parameters on the left and the EURO STOXX 50 ones

on the right.
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Figure 11. Time-evolution of the T-GBA parameters for the three-month period from the 24th of October
2018 to the 24" of January 2019. We report the S&P 500 parameters on the left and the EURO STOXX 50 ones
on the right.

range of asymptotics of the implied volatility surface can be characterized: in particular, the
small and large maturity implied volatility level and skew for any range of moneyness, as well
as the large strike slopes. The additive specification results in a full analytical theory of the
implied volatility surface, and makes the role of the parameters clear and intuitive, with one
dispersion time rate and two skewness term functions. The GBA model allows great flexibility
for model calibration: the term functions can be either pre-specified in parametric form and
then the parameters fitted to option prices, or calibrated slice-by-slice and the resulting values
interpolated. Moreover, the various asymptotic results can readily substitute numerical methods
at extreme maturity ranges, where instabilities may occur. The model calibrates accurately at
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Figure 12. Time-evolution of the DS-GBA parameters for the three-month period from the 241th of October
2018 to the 24" of January 2019. We report the S&P 500 parameter on the left and the EURO STOXX 50 ones
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989 mnear Black-Scholes computational time, far outperforming both Lévy models and models based
990 on Sato (self-similar with independent increments) processes.

991 Although much more empirical testing is certainly required to assess the quality of the model,
992 it is our hope to have presented a full picture of how additive models can give rise to simple,
993 explicit, and yet powerful solutions for option pricing and volatility surface calibration.

994 As a concluding comment we briefly discuss the possibility that the route followed for the
995 introduction of the GBA model is not specific to beta/logistic type laws but can indeed be
996 generalized to many other distributions. It is in fact possible to recast the modelling idea
997 expressed thus far in a slightly different way, that might uncover its general character.

998 Assume we have a scale-location (i, o) probability distribution class with CDF F), , and
999 density function f,, ,. A skew-transformation of a distribution is mechanism for generating a
1000 skewed distribution by functionally manipulating either F), ; or f, , in such a way as to obtain a
1001 skewed CDF /PDF . The simplest and most common way of doing so is using a distortion mapping
1002 &+ 2%, a > 0, in which case G 0 = (Fju,0)” is clearly again a CDF and it determines a skewed
1003 probability law. However, more sophisticated types of skew-transformation exist. Another one
1004 is Beta skew-generation, or order-statistic based skewing, popularized by [48], which amounts
1005 to composing the distribution given by f,, with a Beta(c, 3) PDF. The generated distribution
1006 will have density g, g, given by

1007 (6.1) Ga.Buo(T) = B(;’ﬁ)fup(:ﬂ)Fmg(:ﬂ)a_l(l — Fuya(m))ﬂ_l, z € R.

1008 or, even more simply, in terms of CDF

1009 (6.2) Gopuo(®) = Ip, ,(2)(a, B), zeR.

1010 In the case f,, = fL it is easy to verify that g, , = f GL_ In other words the GL distribution can
1011 be looked at as the Beta-skew transform of the logistic distribution. We can thus reinterpret the
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Figure 13. Time-evolution of the DST-GBA parameters for the three-month period from the 24th of October
2018 to the 24" of January 2019. We report the S&P 500 parameter on the left and the EURO STOXX 50 ones
on the right.

GBA model (upon the usual verification using [70], Theorem 9.8) as one obtained by skewing
a symmetric logistic process with scale o(t) with a time dependent B(«(t), 5(t)) function. This
view of the GBA model clearly separates the model in two components: a variability driver,
represented by an infinitely-divisible underlying law F}, ,, being fed to a skewing mechanism. It
is now apparent that by replacing F* with some other infinitely-divisible family of scale-location
symmetric laws other than the logistic distribution, new candidate asset pricing dynamics can
be introduced within the additive paradigm we followed throughout. As in the GBA model,
such putative marginal log-price laws will have a variance/term structure rate o and two skew
functions «, 8, while the location will be fixed by martingale constraints. For example we could
take as underlying generating laws the Normal or Student-t laws (see [48]).

However compelling, such construction faces two challenges. In first place, one must verify
that the Beta-skewed variable is still infinitely divisible. For the GL case this has been essentially
established by [42], as we made clear. However, there are instances in which the Beta-skewed
function fails to be infinitely divisible, for example in the Normal case for some range of values
for a and 8 (see [66]). Proving infinite-divisibility of a probability law can be very difficult.
Secondly, one must still verify the conditions for the existence of a supporting additive process
to be verified, although this is conceivably a less complex task given the freedom we have in
choosing the term functions.

The Beta-skewing argument reveals that the set of techniques used to build the GBA model
can be potentially adapted for generating several other additive models with an explicit option
pricing formula and implied volatility surface. This is simply achieved by replacing the logistic
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distribution with some other symmetric, leptokurtic, infinitely-divisible law, performing a scale-
location change, and finally Beta-skewing the resulting law to generate the log-price distribution.
In the authors’ view this methodological idea represents a promising way forward in option
pricing research.
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Appendix: proofs.

Proof of Proposition 3.1. Assumptions (A1)—(A3), make it possible to apply Proposition
4.1% of [17], establishing the existence of X. Then S; has finite expectation for all ¢ because
of (A4). Recall that for a semimartingale Z = (Z;);>0 and z € D C C, the Fourier cumulant
process UZ () = (UZ(2))i>0 of Z is the unique predictable process such that exp(izZ —W¥Z(2));>g
is a local martingale, for all values z € D. When Z is additive then ¥Z is deterministic and
W7 (z) = log (¢z,(2)). Let now X; ~ GL(0,0(t), a(t), 5(t)) so that p*(t) = ¥X(—i) < oo and
X; = Xy — p*(t), which implies that Spexp(X) = (e~"%S})s>0 is a local martingale. But since
UX is deterministic then E[exp(Xt)] = e ®) and thus (e7"Ss)¢>0 is a positive local martingale
with constant expectation Sy, hence a true martingale. See [45] for details.

Proof of Corollary 3.2. Follows from Proposition 3.1 after differentiating (2.23) with respect
to t, according to what is explained in [70], Remark 9.9.

Proof of Proposition 3.3. Let us start from (3.6).
Let X, = logS:, X; ~ GL(0,0(7),a(r),B(7)). We have from the Fundamental Theorem of
Asset Pricing, and straightforward manipulations with the GL. PDF, that

P(So,K,7) =E[e"™(K - S;)T] =E [e_TT(K — 50" )Lk 0 g}]
0

—rT \ K * X
= e "TKQ (XT < log S + (1) — TT) — SoE |:6XT]1{XT<10g ég-&-,u*(T)—?’T}]
= e_TTK@ (_dS(LKﬂ" a(T)7 B(T)7 J(T))
FL(—dsy,k,7:0,0(7))
_ 50/ e’”fGL(:U;O,J(T),04(7)75(7))d$

—00

=e "TK® (—dg, k1), B(T),0(T)) —

SO FL(_dSO,K,Ti)vU(T)) €x+a(‘r)$
(6.3) / do
o(t)B(a(r), B(t)) J oo oy \ AT TB(7)
(1 + e"(T)>

and (3.5) follows after recognizing f&*(x;0,0(7), () 4+ o(7), B(7) — (7)) in the integrand of
the right hand side of the last line of (6.3). Using put-call parity and the symmetry property

SEquation (4.2) in the statement of such result misses a term pu(t) also not considered in the proof as it should.
Compare with (2.22).
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(2.13) of I,(a,b) together with 1 — (14+e7%)~! = (1+¢%)~! we obtain (3.5). Formulae (3.8) and
(3.7) follow from the analogous probabilistic manipulations applied to the payoffs 1g, -} and
L5, <Ky respectively. |

Proof of Proposition 3.4. Points (i), (ii) and (ii7) are obvious from (2.5) and (2.6) and the
continuity of the Digamma function. For (iv) we recall that the Polygamma functions have
series expansion

n n . 1
(6.4) Wl )(Z) = (=1)""'n! Z W7 z ¢ Z<o
k=0
and first order asymptotic expansion
1 (n=1)!
(65 v ()~ (D gy <

(see [2], 6.4.10 and 6.4.11). Using the leading orders in (6.4) and (6.5) in respectively (2.5) and
(2.6) we obtain instead

—2a(t)™3 - O(1)
(a(t)=2 + 0(1))3/?

6a(t)~* +O(1)

(6.6) Skew[X;] = (a(t)=2+0(1))?

— =2, Kurt[Xy] =

— 6,

i.e. (iv). For (v) the conclusion is similar, except with the sign of the skewness switched. The
case (vi) follows directly replacing (6.5) in (2.5) and (2.6). Regarding the last statement, (2.4)
and (6.5) lead to

1 1
6.7 Var| Xy ~ o(t —1—), |
0D )~ o) (75 + 5
which is nondecreasing because of (A1).

Proof of Proposition j.1. Assume first K = Sy. By virtue of (A1’), with abuse of notation,
let 7 be the inverse function to o, we can introduce the functions &(o) := a(r(0)), B(o) =
B(1(0)) and *(0) = p*(7(0)). Using de 'Hépital rule and continuity of 1) we obtain

prr) i) d o d - B(ao)+0,5(0) - 0)
lim o(7) = L, o oS0dat (G)_;li%%log B(éa(o), B(0))
_ i o DO + o)L (3(0) — o)
70 do I'(6(a))I'(B(0))
= lim (&'(0) + 1)¢p(a(0) + o) — &/(0)¢(d(0))
(6.8) +(B(0) = 1) (B(o) — 0) = B'(0)(B(0)) = ¥(a0) — ¥(Bo),

having also used &(0) = ag, 3(0) = o (recall that ¢ is the Digamma function). We have

1

: L .0N- _ 1 _ L _ .
(6'9) }_%F (dSo,So,Tv 070(7—)) - ;IL% 1+ o (0)]o =F (¢(BO) ?ﬁ(aO), 0, 1)'

Hence, using X, = log(S;/So) ~ GL(—u*(7),0(7), (), 8(7)) under P’, it follows

. / 1 / — 1z .
(6.10) lli]f(l)P (Sr > S0) = llg(l)IP’ (X;>0)= ll_rf(l) D(dsy, 50,7 (1), B(T),0(T))

and by (6.9) and the continuity of I,(a,b) in the first three arguments the first line of (4.3) is
proved.
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Assuming K > Sp, i.e k > 0, we see that £ ((2) — oo as 7 — 0. Then,

1 _ni(+k

(6.11) FL(d[QSO,T;O;O'(T)) = ~e

wr(r)+k

l4+e o™

having used (1 + %)™l = (1+ e %) le™® ~ e, o — oo. Now based on (2.12), (2.14), (2.15),
and recalling (2.13), we can write explicitly the following survival function

FL(dk 5043 0; o(7))Ble(™)
B(a(o(7)), B(e(n))L(1 — a(o(r)))
T(1— afo(r)) + h) Fi(dk s, +;0;0(7))"
Blo(T)) + h h! ’

P(S; > K) =

(6.12)

h=0

Considering the first term of (6.12) we would have the asymptotic equivalence

,  FMdiseri0:0(r)P)  Fh(dgg g, 730;0(7)
(613) P52 )~ 5 ) Bla(o (), Bl (™) BoB(ao, fo))

and thus ultimately — by virtue of (6.11) and (6.8) — the second line of (4.3), if we can show
that

7~ 0,

i (1 ) +h) Fl(dg.s,7;0;0)"

Al =0

(6.14) ;11)1%) (1 —é&(
h:l

The terms under the series on the left hand side all tend to zero again by (6.11), and thus (6.14)

holds if we can apply the dominated convergence theorem. In order to see that this is the case,

fix & such that FL(dg s,.;0;0) < ¢ < 1 and let my, mg > 0 respectively the minimum of & and

3 on [0,7]. Choose then hg large enough so that I'(1 — &(o) + h) is positive and increasing as a

function of o for all h > hg. For all h as just stated and o € (0,7] we then have

(1 —a(o) +h) FE(dk sy 0;0)"  T(1 —mg + h)ch

— < —. [ |
B(o) + 1 h! ms+h

(6.15)

The right hand side is a summable sequence so that dominated convergence does apply. The
first asymptotic equivalence in (4.3) is thus proven.

When K < Sy, we have ”*gzzjrk — —oo. Furthermore, we recall FX(dg g, +;0;0(7)) =
1 — FE(—dg s+ 0;0(7)) then use (2.13) and repeat the argument of the Sy < K case to obtain
the last line of (4.3). Equation (4.4) then follows from P'(S; < K) =1 —P/(S; > K).

Proof of Proposition 4.2. By (A1°) and (A3) we have a(0) = ap > 0 and 5(0) = By > 0.
For notational convenience, in the following evaluation at ¢ = 0 or 7 = 0 will be understood as
a left limit. Looking at (3.5) we have the explicit expression

C(So, K,7(0)) =80 (®(=ii*(0), B(0) = 7,6(0) + 7,0) = ¥(=jt*(0), Bl(0), é(0), 7))

(6.16) = SC(0,&(0), (o))

for all ¢ = o(7). Observe further that Fr(z;0;0) = 1 so that also ®(z, u,«,3,0) = 1 and hence
C(So, So,0) = C(0,a(0), (0)) = 0. Also by (AN), we have that C is a composition of analytical
functions (recall that ® is holomorphic in the complex unit disc) in a neighbourhood of 0. The
Maclaurin expansion of C around o = 0 thus reads

(6.17) C(S0, S0,0) = C(0,a(0), B(0)) = Socapo + O(a?).
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After substituting ¢ = o(7) we would have (4.6) once we show c, 3 > 0, i.e. cq is strictly
positive as opposed to just nonnegative, which is not obvious. By applying the chain rule

d - oC oC dé
Ca,p = %C(Oa ag, BO) _%(07 Qo, 60) + %(07 «p, 60)%(0)
oC dp
1 — —(0).
(6.18) + Y (0, a0, o) 7~ (0)
First we show
aC
(619) 670_(0)050)/80) > 0.
To lighten notation we set p(c) = F¥(—i*(0);0,0), and rewrite
A 5 po) )
C(o,a(0), B(o)) = _ 1 / Zﬂ(a)—a—l(l _ Z)a(a)+o—1dz_
B(B(o) —o,a(0) + o) Jo
p(o) X ) (o)
- ! P11 = 2)8)-1qz = T(B(0) + (o ’ P11 = 2)@(0)-1
- (1-2) (B(o) + &(o) (1-2)
B(B(0),a(0)) Jo 0
(6.20)
((1 - z>" 1 - 1 ) .
z L(a(o) + o)l (B(o) —0)  T(a(o)T(B(0)))
Computing the derivative by the Leibniz rule yields

2 (00001, B0)) = 22030 + ao))p(o) (1 — p(o)) )
((1—p(a)>“ 1 - L >
p(@) ) T(a(o)+o)T(B(o) — o) T(a(e)T(B(0))
. p(o) R 1—2\° 1
o al(o ZPlO)=1(1 _ z)alo)-1 -
TL(B) +a( ))/0 1 ) ( z ) I(a(o) +o)l(B(o) — o)
(6.21) (log(1 = 2) ~ log(2) + ¥(3(0) - o) = Y(a(e) + ) ) d,

where we recall ¢ is the Digamma function. By assumptions (A3) and (A4) and continuity

of the Beta and (0 functions, it follows that it exists &,c1,co, D1, D2 > 0 such that for all
o < & we have f(c) —0 > ¢ > 0 and a(o) + 0 > ¢ > 0 and F(d(a)+g)1r(5‘(g)—a) < Dy,

1W(B(0) — o) — ¥(a(o) + 0)| < Dy. Now for all such ¢ and z € (0,1) we have

Bl-1(g _ (o)1 (1 - Z)U 1
2 /) T(a(o) +0)l(B(0) — o)
(10g(1 = 2) ~ log 2 + ¥(B(e) — 0) — Y(a(o) + ) |
(6.22) <271 = 2)27 1Dy (|log z — log(1 — 2)| + Do),
and the last expression in (6.22) is integrable in [0,1]. Let p(0) := limy,_0p(c) = FL(y(Bo) —

¥(ap);0,1), with the second equality following by 6.9. We can then apply the Dominated
Convergence Theorem to conclude

. p(0)
lim 2% (6, 4(0), B(o) :M/O SPo=L(1 _ yyeo-t

(6.23) (log(1 — z) —logz + ¥(Bo) — Y(aw)) d=.
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We still need to show that the limit in (6.23) is positive which amounts to determining if
(log(1 — 2z) —log(z) + 1¥(Bo) — ¥ (o)) > 0. To this end notice that log(1—z)—log z is decreasing
in (0,p(0)) and crucially log(1 — p(0)) — log p(0) = () — ¥(Bo). Hence, the integral in (6.23)
is strictly positive because it is the integral of a positive quantity on a finite interval. We have
thus shown (6.19).

Because of (AN) to conclude the proof it is enough to show that

(6.24) lim == (0,6(0), () = lim R (0,4(0), B(0)) = 0.
By the Leibniz rule
5 (7(0).5() = R IID(3(0) + (0))pla) O (1 ple)) )

z L((0) + o)L (B(0) — o) L(&(0))L(B(0))
(6.25)  +log(1— =) < L(B(o) + (o) L(B(0) + () )]
I(a(o) +0)l(B(0) —0)  T(a(o))l(5(0))

We can apply the Dominated Convergence Theorem using a bound similar to the one in (6.22).
Taking the limit inside the integral we immediately obtain

(6.26) lim, gg(a, a(o), B(o)) = 0. |

The same steps show that the partial derivative of oC / (‘33 vanishes in ¢ = 0, finishing the proof.
Proof of Corollary 4.5. 1t is well-known (e.g. [68], Theorem 5.1) that as 7 ~ 0

V2w C(So, So, T)
Sov/T '

Equation (4.9) follows by substituting (4.6) in (6.27).

(6.27) ops(0,7) ~

Proof of Proposition 4.4. Assume the call is struck OTM i.e., introducing log-moneynesses,
that k :=log(K/Sp) > 0. Equation (3.5) enjoys the familiar decomposition as spot-strike linear
combination of digital-option values under the risk-neutral and share measure (compare with
Remark 3.2) i.e.

(628) C(S07 K, 7_) = SOQ*(ST > K) - KDC(SOa KaT)a

where under Q* we have S, ~ GB(1/0(t), Sg™ ", a(t) + o (t), B(t) — o(t)). Applying (4.3), with
P’ being equal to Q* and Q, we have

L (w (7)+k) 17 ()

e f”> K
(6.29) Q7S 2 K) ~ 3y o)) Blalr) + o (7). B() — (7))
oo W (1) Hh)
(6.30) KDC(SO,K,T) ( ) ( ( ) ( ))
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Moreover, let us notice that, by a dominated convergence theorem argument similar to the one
applied in (6.14),

B(r)
e 7t WD) B0t (w (T)+k>>

(B(r) — o(1)Bla(r) + ()5(7)—0(7))NO<6 "

¢ 7 (4 B0 () )
(6.32) KDC(Sy, K,7) — ~ O <e CORE
B Ba(r), B(r)
Hence, in order to produce the asymptotics of C(Sy, K,7) we can substitute (6. 29) (6.30) in

Botl/, «
the individual terms of (6.28) to yield the asymptotic equivalence, provided that e ey (B ()+k)

is of higher order compared to the linear combination of the asymptotics. Doing the algebra
results in

C(So, K,7) ~

(6.31)  SoQ*(Sr = K) —

_B(™)
Ke o)

(™ (r)+h) e (7 _ 1
(B(r) = a(m))B(a(r) +0(7), (1) —o(7))  B(7)B(a(7), B(7))

(‘r)+k)< o(T) > ~o(r x — 2% (u(r)+k)
B(r)(B(1) — o(7))B(a(7), B(T)) 50 (a0, Bo)
which is indeed of lower order compared to (6.31)—(6.32). After using the limit in (6.8), the
expression above yields the first line of (4.10).

To obtain the OTM prices, apply put-call parity to write C(Sy, K, 7) = P(So, K, 7)+ So— K
and repeat the same analysis of (6.33) using the decomposition in (3.6) as

(6.34) P(So, K,7) = KDP(So, K, 7) — SoQ*(S; < K) m

7!’3(7') *
(6.33) ~ Ke a0

and use (4.4) for the digital put price asymptotics.

Proof of Corollary 4.5. From [7], Proposition 1, improving [68], Theorem 5.1, we obtain,
letting O(Sy, K,7) = C(So, K,7) — (S — K)™ and k := log(K/Sp)

(6.35)

UBS(SO7 K7 T) ~

1/2
|| 1 log (csy,x (—log (csy,kO(S0, K,7)))%/?)
v/ —271og O(So, K, 7) log O(So, K, 7) .

for some positive constant cg, x depending on Sy and K. Recalling the first line of (4.10) we
have for K > Sy

—log(cs,, kO (S0, K, 7)) ~ —1log O(So, K, T)

kB ( Ke Dol ) k Bo
6.36 —— —logo(r) —lo ~
(639 ol B 8 e, A ) o)
and thus by replacing (6.36) in (6.35) we see that it holds
1 2 1/2
. (k"
\/—27' log O(Sy, K, T) 27Bo0 (7)
Moreover, again from (6.36) we have
3
(6.39) g, (~ Tog(es, kO (S0, K, 1)) ~ S 10w (T3 ). -
0

Using (6.37) and (6.38) in (6.35) we arrive at the first determination of (4.11). The case K < Sy
is analogous, using the second line of (4.10).
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Proof of Proposition 4.6. We assume first K # Sy. In [7], Equation (2.21), it is established
that the leading order of the skew follows

sgn(log(K/So))
K7 (—2log O(Sy, K,7))"/*

S(So, K, 1) ~

DO(507 Ka 7-)
V/%()(Sbv](’T)(__2log(CSOJ(()(Sb7}(77)))3/2’
where DO(So, K, 7) = DC(So, K, 7)1k, + DP(So, K, 7)1k <5, is the OTM digital option

value. Denote S1(So, K, 7) and Sa2(Sp, K 7) the two summands in (6.39). Let first be K > Sj.
Using (6.36) in (6.39) it holds

(6.39) — log(K/50)

1 o(7) 1/2
(640) S1(8o, K)o~ g <2710g(K/50)50> '

From the OTM call option asymptotics leading order (4.10) and the digital option in (4.3) we
notice

DC(Sy, K, ) Bo
C(So, K,T) ~ Ko(r)

and by substituting (6.41) and (6.36) in (6.39) we obtain

(6.41)

(6.42) Sa(S0, K, 7) ~ —— o(7) v
. T) ~ —— .

20 2K \ 2710g(K/S0)fo
Adding &1 and S the claim follows. The case Sy > K is identical upon replacing «ag to Sy, put
options to call options, and using the absolute log-moneyness. When K = Sy we make use of
the well-known ATM short maturity skew expansion, e.g. [40] Equation (3.2), i.e.

(6.43) S(So, So,7) = ﬁ(lﬂ — DC(Sp, So,T)) — % + O(0ps(0,7)*V/7) [ ]

and the claim follows again directly from Proposition 4.1.

Proof of Corollary 4.7. Clearly ®(Dq,a,0,@0,1) = Ij/2(a0,0) = 1/2 and therefore the
only if part of (¢) follow immediately from (4.13).

We show the if part of (7) and (i4i) together. Negative skewness for an unimodal absolutely
continuous random variable Y “usually” (counterexamples for general random variables are
well-known, see e.g. [1]) implies the inequality

(6.44) E[Y] < m(Y) < M(Y)

where m(Y) and M (Y') are respectively the median and mode of Y. The works [74] and [59] make
clear that for (6.44) to hold it is sufficient that the density f of Y is such that f(a+z)— f(a—x),
with a = E[Y] or a = m(Y), changes sign at most once in z > 0. The direction of the sign
change reflects the sign of the skewness, positive to negative implying negative skewness.

Let us consider X ~ GL(0, 1, o, #). Assuming negative skewness, i.e. by (2.5) letting o < 3,
we want to show that X satisfies (6.44) through the [59] criterion. Now, for all a € R changes
of sign of f(a+x) — f(a— x) correspond to those of log f(a+ x) —log f(a — ). If f is the PDF
of X, recalling (2.2) we see that

(6.45) log f(a+z) —log f(a — x) = 2ax + (o + ) log <iizzz) .
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Observe now , for all a € R that

d 14e47" 262 + 2 4 1
6.46 —1 — ) = —¢€ <0 > 0.
(6.46) dz 8 (1 + e““ﬁ) ¢ (€@ + e?)(eat® + 1) !
and
d? 1+e4" sinh(a) sinh(z)
6.47 — 1 = , >0,
(647) dz? 08 <1 + ea+z> (cosh(a) + cosh(z))? v

which has the same sign of a. Hence the logarithm in (6.45) is strictly decreasing; moreover

log Gii%) |z=0 = 0. Therefore (6.45) can be seen as the difference of two positive functions,
a straight line and a strictly increasing and convex function on x > 0 if @ < 0 (or a concave
function if @ > 0). Moreover, the two functions are both 0 in = 0. Therefore, their difference
changes sign at most once. By the aforementioned results, we conclude that (6.44) is satisfied
for X.

Now observe that

(6.48) ®(Dq,p, Bos 0, 1) = Q(X > E[X])

with X being a GL(0, 1, ag, 5p) random variable, and ag < p. The if part of (i) now follows,
since if for some o* # B* we had that ®(D, g, 5%, a*,1) = 1/2 then by (6.48) would imply
E[X] = Do = m(X), in contradiction with (6.44). Finally, by the inequality

(6.49) (Do, Bos a0, 1) = Q(X = E[X]) > Q(X > m(X)) = 1/2,

continuity, and (4.13), we deduce that there must exist some 7y such that for all 7 < 79,
S(So, K,7) < 0. The corresponding inequality when a9 > Sy follows by reversing (6.44) for
positively skewed random variables, and reasoning as above. This finishes the proof of (iii).

To show (i7), following the notation of Proposition 4.2 let DC(a,4(0), B(0)) be the ATM
digital call price in o coordinate. By (i) it is DC (0, g, ) = 1/2. Then expanding this function
in Maclaurin series in o and substituting it in (6.43) together with (4.9) when oo = 3 in (4.7),
we have, as 0 ~ 0

S(]aSOv J

1d - o2
0 ag, ) + 2dgC’(O,ozo,ozo)> + 0 (7’(0))

d 1d-—
C 0 OZ(),OZ()) + f—Q*(S > 1) — ideC(O OZ0,0ZO))

o d o?
(6.50) 5(17 0 ao,a0)+0 m , [ |

with CC denoting the covered call price in o coordinates (see (4.21)). Now (ii) follows by

ﬁﬁ

setting a, = %C/’E (0, g, p). We notice that a, cannot be negative, otherwise we would have
a calendar-arbitrageable covered call. However, we could not prove its strict positivity for all
choices of a: it is not possible to reason as in Proposition 4.2, as the partial derivatives in a&, i
of C'C do not vanish in 0.
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1285 Proof of Proposition 4.8. Observe that py, p_ are well-defined because of (2.18) and (A4);
1286 crucially, the inequality in (A4) is strict. We now prove that log f&L(-), log f¢*(—-) are regularly
1287 varying of index 1. For all A, 0, a, 8 > 0, using de I’Hopital rule, we have

Az—p

GL . | B Az—p 1 1

1288 llm log fG.’L (Ax7 IU’J 07 a?/B) — hm Og( (Ol, 5)0-) —‘|—Oé o (a +5) Og( + ex_pl

v—oo  fOh(zip,0,a,p) =0 —log(B(a, f)o) —i—a% —(a+B)log(l+e =)
_dafo - MED Nglo

a/a—%ﬁ - Blo

)

1289 (6.51) A

1290 so the GL PDF is log-regularly varying of index 1 at oco. The same arguments applies to show
GL .
1291 that limg_,_ o 285 Qitoaf) — N\ Then from [11], Theorems 1.1-1.2 and using log(1+€%) ~ z

fEE (z3p,0,0,)
1292 as x — 00, log(1 + €*) — 0 as x — —o0 we obtain

1293 = lim —
) P = i k
1 * k}_l
1294 = lim og(Blafo) _ a(r) ()
k—00 o(r)
1+ p*(r)k™? t
1205 (6.52) +(a(r) + By DR BW®)
o(7) a(7)
GL %
o b= lim 08U —p(7),0(7), 7). (7)
k——o0 k
log(B 14 p*(r)k™!
1297 = lim og(B(a,flo) _ a(T) ()
k—00 k o(r)
1298 (6.53) = —@. [ |
o(7)
1299 Proof of Corollary 4.9. Tt is easily checked that (4.20) holds if and only if py +p_ > 1. By
1300 Proposition 4.8 this is the case if and only if 5(7) — a(1) > o (7).
1301 The following Lemma is auxiliary to the proof of Proposition 4.10.
1302 Lemma 6.1. Let k =log(K/Sp) and
1303 (6.54) p+(k,7) == FY(Fds, 1+ 0,0(7)) = FE(F (k4 1% (7)) ;0,0(7)).

1304 In a GBA model satisfying (A1)-(A4) and (LTA) we have that for all K >0, c € R:

1 o(T)+c .
1305 pa(k,7)7MFe o <2) (ekFu(T))F1/2

1 O'(T)-i-c F(ﬁ ) il/2
1306 (6.55 ~ (= k_roo 000 —Boo

659 @) (o)
1307 as T — oo, and thus, in particular
1308 (6.56) pe(k,7) — 1/2, T — 0.
1309 Proof of Lemma 6.1. First, we show that under (LTA)
* k

1310 (6.57) lim p+k 0.

r—=oo  o(T)
1311 By [2], equation (6.147), for a,b > 0 as z — oo

['(z+a)

1312 (6.58) Tz +0)

=2 (1 + O(z_l)) ,
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hence in view of (3.1) and (LTA) and applying (6.58) and continuity of the Euler’s Gamma

)tk ) 1 (T(o(r) + a(m)P(B() () _
A o A, oy A s ( [ (a(r))T(B(r) > -
— lim —— 1o <F<Bw) e %O))
T—00 0‘(7') F(Oéoo) F(U(T) + 600)
— lim 1 o F(BOO)U - Qoo—Poo |
(6.59) = A oo ! g<F(aoo) ) > ’
Consider now
(6.60) log p (k, 7)) = —(o(7) + ¢) log (1 +exp <iu*5:()7;—k)>

and let f(x) = log(1+ ¢e®). Observe f'(z) = F¥(x;0;1) and expand f in its Maclaurin series at
the first order. We have that f(0) = log2, f’(0) = 1/2 and hence as 7 >> 0 by the previous
part we deduce

log p+ (K, t)U(T)+C =—(o(1)+¢) <log2 + M";{:)—i—k + O(U(T)_2)>

W +0(o(r)™Y).

By exponentiating the equation above the first asymptotic relation in (6.55) follows.
Now from (3.1) and applying (LTA) and (6.58) produces

(6.61) =—(o(1)+c)log2F

o) Taln) + ()T () = () T(B) To(r) + )
[a(m))L(5(7)) [(aoo) T(a(7) + Beo)
(6.62) :iggz;U(T)a“ﬁ” +O0(a(r)™h) |

having used (6.58) in the second asymptotic equivalence. Substituting in (6.61) yields the second
equivalence (6.55).

Proof of Proposition 4.10. Recall ®(Fds, i r;a,b,¢) = I, 4 (a,b,c) for all a,b,¢ > 0. Us-
ing expression (6.54) in (2.12) we have

Iy (k) (B(7), (7))

(6.63) = p-(k, )’ 5

o~ D1 — a(7) +5) p-(k, 7)/
(T))T(a(T))Z B(r)+J it

J=0

Based on the limit (6.56), let 79 > 0 be such that for all 7 > 79 it is p_(k,7) < 2/3. Moreover,
let us define j = [1 + supg a(Tﬂ the smallest integer exceeding the supremum of «, which is
finite by (LTA). Then, for all 7 > 79 and j > j it holds

po (b, )L T +g) (2} (2!
(6.64) L1 = afr) + ) il < 2 (3> _<3) |

The first inequality comes from the positivity of 3(7) and the fact that I'(z) is increasing for all
z > 2, which is the case whenever j > j. Besides, recalling that I'(z + j)/I'(z) = Hg;&(z +1)
reveals that for all j the left hand side of (6.64) is bounded as a function of 7, and thus in
particular for j < j. Hence denote with g(7,j) the left hand side of (6.64) and set M =
SUPR, x{j<j} 9(7:J): for all 7 > 75 we have

. 2’
(6.65) g9(m ) < My + <3> L=5
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1344 and the right hand side is a summable sequence. Therefore, we can apply the Dominated
1345 Convergence Theorem and take the limit on 7 inside the series in (6.63). Recall now that the
1346 binomial series for a > 0, |z| < 1, is given by

(e o]

1347 (6.66) > F(I?(:)i)j =(1-2)"%
i=0 ’

1348  Thus,
1349 dim T, (B(7), (7))

0 _ ; J+B(7)
350 = I ST 2 T ) 547
- - i ?((2:’ g i :((Tl);goi Z OJO)) p—(k,T);‘;'ﬂoo+a(T)
1352 (6.67) = lim p_(k, )Pt (1 — p_(k, 7)) U%T()O:':)_l

1353 In the last equality, we took the limit outside the summation before calculating the binomial
1354 series limit, which is again justified by dominated convergence.

1355 Similarly for the term I, - (8(7), (7)) we deduce

1356 Tli_}nolo L, (k) (a(T) +o(7),B(1) — (7))

1357 (6.68) = lim py(k, 7)) (1 = py(k, 7)1 M‘
T—00 ’ ’ I'(Bxo)

1358  Combining equations (4.21), (6.67), (6.68) and Lemma 6.1 it holds

Bt 0(T)P!
1359 CC(So, K, 1) ~ Sopy (k, 7)) (1 — py (k, 7)) T
Qoo—1

- Bootol(r) (1 a1 O(T)7
1360 + Kp_(k,7) (1 —p_(k,7)) T{aw)

1 o(T)+0oo+Boo—1 KT 1/2 Boo—1
1361 ~ Sy <> < (’Bw)a(f)aw_ﬁ°°> ol

2 SO F(aoo) F(Boo)

1) (") +asotFoo—1 So T(to) 1/2 U(T)aoo—l
1362 ) - — = Boo—aroo N u
1362 (6.69) + K (2> (K T (o) o(T) > T{ow)
1363 and after rearranging (4.24) is proven.
1364 Proof of Corollary 4.11. Tt follows from (4.24) that CC(Sy, K,7) — 0 as 7 — oo which

1365 implies S — 0 in probability as 7 — oo (again [73]). Hence substituting (4.24) in (4.22) leads
1366 to

1367 ops(k,T) ~ ﬁ(logQ (0(7) + oo + Boo — 2)
1368 (6.70) — (;(aoo + Bo) — 1) log 0'(7'))1/2 [ ]

1369  which implies (4.25).
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Proof of Proposition 4.12. Keeping in mind (3.7) and (4.21) we have

DC(So, K, 1) (o ®(—di.50750(7) + 0(1), B(r) — o (1), (7)) -
(6.71) CC(S0, K,7) (S“ B (A0, B(r), (1), 0 (7)) * K) |

We need to study the ratio

@ (k+ p*(r);a(r) + (1), B(7) = o(7),0(7))
@ (—k — p*(7); B(7), (7), (7)) '

With py(k,7) as in (6.54) we observe the relationship

o(r) (T)+k)/o(T o(7)
(6.73) p+(k,7) (2 HW*( /e EC
p_(k,7) 1+ - (NFk)/o(r)

(6.72)

Substituting (6.63) in (6.72) and taking into account (6.73) leads to

P (k+p(r);a(r) +o(7),B(r) —o(7),0(7)) _ L(B(r))I(a(r))
 (—k — p*(7); B(7), a(T),0(7)) D(a(7) +o(r))L(B(T) — o(7))
-1

= +0(7) +j) py(k, 7)o@ [ET(1 - a(r) + j) p-(k, 7))

Z T)+o(r) jla(r)+o(r)+ ) ZO L1 —a(r) JUB(T)+J)
J
s pi(k,7)7 M+ ST(1 - B(1) 4+ o(7) + j) p+(k, )’
p—(k,7)8(™ L(1—p(r)+oa(r)) jla(r)+a(r) +7)

(6.74)

-1
(ST +5) pohry
— TU-an) HMBT+5) ]
By the dominated convergence argument of Proposition 4.10, it is possible to interchange the
limit on 7 and the series in the expression above. After taking the limit on 7 term-by-term, we
observe that for all j > 0 we have by (LTA) that 5(7)+j ~ a(r)+o(1)+j ~ o(7r) as T — 0.
Further using the binomial series (6.66) produces

i 2+ (D)50() + 0(7),B(7) — (7). 0(7)
T—00 O (—k — p*(7); (1), (1), 0(7))
-1
iy FPE T ST = B+ p+ k 7y’ (1 —aooﬂ) —(k,7)!
= 7.1_>oo p_(k;77')600 ; F(l — BOO) (2) 1 — 0400 ]'(0’(7’)) )
— lim ekp+(ka7)aoo (1_p7(k‘77))1 oo i (kaT) im 6’”:77_(7')
015 = e (1= pr (e TP A () — A e 0

where in the last equality we also used (6.73).
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That S; tends to 0 in probability has been shown in Corollary 4.11. Substituting (6.75) in
(6.71) and the resulting expression in (4.25) together with (4.23), we obtain, since e* —1 ~ x as
z ~ 0, the leading order

S(Se. K 1 1 2 1
(o BT}~ a2 atr)r \E K cWestEIso iVt 4 1

N 1 log(K/So) + p*(1)
V8log?2 \/o(T)T Ko(r)
_ log(K/Sp) +1log (1) (ctos — Boc) +10g(I(Beo) /T (@0e0))
V8log2 /To(7)32K

having used the asymptotic rate of p*(7)/o(7) provided by (6.59) in the last equivalence. Upon
rearranging the proof is finished.

(6.76) , n

Proof of Corollary 4.13. Point (i) is clear from (4.26). To show (i) for any fixed K and Sy,
define

I'(Bo)
')

Based on (4.26) there exists 71 such that for all 7 > 7 we have §(Sp, K, 7) > 0 (< 0) whenever
s(k,7) > 0 (< 0). Observe that since o is strictly increasing (by condition (A1”)), for fixed k
there is a unique solution 73, to the equation s(k,7) = 0, which satisfies

(6.77) s(k,7) =logo(T)(eo — Poo) + log + k.

)

Therefore letting 7o = max{m, 7}, for all 7 > 7o, we have s(k,7) > 0 if ap > Po and
s(k,7) < 01if B > @oo, proving (i7).

(6.78) o(t,) = <—logk :

Proof of Proposition 5.1. The verifications are straightforward for the R-GBA and the T-
GBA. For the DS-GBA and the DST-GBA o (t) is non negative and continuous due to the fact
that arctan is positive and continuous, and is increasing in ¢ because

d ﬂdoHQtHO_l
@J(t) B 2(o3m2t2Ho /4 + 1) arctan(m/ (200 )t~ He)
7 H oot~ Heo~1 arctan(rog/2)tH0)
T 2o (7/ (20212 1 1) arctan(r/ (200 )t =)

(6.79)

5> 0.

Moreover, recall that arctan(z) ~ x as ¢ ~ 0 and lim,_,~ arctan(z) = 7/2, so that, for both
specifications, o(t) ~ got0 as t ~ 0 and o (t) ~ oot when t — oco.
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