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Abstract. We study a critical problem for an operator of mixed order ob-
tained by the superposition of a Laplacian with a fractional Laplacian. In
particular, we investigate the corresponding Sobolev inequality, detecting
the optimal constant, which we show that is never achieved. Moreover,
we present an existence (and nonexistence) theory for the corresponding
subcritical perturbation problem.
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1. Introduction

In this paper we are concerned with elliptic operators of mixed local and
nonlocal type, in relation to the possible existence of positive solutions for
critical problems and in connection with possible optimizers of suitable Sobolev
inequalities.

The investigation of operators of mixed order is a very topical subject
of investigation, arising naturally in several fields, for instance as the super-
position of different types of stochastic processes such as a classical random
walk and a Lévy flight, which has also interesting application in the study of
optimal animal foraging strategies, see [20,21,26,28].
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From the technical point of view, these operators offer quite relevant
challenges caused by the combination of nonlocal difficulties with the lack
of invariance under scaling. The contemporary investigation has specifically
focused on several problems in the existence and regularity theory (see [1,4,5,
8,11,12,16–18,22–25,30,33]) symmetry and classification results (see [7,9,10]),
etc.

The stirring motivation for the problems presented in this paper comes
from the study of nonlinear problems with critical exponents, as the ones
suggested by the optimizers of the Sobolev inequality. Roughly speaking (see
Section 2 for a formal definition of the functional setting) the strategy adopted
here is to consider a fractional exponent s ∈ (0, 1), an open set Ω ⊆ R

n, not
necessarily bounded or connected, and all functions u : R

n → R which vanish
outside Ω, accounting for a mixed type Sobolev inequality of the sort

Sn,s(Ω) ‖u‖2
L2∗ (Rn) � ‖∇u‖2

L2(Rn) +
∫∫

R2n

|u(x) − u(y)|2
|x − y|n+2s

dx dy. (1.1)

Here above, the constant Sn,s(Ω) is taken to be the largest possible one for
which such an inequality holds true and, as usual, n � 3 and 2∗ := 2n

n−2 .
We observe below that indeed (1.1) is satisfied by choosing the constant

on the left hand side to be (less than or) equal to the classical Sobolev constant

Sn :=
1

n(n − 2)π

(
Γ(n)

Γ(n/2)

)2/n

, (1.2)

since by the standard Sobolev inequality (in Ω, or even in R
n),

Sn ‖u‖2
L2∗ (Rn) � ‖∇u‖2

L2(Rn) � ‖∇u‖2
L2(Rn) +

∫∫
R2n

|u(x) − u(y)|2
|x − y|n+2s

dx dy.

As a result, the largest possible constant in (1.1) certainly satisfies Sn,s(Ω) �
Sn. In principle, one may suspect that in fact a strict inequality occurs (be-
cause, for instance, Sn is independent on Ω, as well as on s), but this is not
the case, according to the following result:

Theorem 1.1. Let s ∈ (0, 1) and Ω ⊆ R
n be an arbitrary open set. Then, we

have

Sn,s(Ω) = Sn.

In our setting, Theorem 1.1 plays a pivotal role, since it allows classical
techniques to be efficiently adapted to the setting of operators with mixed
order.

A natural question related to this problem is whether or not the optimal
constant in (1.1) is achieved, i.e. whether or not a minimizer1 exists. The next
result answers this question.

1Strictly speaking, to formally address the problem of the existence of this minimizer, one

should carefully define the functional space to which this object may in principle belong.

This will be done in details in Section 2. Suffices here to say that one can, roughly speaking,
just consider the natural closure of the space of smooth functions compactly supported in Ω.

Further clarifications about this point will be highlighted in Remark 3.2.
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Theorem 1.2. Let Ω ⊆ R
n be an arbitrary open set. Then, the optimal con-

stant Sn,s(Ω) in (1.1) is never achieved.

As customary, the study of possible optimizers for inequalities of Sobolev
type is intimately connected with the possible existence of nontrivial solutions
for critical problems like ⎧⎪⎨

⎪⎩
Lu = u2∗−1 in Ω,

u � 0 in Ω,

u ≡ 0 in R
n \ Ω,

where L denotes (here and throughout the paper) the mixed local-nonlocal
operator

Lu = −Δu + (−Δ)su.

As for the classical case (i.e. L = −Δ), when Ω is star-shaped, the above
problem does not admit positive solutions, see [29, Theorem 1.3] thanks to
some proper variants of the Pohozaev identity. This fact naturally drive us to
study critical problem of the form⎧⎪⎨

⎪⎩
Lu = u2∗−1 + λup in Ω,

u � 0 in Ω,

u ≡ 0 in R
n \ Ω,

(1.3)

where p ∈ [1, 2∗ −1) and λ ∈ R. We remind that when, L = −Δ, problem (1.3)
with p = 1 is the famous Brezis-Nirenberg problem [15], and it has already been
studied for the fractional Laplacian as well (see [32]). The case of nonlinear
operators of fractional type has also been considered (see [27]).

Our first result is that there do not exist solutions to this problem when
λ � 0, at least on bounded and star-shaped domains.

Theorem 1.3. Let λ � 0. Assume that Ω ⊆ R
n is bounded and star-shaped.

Then, there do not exist solutions to problem (1.3), whatever the exponent
p ∈ [1, 2∗ − 1).

To further analyze the existence theory for problem (1.3) in dependence
of the parameter λ, let us briefly recall the main strategy used in [15] in the
case p = 1.

Due to the lack of compactness caused by the critical exponent, an idea
borrowed from [3] consists in proving that

S(λ) := inf
{

‖∇u‖2
L2(Ω) − λ‖u‖2

L2(Ω) : u ∈ H1
0 (Ω) and ‖u‖L2∗ (Ω) = 1

}

is achieved under some restrictions on λ; in order to do this, the key step is to
show that S(λ) < Sn, where Sn is as in (1.2).

Now, the strict inequality S(λ) < Sn is obtained in [15] via the following
approach: first of all, taking into account that the minimizers in the Sobolev
inequality are given by Aubin-Talenti functions, one considers the function

uε =
φ

(ε2 + |x|2)(n−2)/2
(ε > 0).
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Then, using uε as a competitor function, one gets (at least for n � 5) that

‖∇uε‖2
L2(Ω) − λ‖uε‖2

L2(Ω)

‖uε‖2
L2∗ (Ω)

= Sn − cλε2 + O(εn−2) as ε → 0+,

where c > 0 is a suitable constant. From this, choosing ε sufficiently small, one
immediately conclude that S(λ) < Sn. A similar approach works for 1 < p <
2∗ − 1 as well, and it has also been used in the nonlocal framework [32].

Differently from what one can expect, in our mixed setting the situation
changes. The main reason is that, in trying to repeat the above argument, one
is led to consider the following minimization problem

S(λ) := inf
{

‖∇u‖2
L2(Ω) + [u]2s − λ‖u‖2

L2(Ω) : u ∈ H1
0 (Ω) and ‖u‖L2∗ (Ω) = 1

}

and to prove that

S(λ) < Sn,s(Ω), (1.4)

where [u]s denotes the usual Gagliardo seminorm of u (here, we agree to iden-
tify u with its zero-extension out of Ω) and Sn,s(Ω) is as in (1.1). We explicitly
stress that the constant S(λ) (which is different from the one defined above)
actually depends on n, s and on Ω; however, since these quantities are fixed,
to simplify the notation we avoid to keep track of these dependencies in the
sequel.

Now, since we know from Theorem 1.1 that Sn,s(Ω) = Sn, in order to
prove (1.4) it is natural to consider as a competitor function the same function
uε defined above; however, the presence of the nonlocal part [uε]2s gives

‖∇uε‖2
L2(Ω) + [uε]2s − λ‖uε‖2

L2(Ω)

‖uε‖2
L2∗ (Ω)

= Sn + O(ε2−2s) − cλε2 + O(εn−2) as ε → 0+

(see, precisely, identity (4.13) in the proof of Lemma 4.10), and the term
O(ε2−2s) is not negligible when ε → 0+.

All that being said, in the linear case p = 1 we obtain that problem (1.3)
does not admit any solution both in the range of “small” and “large” values
of λ, but it does possess solutions for an “intermediate” regime of values of λ;
more precisely, denoting by λ1,s the first Dirichlet eigenvalue of (−Δ)s in a
bounded open set Ω, and by λ1 the first Dirichlet eigenvalue of L in Ω (a
precise summary of the related spectral property being recalled on page 12),
we have the following result.

Theorem 1.4. Let Ω ⊂ R
n be an open and bounded set and p = 1. There exists

some λ∗ ∈ [λ1,s, λ1) such that problem (1.3) possesses at least one solution if

λ∗ < λ < λ1.

Moreover, the following facts hold:

(1) there do not exist solutions to problem (1.3) if λ � λ1;
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(2) for every 0 < λ � λ1,s there do no exist solutions to problem (1.3) be-
longing to the closed ball B ⊆ L2∗

(Rn) defined as

B := {u ∈ L2∗
(Rn) : ‖u‖L2∗ (Ω) � S (n−2)/4

n }.

As regards the case of the superlinear perturbation, instead, the situation
is quite different: as a matter of fact, we can adapt the variational argument
in [6] (based on the Mountain Pass Theorem,) to prove the following result.

Theorem 1.5. Let n � 3 and p ∈ (1, 2∗ − 1). Set2

κs,n := min{2 − 2s, n − 2}, βp,n := n − (p + 1)(n − 2)
2

(1.5)

Then, the following assertions hold.
(1) If κs,n > βp,n, then problem (1.3) admits a solution for every λ > 0.
(2) If κs,n � βp,n, then problem (1.3) admits a solution for λ large enough.

A ‘dichotomy’ similar to that in Theorem 1.5 appears also in the purely
local setting, see [15, Section 2], where we have the same value of βp,n and

κs,n = κn = n − 2. (1.6)

The main difference between our mixed setting and the purely local one is that,
in our context, when p ∼ 1 we can prove the existence of solutions to problem
(1.3) only for large values of λ, independently of how large the dimension is.

To clarify this phenomenon, let us assume that n � 4, so that κs,n =
2 − 2s. Under this assumption, the condition κs,n > βs,p boils down to

n > 2 +
4s

p − 1
=: θs,p.

Since θs,p → ∞ as p → 1+, when p ∼ 1 we have κs,n � βs,p, and thus, by
Theorem 1.5, we deduce that problem (1.3) possesses solutions for λ sufficiently
large.

In the purely local setting, instead, the situation is quite different: indeed,
by (1.6), since κn = n − 2, we have

κn > βp,s ⇐⇒ n > 2 +
4

p + 1
=: θp.

Thus, since θp < 4 for every p > 1, when n � 4 we obtain in the classical
case the existence of solutions for every λ > 0, independently of the exponent
p ∈ (1, 2∗ − 1).

In any case, the restriction to large values of λ for finding solutions of this
type of problems is a common occurrence also in the local scenario, see in par-
ticular the case n = 3 in [15, Corollary 2.4] (see also the nonlocal counterpart
in [6]).

We also remark that the case p = 1 in Theorem 1.4 is structurally different
than the case p ∈ (1, 2∗ − 1) in Theorem 1.5. Indeed, on the one hand, in
both cases we cannot establish the existence of solutions for λ close to zero;
on the other hand, while Theorem 1.5 guarantees the existence of solutions

2Notice that, by definition, we have κs,n, βp,n > 0.
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for all λ large enough, Theorem 1.4 only detects solutions for λ in a certain
interval, showing also that no solutions exist when λ is too large (therefore,
the case p = 1 cannot be seen as a limit case of the setting p ∈ (1, 2∗ − 1)).

1.1. Plan of the paper

The rest of this paper is organized as follows. Section 2 contains the preliminary
material needed to set up the appropriate functional spaces and to formalize
the problems that we treat.

Then, in Section 3, we focus on the mixed order Sobolev-type inequality
and prove Theorems 1.1 and 1.2.

Finally, the analysis of the critical problem (1.3) occupies Section 4, where
we prove Theorems 1.3, 1.4 and 1.5.

2. The functional setting

In this section we collect the notation and some preliminary results which will
be used in the rest of the paper. More precisely, we introduce the adequate
function spaces to study problem (1.3), and we investigate the existence of
extremals for some mixed Sobolev-type inequalities.

Let s ∈ (0, 1). If u : R
n → R is a measurable function, we set

[u]s :=
(∫∫

R2n

|u(x) − u(y)|2
|x − y|n+2s

dx dy

)1/2

,

and we refer to [u]s as the Gagliardo seminorm of u (of order s).
Let ∅ 
= Ω ⊆ R

n (with n � 3) be an arbitrary open set, not necessarily
bounded. We define the function space X 1,2(Ω) as the completion of C∞

0 (Ω)
with respect to the global norm

ρ(u) :=
(‖∇u‖2

L2(Rn) + [u]2s
)1/2

, u ∈ C∞
0 (Ω).

Remark 2.1. A couple of observations concerning the space X 1,2(Ω) are in
order.
(1) The norm ρ(·) is induced by the scalar product

〈u, v〉ρ :=
∫
Rn

∇u · ∇v dx +
∫∫

R2n

(u(x) − u(y))(v(x) − v(y))
|x − y|n+2s

dx dy,

where · denotes the usual scalar product in the Euclidean space R
n, and

X 1,2(Ω) is a Hilbert space.
(2) Even if the function u ∈ C∞

0 (Ω) identically vanishes outside Ω, it is often
still convenient to consider in the definition of ρ(·) the L2-norm of ∇u
on the whole of R

n, rather than restricted to Ω (though of course the
result would be the same): this is to stress that the elements in X 1,2(Ω)
are functions defined on the entire space R

n and not only on Ω (and this
is consistent with the nonlocal nature of the operator L). The benefit of
having this global functional setting is that these functions can be globally
approximated on R

n (with respect to the norm ρ(·)) by smooth functions
with compact support in Ω.



NoDEA A Brezis-Nirenberg type result... Page 7 of 28    62 

In particular, when Ω 
= R
n, we will see that this global definition of

ρ(·) implies that the functions in X 1,2(Ω) naturally satisfy the nonlocal
Dirichlet condition prescribed in problem (1.3), that is,

u ≡ 0 a.e. in R
n \ Ω for every u ∈ X 1,2(Ω).

In order to better understand the nature of the space X 1,2(Ω), we distin-
guish two cases.

(i) If Ω is bounded. In this case we first recall the following inequality, which
expresses the continuous embedding of H1(Rn) into Hs(Rn) (see, e.g.,
[19, Proposition 2.2]): there exists a constant c = c(s) > 0 such that, for
every u ∈ C∞

0 (Ω), one has

[u]2s � c(s)‖u‖2
H1(Rn) = c(s)

(‖u‖2
L2(Rn) + ‖∇u‖2

L2(Rn)

)
. (2.1)

This, together with the classical Poincaré inequality, implies that ρ(·)
and the full H1-norm in R

n are actually equivalent on the space C∞
0 (Ω),

and hence

X 1,2(Ω) = C∞
0 (Ω)

‖·‖H1(Rn)

= {u ∈ H1(Rn) : u|Ω ∈ H1
0 (Ω) and u ≡ 0 a.e. in R

n \ Ω}.

(ii) If Ω is unbounded. In this case, even if the embedding inequality (2.1) is
still satisfied, the Poincaré inequality does not hold ; hence, the norm ρ(·)
is no more equivalent to the full H1-norm in R

n, and X 1,2(Ω) is not a
subspace of H1(Rn).

On the other had, by the classical Sobolev inequality we infer the
existence of a constant S = Sn > 0, independent of the open set Ω, such
that

Sn‖u‖2
L2∗ (Rn) � ‖∇u‖2

L2(Rn) � ρ(u)2 for every u ∈ C∞
0 (Ω). (2.2)

From this, we deduce that every Cauchy sequence in C∞
0 (Ω) (with respect

to the norm ρ(·)) is also a Cauchy sequence in the space L2∗
(Rn); as a

consequence, since the functions in C∞
0 (Ω) identically vanish out of Ω,

we obtain

X 1,2(Ω) = {u ∈ L2∗
(Rn) : u ≡ 0 a.e. in R

n \ Ω,∇u ∈ L2(Rn) and [u]s < ∞}.

In particular, when Ω = R
n we have

X 1,2(Rn) = {u ∈ L2∗
(Rn) : ∇u ∈ L2(Rn) and [u]s < ∞}.

Remark 2.2. We stress that the mixed Sobolev-type inequality (2.2) holds for
every open set Ω ⊆ R

n (bounded or not); thus, we always have

X 1,2(Ω) ↪→ L2∗
(Ω). (2.3)

Furthermore, by exploiting the density of C∞
0 (Ω) in X 1,2(Ω), we can extend

inequality (2.2) to every function u ∈ X 1,2(Ω), thereby obtaining

Sn‖u‖2
L2∗ (Rn) � ρ(u)2 = ‖∇u‖2

L2(Rn) + [u]2s for every u ∈ X 1,2(Ω).
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3. The mixed Sobolev-type inequality

Now we further develop our analysis on the mixed Sobolev inequality (2.2),
that is,

Sn‖u‖2
L2∗ (Rn) � ρ(u)2 for every u ∈ C∞

0 (Ω),

with the aim of proving Theorems 1.1 and 1.2.
To this end, our first goal is to find the sharp constant in (2.2), namely,

Sn,s(Ω) := inf
{
ρ(u)2 : u ∈ C∞

0 (Ω) ∩ M}
, (3.1)

where M is the unit sphere in L2∗
(Rn), that is,

M := {u ∈ L2∗
(Rn) : ‖u‖L2∗ (Rn) = 1}.

We stress that, since C∞
0 (Ω) is dense in the space X 1,2(Ω) (with respect to

the norm ρ(·)), by the continuous embedding (2.3) we have

Sn,s(Ω) = inf
{
ρ(u)2 : u ∈ X 1,2(Ω) ∩ M}

.

Moreover, Sn,s(Ω) is translation-invariant with respect to Ω, that is,

Sn,s(x0 + Ω) = Sn,s(Ω) for every x0 ∈ R
n.

Remark 3.1. Before starting with the study of the minimization problem (3.1),
we review here below some well-known properties of the best constant Sn in
the classical Sobolev inequality, which is defined as follows:

Sn := inf
{‖∇u‖2

L2(Ω) : u ∈ C∞
0 (Ω) ∩ M}

.

For a proof of these facts we refer to [3,35] (see also [15, Section 1]).

(1) The constant Sn is independent of the open set Ω, and depends only on
the dimension n, as stated in (1.2).

(2) Given any open set Ω ⊆ R
n (bounded or not), we have

Sn = inf
{‖∇u‖2

L2(Rn) : u ∈ D1,2
0 (Ω) ∩ M}

,

where D1,2
0 (Ω) is the space defined as the completion of C∞

0 (Ω) with
respect to the gradient norm u �→ G(u) := ‖∇u‖L2(Rn).

(3) If Ω ⊆ R
n is a bounded open set, then Sn is never achieved.

(4) If Ω = R
n, then Sn is not achieved in C∞

0 (Rn) but it is achieved in the
bigger space D1,2

0 (Rn) by the family of functions

F =
{
Ut,x0(x) = t

2−n
2 U((x − x0)/t) : t > 0, x0 ∈ R

n
}
,

where

U(z) := c (1 + |z|2) 2−n
2

and c > 0 is such that ‖U‖L2∗ (Rn) = 1.

We are thus ready to prove Theorem 1.1.
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Proof of Theorem 1.1. Since ρ(u) � ‖∇u‖L2(Ω) for every u ∈ C∞
0 (Ω), we have

Sn,s(Ω) � inf
{‖∇u‖2

L2(Ω) : u ∈ C∞
0 (Ω) ∩ M}

= Sn.

To prove the reverse inequality, by the translation-invariance of Sn,s(Ω) we
assume that x0 = 0 ∈ Ω, and we let r > 0 be such that Br(0) ⊆ Ω. We now
observe that, given any u ∈ C∞

0 (Rn) ∩ M, there exists k0 = k0(u) ∈ N such
that

supp(u) ⊆ Bkr(0) for every k � k0;

as a consequence, setting uk := k
n−2
2 u(kx) (for k � k0), we readily see that

supp(uk) ⊆ Br(0) ⊆ Ω and ‖uk‖L2∗ (Rn) = 1.

Taking into account the definition of Sn,s(Ω), we find that, for every k � k0,

Sn,s(Ω) � ρ(uk)2 = ‖∇uk‖2
L2(Rn) + [uk]2s = ‖∇u‖2

L2(Rn) + k2s−2[u]2s.

From this, letting k → ∞ (and recalling that s < 1), we obtain

Sn,s(Ω) � ‖∇u‖2
L2(Rn).

By the arbitrariness of u ∈ C∞
0 (Ω) ∩ M and the fact that Sn is independent

of the open set Ω (see Remark 3.1-(1)), we finally infer that

Sn,s(Ω) � inf
{‖∇u‖2

L2(Rn) : C∞
0 (Ω) ∩ M}

= Sn,

and hence Sn,s(Ω) = Sn. �

We are now in the position of proving Theorem 1.2.

Proof of Theorem 1.2. Arguing by contradiction, let us suppose that there ex-
ists a nonzero function u0 ∈ X 1,2(Ω) such that ‖u0‖L2∗ (Rn) = 1 and

ρ(u0)2 = ‖∇u0‖2
L2(Rn) + [u0]2s = Sn.

Taking into account that X 1,2(Ω) ⊆ D1,2
0 (Ω) (this inclusion being a straight-

forward of the fact that ρ(·) � G(·), see Remark 3.1-(2)), we infer that

Sn � ‖∇u0‖2
L2(Ω) � ‖∇u0‖2

L2(Rn) + [u0]2s = ρ(u0)2 = Sn,

from which we derive that [u0]s = 0. As a consequence, the function u0 must
be constant in R

n, but this is contradiction with the fact that ‖u0‖L2∗ (Rn) = 1.
�

Remark 3.2. Even if Theorem 1.2 shows that the constant Sn,s(Ω) = Sn is
never achieved in the space X 1,2(Ω) (independently of the open set Ω), in the
particular case Ω = R

n we can prove that Sn is achieved ‘in the limit’: more
precisely, if F = {Ut,x0} is as in Remark 3.1-(4), we have

ρ(Ut,x0)
2 → Sn as t → ∞.

Indeed,

|U(z)| � C min{1, |z|2−n} and |∇U(z)| � C min{|z|, |z|1−n},
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for some C > 0, therefore (up to renaming C line after line)

[U(z)]2s =
∫∫

R2n

|U(x + y) − U(x)|2
|y|n+2s

dx dy

�
∫∫

Rn×B1

∣∣∣∣
∫ 1

0

∇U(x + ty) · y dt

∣∣∣∣
2

dx dy

|y|n+2s

+2
∫∫

Rn×(Rn\B1)

(|U(x + y)|2 + |U(x)|2) dx dy

|y|n+2s

�
∫∫∫

Rn×B1×(0,1)

min{|x + ty|2, |x + ty|2(1−n)} dx dy dt

|y|n+2s−2

+4
∫∫

Rn×(Rn\B1)

|U(z)|2 dz dy

|y|n+2s

�
∫∫∫

Rn×B1×(0,1)

min{|z|2, |z|2(1−n)} dz dy dt

|y|n+2s−2

+C

∫∫
Rn×(Rn\B1)

min{1, |z|2(2−n)} dz dy

|y|n+2s
,

which is finite.
Hence, U ∈ X 1,2(Rn) and consequently Ut,x0 ∈ X 1,2(Rn) for every t > 0

and x0 ∈ R
n.

Moreover, recalling that

Ut,x0(x) = t
2−n
2 U

(x − x0

t

)
and ‖Ut,x0‖L2∗ (Rn) = ‖U‖L2∗ (Rn) = 1,

by arguing as in the proof of Theorem 1.1 we have

ρ(Ut,x0)
2 = ρ(Ut,0)2 = ‖∇U‖2

L2(Rn) + t2s−2[U ]2s.

From this, since U = U1,0 is an optimal function in the classical Sobolev
inequality (and since s < 1), by letting t → ∞ we obtain

ρ(Ut,x0)
2 → ‖∇U‖2

L2(Rn) = Sn.

4. Critical problems driven by L
We now develop our study concerning the solvability of problem (1.3). Through-
out this section, we tacitly understand that

(i) Ω ⊆ R
n is a bounded open set ;

(ii) λ ∈ R;
(iii) 1 � p < 2∗ − 1.
Moreover, we inherit all the definitions and notation of Sections 2 and 3. We
also introduce the convex cone

X 1,2
+ (Ω) := {u ∈ X 1,2(Ω) : u � 0 a.e. in Ω}.

We begin by giving the precise definition of solution to (1.3).

Definition 4.1. We say that a function u ∈ X 1,2
+ (Ω) is a solution to problem

(1.3) if it satisfies the following properties:
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(1) |{x ∈ Ω : u(x) > 0}| > 0;
(2) for every test function v ∈ X 1,2(Ω) we have

∫
Ω

∇u · ∇v dx +
∫∫

R2n

(u(x) − u(y))(v(x) − v(y))
|x − y|n+2s

dx dy

=
∫

Ω

(u2∗−1 + λup)v dx.

(4.1)

We observe that, since Ω ⊆ R
n is bounded,

X 1,2(Ω) = {u ∈ H1(Rn) : u|Ω ∈ H1
0 (Ω) and u ≡ 0 a.e. in R

n \ Ω}.

As a consequence, the assumption u ∈ X 1,2
+ (Ω) contains both the Dirichlet

boundary condition u ≡ 0 a.e. in R
n \Ω and the sign condition u � 0 a.e. in Ω.

Moreover, all the integrals in (4.1) are finite, due to the embedding
X 1,2(Ω) ↪→ L2∗

(Rn) and the fact that p < 2∗ − 1.
Before proceeding we highlight that, if u ∈ X 1,2

+ (Ω) is a given function,
the validity of identity (4.1) (which expresses the fact that u is a solution to
problem (1.3)) is actually equivalent to the following condition

dFλ,p(u) ≡ 0 on X 1,2(Ω),

where Fλ,p is the C1-functional defined on the Hilbert space X 1,2(Ω) by

Fλ,p(u) :=
1
2
ρ(u)2 − 1

2∗

∫
Ω

|u|2∗
dx − λ

p + 1

∫
Ω

|u|p+1 dx. (4.2)

Thus, we derive that the solutions to problem (1.3) are precisely the nonneg-
ative critical points of the functional Fλ,p. This characterization will be used,
as a crucial tool, in order to study the existence of solutions to problem (1.3).

With Definition 4.1 at hand, we establish the following boundedness and
positivity result.

Theorem 4.2. Assume that there exists a solution u0 ∈ X 1,2
+ (Ω) to problem

(1.3) for some λ ∈ R and p ∈ [1, 2∗ − 1). Then, the following facts hold:

(1) u0 ∈ L∞(Rn);
(2) if, in addition, λ � 0, then u0 > 0 a.e. in Ω.

Proof. The boundedness of u0 is a direct consequence of [34, Theorem 1.1],
applied here with the choice f(x, t) := t2

∗−1 + λtp. Indeed, u0 is a solution to
⎧⎪⎨
⎪⎩

Lu = f(x, u) in Ω,

u � 0 in Ω,

u ≡ 0 in R
n \ Ω,

and the function f satisfies the following properties:

(i) f : Ω × [0,∞) → R is a Carathéodory function;
(ii) f(·, t) ∈ L∞(Ω) for every t � 0;
(iii) |f(x, t)| � (1 + |λ|)(1 + t2

∗−1) for every t � 0.
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In view of these properties of f , we are then entitled to invoke [34, Theo-
rem 1.1], ensuring that u0 ∈ L∞(Ω). This, jointly with the fact that u0 ≡ 0
a.e. in R

n \ Ω, implies that u0 ∈ L∞(Rn), as desired.
Assume now that λ � 0. Recalling that u0 is a solution to (1.3) (in the

sense of Definition 4.1), and since u0 � 0 a.e. in Ω, for every v ∈ X 1,2
+ (Ω) we

have ∫
Ω

∇u0 · ∇v dx +
∫∫

R2n

(u0(x) − u0(y))(v(x) − v(y))
|x − y|n+2s

dx dy

=
∫

Ω

(u2∗−1
0 + λup

0)v dx � 0.

(4.3)

As a consequence, we can apply the Strong Maximum Principle in [11, Theo-
rem 3.1] (this time with the choice f(x, t) ≡ 0), ensuring that

either u0 > 0 a.e. in Ω or u0 ≡ 0 a.e. in Ω.

On the other hand, since |{u0 > 0}| > 0, we have that u0 is not identically
vanishing in Ω; thus, u0 > 0 a.e. in Ω, and the proof is complete. �

Thanks to Theorem 4.2, we can now prove Theorem 1.3.

Proof of Theorem 1.3. Arguing by contradiction, let us suppose that there ex-
ists a nonzero solution u0 to problem (1.3). Owing to Theorem 4.2, we have
u0 ∈ L∞(Rn); moreover, defining f(x, t) := |t|2∗−2t + λ|t|p−1t (with t ∈ R),
we see that u0 solves {

Lu = f(x, u) in Ω,

u ≡ 0 in R
n \ Ω,

(4.4)

and the nonlinearity f satisfies the following properties:
(i) f ∈ C0,1

loc (Ω × R);
(ii) for every x ∈ Ω and every t ∈ R, we have

n − 2
2

tf(x, t) =
n − 2

2
(|t|2∗

+ λ|t|p+1
)

= n

( |t|2∗

2∗ +
λ|t|p+1

2∗

)

(since λ � 0 and p � 2∗ − 1)

� n

( |t|2∗

2∗ +
λ|t|p+1

p + 1

)
= n

∫ t

0

f(x, τ) dτ.

As a consequence, since u0 is a bounded solution of (4.4), f satisfies (i)-(ii) and
Ω is star-shaped, we are entitled to apply [29, Theorem 1.3], ensuring that

u0 ≡ 0 a.e. in Ω.

This is clearly a contradiction with the fact that u0 � 0 in Ω (recall that u0 is
a solution to (1.3), see Definition 4.1), and the proof is complete. �

From now on we assume that

λ > 0.

Under this assumption (which is somewhat in agreement with Theorem 1.3)
and taking into account all the discussion carried out so far, we can start our
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study of the solvability of problem (1.3). To this end, since the linear case
p = 1 and the superlinear case p > 1 present some subtle differences, it is
worth treating these cases separately.

4.1. The linear case p = 1

We begin by studying the solvability of (1.3) in the linear case p = 1, that is,
we begin by considering the problem⎧⎪⎨

⎪⎩
Lu = u2∗−1 + λu in Ω,

u � 0 in Ω,

u ≡ 0 in R
n \ Ω,

(4.5)

In this linear context, the existence of solutions to problem (4.5) for a given
λ > 0 is deeply influenced by the first Dirichlet eigenvalues of (−Δ)s and of
L.

We recall that, given the bounded open set Ω, one defines

(i) the first Dirichlet eigenvalue of (−Δ)s in Ω as

λ1,s := inf
{
[u]2s : u ∈ C∞

0 (Ω) and ‖u‖L2(Rn) = 1
}
; (4.6)

(ii) the first Dirichlet eigenvalue of L in Ω as

λ1 := inf
{
ρ(u)2 : u ∈ C∞

0 (Ω) and ‖u‖L2(Rn) = 1
}
. (4.7)

Clearly, both λ1,s and λ1 depend on the open set Ω; however, in order to sim-
plify the notation, we avoid to make explicit this dependence in what follows.

For the sake of completeness (and for a future reference), we then present
in the next remark a short overview of the main properties of λ1,s and λ1.

Remark 4.3. (Properties of λ1,s and λ1) As regards λ1,s we first observe that,
since the map u �→ [u]s =: N (u) is a norm on C∞

0 (Ω) which is equivalent to
the full Hs-norm (see, e.g., [19, Theorem 6.5] and recall that Ω is bounded),
one has

λ1,s = inf
{
[u]2s : u ∈ Ds,2

0 (Ω) and ‖u‖L2(Rn) = 1
}
,

where Ds,2
0 (Ω) ⊆ L2(Rn) is the completion of C∞

0 (Ω) with respect to N .
Moreover, since the embedding Ds,2

0 (Ω) ↪→ L2(Rn) is compact, it is not difficult
to see that λ1,s is actually achieved in this larger space Ds,2

0 (Ω), that is,

∃ φ0 ∈ Ds,2
0 (Ω) : ‖φ0‖L2(Rn) = 1 and [φ0]2 = λ1,s > 0.

As a matter of fact, the above function φ0 can be chosen to be strictly positive
a.e. in Ω (see, e.g., [31, Proposition 9]); in addition, since φ0 is a constrained
minimizer of the functional u �→ [u]2s, by the Lagrange Multiplier Rule we have
that φ0 is weak solution to the eigenvalue problem⎧⎪⎨

⎪⎩
(−Δ)su = λ1,su in Ω,

u 
≡ 0 in Ω,

u ≡ 0 in R
n \ Ω.
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As regards λ1, we have completely analogous results (with the obvious modi-
fications): first of all, since ρ(·) defines a norm on C∞

0 (Ω) which is equivalent
to the full H1-norm in R

n (as Ω is bounded), we have

λ1 = inf
{
ρ(u)2 : u ∈ X 1,2(Ω) and ‖u‖L2(Rn) = 1

}
.

Moreover, since the embedding X 1,2(Ω) ↪→ L2(Rn) is compact, it is not difficult
to see that λ1(Ω) is actually achieved in this larger space X 1,2(Ω), that is,

∃ ψ0 ∈ X 1,2(Ω) : ‖ψ0‖L2(Rn) = 1 and ρ(ψ0)2 = λ1 > 0.

As a matter of fact, the above function ψ0 can be chosen to be strictly positive
a.e. in Ω (see, e.g., [11, Proposition 5.1]); in addition, since ψ0 is a constrained
minizer of the functional ρ(·)2, by the Lagrange Multiplier Rule we easily see
that ψ0 is weak solution to the eigenvalue problem⎧⎪⎨

⎪⎩
Lu = λ1u in Ω,

u 
≡ 0 in Ω,

u ≡ 0 in R
n \ Ω.

We are now approaching the proof of Theorem 1.4. We will achieve this
through several independent results. To begin with, we prove a lemma linking
the existence of solutions to (4.5) with the existence of constrained minimizers
for a suitable functional.

As a matter of facts, since solutions to problem (1.3) are precisely the
unconstrained nonnegative critical points of the functional Fλ,p defined in (4.2)
(for all p � 1), we now aim at proving that, in this linear context, there is a
link between existence of solutions to (4.5) and existence of minimizers for the
functional

Qλ(u) := ρ(u)2 − λ‖u‖2
L2(Rn) (u ∈ X 1,2(Ω)), (4.8)

constrained to the manifold V(Ω) := X 1,2(Ω) ∩ M.

Lemma 4.4. For every fixed λ > 0, we define

S(λ) := inf
u∈V(Ω)

Qλ(u).

We assume that S(λ) > 0 and that S(λ) is achieved, that is, there exists some
function w ∈ V(Ω) such that Qλ(w) = S(λ).

Then, there exists a solution to (4.5).

Before giving the proof of Lemma 4.4, we list in the next remark some
properties of the number S(λ) which will be used in the sequel.

Remark 4.5. (Properties of S(λ)) We begin by observing that, by Hölder’s
inequality, for every u ∈ V(Ω) we have

Qλ(u) � inf
u∈V(Ω)

ρ2(u) − λ‖u‖2
L2(Rn) � Sn − λ‖u‖2

L2(Rn)

(recall that u ≡ 0 a.e. in R
n \ Ω)

� Sn − λ|Ω|4/n.
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As a consequence, we obtain

S(λ) � Sn − λ|Ω|4/n > −∞ for every λ > 0.

In addition, from the definition of S(λ) we easily infer that

(i) S(λ) � Sn for every λ > 0;
(ii) S(λ) � S(μ) for every 0 < μ < λ.

Finally, owing to the definition of λ1 in (4.7) (and recalling that λ1 is achieved
in the space X 1,2(Ω), see Remark 4.3), it is easy to see that

S(λ) � 0 ⇐⇒ 0 < λ � λ1.

We are now ready to provide the proof of Lemma 4.4.

Proof of Lemma 4.4. Let w ∈ V(Ω) be a constrained minimizer for the func-
tional Qλ (whose existence is guaranteed by the assumptions), that is,

Qλ(w) = S(λ) > 0.

Since Qλ(|w|) � Qλ(w), by possibly replacing w with |w| we may and do
assume that w � 0 a.e. in Ω; moreover, by the Lagrange Multiplier Rule we
have

dQλ(w) ≡ μd
(
u �→ ‖u‖2

L2∗ (Rn)

)
(w) on X 1,2(Ω),

for some μ ∈ R. This means that∫
Ω

∇w · ∇φ +
∫∫

R2n

(w(x) − w(y))(φ(x) − φ(y))
|x − y|n+2s

=
∫

Ω

(μw2∗−1 + λw)φ dx for every φ ∈ X 1,2(Ω).
(4.9)

Now, if we choose φ = w in this last identity, we get

μ = μ‖w‖2∗
L2∗ (Rn) = ρ(w)2 − λ‖w‖2

L2(Rn) = Qλ(w) = S(λ) > 0.

As a consequence, setting u := S(λ)(n−2)/4w, we see that

(i) u ∈ X 1,2
+ (Ω) \ {0}, since w � 0 in Ω and S(λ) > 0;

(ii) for every φ ∈ X 1,2(Ω), from (4.9) we get∫
Ω

∇u · ∇φ +
∫∫

R2n

(u(x) − u(y))(φ(x) − φ(y))
|x − y|n+2s

=
∫

Ω

(u2∗−1 + λu)φ dx.

Gathering (i)-(ii), we then conclude that u is a solution to (4.5), as
desired. �

On account of Lemma 4.4, an important information to study the solv-
ability of problem (4.5) is the sign of the real number S(λ). In this perspective,
we prove the following result:

Lemma 4.6. For every 0 < λ � λ1,s, we have

S(λ) = Sn > 0.
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Proof. Let λ ∈ (0, λ1,s) be given. By the definition of λ1,s in (4.6), for every
u ∈ C∞

0 (Ω) ∩ M we have

Qλ(u) = ‖∇u‖2
L2(Rn) +

(
[u]2s − λ‖u‖2

L2(Rn)

)
� ‖∇u‖2

L2(Rn) + (λ1,s − λ)‖u‖2
L2(Rn)

� ‖∇u‖2
L2(Rn).

As a consequence,

S(λ) = inf
{Qλ(u) : u ∈ C∞

0 (Ω) ∩ M}
� inf

{‖∇u‖2
L2(Rn) : u ∈ C∞

0 (Ω) ∩ M}
= Sn,

from which we deduce that S(λ) = Sn, as desired. �

By combining Remark 4.5 with Lemma 4.6, we conclude that
(i) S(λ) = Sn for every 0 < λ � λ1,s;
(ii) S(λ) � 0 for every 0 < λ � λ1;
(iii) S(λ) < 0 for every λ > λ1.
We now turn to prove that S(·) is continuous function of λ ∈ (0,∞); this,
together with the above (i)-to-(iii), ensures that S(·) assumes all the values
between 0 and the constant Sn when λ ranges in the interval (0, λ1].

Lemma 4.7. The function λ �→ S(λ) is continuous on (0,∞).

Proof. By Remark 4.5, S(·) is nonincreasing on the interval (0,∞).
As a consequence, for every λ > 0 we have

∃ S(λ−) := lim
μ→λ−

S(μ) ∈ R and ∃ S(λ+) := lim
μ→λ+

S(μ) ∈ R.

To prove the continuity of S(·) on (0,∞), we then pick any λ0 > 0 and we
show that S(·) is continuous both from the left and from the right at λ0, that
is,

S(λ0−) = S(λ0+) = S(λ0).
As regards the continuity from the left, we proceed as follows: first of all, given
any ε > 0, by definition of S(λ0) there exists u = uε,λ0 ∈ V(Ω) such that

S(λ0) � Qλ0(u) < S(λ0) +
ε

2
.

From this, using the monotonicity of S(·) and exploiting Hölder’s inequality
(recall that u ∈ V(Ω) and u ≡ 0 a.e. in R

n \ Ω), for every λ < λ0 we obtain

0 � S(λ) − S(λ0) � Qλ(u) − S(λ0)

=
(Qλ0(u) − S(λ0)

)
+ (λ0 − λ)‖u‖2

L2(Rn)

<
ε

2
+ (λ0 − λ)‖u‖2

L2(Rn)

� ε

2
+ (λ0 − λ)|Ω|4/n

As a consequence, setting δε := ε/(2|Ω|4/n), we conclude that

0 � S(λ) − S(λ0) < ε for every λ0 − δε < λ � λ0,
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and this proves that S(·) is continuous from the left at λ0.
As regards the continuity from the right, we proceed essentially as above:

first of all, given any ε > 0 and any λ > λ0, we can find u = uε,λ ∈ V(Ω) such
that

S(λ) � Qλ(u) < S(λ) +
ε

2
.

From this, by the monotonicity of S(·) and Hölder’s inequality, we obtain

0 � S(λ0) − S(λ) � Qλ0(u) − S(λ)

=
(Qλ(u) − S(λ)

)
+ (λ − λ0)‖u‖2

L2(Rn)

� ε

2
+ (λ − λ0)|Ω|4/n < ε,

provided that λ0 � λ < λ0 + δε (where δε > 0 is as above). We then conclude
that S(·) is also continuous from the right at λ0, and the proof is complete.
�

In the light of the results established so far, we can finally provide the

Proof of Theorem 1.4. To begin with, we define

λ∗ := sup
{
λ > 0 : S(μ) = Sn for all 0 < μ � λ

}
.

On account of Lemma 4.6, we see that λ1,s � λ∗ < ∞; moreover, since we
know from Lemma 4.7 that S(·) is continuous, we have S(λ∗) = Sn.

We also notice that, since S(·) � 0 on (0, λ1] and S(·) < 0 on (λ1,∞),
again by the continuity of S(·) we infer that S(λ1) = 0; as a consequence,
recalling that S(·) is nonincreasing on (0,∞), we conclude that

λ∗ ∈ [λ1,s, λ1).

We now turn to prove that the assertion of Theorem 1.4 holds with this choice
of λ∗, that is, we show that the following assertions hold:

(i) problem (4.5) possesses at least one solution if λ∗ < λ < λ1;
(ii) there do not exist solutions to problem (4.5) if λ � λ1;
(iii) for every fixed 0 < λ � λ1,s, there do not exist solutions to problem (4.5)

belonging to the closed ball

B = {u ∈ L2∗
(Ω) : ‖u‖L2∗ (Ω) � S (n−2)/4

n }.

To this end, we treat the following three cases separately.
Case I: λ∗ < λ < λ1. In this case, owing to the definition of λ∗ (and

recalling that S(·) is continuous), we have 0 � S(λ) < Sn; from this, by arguing
exactly as in the proof of [15, Lem. 1.2], we see that S(λ) is achieved, that is,
there exists a nonzero function w ∈ V(Ω) such that

Qλ(w) = S(λ).

In particular, since λ < λ1 (and w 
≡ 0), we obtain

S(λ) = ‖w‖2
L2(Rn)

[
ρ(w)2

‖w‖2
L2(Rn)

− λ

]
� ‖w‖2

L2(Rn)(λ1 − λ) > 0.

Now we have proved that S(λ) is strictly positive and is achieved, we are then
entitled to apply Lemma 4.4, ensuring that there exists a solution to (4.5).
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Case II: λ � λ1. In this second case, since S(·) is nonincreasing (and
since we know that S(λ1) = 0), we infer that

S(λ) � 0 < Sn.

Owing to this fact, we can argue once again as in [15, Lem. 1.2] to prove that
S(λ) is achieved; however, since S(λ) � 0, we are not entitled to apply Lemma
4.6 to derive the existence of a solution to problem (4.5). Rather, we show that
there cannot exist solutions to (4.5) by proceeding as in [15, Remark 1.1].

Arguing by contradiction, let us assume that there exists (at least) one
solution u to problem (4.5) in this case. On account of Remark 4.3, we know
that exists a nonzero function ψ0 ∈ X 1,2(Ω) such that ψ0 > 0 a.e. in Ω and∫

Ω

∇ψ0 · ∇v dx +
∫∫

R2n

(ψ0(x) − ψ0(y))(v(x) − v(y))
|x − y|n+2s

dx dy

= λ1

∫
Ω

ψ0v dx ∀ v ∈ X 1,2(Ω),

that is, ψ0 is an eigefunction for L associated with λ1.
In particular, choosing v = u ∈ X 1,2

+ (Ω) in the above identity and re-
calling that u is a solution to problem (4.5) (according to Definition 4.1), we
obtain

λ1

∫
Ω

ψ0u dx =
∫

Ω

∇ψ0 · ∇u dx +
∫∫

R2n

(ψ0(x) − ψ0(y))(u(x) − u(y))
|x − y|n+2s

dx dy

=
∫

Ω

(u2∗−1 + λu)ψ0 dx

(since u, ψ0 > 0 a.e. in Ω, see Theorem 4.2)

> λ

∫
Ω

uψ0 dx,

but this is clearly in contradiction with the fact that λ � λ1.
Case III: 0 < λ � λ1,s. Arguing by contradiction, let us suppose that

there exists a solution u to problem (4.5) such that u ∈ B. Then, setting

v := u/‖u‖L2∗ (Ω),

we have the following computation, based on the properties of u:

Qλ(v) =
1

‖u‖2
L2∗ (Ω)

Qλ(u) =
1

‖u‖2
L2∗ (Ω)

(
ρ(u)2 − λ‖u‖2

L2(Ω)

)

=
1

‖u‖2
L2∗ (Ω)

{ ∫
Ω

|∇u|2 dx +
∫∫

R2n

|u(x) − u(y)|2
|x − y|n+2s

dx dy − λ

∫
Ω

u2 dx

}

=
1

‖u‖2
L2∗ (Ω)

∫
Ω

u2∗
dx (since u solves (4.5), see (4.1) with v = u)

= ‖u‖2∗−2
L2∗ (Ω)

� Sn (since u ∈ B).

As a consequence, owing to Lemma 4.6, we obtain

Qλ(v) = Sn, (4.10)
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and this proves that S(λ) = Sn is achieved by v.
Now, since v ∈ X 1,2(Ω) ⊆ D1,2

0 (Ω), from (4.10) we get

Sn � ‖∇v‖2
L2(Rn) = Qλ(v) − (

[v]2s − λ‖v‖2
L2(Rn)

)
(since λ � λ1,s and v ∈ X 1,2(Ω) ⊆ Ds,2

0 (Ω))

� Qλ(v) = Sn,

and this shows that the best Sobolev constant Sn is achieved by v ∈ D1,2
0 (Ω).

On the other hand, since Ω is bounded, we know from Remark 3.1 that
Sn is never achieved in X 1,2(Ω), and so we have a contradiction.
This ends the proof. �

4.2. The superlinear case 1 < p < 2∗ − 1
Now we continue the study of the solvability of (1.3) in the case 1 < p <
2∗ − 1, and we address the proof of Theorem 1.5. Compared to the linear case
previously treated, the main difference is that we cannot link the solvability
of problem (1.3) to the existence of constrained minimizers for the quadratic
form Qλ in (4.8) (since the rescaling argument in the proof of Lemma 4.4
cannot be applied when p > 1); as a consequence, we may try to prove the
existence of solutions to (1.3) by showing the existence of unconstrained and
nonnegative critical points for the functional Fλ,p in (4.2).

However, this approach presents a drawback: even if we are able to prove
the existence of a nonzero critical point v for Fλ,p, there is no reason for u := |v|
to be a critical point, and so we cannot be sure that there exist nonnegative
critical points. For this reason, and following the approach in [15], we consider
a slightly modified functional with respect to (4.2), namely,

Jλ,p(u) :=
1
2
ρ(u)2 − 1

2∗

∫
Ω

(u+)2
∗
dx − λ

p + 1

∫
Ω

(u+)p+1 dx (u ∈ X 1,2(Ω)),

where u+ := max{u, 0} denotes the positive part of the function u.
Now, it is easy to see that any (nonzero) critical point of Jλ,p is a solution

to (1.3): indeed, if u 
≡ 0 is a critical point of this functional, by writing down
the associated Euler-Lagrange equation we see that u is a weak solution of{

Lu = (u+)2
∗−1 + λ(u+)p−1 in Ω,

u ≡ 0 in R
n \ Ω.

In particular, since we are assuming λ > 0, we deduce that Lu � 0 in the weak
sense in Ω (see, precisely, (4.3) in the proof of Theorem 4.2). This, together
with the fact that u ≡ 0 a.e. in R

n \Ω, allows us to apply the Weak Maximum
Principle in [8, Theorem 1.2], ensuring that u � 0 a.e. in R

n. We then conclude
that

u+ ≡ u,

and thus u is a solution to problem (1.3) (according to Definition 4.1).
In view of this fact, to prove Theorem 1.5 it then suffices to prove the

existence of a nonzero critical point for Jλ,p.
As in the purely local (see [15]) or purely nonlocal case (see [6]), the main

difficulty in the application of the Mountain Pass Theorem consists in proving
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the validity of a Palais–Smale condition at level c ∈ R, usually denoted by
(PS)c. In particular, we have to prove that the Mountain Pass critical level of
Jλ,p lies below the threshold of application of the (PS)c condition. In doing
this, we will understand better the strange behaviour in the linear case and we
will notice how the local part of L affects the problem.

To this end, the first step is to note that the functional Jλ,p has a nice
Mountain Pass geometry, as described by the following lemma.

Lemma 4.8. There exist two positive constants α, β > 0 such that
i) for any u ∈ X 1,2(Ω) with ρ(u) = α, it holds that Jλ,p(u) � β;
ii) there exists a positive function e ∈ X 1,2(Ω) such that

ρ(e) > α and Jλ,p(e) < β.

Moreover, for every positive function u ∈ X 1,2(Ω), it holds that

lim
t→0+

Jλ,p(tu) = 0.

Proof. The proof is quite standard and exploits the validity of a Sobolev em-
bedding for the space X 1,2(Ω). See e.g. [6, Proposition 3.1]. �

We now move to show that Jλ,p satisfies a local Palais-Smale condition
at a level c ∈ R related to the best Sobolev constant Sn.

Lemma 4.9. The functional Jλ,p satisfies the (PS)c for every c <
1
n

(Sn)n/2.

Proof. Let {um} be a (PS)c sequence for the functional Jλ,p in X 1,2(Ω), i.e.
i) Jλ,p(um) → c, as m → +∞;
ii) J ′

λ,p(um) → 0, as m → +∞.
By standard arguments, this ensures that {um} is bounded in the Hilbert space
X 1,2(Ω). In particular, this implies the existence of a function u∞ ∈ X 1,2(Ω)
such that, up to subsequences,∫

Ω

〈∇um,∇ϕ〉 dx +
∫∫

R2n

(um(x) − um(y))(ϕ(x) − ϕ(y))
|x − y|n+2s

dxdy

→
∫

Ω

〈∇u∞,∇ϕ〉 dx +
∫∫

R2n

(u∞(x) − u∞(y))(ϕ(x) − ϕ(y))
|x − y|n+2s

dxdy,

for every ϕ ∈ X 1,2(Ω). Moreover, um converges to u∞ (as m → +∞) weakly
in L2∗

(Ω), almost everywhere and strongly in Lr(Ω) for every r ∈ [1, 2∗) (and
hence in norm). Putting everything together, we get that u∞ is a weak solution
to (1.3) (with p > 1).

Now, by exploiting [13, Theorem 1], we find that

Jλ,p(um) =
1
2

∫
Ω

|∇um|2 +
1
2

∫∫
R2n

|um(x) − um(y)|2
|x − y|n+2s

dxdy

− 1
2∗

∫
Ω

((um)+)2
∗
dx − λ

p + 1

∫
Ω

((um)+)p+1 dx

= Jλ,p(u∞) +
1
2
ρ(um − u∞)2 − 1

2∗

∫
Ω

|(um)+ − (u∞)+|2∗
dx + o(1).
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Arguing as in the proof of Claim 3 of [6, Proposition 3.2], we can further prove
that

ρ(um − u∞)2 =
∫

Ω

|(um)+ − (u∞)+|2∗
dx + o(1)

�
∫

Ω

|um − u∞|2∗
dx + o(1).

(4.11)

We are now ready to finish the proof of Lemma 4.9. By (4.11), we have that
1
2
ρ(um − u∞)2 − 1

2∗

∫
Ω

|(um)+ − (u∞)+|2∗
dx =

1
n

ρ(um − u∞)2 + o(1),

and therefore

Jλ,p(u∞) +
1
n

ρ(um − u∞)2 = Jλ,p(um) + o(1) = c2 + o(1),

as m → +∞. On the other hand, thanks to the boundedness of {um}, possibily
passing to a subsequence, we have that there exists L > 0 such that

ρ(um − u∞)2 → L, as m → +∞,

and that there exists L̃ � L such that∫
Ω

|um − u∞|2∗
dx → L̃.

Recalling that

Sn,s(Ω) = inf
ρ(u)2

‖u‖2
L2∗ (Ω)

= Sn,

we find that

L � Sn,s(Ω)L̃2/2∗
= SnL̃2/2∗

,

which implies that either L = 0 or L � SnL̃n/2. Arguing as in [6, Proposition
3.2] we can show that the only possible case is L = 0, and this shows that the
sequence {um} strongly converges in X 1,2(Ω). �

The last ingredient needed to establish Theorem 1.5 consists in showing
the existence of a path whose energy is below the critical threshold Sn/n. To
this aim, we first introduce an auxiliary function reminiscent of the one used
in [15]: let φ0 ∈ C∞(R) be a nonincreasing cut–off function given by

φ0(t) :=

{
1, if t ∈ [

0, 1
4

]
,

0, if t � 1
2 .

Then, we define the function φr(x) : R
n → R as

φr(x) := φ0

( |x|
r

)
,

for a given r > 0 such that Br(0) ⊂ Ω. Finally, for all ε > 0, let

Uε(x) :=
ε(n−2)/2

(|x|2 + ε2)(n−2)/2
and ηε(x) :=

φr(x)Uε(x)
‖φr Uε‖L2∗ (Ω)

.

In this framework, we have:
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Lemma 4.10. Let n � 3 and p ∈ (1, 2∗ − 1). Moreover, let κs,n, βp,n be as in
(1.5). Then, the following assertions hold.

(i) If κs,n > βp,n, then there exists ε > 0 small enough such that

sup
t�0

Jλ,p(tηε) <
1
n

(Sn)n/2 for all λ > 0.

(ii) If, instead, κs,n � βp,n, then there exist ε > 0 and λ0 > 0 such that

sup
t�0

Jλ,p(tηε) <
1
n

(Sn)n/2 for all λ � λ0.

Proof. We closely follow the argument in [6, Lemma 3.4], which in turn is a
modification of the original approach by Brezis and Nirenberg [15].

To begin with we observe that, by definition, we have

Jλ,p(tηε) =
t2

2

∫
Ω

|∇ηε|2 dx +
t2

2

∫∫
R2n

|ηε(x) − ηε(y)|2
|x − y|n+2s

dxdy

− t2
∗

2∗ − λ
tp+1

p + 1

∫
Ω

ηε(x)p+1 dx;
(4.12)

we then turn to estimate the three integrals in the right-hand side of (4.12).
As regards the Lp+1-norm of ηε, if ε > 0 is small enough we have∫

Rn

ηε(x)p+1 dx = C

∫
Br(0)

Uε(x)p+1 dx

= C ε−(p+1)
n−2

2

∫ r

0

τn−1

(
τ2

ε2 + 1
)(p+1)

n−2
2

dτ

= C εn−(p+1)
n−2

2

∫ r/ε

0

tn−1

(t2 + 1)(p+1)
n−2

2

dt

� C εn−(p+1)
n−2

2

∫ 1

0

tn−1

(t2 + 1)(p+1)
n−2

2

dt

= Cεn−(p+1)
n−2

2 ,

where the constant C > 0 is adjusted step by step, but it depends only on n.
As regards the L2-norm of ∇ηε, instead, we know from [15, Lemma 1.1] that∫

Ω

|∇ηε|2 dx = Sn + O(εn−2) as ε → 0+.

We are then left to estimate the Gagliardo seminorm of ηε. To begin with,
arguing as in [32, Proposition 21] (and recalling that Br(0) ⊂ Ω), we define

D :=
{

(x, y) ∈ R
2n : x ∈ Br/4(0), y ∈ Bc

r/4(0) and |x − y| > r/8
}

,

E :=
{

(x, y) ∈ R
2n : x ∈ Br/4(0), y ∈ Bc

r/4(0) and |x − y| � r/8
}

.
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With this notation at hand, we get that∫∫
R2n

|ηε(x) − ηε(y)|2
|x − y|n+2s

dxdy

=
1

‖φrUε‖2
L2∗ (Ω)

∫∫
Br/4(0)×Br/4(0)

|Uε(x) − Uε(y)|2
|x − y|n+2s

dxdy

+ 2
∫∫

D

|ηε(x) − ηε(y)|2
|x − y|n+2s

dxdy

+ 2
∫∫

E

|ηε(x) − ηε(y)|2
|x − y|n+2s

dxdy

+
∫∫

Bc
r/4(0)×Bc

r/4(0)

|ηε(x) − ηε(y)|2
|x − y|n+2s

dxdy.

Now, by repeating the proof of [32, Proposition 21], one realizes that the last
three integrals in the above identity behave like O(εn−2) as ε → 0+. Moreover,
we claim that the first integral behaves like O(ε2−2s) as ε → 0+.

Indeed, it is proved in [14,15] that

‖φrUε‖2∗
L2∗ (Ω) = Cn + O(εn) as ε → 0+,

where Cn > 0 is a suitable constant only depending on n; on the other hand,
by performing the change of variables x = εξ and y = εζ, we get∫∫

Br/4(0)×Br/4(0)

|Uε(x) − Uε(y)|2
|x − y|n+2s

dxdy �
∫
R2n

|Uε(x) − Uε(y)|2
|x − y|n+2s

dxdy

=
∫
R2n

εn−2

ε(2n−4)+n+2s
· |U1(ξ) − U1(ζ)|2

|ξ − ζ|n+2s
· ε2n dxdy

= ε2−2s · [U1]2s = O(ε2−2s),

where we have used Remark 3.2 (notice that U1 = c−1 U).
Gathering all these information, from (4.12) we then obtain

Jλ,p(tηε) � t2

2
(Sn + O(εn−2) + O(ε2−2s)) − t2

∗

2∗ − Cλ
tp+1

p + 1
εn−(p+1)

n−2
2

=
t2

2
(Sn + O(εκs,n)

) − t2
∗

2∗ − Cλ
tp+1

p + 1
εβp,n

� t2

2
(Sn + Cεκs,n

) − t2
∗

2∗ − Cλ
tp+1

p + 1
εβp,n =: g(t),

(4.13)

provided that ε > 0 is sufficiently small and for a suitable constant C > 0.
To proceed further, following the proof of [6, Lemma 3.4], we turn to

study the maximum/minimum points of g. To this end we first observe that,
since

g(t) → −∞ as t → ∞,

there exists some point tε,λ � 0 such that

sup
t�0

g(t) = g(tε,λ).
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If tε,λ = 0, we have g(t) � 0 for all t � 0, and the lemma is trivially established
as a consequence of (4.13). If, instead, tε,λ > 0, since g ∈ C1((0,∞)) we get

0 = g′(tε,λ) = tε,λ(Sn + Cεκs,n) − t2
∗−1

ε,λ − Cλtpε,λεβp,n .

In particular, recalling that tε,λ > 0, we can rewrite the above identity as

Sn + Cεκs,n = t2
∗−2

ε,λ + Cλtp−1
ε,λ εβp,n (4.14)

from which we easily derive that

tε,λ < (Sn + Cεκs,n)1/(2∗−2).

We now distinguish two cases, according to the assumptions.
Case (i): κs,n > βp,n. In this case we first observe that, since tε,λ > 0,

from identity (4.14) we easily infer the existence of some μλ > 0 such that

tε,λ � μλ > 0 provided that ε is small enough.

This, together with the fact that since the map

t �→ t2

2
(Sn + Cεκs,n) − t2

∗

2∗

is increasing in the closed interval [0,Sn + Cεκs,n)1/(2∗−2)], implies

sup
t�0

g(t) = g(tε,λ)

<
(Sn + Cεκs,n)1+2/(2∗−2)

2
− (Sn + Cεκs,n)2

∗/(2∗−2)

2∗ − Cεβp,n

=
1
n

(Sn + Cεκs,n)n/2 − Cεβp,n

� 1
n

(Sn)n/2 + Cεκs,n − Cεβp,n <
1
n

(Sn)n/2,

provided that ε > 0 is sufficiently small. We explicitly stress that, in the last
estimate, we have exploited in a crucial way the assumption κs,n > βp,n.

Case (ii): κs,n � βp,n. In this second case, we begin by claiming that

lim
λ→∞

tε,λ = 0. (4.15)

Indeed, suppose by contradiction that � := lim supλ→∞ tε,λ > 0: then, by
possibly choosing a sequence {λk}k diverging to ∞, from (4.14) we get

Sn + Cεκs,n = t2
∗−2

ε,λk
+ Cλktp−1

ε,λk
εβp,n → ∞

but this is clearly absurd. Now we have established (4.15), we can easily com-
plete the proof of the lemma: indeed, by combining (4.13) with (4.15), we
have

0 � sup
t�0

Jλ,p(tηε) � g(tε,λ) �
t2ε,λ

2
(Sn + Cεκs,n

) − t2
∗

ε,λ

2∗ → 0 as λ → ∞,

and this readily implies the existence of λ0 = λ0(p, s, n, ε) > 0 such that

sup
t�0

Jλ,p(tηε) <
1
n

(Sn)2/n for all λ � λ0,
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provided that ε > 0 is small enough but fixed. This ends the proof. �

Proof of Theorem 1.5. The desired result in Theorem 1.5 now follows from the
Mountain Pass Theorem, thanks to Lemmata 4.8, 4.9 and 4.10. �

Acknowledgements

We express our gratitude to the anonymous Referee for the careful reading of
the paper and for his/her valuable comments, leading to this improved version
of the manuscript.

Funding Open access funding provided by Politecnico di Milano within the
CRUI-CARE Agreement.

Open Access. This article is licensed under a Creative Commons Attribution 4.0
International License, which permits use, sharing, adaptation, distribution and re-
production in any medium or format, as long as you give appropriate credit to the
original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in
this article are included in the article’s Creative Commons licence, unless indicated
otherwise in a credit line to the material. If material is not included in the article’s
Creative Commons licence and your intended use is not permitted by statutory regu-
lation or exceeds the permitted use, you will need to obtain permission directly from
the copyright holder. To view a copy of this licence, visit http://creativecommons.
org/licenses/by/4.0/.

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.

References

[1] Abatangelo, N., Cozzi, M.: An elliptic boundary value problem with fractional
nonlinearity. SIAM J. Math. Anal. 53(3), 3577–3601 (2021)

[2] Ambrosetti, A., Rabinowitz, P.: Dual variational methods in critical point theory
and applications. J. Funct. Anal. 14, 349–381 (1973)
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[23] Garain, P., Lindgren, E.: Higher Hölder regularity for mixed local and nonlocal
degenerate elliptic equations, Calc. Var. Partial Differential Equations 62 (2023)

[24] Garain, P., Ukhlov, A.: Mixed local and nonlocal Sobolev inequalities with ex-
tremal and associated quasilinear singular elliptic problems. Nonlinear Anal.
223, 113022 (2022)

[25] Jakobsen, E.R., Karlsen, K.H.: Continuous dependence estimates for viscosity
solutions of integro-PDEs. J. Differential Equations 212(2), 278–318 (2005)

[26] Montefusco, E., Pellacci, B., Verzini, G.: Fractional diffusion with Neumann
boundary conditions: the logistic equation. Discrete Contin. Dyn. Syst. Ser. B
18(8), 2175–2202 (2013)

[27] Mosconi, S., Perera, K., Squassina, M., Yang, Y.: The Brezis-Nirenberg problem
for the fractional p-Laplacian, Calc. Var. Partial Differential Equations 55 (4),
Art. 105, 25 pp (2016)

[28] Pellacci, B., Verzini, G.: Best dispersal strategies in spatially heterogeneous envi-
ronments: optimization of the principal eigenvalue for indefinite fractional Neu-
mann problems. J. Math. Biol. 76(6), 1357–1386 (2018)

[29] Ros-Oton, X., Serra, J.: Nonexistence Results for Nonlocal Equations with Criti-
cal and Supercritical Nonlinearities. Comm. Partial Differential Equations 40(1),
115–133 (2015)

[30] Salort, A., Vecchi, E.: On the mixed local-nonlocal Hénon equation, Differential
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