
European Journal of Operational Research 320 (2025) 57–68 

A
0

Contents lists available at ScienceDirect

European Journal of Operational Research

journal homepage: www.elsevier.com/locate/eor

Discrete Optimization

Bounds and heuristic algorithms for the bin packing problem with minimum
color fragmentation
Mathijs Barkel a, Maxence Delorme a, Enrico Malaguti b, Michele Monaci b,∗

a Tilburg University, Department of Econometrics and Operations Research, 5037 AB, Tilburg, The Netherlands
b Università di Bologna, Dipartimento di Ingegneria dell’Energia Elettrica e dell’Informazione ‘‘Guglielmo Marconi’’, 40136, Bologna, Italy

A R T I C L E I N F O

Keywords:
Packing
Color fragmentation
Lower bounds
Tabu search
Computational experiments

A B S T R A C T

In this paper, we consider a recently introduced packing problem in which a given set of weighted items with
colors has to be packed into a set of identical bins, while respecting capacity constraints and the number
of available bins, and minimizing the total number of times that colors appear in the bins. We review exact
methods from the literature and present a fast lower bounding procedure that, in some cases, can also provide
an optimal solution. We theoretically study the worst-case performance of the lower bound and the effect of
the number of available bins on the solution cost. Then, we computationally test our solution method on a
large benchmark of instances from the literature: quite surprisingly, all of them are optimally solved by our
procedure in a few seconds, including those for which the optimal solution value was still unknown. Thus, we
introduce additional harder instances, which are used to evaluate the performance of a constructive heuristic
method and of a tabu search algorithm. Results on the new instances show that the tabu search produces
considerable improvements over the heuristic solution, with a limited computational effort.
1. Introduction

In the Bin Packing Problem (BPP) we are given a set of items, each
having a positive weight, and an unlimited number of identical bins,
each having a positive capacity. The problem asks to pack all the items
into the minimum number of bins so that the total weight of the items
packed in each bin does not exceed the capacity. This problem is
known to be strongly -hard and has applications in different areas,
including e.g., logistics, cutting and packing, and telecommunications.

In this paper, we consider a packing problem that is strictly related
to the BPP. We are given a limited set  of bins, containing exactly
𝐵 identical bins, each with capacity 𝑊 , and a set  containing 𝐼
items. Besides the weight 𝑤𝑖, each item 𝑖 ∈  is characterized by a
color 𝑐𝑖 ∈ , where  = {1, 2,… , 𝐶} is a given set of colors which
induces a partition of the item set into subsets 1,2,… ,𝑐 . As is
common in bin packing problems, we make the natural assumption
that both the bin capacity and the items weights are positive integers.
The problem requires to pack all items into the available bins without
exceeding their capacity while minimizing the color fragmentation of
the solution. More precisely, the color fragmentation for a color is
given by the number of different bins that contain at least one item
of that color, and the objective is to minimize the overall value of this
figure. The resulting problem, denoted as the Bin Packing Problem with
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Minimum Color Fragmentation (BPPMCF), has been introduced in the
literature in Bergman et al. (2019). Recently, the BPPMCF has been
addressed by the same authors (Mehrani et al., 2022), where possible
applications in production planning, surgical scheduling and group
event seating were considered. In particular, in production planning,
tasks (items) are characterized by a processing time (weight) and are
divided into categories (colors), associated with specific processing
modules. Plants (bins) have a maximum working time (capacity) and
have to be equipped with the requested modules for processing the
tasks. Since modules may be expensive to deploy, they should be placed
in as few plants as possible, which corresponds to minimizing the color
fragmentation in the BPPMCF. In surgical scheduling, each surgical
procedure has a certain duration and requires a specialized team.
For organizational reasons, it is desirable to schedule all operations
requiring the same team in as few days as possible. Mapping operations
with items, days with bins, and teams with colors, the problem reduces
to the BPPMCF. Finally, in group seating problems, parties of people,
each belonging to a certain group, have to be allocated to the same
place (e.g., segment in a stadium, table in a restaurant, etc.) and one
would like to put together parties from the same group. A noticeable
application arises when Olympic games organizers have to assign teams
to buildings in the Olympic Village, with the aim of allocating teams
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from the same country (or sport) in the same building. In Mehrani et al.
(2022), several mathematical formulations and solution algorithms for
the BPPMCF were proposed, and strong –hardness of the problem

as reported for the case 𝐵 ≥ 3. We observe that, in this case, even
inding a feasible solution for a BPPMCF instance is a strongly –

complete problem, as it reduces to solving the BPP instance induced by
ignoring colors. Bergman et al. (2019) showed that deciding whether
an arbitrary BPPMCF instance with 2 bins is feasible is –complete.

For the sake of completeness, we now review the descriptive math-
ematical model introduced in Bergman et al. (2019) and Mehrani et al.
(2022). The formulation involves binary variables 𝑥𝑏𝑖 representing the
ssignment of item 𝑖 to bin 𝑏 and binary variables 𝑦𝑏𝑐 that indicate
hether bin 𝑏 includes some items of color 𝑐 or not (𝑖 ∈ , 𝑏 ∈ ,
∈ ). The formulation is thus as follows

min
∑

𝑏∈

∑

𝑐∈
𝑦𝑏𝑐 (1)

s.t.
∑

𝑏∈
𝑥𝑏𝑖 = 1 𝑖 ∈  (2)

∑

𝑖∈
𝑤𝑖 𝑥𝑏𝑖 ≤ 𝑊 𝑏 ∈  (3)

∑

𝑖∈𝑐

𝑤𝑖 𝑥𝑏𝑖 ≤ 𝑊 𝑦𝑏𝑐 𝑏 ∈ , 𝑐 ∈  (4)

𝑥𝑏𝑖 ∈ {0, 1} 𝑏 ∈ , 𝑖 ∈  (5)

𝑦𝑏𝑐 ∈ {0, 1} 𝑏 ∈ , 𝑐 ∈ . (6)

This model is then strengthened by adding the following inequalities

𝑏𝑖 ≤ 𝑦𝑏𝑐 𝑏 ∈ , 𝑐 ∈ , 𝑖 ∈ 𝑐 (7)
∑

𝑏∈
𝑦𝑏𝑐 ≥ 𝐿𝑐 𝑐 ∈ , (8)

here 𝐿𝑐 denotes any lower bound on the fragmentation of each color
, i.e., on the number of bins that contain at least one item in set 𝑐 .
n Mehrani et al. (2022), 𝐿𝑐 is set to the value of the well-known lower
ound 𝐿2 for the BPP instance induced by item set 𝑐 (see, Martello
nd Toth 1990).

Formulation (1)–(8) is denoted as IP1 in Mehrani et al. (2022),
here also a similar model is proposed that exploits the characteristic
f most real instances to include many identical items (i.e., with the
ame weight and same color). This more effective model is referred
o as IP2, and is one of the methods that will be computationally
onsidered in our experiments (see Section 5). In addition, we will con-
ider two further exact approaches that turned out to be very effective
n Mehrani et al. (2022), denoted as RM2-GIFF and EM, respectively.
he former is a decision diagram combined with a general integer
low formulation, whereas the latter is based on a set-partitioning
ormulation of the problem and can be interpreted as a Dantzig–Wolfe
eformulation of model IP2. Consequently, it follows that the linear
elaxation of EM dominates the linear relaxation of IP2.

Some different variants of the bin packing problem in which items
re associated with colors have been proposed in the literature; how-
ver, in these problems, colors typically induce constraints on the
easibility of a solution. In the problem studied by Borges et al. (2024),
ach item has a weight and a color, and each bin has a weight capacity.
he objective is to pack the items into the minimum number of bins
uch that no two items of the same color appear consecutively in
he same bin. That is, for every bin in the solution there must exist
ne permutation of its items such that successive items have different
olors. In the problem studied by Dawande et al. (2001), each item
lso has a weight and a color, but here each bin has a color capacity in
ddition to the weight capacity. A feasible packing must respect both
he weight limit and the color limit of each bin. In the co-printing prob-
em, items have multiple colors but no weight and bin capacity limits
he total number of different colors for its items. This problem, which
inds applications in beverage package printing, has been considered

n Peeters and Degraeve (2004) and in Kochetov and Kondakov (2017). f

58 
eneral incompatibility between items of different colors is addressed
n the bin packing problem with conflicts (see Fernandes Muritiba
t al. 2010, Gendreau et al. 2004). Another related problem is the
in packing problem with item fragmentation (see Casazza and Ceselli
014, Ekici 2021, Malaguti et al. 2019), where each item has a weight,
ach bin has a weight capacity, the number of bins is fixed, and each
tem can be fragmented into two or more pieces. The objective is to find
feasible packing minimizing the total number of item fragmentations.

The rest of the paper is organized as follows. In Section 2 we
onsider bounding procedures that are based on the solution of a BPP
roblem. We introduce both a lower bound, for which we analyze
he worst-case performance, and two alternative heuristic algorithms.
ection 3 discusses some theoretical properties of optimal BPPMCF
olutions with respect to optimal BPP solutions, and, more in general,
ith respect to the number of bins 𝐵. Section 4 presents a metaheuristic

cheme that is based on the tabu search paradigm. In Section 5 the
roposed algorithms are computationally evaluated and compared with
tate-of-the-art methods on a large benchmark of instances from the
iterature. In addition, a new set of challenging instances is introduced,
llowing for a more accurate analysis of the performance of the meth-
ds. Finally, Section 6 draws some conclusions and indicates future
esearch directions.

Throughout the paper, we will make use of the following example
or describing solution methods.

xample 1. Let us consider the following BPPMCF instance with 𝐵 = 4,
𝑊 = 6, 𝐶 = 3, 𝐼 = 10, items  = {𝑖1, 𝑖2,… , 𝑖10} with weights equal to
4, 3, 1, 3, 2, 2, 1, 3, 2, 1}. Item colors are equal to {1, 1, 1, 2, 2, 2, 2, 3, 3, 3},
.e., 1 = {𝑖1, 𝑖2, 𝑖3}, 2 = {𝑖4, 𝑖5, 𝑖6, 𝑖7} and 3 = {𝑖8, 𝑖9, 𝑖10}. This
nstance, together with a corresponding optimal solution, is shown in
ig. 1, where color 1 is light gray, color 2 is medium gray, and color 3
s dark gray. This solution uses all 4 bins. The items with color 1
re spread over two bins, as are the items with color 2, whereas the
tems with color 3 are all in the same bin. Therefore, the overall color
ragmentation of this solution is equal to 2 + 2 + 1 = 5.

. BPP-based bounding procedures

In this section, we consider lower and upper bounds that can be
omputed by solving BPP instances. We point out that, even though
he BPP is strongly -hard, several approaches have been proposed
n the literature for solving BPP instances effectively. The first ef-
ective proposals were combinatorial lower bounding procedures and
ranch-and-bound algorithms described in Martello and Toth (1990)
nd pseudo-polynomial arcflow formulations by Valério de Carvalho
1999). These methods are reviewed in the survey of Delorme et al.
2016). More recent methods include enhancements of arcflow formu-
ations that allow for an effective solution by means of state-of-the-art
LP solvers (see de Lima et al. 2023, Delorme and Iori 2020), and
ailored branch-and-price algorithms (see Pessoa et al. 2020, Wei et al.
020).

Section 2.1 briefly reports the arcflow formulation that is used in
ur algorithms; Section 2.2 reviews a simple lower bound introduced
n Mehrani et al. (2022) and analyzes its worst-case performance;
inally, Section 2.3 describes two heuristic algorithms for computing
feasible solution for a BPPMCF instance. Note that, even though our

lgorithms use the arcflow formulation to solve the BPP, they could
lso use any black-box procedure that returns an optimal solution for
given BPP instance.

.1. The arcflow formulation

Introduced by Valério de Carvalho (1999) and based on the earlier
orks of Shapiro (1968) and Wolsey (1977), the standard arcflow
ormulation considers a directed multigraph  = ( ,) where vertex
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Fig. 1. Example of a BPPMCF instance and a corresponding optimal solution.
set  = {0, 1,… ,𝑊 } includes a vertex for each capacity value, and
where arc set  includes for each item 𝑖 ∈ , 𝑊 −𝑤𝑖+1 arcs associated
with packing that item, namely all arcs originating from a vertex 𝑑 ∈
{0, 1,… ,𝑊 − 𝑤𝑖} and terminating in vertex 𝑒 = 𝑑 + 𝑤𝑖. For notational
convenience, each arc is identified by a triplet (𝑑, 𝑒, 𝑖). We point out
that the resulting graph has pseudo-polynomial size, which can be
hard to manage in practice. For this reason, procedures for avoiding to
construct redundant vertices and arcs have been proposed in Valério de
Carvalho (1999). In brief, items are sorted according to non-increasing
weight, and for a given item 𝑖 only the arcs (𝑣, 𝑣+𝑤𝑖, 𝑖) with 𝑣 ≤ 𝑊 −𝑤𝑖
are considered for which 𝑣 is either 0 or the head of another arc
associated with a previously considered item. Further improvements
based on effective reduction strategies and efficient procedures for the
definition of the graph have been extensively studied in recent years
(see Brandão and Pedroso 2016, Côté and Iori 2018).

The formulation uses, for each arc (𝑑, 𝑒, 𝑖) ∈ , a binary decision
variable 𝑓𝑑𝑒𝑖 taking value 1 if the arc is selected in the solution, and
value 0 otherwise. In other words, a variable 𝑓𝑑𝑒𝑖 = 1 indicates that
item 𝑖 ∈  is packed in a bin from position 𝑑 to position 𝑒, though
not defining the actual bin in which the item is packed. The resulting
arcflow model for the BPP is as follows

min
∑

(0,𝑒,𝑖)∈
𝑓0𝑒𝑖 (9)

s.t.
∑

(𝑣,𝑒,𝑖)∈
𝑓𝑣𝑒𝑖 ≤

∑

(𝑑,𝑣,𝑖)∈
𝑓𝑑𝑣𝑖 𝑣 ∈  ⧵ {0,𝑊 } (10)

∑

(𝑑,𝑒,𝑖)∈
𝑓𝑑𝑒𝑖 = 1 𝑖 ∈  (11)

𝑓𝑑𝑒𝑖 ∈ {0, 1} (𝑑, 𝑒, 𝑖) ∈ . (12)

The objective function minimizes the amount of flow leaving node
0, i.e., the number of bins used. Constraints (10) ensure that, for every
node 𝑣 ∈  ⧵ {0,𝑊 }, the amount of flow leaving 𝑣 cannot exceed
the amount of flow entering 𝑣. We point out that the equality sign
is often used in such constraints in the literature, resulting in the
well-known flow conservation constraints. However, for the model to be
correct, flow conservation constraints either require the introduction
of a set of loss arcs to represent the empty space in a bin, or require
each vertex 𝑣 ∈  ⧵ {0} to serve as a potential sink node, which
can be done, for example, by introducing an integer variable for each
possible sink 𝑣 to keep track of the amount of flow exiting the network
through 𝑣 (see Valério De Carvalho 2002). From the computational
point of view, we did not observe any significant difference in terms
of computing time between the version of the arcflow model that uses
flow conservation constraints and the version of the model that uses
inequalities. Therefore, for the sake of simplicity, we chose the latter.
Finally, Constraints (11) impose that, for each item 𝑖, exactly one arc
associated with that item is selected, i.e., the item is packed.

In order to retrieve a possible packing of items into bins, one can use
a flow decomposition algorithm (see chapter 3.5 in Ahuja et al. 1993)
on the solution provided by Model (9)–(12).

Example 1 (Resumed). Let us consider the BPP instance induced by item
set 2 with weights {3, 2, 2, 1} and 𝑊 = 6. This instance is depicted in
the left part of Fig. 2. The graph  obtained after applying the reduction
59 
procedures suggested by Valério de Carvalho (1999) is depicted in
the center of Fig. 2. Here, arcs in bold denote an optimal solution of
Model (9)–(12), requiring two bins. A flow decomposition algorithm
results in the first item packed alone in the first bin and the other three
items packed together in the second bin. A graphical representation of
the corresponding solution is shown in the right part of Fig. 2.

2.2. Lower bounds

For every color 𝑐 ∈ , let 𝑐 be the BPP instance induced by item
set 𝑐 and bin capacity 𝑊 . Also, let 𝐿𝑐 be any lower bound on the
optimal solution value of this instance. Then, it is straightforward that
𝐿 =

∑

𝑐∈ 𝐿𝑐 is a valid lower bound for the BPPMCF. Formally, this
relaxation can be derived from Model (1)–(6) by (i) relaxing Constraints
(3); (ii) observing that the resulting problem can be decomposed into
𝐶 independent subproblems 1,2,… ,𝐶 ; and (iii) computing a lower
bound for each such subproblem. In the following we will denote by
𝐿∗ the lower bound obtained by computing the optimal solution value
𝐿∗
𝑐 for each instance 𝑐 , i.e., by solving a series of strongly -hard

subproblems. Conversely, the procedure used in Mehrani et al. (2022) is
based on computing, for each color 𝑐, lower bound 𝐿2 for the associated
BPP instance, and hence the corresponding lower bound 𝐿 can be
computed in polynomial time.

Given an instance 𝐴 of a minimization problem 𝑃 , and a lower
bounding procedure 𝐿, let 𝐿(𝐴) and 𝑧(𝐴) be the values of the lower
bound and of the optimal solution, respectively. The absolute worst-case
performance ratio of 𝐿 is defined as

𝑟(𝐿) = inf
𝐴∈𝑃

{

𝐿(𝐴)
𝑧(𝐴)

}

.

Although each subproblem is solved to optimality when computing
lower bound 𝐿∗, the next theorem shows that the worst-case perfor-
mance of lower bound 𝐿∗ is arbitrarily bad for the BPPMCF.

Theorem 1. The absolute worst-case performance ratio for lower bound 𝐿∗

is arbitrarily close to zero.

Proof. Consider an instance having 𝐵 bins of capacity 𝑊 = 22𝐶 , 𝐶
colors and 𝐼 = 𝐵 𝐶 items, where there are 𝐵 items of weight 𝑤𝑐 =
22𝐶−𝑐 + 1 for each color 𝑐 ∈  = {1,… , 𝐶}.

First, observe that, given an instance 𝐴 of this family, it is possible
to pack one item of each color in each bin, the sum of the different item
weights being 𝑊 − (2𝐶 −𝐶). We now show that every feasible solution
must have exactly one item of each color in each bin, and hence we
have that 𝑧(𝐴) = 𝐵 𝐶. Indeed, the number of items of each color is
equal to the number of bins and no two items of color 1 fit together.
Moreover, after packing the items of color 1, no two items of color 2 fit
together, the residual space in each bin being 22𝐶−1−1. Similarly, after
packing the items of color 1 and 2, no two items of color 3 fit together,
and so on.

For every 𝑐 ∈ , we have that 𝐿∗
𝑐 =

⌈ 𝐵
2𝑐−1

⌉

, as we can pack at most
2𝑐 − 1 items of weight 22𝐶−𝑐 + 1 per bin. Therefore we have

𝐿∗(𝐴) =
𝐶
∑

𝐿∗
𝑐 =

𝐶
∑

⌈ 𝐵
𝑐

⌉

≤
𝐶
∑

( 𝐵
𝑐 +1

)

≤
𝐶
∑

( 1)𝑐−1
𝐵+𝐶 ≤ 2𝐵+𝐶.
𝑐=1 𝑐=1 2 − 1 𝑐=1 2 − 1 𝑐=1 2
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Fig. 2. The BPP instance induced by item set 2, its arcflow graph, and solution.
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Hence, if we set 𝐶 = 𝐵, we get
𝐿∗(𝐴)
𝑧(𝐴)

≤ 2𝐵 + 𝐶
𝐵 𝐶

= 3𝐵
𝐵2

= 3∕𝐵 → 0

s 𝐵 → ∞. □

Despite the negative result in terms of absolute worst-case perfor-
ance, our computational experiments (see Section 5) show that, for all

nstances introduced in the literature, lower bound 𝐿∗ is very effective:
ndeed, it yields a very tight approximation of the optimal solution
alue while requiring a very short computing time.

.3. Upper bounds

.3.1. BPP-LB
Our first heuristic algorithm is based on lower bound 𝐿∗ introduced

n Section 2.2. The procedure operates as follows:

1. First, the problem is decomposed into 𝐶 subproblems
1,2,… ,𝐶 , which are solved by means of an exact algorithm
for the BPP. For each color 𝑐, let 𝐿∗

𝑐 denote the optimal solution
value for subproblem 𝑐. Then, we replace item set 𝑐 by 𝐿∗

𝑐
‘‘super-items’’, one for each bin in the subproblem solution,
where the weight of each super-item is set to be equal to the
overall weight of the items in the corresponding bin.

2. Then, a BPP instance, say ∗ is defined by all the 𝐿∗(=
∑𝐶

𝑐=1 𝐿
∗
𝑐 )

super-items produced in the previous phase by all subproblems.
3. Finally, we solve the new BPP instance ∗ to optimality, and let

𝐵∗ denote the optimal solution value.

Proposition 1. If 𝐵∗ ≤ 𝐵, the solution returned by BPP-LB is optimal.

Proof. Clearly if 𝐵∗ ≤ 𝐵, the solution returned by the algorithm
s feasible for the original BPPMCF instance. In addition, the total
olor fragmentation of this solution is equal to 𝐿∗, which proves

optimality. □

Note that the same argument applies if, in phase 3 of the algorithm,
we stop as soon as a BPP solution to instance ∗ is found that uses at
most 𝐵 bins.

In case 𝐵∗ > 𝐵, the method does not produce any feasible solution.
To reduce the likelihood of this outcome, we slightly modify phase 1 of
the algorithm as follows. For each subproblem 𝑐 , instead of computing
n arbitrary optimal BPP solution (requiring 𝐿∗

𝑐 bins), we look for an
ptimal solution such that the content of a given (say, the first) bin
s minimized. The resulting problem is denoted as the BPP with loss
oncentration. Solving a sequence of 𝐶 BPP with loss concentration
ubproblems produces a BPP instance ∗∗ in which many super-items
ave a small weight compared with the bin capacity, thus increasing
he likelihood of packing them together with other super-items into a
in.

The BPP with loss concentration can easily be solved by guessing
he amount 𝛥 of free space in the first bin, adding a dummy item with
eight 𝛥 to item set 𝑐 , and using any existing BPP approach as a
lack box. As an initial guess, one can use an upper bound, setting 𝛥 =
in
{

𝑊 −min {𝑤 },𝑊 𝐿∗−
∑

𝑤
}

. Any BPP solution that uses 𝐿∗

𝑖∈𝑐 𝑖 𝑐 𝑖∈𝑐 𝑖 𝑐

60 
ins for the resulting instance is optimal in terms of loss fragmentation.
f no such solution exists, the guess is wrong and one can try with a
maller value for 𝛥, iterating the method until a BPP solution using 𝐿∗

𝑐
ins is found. Observe that one can limit the search to 𝛥 values such
hat 𝑊 − 𝛥 is a combination of item weights. Preliminary experiments
howed that using binary search when searching the optimal 𝛥 value, or
sing hierarchical approaches to solve the BPP with loss concentration,
id not yield computational improvements.

From the implementation perspective, ad hoc strategies aimed at
educing the computation time required to solve the BPP with loss
oncentration can be devised when using the arcflow formulation. To
his aim, for a given guess 𝛥, it is enough to add to the arc set of graph

a dummy arc (𝑊 − 𝛥,𝑊 , 0) corresponding to a fictitious item with
ndex 0 and weight 𝛥. Note that, in this case, only non-isolated nodes
re candidates for being the tail of the dummy arc at any iteration,
llowing for an efficient identification of the next 𝛥 value.

xample 1 (Resumed). Consider the previously introduced BPPMCF
instance, as depicted in the left part of Fig. 3. Solving the BPP subprob-
lems 1, 2 and 3 gives the new BPP instance ∗ consisting of the 5
super-items presented top-left in the right part of Fig. 3. Note that there
is no solution to instance ∗ that uses at most 𝐵 = 4 bins, so BPP-LB
just returns the lower bound 𝐿∗ = 5.

Instead, if we solve the BPP with loss concentration for each of the
subproblems 1,2 and 3, we obtain a BPP instance ∗∗ consisting of
5 different super-items presented bottom-left in the right part of Fig. 3.
This latter instance admits a solution with 𝐵 = 4 bins, as presented
bottom-right in the right part of Fig. 3, i.e., a feasible BPPMCF solution
of value 5, hence an optimal solution according to Proposition 1.

Note that solving the BPP with loss concentration could work coun-
terproductively. Indeed, it is easy to come up with instances for which
solutions to the BPP subproblems that do not maximize loss concentra-
tion result in an instance ∗ admitting a packing into 𝐵 bins, while the
instance ∗∗ does not.

2.3.2. BPP-UB
Our second heuristic, denoted as BPP-UB, operates in two phases

and is intended to quickly return a feasible solution for a BPPMCF
instance, or to prove that it is infeasible. In the first phase, we solve the
BPP instance induced by ignoring the item colors, while in the second
phase we recolor the items, so as to obtain a solution to the original
instance. When executing the first phase of the algorithm, we solve
the BPP instance by using the arcflow formulation. Then, we do not
use a standard flow decomposition algorithm to determine a partition
of items into bins. Instead, the second phase uses a tailored greedy
procedure that both recolors the items and determines a bin-item
allocation while minimizing color fragmentation. In more detail:

1. In the first phase, we ‘‘delete’’ all item colors and obtain a BPP
instance 0. This instance is solved by means of the arcflow
formulation, resulting in a solution using 𝐵′ bins. If 𝐵′ > 𝐵,
an infeasibility certificate for the original BPPMCF instance is
available and the algorithm terminates. Otherwise, we obtain
a multigraph ̃ = (̃ , ̃) having the same structure as the one
described in Section 2.1 but containing only the arcs selected in

the solution.
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Fig. 3. BPP-LB applied to Example 1, without (top) and with (bottom) loss concentration.
2. In the second phase, given graph ̃, we define a BPPMCF solution
by an ad hoc flow decomposition algorithm which, at each
iteration, simultaneously selects an arc and assigns it the most
suitable (colored) item of the BPPMCF instance. Indeed, every
partition (and item assignment) of the arcs in ̃ into 𝐵′ paths,
each path starting from node 0 and ending either in 𝑊 or in
another node for which the in-degree is strictly larger than the
out-degree, corresponds to a feasible BPPMCF solution.

We detail our implementation of the second phase in Algorithm 1.
Initially, all items and arcs are available (line 1) and we initialize a set
of 𝐵′ arc-disjoint paths  (line 2). Each path 𝑝 starts from node 𝑑 = 0
(line 4). Then, as long as there remains one or more arcs leaving 𝑑 (line
5), we consider all items that can be associated with such arcs as a set
of candidate items. A candidate item whose color is already present in
the path, if any, is selected (random choice if more than one, lines 6–
7). If there are no such candidate items, we terminate the current path
if the in-degree of 𝑑 is strictly larger than its out-degree (lines 9–10).

therwise, a random available item of another color is selected (lines
1–12). When an arc is added to the path and an item is assigned to it,
e update 𝑑 accordingly, remove the arc from ̃, mark the associated

item as unavailable, and iterate (lines 8 and 13).

Algorithm 1 Second phase of BPP-UB: ad hoc flow decomposition.

Input: , ̃ = (̃ , ̃)
1: ̃′ ← ̃; ̃′ ← ̃
2:  ← ∅; 𝐵′ ← number of arcs (0, 𝑑) ∈ ̃ leaving 0
3: for 𝑏 = 1,… , 𝐵′ do
4: 𝑝 ← ∅; 𝑝 ← ∅; 𝑑 ← 0
5: while ∃ an arc (𝑑, 𝑒) ∈ ̃′ leaving 𝑑 do
6: if ∃ an arc (𝑑, 𝑒) ∈ ̃′ and an item 𝑖 ∈ ′ with 𝑤𝑖 = 𝑒−𝑑 and 𝑐𝑖 ∈ 𝑝

then
7: (𝑑, 𝑒), 𝑖 ← randomly selected arc-item pair satisfying the above

condition
8: ̃′ ← ̃′ ⧵ {(𝑑, 𝑒)}; ′ ← ′ ⧵ {𝑖}; 𝑝 ← 𝑝 ∪ {𝑖}; 𝑑 = 𝑒
9: else if the in-degree of 𝑑 is strictly larger than the out-degree of 𝑑

then
0: break (i.e., go to line 14)
1: else
2: (𝑑, 𝑒), 𝑖 ← randomly selected arc-item pair satisfying 𝑤𝑖 = 𝑒 − 𝑑
3: ̃′ ← ̃′ ⧵ {(𝑑, 𝑒)}; ′ ← ′ ⧵ {𝑖}; 𝑝 ← 𝑝∪{𝑖}; 𝑝 ← 𝑝 ∪{𝑐𝑖}; 𝑑 = 𝑒

4:  ←  ∪ {𝑝}
utput: 
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Note that, as graph ̃ may include an exponential number of paths
whose arcs can be assigned to items in different ways and since random
choices are taken, one can apply the second phase of the algorithm
several times and return the best solution found. In our implementation,
we construct ̃ only once and apply the tailored flow decomposition
algorithm 𝛩 times, where 𝛩 is an input parameter.

Example 1 (Resumed). Consider the previously introduced BPPMCF
instance depicted top-left in Fig. 4 and let 𝛩 = 2. By disregarding colors
(step 1.1), we obtain the BPP instance 0 presented top-right in the
figure. The graph 𝐺 that results from solving the arcflow model (step
1.2) is depicted in the central part of the figure. As 4 arcs leave node
0, this graph represents a set of solutions using 𝐵′ = 𝐵 = 4 bins. By
applying the ad hoc flow decomposition algorithm 𝛩 times, we obtain
the (labeled) arcflow graphs (steps 2.1a and 2.1b) and corresponding
solutions (steps 2.2a and 2.2b) presented bottom-left and bottom right,
respectively. The number on an arc indicates the bin that the arc is
assigned to, while the grey-tone of the label specifies the color of the
item assigned to the arc. These two solutions have objective values 8
and 6, respectively, so the latter solution is returned by BPP-UB.

We conclude this section with some remarks regarding BPP-UB:

• It is not necessary to solve instance 0 to optimality in the first
phase of the algorithm. In our implementation, we terminate as
soon as a feasible solution using at most 𝐵 bins is found;

• The second phase of the algorithm could use an exact approach
for assigning colors during path reconstruction. While doing so
would defeat the purpose of BPP-UB (which is to quickly return
a feasible solution), solving the second phase to optimality may
yield an improvement on the solution quality. A discussion on an
exact approach for the second phase as well as the computational
performance of the resulting algorithm is given in Appendix.

• Instead of simultaneously determining the bin-item and item-
color allocations in the second phase, one could first fix the
bin-item allocation and then re-assign colors to items. While doing
so would make color assignment easier, it would also reduce the
optimization opportunities in color re-assignment.

3. Impact of the number of bins and relation to the BPP

In this section we investigate some theoretical properties of optimal
BPPMCF solutions with respect to optimal BPP solutions, and, more in

general, with respect to the number of bins 𝐵.
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Fig. 4. BPP-UB applied to Example 1 for 𝛩 = 2. The algorithm returns the solution marked with (∗).
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First, we start by observing that, although both the BPPMCF and the
PP require to pack items, the number of bins in optimal solutions to
he two problems may be different.

bservation 1. The minimum number of bins used in any optimal BPPMCF
olution may be strictly larger than the number of bins used in an optimal
PP solution. However, the former is always smaller than twice the latter.

roof. Consider an instance in which there are 𝑘 items with color 1
and weight 𝑊 ∕2 + 1, 𝑘 items with color 2 and weight 𝑊 ∕2 − 1, and
𝐵 ≥ 3𝑘∕2 bins having capacity 𝑊 (for some even integers 𝑊 ≥ 8 and
). The unique optimal BPP solution uses 𝑘 bins, whereas any optimal
PPMCF solution packs all items of color 1 in 𝑘 bins and all items of
olor 2 in 𝑘∕2 bins, thus requiring 3𝑘∕2 bins, each containing items of
he same color. Hence, the ratio between the minimum number of bins
sed in the two optimal solutions can be as large as 3/2.

As to the upper bound on this ratio, the BPPMCF optimal solution
annot use twice (or more) the number of bins used by the BPP solution.
therwise, this solution would include at least one pair of bins whose
ontents add-up to at most 𝑊 ; by merging these two bins into a unique
ne, a new BPPMCF solution having smaller or equal cost (but using

ne less bin) could be defined. □

62 
A second relevant theoretical question concerns the relation be-
ween the BPP and the BPPMCF in terms of optimal solutions. Specif-
cally, we investigate the quality of the BPPMCF solution obtained
tarting from an optimal BPP solution. This analysis, which corresponds
o the worst-case performance ratio of a version of BPP-UB in which

the first phase is terminated only when an optimal BPP solution is
found, is discussed in the following theorem.

Theorem 2. There exist BPPMCF instances for which the packing in any
optimal BPP solution results in a BPPMCF solution whose value is arbitrarily
large compared to the optimal one.

Proof. Consider a family of instances having 𝐶 + 1 colors and 𝑘 ≫ 1
identical items for each color. For colors 𝑐 = 1,… , 𝐶 we have the same
items of weight 𝑤𝑐 as in the proof of Theorem 1, while items of color
𝐶 + 1 have weight 𝑊 −

∑𝐶
𝑐=1 𝑤𝑐 , where 𝑊 > 𝑘𝑤1 is the bin capacity.

Finally, assume that the number of bins is 𝐵 ≥ 𝑘 + 𝐶.
By using an argument similar to that of Theorem 1, one can show

that every optimal BPP solution packs exactly one item of each color in
each bin, using thus 𝑘 bins. By assigning colors to items in the unique
possible way, one obtains a BPPMCF solution with value 𝑈𝐵 = 𝑘 (𝐶+1).

Consider now a feasible BPPMCF solution which packs, for each

color 𝑐 = 1,… , 𝐶, all items of that color into a unique bin (this is
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possible given that 𝑊 > 𝑘𝑤1, and 𝑤1 > 𝑤𝑐 , 𝑐 = 2,… , 𝐶), whereas each
item of color 𝐶+1 is assigned to one separate bin. The optimal BPPMCF
solution value 𝑧∗ cannot exceed the value of this solution which is 𝐶+𝑘,
and hence the ratio 𝑈𝐵

𝑧∗
≥ 𝑘(𝐶 + 1)

𝐶 + 𝑘
is arbitrarily large for sufficiently

large values of 𝐶 and 𝑘. □

Finally, we investigate the effect of the number of bins 𝐵 on the
optimal solution value of BPPMCF, showing that the addition of a single
bin can result in an arbitrarily large reduction of the optimal BPPMCF
solution cost. In the following, we denote by 𝑧(𝐵) the optimal solution
value when 𝐵 bins are available.

Theorem 3. The ratio 𝑧(𝐵)
𝑧(𝐵+1) can be arbitrarily large.

Proof. Consider an instance with 𝐵 ≥ 3 bins and 𝐶 colors. For each
color 𝑐 = 1,… , 𝐶 − 1, there are 𝐵 identical items with weight 𝑤𝑐 =
2𝑐 − 1. For color 𝐶, there are 𝐵 identical items with weight 𝑤𝐶 =
(𝐵 − 1)

∑𝐶−1
𝑐=1 𝑤𝑐 . The bin capacity is 𝑊 = 𝐵

∑𝐶−1
𝑐=1 𝑤𝑐 . Observe that no

two items of color 𝐶 can be packed into the same bin and, thus, any
feasible solution must pack an item of color 𝐶 in each bin. After items
of color 𝐶 have been packed, the residual capacity does not allow the
packing of two items of color 𝐶 − 1. Hence, any feasible solution must
pack one item of this color per bin. The same argument applies to each
color, thus yielding that the only feasible solution packs one item of
each color per bin, and completely fills the bin. As a consequence, we
have 𝑧(𝐵) = 𝐵 𝐶.

Now assume that an additional bin is available. We can pack all
items of colors 1, 2,… , 𝐶 − 1 into the additional bin, as the associated
total weight is 𝐵

∑𝐶−1
𝑐=1 𝑤𝑐 = 𝑊 . The items of color 𝐶 are packed as in

the previous solution, i.e., one item per bin. Thus, we have 𝑧(𝐵 + 1) =
(𝐶 − 1) + 𝐵, and therefore
𝑧(𝐵)

𝑧(𝐵 + 1)
= 𝐵 𝐶

(𝐶 − 1) + 𝐵
.

his ratio is arbitrarily large for sufficiently large values of 𝐵 and
. □

. A tabu search algorithm

Algorithm BPP-UB is very fast in practice and can be used as the
tarting point for a metaheuristic approach. This class of algorithms
mbed local search and escape local optima by means of different
trategies. In tabu search algorithms (see, Glover and Laguna 1997),
ne always moves to the best solution in the neighborhood of the cur-
ent solution, possibly accepting worsening moves. To prevent cycling,
tabu list is used that stores some features of recently visited solutions
nd forbids, for some iterations, the algorithm to return to solutions
ith these features. We developed a tabu search algorithm for the
PPMCF, denoted as TS, in which each solution is represented as a
artition of the items into bins and a neighborhood is defined by means
f the following moves:

• Single transfer: We move an item 𝑖 from bin 𝑏 to any other bin
𝑏̄.

• Super transfer: We move all items of the same color 𝑐 from a
bin 𝑏 to any other bin 𝑏̄, provided at least two items of color 𝑐 are
packed in bin 𝑏.

• Single swap: We swap an item 𝑖 with an item 𝑖 > 𝑖 that is packed
in a different bin. We do not consider swaps between items having
the same weight and color.

• Super swap: We swap all items of the same color 𝑐 from a bin 𝑏
with all items of the same color 𝑐 from any other bin 𝑏̄ > 𝑏. We do
not allow for swaps involving complete bins or less than 3 items.

While transfer moves involve one color at a time, swap moves may
nvolve two different colors. Thus, moves of the former (resp. latter)
ype can potentially increase or decrease the solution value by 1 (resp.
 1
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2) unit(s). Our tabu search algorithm performs a number of iterations
defining a (current) solution at each iteration. Whenever the current
solution includes an empty bin, a random super transfer is executed,
thus allowing the algorithm to exploit all available bins. Otherwise, all
moves that can be derived from the current solution are evaluated and
the move leading to the best solution in terms of color fragmentation is
selected. Under the tabu search paradigm, when the current solution is
a local optimum, a possibly worsening solution is selected to allow the
algorithm to continue the search without getting stuck. Ties are broken
by considering a secondary goal based on color concentration, a figure
defined for each color and bin which measures the total weight of the
items of that color in that bin. Intuitively, when most of the weight of a
color is concentrated in a bin (i.e., when a bin allocates a large fraction
of the overall weight of items of that color) and only a small weight of
that color is packed into another bin, it will be easier later on to fully
get rid of that color in the latter bin. More precisely, given a color 𝑐
and a bin 𝑏, let 𝑙(𝑐, 𝑏) denote the total weight of items of color 𝑐 in bin
𝑏. Now assume that a move involving bins 𝑏 and 𝑏̄ is executed and let
𝑙′(⋅, ⋅) be the counterpart of 𝑙(⋅, ⋅) in the resulting solution. Then, we can
ompute the relative variation of color concentration for color 𝑐 with
espect to bins 𝑏 and 𝑏̄ as

(𝑐) =
|𝑙′(𝑐, 𝑏) − 𝑙′(𝑐, 𝑏̄)| − |𝑙(𝑐, 𝑏) − 𝑙(𝑐, 𝑏̄)|

𝑊
. (13)

ubsequently, moves involving a single color, say 𝑐, are ranked ac-
ording to non-increasing values of 𝛿(𝑐), whereas moves involving two
olors, 𝑐 and 𝑐, are ranked according to 𝛿(𝑐) + 𝛿(𝑐).

To prevent cycling, we make use of a tabu rule forbidding an item
o re-enter a bin that it had left in the previous 𝜏 iterations, where 𝜏
s the tabu tenure. Items identical to item 𝑖 (i.e., having the same 𝑐
nd 𝑤) also cannot be moved to bin 𝑏. In case of a super swap or super
ransfer, we randomly select only one of the items affected by the move
nd store it in the tabu list. Aspiration criteria allow to perform a tabu
ove if it leads to a solution improving the incumbent.

The algorithm includes a diversification scheme in which loss con-
entration replaces color concentration. Loss concentration is based on
he observation that when one bin has a large residual capacity (loss
pace), then more moves involving that bin are likely to yield a feasible
acking, thus increasing the probability to decrease the solution value
ater in the algorithm. Loss concentration can be computed according
o Eq. (13) by replacing the weight of color 𝑐 with the empty space
n the bin. In our algorithm, we execute diversification after a certain
umber, say 𝑁𝐷, of iterations with no updating of the incumbent. Color
oncentration is restored as soon as a new incumbent is found or after
𝐷 iterations of diversification.
Finally, the algorithm includes a reset option that can be used when

ll non-tabu moves are worsening. In this case, we erase the tabu list
nd apply diversification. The reset option is available only once, and
s restored each time the incumbent solution is updated.

The algorithm terminates after 𝑁𝑇 iterations with no improvements
where 𝑁𝑇 is an input parameter), if the value of the incumbent
olution equals lower bound 𝐿∗, or if all moves are tabu.

xample 1 (Resumed). Consider the previously introduced BPPMCF
instance and the first solution found by BPP-UB presented in Fig. 4,
and assume that this solution is used as a starting point for TS. In
Fig. 5, we depict how algorithm TS improves this initial solution to an
(optimal) solution in 4 iterations, reducing color fragmentation from
8 to 5. In the first iteration, we perform a super swap of the light
ray item from bin 2 with the two medium gray items from bin 4,
hus reducing color fragmentation by 1 unit. In the second iteration,
e perform a single swap of the light gray item of weight 1 from
in 1 with the dark gray item from bin 4. This does not change color
ragmentation, but it does improve the secondary score by 1∕3. In the
hird iteration, we perform a single swap of the dark gray item from bin

with the medium gray item from bin 3, reducing color fragmentation
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Fig. 5. TS applied to Example 1.
F.

D

able 1
verage instance features per data set.

𝑖𝑛𝑠𝑡 𝐵 𝐶 𝐼 𝑊 %𝐵

D1 120 85.0 54.6 236.2 10 85.5
D2 50 215.9 3.0 434.0 150 80.7
D3 60 12.5 6.0 177.1 100 88.3
D4 180 75.0 5.0 364.7 450 97.4

by 1 unit. Note that this move was chosen rather than the single transfer
of the dark gray item from bin 2 to bin 1. While both moves reduce
color fragmentation by 1 unit, the selected one improves the secondary
score by 2∕3 whereas the latter improves the secondary score by only
1∕3. Finally, in the fourth iteration we execute a single transfer of
the dark gray item from bin 2 to bin 3, which further reduces color
fragmentation by 1, thus yielding a solution with value 𝐿∗ = 5.

5. Computational experiments

In this section, we computationally evaluate the performance of the
proposed methods on different benchmarks of instances.

The algorithms of the previous sections were implemented in C++
and can be downloaded from https://github.com/MathijsBarkel/BPPMC
All experiments were run on an Intel(R) Core(TM) i7-6900K, 3.20 GHz
with 64 GB of memory and performed in single thread with a time limit
equal to 1800 s. ILP models were solved by means of Gurobi 10.0.1
in its default setting. The only exception arises for flow formulations,
where the continuous relaxation at the root node of the branch-and-
bound tree was solved by means of the barrier algorithm. This is
consistent with the observation in Brandão and Pedroso (2016) that
‘‘the use of interior-point methods at the root node considerably im-
proves the time for solving the linear relaxation, compared to using the
simplex algorithm’’. This behavior was confirmed in other experiments
(see Delorme and Iori 2020) and in preliminary tests on our algorithms.

5.1. Instances from the literature

We first consider the four data sets (D1, D2, D3 and D4) that were
proposed by Mehrani et al. (2022).1 In Table 1 we summarize the main
features of each data set, namely, the number of instances 𝑖𝑛𝑠𝑡 and
verages of the following features: number of bins 𝐵, number of colors
, number of items 𝐼 , and bin capacity 𝑊 . Finally, column %𝐵 gives

he average percentage of the number of available bins that are needed
or packing all items in .

The table shows that this benchmark includes instances with very
ifferent characteristics. Instances in class D1 are characterized by a
ery large number of colors, whereas instances in class D3 require to

1 These instances were taken from https://github.com/saharnazmehrani/
PPMCF-IJOC. However, there are 20 instances for which (Mehrani et al.,
022) did present results, but not the instances themselves. It concerns instance
ets ‘‘10-100-2’’ and ‘‘15-100-2’’ of data set 3. We did not consider these
nstances.
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pack many items per bin (this figure being roughly expressed by 𝐼∕𝐵).
Finally, we observe that instances in class D2 have a large number of
available bins that are not strictly necessary for a feasible packing,
whereas almost all bins are required for a feasible solution in the
instances in class D4.

In Table 2 we present the results of BPP-LB. In our implementation
we solve BPP subproblems by means of the Gurobi MIP solver applied
to the arcflow model, enhanced as discussed in Delorme and Iori
(2020), where possible. For comparison purposes, we also present the
results of the methods IP2, RM2-GIFF and EM proposed by Mehrani
et al. (2022). We used the codes available at the authors’ Github page
https://github.com/saharnazmehrani/BPPMCF-IJOC, and run them on
our machine. All these three methods exploit the lower bound 𝐿2

𝑐 on
the number of bins that are necessary for packing items of color 𝑐.
This bound can be weaker than the bound 𝐿∗

𝑐 which we compute using
BPP-LB. However, there are only 7 instances of D1 and 5 instances of

2 for which the 𝐿∗
𝑐 bound is larger than the corresponding 𝐿2

𝑐 bound
for at least one color, by 1 unit only in all cases. For each algorithm,
we give the number of instances solved to proven optimality (𝑜𝑝𝑡), the
number of instances for which a feasible solution was found (𝑓𝑒𝑎𝑠),
and the average computing time over all instances (𝑡). For algorithm
BPP-LB we do not distinguish between feasible and optimal solutions,
as whenever the algorithm computes a feasible solution it also proves
its optimality. The best values of 𝑜𝑝𝑡 in each row are marked in bold.

Although BPP-LB has no guarantee of returning a feasible solu-
tion with value matching the lower bound 𝐿∗, even in case such a
solution exists, we observe that this is the case for all instances in
this benchmark set. The computational effort required by BPP-LB is
extremely limited, the average computing time being equal to 3.6 s
on average, thereby significantly outperforming the exact methods pro-
posed by Mehrani et al. (2022). The largest computing times appear for
instances of data set D4, that are characterized by a large bin capacity
and are therefore more time-consuming for solution approaches based
on a flow formulation. Finally, despite IP2 being able to compute a
feasible solution for each instance, there are still 6 instances (all from
data set D4) that none of the three methods by Mehrani et al. (2022)
solves to proven optimality. Actually, these instances as well are solved
by BPP-LB.

As BPP-LB already solves all instances of these data sets within
a few seconds, we need more challenging instances for evaluating the
performances of our more sophisticated algorithms. A new benchmark
of hard instances will be introduced in the next section.

5.2. New harder instances

The previous section shows that the instances from the literature
are easy as the number of bins that is actually required for packing all
items is relatively small compared with the number of available bins,
i.e., there is room to avoid color fragmentation.

Our first set of experiments is aimed at numerically evaluating the
effect of the number of bins on the performance of BPP-LB. Hence,
we compute, for each instance, the minimum number of bins (𝐵min)
required to pack all items. Then, we apply BPP-LB to the item set by

considering an increasing number of available bins 𝐵 = 𝐵min, 𝐵min +

https://github.com/MathijsBarkel/BPPMCF
https://github.com/saharnazmehrani/BPPMCF-IJOC
https://github.com/saharnazmehrani/BPPMCF-IJOC
https://github.com/saharnazmehrani/BPPMCF-IJOC
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Table 2
Results of exact methods from the literature and BPP-LB on the original instances.

IP2 RM2-GIFF EM BPP-LB

𝑖𝑛𝑠𝑡 𝑜𝑝𝑡 𝑓𝑒𝑎𝑠 𝑡 𝑜𝑝𝑡 𝑓𝑒𝑎𝑠 𝑡 𝑜𝑝𝑡 𝑓𝑒𝑎𝑠 𝑡 𝑜𝑝𝑡∕𝑓𝑒𝑎𝑠 𝑡

D1 120 120 120 2.8 120 120 0.4 77 109 865.7 120 0.2
D2 50 6 50 1591.6 50 50 10.8 37 41 801.5 50 1.0
D3 60 60 60 0.0 60 60 169.6 36 50 757.0 60 0.2
D4 180 95 180 1065.5 53 120 1545.9 155 176 276.0 180 7.7

All 410 281 410 662.7 283 350 704.9 305 376 583.1 410 3.6
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Table 3
Impact of the number of bins on BPP-LB.

Increase with respect to 𝐵min

𝑖𝑛𝑠𝑡 0 1 2 3 4 5 6 7

D1 120 0 15 58 86 103 117 119 120
D2 50 36 50 – – – – – –
D3 60 47 60 – – – – – –
D4 180 105 176 180 – – – – –

All 410 188 301 348 376 393 407 409 410

1,…, until BPP-LB is able to prove optimality. Table 3 reports, for each
𝐷 class, the number of instances that are solved to optimality while
increasing the number of available bins.

We point out that the computing time for BPP-LB does not depend
on the number of available bins. On the other hand, according to
Proposition 1, the likelihood of this procedure to determine an optimal
solution increases when the number of bins increases. In details, the
table shows that all instances in class D1 are solved by considering 𝐵 ≥
𝐵min + 7 bins; actually, in the original instances proposed by Mehrani
et al. (2022), the difference between 𝐵 and 𝐵min is always at least 10
and equal to 12, on average. A minor increase in the number of bins
(with respect to 𝐵min) is required by BPP-LB for proving optimality
n classes D2, D3 and D4. Indeed, in these classes, it is sufficient to
ave 𝐵 ≥ 𝐵min + 2, a condition that is always fulfilled in the original
nstances.

In order to define hard instances, we modify each one of the original
nstances by setting 𝐵 equal to the minimum number of required bins
o pack all items. The resulting data sets are denoted by D1∗, D2∗, D3∗

nd D4∗. These new instances are relevant also from a practical point
f view, as they can arise in applications where the goal is to minimize
olor fragmentation subject to the constraint that the number of bins is
inimized.

In addition, we introduce a further data set D5∗, consisting of 80
nstances obtained by adding colors to the ‘‘triplet’’ instances proposed
y Falkenauer (1996) for the BPP. These instances have the property
hat any optimal packing requires 3 items per bin for which the weights
um up to exactly 𝑊 . Starting from an optimal solution to an original
riplet instance for the BPP, we construct a corresponding BPPMCF
nstance with 𝐶 = 3, where we assign to each item of a triplet a different
olor, and we set the number of available bins to 𝐼∕3. These instances
an be downloaded from https://github.com/MathijsBarkel/BPPMCF.

In order to evaluate the hardness of the new benchmark with exact
ethods from the literature, we tested the same algorithms considered

n Table 2, namely methods IP2, RM2-GIFF and EM, and BPP-LB. Re-
ults are reported in Table 4, and confirm that these new instances are
ore challenging than their original counterparts. On these instances,
M2-GIFF is the best exact method, though it is able to compute a

easible solution in 335 cases only out of 490 and a provably optimal
olution in only around 60% of the instances (293 out of 490). Also
he performance of BPP-LB is less satisfactory than for the original
nstances: this method is now able to solve only 188 cases, i.e., 38.4%
f the instances (45.9% when ignoring D5∗, compared to 100% on the
riginal instances). Nevertheless, BPP-LB is the most effective method
or class D4∗, for which it finds 105 feasible and optimal solutions
ut of 180 instances; this is coherent with the observation that the
 r
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nstances in this data set are not so different with respect to their
riginal counterparts in terms of number of available bins. At the same
ime, bad performance on instances of data set D5∗ may be expected
y construction of those instances, where grouping items by colors does
ot preserve triplets and is very unlikely to result in a feasible solution.
o evaluate the quality of lower bound 𝐿∗ returned by BPP-LB, we
omputed its average performance ratio 𝐿∗∕𝑧, where 𝑧 denotes the opti-
al solution value. This was possible only for instances in data sets D1∗,

D3∗ and D5∗, that are all solved to optimality by at least one solution
method. The resulting values are 0.92, 0.98 and 0.59, confirming that
instances in class D5∗ are by far the most challenging ones for this
solution approach. In addition, we point out that, for 5 instances in
data set D2∗ and 75 instances in data set D4∗, the optimal solution
value is still unknown. Finally, there are 45 instances, all from data set
D4∗, for which no method is able to even compute a feasible solution.
ummarizing, the results clearly show the computational hardness of
he instances of the new benchmark, motivating the need for alternative
pproaches, at least for deriving a feasible solution.

Since procedure BBP-LB provides an effective optimality condition,
e concentrate on the instances for which this optimality condition

s not met. These instances are addressed in Table 5, which reports
he performances of algorithms IP2, RM2-GIFF and EM. In this table,
olumn 𝑖𝑛𝑠𝑡 refers to the instances that are not solved to optimality by
BPP-LB only (in brackets the total number of instances in the class).
The other columns have the same meaning as in Table 4.

On the first and last class, BPP-LB solves no instances to optimality,
nd hence the results of algorithms IP2, RM2-GIFF and EM are
nchanged. Overall, these results confirm that RM2-GIFF is the most
ffective algorithm in terms of number of optimal and feasible solutions
ound. However, this method fails in computing a feasible solution in
55 instances (i.e., more than 30% of the cases), highlighting the need
or an effective primal algorithm.

In Table 6 we present summarized results of the performance of
he heuristic methods BPP-UB and TS on all five new data sets. In
he former algorithm, BPP subproblems are solved by means of the
tandard arcflow formulation, and the second phase (flow decomposi-
ion) is solved 𝛩 = 100 times in a heuristic fashion. The computational
erformance of an alternative algorithm where the second phase is
olved exactly is reported in Appendix. For what concerns TS, pre-
iminary experiments suggested to set the tabu tenure 𝜏 = 50, the
aximum number of non-improving iterations before diversification
𝐷 = 40, and the maximum number of non-improving iterations before

ermination 𝑁𝑇 = 5000. A detailed discussion on the sensitivity of the
lgorithm with respect to these parameters is given in Section 5.3.

As both algorithms are always able to compute a feasible solution,
e do not explicitly report the number of feasible solutions found by

he two approaches. For a heuristic solution with value 𝑈 , we compute
the optimality gap with respect to a lower bound (say) 𝐿 as 100𝑈−𝐿

𝐿 .
The table reports, for each method, the average value of the percentage
gap with respect to the best known lower bound (either 𝐿∗ or the best
lower bound returned by any of the exact methods, column 𝑔𝑎𝑝𝑏𝑒𝑠𝑡),
he number of instances for which the solution value matches the best
nown lower bound (column 𝑜𝑝𝑡𝑏𝑒𝑠𝑡), and the average computing time
column 𝑡). In addition, we report into brackets the number of optimal
olutions that would be found in case the algorithms were executed

ight after BPP-LB.

https://github.com/MathijsBarkel/BPPMCF
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Table 4
Results of exact methods from the literature and BPP-LB on the new instances.

IP2 RM2-GIFF EM BPP-LB

𝑖𝑛𝑠𝑡 𝑜𝑝𝑡 𝑓𝑒𝑎𝑠 𝑡 𝑜𝑝𝑡 𝑓𝑒𝑎𝑠 𝑡 𝑜𝑝𝑡 𝑓𝑒𝑎𝑠 𝑡 𝑜𝑝𝑡&𝑓𝑒𝑎𝑠 𝑡

D1∗ 120 0 120 1800.0 120 120 0.9 0 29 1800.0 0 0.2
D2∗ 50 1 5 1769.5 45 50 397.3 14 26 1432.2 36 1.0
D3∗ 60 60 60 38.4 39 59 802.7 2 8 1740.0 47 0.2
D4∗ 180 0 8 1800.0 9 26 1766.1 23 85 1588.0 105 7.6
D5∗ 80 0 1 1800.0 80 80 25.1 19 32 1518.1 0 10.7

All 490 61 194 1581.2 293 335 791.9 58 180 1631.2 188 4.7
Table 5
Results of algorithms IP2, RM2-GIFF and EM on the instances that are not solved by BPP-LB.

IP2 RM2-GIFF EM

𝑖𝑛𝑠𝑡 𝑜𝑝𝑡 𝑓𝑒𝑎𝑠 𝑡 𝑜𝑝𝑡 𝑓𝑒𝑎𝑠 𝑡 𝑜𝑝𝑡 𝑓𝑒𝑎𝑠 𝑡

D1∗ 120 (120) 0 120 1800.0 120 120 0.9 0 29 1800.0
D2∗ 14 (50) 0 0 1800.0 9 14 863.0 0 6 1800.0
D3∗ 13 (60) 13 13 176.8 3 13 1482.0 0 2 1800.0
D4∗ 75 (180) 0 2 1800.0 0 0 1800.0 0 30 1800.0
D5∗ 80 (80) 0 1 1800.0 80 80 25.1 19 32 1518.1

All 302 (490) 13 136 1730.1 212 227 557.8 19 99 1725.3
Table 6
Results of heuristic methods on the new instances.

BPP-UB TS

𝑖𝑛𝑠𝑡 𝑔𝑎𝑝𝑏𝑒𝑠𝑡 𝑜𝑝𝑡𝑏𝑒𝑠𝑡 𝑡 𝑔𝑎𝑝𝑏𝑒𝑠𝑡 𝑜𝑝𝑡𝑏𝑒𝑠𝑡 𝑡

D1∗ 120 40.8 0 (0) 0.0 0.5 85 (85) 64.1
D2∗ 50 38.9 0 (36) 0.3 1.3 21 (37) 14.0
D3∗ 60 93.2 0 (47) 0.1 0.1 59 (60) 0.5
D4∗ 180 123.9 0 (105) 11.2 5.6 98 (105) 17.4
D5∗ 80 15.2 8 (8) 0.9 13.7 8 (8) 3.5

All 490 73.4 8 (196) 4.3 4.6 271 (295) 24.2
t
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Even though BPP-UB always finds a feasible solution for a given in-
stance (if one exists), the results show that these solutions are typically
weak, as shown by the associated percentage gap of 73.4% with respect
to the best known lower bound. In addition, BPP-UB never finds a
solution matching the best known LB for the instances in data sets D1∗,
D2∗, D3∗ and D4∗, and only 8 optimal solutions are found for those
in data set D5∗. On the other hand, algorithm TS finds considerably
better solutions, whose associated percentage gap is reduced to 4.6%.
For more than 55% of the instances, a solution is found whose value
matches the best known lower bound, showing the effectiveness of
the tabu search approach in improving over the solution provided by
BPP-UB.

By combining TS with BPP-LB, one would compute an optimal
solution for a large number of instances (more than 60% of the entire
benchmark), the most notable exception being data set D5∗. For these
nstances, even though the initial solution is quite good, it is rarely
mproved by TS; this happens because in these instances all feasible
olutions have a very strong structure which limits the possibility of
wap moves and makes transfer moves inapplicable.

Finally, we observe that, for all data sets, the average computing
ime of TS is typically less than a minute, and is below 30 s on the
ntire benchmark.

.3. TS parameters

We now discuss the sensitivity of algorithm TS with respect to its
ain parameters 𝜏, 𝑁𝐷 and 𝑁𝑇 . To this aim, we show the performance

f the algorithm while modifying one of the parameters at a time with
espect to the default values (equal to 50, 40 and 5000, respectively).
n our analysis, we always report the average percentage gap (𝑔𝑎𝑝𝑏𝑒𝑠𝑡),
he number of optimal solutions (𝑜𝑝𝑡𝑏𝑒𝑠𝑡) (both figures being computed
ith respect to the best known lower bound for a given instance), and
he average computing time (𝑡).

66 
In Table 7 we examine the results obtained with different values of
he tabu tenure, namely 𝜏 = 25, 50, 75.

These results show that 𝜏 = 50 results in the largest number of
optimal solutions, and a smaller average gap than 𝜏 = 75. However,

= 25 results in a smaller average gap than 𝜏 = 50, especially on
D4∗, meaning that there is a trade-off between the number of optimal
olutions and the average gap. In our parameter tuning, for 𝜏 and
𝑁𝐷 we select the configuration yielding the largest number of optimal
solutions, whereas the value of 𝑁𝑇 was determined to have the best
compromise between the average solution quality and computing time.

In Table 8 we compare TS for different values of the number of non-
improving iterations before diversification, namely 𝑁𝐷 = 20, 40, 60. In
ddition, in the final columns we present the results of TS without the
iversification feature.

This table indicates that 𝑁𝐷 = 40 results in a larger number of
ptimal solutions and a lower average gap than 𝑁𝐷 = 20 and 𝑁𝐷 = 60.
oreover, using diversification with 𝑁𝐷 = 40 is clearly better than

ot using any diversification, resulting in significantly more optimal
olutions while only having a slightly larger average gap.

Finally, Table 9 gives the results of TS for different values of the
umber of non-improving iterations before termination, namely 𝑁𝑇 =
500, 5000, 7500.

As expected, the results show that increasing 𝑁𝑇 results in a smaller
average gap and in a larger number of optimal solutions, but also in a
larger average computing time. However, while the improvement from
𝑁𝑇 = 2500 to 𝑁𝑇 = 5000 is substantial both in terms of percentage
ap and number of optimal solutions, increasing 𝑁𝑇 to 7500 produces

only marginal improvements, indicating that larger computing times
can only slightly improve the algorithm performance.

6. Conclusions

Given a set of items with a weight and a color and a finite set

of identical bins, we considered the problem of packing all items in
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Table 7
Sensitivity of TS with respect to the tabu tenure 𝜏.

𝜏 = 25 𝜏 = 50 𝜏 = 75

𝑖𝑛𝑠𝑡 𝑔𝑎𝑝𝑏𝑒𝑠𝑡 𝑜𝑝𝑡𝑏𝑒𝑠𝑡 𝑡 𝑔𝑎𝑝𝑏𝑒𝑠𝑡 𝑜𝑝𝑡𝑏𝑒𝑠𝑡 𝑡 𝑔𝑎𝑝𝑏𝑒𝑠𝑡 𝑜𝑝𝑡𝑏𝑒𝑠𝑡 𝑡

D1∗ 120 0.6 78 68.0 0.5 85 64.1 0.6 71 63.6
D2∗ 50 2.2 14 13.4 1.3 21 14.0 1.0 25 13.4
D3∗ 60 0.0 60 0.5 0.1 59 0.5 0.0 60 0.5
D4∗ 180 3.8 98 19.8 5.6 98 17.4 7.4 99 16.7
D5∗ 80 13.6 8 4.1 13.7 8 3.5 13.7 8 2.2

All 490 4.0 258 26.0 4.6 271 24.2 5.2 263 23.5
Table 8
Sensitivity of TS with respect to the diversification parameter 𝑁𝐷.

𝑁𝐷 = 20 𝑁𝐷 = 40 𝑁𝐷 = 60 No diversification

𝑖𝑛𝑠𝑡 𝑔𝑎𝑝𝑏𝑒𝑠𝑡 𝑜𝑝𝑡𝑏𝑒𝑠𝑡 𝑡 𝑔𝑎𝑝𝑏𝑒𝑠𝑡 𝑜𝑝𝑡𝑏𝑒𝑠𝑡 𝑡 𝑔𝑎𝑝𝑏𝑒𝑠𝑡 𝑜𝑝𝑡𝑏𝑒𝑠𝑡 𝑡 𝑔𝑎𝑝𝑏𝑒𝑠𝑡 𝑜𝑝𝑡𝑏𝑒𝑠𝑡 𝑡

D1∗ 120 0.5 79 66.3 0.5 85 64.1 0.5 77 63.1 0.6 79 66.6
D2∗ 50 1.4 22 15.1 1.3 21 14.0 1.7 18 13.4 2.9 15 11.1
D3∗ 60 0.0 60 0.5 0.1 59 0.5 0.0 60 0.5 0.2 58 0.5
D4∗ 180 5.7 98 17.5 5.6 98 17.4 5.8 99 17.1 4.7 93 18.8
D5∗ 80 13.7 8 3.5 13.7 8 3.5 13.7 8 3.5 13.6 8 3.5

All 490 4.6 267 24.8 4.6 271 24.2 4.7 262 23.7 4.4 253 25.0
Table 9
Sensitivity of TS with respect to the termination parameter 𝑁𝑇 .

𝑁𝑇 = 2500 𝑁𝑇 = 5000 𝑁𝑇 = 7500

𝑖𝑛𝑠𝑡 𝑔𝑎𝑝𝑏𝑒𝑠𝑡 𝑜𝑝𝑡𝑏𝑒𝑠𝑡 𝑡 𝑔𝑎𝑝𝑏𝑒𝑠𝑡 𝑜𝑝𝑡𝑏𝑒𝑠𝑡 𝑡 𝑔𝑎𝑝𝑏𝑒𝑠𝑡 𝑜𝑝𝑡𝑏𝑒𝑠𝑡 𝑡

D1∗ 120 0.6 73 37.4 0.5 85 64.1 0.4 88 88.6
D2∗ 50 1.7 19 8.6 1.3 21 14.0 1.3 21 18.0
D3∗ 60 0.1 59 0.3 0.1 59 0.5 0.0 60 0.7
D4∗ 180 6.5 97 14.6 5.6 98 17.4 5.5 98 19.6
D5∗ 80 13.7 8 2.2 13.7 8 3.5 13.7 8 4.8

All 490 4.9 256 15.8 4.6 271 24.2 4.5 275 31.6
b
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the available bins while minimizing the total number of times that
colors appear in the bins. The close relation of this problem with the
well-known bin packing problem inspired the design of fast lower and
upper bounding procedures. We analyzed the performances of these
methods both from a theoretical and from a computational perspective.
Experiments on a large set of instances from the literature have been
carried out to evaluate the performance of these methods, showing
that they are able to solve to proven optimality all instances in a very
short time. We thus introduced a set of more challenging instances
and developed a metaheuristic algorithm based on the tabu search
paradigm to solve them. This second set of experiments showed that
the algorithm has good performance, considerably improving, within
a limited computational effort, an initial solution provided by the fast
bounding procedure. Nevertheless, some of the new instances remain
unsolved, which we hope would stimulate further research on exact
methods for the problem.
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Appendix. BPP-UB∗

In this appendix, we explain how the second phase of our heuristic
BPP-UB could be solved with an exact algorithm instead of a greedy
procedure, and we empirically evaluate how doing so may impact the
performance of the resulting approach, which is referred to as BPP-UB∗

hereafter.
Given a solution returned by the arcflow model at the end of the

first phase of BPP-UB∗, which consists of a solution value 𝐵′ and a
multigraph ̃ = (̃ , ̃) containing the arcs selected in the solution,
the objective of the second phase is to find a partition of the arcs ̃
into a set ′ = {1, 2,… , 𝐵′} of valid paths, together with an arc-color
allocation such that the resulting color fragmentation is minimized. To
model this problem, we start by replacing each uncolored arc (𝑑, 𝑒) ∈ ̃
y a set of colored alternatives including, for each item 𝑖 ∈  satisfying
𝑖 = 𝑒 − 𝑑, one arc (𝑑, 𝑒, 𝑖) with color 𝑐𝑖. All these colored arcs are
athered in set ̃′. We then duplicate ̃ = (̃ , ̃′) exactly 𝐵′ times,

once for each path (bin) that has to be defined, so as to obtain node
sets ̃1, ̃2,… , ̃𝐵′ and arc sets ̃′

1, ̃
′
2,… , ̃′

𝐵′ .
By associating a binary decision variable 𝑓𝑑𝑒𝑖𝑏 to each 𝑏 ∈ ′ and

rc (𝑑, 𝑒, 𝑖) ∈ ̃′
𝑏, taking value 1 if the arc is used in path 𝑏, and by using

inary variables 𝑦𝑏𝑐 taking value 1 if path 𝑏 includes at least one arc
ssociated with an item of color 𝑐 (𝑏 ∈ ′, 𝑐 ∈ ), the problem can be
ormulated as follows:

min
∑

𝑏∈′

∑

𝑐∈
𝑦𝑏𝑐 (A.1)

s.t.
∑

(𝑣,𝑒,𝑖)∈̃′
𝑏

𝑓𝑣𝑒𝑖𝑏 ≤
∑

(𝑑,𝑣,𝑖)∈̃′
𝑏

𝑓𝑑𝑣𝑖𝑏 𝑏 ∈ ′, 𝑣 ∈ ̃𝑏 ⧵ {0,𝑊 }, (A.2)

∑

(0,𝑒,𝑖)∈̃′
𝑏

𝑓0𝑒𝑖𝑏 = 1 𝑏 ∈ ′, (A.3)

∑

′

∑

′
𝑓𝑑𝑒𝑖𝑏 = 1 𝑖 ∈ , (A.4)
𝑏∈ (𝑑,𝑒,𝑖)∈̃𝑏
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Table A.10
Results of BPP-UB∗ on the new instances.

BPP-UB BPP-UB∗(90 s) BPP-UB∗(1800 s) TS

𝑖𝑛𝑠𝑡 𝑔𝑎𝑝𝑏𝑒𝑠𝑡 𝑡 𝑓𝑒𝑎𝑠 𝑔𝑎𝑝𝑏𝑒𝑠𝑡 𝑡 𝑓𝑒𝑎𝑠 𝑔𝑎𝑝𝑏𝑒𝑠𝑡 𝑡 𝑔𝑎𝑝𝑏𝑒𝑠𝑡 𝑜𝑝𝑡𝑏𝑒𝑠𝑡 𝑡

D1∗ 120 40.8 0.0 117 19.0 88.6 120 12.8 (8.9) 1541.3 0.5 85 64.1
D2∗ 50 38.9 0.3 50 28.9 5.6 50 28.7 (28.6) 39.8 1.3 21 14.0
D3∗ 60 93.2 0.1 44 153.7 85.9 60 33.6 (14.8) 1386.1 0.1 59 0.5
D4∗ 180 123.9 11.2 133 163.8 69.3 174 94.6 (78.8) 938.6 5.6 98 17.4
D5∗ 80 15.2 0.9 80 13.6 0.9 80 13.6 (13.6) 0.9 13.7 8 3.5

All 490 73.4 4.3 424 88.8 58.4 484 47.1 (38.1) 896.2 4.6 271 24.2
B

B

C

C

D

d

D

D

E

F

F

G

G
K

M

M

M

P

P

S

V

V

W

W

𝑓𝑑𝑒𝑖𝑏 ≤ 𝑦𝑏𝑐𝑖 𝑏 ∈ ′, (𝑑, 𝑒, 𝑖) ∈ ̃′
𝑏, (A.5)

𝑓𝑑𝑒𝑖𝑏 ∈ {0, 1} 𝑏 ∈ ′, (𝑑, 𝑒, 𝑖) ∈ ̃′
𝑏. (A.6)

The objective function minimizes color fragmentation. Constraints
(A.2) ensure that, for every node 𝑣 ∈ ̃𝑏 ⧵ {0,𝑊 } of every graph copy
𝑏 ∈ ′, the amount of flow leaving 𝑣 cannot exceed the amount of flow
entering 𝑣. Constraints (A.3) make sure that exactly one unit of flow
leaves vertex 0 in each graph copy 𝑏. Constraints (A.4) impose that,
for each item 𝑖, exactly one arc associated with that item is selected.
Finally, Constraints (A.5) link the two sets of variables by forcing 𝑦𝑏𝑐𝑖
to take value 1 if any arc (𝑑, 𝑒, 𝑖) ∈ ̃′

𝑏 is selected in path 𝑏.
Whereas solving Model (A.1)–(A.6) with a state-of-the-art solver

produces an optimal solution for the second phase, one may use addi-
tional techniques to speed-up the solution of the model. In particular,
we pre-assign one uncolored arc (0, 𝑒) ∈ ̃ to each path 𝑏 ∈ ′,
thus reducing symmetry and allowing to remove some arcs in each
graph copy. We also strengthen linking Constraints (A.5) by considering
cliques of arcs with the same color that cannot belong to the same path
because they overlap as follows:

∑

(𝑑,𝑒,𝑖)∈̃′
𝑏

𝑑≤𝑣<𝑒, 𝑐𝑖=𝑐

𝑓𝑑𝑒𝑖𝑏 ≤ 𝑦𝑏𝑐 𝑏 ∈ ′, 𝑐 ∈ , 𝑣 ∈ ̃𝑏.

Table A.10 extends Table 6 and reports the outcome of BPP-UB∗

with a time limit of 90 s in order to provide a fair comparison with
TS, and with a time limit of 1800 s in order to empirically assess
the maximum gain one could achieve by solving the second phase
of BPP-UB exactly. As there were several instances for which BPP-
UB∗ could not terminate after 1800 s, we also provide into brackets
the optimality gap for the lower bound 𝐿′ returned by the model,
computed as 100max{0,𝐿′−𝐿}

𝐿 , where 𝐿 is the best known lower bound
or the corresponding BPPMCF instance. Such a gap can be seen as a
ower bound for 𝑔𝑎𝑝𝑏𝑒𝑠𝑡 if we allowed BPP-UB∗ to run without any time
imit.

We observe that, in some cases, the solver is unable to compute
feasible solution within the 1800 s time limit, and, on average, the

olutions obtained by BPP-UB∗ after 90 s of computing time are worse
han those obtained by BPP-UB, even though this is not the case for
ll data sets. One might argue that there could be more effective ways
o solve the second phase of BPP-UB∗. Still, our experiments show that

the best solutions one can hope to achieve with BPP-UB∗ will have an
verage percentage gap of at least 38.1% with respect to the best known
ower bound for the corresponding BPPMCF instance, whereas such a
ap is only 4.6% for TS. This confirms the validity of our strategy,
hich is to quickly find a feasible solution with BPP-UB first and then

pend more time in TS in order to improve that solution.
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