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The circular polarization of the stochastic gravitational wave background (SGWB) is a key observable
for characterizing the origin of the signal detected by Pulsar Timing Array (PTA) collaborations. Both the
astrophysical and the cosmological SGWB can have a sizeable amount of circular polarization, due to
Poisson fluctuations in the source properties for the former, and to parity violating processes in the early
universe for the latter. Its measurement is challenging since PTA are blind to the circular polarization
monopole, forcing us to turn to anisotropies for detection. We study the sensitivity of current and future
PTA datasets to circular polarization anisotropies, focusing on realistic modelling of intrinsic and kinematic
anisotropies for astrophysical and cosmological scenarios respectively. Our results indicate that the
expected level of circular polarization for the astrophysical SGWB should be within the reach of near
future datasets, while for cosmological SGWB circular polarization is a viable target for more advanced
SKA-type experiments.
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I. INTRODUCTION

The recent hints of detection of a stochastic gravitational
wave background (SGWB) by several pulsar timing arrays
(PTA) collaborations [1–5] raise questions about its origin,
whether astrophysical or cosmological: see respectively [6–8]
for reviews, and [9] for a recent assessment on the
challenges to distinguish among different SGWB sources
with PTA experiments. The amount of circular polarization
imprinted in the SGWB constitutes a possible discriminator
among the two possibilities. Several early universe sources
can induce a circularly polarized SGWB, for example
associated with phenomena of parity violation in gravita-
tional or vector sectors, see, e.g., [10–18]. Moreover, an
astrophysical SGWB is also characterized by a sizeable
amount of circular polarization, related with the distribution
of inclination angles of black hole binary sources [19,20].
But a measurement of circular polarization with PTA,
although interesting, is challenging since the isotropic part

of the background is insensitive to this quantity [21]. The
reason being the geometrical configuration of the PTA
system, which makes its response to circular polarization
vanish. This feature is in common with what happens for
planar GW interferometric detectors, such as LISA (see,
e.g., [22–26]). Hence, an option for detecting the SGWB
circular polarization with PTA is to measure SGWB
anisotropies: see, e.g., [21,27–31], for a review. For
cosmological sources, anisotropies are induced by early
universe effects, and an approach to describe SGWB
anisotropies and their properties in this context has been
recently developed (see, e.g., [32–42]). For astrophysical
sources, SGWB anisotropies arise due to clustering of
galaxies where the GW sources reside, as well as Poisson-
type fluctuations [20,29,43–52]. SGWB anisotropies have
not been measured yet with PTA experiments [51,53], but
given their rich physics content their detectability repre-
sents an active an interesting line of investigation—see,
e.g., [27,44,45,54–62].
The aim of this work is to forecast the sensitivity of PTA

experiments to circular polarization, making use for the
first time of realistic modelling of SGWB anisotropies. We
study the two options of cosmological and astrophysi-
cal SGWB.
For the first case of GW sources from the early universe,

the largest contribution to SGWB anisotropies is associated
to kinematic Doppler effects, due to our motion with
respect to the source of SGWB [40,63]. They are the
GW analog to kinematic effects measured in the cosmic
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microwave background radiation [64–68]. Kinematic
anisotropies in the SGWB are deterministically controlled
by the isotropic part of the background, and the amplitude
of the kinematic dipole is expected to be of order Oð10−3Þ
smaller than the isotropic monopole. The PTA response to
kinematic anisotropies can be analytically computed
[30,44,54], including the effects of circular polarization,
and modified gravity signatures [30]. In [69] we forecasted
the sensitivity of future PTA experiments to kinematic
effects related to the SGWB intensity. In the present work,
Secs. II–IV, we study using different approaches how the
measurement of kinematic anisotropies can be used to
detect the circular polarization of the cosmological back-
ground with future PTA data. We find that monitoring a
large number of monitored pulsars will be necessary to
detect the signal we are interested in.
A more optimistic result is obtained investigating the

case of astrophysical SGWB, studied in Sec. V. For such a
GW signal, the degree of intrinsic anisotropy is sizeable,
of order up to Oð10−1 − 10−2Þ relative to the monopole,
hence much larger than the kinematic one [20,29,43–50].
Interestingly, the astrophysical SGWB is expected to be
strongly circularly polarized [19,20], with an amplitude of
circular polarization comparable to the SGWB intensity—
this property of course improves the prospects of detection.
In fact, our analysis suggests that a monitoring few hundred
pulsars (which should be achievable in the SKA era [70–72])
should be sufficient for detecting circular polarization in the
astrophysical SGWB.
We conclude in Sec. VI. We adopt units in which

c ¼ ℏ ¼ 1.

II. OUR SETUP

We start with a theoretical section, based on [30],
reviewing the formulas needed for our analysis. We focus
in this section on kinematic anisotropies only, with the
amplitude of the kinematic dipole of order Oð10−3Þ with
respect to the background monopole. We then have in mind
cosmological sources for the SGWB, as explained in the
Introduction. Other works discussing kinematic effects on
SGWB include [40,63,73–77]. A discussion of intrinsic
anisotropies for astrophysical backgrounds, and the asso-
ciated measurement of circular polarization, can be found
in Sec. V.
Gravitational waves (GW) are fluctuations hijðt; x⃗Þ

around the Minkowski metric

ds2 ¼ −dt2 þ ½δij þ hijðt; x⃗Þ�dxidxj: ð2:1Þ

They are decomposed in Fourier modes as

hijðt; x⃗Þ ¼
X
λ

Z þ∞

−∞
df

Z
d2n̂e−2πifn̂ x⃗e2πifteλijðn̂Þhλðf; n̂Þ;

ð2:2Þ

imposing the condition hλð−f; n̂Þ ¼ h�λðf; n̂Þ, which
ensures that hijðt; x⃗Þ is real. We adopt a λ ¼ ðþ;×Þ basis
for the polarization tensors eλij in Eq. (2.2); we assume they
are real.
Pulsar timing arrays (PTA) measure GW through the

time delay they cause on the observed pulsar period. Such
time delays are associated with GW deformations of light
geodesics from emission to detection. We denote pulsars
with latin letters: a, b, etc. The time delay associated with
pulsar a is denoted with zaðtÞ ¼ ΔTaðtÞ=TaðtÞ. We decom-
pose it in Fourier modes as

zaðtÞ ¼
Z þ∞

−∞
dfe2πiftzaðfÞ

¼
Z þ∞

−∞
dfe2πift

�X
λ

Z
d2n̂Dij

a ðn̂Þeλijðn̂Þhλðf; n̂Þ
�
:

ð2:3Þ

The detector tensor Dij
a ðn̂Þ is defined in terms of

polarization tensors as 2ð1þ n̂ · x̂aÞDij
a ≡ x̂iax̂

j
a. The quan-

tity x⃗a ¼ τax̂a is the pulsar position, and τa is the light
travelling time from emission to detection.
We express the GW two-point correlators as (we use

notation of [23,78])

hhλðf; n̂Þh�λ0 ðf0; n̂0Þi ¼
1

2
Sλλ0 ðf; n̂Þδðf − f0Þ δ

ð2Þðn̂ − n̂0Þ
4π

:

ð2:4Þ

The quantity Sλλ0 ðf; n̂Þ is decomposed into intensity and
circular polarization

Sλλ0 ðf; n̂Þ ¼ Iðf; n̂Þδλλ0 − iVðf; n̂Þϵλλ0 ; ð2:5Þ

where the 2× 2 tensor ϵλλ0 components are ϵþ× ¼ 1 ¼
−ϵ×þ, while ϵþþ ¼ 0 ¼ ϵ××.
The SGWB intensity Iðf; n̂Þ is real and positive. The

circular polarization Vðf; n̂Þ is a real quantity. Both
quantities can depend on the GW frequency and direc-
tion, and behave as scalars under boosts. We introduce the
short-hand notation

Dλ
aðn̂Þ≡Dij

a ðn̂Þeλijðn̂Þ ; Δt12 ¼ t1 − t2; ð2:6Þ

and compute the two-point correlator between two pulsar
time-delays, associated with a pulsar pair a and b. We find
(we sum over repeated indexes)

hzaðt1Þzbðt2Þi ¼
1

2

Z
dfd2n̂Dλ

aðn̂ÞDλ0
b ðn̂Þ

× ½cosð2πfΔt12ÞIðf; n̂Þδλλ0
þ sinð2πfΔt12ÞVðf; n̂Þϵλλ0 �: ð2:7Þ
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This formula indicates that circular polarization is only
detectable at unequal time measurements: Δt12 ≠ 0 (see,
e.g., [24]). It is convenient to make use of time residuals

RaðtÞ≡
Z

t

0

dt0zaðt0Þ; ð2:8Þ

a quantity easier to handle when Fourier transforming the
signal. Their two-point function is

hRaðtAÞRbðtBÞi ¼
1

2

Z
tA

0

Z
tB

0

dt1dt2

Z
dfd2n̂

× ½cosð2πfΔt12ÞγIabðf; n̂ÞIðf; n̂Þδλλ0
þ sinð2πfΔt12ÞγIabðf; n̂ÞVðf; n̂Þ� ð2:9Þ

¼
Z

df sinðπftAÞ sinðπftBÞ
πf2

½ĪðfÞΓI
abðfÞ cosð2πfΔtABÞ

þ V̄ðfÞΓV
abðfÞ sinð2πfΔtABÞ�; ð2:10Þ

where ĪðfÞ is the isotropic value of the intensity integrated
over all directions, while V̄ðfÞ is its analog for circular
polarization. In writing Eq. (2.9) we introduce

γIab ¼ Dλ
aðn̂ÞDλ0

b ðn̂Þδλλ0

¼ ðx̂a · n̂Þ2 þ ðx̂b · n̂Þ2 þ ðx̂a · n̂Þ2ðx̂b · n̂Þ2 − 1

8ð1þ x̂a · n̂Þð1þ x̂b · n̂Þ

þ ðx̂a · x̂bÞ2 − 2ðx̂a · x̂bÞðx̂a · n̂Þðx̂b · n̂Þ
4ð1þ x̂a · n̂Þð1þ x̂b · n̂Þ

; ð2:11Þ

and

γVab ¼ Dλ
aðn̂ÞDλ0

b ðn̂Þϵλλ0

¼ ½x̂a · x̂b − ðx̂a · n̂Þðx̂b · n̂Þ�½n̂ · ðx̂a × x̂bÞ�
4ð1þ x̂a · n̂Þð1þ x̂b · n̂Þ

; ð2:12Þ

with · denoting dot product, and × cross product among
vectors. In passing from Eq. (2.9) to Eq. (2.10) we integrate
along directions, and we define the PTA response functions

ΓI
abðfÞ ¼

1

2πĪðfÞ
Z

d2n̂ðDλ
aðn̂ÞDλ0

b ðn̂Þδλλ0 ÞIðf; n̂Þ; ð2:13Þ

ΓV
abðfÞ ¼

1

2πV̄ðfÞ
Z

d2n̂ðDλ
aðn̂ÞDλ0

b ðn̂Þϵλλ0 ÞVðf; n̂Þ: ð2:14Þ

The response functions are key quantities to study the
response of the PTA system to GW observables.
We can avoid to carry on the oscillating functions in the

integrand of Eq. (2.10), and define

hRaRbi≡
Z

df
πf2

½ĪðfÞΓI
abðfÞ þ V̄ðfÞΓV

abðfÞ�; ð2:15Þ

In fact, the quantities tA, tB in Eq. (2.10) indicate that we are
measuring pulsar signals at different times, separated by an
interval corresponding to the “cadence” of detection. PTA
collaborationsmeasure pulsar periods around once perweek:
the cadence then establishes the upper bound in frequency
of PTA measurements 50 yr−1 ∼ 10−6 Hz. Hence, we typ-
ically work in a regime where ðftA; ftB; fΔtABÞ ∼Oð1Þ.
Consequently, the oscillating functions in the integrand of
Eq. (2.10) are expected to give order one factors, and will be
neglected in the definition of the two-point function passing
from (2.10) to (2.15). See, e.g., [79], chapter 23.
While so far our formulas are general, we now focus on

kinematic anisotropies, following the treatment of [30,69].
Our motion with velocity v⃗ ¼ βv̂ with respect to the SGWB
rest frame, induces kinematic anisotropies in intensity I and
circular polarization V. They are expressed as

Iðf; n̂Þ
ĪðfÞ ¼ D

ĪðDfÞ
ĪðfÞ ;

Vðf; n̂Þ
V̄ðfÞ ¼ D

V̄ðDfÞ
V̄ðfÞ ; ð2:16Þ

with

D ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p
1 − βn̂ · v̂

; ð2:17Þ

where n̂ is the GW direction, and v̂ the relative velocity
among frames. Since in this and the next section we are
assuming a cosmological origin for the SGWB, we expect β
to be of the same order of the value measured by cosmic
microwave background: β ¼ 1.2 × 10−3 [64–68]. With β
being small, we can expand both quantities in (2.16) at first
order in β, and plug the resulting expressions in the response
functions of Eqs. (2.13), (2.14). In this way, we deter-
mine the PTA response to the kinematic dipole in intensity
and in circular polarization. Defining nI ¼ d ln ĪðfÞ=d ln f,
nV ¼ d ln V̄ðfÞ=d ln f, we obtain

ΓI
ab ¼ Γð0Þ

ab þ βðnI − 1ÞΓð1Þ
ab ; ð2:18Þ

ΓV
ab ¼ βðnV − 1ÞGð1Þ

ab ; ð2:19Þ

with

Γð0Þ
ab ¼ 1

3
−
yab
6

þ yab ln yab; ð2:20Þ

Γð1Þ
ab ¼

�
1

12
þ yab

2
þ yab ln yab
2ð1 − yabÞ

�
½v̂ · x̂a þ v̂ · x̂b�; ð2:21Þ

Gð1Þ
ab ¼ −

�
1

3
þ yab ln yab
4ð1 − yabÞ

�
½v̂ · ðx̂a × x̂bÞ�; ð2:22Þ

with yab ¼ ð1 − x̂a · x̂bÞ=2. As stated in the Introduction, the
PTA response to circular polarization ΓV

ab vanishes for an
isotropic background. In fact, the response of Eq. (2.19) is
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nonzero only in the presence of anisotropies, since it starts at
first order in the β expansion.

While Γð0Þ
ab corresponds to the well-known Hellings-

Downs response to the isotropic part of the background, the

two contributions Γð1Þ
ab andGð1Þ

ab control the PTA response to
the kinematic dipole (respectively to the intensity I and
circular polarization V of the GW).
Interestingly, while the PTA response is more sensitive to

the intensity kinematic dipole when pulsar vectors lie
parallely to the velocity vector v̂ (see Eq. (2.21)—we
studied this phenomenon in [69]), the opposite is true for
the circular polarization dipole [30], which can be mea-
sured more easily with pulsars located orthogonally to v̂
[see Eq. (2.22)]. See, e.g., Fig. 1 for a graphical repre-

sentation of the quantity Gð1Þ
ab . This property implies that an

appropriate choice of the pulsars to measure—depending
on their position—can make enhance the sensitivity on the
signal. We will make use of this feature in what follows.
These results complete the review of the theoretical tools

we can apply to the forecast of detectability of circular
polarization with PTA experiments, a topic we discuss next.

III. CIRCULAR POLARIZATION
AND PRESENT-DAY PTA EXPERIMENTS

After reviewing and developing in Sec. II the theoretical
basis for our work, we discuss practical strategies for
detecting circular polarization with PTA data. As we
learned, the detection of circular polarization is tied with
the measurement of SGWB anisotropies.
We forecast the prospects to detect the SGWB circular

polarization V by measuring the kinematic dipole of the
SGWB with PTA. In this section we have in mind a
cosmological SGWB which can have a potentially large
amplitude of circular polarization, as large as the SGWB
intensity, see, e.g., [10–16,18,80–84]. Interestingly, also the
astrophysical SGWB is expected to be characterized by a

large amount of circular polarization: we discuss it
in Sec. V.
We proceed following two approaches. First, in this

section, we focus on near future PTA experiments in the
SKA era [70–72], which will monitor a finite number
(of order few hundreds) pulsars. Building on the results of
Sec. II, we show how the sensitivity to circular polarization
can improve by choosing carefully the position in the sky of
the monitored pulsars. It is very hard though to reach a level
of sensitivity compatiblewith a detection. In the next Sec. IV,
then, we make some simplifying assumptions to study the
problem, and we examine the case of futuristic PTA experi-
ments monitoring very large (of order thousands) pulsars. In
such a case, the experiments will have enough sensitivity to
detect the effects we are interested about.
Other works discussing prospects of detection of circular

polarization with PTA, also following alternative methods,
are [21,27–29]. As far as we are aware, ours is the first
work which makes use of realistic modelling of SGWB
anisotropies (both for cosmological and astrophysical
sources) toward the detection of V.
We assume that the isotropic part of intensity ĪðfÞ and

circular polarization V̄ðfÞ—obtained integrating over all
angular directions—follows a power-law profile given by

ĪðfÞ ¼ I0

�
f
f⋆

�
nI
; V̄ðfÞ ¼ V0

�
f
f⋆

�
nV ð3:1Þ

with f⋆ a reference frequency (we take f⋆ ¼ 1 yr−1, as
appropriate for PTA experiments), while nI and nV are the
tilts defined above Eq. (2.18). The constant quantities I0
and V0 control the amplitude of intensity and circular
polarization. Following the conventions of [1] we introduce
the constants AI and AV as

I0 ¼
A2
I

2f⋆
; V0 ¼

A2
V

2f⋆
ð3:2Þ

FIG. 1. Left: the magnitude of the PTA response function Gð1Þ
ab to kinematic dipole anisotropies in circular polarization, see Eq. (2.22).

We fix the velocity vector v̂ along the direction measured by the CMB (v̂ and −v̂ are denoted by red and yellow stars respectively). We
plot the response as a function of the positions of a pair of pulsars, with one pulsar fixed to a direction perpendicular to v̂ (green star).
Right: the dipole response as a function of the angle between the pulsars, without including the v̂ · ðx̂a × x̂bÞ factor in Eq. (2.22).
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as alternative parameters to test (by definition AI ≥ AV).
The definition (3.2) allows us to compare more directly
with the results of [1].

A. Limits from current datasets, and definition
of the likelihood

We focus here on PTA experiments with a finite number
of monitored pulsars. We take the NANOGrav con-
figuration system [85–88] as reference. The NANOGrav
collaboration collects data monitoring 67 pulsars. First,
we show that the sensitivity of current version of the
NANOGrav pulsar system is not sufficient to detect a
signal associated with the SGWB circular polarization V.
To improve the situation, we then imagine to add a finite
number (up to few hundred) of monitored pulsars to the
NANOGrav pulsar set. For definiteness, we adopt the same
noise curves of the NANOGrav pulsars [86], and we locate
the additional objects at appropriate positions in the sky in
order to be more sensitive to circular polarization.
To start with, we make use of publicly available tools and

assess to what extent current can PTA dataset useful con-
straints on SGWB circular polarization. We analyse the
NANOGrav data set [1] (referred to as NG15 hereafter)
looking for the presence of circular polarization through the
kinematic dipole. We fix the dipole magnitude and direction
to be the same as the cosmicmicrowave background [67].We
apply the likelihood made available by the NANOGrav
collaboration through the packages ENTERPRISE [89] and
ENTERPRISE-EXTENSIONS [90]. We explore the parameter
space using the MCMC sampler [91,92], through the Cobaya

interface [93]. We vary the SGWB intensity amplitude
log10 AI , the spectral tilt in the combination

γ ¼ 2 − nI;

the relative circular polarization amplitude1

ϵV ≡ V0=I0 ∈ ½−1; 1�; ð3:3Þ

and we fix the individual pulsar red noise parameters to their
median values from the NG15 analyses for computational
ease. The key parameter controlling the amplitude of circular
polarization versus intensity is ϵV . We plot the marginalized
distributions for the SGWB parameters in Fig. 2 using
GetDist [94]. The figure shows that current data are in fact
unable to put any constraints on the magnitude of circular
polarization. The reason can be understood as follows. Aswe
have learned above PTA systems are blind to the circular
polarization monopole, thus we need to measure the SGWB
anisotropy to detect it. But, as shown in [69], current
data impose only an upper limit β < 0.3 on the kinematic

dipolar anisotropy. Thus, by fixing β ¼ 1.23 × 10−3, ϵV
can be freely varied within its prior range ½−1; 1� without
creating significant deviations from the observed inter-pulsar
correlations.2

To improve on the current situation, a possibility is to
monitor additional pulsars appropriately located in the
sky (following the criteria of Sec. II), so to collect more
information specifically on the SGWB circular polariza-
tion. This is the strategy we adopt in this section. To study
this option, we introduce a Gaussian likelihood for intensity
and circular polarization, I and V, making use of ideas first
developed in [58]

−2 lnL ¼ constþ
X
f

X
AB

�
R̂A −

ΓI
A · Ī

ð4πfÞ2 −
ΓV
A · V̄

ð4πfÞ2
�
C−1
AB

×
�
R̂B −

ΓB · Ī
ð4πfÞ2 −

ΓV
A · V̄

ð4πfÞ2
�
: ð3:4Þ

In the previous formula, we follow the same notation of
[69], extending it by including the circular polarization
contribution V̄. (We refer the reader to [58,69] for more
information on this method.) The sum

P
AB runs over

pulsar pairs, each pair indicated with a capital letter

FIG. 2. Marginalized 2D and 1D contours of the SGWB
parameters obtained using the NG15 dataset. The flat distribution
for ϵV indicates that current datasets are unable to put any
constraints on the amplitude of circular polarization through the
kinematic dipole, as explained in the main text. Dashed lines
represent the median values from NG15 and the parameter limits
shown correspond to 95% limits.

1While the parameter ϵV runs between −1 and 1, from now on
in our Fisher forecasts we only will consider its absolute value
jϵV j and take it to be positive.

2Varying the individual pulsar red noise parameters will not
change our results, since the circular polarization is essentially
unconstrained at the moment.
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A ¼ ðabÞ. The dot in Eq. (3.4) indicates a bandwidth-
integrated quantity, centered around the frequency f, hence

ΓI
A · Ī

ð4πfÞ2 ≡
Z

fþΔf=2

f−Δf=2

ΓI
AĪðf̃Þ

ð4πf̃Þ2 df̃ ð3:5Þ

and analogously for V. The R̂A are the measured cross-
correlations of time residuals. The ΓI

A;V are the PTA
response functions to intensity and circular polarization,
discussed in Sec. II. The quantity C−1

AB is the inverse of the
covariance matrix. We make the hypothesis to work here in
the weak signal limit (more on this in the next section). The
covariance matrix can then be approximated as [58,69]

ðCÞ−1AB ¼ 2TABΔf
σ2aσ

2
b

δAB: ð3:6Þ

with TAA0 the time of observation of the four pulsars
ðaba0b0Þ, with σa the band integrated noise variance for
pulsar a. Given a vector Θ̂ ¼ Θi of observable parameters
we wish to probe, the Fisher information criteria (see, e.g.,
[95]) allow us to forecast the ability of future experiments
to measure Θi. The best fit correspond to values of Θi
which makes vanishing the first derivative of the likelihood:
∂ lnL=∂Θi ¼ 0. The experimental errors on the parameter
determination, then, is expressed in terms of the second-
derivatives of the log-likelihood, i.e., the Fisher matrix:

F ij ¼
�
−

∂ lnL
∂Θi∂Θj

�
; ð3:7Þ

where h…i indicates we evaluate the log-likelihood second
derivative at the parameter best fit values.
Armed with this formalism, we investigate in this section

how to use a PTA system to probe to circular polarization
for cosmological SGWB, making use of the kinematic
dipole. We wish to forecast the size of experimental error
bars for a set of GW parameters. We assume the benchmark

values listed in Table I for the parameters entering our
formulas, where the quantities AI;V are introduced in
Eq. (3.2). We examine a situation characterized by a large
degree of circular polarization AV , of the same order of the
intensity; such a case can be realized in early universe
scenarios where phenomena of parity violation occur in the
gravitational sector. (For the case of astrophysical SGWB,
see Sec. V.) For the intensity parameter AI we take as
reference the central value measured by the NANOGrav
collaboration [1]. The values characterizing the kinematic
dipole are the ones obtained by CMB experiments, and we
use galactic coordinates to express the velocity. For the rest
of this section we consider two cases, corresponding to two
different vectors Θ̂ of parameters to be tested.

B. Case 1: Forecasts on parameters AV , AI, and β

We forecast the ability of PTA to measure the amplitude
V0 of circular polarization (equivalently AV), as well as the
SGWB intensity I0 (equivalently AI) and kinematic dipole
amplitude β. In the presence of large values of AV , a
measurement of circular polarization gives us also infor-
mation on the velocity parameter β characterizing kin-
ematic anisotropies. The parameter vector to be measured is
then Θ̂ ¼ ðV0; A0; βÞ. The PTA pulsar set we consider is
constituted by the 67 NANOGrav pulsars, to which we add
more pulsars located at appropriate positions to increase the
sensitivity to the observables of interest (see Sec. II).
The symmetric Fisher matrix is computed following the

definition in Eq. (3.7). When evaluated at a given frequency
f it results (we write each matrix component at leading
order in a small β expansion)

F ijðfÞ ¼
X
A

2TAΔf
ð4πfÞ4ðRN

A Þ2

×

2
666664
β2κ2V

�
f
f⋆

�
2nV ðGð1Þ

A Þ2 βκV
�

f
f⋆

�
nVþnIΓð0Þ

A Gð1Þ
A βκV

�
f
f⋆

�
nVGð1Þ

A

h
κVV0G

ð1Þ
A þ κII0Γ

ð1Þ
A �

00
�

f
f⋆

�
2nIðΓð0Þ

A Þ2
�

f
f⋆

�
nIΓð0Þ

A ½κVV0G
ð1Þ
A þ κII0Γ

ð1Þ
A �

00 00
h
κVV0G

ð1Þ
A þ κII0Γ

ð1Þ
A

i
2

3
777775 ð3:8Þ

with

κV ¼ nV − 1; κI ¼ nI − 1: ð3:9Þ

Starting from these equations, the complete Fisher matrix is
obtained by summing over the individual frequency bins,

F ij ¼
P

f F ijðfÞ. We notice that off-diagonal terms in
(3.8) induce correlations in the measurements of the
parameters we are interested in. As a consequence a
measurement of the kinematic parameter β is facilitated
in the presence of large values of V0 and/or I0, when
monitoring pulsars located at appropriate positions.

TABLE I. Benchmark values for the parameters to test.

AI AV nI ¼ nV f⋆ β v̂ ¼ ðl; bÞ
2.4× 10−15 2.4×10−15 −7=3 1=year 1.23×10−3 ð264°; 48°Þ
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To exemplify these statements, we examine four differ-
ent scenarios, with the main aim to quantify how the
number and location of the pulsars to monitor affects the
size of the error bars in the measurement of the quantities
we are interested in. For each scenario, we forecast the size
of error bars on the parameters using the Fisher formalism
(see Table II) and we plot them using GetDist [94], see
Figs. 3 and 4. For each scenario, we add one (or multiple)
set(s) of 67 pulsars, characterized by the same noise
properties of the 67 NANOGrav ones [87], located at
appropriate positions in the sky to investigate the effects we
are more interested on.

In this section we assume that the spectral index nV is
fixed and determined by the theory under consideration. In
fact, several well motivated theoretical models are able to
give predictions on this quantity, which depends on the
parameters of the theory one considers. In models of
massive gravity, or solid inflation, the value of the spectral
tilt is connected with parameters controlling the breaking of
spatial isometry [96–98]. Models of primordial black holes
produce a spectrum scalar-induced gravitational waves
with a rich frequency profile, calculable from first princi-
ples (see, e.g., [99] for a review), which in some regions has
a nearly constant slope and might explain PTA results.

FIG. 3. Forecasts for measurements of the parameters AV , AI , β at 68% C.L. Upper left panel: Scenario 1. Upper right panel: Scenario
2. Lower left panel: Scenario 3. Lower right panel: Scenario 4. See main text in Sec. III B for explanations, and Table II for the error bars.

TABLE II. Central values and error bars for each scenario considered in Sec. III B at 68% C.L.

1a 1b 2a 2b 3a 3b 4

AV × 1015 ¼ 2.4 �250 �95 �170 �92 �140 �120 �42

AI × 1015 ¼ 2.4 �0.30 �0.12 �0.061 �0.082 �0.11 �0.11 �0.023
β × 103 ¼ 1.23 <180.052 <75.836 <46.775 <59.991 <85.232 <82.338 <34.361
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Models of axion inflation lead to a circularly polarized
SGWB, with a lognormal spectral shape fully determined
by the model parameters [100,101].

1. Scenario 1

In a first scenario, shown in Fig. 3, upper left panel, we
consider the same pulsar set monitored by the NANOGrav
collaboration [85–88] (red color, scenario 1a), and we add
to this set 67 randomly located pulsars (blue color, scenario
1b). Our aim is to understand how the addition of pulsars at
random positions reduces the error bars. In passing from
scenario 1a to 1b the errors on AV and β decrease by more
than a factor of 2 (see Table II), although also for scenario
1b they are still large. The measurement of AI , which can
be obtained by the study of the isotropic part of SGWB
with no need of detecting anisotropies, is very accurate,
with a relative error of order one percent.

2. Scenario 2

In a second scenario, see Fig. 3, upper right panel, we
instead add pulsars at positions x̂ parallel (yellow color,

scenario 2a) or orthogonal (green color, scenario 2b) to the
direction of frame velocity v̂ (we assume for the new
pulsars the same noise curves as NANOGrav pulsars). We
learned in Sec. II that when monitoring pulsars located with
these criteria we increase the sensitivity to (respectively)
intensity AI and circular polarization AV of the SGWB (see
[30,69]). In fact, the yellow ellipses in Fig. 3 (upper right
panel) demonstrate that measurements of AV do not result
more accurate with respect to the case of NANOGrav
pulsars only (compare with the upper left panel in the same
figure). At the same time, the green ellipses show that, as
expected, the accuracy in measuring AV increases and the
error halves its size. See the error bars in Table II for
quantitative estimate of the errors.

3. Scenario 3

In the third scenario, see Fig. 3 lower left panel, we focus
on investigating from another viewpoint the sensitivity of the
PTA system to circular polarization. We start from noticing
that Eq. (2.22) indicates that the sensitivity to V increases
when the condition j½v̂ · ðx̂a × x̂bÞ�j ¼ 1 is satisfied.

FIG. 4. Forecasts for the parametersAV and nV at 68%C.L. Upper left panel: Scenario 1. Upper right panel: Scenario 2. Lower left panel:
Scenario 3. Lower right panel: Scenario 4. See main text in Sec. III C for explanations, and Table III for the corresponding error bars.
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This condition requires that v̂ is perpendicular to the pulsar
directions (a case already explored in the previous scenario
2), and additionally that v̂ is parallel to ðx̂a × x̂bÞ. To analyse
this particular case, we consider the 67 NANOGrav pulsars,
and we select what we call pulsar x̂a at the position of pulsar
B1937þ 21 [86]. We then generate 67 extra pulsars to
monitor, with positional vectors x̂b satisfying the condition
j½v̂ · ðx̂a × x̂bÞ�j ¼ 0: we call this scenario 3a. Similarly, we
generate 67 extra pulsars with positional vectors satisfying
the condition j½v̂ · ðx̂a × x̂bÞ�j ¼ 1: this is scenario 3b. We
expect that while the sensitivity to AV increases in scenario
3a, it is reduced in the scenario 3b, also with respect to the
original 67 NANOGrav set. This behavior is confirmed by
Fig. 3, lower left panel.

4. Scenario 4

The analysis of the previous three scenarios shows that
adding just 67 more pulsars to the NANOGrav data set is
not sufficient to reach the accuracy for an informative
measurement of circular polarization, even if the pulsars are
located to the most convenient positions. In the fourth
scenario we explore the possibility of adding four extra sets
of 67 pulsars each to the original NANOGrav set (hence, in
total, we have 335 pulsars to monitor). The new pulsars are
located orthogonally to the velocity v̂, and each set of 67
pulsars uses the same noise curves of the 67 NANOGrav
pulsars [87]. The results are represented in Fig. 3, lower
right panel, while the error bars are in Table II. We notice
that the sensitivity to circular polarization is much
improved with respect to the previous scenarios (i.e., we
gain a factor 8 in sensitivity with respect to NANOGrav
pulsar set). However the error bars are still relatively large.
We now proceed to investigate whether the situation
changes by consider a different set of parameters to
constrain.

C. Case 2: Forecasts on the parameters AV , nV
As a second case, we focus on the measurement of

parameters Θ⃗ ¼ ðAV; nVÞ, assuming we already have
information on the remaining parameters in the benchmark
set of Table I, which enter the likelihood function. Hence
we wish to make use of kinematic anisotropies not only to
probe the amplitude, but also the slope nV of the circular
polarization spectrum: see the definition in Eq. (3.1). The
corresponding Fisher matrix, evaluated in a Taylor expan-
sion up order β2, results

F ijðfÞ¼
1

ð4πfÞ4
X
A

2TAΔfðβGð1Þ
A Þ2

ðRN
A Þ2

�
f
f⋆

�
2nV

×

2
64 κ2V κVV0

�
1þκV ln

�
f
f⋆

��
κVV0

�
1þκV ln

�
f
f⋆

�� h
V0

�
1þκV ln

�
f
f⋆

��i
2

3
75

ð3:10Þ
We consider in this context the same four scenarios

examined in Sec. III B. We represent our results in Fig. 4,
and report the corresponding error bar estimate in Table III.
In the first scenario, upper left panel of Fig. 4, we learn

that the error bars on AV and nV decrease their size (by a
factor one half) with increasing the number of pulsars to
detect, as expected. In the second scenario, upper right
panel of Fig. 4, we learn that the error bars are blind to the
addition of pulsars, as expected from our theory formulas of
Sec. II. Instead, the error bar sizes decrease considerably
adding pulsars located orthogonally to the velocity among
frames (see lower left panel of Fig. 4). The same behavior is
confirmed in the fourth scenario plotted in the lower right
panel of Fig. 4. Finally, we consider the most idealized case
to estimate the errors on AV , this happens when nV is
known. The results are shown in Fig. 5 and Table IV.
To summarize, the methods and assumptions we imple-

mented so far show quantitatively that the error bars in the
parameter determination are still large, even for scenario 4.
To reduce the error bars of our forecasts to a level acceptable
for ensuring detection, we discuss in Sec. IV a method to
analytically explore more futuristic set ups able to consid-
erably enhance the sensitivity to circular polarization, by

TABLE III. Central values and error bars for each scenario
considered in Sec. III C at 68% C.L.

1a 1b 2a 2b 3a 3b 4

AV ×1015¼2.4 �1100 �490 �1100 �460 �550 �460 �160

nV ¼ −2 �330 �150 �330 �140 �170 �140 �47

FIG. 5. Forecast for the parameter AV when nV is known, for the 4 scenarios described in Sec. III C. See Table IV for the corresponding
error bars.
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increasing the number of pulsars to be monitored and by
making some assumptions on their distribution.

IV. FUTURISTIC SETUP: ISOTROPICALLY
DISTRIBUTED PULSARS

We learned in the previous section that adding pulsars at
specific positions certainly improves the detectability pros-
pects of circular polarization V, but not enough to ensure
detection. In this section, following ideas first developed in
[58], we focus on an idealized scenario which simplifies our
calculations and allow for analytical estimates of the
expected accuracy obtained with future measurements.
We consider a futuristic setup of PTA monitoring a a

large number of pulsars, say Npsr in the order of thousands,
and we take Eq. (3.4) for our likelihood. For developing our
analytical arguments, we make the following hypothesis:

(i) We assume the pulsars are isotropically distributed
across the sky, they have the same properties, and
they are monitored for the same amount of time.

(ii) For the intrinsic noise common to all pulsars we
select red noise parameters which lie slightly toward
the higher end of those observed in the NANOGrav
dataset [86], which allows us to work in the weak-
signal regime with a diagonal covariance matrix, as
in Eq. (3.6).

These simplifying assumptions allow us to approach the
problem analytically, using the Fisher formalism of [58].
We assume that the properties of the SGWB intensity

(including the kinematic dipole) are already known, thus
we fix β; nI; AI to the values used in the previous section,
see Table I.3

Analogously to what done in the literature for the
intensity of the SGWB [58,69], in our limit of a large
number of identical, isotropically distributed pulsars we
obtain the following Fisher matrix for the circular polari-
zation parameters, evaluated at fixed frequency f

F ijðfÞ ¼
2TΔf
ð4πfσÞ4 Npair ×

1

Npair

X
pq

γVpq ·
∂V
∂Θi

γVpq ·
∂V
∂Θj

;

ð4:1Þ
where V is given in Eq. (3.1), and γVpq in Eq. (2.12).
This Fisher component should then be summed over

frequencies, as in the previous section. Following [58]
(which focuses on the intensity in the dense pulsar limit),
we can convert the sum into an integral, and write

1

Npair

X
pq

γVpq ·
∂V
∂Θi

γVpq ·
∂V
∂Θj

¼
Z

d2p
4π

d2q
4π

Z
d2n
4π

d2n0

4π

× γVpqðn̂ÞγVpqðn̂0Þ
∂Vðn̂Þ
∂Θi

∂Vðn̂0Þ
∂Θj

:

ð4:2Þ
We then consider the quantity

lim
Npsr→∞

1

Npair

X
pq

γVpqðn̂ÞγVpqðn̂0Þ ¼
Z

d2p̂
4π

d2q̂
4π

γVpqðn̂ÞγVpqðn̂0Þ

ð4:3Þ
≡ FV

∞ðn̂ · n̂0Þ; ð4:4Þ
for which for the first time we obtain the following novel
analytic expression4

FV
∞ðn̂ · n̂0Þ ¼ 8ð18 − 17χ þ 2χ2 þ χ3Þ

9ð1þ χÞ2

þ 8ð17 − 25χ þ 7χ2 þ χ3Þ
3ð1þ χÞ3 ln

�
1 − χ

2

�

þ 32ð1 − χÞ2
ð1þ χÞ4 ln2

�
1 − χ

2

�
; ð4:5Þ

where χ ≡ n̂ · n̂0. Via the approach explained in footnote 4
one can show that the quantity F IV

∞ ¼ 0 in the weak signal
limit, implying that in the limit of a large number of
identical pulsars distributed isotropically across the sky,
there is no “leakage” of the intensity map into the circular
polarization map. This justifies our choice of assuming the
intensity is known when performing the Fisher forecasts for
circular polarization.
Having calculated FV

∞ (plotted in Fig. 6), we can expand
it in spherical harmonics (we are justified by the fact that
we assume the PTA system to be isotropically distributed in
the sky):

FV
∞ðn̂ · n̂0Þ ¼ 4π

X
lm

FV
lYlmðn̂ÞY�

lmðn̂0Þ ð4:6Þ

The spherical harmonic coefficients of FV
∞ in Eq. (4.6)

read FV
1 ¼ 0.094;FV

2 ¼ 0.029;FV
3 ¼ 0.02. Interestingly,

in this idealized full sky limit we find FV
1 ≈ 5F I

1 (see
[58,69] forF I), which suggests that for sizable polarization,

TABLE IV. Central values and error bars for the last case
considered in Sec. III C at 68% C.L.

1a 1b 2a 2b 3a 3b 4

AV × 1015 ¼ 2.4 �160 �71 �160 �67 �80 �66 �22

3Our choice of fixing the intensity parameters for the Fisher
forecasts—instead of considering them as additional parameters
to be measured simultaneously—will be justified in what comes
next.

4This result can be in principle obtained following the methods
of Appendix C of [58]. We found it easier to carry the integrals in
the complex plane and use Cauchy theorem, applying in this
context the procedure proposed in [102] for computing the
Hellings-Downs curve. Please contact the authors for obtaining
the Mathematica notebooks leading to Eq. (4.5).
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it may be easier to detect the polarization dipole as compared
to the dipole relative to the SGWB intensity. The FV

l are
plotted in Fig. 7. Note that—as expected—there is no l ¼ 0
monopole response, since PTA experiments are blind to the
circular polarization monopole. We do the same for the V-
mode map, where we consider only the dipole term, the
dominant one in a small β expansion

Vðf; n̂Þ ¼ V̄ðfÞ 4π
3
βðnV − 1Þ

X
m

Y1mðn̂ÞY�
1mðv̂Þ: ð4:7Þ

Substituting the above expressions into our formula for the
Fisher matrix evaluated at a given frequency f, we find

F ijðfÞ ¼
2TΔf
ð4πfσÞ4 Npair ×

4πFV
1

9

X
m

∂V1m

∂Θi

∂V�
1m

∂Θj
; ð4:8Þ

where

V1m ≡ V̄βðnV − 1ÞY1mðv̂Þ; ð4:9Þ

We now forecast the prospects for future PTA experiments to
measure the circular polarization amplitude V0 and the
circular polarization tilt nV introduced in Eq. (3.1). We find,
at leading order in a β expansion,

F ijðfÞ ¼
FV

1

3

�
f
f⋆

�
2nV

"
κ2β2 V0κβ

2½1þ κ logðf=f⋆Þ�
V0κβ

2½1þ κ logðf=f⋆Þ� V2
0β

2½1þ logðf=f⋆ÞðnV − 1Þ�2
#

2TΔf
ð4πfσÞ4 Npair þOðβ3Þ: ð4:10Þ

Once again, the full Fisher matrix will then be obtained by
summing over the individual frequency bins.
We start with the simplest case, and we assume the

polarization power law index is the same as the intensity

(taken to be nV ¼ nI ¼ −2=3): we then fix this quantity.
We assume dipole amplitude and direction to be the same as
inferred from the CMB (see Table I) and we first focus on
the estimate of jϵV j≡ ðAV=AIÞ2 only. In this case, the
Fisher matrix reduces to

F ϵV ¼
X
f

2TΔf
ð4πfσÞ4 Npair

FV
1

3

�
f
f⋆

�
2nV

V2
0κ

2β2

¼
X
f

2TΔf
ð4πfσÞ4 Npair

FV
1

3

�
f
f⋆

�
2nV

κ2V2
0β

2 ×
F 0Ī2

F 0Ī2

¼ SNR2
I × ϵ2Vκ

2β2
FV

1

3F 0

ð4:11Þ

where

SNR2
I ¼

X
f

2TΔf
ð4πfσÞ4Npair

�
f
f⋆

�
2nV

Ī2F 0: ð4:12ÞFIG. 7. The spherical harmonic coefficients FV
l relative to

Eq. (4.6).

FIG. 6. A plot of FVðn̂ · n̂0Þ in a realistic case with Npsr pulsars distributed isotropically across the sky, as a function of the angle
between the sky directions n̂ and n̂0. The black curve shows the exact result in the limit Npsr → ∞. Notice that as Npsrs increases, the
scattering of finite pulsar results with respect to the limit of Eq. (4.5) decreases.
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Our PTA setup has the same configuration we used for the
intensity forecasts in [69]. We take Tobs ¼ 20 years for the
pulsar white noise; we fix Tcad ¼ year=20 as the cadence,
and Δtrms ¼ 100 ns residuals [103]. For the pulsar red-
noise, we fix ARN ¼ 2 × 10−15 and αRN ¼ 2=3 which are
input into Hasasia [104] to obtain the noise curves. Our
frequency bins correspond to Δf ¼ 1=Tobs as the bin width
and f∈ ½1=Tobs; 20=Tobs� as the bin centers.
The estimated error in the measurement of ϵV is given by,

ΔϵV ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1=F ϵV

q
¼

	
3F 0

ϵ2Vκ
2β2FV

1 SNR
2
Ī



1=2

: ð4:13Þ

This result is plotted in Fig. 8 as a function of Npsrs for
different values of ϵV . The figure demonstrates that, under
the conditions we are considering, we need at least 1000

pulsars to reach an accuracy sufficient to claim a detection
of circular polarization at confidence level greater than 95%
for ϵV ≥ 0.5. Definitely, if such futuristic set ups can be
achieved, as for example in SKA-type experiments, tests of
circular polarization with PTA can be very accurate. On the
other hand, for ϵV < 0.5, with such a PTA configuration
ΔϵV=ϵV still remains quite large. We stress that in this
section, differently from Sec. III, we also adopt the same
noise curve for each of the pulsars. This choice, along with
the fact that we only focus on the polarization amplitude
here, reduces considerably the error bars and improves
prospects of detection.
As a second case, we now consider both the amplitude

and spectral tilt of circular polarization as parameters to be
estimated from the data. We express the spectral tilt in terms
of the combination

γV ¼ 2 − nV:

The resulting Fisher matrix is the same as in the first case,
up to rescalings arising from the change of variables V0 to
ϵV . The fiducial signal parameters are the same as in case I
and we provide forecasts for the maximal circular polari-
zation case with ϵV ¼ 1 and Npsr ¼ 5000, 10000. These are
plotted in Fig. 9. We learn that a confident detection of
circular polarization and a measurement of the slope nV will
require Npsr ¼ 10000, whereas for a lower number of
pulsars Npsr ¼ 5000, the error bars on the amplitude
parameter ϵV are still large and compatible with ϵV ¼ 0
at roughly the 2σ level. Notice that when the spectral slope
is an additional parameter to be estimated, for the same
PTA setup as in [69], the relative error on the amplitude is
larger. The main reason being that the circular polarization
monopole is not detectable with PTAs, thus if one does not

FIG. 9. Fisher forecasts for the rescaled amplitude and the spectral tilt. The number of pulsars is taken to be Npsr ¼ 5000 for the left
panel and Npsr ¼ 10000 for the right.

FIG. 8. Error in measurement of the rescaled circular polari-
zation parameter ϵV as a function of Npsr for different values of
ϵV , with fixed spectral tilt nV ¼ nI ¼ −7=3.
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make the assumption that nV ¼ nI , both the polarization
amplitude and spectral tilt have to be estimated together
from the anisotropies. This degrades the sensitivity to the
amplitude owing to the strong degeneracy between the spec-
tral tilt and the polarization dipole amplitude, as can be seen
from (2.19). In fact, the correlation coefficient between ϵV
and nV , which is given by C10=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C11C00

p ¼ 0.94, is quite
large for the both cases, indicating that any estimates of the
two parameters will be strongly correlated. For this reason,
the error bars on ϵV are larger compared to those observed
in Fig. 8.
Note that decreasing the noise level will not directly

translate into a reduction in the error bars on β and nV , as
one would expect from the form of the Fisher matrix. The
reason being that decreases in the noise level will lead to
the PTA entering an intermediate or strong-signal regime
where the signal to noise ratio only grows as SNR ∝
Npsr

ffiffiffiffiffiffiffiffi
Tobs

p
[105]. Indeed, some of the pulsars observed by

current PTAs are already in the intermediate signal regime
and it is likely that future PTAs will end up being in the
strong signal regime. Thus, increasing the number of
pulsars observed remains the best bet for more accurate
measurement of circular polarization.
This concludes our analysis of cosmological SGWB. In

the next section, we will learn that more optimistic
prospects of detection are achieved for SGWB of astro-
physical origin.

V. ASTROPHYSICAL SGWB ANISOTROPIES
AND CIRCULAR POLARIZATION

We now consider the case of an astrophysical SGWB.
The astrophysical background detectable at PTA frequen-
cies is characterized by significant intrinsic anisotropies,
with a relative amplitude of order Oð10−1 − 10−2Þ with
respect to the isotropic background (see [51] and references
therein). We estimate how a measurement of such intrinsic
anisotropies can provide information on the SGWB circular
polarization. We will learn that in this case the prospects of
detection of this quantity are much more promising as
compared to a cosmological background.

A net circular polarization characterizes the SGWB from
astrophysical SGWB sources, being generated due to
fluctuations in the GW source properties, and the inclina-
tion angles of black hole binaries with respect to the line of
sight. A quantitative estimate of the net circular polarization
due to these effects, relevant for the PTA range was
performed in Refs. [19,20] with the result that the circular
polarization anisotropies due to such effects have an
amplitude quite close to the corresponding intensity anisot-
ropies,5 i.e., CV

l ≈ CI
l, with the same frequency and multi-

pole slope as the intensity.
In this section we calculate the expected SNRwith which

astrophysical SGWB circular polarization will be detected
in future datasets, working in the same idealized framework
of Sec. IV. We assume that the angular power spectra of
circular polarization CV

l ðfÞ scale with l and f in the same
manner as the intensity, i.e.,

CV
l ðfÞ ¼ ϵ2VClðfÞ; ð5:1Þ

with jϵV j ¼ ðAV=AIÞ2 < 1. We assume that the Cl are
independent of l, as found in [20,51]. We calculate the
minimum amplitude jϵV j allowing for a detection of
circular polarization, for which we assume a SNR threshold
SNRV ¼ 5. The SNR (at a given frequency) can be
expressed as [58]

½SNRV
f �2 ¼ Vðf; n̂Þ · F fðn̂; n̂0Þ · Vðf; n̂0Þ: ð5:2Þ

Expanding the polarization map and the Fisher matrix in
spherical harmonics,

FIG. 10. Left: estimate of SMBHB intensity anisotropy from NG15, taken from Fig. 11 of [51], the shaded region denotes the
68% C.L. of the estimate. The Cl are normalized to the monopole of the intensity, C0. Right: the circular polarization SNR as a function
of lmax for ϵV ¼ 1 and Npsr ¼ 150.

5These estimates of the intensity and polarization anisotropies
are based on shot-noise models for the SMBHB and ignore the
possible effects of clustering. The circular polarization is gen-
erated due to random inclinations of binary orbits with respect to
the line-of-sight, so if the inclinations of sources are uncorrelated
with the locations, i.e. clustering does not affect inclinations then
the relative ratio V=I should still be the same.

MEASURING THE CIRCULAR POLARIZATION OF … PHYS. REV. D 110, 103505 (2024)

103505-13



Vðf; n̂Þ ¼
X
lm

vlmYlmðn̂Þ; hvlmv�l0m0 i≡ CV
l ðfÞδll0δmm0 ;

ð5:3Þ

the expected value of the SNR2 becomes

½SNRV
f �2 ¼

2TΔf
ð4πfσÞ4Npair

Xlmax

l>0

ð2lþ 1ÞCV
l ðfÞ

FV
l

4π
: ð5:4Þ

The total SNR is obtained by summing over frequencies

½SNRV
tot�2 ¼

X
f

½SNRV
f �2: ð5:5Þ

Our results are summarized in Fig. 10, where we plot the
SNR of Eq. (5.5) as a function of the maximum multipole
lmax, for ϵV ¼ 1. In this case of maximal circular polari-
zation of the AGWB anisotropies, we find that even 150
pulsars with the selected noise properties may be enough
to detect the astrophysical SGWB circular polarization. The
much smaller number of pulsars required with respect to
cosmological sources (recall Sec. IV) is a consequence of
the expected astrophysical SGWB anisotropy being several
orders of magnitude larger than the kinematic dipole
anisotropy. In the weak signal limit, the corresponding
SNR scales with the polarization amplitude and number of
pulsars as [see Eq. (5.4)]

SNRV ∝ NpsrϵV: ð5:6Þ

Additionally, we can infer that for the PTA setup with
many more pulsars to be monitored, say 4000 pulsars as
considered in the previous section on cosmological
sources, the minimum detectable level of circular polari-
zation is considerably lowered, at the level ϵV ≈ 0.05.
The SNR saturates fairly quickly increasing l, at around
lmax ¼ 8, which can be understood from the fact that
the coefficients F l which represent the PTA sensitivity to
circular polarization decrease rapidly with l (see Fig. 7).
Overall, our results suggest that if the astrophysical

SGWB is characterized by a sizeable level of circular
polarization, as found in [19,20], then even near future
datasets may be able to set tight constraints on circular
polarization. This is especially true since the results of
[51] suggest that the astrophysical SGWB intensity
anisotropy may soon be detectable.6 Even for much
smaller levels of SGWB circular polarization, the pros-
pect of detection with an SKA-level experiment is
promising. For realistic near future datasets however,

we also need to account for the mixing between I and V
anisotropy due to the nonisotropic distribution of a finite
number of nonidentical pulsars [see Eq. (3.8)]. We plan
to explore the joint estimation of the I and V anisotropies
in future work. Furthermore, note that at present there is
some uncertainty in the expected level of astrophysical
SGWB intensity anisotropies, so these results might
change as our models of the SGWB anisotropy become
more and more sophisticated.

VI. CONCLUSIONS

The polarization content of the SGWB is a key observ-
able that may be used to characterise the background and
possibly discriminate between astrophysical and cosmo-
logical origin of the signal observed by PTA collaborations.
For astrophysical SGWB, net circular polarization may be
generated due to fluctuations in the source properties
whereas for cosmological sources this would indicate the
presence of parity violating physics in the early universe.
The detection of circular polarization is made difficult by
the fact that PTAs are blind to its monopole, thus we need to
observe anisotropies, which are smaller in amplitude and
more challenging to detect.
In this paper we have studied the prospects of detec-

ting circular polarization with near and far future PTA
experiments, focusing on both astrophysical and cosmo-
logical scenarios. On the cosmological side, the largest
anisotropy is expected to be generated through kinematic
effects for which we analyzed the sensitivity of the
current datasets (NG15) and future experiments such as
the SKA to the circular polarization kinematic dipole.
Along the way, we have also highlighted the role played
by the positions of the pulsars being observed, as well as
the pulsar intrinsic noise properties, in the detection of the
dipole and of the SGWB circular polarization. Although
the sensitivity of current and near future datasets to the
kinematic dipole is limited, a close to maximal polariza-
tion may be a realistic target in the SKA era, or in related
GW experiments based on astrometry.
For the case of astrophysical SGWB anisotropy, the

prospects are much more optimistic. We have shown that
the polarization anisotropy is a realistic target for near
future experiments if the background is significantly
polarized while a polarization level of a few percent
may be detectable in the SKA era.
In our discussion, we made optimistic hypothesis on the

number and location of pulsars to be monitored, as well as
their noise properties. A more sophisticated analysis,
considering a fully realistic treatment of the pulsar noise
curves, as well as taking into account the role of cosmic
variance [50,106–108] when monitoring a finite number of
pulsars, will be helpful toward clarifying more accurately
the prospects of detecting circular polarization with PTA
experiments.

6The anisotropy may be dominated a small number of loud
binaries and show up as hotspots in the SGWBmap. It is possible
that in the future, targeted searches in the directions of these
hotspots may allow for some of the binaries which are loud
enough to be resolved and then removed from the background.
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